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1 | INTRODUCTION

Within the Schrédinger model for quantum systems of (interacting) electrons, in order to be able to describe interesting phenomena like the Zee-
man effect, the quantum Hall effect, or the Hofstadter butterfly one has to include the effects of both an electric and a magnetic field. Hohenberg
and Kohn showed for systems without magnetic fields that the one-body ground-state particle density determines the electric (scalar) potential
up to a constant.!t Strictly speaking, the particle density determines at most one potential (modulo an additive constant) since some densities are
not associated with any potential.”?! The above correspondence between densities and potentials constitutes the theoretical foundation on which
density functional theory (DFT)—a ubiquitous tool in quantum chemistry and materials science’® —is built.

In the presence of magnetic fields though, the approach of Hohenberg and Kohn to set up a universal density functional requires more than
just the particle density due to the fact that an additional vector potential enters the system's Hamiltonian. Both the paramagnetic current density

[5-7]

and the total (physical) current density have been suggested as basic variables alongside the particle density and the resulting framework is

called current density functional theory (CDFT). For the theory that uses the paramagnetic current density, counterexamples to a Hohenberg-

Kohn theorem are known,®?!

although a weaker version still holds. Note that even for degenerate systems the weaker version is enough to define
a universal paramagnetic current density functional.*®! Diener has presented an argument!” for establishing a full Hohenberg-Kohn theorem
using the total current density. However, as first noted in Reference [11], the argument is at best incomplete.

For more detailed accounts on the existence of generalized Hohenberg-Kohn theorems within CDFT see References [9, 11, 12], and for related and
positive results within the Maxwell-Schrédinger theory and quantum-electrodynamical DFT see References [13-15]. An interesting and recent develop-
ment is also given in Reference [16] where the existence of generalized Hohenberg-Kohn theorems is further explored. A different route, where a
Hohenberg-Kohn result comes for free by virtue of the convex-analytic properties of a regularized energy functional was taken in References [17, 18]. It

was specifically implemented for CDFT in Reference [19] and can even be used to prove convergence of the associated Kohn-Sham iteration Scheme.?%!

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium,
provided the original work is properly cited.
© 2020 The Authors. International Journal of Quantum Chemistry published by Wiley Periodicals, Inc.
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The current work arises as a natural ingredient for proving a generalized Hohenberg-Kohn theorem in total (physical) CDFT. It addresses
the property that a solution of the magnetic Schrédinger equation cannot vanish on a set of positive measure, a property called unique con-
tinuation, see Definition 1. Unique continuation is also a fundamental property for solutions of the magnetic Schrédinger equation in its own
right and has been well-studied.?172! |n the context of CDFT the issue was first raised in Reference [9]. As far as DFT and CDFT are con-
cerned, it is useful to have the assumptions guaranteeing the unique-continuation property as particle-number independent as possible

(at least avoid increasing integrability constraints with increasing N), which is a difficult task. In the present work we obtain results that are

[25]

adapted to the many-body Schrédinger equation and that furthermore include vector potentials, building on the results of Kurata and

[26]

Regbaoui.'“®" This means that the specific structure of the potentials is beneficially taken into account. The main results, Theorem 6 and Cor-

ollary 8, that include the singular Coulomb potentials of atoms and molecules as a special case (Corollary 9), are formulated in terms of the

Kato class K{.. and its generalization K"?, with n = 3 and n = 6 (Definition 3). Although we cannot answer the question of the existence of a gener-

loc?

alized Hohenberg-Kohn theorem for the total current in CDFT, we exemplify the use of the unique-continuation property in a limited special case
(Corollary 11).

2 | UNIQUE-CONTINUATION PROPERTY AND THE HOHENBERG-KOHN THEOREM

In the most simple setting of only one particle and without vector potential, it is known that the (unique) ground state y in HY(R®) can be chosen

1/2

to be strictly positive, see Theorem 11.8 in Lieb-Loss.?”) This means that we can set p~’< =y >0 and the following relation to the scalar potential

v must hold (from the Schrédinger equation, here written as [-A + v]y = ey)

8p)"

Pl

v(x)=e+ xeR?, (1)

where A denotes the Laplacian and e is the ground-state energy. Conversely, given a particle density p we can ask if a potential v exists such that
the given p is the ground-state density of that potential. For the one-particle case, this problem has been studied by Englisch and Englisch[z] and
was answered in the negative even for well-behaved densities (N-representable densities). Corollary 3 in Reference [28] (including the additional

Y2 < Ccpt? and p1 eL,1OC besides N-representability) provides sufficient conditions for one-particle v-representability, that is, v can

constraint Ap
be computed from p as given in Equation (1) and p is the ground-state density of that v.

Returning to the general N-electron case without magnetic field, we first recall the Hohenberg-Kohn theorem: Given two systems, if p; = p»
then v4 = v, + constant, where p, k = 1,2, is the ground-state particle density of the corresponding system defined by the potential v,. The proof
of this result relies on the fact that if y is a ground state of both systems, then Zf=1(v1 (Xk) = v2(Xk))w = constant x y. If y does not vanish on a set
of positive (Lebesgue) measure we have v, = v,+ constant almost everywhere. The proof can then be completed by means of the variational prin-
ciple, using the Hohenberg-Kohn argument by reductio ad absurdum.'! (Note that a strict inequality in the variational principle is not needed, see,
eg, Reference [29] and that the results also hold for systems with degeneracy.[zl)

In this article we address the more general case of N interacting, nonrelativistic (spinless) particles subjected to both a scalar and a vector

potential. The fundamental question then is, whether any eigenfunction of the corresponding Hamiltonian

N

Z (iVi+A(x)) +v (%) Zu X, X)) (2)

I<j

can be zero on a set of positive measure without being identically zero. This is a problem of unique continuation.
Definition 1 We say that the Schrédinger equation Hyy = ey has the unique-continuation property (UCP) from sets of positive (Lebesgue) measure if a

solution that satisfies w = 0 on a set of positive measure is identically zero. Furthermore, the Schrédinger equation is said to have the strong UCP if when-

ever y vanishes to infinite order at some point xo, that is, for all m > 0

J,.., . weoraxcoe) ¢~

then y is identically zero. Additionally, if w = O on a non-empty open set implies that v is identically zero, then the Schrédinger equation has the
weak UCP.
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Remark 1 The strong UCP implies the weak UCP. The UCP from sets of positive measure allows us to conclude y # 0 almost everywhere for any eigen-

function of Hy.

There exists a considerable amount of literature that treats the UCP for differential inequality |Ay/| < |&4||Vy]| + |Z§2||y/|.[21'26] In particular if
& el (R and & e L"/2(R") the corresponding differential equation Ay = &; -Vy + &y has the UCP from sets of positive measure.?®! Note that

loc
such LP

loc constraints become more restrictive with increasing particle number, since the dimension of the configuration space n enters in the con-

2N/(N+2) (R3N)

ditions. Directly applied to Hyy = ey this means that if a solution y in the Sobolev space H, vanishes on a set of positive measure,

N
Z )+]|A()] +r (Vi-AGG)) +> u(x.x) ) €L (RN,

j= I<j

and each component of A belongs to L3N (R3N), then y is identically zero.
Such results are used by Lammert,®¥ particularly in his Theorem 5.1, to give a mathematically precise proof of the Hohenberg-Kohn theo-
rem™ in DFT including the UCP as remarked by Lieb.®Y Yet he does not consider magnetic fields and the constraints are very susceptible to the

[29] removed the dependence on particle numbers for the constraints on the scalar potential by exploi-

particle number. A recent effort by Garrigue
ting their specific shape in the context of many-body (molecular) Hamiltonians. Reference [29] also contains a rigorous proof of the Hohenberg-

Kohn theorem including all the mathematical details for potentials v e LIOC( ) p>2.

3 | PREREQUISITES

Let the Hamiltonian Hy be as in Equation (2). The Schrédinger equation is then given by Hyy = ey. We write Hy = Ta + V + U, where
Ta=Y004(iV; +A(x,<)) V= < 2,,-2:) and x; = (x1 x? x3) €R® are the coordinates of the jth electron. Here we use (iV;+A(x))? in T, instead

IR o3 oK
of (—iVj+A(x,»)) in order to fo Iow the notatlon in Kijralta 1251 We use a slight variation of atomic units # = 2m, = 1 and g, = —1, such that the
Laplace operator appears without a factor 1/2.
The electric potential Vis a one-body potential given by V(x) = ZJN
is modeled by U(x) = 31 <j<;<nulx;,x), for some nonnegative function u on R3xR3. We set W = V+U. Furthermore, A: R® — R® denotes the vec-

1v(x;) with v:R® — R. The two-particle interaction U between the electrons

tor potential, from which the magnetic field is obtained by B = V x A. With the notation A(x) = (A (Xf))/ ,» the Schrédinger equation is rewritten as

- Ay + 2IA-Vy + (Wa-e)y =0, (3)

where Wa =W + |A]? +i(V-A).

A function f € L2_(R") belongs to the Sobolev space HY (R") if f has weak derivatives up to order k that belong to L2 (R"). Let the set of infi-
nitely differentiable functions with compact support on RN be denoted by Cy (R3N). We say that 1//eH,oc (R3N) is a solution of Equation (3) in
the weak sense, which will be our standard notion for solutions from here on, if for all p € Cg (R3V)

[ Vy -V dx+ Zi[ A (Vy)gp dx+ (Wa-e)wp dx=0. (4)
J RSN . RSN . RSN

The present work takes off from the following result:

Theorem 2 (Theorem 1.2 in Regbaoui?®). Let N = 1. Assume that W, e L3V/2 (R3V) and each component of A is an element of L2 (R*N). Then the

loc loc
2N/(N+2) (RSN)

Schrédinger equation has the UCP from sets of positive measure, that is, if a solution y e H, ¢ vanishes on a set of positive measure

then it is identically zero.

Remark 2 See also Theorem 1.1 in Regbaouil?®! for the strong UCP and Wolffi?®! for the weak UCP.

If one employs Theorem 2 with N = 1, since there is no two-particle interaction it suffices to assume that v,|A|? and V- A are elements of
Ll?;/cz (R3) to obtain the UCP from sets of positive measure. With increasing particle number, however, the assumptions on the potentials v, u, and
A are such that they rule out most types of singularities. On the other hand, the particle-number dependence that enters in Hiﬁ/(mz) fulfills the

inequality 2 N/(N +2) < 2 for all N. Following Kuratal?® the L . constraints, with p proportional to N, can be avoided.
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loc loc?

Definition 3 A function f L (R™) belongs to the Kato class K., n# 2, if for every R > 0, |ir(T)1 nK(r;f) =0, where
r—0+

n"(r;f)=supj ( )]y,

I <RJB.(x) [X Y]

Furthermore, f €K™ c K" , 5> 0, if for every R>0

loc loc?

lim supJ Mdy=0.
(X

=0+ x| <R )\X—y|"’2“$
We write f = f, — f_, where f_ (f,) is the negative (positive) part of f given by f_(x) = max(—f(x), 0) (f.(x) = max(f(x), 0)). Let y € RN be fixed and
for x = (xq, ..., xn) € R3N (cf. the notation in Kuratal?*)
a() =A%,
b= -y [66s)
Q (x)=(2W +](X—Y)-VW)_ .

With the notation above, we formulate.
Assumption 1 Suppose

VAell (R%),

loc
Aelt (R?) (AicomponentofA),

loc

a,b,,W,Q, KN (for fixedy e R%N),

loc

and that for some ro > 0

J;Oeyf(r)dm % (5)

holds, where 0,(r) = (r; Q,) + 1(r; b,)*2.

Remark 3 Remark 1.2 in Kurata'?® gives by,Q, Kﬁ)’\cl"s, for some & > 0, as a sufficient condition for Equation (5) to hold.

n
loc?

space. This condition is optimal in the sense that the class cannot be enlarged to smaller orders than n = 3 N, or the UCP will be lost. This follows from

Remark 4 The main condition in Assumption 1 is with respect to the Kato class K| ., n = 3 N being the dimensionality of the underlying configuration

the inclusion L? K _ for all p >n/2 and a sharp counterexample provided in Reference [32] for a potential in LP, p <n/2. So if the order of the Kato

n
loc loc

class would be any m < n then it also includes Lﬁ)c with m/2 <p <n/2 and that is ruled out by the given counterexample.

(251 (denoted Lemma 5 below). For the sake of simplicity, and since it is enough

The following is obtained by adapting Corollary 1.1 in Kurata
for our purposes here, we make the restrictions to real-valued V and U. In the sequel we use the notation |F| for the Frobenius norm (also called
the Hilbert-Schmidt norm) of a matrix (F;,);,.

Theorem 4 Suppose Assumption 1. If yerﬁ)c (R3N) is a solution of (3) and vanishes to infinite order at x, € R®N, then y is identically zero. Thus

the Schrédinger equation has the strong UCP.

~n

Lemma 5 (Corollary 1.1 in Kurata®®)). Let n >3, xo € R" be fixed, x= (x',...x") €R", A= (Zl,...,A ) ‘R"—R", W:R" =R, F= (FN);:1 with
Fii=0A /ox —&A’/&xj, and suppose that
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Aelf (R"), VAel2 (R"), AP ek,

loc loc (6)
(Jx=xolIF)* € K,
and
Wekp, (2W+(x-x0) TW) €Ki, 7)
Furthermore assume, for some rg > O,
" ~ ~ 1/27dr
J5 1 (1 (2 ) 9 ) o (ol 1) ] <o ®)
holds. Then if y € HZ_(R") satisfies
n ) ~ 2 _
i—+AX) | +W(x) |y=0 9)
= ox

and vanishes to infinite order at xo, it follows that y is identically zero.

Proof of Theorem 4 We will show that Assumption 1 directly fulfills all the conditions of Lemma 5 that thus becomes applicable. Let n = 3 N and
W=W-e. By Assumption 1, (7) is then fuIﬁIIed. The choice A = A implies Ty = <iV +Z>2 and Equation (3) can be written as Equation (9).

Each component of A€ Lf, (R®) yields A e Lf, (R%) for j = 1, ..., 3N. From V-A=3"N_, V,-A(x) and V-Ael2_(R?) we obtain V-AeL? (R).
Since a = |A]? it holds that |Z|2 €KY, Moreover, the matrix F satisfies

3N
2
(Ix=xol[FI)* = bx=x0l" > [Fis|* = 2bx, (x), (10)
jl=1

since F contains N repeated blocks of sub matrices of the form

0 -Bs(x) Ba(x)
Bs(x) 0  -Bi(x)
~Ba(x) Bilx) O

This establishes Equation (6).
From Equation (5), W =W-eand Equation (10), we conclude that Equation (8) holds. Lemma 5 gives the strong UCP for Equation (3) and the
proof is complete. O

Remark 5 As stated in Remark 1.1 in Kurata,[25] Lemma 5 and thus Theorem 4 also holds if in Assumption 1, K%’Z is replaced by K%”c’ +F‘|f)c (R3N),

1<p=3N/2. Here F}, (R®V) is the Fefferman-Phong class and in this case a solution must be an element of H2 _(R*) NL{2. (R®N), and there is an addi-

tional condition on 'V _.

4 | MAIN RESULTS

L3/ 2(

Theorem 4 above establishes the strong UCP under Assumption 1. If in addition the negative part of v is locally R3) summable we obtain the

UCP from sets of positive measure:

Theorem 6 Suppose Assumption 1. If in addition v ELI::')/C2 (R3) and y € leoc (R3N) solves (3) and vanishes on a set of positive measure, then y is

identically zero. Consequently, the Schrédinger equation has the UCP from sets of positive measure.
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Remark 6 The requirement u > 0 can be relaxed if one assumes that u(xs, X) = U (X — X) (see Lemma A.2 in Lammert?)).

If the strong UCP can be obtained under other assumptions than Assumption 1, the following corollary can be used to obtain the UCP from
sets of positive measure.

Corollary 7 Suppose the strong UCP for the Schrodinger equation (not necessarily by means of Assumption 1), then the constraint
vo +|AZ+i(V-A) el¥? (R3) gives the UCP from sets of positive measure.

loc

Due to the particular form of the potentials, we can write

W(x) = Z Zu X, X))

j J#I

Because Q, is defined as the negative part of the function 2W + (x — y)- VW, we have with the choice x; = (xo, ..., Xo0) eR3N, for fixed xo € R®,

0= Qy(x) = Qy, (x) qu Xi)+ Y A2, (Xi1) (11)
j#l

for some functions qgy.,, and g,.,, . (See below the proof of Corollary 9, where this decomposition is done for the choice of W corresponding to the
molecular case.) Furthermore,

N
b () = by, (%) = > [x-x0[*[B(x))|?
jl=1

can be split as

X) = Zbl;xo (Xj) + Zb2;x0 (ijxl)»
j

J#

We can now formulate our main result that includes Hy modeling atoms and molecules, and where the exponents in the integrability con-
straints are independent of the particle number N.

Corollary 8 For N 2 2 and xo € R fixed, suppose

vAe"loc( ) AjELIoc( ) ‘A‘ eKloc'

(12)
b1 XOEK bz iXo EK

loc’ loc*

Further, letv_ e 132 (R3) Ve Kloc, andue Kloc, as well as Qy, satisfying (11) with g;. x € K30

loc

and qa;x, € K&?. Then the Schrédinger equation (3) has

loc loc*

the UCP from sets of positive measure.

In particular, the magnetic Schrodinger equation has the UCP from sets of positive measure for Hy modeling atoms and molecules in magnetic
fields if just Equation (12) is fulfilled.

Corollary 9 For N > 2, suppose the magnetic field is such that Equation (12) holds. Then with

M
huc 7 1
v(x1)= - 27’ u(xq,xz) =

j:l‘xnucu"xl‘ Ix1-x2 |’

where Xnucj € R® and Z; > 0 are the positions and charges of the M, nuclei, respectively, the UCP from sets of positive measure holds for the
Schrédinger equation.



LAESTADIUS ET AL. QUA“fU 7 of 12
\.;HEMISTRY_WI LEY

5 | APPLICATIONTO CDFT

In the presence of a magnetic field, no equivalence of a (general) Hohenberg-Kohn result exists at present.!”'Y However, we shall now address
how the UCP from sets of positive measure for the magnetic Schrodinger equation plays an important role in the argument for restricted
Hohenberg-Kohn theorems in CDFT and the nonuniversal variant magnetic-field density-functional theory (BDFT) of Grayce and Harris.[*¥! Given
a wave function y, define the particle density and the paramagnetic current density according to

p,(x)=N [y (%, X2, ... Xn) |2 dXz...dXn,

'Imsm— 1)

j‘;’,(x) =N ImJ W (X, X2, e XN) VW (X, X2, o0, XN ) AX2...dXN -
R3(N-1)

For a vector potential A we may compute the total current density by the sum j =j{,’, +p,A. Now, fix the particle number N as well as the two-
particle interaction u (eg, u(x4, o) = |x1 —X»| 1) and write Hy = H(v,A). If y is a ground state for some v and A, that is, H(v,A)y = ey, where e is the
ground-state energy, then p,, jf/’,, and j=jf/’, +p,A are called ground-state densities of H(v,A). Whether the ground-state particle density p and the
total current density j determine v and A (up to a gauge transformation) is still an open question in the general case.”** (For the ground-state
density pair (p,°) it is well-known that this density pair does not determine the potentials v and A.[®))

Now, assume that two systems with Hamiltonians H(vq,A;) and H(v,,A,) have the same ground-state particle density (i.e., p1 = p2 = p) and
V x A1 =V X A, = B. Suppose that v,, A, for k = 1,2, and B fulfill Assumption 1 and the requirements given in Theorem 6. Since there exists a
function f such that A, = A, — Vf, the variational principle yields

en= w HvaAy) sext | (va-va)pe
R

where y, is the ground state of H(v,, A, — Vf). Switching the indices, we find that

e1-e =J (v1-va)pdx.
Jr?

Consequently, y» is a ground state of both H(v4, A1) and H(v,, A, — Vf), which leads to

N

Hvs, A1) =H(va o= ¥z = (v () ~v206) = (Va=Vaa = (es -eal.
j=1

However, Theorem 6 allows us to conclude w5 # 0 and it follows v; = v, + constant.
Theorem 10 Assume V X A; = V x A, = B and that v, A, for k = 1,2, and B fulfill Assumption 1 and take the requirements of Theorem 6 for
H(v4,A4) and H(v,,A,) to hold. If the ground-state particle densities satisfy p; = po, then v; = v, + C almost everywhere for some constant C.
Remark 7 Theorem 10 is the Hohenberg-Kohn theorem for BDFT, first established by Grayce and Harris! but missing the UCP argument (see also
Reference [9]).

Theorem 10 can be used to obtain

Corollary 11 Assume Assumption 1 and the requirements of Theorem 6 for H(v;,A;) and H(v,,A,) and that the ground-state densities fulfill
p =p1=p2j=j1=j» Forsystems with j° = 0, it follows B; = B, (even A; = A, holds) and v; = v, + C for some constant C.

Proof. For systems with j° = 0, j; = j, implies

PA1=pAz,



8of 12 UANTUM LAESTADIUS &7 AL.
WI LEY— HEMISTRY

since p1 = po = p. Theorem 6 gives p > 0 almost everywhere and we may conclude A; = A,. Theorem 10 now gives the equality v4 = v, + C for

some constant C. O
6 | PROOFS OF THE MAIN RESULTS

Proof of Theorem 6 In the sequel let D = 3 N. By Assumption 1, the strong UCP holds for Equation (3) by Theorem 4. Next, we follow the proof of

i[26]

Theorem 1.2 given after Lemma 3.3 in Regbaouit?®! and Lemma A.2 in Lammert.*® (Lemma A.2 corresponds to setting A = O here, and moreover

we exploit u > 0 instead of the assumption u(x1,x2) = U'(x; — X2).) We start by showing the following inverse Poincaré inequality for solutions of
the Schrédinger equation:

For an arbitrary point xo = (xo;,-)N eRPandrsr,

j=1

[, wweoPexs ] juioex (13)
B, (xo) I JBy (x0)

Here C is a positive constant that depends on ry > 0, v, and A (but is independent of u > 0).
Choose he C (Bar(Xo)) that satisfies h(x) = 1 if [x —xo| <r, h< 1 for [x —xo| < 2r, and |Vh(x)| < 2r~%. In the Schrédinger equation (4), we choose

@ = h%y and move all terms except one to the right hand side so that

J [y —2J h(Vy)-5Vh dx —ZiJ Ay dx+J (e=Wa)lhydx. (14)
R R R

RD

We now bound each of the terms of the right hand side in Equation (14).
It is immediate that the first term is less or equal to 2||hVy]|2|lyw'Vh]|2. Using the inequality 2ab < a®/6 + éb?, we obtain an upper bound

1
6

|| Invuiaxe6on. (15)
R
To continue, let I, = —ZifRDA-(Vy/)hZI/? dx. The Cauchy-Schwarz inequality together with 2ab < a?/6 + 6b? yield
Iy < EJ IhVy[2dx+ 6J A2 by Pdx. (16)
6 RD RD
For the last term of the right hand side in Equation (14), we use the definition of W, and write e-W,=e-W - \A\Z -i(V-A). Thus
J (e—WA)|hy/|2dx=J (e-w-1aR) Iy ax —iJ (V-A) |y [2dx
RP RP RP
and it follows fromW =V, + U, — V_ 2 =V_ that

JRD (e~ W) |hy|2dx < JRD (V- + le]) |y |2dx + JRD\(VA) [y dx. (17)

Define ®=V_+ |e| +6|A\2 +|V-A|, from Equations (15), (16), and (17) we obtain an upper bound for the right hand side of Equation (14)
given by

1
3] mvultacelyvni+ | elnfax (18)

With the notation @1 =v_+N" | e | + 6|A]? + |V - A, the inequality ©(x) < 3" 01 (x;) holds. Furthermore, we have

N
2 : 2. _
'[RDG(X)\hy/\ dx < jé ; .IRD(% (%)) |y |*dx =1,
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where the last equality defines I,.

By assumption v_ LY (R?), |AP€l2_(R%), and V-AeLZ (R®), and it follows that ©; €L/*(R®). To bound the term I, from above, we
closely follow Lammert®® and define 5(x;) =N [pan-1 |hy|*dxo- - -dxy. For M >0 we let M’ = [©1X8,, (xo1)X {01 =My |l ,,» Where the characteristic func-

3/2’
tion of a set X is denoted yx. Holder's inequality gives

k=] epdar|  eupduxMihyl Ml
{01 <M} {012 M}

and by 3 Sobolev inequality |\p|\3<CHV<~1/2)H . A direct computation of V(5'/2), using the definition of 5, shows that
HV(~1/2> < [eo |V (hy)|?dx (see also the original argument of Lieb,”®" Theorem 1.1). From |a +b|? < 2|a|* + 2|b|?, we get

vl

We choose M > 0 such that 2CM' < 1/6 and then one has

< 2J IhVi[2dx + 2]y Vh| 2.
RD

1 1
x| Ihvwiaxs glwThi3 + My, (19)
]RD
Returning to Equation (18), we set C= [74 + 3Mr§} /3 and use Equation (19) and |Vh| < 2/r to conclude for r<rg

o] T S ThE MR s o e
Hence Equation (13) holds.

Suppose y/eHﬁ)c vanishes on a set E of positive measure. Almost every point of E is a density point. Let xo be such a density point and let
B, = B,{Xo). Given & > 0 there is an ro = role) so that (cf. (3.11) in Regbaoui?®!)

ENB, E‘NB
| lg‘r|21—e, l ‘1:'"52, for r=<ro. (20)
r r
Lemma 3.3 in Regbaoui®® (or Lemma 3.4 in Ladyzenskaya-Ural'tzeval®*) gives
L iyl dx<C|E‘\B mEC\l/DJ |V (y?) | dx (21)

T

for some constant C. Applying the Cauchy-Schwarz inequality to the right hand side of Equation (21), we obtain

J |2 dx<C| & |B mEC\Z/DJB [V 2dx

for some new constant C. Since |E| = |E N B,|, Equation (20), and the inverse Poincaré inequality (13) allow us to conclude that

/D
[B ly[2dx < C——1?

T [B |Vy|*dx<C’

& /D I 2
dx. 22
aooply (22)
Introduce the function f(r) = [ | ?dx, fix an integer n and choose ¢ > 0 so that C¢2/2/(1 —£)? = 27", Then Equation (22) can be written

f(r) < 27"f(2r). By iteration

f(r)s274F(2'7), ¥ <2"¥ro
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holds. For fixed r and k chosen such that 2 %rg < r < 2 ~¥r,, it follows that
r n
f(r) < 27*f(2ro) < (E) f(2ro),

where rg depends on n. Consequently f vanishes to infinite order, that is, for all m there is an ro(m) such that

f(r)=[ lw|2dx < Ct™, r<ro(m).
B,

That y = O follows now by the strong UCP given by Theorem 4. O

Proof of Corollary 7 This is a consequence of the proof of Theorem 6, since ®4, by assumption, is an element of L3/2 (R3) O

Proof of Corollary 8 We first demonstrate that the conditions of Corollary 8 fulfills Assumption 1. Due to the particular form of the potentials, we

make use of the following: Let f1 K3’ and f, eKIOC Then both Z,’Lifl(xk) and > . f2(xy, X)) are elements of K3N?_ Similar statements for K" can

loc loc

be found in Simon(® (Example F) and Aizenman-Simon'®® (Theorem 1.4). We prove our claim by direct computations. Define I1 and IZ
according to

N
fa(y; +x
19 (x =ZJ “—')@Lwd)’r“d)’m
=T8O (yi 4 Hyg) 7
f2(yi +Xp.y1 +Xi
ZJ %dhmdm
J#l tYN )
We next demonstrate that
13(x) < CNJ )] fl(y§)2‘+5dy1, (23)
Br;3<x) Iyl _X |
5 f2(y1,y2) |
[ (X) < CNJ ‘ T dyid)/2, (24)
? B0 | (V1,¥2) =~ (x1,%2)[* 72"

where the second index in the given ball-sets B,. 5(x) C R® and B.. ¢(x) C RR® refers to the respective dimensionality.
To show Equation (23), set g = (y», ..., yn) and note that

f X 3(N-1)-14
K <N| B3] dna=c [favaon) o
Br.3 X Br.3n-1) (y1 +q ) B.3 2 +q2
-Cy [f1(y1+x1) a*N*dq d
- ‘ |3N 246 3N—22+5 Y1
e 1 (1+(a/va)?)
f1(y1)
SCN JBJ ‘
By.3(x1) |Y1 X1 ‘ 2+5

where we have defined the integral

Now, J] is finite since

1 0
5 sJ s3N’4d5+J s727%ds < + 0.
0 1

This establishes Equation (23). The proof of Equation (24) is similar and included for the sake of completeness. Set g = (ys,...,yn), then
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u(ys +x1,yz +x r N-2)-1g
Iy < NJ %dhdyqu = CNJ [u(y1 +x1,y2+X2) | J 4 dvadys
Bi6 X Bran-2) (y§+y2+q2) Brs 0(y§+y§+q2) 2
- lu(ys +x1,y2+X2) | ' a*"7dq dved
B |(y y )|3N—2+ﬁ o ) 3N—22ws y10y2
e Y2 (1+@/lyy2))?)
: u(ys, (0 3N-7
< CNJ [ulya,y2) | 6_2+5dY1dY2J ———s S
JBreta) |(Y1,Y2) = (X1,%2)| 0 (1+s2) 2
Corollary 8 now follows from Theorem 6 (Equation (5) in Assumption 1 is fulfilled by Remark 3). O

Proof of Corollary 9 We first reduce the molecular case to the atomic one. Since the UCP from sets of positive measure is local, it can be applied
to any open set in the domain individually. So instead of one singularity (the y of Assumption 1), we can treat an arbitrary (yet countable) number
of singularities if they do not have an accumulation point. For this just choose an open cover {U}} of R? where each U; contains not more than one

nucleus Xuc; ;. It remains to show that all Dy b belong to the respective local Kato classes and we are done if we prove the results for

Xnuc;j
atoms.

3/2

In the sequel we let v(x1) = —ZXq —Xnucdl ™%, Xnuc €RS, Z>0, and u(xy,X2) = X1 —xo|™% In this case v_ el

Xnue = (Xnucs - Xnuc) € RP, we have with Q. (x) = Q. (x) the equality

(R3) and with the choice

1

1
+ Xj=Xnuc)-Vj| ——— Xj—X X~ Xnuc )V -
Qo (X <Z | X = Xnuc | ;'X]_xl ‘ Z]:( ’ nUC) J(‘ Xj ~ Xnuc ‘) 2%,: ' nuc + (0= c) '] | (X}'_Xnuc) = (X1~ Xnuc) )

= (V) +U() - <2V_(x) .

Thus, in this case we can choose g, =v- and g, =0.

Furthermore, for 0 < § < 1, we claim that V, UeKDg By the first part it suffices to show veK3® and ueK“ For veK3?, we introduce polar

loc loc’

coordinates with radius s and polar angle t. Then it holds that dy = 2zs%sint dtds and y - x = —s|x|cost. For f1(x) = x|~ it follows that

g 2zs 7 %sin t dt
¥ (r;fy) = SUDJ J 7z |-
i<RJO | JO <s2—2$\x|cos t+\x\2)

We integrate over t, use |s + |x] — |s — |x]||<2]x|, and the conclusion is obtained for v. In a similar fashion, for u we establish that with

falx) = Ix1 — xo| ™

such that it follows ue K%, since

J 1 1 dy:dy, < J J J 27rsls2 sint dt dsqids,
ylyi-yally62*° 0 (s2-2s15, cos t+s2)? (52+52)2+§

1 2
S1+S S1-S
CJ J E 2- | 1o 2|)5152d51d52
oJo

2 2+2
(s +52)

2
515 dSz s 52d52
CI |: 2 + ) 2+2 d51
2 2 2 2 5

rrr
Sods, -
CH 2 22+2 s2ds; <Crt?.
0Js1 (52 +53)

loc?

The atomic case is now a consequence of Corollary 8. O
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7 | CONCLUSION

In this work we were able to show the unique-continuation property from sets of positive measures for the important case of the many-body
magnetic Schrédinger equation for classes of potentials that are independent of the particle number. This is crucial in order to not artificially
restrict the permitted potentials in large systems. We further specifically addressed molecular Hamiltonians, thus covering most cases that usually
arise in physics.
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