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I. DERIVATION OF THE LIGHT-MATTER INTERACTION HAMILTONIAN:
COULOMB GAUGE

In this section we outline how to derive the light-matter Hamiltonian. We base our
discussion on the geometry of Fig. 1 in the main text. Following the approach in Ref. [S1],
we include both the mobile electrons and the positively charged background, whose charge
density centers around and neutralises the 2D plane of the mobile electrons. We assume
that the background atoms move so slowly that their centres of mass are fixed. Since
the atoms from the background material can have electric dipole moments, we model the
total displacement field of the background material alone as Dy, = Dygyatic + P, where
V « Dyatic = prg(r) = > Q;0(r — ;) and the bulk polarization, P(r,t) = eyxpE(r, 1)
where E is the net elecéfib(;g field strength at r and time ¢, ¢y is the vacuum permittivity.
We have expressed the static background charge distribution as a sum over the collection
of stationary particles {j}, with charge {Q;} at position {7;}. We have also approximated
this polarization by a phenomenological polarizability constant xye, that is independent of
position and frequency.

To derive the full light-matter Hamiltonian, we start from the usual Lagrangian formu-
lation of charged particles interacting with electromagnetic field with background polariz-
ability incorporated,
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j=1
where m; is the mass of particle j (either a mobile electron or a stationary background
charged atom) with electric charge (); located at r;, where the net electrical potential is
¢(rj,t) and the vector potential is A. 7 means the time derivative of r. ¢ is the speed of
light in vacuum, €, = 1 + xpg. The first term of Eq. describes light-matter interaction
while the second term is the light field in the medium formed by the background atoms.
Following the usual procedures outlined in Ref. [S1], we obtain the Hamiltonian in

Coulomb gauge, where the vector potential A is the transverse field whereas ¢ is the longi-

tudinal field.

N
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Here p; is the conjugate momentum of 7; and we assume the fields decay to zero at the
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boundaries infinitely far away. We also have ¢(r) = Z #Ijr—ml

We note that calculations may also be done in zj different gauge and for calculations
involving resonant coupling the dipolar gauge is better suited [S2], but leads to a more
complicated interaction terms. In this work, we keep away from resonance (see Sec. SO
the Coulomb gauge is appropriate and the resulting interaction particularly simple.

The particle index above runs over both mobile electrons and background particles. Since
the latter are treated as stationary, their kinetic energies are ignored and their positions
are treated as parameters instead of variables. Thus, the Coulomb energy between them
is a constant and the Coulomb energy between electrons and background atoms forms a
static potential Vj(7) for the electrons which confines the mobile electron tightly in the 2D
plane at z = 7/2q, where g, refers to laser photon wavevector that we fix to lie along
z-axis. Thus, the total potential energy of the electron j due to the background charges is

Vig(r;) = —eVy(r;), where —e is the electron charge. The Hamiltonian [Eq. (S2)] becomes,

2
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(S3)
Here m is the bare electron mass.

Following Ref. [S1], the vector potential A satisfies the equation

€ 07 ¢
(V2 _ ?ﬁ) A(r,t) = —pug (Z Q;vid(r —rj) — eoerva> (S4)
J
Here v; is the velocity of particle j (which is only non-zero for mobile electrons).
Since we are considering a driven cavity system, we write the solution as a mode expansion
of the EM field plus the driving transverse field whose vector potential oscillates with angular

frequency wy, (from the driving laser) and amplitude A, and which we treat as classical,
A(r,t) = AL, (Huy(r) + Agsin(qrz — wrt). (S5)
q

u,(r) are transverse photon mode functions that form a complete and orthonormal basis

and satisfy

€2
<V2 + cQQ) u,(r) =0, (S6)
where w, is the frequency the cavity mode labelled ¢ oscillate at. We consider that all the

light modes are confined inside a box with periodic boundary conditions whose size V tends

to infinity. We categorise the light modes into the cavity mode and the environment modes.
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a. Cavity modes The split-ring THz cavity covers only a small area. Hence, we model
the cavity to support a single mode (that is the lowest frequency (or fundamental) mode
supported by the cavity) whose electric field points in the zy-plane parallel to the laser
polarization and its strength is modulated by the lowest order standing wave in the perpen-
dicular direction to the electric field with nodes at the boundaries, as shown in Fig. [1| of the
main text. Thus the mode function is real, u.(r) = \/Vzccos(qox), where ¢y = we/€,/c as

presented in the main text.

b. Environment modes 1t is clear that the cavity modes are only a small fractions of all
the light modes inside the periodic box we used to define the light modes. Most of the other
modes don’t ‘see’ the mirrors as they are of different frequencies from the cavity modes or
they are travelling at such large angles from cavity axis. We treat them as the environment
modes. We use complex mode functions ug, =(q, s} (With u; =u_,,) that describe travelling
plane waves for the environment modes whose indices can be interpreted as momentum (qe)
and polarization labels (s) for the modes.

With this mode decomposition, we can rewrite the free EM field the Hamiltonian as

€ 1
Hiree EM field :EO Z Az(l + Xbg) [Wqﬂfq + wgcqch} — 9 Z [Wqﬂfq + wscqch , (S7)
ge{c.qe} q

where 7, = C_, is the conjugate momentum for C,, C_, = C, when ¢ refers to the cavity

1 . 1
Vool . Veoer

Combine the above discussion with Eq. (S3|), we arrive at the full Hamiltonian,

mode and we introduce the normalisation constant A, =

p;+e ﬁ > Co(t)uy(rj) + Agcos(wrt) :
oyl )

jEe~
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We obtain the Hamiltonian for the quantum system through canonical quantisation of

the above classical Hamiltonian.

A. Electron Hamiltonian

The electron field can be quantised by imposing the commutation relation
[(r3)+ (Pr),] = 1704 00m- (S9)
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r; and p; are now operators and j and & are particle indices while [ and m are spatial
dimensional indices.

We expand out Eq. to separate out the terms describing the independent electrons,

2
p.
Ha= 3 3% + Vig(r)) (S10)

j€e~

We can proceed to second-quantise this single-particle part of the Hamiltonian by choosing
the Bloch states that diagonalises Eq. (S10). We denote the eigenfunctions as Uy, (r) =
e* Ty o (1), where ¢y () has the periodicity of the lattice. We define the field operator for
the electrons, ¥f(r) = > \Ifl*w('r)cLa, where CLU is fermionic creation operator for electron
in Bloch state with quz;(si—momentum k and spin o. Eq. is thus diagonal in quasi-
momentum space, Hy = ZG(k)CLaCk,m where €(k) is the electron dispersion. As in the

k,o
main text, we assume the dispersion to be

h2k2
= omr

e(k) (S11)

where m* is the effective mass of the electrons. We also define the Fermi wavevector ky,
Fermi velocity vy = hkys/m* and the chemical potential 4 at the Fermi level e; = hzkfc /2m*.
The couplings to the transverse light fields do not affect the choice of Bloch state basis.

B. EM field Hamiltonian

The EM field can be quantised by imposing the commutation relation
[Cors Tg] = 1104y g (S12)
We second-quantise this part of the Hamiltonian by defining 7, = -i4/ % (b_q — bfz) and

C, = w/% (bq + bT_q>. (b_y = b, if g refers to the cavity mode.) Eq. (S12) implies that b,

and bg are bosonic annihilation and creation operators.

Collecting everything together, we arrive at the quantised Hamiltonian for the 2D mobile
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electrons and the electromagnetic field (which is second quantised) in Coulomb gauge,

2
(pj +ed —2602% uy (1) (by + b)) + eAy cos(th))
p— q .
H = Z [ om + %g(rj)]

1 2 1
2 hwy(bib, + ). (S13
+2 ; Aepe,|r; — Tl _'_; a q q+2> (S13)
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This Hamiltonian describes the full light-electron system. If we ignore the environment

modes (we justify this in the next section) we arrive at Eq. in the main text.

II. LIGHT-MATTER INTERACTION

In this section, we discuss the interactions between matter and the cavity and the laser
light modes in Sec. and [[TB] we proceed to consider the light-matter interaction without
the environment modes. We justify this in Sec.[[T C|, where we discuss the inelastic scatterings
of the laser photons into the environment modes. The scatterings heat the electrons but
the effect is insignificant due to the small detuning to cavity frequency ratio and the strong
cavity mode volume compression.

By expanding out Eq. and limiting ¢ to only the cavity mode, we obtain the different

transverse light field-matter interactions: paramagnetic interactions,

e . | h
Hpara—c = Z Ep] c €y m? COS(QQZL’]‘) (b + bT) (Sl4)

j€e~
e
Hpa’/‘a—d — Z Epj . Ad COS((ULt) (815)
jee™
and diamagnetic interactions,
62 2 t 2
Hdia—c = ' %mll COS (QOCCJ) (b + b ) (Sl6)
jee”
2
e
Hyig—a = Z %Ad cos(wrt) - Agcos(wrt) (S17)
jee”
Hyio—ca = Z é\ / LQ cos(qor;)|Aq| cos(wit) (b + bT) (S18)
e m lQEOEr&k !
j€e
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A. Paramagnetic interactions

H

para—c describes the paramagnetic interactions between the electrons and the cavity

modes. We get the interaction Hamiltonian of the form Hpyq—c = kz @y \/ECLJCk_%J(IH-
7U7q

b'), where q = £qpe,. S o 1/w? is the cavity area in the zy-plane. The proportionality
constant is obtained using values of electron density and number of electrons from Ref. [S3].

The matrix elements evaluate to gb*™* °/v/S ~ hlkle /#T/EOWC for |k| > qo.

m*

We’d like to draw attention to the fact that the paramagnetic coupling strength is in-
versely proportional to the effective mass rather than the bare electron mass [S4]. We thus
learn that this interaction is weaker for less mobile electrons.

In the rotating frame of the driving laser these interactions are time-dependent: they ro-
tate at £wy. In Ref. [S5], it is shown that the strength of the effective (current-current) inter-
actions between electrons due to the paramagnetic interactions are ~ g*"“ g/ * ™/ hw.S.

We compare these paramagnetic interactions to the stimulated diamagnetic scatterings
discussed below and note that the two interaction terms in Eq. and Eq. coincide
once one switches p with eA ;. Hence, we obtain an expression for the critical intensity for the
driving laser, I.; (corresponding to a critical magnitude for vector potential for the driving
field, |Aglc1), beyond which the paramagnetic interactions are weaker than the stimulated

diamagnetic interactions: e|Ag|.1 ~ | (kp|pe " |kr 4+ q) | ~ Zhkp for |q] < k.

m*

(= )2 AV (S19)

where « is the fine structure constant and n. is the electron density per unit area.
Hp4ra—q does not cause electron scatterings for a one-band system since the driving field

carries no momentum in the zy-plane. When there are strongly detuned electronic bands,

H

para—d gives rise to vertical (interband) virtual transitions and the electronic bands gain

momentum-dependent shifts known as dynamical Stark shifts, whose magnitudes are in-
versely proportional to the detunings between the driving frequency and the electronic band
gap [S6]. We here assume that this detuning is sufficiently large for us to neglect the change

to the electronic band of interest.
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B. Diamagnetic interactions

Hgyio_ describes the diamagnetic interactions involving only the cavity modes. These
interactions scatter electrons and also shift the electron dispersions due to the term propor-
tional to (e?/m)(h/Veeoerw,) (QbTb + 1) >"ny. The other terms involves operators like bTbf
and bb, so they are also rapidly rotatingk(at +2wy) in the co-rotating frame of the driving
laser and contribute terms of the order O(1/2wy).

In order to neglect this diamagnetic interaction term when the cavity is not populated
(as is the case in the main text), the cavity field’s vacuum fluctuations shouldn’t be larger
than the driving field. Thus, we can estimate another critical intensity, I.» (corresponding
to a critical magnitude for vector potential for the driving field, |A4|.2) beyond which we

can neglect the diamagnetic scatterings between only cavity photons: |Aglea ~ 4/ e—

AXN3egerwe

2
hwi c

— IC ~N ——
2T A Gw

(520)
Hyio—q is a sinusoidally oscillating constant and does not alter the electronic or the pho-

tonic states because the laser photons carry no in-plane momentum. We have again assumed

that other electronic bands are so far detuned that we can neglect vertical transitions.

H ;o cq describes stimulated diamagnetic scatterings described in the main text. In the
rotating frame of the driving field, we ignore the rapidly rotating (at +2w;, ) terms in this
interaction Hamiltonian (rotating-wave approximation). The time-independent terms are
presented in main text Eq. .

We conclude that the stimulated diamagnetic interactions compete with paramagnetic
scatterings with the cavity photons as well as with diamagnetic scatterings involving only

the cavity fields and that they can be estimated to dominate above a critical field intensity

m\2 hw? \/e;n hw?c
I, ~ {]C I, }: {(—) LVelle WL } $21
A fe 1o fe2 A 200 A/Erwe NS (521)

In low-terahertz frequency range (~ 0.1THz), the critical intensity is ~ 50 kWem™2 (the
parameters used are those used in Fig. 2(b) of the main text). The critical intensity, 1., is
almost always I.;, given by the paramagnetic scattering strength with the cavity modes.
For materials with higher electron density and lower effective mass, the critical intensity

increases.
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C. Effect of the environment modes

The main effect of the environment light modes is the heating of the electrons through
inelastic diamagnetic scatterings. We denote the corresponding interaction vertex strength
Nq. (its evaluation is the same as diamagnetic scattering involving the laser field and the
cavity field). In this process a laser photon scatters with an electron which transitions from
quasi-momentum state |k) — |k +q >, into the outgoing photon is in the environment mode
whose in-plane momentum is —q; and energy is (hwy, + (k) — e(k + q))). Since the photon
momenta are very small, e(k) — e(k + q) < hwy. Fermi’s golden rule gives us the total

scattering rate of an electron in state |k) by this process,

Iy = 2% Z Mq.

6(e(k — q) + hwg, — €(k) — hwr)

ac.=(q|,9=)
2
2 e? h
~— —|A —_— 0 0(hwg, — hw
h ” (m‘ d’ VGOETWL COS Cle) ( Qe L)

_647T3 1 1 «?hly

N2 wrem2?”
3 A} wr emiwy

(S22)

Here, 6, is the polar angle of q.. In our set up v§+>k/s ~ o‘j—CLA, where V) /S is as defined
in the main text. Therefore, when the cavity mode volume compression is significant, this
inelastic scattering is much weaker than the coherent electron interactions. We can further

reduce the heating effect from inelastic scattering by increasing w; while keeping ¢, constant.

III. ESTIMATES OF LASER INDUCED HEATING

Two potential sources of heating can be distinguished, the direct heating of the two-
dimensional electron gas, which we discuss in the main text, and the indirect heating

through absorption in the underlying substrate structure.

The heating rate due to the former process is negligible. We can estimate this by consider-
ing the inelastic electron scattering rate due to the environmental modes that we considered
above and the maximum energy gain of an intraband scattering event for an electron. At

10THz driving frequency, and 1GW/ cm” intensity, the heating rate is of order pW.

To discuss the importance of the second process, we consider the case of the two-

dimensional electron gas at the LaAlO3/SrTiO; interface. Currently, no continuous wave
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THz sources are able to offer irradiances of 1GW /cm”

at 10THz central frequency and an
experimental realization of our proposal should consider a driving protocol based on short
pulses where peak intensities exceeding 1GW/ cm” can be easily obtained [S7]. Importantly,
even upon pulsed driving, changes in the transport properties of the two-dimensional electron
gas could be tracked with on-chip time-resolved conductivity measurements [SS].

In the following, we estimate the heating of a bulk SrTiO3 substrate driven with 1ps long
pulses at 10THz central frequency. We omit the absorption in the LaAlOs3 layer which is

typically only few unit cells thick and model the energy deposited by the drive as:

i)
expq — : (523)
A A

where R = 0.995 is the reflectivity of SrTiOs at the excitation frequency [S9], dpump =

E(z) = (1-R)

0.68um is the intensity penetration depth of the pump, and F is the excitation energy density
chosen to be 0.1 and 1mJ/cm” to reach peak intensities of 100MW/cm® and 1GW /em?
respectively.

The temperature profile T(z) inside the sample is related to the deposited energy density
E(z) by the following integral equation:

S

(2)
E(z) = / Co(T)dr (S24)

where T; = 0.5K is the initial temperature of the sample and C,(T") is the specific heat of
SrTiOj3 taken from an interpolation of an equilibrium measurement [S10]. As heat diffusion,
happens on much longer time scales [S11] than the few picoseconds time interval in which
an experiment would be performed, it was not included in these calculations.

Fig. [Ifa) shows the result of these estimates. We observe that at driving peak intensities
of 1IGW /em® the final temperature at the surface of the SrTiOs substrate has increased to
~ 15K. Reducing the driving strength to 1OOMW/cm2 helps to contain the heating to no
more than a few Kelvins. The final temperature could be lowered even further if substrates
that offer more transparency at the driving frequency are chosen.

As an example, we repeat the same calculations on a substrate featuring a 50 times
longer penetration depth . The results are shown in Fig. (b) In this case the heating for
both driving intensities is negligible. We envision that this setting could be achieved by
exploiting two-dimensional electron gases at the interface with different substrate materials

(as for example diamond or silicon) that offer complete transparency at the driving frequency.

S10
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Supplemental Information, Figure 1. (a) Depth resolved temperature profiles in the SrTiOg sub-
strate after excitation with 1ps pulses at 10T'Hz central frequency for two different peak intensities
of IGW/cm? (red curves) and 100MW /em? (blue curves). (b) Same calculations performed for a

substrate offering a 50 times longer light penetration depth at the driving frequency.

IV. SCREENING

Here we provide details of the screening calculations in the random-phase approximation,
which takes into account of all the simple bubble diagrams (See Fig. [2)).
Following [S12], the RPA screened cavity-mediated interaction is

VEPA(q,iv,) = |¢"(q, iv,) P D" (q, ivy,) (525)
90
1 — V(a)xo(q, ivn)
DO)(q,iv,)

DRPA(q,iv,) = (S27)

. 2 K175
1= lgoP DO e, ivn) 2

g™ (q,iv,) = (S26)

Here V.(q) = 262;(} is the Coulomb interaction in momentum space, and x, is the po-
larizability due to the mobility of the two-dimensional electron gas. The fraction in the
denominator of Eq. is the y#4 in the main text. Note that it differs by a factor
of 2 from the definition in Ref. [S12] because the scatterings with the cavity mode do not
conserve total electron and photon momenta and the simple polarization bubbles connected
by Coulomb interactions (which conserve total electron momentum) can be carrying +/—hq
of momentum.

D) (e,qo, iv,) is the bare cavity photon Green’s function in the rotating frame for photon
wavevector, e,qo, and Matsubara frequency, iv,. It reads
—26./h

D(O)(el‘q07iy’l’l) - V2 +527

(S28)
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Supplemental Information, Figure 2. A simple bubble diagram. The solid lines with triangular
arrows represent the bare electron Green’s functions. They form a closed bubble which physically
means a electron-hole pair is created and then destroyed. The wavy lines are of bosonic nature and

can represent either bosonic Green’s functions or Coulomb interactions. We have used 4-vector

notation: p = {p, ip,}.

We account for the cavity decay rate by including it in the bare photon Green’s function

—20./h
V2402 + 26k sgnlvy,]

DO (e,qo, ivy) — (S29)

Here we define the cavity decay rate k = w./2Q, where @ is the cavity quality factor.
With the parabolic electron dispersion [Eq. (S11)] the polarizability due to the two-

dimensional electron gas, xo, can be found using results in Ref. [S13],

Re{xo (¢, hw)} = k:%rw —2rq +C\[(rg—ru)? =14+ Ciy/(rg+ 1) —1] (S30)
o (¢, )} = kF D1 (e 1= (g + 7)), (s31)

Cy =sign(r,£r,) and Dy =0 for |r,£7,] > 1, and

where r, = Ty =

Cy=0 and Dy =1 for |r,£r,| <l
For photon-mediated interactions, ¢ is always very small (r, ~ 0), ie. we are interested
in the region of the phase space to the left of the red line in Fig. [3] where r, > 1 for most

frequencies. Thus, we focus on small r, and large r,, limit. In this limit, Im{xo} = 0 and

Re{yo} = ’“12“ i < 2y /(g + 1) — 1 \/T) (532)

2 2
Nk?FTw Ty kzrg _kpqu

~ hwr 2 — T2 T hwrr,  hw?27 (533)
Thus
RPA _ 90
9 (q,hw) = — = and (534)
1 . wPl(Qq)
D)
DRPA (g, fiw) = e (S35)
- |gof2D® L3t/ (1 — D)
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Supplemental Information, Figure 3. Phase space plot. The right figure magnifies the small dashed
green box in the left figure. The mobile electron polarizability xo is complex inside the shaded
regions. The yellow(grey) region is where one(both) of |r, £ 7| < 1. Inside both shaded regions
energy can be dissipated into the electron systems through single-particle excitations. The part of
phase space most relevant for the dynamics we describe is to the left of the red line. Its position
corresponds to the momentum of a &~ 1.5THz photon (which is roughly the highest cavity frequency
we consider). The blue line is the 2D plasmon dispersion. Where it’s dotted means the plasmons
are Landau-damped. For the cavity frequencies we consider here, the bare plasmons coupled to
the photons are not Landau-damped. We use the same electron parameters as those in Fig. 2(b)

of the main text.

where wpi(q) is the plasmon frequency at momentum (q), satisfying

e kpvpq € kpupge  2a

- 2e.€q 2mh  Amhege e, h /€,

whi(q) Weep. (S36)

We plot the plasmon dispersion in Fig. [3]for a given electron density. Note that for sufficiently
large momenta the plasmons are Landau-damped, but for the parameters considered here we
are not in that regime. We found that we would need cavity frequency greater than ~ 2THz
in order to couple to Landau-damped plasmons. Yet this does not affect the stimulated
electron interactions we describe in the paper.

In the large r, limit, we include electron damping by modifying the electron response

function such that

2 2
wpl(q) wpl(q)
= U B (537)

just like in Drude model [S14], [S15].

We additionally note that in addition to the attractive interaction potential shown in the
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main text, a repulsive potential is achieved with blue-detuned driving. We show an example

of it in Fig. [

10 |

Vst (S peV)
(@]

0 wp 10 20 Oc
wl(2rtxGHz)

Supplemental Information, Figure 4. The real parts of the screened retarded interaction potentials
for red- and blue-detuned driving are shown as red and green solid lines. The corresponding bare
interaction potentials are shown with dashed curves. The vertically dashed line represents the
plasmon resonance. The attractive potential curves are obtained using the same parameters as
those used in Fig. 2(b) of the main text. The repulsive potential curves are obtained with the same

parameters except the detuning has the opposite sign.

V. COOPER INSTABILITY

In this section, we show a calculation of the Cooper instability critical temperature by
solving the Dyson equation Eq. (S38]) [it comes from summing an infinite series of ladder
diagrams (see Fig. [5))] [S12) [S16] using the RPA screened interaction potential.

D(k;p) = =V (k — p) + Siﬁ Z[—V’“’A(% - PIGHG (-G p) , (S38)

where 3 = 1/kpT, G = 1/(iv,,h— &) is the unperturbed electron Green’s function, where
§q = €(a) — p.

As described in the main text we approximate the interaction potential by a d-function
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Supplemental Information, Figure 5. The pair scattering vertex I' is given by an infinite sum of
ladder diagrams of an electron pair scattering with each other repeatedly. We consider the Cooper
channel, where the electrons have opposite momenta and Matsubara frequencies. The Cooper

instability is signified by the divergence of this infinite sum.

in k-space. Thus, for electron states near the Fermi level the Dyson equation becomes
T (ikn,ipn) = =V (epq0 & 0, ik, — ipn)
1
+ 35 ;[—WRPA(%% ~ 0, ik — iv)|GO (i) GO (=iv )L (v, ips) . (S39)
The factor of 2 in the sum comes from q = +4e,qp. We can think of the Matsub-
ara frequencies as indices of matrices for I' and M (ik,,iv,) = E—EVRP Aepqo ~ 0,ik, —

ivp )G (i, ) GO (—iv,). Thus, the Dyson equation above is a matrix equation

L=-V¥'4eMT (S40)

and I' diverges when det |1 — M(8. =1/ kBTc)] = 0. The determinant tends to 1 at high
temperatures and reduces as the temperature lowers.

In Fig. [0 we plot an example of the determinant as a function of temperature. Note
that we introduced a cut-off for the Matsubara frequencies since high frequencies have little
effect (due to G®). We checked that our results do not vary when we alter the cut-off
value. In fact, the factor of G (iv,)G®(—iv,) o % for fermionic Matsubara frequency
v, = (2n + 1)wkpT/h means that the terms in the sum with n = —1, 0 are almost a
magnitude larger than the terms with n = —2, 1. Hence, a numerically quicker (and still
reasonably accurate) way that we used to compute the critical temperatures in Fig. [3|is to
limit the Matsubara frequencies to just +7kgT/h, then Eq. turns into an algebraic
equation to solve: )

2
1= —ﬁvRPA(exqo, 2i7r/hﬁc)% : (S41)

This method underestimate 7, only by a few percent compared to more accurate results
using a higher cut-off.
Note that away from the plasmon frequency, the interaction is effectively unscreened so

VEPA(e,qo, 2im/RB.) — |go|>* D (e,qo, 2im/Af3.).
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Supplemental Information, Figure 6. Determinant of (1 — M) plotted as a function of temperature
using the following parameters: Iy, ~ 6MWem ™2, we ~ 27 x 0.1THz, 6, ~ 0.05 w. and the same
electron system parameters as in Fig. 2(b) of the main text. The point where it crosses zero is the

Cooper instability critical temperature.

VI. CAVITY PHOTON NUMBER

In the equilibrium Green’s function formalism, the number of bosons Ny is given by
Bose-Einstein distribution, ng(w) = ﬁ, and the imaginary part of the retarded bosonic

Green’s function, D, (p,w) [S17],

2N, +1 = %ng(w)(—Q Im{ Dyt (p,w)}) (S42)

—00

In our case, we need to use the green’s function in the rotated frame and an adjusted

Bose-Einstein distribution,

1

- exp (Bh(w + sgnjwlwy)) — 1 (843)

np(w)

to reflect that we are in the co-rotating frame. Thus, the cavity photon population is given
by

Wy +1= [ Sl @) (2T { DEFA(p,w)}) (s44)

— 00

DRPA

-« 1s obtained from

We compute the cavity photon number by numerical integration.
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the Matsubara frequency formulation [Eq. (S27))] by analytic continuation iv,, — w + in.
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