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Abstract. We briefly present our approximate approach to the problem of polarized line formation in
multi-level atoms taking into account the effects of partial frequency redistribution (PFR) and cross-
redistribution (XRD). We also present the influence of XRD on linear polarization profiles, taking the
examples of Ca ii H and K and IR triplet lines, and the 3P–3S triplets of Mg i formed in an isothermal
one-dimensional atmosphere. We show that XRD produces significant effects on the linear polarization
profiles when the damping widths of the line components of the multiplet are comparable, like in the
case of Mg i b triplet.

1 Introduction

It is well known that realistic modeling of stellar spectra, requires going beyond the standard
two-level atom model. Multi-level radiative transfer problems require simultaneous solu-
tions of the statistical equilibrium equation (SEE) and the radiative transfer equation (RTE).
In the case of complete frequency redistribution (CFR), the problem is relatively simpler
because the absorption and emission profile functions are identical (see Mihalas 1978, and
references therein). To solve the multi-level atom unpolarized transfer with CFR, a “com-
plete linearization technique” was developed by Auer & Mihalas (1969), and a simpler and
faster equivalent two-level atom (ETLA) approach was developed by Mihalas (1978). A
very elegant multi-level accelerated lambda iteration (MALI) method was later developed
by Rybicki & Hummer (1991, 1992).

In the case of partial frequency redistribution (PFR), the problem is more complex because
the absorption and emission profile functions are not identical. Milkey & Mihalas (1973)
developed a semi-classical “sub-level formalism” to handle multi-level atom problem with
PFR. Using this formalism Milkey et al. (1975) derived the cross-redistribution (XRD) func-
tion (RX), which describes the frequency redistribution for Raman scattering on a 3-level
atom. Using a quantum mechanical approach Hubeny (1982) derived the 3-level atom “gen-
eralized redistribution functions (GRFs)” (PI−V). Indeed the expressions for RX of Milkey et
al. (1975) and PII of Hubeny (1982) are one and the same. The theory of GRFs for multi-
level atoms was developed by Hubeny et al. (1983a,b, hereafter HOS theory). Based on the
above, Hubeny (1985) developed an ETLA solution of RTE, using PFR function of Hum-
mer (1962). Later, Hubeny & Lites (1995) proposed a practically elegant ETLA approach to
solve the multi-level PFR radiative transfer problem. For the same transfer problem Paletou
(1995) developed a MALI method including only PFR function of Hummer (1962), while



2 K. N. Nagendra & M. Sampoorna: Radiative Transfer with Cross-redistribution

Uitenbroek (2001) developed a MALI method including GRFs.
A self-consistent theory for the problem of multi-level polarized RTE can also be for-

mulated using the formalism of density matrix to represent both atomic polarization and
polarized radiation field. SEE for the atomic density matrix elements of a multi-level atom
was derived by Bommier (1977) and Bommier & Sahal-Bréchot (1978). SEE and RTE for
a multi-level atom, in the density matrix formalism, was derived by Landi Degl’Innocenti
(1983, 1984, 1985). The above-said density matrix formalism considers only CFR in line
scattering. MALI method of Rybicki & Hummer (1991) was extended to include polar-
ization, based on the density matrix formalism of Landi Degl’Innocenti (1983), by Trujillo
Bueno (1999), Manso Sainz & Trujillo Bueno (2003), and Stepan & Trujillo Bueno (2013).

PFR scattering theories were initially developed for two-level and two-term atoms. QED
theory for PFR in a two-level atom was developed by Omont et al. (1972, 1973). A tractable
form of their theory for use in astrophysical line formation studies as well as numerical meth-
ods to evaluate the PFR matrices were presented in Domke & Hubeny (1988). A “master
equation theory” for PFR in a two-level atom was proposed in Bommier (1997a,b). A clas-
sical oscillator theory for the same problem was developed in Bommier & Stenflo (1999).
Their PFR matrix was transformed to the laboratory frame by Sampoorna et al. (2007a,b).
The Kramers-Heisenberg scattering approach for scattering in two-level and two-term atoms
(see Fig. 1) was presented in Stenflo (1994, 1997, 1998) for ‘frequency coherent scattering’,
which was extended to include PFR in Sampoorna (2011), Smitha et al. (2011, 2012, 2013),
and Sowmya et al. (2014a,b, 2015). In the above-cited papers the lower-level polarization
was neglected, which was included in the two-level atom case in Supriya et al. (2016).

Density matrix theory to handle collisionless PFR in multi-level systems was developed
by Landi Degl’Innocenti et al. (1997) using a metalevel approach . Extension of Kramers-
Heisenberg approach for polarized scattering in multi-level systems was presented by Stenflo
(2015, 2016). Generalization of “master equation theory” to handle collisional PFR in po-
larized multi-level/ multi-term systems has been developed by Bommier (2016, 2017). An
alternative QED theory for the same problem has been proposed in Casini et al. (2014),
Casini & Manso Sainz (2016a,b), and Casini et al. (2017a,b). An approximate approach
based on HOS theory for multi-level polarized RTE with PFR has been proposed in Sam-
poorna et al. (2013) and Sampoorna & Nagendra (2017). Here we present a brief summary
of the results presented in the above-mentioned last two papers, and discuss them under the
perspective of the cross-redistribution process.

2 Formulation of the problem

We first recall the unpolarized multi-level PFR transfer problem and then present our exten-
sion of the same to include polarization. Consider an N-level model atom. The SEE for level
l can be written as

nl

∑

j,l

(Cl j + Rl j) −
∑

j,l

n j(C jl + R jl) = 0, (1)

where Cl j and Rl j are the collisional and radiative rates for the transition l → j respectively.
The number densities of the levels l and j are denoted by nl and n j respectively. The radiative
upward rates are Rl j = Bl j J̄l j and the downward rates are R jl = A jl + B jl J̄l j, where A and
B are the Einstein’s coefficients. The frequency integrated “mean intensity” of the radiation
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Figure 1. Level diagrams with increasing levels of complexity (a-f). Here J, L, S , and m denote the
total electronic, orbital, spin, and magnetic quantum numbers respectively. Nuclear spin is denoted by
Is, and F denotes the hyperfine structure states.

field is defined as

J̄l j =

∫ +∞

−∞

Jl j(x)ϕl j(x) dx, with the mean intensity Jl j(x) =
∫ +1

−1
Il j(x, µ)

dµ

2
. (2)

In the above equations ϕl j(x) is the Voigt absorption profile for l → j transition, Il j(x, µ) is
the specific intensity at frequency x and angle µ, where µ = cos θ, with θ being the colatitude
of the ray with respect to the atmospheric normal.

The RTE for the specific intensity Il j(x, µ) in a line that arises due to a transition between
an upper level j and lower level l of a multi-level atom can be written as

µ[dIl j(x, µ)/dz] = −
[

χl j(x) + χc

] [

Il j(x, µ) − S jl(x)
]

, (3)

where χc denotes the background continuum absorption coefficient. The total source func-
tion is given by

S jl(x) = pxS L
jl(x) + (1 − px)S c

jl(x), where px = χl j(x)/[χl j(x) + χc]. (4)

The continuum source function is S c
jl
(x) = Bνl j

, with Bνl j
being the Planck function at the

line center of the transition l→ j. The line source function is given by S L
jl
(x) = η jl(x)/χl j(x).
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The line absorption coefficient is given by χl j(x) = [hνl j/4π]
[

nlBl jϕl j(x) − n jB jlψ jl(x)
]

. The
line emission coefficient has the form η jl(x) = [hνl j/4π]n jA jlψ jl(x), where the line emission
profile function is given by (see Hubeny et al. 1983a,b)

ψ jl(x) =
ϕl j(x)

n jP j





nlBl j J̄l jl(x)
︸       ︷︷       ︸

Term I

+
∑

k,l, j

k< j

nkBk jP̄k jl(x)

︸              ︷︷              ︸

Term II

+

[

nlCl j +
∑

k,l, j

nk(Ak j +Ck j)
]

︸                            ︷︷                            ︸

Term III





, (5)

where P j is the total rate out of level j. The Term III represents the non-scattering contri-
bution to the line emission profile. The Term I represents the contribution of the ordinary
resonance scattering process l → j → l (i.e., absorption and re-emission in the same transi-
tion). In this term

J̄l jl(x) =
∫ +∞

−∞
[Rl jl(x, x′)/ϕl j(x)]Jl j(x′)dx′, (6)

where Rl jl(x, x′) = γcohRII,AA(x, x′) + (1 − γcoh)RIII,AA(x, x′). (7)

Here RII,AA and RIII,AA are the angle-averaged type-II and type-III PFR functions of Hummer
(1962). The Term II represents the Raman scattering process k → j→ l, starting from some
level k < j. In this term

P̄k jl(x) =
∫ +∞

−∞
[Pk jl(x, x′)/ϕl j(x)]Jk j(x′)dx′, (8)

where Pk jl(x, x′) = γcohP
II,AA
k jl

(x, x′) + (1 − γcoh)PIII,AA
k jl

(x, x′). (9)

Here P
II,AA
k jl

and P
III,AA
k jl

are the angle-averaged type-II and type-III GRFs of Hubeny (1982).
The coherence fraction γcoh = P j/[P j + ΓE], with ΓE the elastic collision rate. Thus the
unpolarized line source function S L

jl
(x) = η jl(x)/χl j(x) takes the form

S L
jl(x) =

A jl/P j

nlBl j − n jB jlρ jl(x)





nlBl j J̄l jl(x) +

∑

k,l, j

k< j

nkBk jP̄k jl(x) +
[

nlCl j +
∑

k,l, j

nk(Ak j +Ck j)
]



,

(10)
where ρ jl(x) = ψ jl(x)/ϕl j(x). We extend Eq. (10) to include polarization. The polarized line
source vector is then given by

S
L
jl(x,Ω) =

A jl/P j

nlBl j − n jB jlρ jl(x)

×





nlBl j J̄l jl(x,Ω) +

∑

k,l, j

k< j

nkBk j P̄k jl(x,Ω) +
[

nlCl j +
∑

k,l, j

nk(Ak j +Ck j)
]

U





, (11)

where U = [1, 0, 0]T. Note that we have kept the quantity ρ jl(x) as scalar, which is equiv-
alent to assuming that induced emission of radiation is isotropic. The polarized resonance
scattering integral is given by

J̄l jl(x,Ω) =
∫ +∞

−∞

∮
Rl jl(x,Ω, x′,Ω′, B)

ϕl j(x)
Il j(x′,Ω′)

dΩ′

4π
dx′, (12)
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where Il j(x,Ω) = [Il j,Ql j,Ul j]T is the 3-component Stokes vector, Ω′(θ′, φ′) denotes the
incoming ray direction about the atmospheric normal, and dΩ′ = sin θ′dθ′dφ′. The quan-
tity Rl jl(x,Ω, x′,Ω′, B) denotes the redistribution matrix for resonance scattering in a weak
magnetic field B (Hanle effect) and is given in Bommier (1997b). The polarized Raman
scattering integral is given by

P̄k jl(x,Ω) =
∫ +∞

−∞

∮
Rk jl(x,Ω, x′,Ω′, B)

ϕl j(x)
Ik j(x′,Ω′)

dΩ′

4π
dx′ . (13)

Here Rk jl denotes the Raman scattering redistribution matrix in the presence of a weak mag-
netic field. We assume it to be given by the same form as the resonance scattering redistri-
bution matrix, but with RII,AA and RIII,AA replaced by P

II,AA
k jl

and P
III,AA
k jl

respectively. Further
the K-multipole atomic polarizability factor WK (with K = 0, 2) of resonance scattering is
now replaced by the corresponding factor for Raman scattering, which is given by (Stenflo
1994; Landi Degl’Innocenti & Landolfi 2004)

WK(Jk, J j, Jl) = (−1)Jk−Jl 3(2J j + 1)
{

1 1 K

J j J j Jk

}{

1 1 K

J j J j Jl

}

, (14)

where J’s denote the total angular momentum quantum numbers. The Stokes vector Il j(x,Ω)
satisfies the following polarized RTE

µ[dIl j(x,Ω)/dz] = −
[

χl j(x) + χc

] [

Il j(x,Ω) − S jl(x,Ω)
]

. (15)

The polarized total source vector is given by

S jl(x,Ω) = pxS
L
jl(x,Ω) + (1 − px)Sc

jl(x), (16)

where the unpolarized continuum source vector Sc
jl
(x) = Bνl j

U.
The numerical scheme to solve the polarized line transfer problem for a “multi-level sys-

tem” consists of two steps. In Step I, we solve the unpolarized multi-level atom transfer
problem taking into account both PFR and XRD. We basically generalize the MALI-PFR
method of Paletou (1995) to include XRD. In Step 2, the number densities, line opacities
χl j(x), and ρ jl(x) computed in Step I are kept fixed. Using these as inputs, the polarized
transfer equations are solved by applying either a Polarized ALI (PALI) method (Faurobert-
Scholl et al. 1997; Paletou & Faurobert-Scholl 1997; Nagendra et al. 1998, 1999; Fluri et al.
2003; Anusha & Nagendra 2011, see Nagendra 2003, 2014 for a review of PALI methods),
or a Scattering Expansion Method (SEM: Frisch et al. 2009, see Nagendra 2019 for a review
of SEM applied to problems of increasing complexity). For more details on our approach
to polarized multilevel problems the reader is referred to Sampoorna et al. (2013). A his-
torical account of the numerical methods for polarized RTE are presented in the review by
Nagendra (2019).

3 Polarized line profiles in a five-level Ca ii atom

We have applied our approximate multi-level formulation to the case of a five-level Ca ii atom
model comprising of the H and K lines and the IR triplet lines (see top left panel in Fig. 2).
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Figure 2. Top left : Five-level Ca ii atom model. Bottom left : Each of the lines of five-level Ca ii atom
treated as resulting from two-level atom models. Right : Comparison of Q/I profiles computed using
a five-level atom model (solid lines) with those computed using a two-level atom model (dotted lines).
The line of sight is at µ = 0.047.

The right panels of Fig. 2 show a comparison of linear polarization (Q/I) produced by five-
level atom model (solid line) with that from a two-level atom model (dotted line). All the
atomic and atmospheric parameters are the same as those given in Sampoorna et al. (2013).
The H line and 8662 Å line show zero linear polarization as their atomic polarizability factors
W2 are 0. We note that, we do not account for lower-level polarization which is shown to
be important to interpret the observed linear polarization profiles of IR triplet lines (Manso
Sainz & Trujillo Bueno 2003). From Fig. 2, we see that the linear polarization of IR triplet
depends on the coupling with the H and K lines. Thus, multi-level effects are important when
interpreting observed polarization profiles of IR triplet lines. However PFR and XRD effects
are found to be not significant in IR triplet lines, while PFR is essential to produce the Q/I

profiles of K line (see Sampoorna et al. 2013, for more details). This is because IR triplet
lines are subordinate lines, and also their damping widths are an order of magnitude smaller
than those of resonance lines.

4 Polarized line profiles in a four-level Mg i atom

Here we consider the case of 3P-3S triplet of Mg i (see left panel in Fig. 3). In this case there
are nine possible fluorescent transitions. Among them three are due to resonance scattering
and six are due to Raman scattering. Trujillo Bueno (1999, 2001, see also Supriya et al. 2020)
showed the importance of including lower-level polarization for modeling linear polarization
profiles of Mg i b triplet. However, here we neglect the effects of lower-level polarization,
which may be included following a numerical procedure presented in Supriya et al. (2016).

A comparison of (I,Q/I) profiles of Mg i b triplet when computed with and without Ra-
man scattering as well as with and without CFR is shown in Fig. 3. All the atomic and
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Figure 3. Left : Four-level Mg i atom model. Middle and Right : Normalized I (middle panels) and
Q/I (right panels) profiles of Mg i b triplet formed in an isothermal planar atmosphere. The line of
sight is at µ = 0.047. Red solid lines are computed accounting for both PFR and XRD, blue dotted
lines are computed taking into account only PFR, and green dashed lines are computed by assuming
CFR for both resonance and Raman scattering.

atmospheric parameters are the same as those given in Sampoorna & Nagendra (2017). The
red solid and green dashed lines are computed accounting for both resonance and Raman
scattering contributions. While GRFs (PFR for resonance scattering and XRD for Raman
scattering) is considered for red solid lines, CFR (for both resonance and Raman scattering)
is assumed to compute green dashed lines. The blue dotted lines are computed neglect-
ing the contribution from the Raman scattering, and accounting only for PFR in resonance
scattering.

When XRD is included, the differences are seen in the wings of I profiles for all the three
lines. Q/I profiles show a large difference between PFR without Raman scattering (blue dot-
ted lines) and PFR with Raman scattering (red solid lines). This is because, the polarizability
factors are different for resonance and Raman scattering. Q/I profiles computed with CFR
(namely, all transitions in CFR: green dashed lines) and PFR+XRD (each transition in PFR/
XRD: red solid lines) coincide in the line core, while they differ in the wings. Thus XRD
effects are significant when the damping widths of the line components of the multiplet are
comparable (see also Anusha et al. 2014, 2015).

5 Conclusions

We have developed an approximate approach to the problem of polarized line formation
in a multi-level system accounting for PFR in scattering. Basically, we have extended the
unpolarized PFR multi-level formulation of Hubeny et al. (1983a,b) to include scattering line
polarization. We propose a two-stage approach to solve this transfer problem. We show that
multi-level coupling and Raman scattering are necessary in the computation of scattering
polarization in a multi-level system. We also show that XRD produces significant effects
on the linear polarization profiles when the damping widths of the line components of the
multiplet are comparable.
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IAUS 305, 234

Auer, L. H. & Mihalas, D. 1969, ApJ, 158, 641
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