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FUNDAMENTAL GROUPS, 3-BRAIDS, AND EFFECTIVE
ESTIMATES OF INVARIANTS

BURGLIND JORICKE

ABSTRACT. We define invariants of braids rather than invariants of conjugacy classes
of braids. For any pure 3-braid we give effective upper and lower bounds for these
invariants. This is done in terms of a natural syllable decomposition of the word
representing the image of the braid in the braid group modulo its center. The bounds
differ by a multiplicative constant not depending on the word. Respective bounds are
given for all 3-braids. We also obtain effective upper and lower bounds for the entropy
of pure 3-braids in these terms. The proof leads to the study of the extremal length of
classes of curves representing elements of the fundamental group of the twice punctured
complex plane.

January 4, 2018

1. STATEMENT OF THE RESULTS

In this paper we define invariants of n-braids (rather than invariants of conjugacy
classes of braids.) Note, that a popular invariant of braids, the entropy, is a conjugacy
invariant, i.e. it does not distinguish different elements of a conjugacy class of braids.
The present invariants may be compared from a conceptional point of view with the
conformal module of conjugacy classes of braids which is inverse proportional to the
entropy (see [5]).

For pure 3-braids we give effective upper and lower bounds for the invariants. This
is done in terms of a natural syllable decomposition of the word representing the image
of the braid in B3 Z3, the group of 3-braids modulo its center. The bounds differ by a
universal multiplicative constant.

The estimates for the 3-braid invariants also give bounds for the entropy of arbitrary
pure 3-braids in the mentioned terms, and also provide estimates of the invariants for
arbitrary (maybe, not pure) 3-braids.

Notice that there is an algorithm which detects in principle whether a braid is a
pseudo-Anosov braid and in this case it computes the entropy ([3]). This approach uses
train tracks. For 3-braids which can be represented by short words the entropy is known
and can be easily calculated explicitly without using train tracks. As far as we know
despite these results explicit bounds for the entropy of arbitrary 3-braids in terms of
representing words are new.

The braid invariants are defined as follows. For a subset A of the complex plane C
we consider the configuration space C,(A) = {(z1,...,2,) € A" @ 2z # z; for i # j}
of n particles moving along A without collision. Denote by &, the symmetric group.
Each permutation in S, acts on C,(A) by permuting the coordinates. Consider the
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quotient C,,(A),/S,. The quotient C,(A),/S, is called the symmetrized configuration
space related to A. The natural projection C,,(C) — C,(C)/S,, is denoted by Ps, .
Choose a base point F,, € C,(C)/S,. Regard braids on n strands (n-braids for
short) with base point E, as homotopy classes of loops with base point FE, in the
symmetrized configuration space, equivalently, as element of the fundamental group
m1(Cr(C),/Sy, E,) of the symmetrized configuration space with base point F,,.

The totally real subspace £ = Cn(R),/S, of C,(C),/S, is connected and simply
connected. Indeed, the totally real subspace C,(R) of C,(C) is the union of the connected

components {(z1,...,2,) € R" : 2501) < ) < ... < Ty} over all permutations
o € S,. Thus C,,(R) is invariant under the action of S,, and the quotient is homeomorphic
to {(x1,...,2,) ER" 11y <29 <...<x,}. Hence the claim.

The fundamental group 71 ( C,,(C ) /Sy, E,) isisomorphic to the relative fundamental
group m(C,(C),/S,, Cn(R),/S,). The elements of the latter group are homotopy
classes of arcs in C,(C)S,, with endpoints in C,,(R), /S, .

The isomorphism between the two groups is obtained as follows. Since the change of
the base point leads to an isomorphism of the fundamental group with base point, we
may assume that £, is contained in the totally real subspace C,(R)/S, . Each element
of m(CL(C)/S,, E,) is a subset of an element of m(C,(C),/S,, C,(R),/S, ). Vice
versa, since C,(R)/S, is connected and E,, is contained in C,(R) /S, each class in
m(Cn(C) /S, Ch(R),/S, ) contains a class in m1( C,,(C) /S, , E,). Since C,(R)/S,
is simply connected, each class in 7 ( C,,(C),/S,,, C,(R),/S, ) contains no more than
one class of m(C,(C),/S,, E,). Indeed, if two loops in C,(C),/S, with base point
E,, are homotopic as loops in C,(C),/S, with varying base point in C,(R),/S, then
they are homotopic as loops in C,(C),/S, with fixed base point E,.

Let R be an open rectangle in the complex plane C. Unless said otherwise the consid-
ered rectangles will always have sides parallel to the coordinate axes. Denote the length
of the horizontal sides of R by b and the length of the vertical sides by a. (For instance,
we may consider R={z=z+1iy:0<z <b,0<y<a}.) The conformal module of
the rectangle R introduced by Ahlfors [1] equals m(R) = 2. The extremal length of R
equals A(R) = &, which is the inverse of the conformal module .

Let b € B, be a braid. Denote its image in the relative fundamental group
m(Cn(C),/S,, C,(R),/S, ) by by.. For a rectangle R as above let f : R — C,(C) /S,
be a mapping which admits a continuous extension to the closure R (denoted again by
/) which maps the (open) horizontal sides into C,,(R), S, . We say that the mapping
represents by, if for each maximal vertical line segment contained in R (i.e. R intersected
with a vertical line in C) the restriction of f to the closure of the line segment represents
by

We are now ready to define for any braid its extremal length with totally real boundary
values (and the conformal module with totally real boundary values, respectively).

Definition 1. Let b € B, be an n-braid. The extremal length A..(b) with totally real
horizontal boundary values is defined as

Ay (D) =inf{\(R) : R a rectangle which admits a holomorphic map to
Cn(C),/S,, that represents by} .
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The conformal module M.(b) of b with totally real horizontal boundary values, respec-
tively, is defined as

M. (b) =sup{m(R) : R a rectangle which admits a holomorphic map to
Cn(C),/S,, that represents by, } .

Note that the two invariants are inverse to each other. It is more convenient to work
with the extremal length and we will mostly speak about the extremal length rather
than about the conformal module.

The choice of the boundary values is motivated by real algebraic geometry. Following
Arnold [2] a point in the symmetrized configuration space C,,(C),S,, can be considered
as unordered n-tuple of pairwise distinct complex numbers and can be identified with
the monic polynomial with these zeros. Parametrize the space 3,, of monic polynomials
of degree n without multiple zeros by their coefficients. We obtain a biholomorphic map
between C,,(C),/S,, and C" \ {D,, = 0}, where D,, is the discriminant.

The zero set of a polynomial with real coefficients consists of a set of real points and a
set of pairs of complex conjugate points. A polynomial in 3,, all whose zeros are real can
be identified with a point in C,(R),/S,,. Thus, totally real boundary values correspond
to one of the cases arising in real algebraic geometry. The set of polynomials in ,, with
real coefficients and ¢ > 2 pairs of complex conjugate zeros is not simply connected. We
will not develop the case of such boundary values in this paper.

However, for 3-braids it is convenient to consider the case of boundary values cor-
responding to one real root and a pair of complex conjugate roots. The set £ of
polynomials in B3 with one real zero and a pair of complex conjugate zeros is simply
connected. ("pb” stands for perpendicular bisector. In fact, the real root lies on the
perpendicular bisector of the line segment joining the two complex conjugate roots.)
The braid group Bs is isomorphic to m1(C5(C),/Ss, £3,). For a braid b € Bs we denote
by by its image in 7, (C3(C),/Ss, £,) under this isomorphism. The convention that a
continuous mapping from a rectangle to symmetrized configuration space represents by,
is made in the same way as the respective convention for b,.

We have the following definition.

Definition 2. Let b € B? be a 3-braid. The extremal length Ay (b) of b with perpendicular
bisector boundary values is defined as

App(b) =inf{A\(R) : R a rectangle which admits a holomorphic map to
C5(C),/Ss that represents by }.

Recall the respective definition for closed braids. They can be identified with conju-
gacy classes of braids or with free isotopy classes of loops in C,(C),/S,,. (See [5], [6].)
The extremal length (conformal module, respectively) of a conjugacy class of braids is
defined as follows. We say that a continuous mapping f of an annulus A ={z € C: r <
12| < R}, 0<r < R< o0, intoC,(C)/S, represents a conjugacy class b of n-braids if
for some (and hence for any) circle {|z| = p} C A the loop f :{|z| = p} = C.(C)/S,
represents the conjugacy class b. According to Ahlfors’ definition the conformal module
of an annulus A= {z € C: r <|z| < R} equals m(A4) = ;- log(£), and the extremal

length equals A(A) as m. Associate to each conjugacy class of elements of the fun-

damental group of C,(C),/S,, or, equivalently, to each conjugacy class of n-braids, its
extremal length, defined as follows.
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Definition 3. Let b be a congugacy class of n-braids, n > 2. The extremal length A(l;)
of b is defined as A(b) = infaca NA), where A denotes the set of all annuli which admit
a holomorphic mapping into C,,(C),/S,, that represents b.

~ ~

It is proved in [5] that the extremal length A(b) is proportional to the entropy h(b) of

the conjugacy class, namely h(b) = %A(i))

Denote by A, the Garside element in the braid group B,. ( A? is a full twist). Note
that the subgroup (A2?) of B, generated by A? is the center Z, of B,. We have the
following lemma.

A~

Lemma 1. For each braid b € B,, we have A(b) = A(b/A\%) and Ny, (b) = Ay (DA,,).  For
each braid b € By we have Ap(b) = Apy(bA3).

Proof. Indeed, let R = {z +iy : x € (0,1), y € (0,a)}, and suppose a holomorphic
map f : R — C,(C")/S, represents by (or by, respectively, with n = 3). Let f =
(fis.ooifn)) : R — C,(C") be a lift of f to a mapping into C,(C"). The mapping
¢ = e3Cf(¢) = e35(f1(C), . .., fu(¢)) is holomorphic on R. For the canonical projection
Ps, : Cp(C") — C,(C") /S, the mapping ¢ — Ps, (e3<(f(¢))) represents (bA,)y (or
(b A,,)pp, respectively, with n = 3). The relation for conjugacy classes of braids is proved
in the same way. O

The versions of the extremal length of braids are morally related. In this paper we
will give details only for 3-braids.

We consider now pure 3-braids identified with elements of the fundamental group
m(C5(C),/S;, E5) with base point E3 € C3(C),/Ss. Denote the group of pure 3-braids
by 7383

The quotient PB3,/(A3) is a free group in two generators, the class of o7 and the
class of o3. Denote the two generators by a; and as.

We will now state theorems on upper and lower bounds for the versions of the extremal
length of any pure braid in terms of the word representing its image in PBs,/(A2) . Take
a non-trivial element of PBs,/(AZ). Represent it as reduced word w = w{'* - wh? - ...,
where the n; are non-zero integers and the w; are alternately equal to either a; or as.
We refer to the w;” as the terms of the word. We will estimate the extremal length
in terms of a decomposition of the word into syllables. We describe now the syllable
decomposition of the word.

(1) Any term w;’ of the reduced word with |n;| > 2 is a syllable.

(2) Any maximal sequence of at least two consecutive terms of the reduced word
which have equal power equal to either +1 or —1 is a syllable.

(3) Each remaining term of the reduced word enters with power +1 or —1 and is
characterized by the following property. The neighbouring term on the right (if
there is one) and also the neighbouring term on the left (if there is one) has
power different from that of the given one. Each term of this type is a syllable
called singleton.

Define the degree of a syllable deg(syllable) to be the sum of the absolute values of
the powers of terms entering the syllable.

For example, the syllables of the word a;'a?a;”a;’ ay ' a;' aza;! from left to right
are the singleton a, ', the syllable a? of degree 2, the syllable a;® of degree 3, the syllable

aytayt ar! of degree 3, the singleton ay and the singleton a; '
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Label the syllables of a non-trivial word from left to right by consecutive integral
numbers j = 1,2,... . Let d; be the degree of the j-th syllable s;. Put

de
L(w) = Y log(ad; — 1). (1)
J
If w is the identity we put £(w) = 0. Notice that for the word consisting of the single
syllable s; we have L(s;) = >_;log(4d; — 1). Thus, £ is an additive function of the
syllables.
The following theorem holds.

Theorem 1. Let b € PBs be a pure 3-braid and let w be the word representing its image
in PBs,/ (A%). Then

% L(w) < Au(b) <300 - L(w), (2)

~ M. (b)
except in the following cases: w = a} or w = aj for an integer n. In these cases
A (D) =0, d.e My, (b) = o0.

Moreover,

o L) < A(b) = < 300 L(w), (3)

Mpb(b)
except in the following case: each term in the reduced word w has the same power, which
equals either +1 or —1. In these cases Ayy(b) =0, i.e. M(b) = oo.

The following propositions are immediate consequences of Theorem 1.

Proposition 1. For a pure braid b € PBs which is not one of the exceptional cases of
Theorem 1 the two versions of the extremal length are comparable:

Cl At'r(b) S Apb<b) S CZ Atr<b>
for positive constants Cy and Cy which do not depend on b.

Proposition 2. For each element b € PBs whose image w in the pure braid group
modulo its center is not a singleton the estimate

% L) < A(b) + Ap(b) < 600 - £(w)

holds.

Let b € PB;s be a pure 3-braid and let w be the word representing its image in
PBs,/(A2). The conjugacy class w of elements in PBs,(A2) corresponds to the conju-
gacy class b. Any word @ obtained from w as follows will be called a cyclically syllable
reduced conjugate of the word w. Write in reduced form the periodic word ... ww ...
which is infinite in both directions and obtained by repeating the entry w and no other
entry. Cut off from the infinite word a word w consisting of consecutive terms of the
infinite word, so that @ is conjugate to w and the cuts are between two syllables, not
inside a syllable. The following theorem holds.

Theorem 2. Let b be a conjugacy class qf pure 3-braids, let w be the conjugacy class of
elements of PBs,/(A2) corresponding to b and let w be a cyclically syllable reduced word
representing the conjugacy class w. Then

~

o= £(w) < AB) = Zh(B) = (M(E) ™ < 300 L(w),
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with the following exceptions: w = a}, w = ay and w = (ajaz)". In these cases

A(b) = h(b) = 0 and M(b) = co.

Notice, that the exceptional braids for Theorem 2 are exactly the reducible pure 3-
braids. Notice also, that the word w = (ajas)™a; is not cyclically syllable reduced. A
cyclically syllable reduced conjugate is a?(asa;)™ ‘ay. Hence, for a braid b whose image

~

in PB3, (A2%) equals w we obtain that A(b) is positive and A, (b) = 0. However, Ay, (b)
is positive.

We want to point out here the following fact. Take any pure braid b whose image in
PBs, (A2) is a cyclically syllable reduced word which is not one of the exceptional cases

~

of Theorem 1. Then the equality A(b) > A,;(b) holds. However, the extremal length of

b may be strictly larger than the extremal length of by, see the remark after the proof
of Theorem 3. There is a respective remark for A, replaced by Ay.
We consider now arbitrary 3-braids (not necessarily pure braids). The following lemma

holds.

Lemma 2. Any braid b € B3 which is not a power of Az can be written in a unique way
in the form

where j =1 or j =2, k # 0 is an integer, ¢ is a (not necessarily even) integer, and by is
a word in o and o3 in reduced form. If by is not the identity, then the first term of by
s a non-zero even power of oo if 7 =1, and by is a non-zero even power of oy if j = 2.

For an integer j # 0 we denote by ¢(j) that even number closest to j, which is closest
to zero. In other words, ¢(j) = j for each even integer j # 0. For each odd integer j,
q(j) = j —sgn(j), where sgn(j) for a non-zero integral number j equals 1 if j is positive,

and —1 if j is negative. For a braid in form (4) we put 9(b) = U?(k) b1. The following

theorem holds.

Theorem 3. Let b € B3 be not a (not necessarily) pure braid which is not a power of
Az, and let w be the word representing the image of 9(b) in B3,/ (A3). Then

%ﬁ(w) < A (b) <300 L(w),

except in the case when b = a;?' AL forj =1 orj=2, k+#0 is an integral number, and
0 is an arbitrary integer. In this case Ay, (b) = 0.

2. COVERINGS OF C\ {—1,1} AND SLALOM CURVES

It will be convenient to work with homotopy classes of curves in a more general setting.
Let X be a topological space, and let £ and &, be relatively closed subsets of X. Let
h =¢, he, be a homotopy class of curves in X with initial point in & and terminating
point in &. If & = & we write hg, instead of h =¢, hg,. A continuous mapping f
from an open rectangle into X which admits a continuous extension to the closure of
the rectangle (denoted again by f) is said to represent h if the lower open horizontal
side is mapped to &£;, the upper horizontal side is mapped to & and the restriction of
f to the closure of each maximal vertical segment in the rectangle represents h. In case
X =C,(C)/S, and & = & = & we write for short hy, instead of hgwr, and in case
X =(C5(C),/8; and & = & = EPP we write for short hyy,.
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We give the following general definition of extremal length for homotopy classes of
curves.

Definition 4. For an open subset X of a complex manifold X, two relatively closed
subsets &1 and & of X and a homotopy class h =g, hg, of curves in X with initial point
in & and terminating point in E the extremal length A(h) is defined as

A(h) =inf{\(R) : R a rectangle which admits a holomorphic map to
X that represents h} .

Consider now again the full braid group Bj identified with the relative fundamental
group 1 (C5(C),/S;,C3(R),/S3). The elements of the relative fundamental group are
represented by arcs with endpoints in the totally real space C5(R),”Ss. The preimage
C3(R) of the totally real set C5(R),/Ss under Ps, has several connected components.

Let z = (21, 29, 23) € C3(C). Denote by M, the Mobius transformation that maps z;
to 0, z3 to 1 and fixes co. Then M, (z3) omits 0, 1 and co. Notice that M,(z3) is equal to

22—21 23— 22—Z1

the cross ratio (29, 23; 21, 00) = 22 A2 = 222 For a point 2 = (21, 22, 23) € C3(C)

we put €(z) = 2M,(23) — 1. The mapping € maps C5(C) to C\ {—1,1} and C3(R)° et
{(x1,29,73) €R3 : 21 < 19 < w3} to (—1,1).

Associate to a curve ¥(t) = (Y1(t),32(t),33(t)), t € [0, 1], in C5(C) the curve €(7)(t) e/
2 % —1,t€]0,1], in C which omits the points —1 and 1.

Let v be a curve in C3(C),/S; with endpoints on the totally real set C3(R),/Ss.
Consider its lift 4 to C3(C) with initial point in a chosen connected component of
C3(R). The curve €(5) is a curve in C\ {—1,1} with initial point in a connected
component of R\ {—1,1} . In this way we obtain mappings from homotopy classes by,
of curves in C3(C),/S3 with endpoints in C3(R),/S; to homotopy classes in C\ {—1,1}
with endpoints in R\ {—1,1}. Since each of the mappings is defined by a lift and a
composition with a holomorphic mapping the extremal length of the obtained class of
curves in the complex plane coincides with the extremal length of the class of curves in
the symmetrized configuration space. This will allow us to study the extremal length of
3-braids with totally real boundary values by studying the extremal length of homotopy
classes of curves with end points on R\ {—1,1}. For each homotopy class b;, we may
choose the most convenient among these mappings.

For a pure braid b;, we usually choose the connected component C§(R) and denote by
7° the lift to C3(C) with initial point in C9(R) of a curve v representing b;.. The curve
€(7°) has endpoints on (—1,1).

In the case of pb boundary values we usually choose the connected component £2,, =
{(21, 22, 23) € C3(C) : 29 € R, 2y and z3 complex conjugate} of the preimage 73_1(55’17).

The mapping € maps 53pb onto iR.

The following lemma states that the mapping v — €(7°) induces a homomorphism
¢, from PB; to the fundamental group of C\ {—1,1} whose kernel is the subgroup (AZ)
of PBs generated by AZ.

Lemma 3. The group PBs,/(A2) is isomorphic to the fundamental group of C\{—1,1}
with base point.

Proof. Identify the pure braid group PB;s with a subgroup of the fundamental group
of C3(C) /83 with base point in the totally real set. For curves =y representing elements
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of this subgroup we consider the lift 4°. In this way we may identify the pure braid
group with base point in the totally real set with the fundamental group of C5(C) with
base point in C3(R)°. Choose the base point (—1,0,1) € C3(C) and identify PB3 with
7T1(03((C), (_17 0, 1))

Let v(t) = (7,(t),75(t),75(t)), t € [0,1], be a curve in C5(C) and let €(7) be the
associated curve in C\ {—1,1}. If ¥ is a loop with base point (0) = (=1,0,1) € C3(C)°,
then €(7) is a loop with base point €(7)(0) = 0. The homotopy class of €(y) in

C\ {-1,1} with base point 0 depends only on the homotopy class of v with base
point (—1,0, 1) in the configuration space C3(C). We obtain a homomorphism €, from
the fundamental group m (C5(C), (—1,0,1)) of C5(C) with base point (—1,0,1) to the

fundamental group wf m(C\ {—1,1),0) of the twice punctured complex plane with
base point 0.

The braids represented by the two loops 7 and 7, 5(t) = (=1,€(9)(t),1), t € [0,1],
differ by a power A2V of the full twist A2, The number N can be interpreted as the
linking number of the first and the third strands of the geometric braid ~5(¢), ¢t € [0, 1].
This linking number is obtained as follows. Discard the second strand. The resulting
braid equals 02" where N is the mentioned linking number. For the geometric braid 7
the linking number of the first and third strand is zero. It follows that €, is surjective
and its kernel equals (A2), the subgroup of B; generated by the full twist. We obtain
an isomorphism from PBj,(A2) to the fundamental group 7 = m(C \ {—1,1),0) of
the twice punctured complex plane with base point 0. O

Notice that the mapping € maps free homotopy classes of loops in C3(C),S3 cor-
responding to conjugacy classes of pure braids to free homotopy classes of loops in
C\ {—1,1} corresponding to conjugacy classes of elements of the fundamental group of
C\{-1,1}.

Further, for an arc  in Cs(C) with both endpoints in C5(R)° the arc €(7) in C\{—1, 1}

has endpoints in (—1,1). This gives an isomorphism from 7;(C5(C), C3(R)°) to 7" et

m(C\{—1,1}, (—1,1)) which we denote again by €, if no confusion arises. In some cases
it may be more convenient to consider the homomorphism obtained by using instead of
C3(R)Y another connected component of C3(R).

If foy has endpoints on the perpendicular bisector space €3, then Qf(foy) has endpoints on
the imaginary axis ¢ R. We obtain a homomorphism, denoted again by €, if no confusion

arises, from the relative fundamental group m ( C5(C), &3, ) to the relative fundamental

group 7r]fb = m(C\{-1,1}, ¢R). In each case the kernel of the homomorphism is the
subgroup (A2) of PB; generated by AZ. Notice that 7y, 7¢" and 7 are isomorphic.

We will also consider the relative fundamental groups *’x'" and 7% with mixed
horizontal boundary values (and the respective relative fundamental groups of the con-
figuration space). Here the elements of P’7!" are homotopy classes irh(—1,1) and the
elements of ”’Wfb are homotopy classes (_11yh;r in the space X = C\ {—1,1} .

The following theorem holds for mixed boundary values. Note that for mixed bound-
ary the estimate of the extremal length holds always while for pb or tr boundary values
there are exceptional cases.
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Theorem 1'. For all w € m; the following inequalities hold

o= £(0) < Al (w)ys) < 300+ £w), (5)
5= £(w) < Alw(w)y,) < 300+ L(w) (6)

Lemma 1 and Lemma 3 together with the arguments above imply the following lemma.

Lemma 4. The invariants Ay, Apy descend to invariants of the quotient PBs,/ (AZ).
For any pure braid b € PBs the following equalities hold

Atr(b) = A(Q:* (btr)) )
App(b) = A€, (by)) ,
A(b) = A(€.(b)).

For the proof of the theorems we will work with the fundamental group of the twice
punctured complex plane rather than with the fundamental group of the symmetrized
configuration space. We will lift mappings with image in C\ {—1, 1} to mappings with
image in a suitable covering of the twice punctured plane. It will be convenient to use
instead of the universal covering of C\ {—1,1} two different coverings of C\ {—1,1} by
C\ iZ. Though the universal covering is well studied, factorizing the universal covering
through two different coverings by C\ iZ has the advantage to make the contribution of
the syllables to the extremal length transparent. This is especially crucial for the proof
of the upper bound.

To obtain the first covering C\ iZ — C\ {—1,1} we take the universal covering of
the twice punctured Riemann sphere P!\ {—1, 1} (the logarithmic covering) and remove
all preimages of oo under the covering map. Geometrically the logarithmic covering
of P\ {—1,1} can be described as follows. Take copies of P!\ [—1,1] labeled by the
set Z of integer numbers. Attach to each copy two copies of (—1,1), the +-edge (the
accumulation set of points of the upper half-plane) and the —-edge (the accumulation
set of points of the lower half-plane). For each k € Z we glue the +-edge of the k-th copy
to the —-edge of the k + 1-st copy (using the identity mapping on (—1,1) to identify
points on different edges). Denote by Uy, the set obtained from the described covering
by removing all preimages of oc.

Denote by «;(t),t € [0,1], j = 1,2, curves in C \ {—1, 1} which represent the gener-
ators aj,j = 1,2, of the fundamental group m(C\ {—1,1}, 0} and have the following
properties. The initial point and the terminating point of each of the curves are the only
points of the curve on the interval (—1,1) and are also the only points of the curve on
the imaginary axis. The following proposition holds.

Proposition 3. The set Uy is conformally equivalent to C\ i Z. The mapping fi o fo,
fa(z) = %, z€C\iZ, filw) =3(w+ %), we C\{-1,0,1}, is a covering map from
C\iZ to C\ {—1,1}.

For each k € 7Z the lift of oy with initial point _7’ + 1k is a curve which joins _72 + 1k
with _72 +i(k 4+ 1) and is contained in the closed left half-plane. The only points on the
imaginary axis are the endpoints.

The lift of cg with initial point _71 +1ik is a curve which joins _71 + ik with _71 +i(k—1)
and is contained in the closed right half-plane. The only points on the imaginary axis
are the endpoints.
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Figure 1 shows the curves a; and ay which represent the generators of the fundamental
group m (C \ {—1,1},0) and their lifts under the covering maps f; and fy o f; . For
J = 1,2 the curves o and o} are the two lifts of a; under the double covering f :
C\{-1,0,1} — C\ {—1,1}. The curve & is the lift of o) under the mapping f, with
initial point %i, the curve @] is the lift of o/ under the mapping f, with initial point
%, the curve &} lifts o4 and has initial point %, and the curve &7 lifts o and has initial
point —3.

¢eC\{-1,1}

z € C\iZ 2 z € C\iZ
o a( i oy
R+ 3
Al Al
@y Qg
R ~/ O ~ 1
i *2 KJOQ
R—3
ay —i

Figure 1

Proof. The mapping f; is the restriction of the Zhukovsky function to C \ {—1,0, 1}.
The Zhukovski function defines a double branched covering of the Riemann sphere P!
with branch locus {—1,1}. In particular, the Zhukovsky function provides a conformal
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mapping from the unit disc D onto P!\ [~1,1]. It maps —1 to —1, 1 to 1 and 0 to oo.
The upper half-circle is mapped onto the —edge, the upper half-disc is mapped onto the
lower half-plane, the lower half-circle is mapped onto the +-edge and the lower half-disc
is mapped onto the upper half-plane. Similarly, it provides a conformal mapping of the
exterior of the closed unit disc onto P!\ [—1, 1] which preserves the upper half-plane and
also preserves the lower half-plane.

The mapping f, extends to an infinite covering of P' \ {—1,1} by C. By an abuse of
notation we denote this extension also by fa. (The extension of) f; provides a conformal
mapping f5 from the strip {z € C : —% < Imz < %} onto the unit disc, which maps
the real axis onto the segment (—1,1) , such that limyeg ;0o = —1, liMyer 43100 = 1.
Further, f; maps % to 7, —% to —i, and 0 to 0. The line {z € C : Imz = %} is mapped
onto the upper half-circle, the upper half-strip {z € C: 0 < Imz < %} is mapped onto
the upper half-disc, the line {z € C : Imz = —%} is mapped onto the lower half-circle
and the lower half-strip is mapped onto the lower half-disc.

We obtain the following properties for the composition f = fi o fo : C\iZ — C\
{—1,1}. The mapping f maps the punctured strip {z € C\ {0} : -1 < Imz < 1}
onto C\ [—1,1], so that the upper half-strip {z € C: 0 < Imz < %} is mapped onto
the lower half-plane and the lower half-strip is mapped onto the upper half-plane. Since
both mappings f; and f, map points in the left half-plane to points in the left half-plane,
the mapping f maps the left half-strip {z € C : —% < Imz < %, Rez < 0} onto the
subset {z € C: Rez < 0} \ [—1,0] of the left half-plane, respectively, it maps the right
half-strip {z € C: —5 < Imz < 1, Rez > 0} onto the subset {z € C : Rez > 0} \ (0, 1]

of right half-plane. This implies that the lift of the curve a; under f; o fy with initial

point _7’ is a curve which joins _72 with % and is contained in the intersection of the
closed left half-plane with the strip {z € C : —% < Imz < %, }. The only points
on the imaginary axis are the endpoints. Respectively, the lift of the curve az with

initial point % is a curve which joins § with 3* and is contained in the right half-strip

2
{z € C:—3 <Imz <1 Rez>0}. Again, the only points on the imaginary axis are
the endpoints.

The mapping f = fi o f has period i. Indeed, f, has period 2i, fo(z +1) = }”2;(2)’ and
A(2) = fi(w).

We proved the statement concerning the lift of curves under f; o fs.

To see that Ul is conformally equivalent to C\ ¢ Z we identify the set C\ [—1, 1] with
the sheet of Ulog labeled by 0. The conformal map f | {z € C\ {0} : =3 < Imz < 1}
(whose image is C \ [—1, 1] ) extends by Schwarz’s reflection principle through the line
{z € C : Imz = 1} which is mapped onto the —-edge of C\ [~1,1]. The reflected
mapping maps {z € C\ {i} : 3 < Imz < 2} conformally onto C \ [—1,1]). We identify
the image of the punctured strip {z € C\ {i} : 3 < Imz < 2} with the sheet of Uy,
labeled by —1.

Induction on reflection through the lines {z € C : Imz = % +j}, j € Z, gives the
conformal mapping from C'\ iZ onto U - |

The second covering is given by the map fio fo : C\iZ — C\ {—1,1} , where f; is as
before and fz is the exponential map, f~2(2) = €. Recall that each curve o, j = 1,2,
has two lifts o and o under fi. For an illustration of the following proposition see the
right part of Figure 1.
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Proposition 4. The mapping f maps C \ iZ to C\ {—1,0,1}, and f; maps the latter
set to C\ {=1,1}. The lifts & and &5, j = 1,2, of o} and o under fa have the
following properties. The lifts &, j = 1,2, are contained in the closed left half-plane
and are directed downwards (i.e in the direction of decreasing y), the lifts &5, j = 1,2,
are contained in the closed right half- plane and directed upwards. The inz’tial point of &)
15 1+ %z’, the initial point of & and & is i, the initial point of &4 is —Li. All other
lifts are obtained by tmnslation by an mtegml multiple of 21.

2

The straightforward proof is left to the reader.

Consider the curve o}, n € Z \ {0}. It runs n times along the curve «; if n > 0,
and |n| times along the curve «; with inverted orientation if n < 0. It is homotopic
in C\ {—1,1} with base point 0 to a curve whose interior (i.e. the complement of its
endpoints) is contained in the open left half-plane. We call such a curve a standard
representative of a] with respect to the covering map f; o fo. In the same way we define
standard representatlves of af. For each k € Z the curve af lifts under f;o f5 to a curve
with initial point 5* + ik and terminating point 3* + ik + in which is contained in the
closed left half- plane and omits the points in ZZ Respectively, of, n € Z \ {0}, lifts
under fi0 fy to a curve with initial point 3 £l ik and terminating point = £t ik —in which
is contained in the closed right half-plane and omits the points in 7Z. The mentioned lifts
are homotopic through curves in C\ iZ with endpoints on ¢ R\ iZ to curves with interior
contained in the open (right, respectively, left) half-plane. Standard representatives of
a? and a} lift to such curves.

Definition 5. A simple curve in C\iZ with endpoints on different connected components
of iR\ iZ is called an elementary slalom curve if its interior is contained in one of the
open half-planes {z € C: Rez > 0} or {z € C: Rez < 0}.

A curve in C\ iZ is called an elementary half slalom curve if one of the endpoints is
contained in a horizontal line {z € C : Imz = k + %} for an integer k and the union of
the curve with its (suitably oriented) reflection in the line {z € C: Imz = k + 1} is an
elementary slalom curve.

A slalom curve in C \ iZ is a curve which can be divided into a finite number of
elementary slalom curves so that consecutive elementary slalom curves are contained in
different half-planes.

A curve which is homotopic to a slalom curve (elementary slalom curve, respectively)
in C\ iZ through curves with endpoints in iR \ iZ is called a homotopy slalom curve
(elementary homotopy slalom curve, respectively).

A curve which is homotopic to an elementary half-slalom curve in C\iZ through curves
with one endpoint in iR \ iZ and the other endpoint on the line {z € C: Imz =k + %}
for an integer k is called a homotopy half-slalom curve.

We call an elementary slalom curve non-trivial if its endpoints are contained in inter-
vals (ik,i(k+1)) and (i, i(¢+1)) with |k —¢| > 2. Note that the union of an elementary
half-slalom curve with its reflection in the horizontal line that contains one endpoint
is always a non-trivial elementary slalom curve (i.e. an elementary half-slalom curve is
"half” of a non-trivial elementary slalom curve). We saw that the lifts under f; o fy of
representatives of terms p(af)p, € f ® with |n| > 2 are non-trivial elementary homotopy
slalom curves. ~

The lifts of representatives of elements of 7r11’b under f; o fy look different. The rep-
resentatives of af, [n| > 1, lift to curves which make [n| half-turns around a point in
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iZ (positive half-turns if n > 0, and negative half-turns if n < 0). Hence, each such
representative lifts under f; o f, to the composition of |n| trivial elementary slalom
curves.

Take any syllable of from (2), i.e. any maximal sequence of at least two consecutive
terms of the word which enter with equal power being either 1 or —1. Recall that d
denotes the sum of the absolute values of the powers of the terms of the syllable. There
is a representing curve that makes d half-turns around the interval [—1, 1] (positive half-
turns, if the exponents of terms in the syllable are 1, and negative half-turns otherwise).
The lift under f; o fo of this representative is a non-trivial elementary slalom curve.

We will call homotopy classes of homotopy slalom curves for short slalom classes.

afl a;l afl @ 4i

31 “ ay®
art 21
a;l al_l a2_1 ay
)
e S
0

Figure 2a Figure 2b

Figure 2

Figure 2 shows two slalom curves. The curve in Figure 2a is a lift under f;o f5 of a curve
in C\ {—1,1} with initial point and terminating point equal to 0 € iR representing the
word a, ' a?ay? a;t ayt ayt azalt in the relative fundamental group 71 (C\ {—1,1},iR).
The curve in figure 2b is a lift under f; o f» of a curve with initial and terminating point
in 7R\ {0} representing the same word. For each elementary piece of the slalom curves
in Figure 2 we indicate the element of m; which lifts under the considered mapping to
the respective elementary slalom class.

Non-trivial elementary slalom classes and elementary half-slalom classes have positive
extremal length (in the sense of Definition 4) which can be effectively estimated from
above and from below. In this sense homotopy classes of curves in C \ {—1,1} whose
lifts under f1 o f» or fi o fo are non-trivial slalom classes or half-slalom classes serve as
building blocks. We obtained the following fact. For an element of a relative fundamental
group of the twice punctured complex plane the pieces representing syllables of form
(1) with pb boundary values lift to non-trivial elementary slalom classes under f; o fs,
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while the pieces representing syllables of form (2) with ¢r boundary values lift to non-
trivial elementary slalom classes under f; o fz. For singletons we may select pieces of
representing curves which lift to non-trivial elementary homotopy half-slalom curves.
These facts will be used to obtain a lower bound for the extremal length of elements of
the relative fundamental groups. Recall that the extremal length of a homotopy class
of curves is equal to the extremal length of the class of their lifts under a holomorphic
covering.

The method to obtain the upper bound is roughly to patch together in a quasiconfor-
mal way the holomorphic mappings of rectangles representing syllables and to perturb
the obtained quasiconformal mapping to a holomorphic mapping.

We conclude this section with relating the two explicitly given coverings of C\{—1,1}
by C \ iZ to the universal covering of the twice punctured plane. Denote by U the
universal covering of C\ iZ. Geometrically it is obtained in the following way. Consider
the left half-plane C, and call it the Riemann surface of generation 0. The first step is
the following. For each integer k we take a copy of the right half-plane C,. and glue it to
C, along the interval (ki, (k4 1)7) (using the identity mapping for gluing). We obtain a
Riemann surface with a natural projection to C \ iZ called the Riemann surface of first
generation. At the second step we consider the Riemann surface of first generation and
proceed similarly by gluing the left half-plane along each copy of intervals (ki, (k + 1)7)
which is an end of the Riemann surface of first generation. By induction we obtain the
universal covering of C \ iZ.

Denote by C, the lift of the left half-plane to the first sheet of U over C,. Let C$"
be the closure of C; in C\ iZ, let C$' be the closure of C, in the universal covering of

—~—

C\ iZ and let (ki, (k+ 1)i) C C¢" be the lift of the intervals (ki, (k + 1)i).

Denote by @} the half-disc {z € C, : |z —i(k + 3)| < 3} with diameter (ik,i(k + 1))
which is contained in the left half-plane and by py the respective open half-circle {z €
Cy: |z —i(k+3)| = 3}. We call the pj half-circles of generation 0.

Lemma 5. . There is a conformal mapping ¢ : U — C, which maps ((Njg onto Cy \
UZOZ_OOQ_f; so that (ki, (k 4 1)i) is mapped onto py, for each k.

Proof. Consider the half-strip g = {z € C,: 0 < Imz < 1}. By a theorem of

Caratheodory ([4],Chapter I1.3, Theorem 4 and Theorem 4’, and also [8] , Theorem 2.24

and Theorem 2.25) each conformal mapping which maps its lift $), onto the set o\ D,
extends continuously to a homeomorphism between closures. Let g be the conformal
mapping whose extension to the boundary maps the point 0 over 0 to 0, the point 1 to 1
and the point co (considered as prime end of £g) to co. The extension of the conformal

map to the boundary maps the lift {z € C,; : Imz = 1} onto {z € C; : Imz = 1}, it maps
{z € sz =0} onto {z € C; : Imz = 0}, and maps m onto py. By induction we
extend o by Schwarz’s reflection principle across the half-lines {z € Cg/I\I_I’TlZ =k}. We
obtain a conformal mapping of C, onto C; \ U,—_ . D%, denoted again by ¢y, whose

—_——

extension to CS' maps the segment (ik,i(k + 1)) onto the half-circle p; for each integer
number £ .

—_—

Schwarz’s reflection principle across each segment (ik,i(k + 1)) provides extension of
the conformal mapping ¢ to the Riemann surface of first generation. Note that for each
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ko the image of the half-circles py, k # ko, under reflection of C; \ Uzozfoo @f; across Pk,
are half-circles with diameter on the imaginary axis. We call them half-circles of the first
generation. We obtained a conformal mapping of the Riemann surface of first generation
to the unbounded connected component of the left half-plane with the half-circles of first
generation removed.

Apply the reflection principle by induction to the Riemann surface of generation n and
all copies of intervals (ik,i(k + 1)) in its "boundary”. We obtain the Riemann surface
of generation n + 1, half-circles of generation n + 1 and a conformal mapping of this
Riemann surface onto the unbounded connected component of the left half-plane with
the half-circles of generation n + 1 removed.

@(Cy)
Ph+1 ©£+1

Pk

Figure 3

The supremum of the diameters of the half-circles of generation n does not exceed
27", Indeed, the half-circles of generation n are obtained as follows. Take a half-circle p
of generation n — 1 and reflect all other half-circles of generation n — 1 across it. Each
half-circle of generation n — 1 different from p has diameter on one side of the diameter
of p. Hence, the image of each half-circle of generation n — 1 different from p under
reflection across p is contained in a quarter disc, hence has diameter not exceeding half
of the diameter of p. The statement is obtained by induction. By the statement we
obtain in the limit a conformal mapping ¢ from U onto C,. a

3. BUILDING BLOCKS AND LOWER BOUND OF THEIR EXTREMAL LENGTH

Consider an elementary slalom curve in the left half-plane with initial point in the
interval (ik,i(k + 1)) and with terminating point in the interval (ij,i(j + 1)). Suppose
that |k — 7| > 2, i.e. the slalom curve is non-trivial. After a translation by a (half-
integer or integer) multiple of i we obtain a curve that has endpoints in the intervals
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(—i(M +1),—iM) and (iM,i(M + 1)) with M = % > 1. Assume that j — k > 2,
i.e. the curve is oriented "upwards”. For this case we denote the curve by v, . Notice
that with the chosen value of M the curve 7y, is not an elementary slalom curve for
even |k — j|, but the curve v, + iM is always an elementary slalom curve. It will be
convenient to work with the normalized curve «, s for estimating the extremal length.

The general case of elementary slalom curves in either the left or the right half-plane
with initial point in the interval (ik,i(k+ 1)) and with terminating point in the interval
(1j,1(j + 1)) and either k > j or k < j is treated in the same way and leads to the same
estimates related to the lower bound for the extremal length.

Let M be as chosen above. Let 7, be a curve with interior contained in the left
half-plane C, with initial point in the interval (—i(M + 1), —iM) and terminating point
in (iM,i(M +1). Consider the class 77, of curves which are homotopic to 7, through
curves in C \ ¢(Z — M) with initial point in (—i(M + 1), —iM) and terminating point
in (iM,i(M + 1)). The class 77, is represented by the conformal mapping of an open
rectangle onto the open left half-plane with the following property. The conformal
mapping admits a continuous extension to the closed rectangle which maps the open
lower side to (—i(M +1), —iM), and the open upper side to (iM,i(M +1)), respectively.
Hence, the extremal length of the class 7;,, is bounded from above by the extremal
length of this rectangle.

Respectively, let 7, be a curve with interior contained in the right half-plane C, with
initial point in the interval (—i(M + 1), —iM) and terminating point in (¢M,i(M + 1).
Consider the class 7, of curves which are homotopic to 7, ar through curves in C\i(Z—
M) with initial point in (—i(M + 1), —iM) and terminating point in (¢M,i(M + 1)).

The conformal mappings representing v; ), and 7, ,, are related to elliptic integrals.
With a suitable normalization the inverse of the conformal mapping representing v; ,,
is equal to the elliptic integral

z dC
Fu(z) =
=) VG DA (@ — GO+ 1))
i T dw
- M—Jrl/o \/(1 —w?)((1 -

, 2 € Cy. (7)

(3757)°w?)

We use the branch of the square root which is positive on the positive real axis. The
function Fj; extends holomorphically along any path in C\ {£i(M + 1), +iM}, and
extends continuously to the imaginary axis (the integral converges). The extended map
maps the closed left half-plane homeomorphically to the closure of a rectangle contained
in the left half-plane. The points —i(M + 1), —iM, iM and i(M + 1) are mapped by
the extension of F,; to the vertices of the rectangle.

Note that
M+1 , ! dx
S - | = K(k) (®)
o /(1 —a22)(1 — k2a?)
with k£ = Mlﬂ is a complete elliptic integral of first kind. Its values can be found in
tables.

It is convenient to use elliptic integrals for obtaining an upper bound for the extremal
length of arbitrary slalom curves by suitably normalizing and patching together pieces
in a quasiconformal way. (See section 5.)
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As for the lower bound, the representation of ~; ,, by the inverse of (7) does not give
a lower bound for the extremal length of the elementary slalom curve by two reasons.
First, the representing mappings of rectangles are not supposed to be conformal, they
are merely holomorphic, and secondly, their images are not required to be contained in
the half-plane, but merely, they are contained in C\i(Z— M) and therefore the mappings
lift to the universal covering of C \ i(Z — M).

The following simple lemma deals with the difficulties.

Lemma 6. Let R and R’ be rectangles with sides parallel to the axes. Suppose S’ is
the vertical strip bounded by the two vertical lines which are prolongations of the vertical
sides of the rectangle R'. Let f : R — S’ be a holomorphic map with continuous extension
to the closure that maps the two horizontal sides of R into different horizontal sides of

R'. Then
AMR) > MR).
Equality holds if and only if the mapping is a surjective conformal map from R to R’.

The following lemma will be applied to classes of curves corresponding to conjugacy
classes of elements of the fundamental group.

Lemma 7. Let A and A" be two annuli and let f be a holomorphic mapping from A into
A’ which induces an isomorphism on fundamental groups. Then

AA) > NA).
Equality holds if and only if the mapping is a conformal mapping from A onto A’.

Proof of Lemma 6. Normalize the rectangles and the mapping so that R = {x + iy :
z€(0,1),y€(0,a)} and ' ={x+iy: 2z € (0,1),y € (0,a")}. Denote the continuous
extension of f to the closure of R again by f. We may assume that f maps the upper
side of R to the upper side of R’ and the lower side of R to the lower side of R’. Put
u = Ref and v = Imf. Then for each x € (0, 1)

a':/ola’dm—/l(( 0) — v(z,0)) dx—/d:p/ dya—vxy ()
/dy/ dx—uxy /0dy(u(l,y)—u((),y))S/Oaldy—a.

Hence, a’ < a. We used the Cauchy-Riemann equations.

If a’ = a then u(l,y) — u(0,y) = 1 for each y € (0,a). Hence, the left side of R is
mapped to the left side of R’ and the right side of R is mapped to the right side of R'.
Since also the lower side of R is mapped to the lower side of R’ and the upper side of R
is mapped to the upper side of R’ the image of the positively oriented boundary curve
of R has index 1 with respect to any point of R’ and index 0 with respect to each point
in C\ R. By the argument principle f(R) = R’ and f takes each value in R’ exactly
once. Hence, f is a conformal map of R onto R'. O

Proof of Lemma 7. Assume the annuli have center 0, smaller radius 1 and larger
radius r and 77, respectively. The set A\ (0, c0) is conformally equivalent to the rectangle
R={¢+in:£ € (0,logr),n € (0,27)}. The exponential function covers the annulus A’
by the strip S" = {{+in: £ € (0,logr’),n € R}. We obtain a holomorphic mapping g =
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U+:V from R to S’ for which either V(§,27) = V(&,0) + 27 or V(§,27) =V (£,0) — 27
for £ € (0,logr). Assume without loss of generality that the first option holds. Then

logr logr 27 0
2 logr = /0 (V(€,27) — V(£ 0))dé — /0 € /0 dgvien (1)
logr 2 a 2
_ / ¢ / U = / (U(logr,m) — U0, ))ds

2
§/ logr’dn = 2w logr’.
0

Equality » = 7’ holds iff f maps the bigger circle of A to the bigger circle of A" and
maps the smaller circle of A to the smaller circle of A’. Since the map f induces an
isomorphism of fundamental groups an application of the argument principle shows that
f is a conformal mapping of A onto A’. O

Lemma 6 has the following two consequences.

Corollary 1. The extremal length of vy, s equal to the extremal length of a rectangle

. . . def . .
which admits a conformal mapping f onto C)' '= C,\ ({|z—i(M +1)| < 3Yu{|z+i(M+
%)| < %}), which maps open horizontal sides to the two half-circles in the boundary of
c|
Corollary 2. The extremal length of an element of each of the relative fundamental

pb _tr tr_pb d Portr g lized locall I : _
groups m , w", 'my", and P°m{" is realized on a locally conformal mapping of a rectan
gle representing the element. The extremal mapping extends locally conformally across
the open horizontal sides of the rectangle. The extremal length of a conjugacy class of
elements of the fundamental group of the twice punctured plane is realized on a locally
conformal mapping of an annulus into the twice punctured plane.

Before proving the two corollaries we recall Ahlors’ definition of extremal length of a
family of curves in the complex plane.

Let I' be a family each member of which consists of the union of no more than count-
ably many (connected) locally rectifiable curves in the complex plane. (We do not require
that this union reparametrizes to a single (connected) curve.) In this context we will
call also the elements of I' ”curves”. Ahlfors defined the extremal length of the family
I' as follows. For a non-negative measurable function ¢ in the complex plane he defines
A(p) = [[ ¢*. For an element in v € T" and such a function g he puts L,(p) = fv oldz|,

if o is measurable on v with respect to arc length and L(gp) = oo otherwise. Put
L(p) = inf,ep L,(p). The extremal length of the family I' is the following value
L(o)*
A(I) = sup ,
=P 40

where the supremum is taken over all non-negative measurable functions o for which
A(p) is finite and does not vanish.

It is not hard to see from this definition that the extremal length is invariant under
conformal mappings ((Theorem 3 in [1]). Further, a small computation shows that
the previously mentioned definition of the extremal length of a rectangle is equal to
the extremal length of the family of curves contained in the rectangle which join the
opposite horizontal sides (see Example 1 in [1]). Similarly, the extremal length of an
annulus is equal to the extremal length of the family of curves which are contained in
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the annulus and represent the conjugacy class of the positively oriented generator of the
fundamental group of the annulus.

Further, by Corollary 1 the extremal length of 77,, in the sense of Definition 4 is
equal to the extremal length of the family of curves contained in the half-plane with two
half-discs removed and joining the two half-circles that are contained in the boundary
of the half-discs. We have chosen the general form of Definition 4 because it applies to
classes of curves in complex manifolds of arbitrary dimension. Recall that the family
Y Was obtained from a family in a 3-dimensional manifold by holomorphic mappings
and lifting. Notice that the curves in the family 77 ,, are not required to be contained
in C}, the half-plane with two half-discs removed.

For later use we formulate two theorems of Ahlfors.

For two families I'; and I'y; as above the following relation is introduced by Ahlfors:
'y < Ty if each "curve” v, € I's contains a ”curve” v, € I'y.

Ahlfors defines the sum I'y +1'y of two such families as follows. Each element of I'y +1'
is the union of a "curve” v; € I'y and a "curve” v, € I'y. The set I'y + I'; contains all
possible such unions.

The following theorems were proved by Ahlfors .

Theorem A.([1], Ch.1 Theorem 2) IfI" < T then A(I") < \(T).

Theorem B.([1], Ch.1 Theorem 4) If the families I'; are contained in disjoint measurable
sets then Y AN(I';) < A(T).

Proof of Corollary 1. Lift the class 77 ,, + M (obtained from 77 ,, by translation
by ¢M) to the class Vi + @M on the universal covering U of C \ iZ. Consider the

composition ¢ o (77, +iM) where ¢ is the conformal mapping from U onto C,. The
obtained class is the class of curves in C, which joins the half-circles {z € C, : |2+%| = 1}
and {z € C, : [z —i(2M + 1)| = 1}. Hence, any holomorphic mapping of a rectangle
into C \ iZ which represents the class of curves 7}, 4+ iM results after lifting to U and
composing with a conformal mapping in a holomorphic mapping of the rectangle to C,
which represents the class of curves in C, which join the half-circles p~ = {z e Cy:
24 i(M + 1) = 1} and p* < {z € Co [z — (M + )] = 1}.

The proof follows now from Lemma 6. To see this, identify C} with a rectangle Ry,
by the conformal mapping ¢ from Rj; onto C} whose extension to the boundary maps
the horizontal sides to the two half-circles. Denote by Aj; the extremal length of Ry,.
Notice that A, is positive. Extend the mapping ¢ by Schwarz’s reflection principle across
the horizontal sides of R), to a rectangle 3R, of vertical side length equal to 3 times the
vertical side length of R,;. The rectangle added on top of Rj; is mapped to the domain
obtained by reflection of C}* in the half-circle pf = {z € C, : |z — (M + )| = 3}.
The half-circle p; = {z € C; : |z +i(M + 3)| = 3} is mapped under this reflection
to a half-circle p;. The respective fact holds for the rectangle added on the bottom
of Ry;. It follows that the rectangle 3R, is mapped conformally onto the component
of Cy\ (p3 U py) which contains C)* . This component is the left half-plane with two
half-discs removed. The half-circles p5 and p, are symmetric with respect to the real
axis.

After repeated application of the reflection principle we obtain a conformal mapping
from a rectangle 3" Rj; onto a domain €2, which is equal to the left half-plane with two
half-discs removed. The half-discs are symmetric with respect to the real axis. The
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domains (,, are increasing. The diameter of the removed half-discs at step n tends to
zero for n — oo since the extremal length of 3™ R), tends to oco. We obtain a conformal
mapping of an infinite strip S’ onto the left half-plane which we denote again by c.

Let f be any holomorphic mapping from a rectangle to the left half-plane whose
extension to the closure maps the upper side to pi and the lower side to p;. The
corollary follows by applying Lemma 6 to the mapping ¢! o f. The form of the extremal
mapping in Lemma 6 shows that the extremal mapping of the corollary extends locally
holomorphically across the horizontal sides of the rectangle. O

Proof of Corollary 2. For this proof it is more convenient to consider the fundamental
group of the complex plane punctured at 0 and 1 rather than at —1 and 1, and to consider
the upper half plane C, as universal covering of C \ {0, 1}.

Each holomorphic mapping of a rectangle into C\ {0, 1} that represents an element of
the fundamental group lifts to the universal covering. The lift maps the open horizontal
sides of the rectangle to certain half-circles with diameter on the imaginary axis (maybe,
after a conformal self-map of the half-plane) and represents the class of curves that are
contained in the half-plane and join the two half-circles. As in the proof of Corollary
1 the extremal length is realized on a conformal mapping of a rectangle onto the half-
plane with two deleted half-discs such that the horizontal sides are mapped onto the
half-circles. Composing with the covering map we obtain a locally conformal mapping
that extends locally conformally across the open horizontal sides of the rectangle.

Suppose a holomorphic mapping of an annulus into C \ {0, 1} represents a conjugacy
class of elements of the fundamental group of C\ {0,1} with base point. Each element
of the fundamental group corresponds to a covering transformation. FEach covering
transformation is a holomorphic self-homeomorphism of the universal covering C, that
extends to a broken linear transformation 7T'(z) = %1’3 of the Riemann sphere with
integral coefficients a, b, ¢, d, such that ad — bc = 1. Moreover, T is either parabolic
(i.e. T has one fixed point and is conjugate to the mapping z — z + ' for a constant
b'), or T is hyperbolic (i.e., T has two fixed points and is conjugate to z — kz for a
positive real number k), or T is elliptic (i.e., T has two complex fixed points symmetric
with respect to the imaginary axis and is conjugate to z — €z for a real number ).
See [7], Chapter II, 9D and 9E.

Let @ be a conjugacy class of elements of the fundamental group of C\ {0, 1} and let
a be an element of the fundamental group that represents a. Denote by T, the covering
transformation corresponding to a, and by (7},) the subgroup of the group of covering
transformations generated by T,. Then the quotient C, /(T,) is an annulus. It has
extremal length 0 if T, is parabolic or elliptic and has positive extremal length if T, is
hyperbolic. If f: A — C\{0, 1} is a holomorphic map of an annulus A to C\ {0, 1} that
represents @, then f lifts to a holomorphic map of A into C, /(T,). The lift represents
the class of a generator of the fundamental group of C, /(T,). The corollary follows
from Lemma 6. |

The following proposition gives effective upper and lower bounds for the extremal
length of 77, in dependence on the number M > 2.

Proposition 5. Let M be a positive number. The extremal length A(v; ) of the class
of curves vy satisfies the following inequalities:

2 2
- log(4M +1) < Ay ) < %log(élM +3). (11)
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Proof. By Corollary 1 the extremal length A(v;,,) equals the extremal length of a

rectangle which admits a conformal mapping f onto C = Co\ ({lz —i(M + 3)| <
U {]z+i(M +1)] <1}), which maps horizontal sides to the two half-circles in the

boundary of C}’.

_ def

Put v, = + A L

1
=1 4 Yy = @i
by DY, the open half-disc contained in the left half-plane with diameter (—y;; 4,94, %)

and by D{ the open unit half-disc in the left half-plane. We will prove that there is a

conformal self-map of the left half-plane which maps C}' onto Q w = Dt \D_E

Indeed, consider the conformal self-mapping ¢ /(2 ) = m of the left half-
plane. Its extension to the boundary maps iM to — 7=, maps i(M + 1) to — 4M+3, it
maps —iM to —i and —i(M +1) to i. Hence, ¢ 5 maps the half-circle {|z+i(M +3)| =

2,Rez < 0} to the unit half-circle {|z] = 1,Rez < 0}. Since co is mapped to 0,
¢1M maps (Cg \ {]z + (M + 1) < 1} onto DZ Further ¢; ) maps the half-circle

{|z —i(M + })| = 1, Rez < 0} onto the half-circle with diameter (—

. Notice that y; < ;. Denote

i _#)
AM+1°  4M+37°
+4M+2

The mapping ¢o 1(2) = = maps the left half- plane conformally onto itself and
2I3Ts
preserves the unit half disc DY, Tt maps the point —

i to the point —iyy,, and it

maps the point — to the point iyy,. Hence, ¢ s maps the half-disc with diameter

. : PyyEs]
(=535 — 1) onto the half-disc with diameter (—iyy;,iyy;), i.e. onto Dj,. Hence,
the composition ¢y s 0 ¢ 3y maps CM conformally onto Qyr = D¢ \D_fw

Consider the family I'y; of curves in €, which join the two half-circles that are
contained in the boundary of ;. By Corollary 1 the extremal length of I'j; in the
sense of Ahlfors equals A(v; ).

The following inclusions hold for the domain €2;:

Di\ {2l < war} € Qu € D\ {2l < wiid-

The first set is conformally equivalent to a rectangle with horizontal side length 7 and
vertical side length log((4M + 1)(4M +2) — 1), the second is conformally equivalent to a
rectangle with horizontal side length 7 and vertical side length log((4M +2)(4M +3)—1).
Ahlfors’s Theorem A implies the proposition. O

Let 47 5, be the set of curves in C\iZ —iM that are homotopic through curves joining
the interval (—i(M + 1), —iM) with the real axis to a curve 4 whose union with its
reflection in the real axis belongs to 77 ,,. The following lemma holds.

Lemma 8.
~ %k 1 *
A(’Y@,M) = §A(’Y£,M> . (12)

Proof. It follows from Lemma 6 in the same way as Corollary 1 that A(%;,,) equals the
extremal length of a rectangle which admits a conformal mapping onto {z € C : Rez <
0,Imz < 0}\ {|z+i(M +3)| < 3} such that the open lower side is mapped onto the half-
circle in the boundary of the domain and the open upper side is mapped onto the negative
real half-axis. Apply Schwarz’s reflection principle. By reflection in the upper side of
the rectangle the mapping extends to a conformal mapping from the doubled rectangle
(i.e. from the rectangle with the same horizontal side length and double vertical side
length) onto the set C,;, which equals the half-plane with two removed half-discs. By
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Lemma 6 the conformal mapping of the doubled rectangle realises the extremal length
of 77 »s- Hence,

The Lemma is proved. O

The following proposition considers elements of the fundamental group 7; which have
the form of syllables and gives upper and lower bounds for the extremal length of the
corresponding classes of curves in the relative fundamental groups with pb, tr or mixed
boundary values.

Proposition 6. The following statements hold for curves representing elements of the
relative fundamental groups.

1. Syllables of form (1) with pb-boundary values. The class y(a}),, € 7,
d = |n| > 2, lifts under the covering f1 o fy to a class of elementary homo-

topy slalom curves which is mapped by translation by an integral or half-integral
multiple of i to the class vy, with M = % if n > 0 and to this class with

inverted orientation if n < 0. The respective statement holds for p,(a%)m € le)b,
d = |n| > 2 with ~; ), replaced by ~; ), with inverted orientation. (See Figure 4a
for ay®.) For the extremal length the following inequalities hold:

2 2
- log(2d — 1) < A(p(af)p) < - log(2d +1).

2. Syllables of form (1) or (3) with mixed boundary values.  For any
d=|n| > 1 the class yp(a})y € PPwi" lifts under the covering fi o fa to a class of
elementary homotopy half-slalom curves. For n > 0 it is mapped by translation
by an integral or half-integral multiple of i to the class ; , with M = d — % For
n < 0 we obtain the "upper half” of the class v; \, with the orientation reversed.

The respective statements hold for yp(a), € PPmi", d = |n| > 1, with the re-
spective halfs of 7y, with suitable orientation. For the classes 4(a} )y respective
statements hold with the classes of translated homotopy slalom curves reflected
in the real axis. (See Figure 4b for y(ay "))

For the extremal length the following inequalities hold:

1 1
~log(4d — 1) < Al(a})er) < —log(4d +1).

The same inequalities hold for the remaining cases of mixed horizontal boundary
values.

3. Syllables of form (2) with mixed boundary values. Let ,,8; be a syllable
of type (2) of degree d > 2 with mized boundary values. It lifts under f; o fatoa
class of elementary homotopy half-slalom curves a suitable translation of which
is either 47 5, or a reflection of this class in the real axis or in the imaginary
azis or in both, or one of these classes with inverse orientation. (See Figure jc
for w-(asarasaras)p.) The number M equals M = d — % The extremal length
satisfies the inequalities

1 1
= log(4d — 1) < A(pp(8)sr) < = log(4d + 1) .

4. Syllables of form (2) with ¢r boundary values. Let .(5), be a syllable
of type (2) with totally real boundary values. Then it lifts under f; o fo to a
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d—1

homotopy class of elementary slalom curves with M = “=. The extremal length

of the class satisfies the inequalities

2 2
“log(2d — 1) < Aw(5)n) < = log(2d +1).
T T

P(2) = &5 fiw) = Sw+ 1)

Figure 4a

™

T - —
0 —1

fi(w) = 3w+ ) )
1

©

Figure 4b

22 A fi(w) = 3(w+3) @
foz) = €™ "

Figure 4c

Figure 4

Proof. Consider a curve a; with interior in the left half-plane which represents a; in
the fundamental group with base point 0. The curve af represents a} with pb boundary
values and also with ¢r and mixed boundary values. Make the respective choice for as.
Proof of statement 1. Assume first that n = d > 0. The curve of lifts under f; o f,
to a curve in the closed left half-plane with initial point i(k — %) and terminating point
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i(k 4+ n — 3) for an integer number k. A translation of the lifted curve represents ~;

with M = %1 If n < 0 we obtain the class Yrar With inverted orientation. For a,
replaced by ay we obtain the respective classes in the right half-plane. See Figure 4a for
an elementary slalom curve with d = 3 that is the lift under f; o f5 of a representative
of yp(ay?),, with initial point not equal to 0.
The estimate for the extremal length follows from formula (11).

Proof of statement 2. For n = d > 0 the curve af lifts under f; o f5 to an elementary
homotopy half-slalom curve in C; with initial point i(k + 3) € (ik,i(k + 1)) and termi-
nating point i(k + d + 3) € i(k + d + 3) + R, i.e the lift represents 7; ,; + i(d + k + 3)
with M = d — 1. See Figure 4b for ,4(a; '), with d = 1. The remaining cases ( n < 0,
or ay replaced by ag, or both) can be obtained from Y7.ar by suitable choices of inverting
orientation, reflection in the real line or reflection in the imaginary line. The estimate
for the extremal length follows by lemma 8 and (11).

Proof of statement 3. Let o; and a2~be as before. The curve aj as ... represents
ir(8)py = tr(a1az .. ). Its lift under fy o fo with initial point i(2k — 1) € ((2k — 1)d, 2ki)
for an integer number k can be seen as an elementary homotopy half-slalom curve in the
closed left half-plane with terminating point i(2k — d — 3) € i(2k — d — ) + R where
d is the number of letters in 5. Here M = d — 1. Notice that the lifts of (—1,1) under

fi o fo are the intervals (ik,i(k 4+ 1)) for integers k. The lift of @y ay... under f; o fa
with initial point i(2k + ) € (2ki, (2k + 1)) for an integer number k is a curve in the
closed right half-plane with terminating point i(2k + d + 3) € i(2k + d + 3) + R.

Let the first letter in the syllable be ay instead of a;. The lift of the curve azay ...
under fy o f, with initial point i(2k — 3) € ((2k — 1)i, 2ki) for an integer number & is a
curve in the right half-plane with terminating point i(2k +d — 1) € i(2k +d — ) + R.
See Figure 4¢ with number of half-turns equal to d = 5, and also proposition 4 and its
proof, as well as Figure 1. The lift with initial point i(2k + %) is contained in the left
half-plane and ”moves down”.

If all generators enter with power —1 the orientation is reversed. In all cases the
estimate of the extremal length follows from (11).

The proof of statement 4 is related to the proof of statement 3 in the same way as
the proof of statement 1 is related to the proof of statement 2. We leave it to the reader.
O

4. THE EXTREMAL LENGTH OF ARBITRARY WORDS IN 7. LOWER BOUND

Take an element of a relative fundamental group of the twice punctured complex
plane. We will break representing curves into pieces. The pieces will be chosen so that
we have a good lower bound of the extremal length of the homotopy class of each piece.
Ahlfors’ theorem B will give a lower bound for the extremal length of the element of
the relative fundamental group by the sum of the extremal lengths of the classes of the
pieces.

Lemma 9 below treats curves with pb boundary values and is given in terms of their
lifts under f; o f5 to slalom curves. Lemma 10 is given in terms of relative fundamental
groups of C\ {—1,1} and is more general.

We will use the symbol # for the boundary values if we are free to choose either pb
or tr boundary values.
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Lemma 9. FEach homotopy slalom curve is the composition of elementary homotopy
slalom curves.

Let v; and vy be words in ;. For the word 4(v)y = 4(viv2)y € #m # we say that
there is a sign change of exponents for the pair (v, v9) if the sign of the exponent of the
last term of v; is different from the sign of the exponent of the first term of wvs.

Lemma 10. We have the following statements about breaking curves into elementary
pleces.

1. (pb-boundary values between terms, any powers.) Write an element
w € m as reduced word w = wit wy? ... w*, where each w; is one of the genera-
tors and the generators in consecutive terms are different, and the n; are integral
numbers different from zero. Let y(w)y be the element of the relative fundamen-
tal group with tr, pb or mized boundary values corresponding to w. Then any
smooth curve that represents w in the chosen relative fundamental group is the
composition of curves [3; with the following property. For all j, 1 < j < k, j;
represents pb(w?j)pb. The left boundary values of the first curve By and the right
boundary values of the last curve By are prescribed by the choice of the relative
fundamental group, the remaining boundary values of 51 and B are also pb.

2. (tr-boundary values between terms, sign change.) Let wy be one of the
standard generators ay or as of w1 and let wy be the other standard generator. If
for non-zero integers ny and ny there is a sign change of exponents for the pair
(wit, wy?), then any representative of u(wi* wy?)y is the composition of curves
representing u(wi" )y and 4. (wy?) 4, respectively.

3. (tr-boundary values between terms, one power of absolute value big-
ger than 1.) Let wy be one of the standard generators ay or ay of m and
let wy be the other standard generator. If |ni| > 1 then any representative of

(wg\n1|—1)59” (nl))t

#(wit wy?)y is the composition of curves representing 4 r and

4 (w?" (n1) wy?) s , respectively. If |na| > 1 then any representative of 4 (wi* wy? )4

is the composition of curves representing 4 (wj* wy”" (n2))tT and tr(me'_l) sgn(m))

respectively.

)

Proof of statement 1 of Lemma 10. Let 8! be any curve representing ywy. We
may assume that the curve is smooth (that is parametrized by a smooth mapping with
nowhere vanishing derivative), avoids 0 and is transversal to (—1,1) UiR.

The argument is the following. First, we may assume that there are finitely many
intersection points with (—1,1) U4R. Indeed, if a piece of the curve between two in-
tersection points with (—1,1) U 4R stays in a small neighbourhood of this set, then the
piece is homotopic to a constant in the class of curves with endpoints on this set and we
may change the piece between the two intersection points by a piece that avoids 0 and
has finitely many intersection points with (—1,1) U:R. Further, we may approximate
the paramatrizing mapping for the curve by a smooth mapping which is transversal to
(—1,1)UiR, so that the initial point of the original curve and that of the approximating
curve coincide, also the terminating points of the two curves coincide, and the intersec-
tion points with (—1,1)U¢R and the parameters of these points are the same for the two
curves. Suppose the approximation is good enough. Then for each pair of intersection
points with (—1, 1)UiR the piece of the original curve and the piece of the approximating
curve between these two points are homotopic to each other (with fixed endpoints). We
will assume now that the curve 8! is smooth.
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Consider the case when 3! has pb boundary values. The other cases are similar
and are left to the reader (though some small hints are given in the present proof).
Consider a smooth curve 3° which represents ,,(w),, and lifts under f; o f to a smooth
slalom curve (not just to a homotopy slalom curve) which intersects the imaginary axis
transversely. This means that the lift of 3° is the composition of elementary slalom
curves. The collection of the elementary slalom curves projects to a collection 6? of

curves representing the terms w?j of w in Wfb. (Note that in case some boundary values
of w are tr the respective piece of 3° lifts to an elementary half-slalom curve.)

Consider a smooth homotopy h which joins 3° with 8. In other words, there is
a closed rectangle and a smooth mapping A from the rectangle to C\ {—1,1} whose
restriction to the left vertical side equals 8°, whose restriction to the right vertical side
equals 3%, and whose values on the horizontal sides are contained in the imaginary axis
iR . (If some boundary values of w are tr then the values on the respective horizontal
sides are contained in (—1,1) instead.) Since 8° and 8! are smooth curves that intersect
the imaginary axis transversely we may assume that zero is a regular value of Reh.
Indeed, there is a neighbourhood U of the two closed vertical sides of the rectangle such
that 0 is a regular value of Reh on U, and we may assume that in a neighbourhood U’
of the closed horizontal sides this is so. Let ¥ be a non-negative smooth function on the
closed rectangle which equals 1 outside U UU’ and equals zero near the boundary of the
rectangle. If € > 0 is a sufficiently small regular value of Re h on the closed rectangle,
then h — eV is another smooth homotopy joining 8° with 8' and zero is a regular value
of Re(h — eWV) on the closed rectangle.

The level set Re h = 0 on the open rectangle is a relatively closed curve. Each of its
connected components either closes up to a closed arc that joins two boundary points,
or closes up to a circle or it is a circle. Consider the closed arcs. The intersection
points of all such arcs with the left side of the rectangle divide the side into connected
components. The restrictions of h to these components are the /6’;-). Each of the closed
arcs has at most one endpoint on the open left side of the rectangle. Indeed, assume the
contrary. Then the interval I on the left side of the rectangle between the two endpoints
of the arc contains either an interval with Reh > 0 or an interval with Reh < 0. That
means that the restriction of h to the interval [ lifts under f; o fo to a slalom curve
and, hence, this restriction is not homotopic to a constant through curves in C\ {—1,1}
with end points in the imaginary axis. On the other hand, the existence of an arc in
the level set Re h = 0 joining the two endpoints of I would provide a relative homotopy
in C\ {—1,1} (with endpoints in the imaginary axis) joining the restriction of & to the
interval I with a curve contained in the imaginary axis, which would be a contradiction.

The same reasoning shows that an arc in the level set {Reh = 0} N R with one
endpoint on the open left side of the rectangle cannot have its other endpoint on a
closed horizontal side of R. Indeed, otherwise the restriction of h to the interval on the
vertical side between the endpoint of the arc and the vertex of the rectangle belonging
to the closed horizontal side would be homotopic to a constant through curves with
endpoints on the imaginary axis. (In case the respective boundary values of w are tr,
the homotopy to a constant is through curves with endpoints in (—1,1) UiR.) We may
ignore the arcs with both endpoints on the same closed horizontal side and will also
ignore the circles in the level set of Reh = 0 on the closure R.

We consider the arcs in R contained in the level set Re h = 0 that have one endpoint
on the open left side of the rectangle and the other point on the open right side. These
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arcs divide the rectangle into curvilinear rectangles which are in bijective correspondence
to the intervals of division on the left side. Take the curvilinear rectangle whose left side
corresponds to ﬁjo. The restriction of h to this curvilinear rectangle provides a homotopy
with boundary values in the imaginary axes joining B}J to the restriction ﬂ; of h to the
right side of the curvilinear rectangle. (In case some boundary values of w are tr the
homotopy may be with mixed boundary values, respectively.) Since the division of the
rectangle into curvilinear rectangles induces a division of the right side of the rectangle

into intervals, the curve ! is the composition of the curves ; et ﬁjl-. Assertion 1 is
proved.
Proof of statement 2. Consider the case when ny is positive and w; = a;. The
remaining cases are similar. Let «; be standard representatives of the a;, j = 1,2. A lift
of ay* under fi o fs joins the point i(k+ 3)with the point i(k+n; +3), the respective lift
of aj? joins i(k+ny+3) with i(k+n; —ns+3). In the condition of the statement ny < 0.
Hence the lift of each representing curve intersects the line {Imz = k + n; + 3}, so that
one obtains a decomposition into two pieces representing xai’, ., and ;a3 4 respectively.
Proof of statement 3. Assume without loss of generality that w; = a; and wy = as. By
assertion 1 any curve representing 4 (wj* wy? ), is the composition of a curve representing
»(wi")py and a curve representing ,p,(wy?)4.

If [ny] > 1 and k € Z the line {Imz = k + n; — isgn (ny)} does not meet the inter-
val (ik,i(k + 1)). The lift with initial point in (ik,i(k + 1)) of any curve representing
#(w]")p, intersects the line {Imz = k + ny — 3sgnn}. Hence, any curve representing

u (Wi )y is the composition of a curve representing #(wgnl'*l)s’gn(m))tr and a curve rep-
resenting tr(wfgn("l))pb. Hence, any curve representing x(wi" wy?)4 is the composition

of a curve representing 4 (w{™ %™y, “and a curve representing 4w wiz).,

The argument for |ny| > 1 is similar. O

The following lemma is a key part for the proof of the lower bound of the extremal
length of slalom classes, respectively, of elements of the relative fundamental group of
C\{-1,1}.

Let R be a rectangle. By a curvilinear rectangle contained in R we mean a simply
connected domain in R whose boundary looks as follows. It consist of two vertical
segments, one in each vertical side of R, and either two simple arcs with interior in R
and endpoints on opposite open vertical sides of R, or one such arc and a horizontal
side of the rectangle. The rectangle R itself may also be considered as a curvilinear
rectangle contained in R. The arcs in R with endpoints on opposite open vertical
sides are called curvilinear horizontal sides of the curvilinear rectangle. Each curvilinear
rectangle admits a conformal map onto a true rectangle that maps curvilinear horizontal
sides to horizontal sides and vertical sides to vertical sides.

Lemma 11. Consider a word w € m with at least two syllables. Take a locally conformal
mapping g : R — C\ {—1,1} of a rectangle R into the twice punctured plane which
represents the word w with pb, tr or mized boundary values. Assume that g extends
locally conformally to a neighbourhood of the open horizontal sides.

The following statements hold.

1. R can be divided into a collection of pairwise disjoint curvilinear rectangles R,
which are in bijection to the terms of w in such a way that the restriction of g
to R; represents the j-th term with pb boundary values if the term is not at the
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(right or left) end of the word and, possibly, with mized boundary values if the
term is at the end of the word.

2. If R contains at least one syllable of form (1) then R contains a collection of
mutually disjoint curvilinear rectangles R}, j € J, which are in bijective corre-
spondence to the collection of syllables s; of w that are not of the form (1) such
that either the restriction of g to R represents the respective syllable s; with
mized boundary values, or the restriction represents a syllable of form (2) with
one more letter than s; and mized boundary values.

3. If all syllables s;, 7 = 1,..., N, of the word w are of form (2) or (3) then there
is a division of R into curvilinear rectangles R}, j = 1,...,N, such that for
j=1,...,N — 1, the restriction g | R} represents the j-th syllable with mized
boundary values. In the same way there is a decomposition of R into curvilinear
rectangles R}, j = 1,..., N, such that for j = 2,..., N, the restriction g | Rj
represents the j-th syllable with mixed boundary values.

Proof. We start with the proof of statement 1. Shrinking the rectangle slightly in

the horizontal direction we may assume that the mapping g extends locally conformally

to a neighbourhood of the closed rectangle. The 0O-level L, L {z € R : Reg(z) =0} of

the real part of g is a relatively closed smooth real one-dimensional submanifold of R.
The connected components are arcs with two different endpoints on the boundary of R.
Indeed, the closure of Ly does not contain circles by the maximum principle applied to
the functions z — exp(£g(z2)).

We consider the connected components of L, that have at least one endpoint on the
open left side of the rectangle. The word w has at least two syllables. Hence, there is a
point in the closure of L, that is contained in the open left side of R and divides the left
side into two connected components with the following property. The restriction of g to
each of the connected components is not homotopic to a constant in (—1,1) UiR. Let L
be the connected component of Ly the closure of which contains this point. By the same
reasoning as in the proof of Lemma 10 the other endpoint of the arc L is contained in
the open right side of R.

Notice that in case w has pb boundary values no connected component of Ly can have
an endpoint on a closed horizontal side since g extends locally holomorphically to a
neighbourhood of the closure R. If w has mixed or ¢r boundary values then a connected
component of Ly with one endpoint on the open left side can have its other endpoint on
the open left side, or on a closed horizontal side, or on the open right side.

We call the arcs in Ly which have endpoints on different open vertical sides dividing
arcs. We saw that in case the word has at least two syllables there is at least one dividing
arc.

To each non-dividing arc in Lo with one endpoint on the open left side of R we
associate a topological disc in R. This disc is that component of the complement of
the arc which does not contain dividing arcs. We call it the inessential disc associated
to the arc. Note, that the restriction of g to the part of the boundary of R which is
contained in the boundary of the inessential disc is homotopic to a constant through
curves in C \ {—1,1} with endpoints in iR (or in (—1,1) U iR in case some boundary
values of w are tr) . Inclusion defines a partial order among inessential discs. If there
is an inessential disc associated to a non-dividing arc the arc is called maximal if the
associated disc is maximal with respect to inclusion among inessential discs.
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For each maximal non-dividing arc we take a relatively closed arc in R which approx-
imates the non-dividing arc well enough and has the following property. If no endpoint
of the original arc is on the closed right side the approximating arc shall not have an
endpoint on the right side either and shall not intersect the closure of the inessential
disc associated to the original non-dividing arc.

If the original arc has one endpoint on the closed right side of R this point shall also
be an endpoint of the approximating arc and this shall be the only intersection point of
the approximating arc with the closure of the inessential disc associated to the original
non-dividing arc. We may choose the approximating arcs so that they are pairwise
disjoint and contained in the set {Rez # 0} except, maybe, for an endpoint on the right
side of R.

If the new arc has both endpoints on the left side of R we call the segment of the left
side between the endpoints of the approximating arc a replaceable segment and we call
the approximating arc a replacing arc associated to the segment.

Suppose the approximating arc has one endpoint p on the open left side of R and the
other endpoint on a closed horizontal side of R. Let ¢ be the endpoint of the left side
of the rectangle which is contained in the boundary of the inessential disc associated to
the original arc. We call the segment [p, q] of the left side of R a replaceable segment
and we call the approximating arc a replacing arc associated to the segment.

Take the left side of the rectangle R and replace each replaceable segment by the
associated replacing arc. We obtain a curve denoted by 7.

If the replacing arcs approximate the non-dividing arcs well enough then the restriction
of g to the left side of the rectangle and its restriction to the obtained curve 7 represent
the same element in the respective relative fundamental group.

Apply Lemma 10, statement 1, to the restriction of g to the curve v. We obtain a
collection of points on the interior of the curve v which belong to Ly and divide 7 into
parts s; such that the restriction ¢ | s; represents the j-th term of the word with the
required boundary values. Each point in this collection lies on the left side of R and is
an endpoint of a dividing arc.

The collection of the thus obtained dividing arcs divides the rectangle R into curvilin-
ear rectangles such that the restriction ¢ | R; represents the j-th term with the required
boundary values. Statement 1 is proved.

Proof of statement 2. Choose a syllable s, of form (1). Suppose there are syllables
on the left of s, which are not of form (1). Consider them in the order from left to
right. If the left boundary values of w are pb then we consider the most left syllable
s;, which is not of form (1). Suppose j; + 1 < k. If the next syllable s; ;1 to the right
of s;, is also not of form (1) there is a sign change of exponents for the pair (s;,,5;,4+1)

of consecutive syllables. For the curvilinear rectangles R; of statement 1 the restriction

of g to R, j+1 el Int(Rj U Rj, 1) represents ,,(5;,6,,4+1)pp- (Here IntX denotes the

interior of a subset X of a topological space.) By Lemma 10 statement 2 and a similar
argument as in the proof of statement 1 of Lemma 11 the curvilinear rectangle R;, j, +1
can be divided into two curvilinear rectangles such that the restriction of g to them
represents the syllables (s, )¢ and 4,(5;,41)p. We represented the two syllables s;, and
§j,4+1 which are both not of form (1) as required.

Suppose the next syllable 5,1, to the right of s;,, is of form (1), i.e it equals wf, ,, for
an integer n > 2 with wj 4 being a standard generator of ;. If there is a sign change
of exponents for the pair (s;,w}, ) the preceding argument applies.
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Suppose there is no sign change. By Lemma 10 statement 3 and a similar argument
as in the proof of statement 1 of Lemma 11 the curvilinear rectangle R, ; +1 can be
divided into two curvilinear rectangles such that the restriction of g to them represents
the syllables (s, wj,+1)s and tr(w}‘;ll)pb with mixed boundary values.

If the left boundary values of w are tr then g | Ry represents s; with mixed boundary
values. Consider the most left syllable s;, with j; > 1 which is not of form (1) and
proceed as in the previous case.

The statement 2 holds now for all syllables not of form (1) with label j < j; + 1.
The disjoint curvilinear rectangles contained in R used for representing these syllables
(or the syllables with one letter more) are contained in the union of the closure of the
rectangles IR;, j < ji + 1, of statement 1 of the lemma.

We proceed by induction as follows. Suppose for some j' < k we achieved the following.
We found disjoint curvilinear rectangles contained in Uj< i }_%j which are in bijective
correspondence to all syllables s; with j < 5’ that are not of form (1) such that the
restrictions of g to these rectangles represent the syllable, or the syllable with one more
letter, with mixed boundary values.

Consider the first syllable jo < k on the right of s;; with s;, not of form (1) (if there
is any). If jo +1 < k we proceed with s;, in the same way as it was done for s;, in the
case 71 + 1 < k and continue the process.

Suppose there is an s;, but the right neighbour of s;, is the syllable s, of form (1),
say it equals w;*. Then we represent (s, wy ) and stop the process.

Make the same procedure from right to left until each syllable not of form (1) on the
right of s, is represented in the desired way. The curvilinear rectangles obtained by
the construction which starts from the left do not intersect the curvilinear rectangles
obtained by the construction which starts from the right because s, = w,* with |n;| > 2.
Statement 2 is proved.

Proof of statement 3. Under the conditions of statement 3 there is a sign change of
exponents for any pair of consecutive syllables.

If the left boundary values of w are pb we may consider curvilinear rectangles Ry;_125, J =
1,2,..., such that the restriction of g to Raj_12;, 1 =1,2,..., represents p,(S2j_12;)pb-
Divide Rj;_12; by an arc in Im g = 0 into two curvilinear rectangles such that the re-
striction of g to the first curvilinear rectangle R;; ;| represents the syllable s5; 1 with
right ¢r boundary values and the restriction of g to the second curvilinear rectangle Rs;
represents the syllable with left tr boundary values. In this way each syllable except,
maybe, the last one is represented with mixed boundary values by restricting g to a
member of the collection of the obtained pairwise disjoint curvilinear rectangles. If the
left boundary values of w are tr then g | R; represents s; with mixed boundary values
and we consider instead the rectangles Rgj2;41, 7 = 1,.... Repeating the procedure
from right to left gives the rectangles R7. This finishes the proof of statement 3. O

We will now give the proof of the lower bound in Theorem 1 and in Theorem 1'.

Figure 5 shows a mapping from a rectangle R to C \ iZ which represents the lift of
an element w € m; with pb boundary values. The rectangle R is covered by curvilinear
rectangles. The right part of the figure shows the image of R in C \ ¢Z and a slalom
curve that lifts a representative of w. For the elementary pieces of the slalom curve
we indicate the element of m; a lift of which the piece represents. For the curvilinear
rectangles contained in R we indicate the element of the relative fundamental group
with respective boundary values, a lift of which is represented by the restriction of the



FUNDAMENTAL GROUPS, 3-BRAIDS, AND EFFECTIVE ESTIMATES OF INVARIANTS 31

mapping. Notice that for some choices of the boundary values the curvilinear rectangles
may intersect.

R(p(ay)er)

Ryr(ag")pn)

R(ps(ar)r)

R(pb(a2_4)pb)

R(pp(ag ir)

Figure 5

Proof of the lower bound in Theorem 1 and in Theorem 1’. Identify w with
¢, (b) € my. Let g be a locally conformal mapping from a rectangle R with sides parallel
to the axes into C\ {—1,1} which represents the word w in the relative fundamental
group of the twice punctured complex plane with ¢r, pb, or mixed horizontal boundary
values. We assume first that the word has at least two syllables. Let I' be the family of
rectifiable curves in R which join the two horizontal sides.

Suppose first that the word has at least one syllable of form (1). Let I be the set of
natural numbers for which the j-th term of w is a syllable of form (1) and let R; be the
curvilinear rectangles of statement (1) of Lemma 11. For j € I we denote by I'; the
family of rectifiable arcs in R; which join the two horizontal curvilinear sides of R;. In
Ahlfors” notation we have 3, I'; <T'. By Ahlfors’ Therorems A and B we obtain

D AL S AD).
Jel
The extremal length A(L';) is estimated from below as follows. Let R; be a rectan-

gle with sides parallel to the axis which is conformally equivalent to R; (i.e. there is
a conformal mapping v¢; : R; — R, which maps vertical sides to vertical sides and
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curvilinear horizontal sides to horizontal sides). Let I'; be the push forward of I'; under
the conformal mapping. The extremal length is a conformal invariant (see [1]) hence
A7) = A(I)), and A(I';) is the extremal length of the rectangle R;. The rectangle R;
admits a holomorphic map (g | R;) o (;)~! to C\ {—1,1} which represents the syllable
corresponding to R; with pb boundary values if the syllable is not at the end of the word,
and, possibly, with mixed boundary values if the syllable is at the end of the word.

Hence, by Proposition 6 the extremal length of R; is not smaller than %log(éldj -1)
or 2log(2d; — 1) > Llog(4d; — 1) for d; > 2. Here d; is the degree of the respective
syllable.

Hence,

1 1 1
SAD) =5 Ay = ) o log(dd; —1). (13)
jel Jjel

Suppose again that w contains at least one syllable of form (1). Denote by J the set of
all natural numbers j for which s; is not of form (1). For j € J we denote by R} the
curvilinear rectangle of statement 2 of Lemma 11 corresponding to s; (or to a syllable
with one more letter than s;). Let I'; be the family of rectifiable curves in R} which join
the two curvilinear horizontal sides.

By Ahlfors’ Theorems
D AT < AI).
jeJ
By the same arguments as before and by Proposition 6 the extremal length of R’ is not
smaller than 1 log(4d; — 1) since g | R} has mixed boundary values. (If R} represents a

syllable with one letter more than s; then the lower bound is X log(4(d; +1) —1).) As
before d; > 1 is the degree of the syllable s;. Hence,

1 1 , 1
SAD) =5 A = ) - log(dd; —1). (14)
JjedJ jedJ
For the case when w contains syllables of form (1) and syllables not of form (1) we add
the two inequalities (13) and (14). We obtain

AD) = % log(4d; — 1) + ) _ % log(4d; — 1) =) % log(4d; —1). (15)

jeJ jel 5

The last sum is extended over all syllables s; of the word w, and d; is the degree of s;.
Suppose that the word does not contain syllables of form (1) and the syllables are
labeled from left to right by j =1,..., N. Let R be the rectangles from statement 3 of
Lemma 11 and let I'; be the family of curves in R joining the pair of horizontal sides
of R’
Then by the same arguments as before

=

-1 N-1

AD) = YA 2 3 Dlog(ad; —1). (16)

J=1 J=1

On the other hand, with the curvilinear rectangles R} from statement 3 of Lemma 11
and the family I'J of curves in R} joining the pair of horizontal sides of R} we obtain
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the inequality

log(4d; —1). (17)

3 |

NOEDIPNHEDD

It follows that for any word w € m; with at least two syllables for the respective family
I' the inequality

1
AT) > Z 5 log(4d; — 1) (18)
holds.

If the word consists of a single syllable Proposition, 6 implies (18) in the case of mixed
boundary values as well as in the non-exceptional cases with both boundary values being
tr or pb.

Consider the exceptional cases. If w = a} with n > 0 the mapping ¢ — —1+¢¢, ¢ € R,
with R ={{+1n, £ € (—00,0), n € (0,27n)}, represents wy,.. Hence, A(wy,.) = 0.

If w = ajas... and has degree d > 2 then the mapping ( — e, ( € R, with
R={{+1in, {€(1,00),n € (5,5 +md)}, represents wy,. Hence, A(wy,) = 0.

The other exceptional cases are similar. The lower bound in Theorem 1 and in The-
orem 1’ is proved. O

Proof of the lower bound in Theorem 2. Identify the class w with a conjugacy
class of elements of the fundamental group m; of C\ {—1,1} with base point 0. Let w
be not among the exceptional cases of Theorem 2. Take any representative w; € 7 of w
and write the infinite word ..., wjwiws, ... in reduced form. The infinite word consists
of different syllables. Take a locally conformal mapping ¢ from an annulus A into the
twice punctured complex plane C\ {—1, 1} that represents w. The lift of § to the infinite
strip S that covers A represents the infinite word. Apply Lemma 11 statement 1 to the
infinite word and the infinite strip and project to the annulus A. We see that there is a
connected component L] of the level set Ly = {z € A : Reg(z) = 0} that joins the two
boundary circles of A such that A\ L is a curvilinear rectangle and the restriction of §
to it represents the syllable reduced word w with pb boundary values. Lemma 11 applies
to the restriction g | (A\ LY). As in the proof of Theorem 1 we obtain building blocks for
estimating the lower bound of the extremal length. The estimates of the extremal length
of the building blocks are put together in the same way as in the proof of Theorem 1.
Similarly as in the proof of the lower bound in Theorem 1 we see that in the exceptional
cases the extremal length of b equals zero. O

Proof of Lemma 2. Consider the permutation 75(b) where 73 is the natural ho-
momorphism from the braid group Bz to the symmetric group S3. When 73(b) is the
identity then the braid is pure and the statement is clear.

Consider first the case when 73(b) is a transposition. If 73(b) = (13) then bA;' is a
pure braid, hence if b is not a power of Ag it can written in the form (4) with k£ even
and ¢ odd. If 73(b) = (12) then o;'b is a pure braid. Hence, b can be written in the
form (4) with j = 1, k odd and ¢ even. If 73(b) = (23) then o, 'b is a pure braid. Hence,
b can be written in the form (4) with j = 2, k odd and ¢ even.

Consider the case when 73(b) is a cycle. Suppose, 73(b) = (123). Since (123)(13) = (12)
the relation 73(b)(13)~! = (12) holds. Hence, o;'bA;" is a pure braid and b has the
form (4) with j = 1, and k and ¢ odd. If 75(b) = (132) then, since (132)(13) = (23) the
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braid o, 'bAz " is a pure braid and b can be written in the form (4) with j = 2, and k
and ¢ odd. O

Proof of the lower bound in Theorem 3. Since A(b;.) = A((bA3)s,) we may suppose
that b = Jfbl for a pure braid b; which is a reduced word in 0% and o3. We may suppose
that k is an odd integer. The case when k is even is contained in Theorem 1. Let j = 1.
Consider a holomorphic mapping g of a rectangle to C3(C),/S; that represents the braid
and lift it to a mapping g into C3(C) so that the extension of the map to the closed
rectangle maps the open lower side to {(z1, 9, 23) € R? : 15 < 21 < z3}. Compose the
mapping with the mapping €. We obtain a holomorphic mapping €(g) of the rectangle
to C\ {—1,1} whose continuous extension to the closure maps the open lower side of
the rectangle to (—oo, —1) and the open upper side to (—1,1).

Consider first the case when |k| > 3. By Lemma 10 the restriction of the mapping
¢(g) to the closure of an arbitrary maximal vertical segment in the rectangle is the
composition of the following two curves: an arc that is homotopic in C \ {—1,1} to a
half-circle in the upper half-plane if £ > 0, or in the lower half-plane if £ < 0, which
joins a point in (—oo, —1) with a point in (—1,1), and a curve representing the element
C.(¥(b)y) € m" . Hence, by Lemma 11 the rectangle contains a curvilinear rectangle
such that the restriction of the mapping €(g) to it represents €,(9(b).). Therefore
A(by) > AD(b)y). If 9(b) # o2 for an integer k', in other words, if ¥(b) is not among
the exceptional cases of Theorem 1 the lower bound holds.

Suppose |k| = 1. If b # o7 then as in Lemma 10 the restriction of the mapping €(§)
to the closure of each maximal vertical segment in the rectangle is the composition of
an arc that is homotopic in C \ {—1,1} to a quarter-circle in the upper or lower half-
plane which joins a point in (—oo, —1) with a point in iR, and a curve that represents
hCi(V(D)s. As in Lemma 11 the rectangle contains a curvilinear rectangle such that the
restriction of the mapping €(g) to it represents ,,&,(9(b))s. The lower bound for this
case follows from Theorem 1'.

The proof for the case b = okb; (with b; a reduced word in 0? and ¢2) is similar and
is left to the reader. In this case the lift to C5(C) of a representing mapping for b, is
chosen with initial point in {z; < x3 < x2}.

The lower bound of Theorem 3 is proved. O

Remark. For each conjugacy class w of elements of w1 with at least two syllables and
any syllable reduced representative w € my of w the inequality

Awp) < A(w) (19)
holds, but the inequality may be strict.

Indeed, let g : A — C\ {—1,1} be a locally conformal mapping representing w. As
in the proof of Theorem 2 there is a connected component L] of the level set Ly = {2 €

A : Reg(z) = 0} that joins the two boundary circles of A such that R “r A \ LY is a
curvilinear rectangle and the restriction of g to R represents the syllable reduced word
w with pb boundary values.

Denote by I'4 the set of loops in A representing the positively oriented generator of
the fundamental group of A and by 'y the set of arcs in R whose extensions to the
boundary of R join the lower side coming from L with the respective upper side. Then
the relation I'r < I'4 holds, but not vice versa. (The elements of 'y may not close up
to circles!) We obtain (19), but there are examples when the inequality is strict.
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There is a statement analogous to the remark that concerns the extremal length of
wy, (instead of wy,). Take any conjugacy class w of elements of m; except conjugates
of (ay az)™ for an integer n # 0. Then each loop representing w intersects the interval
(—1,1). Let g : A - C\ {—1,1} be a locally conformal mapping on an annulus A
representing @. As in the proof of Theorem 2 there is a connected component L of the
level set Ly = {z € A: g(2) € (—1,1)} that joins the two boundary circles of A. Let w
be the element of 7i" represented by the restriction g | (A\ LJ). Then

and the inequality may be strict.

5. THE UPPER BOUND FOR THE EXTREMAL LENGTH. PLAN OF PROOF.

Consider first the case of the extremal length with pb boundary values. Take a word w
in the relative fundamental group pbﬁ‘fb and consider its lift under f; o f5 to a homotopy
class of slalom curves. We will represent this slalom class by a holomorphic mapping of
a rectangle into C \ ¢Z. The extremal length of the rectangle provides an upper bound
of the extremal length of w with pb boundary values.

For each syllable s; of w (labeled from left to right) we represent the lift under f; o f2

of 14(5;)pp by @ holomorphic mapping gj of a rectangle R into C\ iZ. The rectangle R
is chosen as always with sides parallel to the axes. We choose two points pj and pj

in the boundary of R;. The rectangle R; will be normalized as follows. If a standard
representative of the syllable, or a standard representative of the first term of the syllable,

o/ o —
respectively, is contained in the right half-plane, then the derivative g; at p; maps i

to the positive unit vector. It maps ¢ to the negative unit vector in the remaining
/

case. Similarly, the derivative goj at ;5} maps ¢ to the negative unit vector if a standard
representative of the syllable, or a standard representative of the last term of the syllable,
respectively, is contained in the right half-plane, and maps i to the positive unit vector
in the remaining case.

Each rectangle R Wlll be shifted by a complex number ¢; so that pj +cj = ijH +

cjr1. Put pt = pj +c¢j and R; = R + ¢;. Consider the 7shifted” functions g;,
g;(z + ¢;) = g;(2) + m;. The integers m; are chosen so that 9i(7) = gi+1(P541)-
Since for each j a standard representative of the (last term of the) syllable s; and a
standard representative of the (first term of the) syllable s, are in different half-planes
the derivatives of g; and g;;1 at p;“ = p;;1 coincide. The shifted functions g; will be
patched together in a quasiconformal way using an estimate for the second derivatives
of the g;. The obtained function is denoted by ¢g. The union of the closures of the
rectangles R; will contain a curvilinear rectangle of the form R 78, Here for a real C'-
function ® on a given open interval J and a positive number b we consider the curvilinear
rectangle which is defined as Rj¢p e/ {r+iyeC:ye J xe (P(y),P(y)+b)}. The
construction produces a quasiconformal mapping of R4 1 into C \ iZ that represents
the lift of ,,(w)y under fi o fo. An upper bound of the vertical length of each R;, an
estimate of the quasiconformal dilatation of the function g and the following lemma will
provide an upper bound of the extremal length of R 781 and, hence of A, (w).
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Lemma 12. Let ® be a real C*-function on an open interval J and let b be a positive
number. Denote by I'e the set of curves in the rectangle Ryop = {v +iy € C : y €
J, x € (P(y), P(y) + b)} which join the two horizontal sides. Suppose the absolute value
|®'| of the derivative of ® is bounded by the constant C'. Then

MTg) < (1+CHXTy),
where 'y is the family corresponding to the function which is identically equal to zero.

Proof. The proof is similar to Example 1 in chapter 1 of [1]. For any measurable
function ¢ on C and any z € (0,b) we have

/ o(z + P(y) +iy)\/1 + D' (y)?dy > Lr,(
J

Integrate over the interval (0,b) and apply Fubini’s Theorem and Hélder’s inequality.
Using the bound for |®’| we obtain

//Rwdmz//m (1 + C?)dms)

Denote by |J| the length of the interval J. We obtain
blJ|(1 + C*)A(e) > b*Lr, (0)*.

ol

Z bLF@(Q)

Hence,
Leo(0)® _ |J|
Ale) ~ b
Taking the supremum over all measurable functions ¢ with finite non-vanishing integral
we obtain

(14 C?) = MIp)(1+ C?).

<

ATs) < (14 C*)A(To).
The lemma is proved. o

The basis for the construction of the rectangles R; and the mappings g; is the elliptic
integral F), (see equality (7) in section 3) for integers and half-integers M. Recall that
we take the branch of the square root which is positive on the positive real half-axis.
The mapping Fj; maps the left half-plane to a rectangle Rj; contained in the left half-
plane with sides parallel to the axis . The mapping extends to a homeomorphism of the
union of the closed half plane with co which maps the interval [—i(M + 1), —iM] to the
lower side and [iM,i(M + 1)] to the upper side of the rectangle, and it maps the interval
[—iM,iM] into the imaginary axis. Further, 0 is mapped to 0 which is the midpoint of
one vertical side of the rectangle, and oo is mapped to the midpoint of the other vertical
side. Moreover,

Fu(—2) = —=Fu(z) forz € (—iM,iM).
By the reflection principle, Fj; extends holomorphically across each of the intervals
(—i(M +1),—iM), (—iM,iM), (iM,i(M + 1)), and across the complement of [—i(M +
1),i(M+1)] in RUoo, to a mapping from the right half-plane to the respective reflected
rectangle. We will denote the extension of F); also by the same letter Fj;.

Similarly, the integral, given by (7) defines a conformal mapping from the right half-
plane onto a rectangle contained in the right half-plane. Again, we use the branch
of the square root which is positive on the positive real half-axis. The rectangle is the
reflection in the imaginary axis of the rectangle obtained in the previous case. We denote
the mapping given by (7) on the right half-plane by F7j,.
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The following lemma provides an estimate of the horizontal side length of the rectangle
Ry.

Lemma 13. For M > % the following inequalities hold
T T

ST S Pl + 1) = Fu(id)] < o (20)

2M°
Proof. For X € (0,1) we have

Fu(i(M + X)) = Fu (iM) = [M VEM = Q)M + )M +1) + Q) (i(M +1) — )

M+X dw

v VM =w)(M+1—w)(M+w)(M+1+w)

=1

=1 . 21

/0 N 1)C(M, x) )
Here ¢(M, z) def (2M + x)(2M + 1+ x). Integration is along the interval (0, X) C (0, 1)
and we have chosen the branch of the square root which is positive on the positive
part of the real axis. The term ¢(M,x) is positive and its square root is contained in
the interval (2M,2M + 2). With the choice of the branch of the square root we have

V(e —1) = —iy/z 1—x ,x€(0,1).

For X =1 we obtam

FM(Z(M—i-l)) ./T"M ZM

/ \/xl—x Ye(M, z)

Since
/1 da _2/% da _2/ Qudu
4/\/g du :4arcsin\/I:7r
o Vi@ )T
we obtain (20). 0

The following lemma gives an estimate of the vertical side length 2, (iM) of the
rectangle R, for the case M > 2.
Lemma 14. For M > 2 the inequalities

M )<L 1 (12
M+1 25

(iM) = K(

%log(2M +1) < + log(2M + 1)) (22)

hold.

Proof. Use the following estimate for the denominator in (8)

<uwf<Ju—ﬂxu%ﬁﬁp%%<er%p%2

with z € (—1,1). The lower bound in (22) is obtained as follows.

M+1 ! dz 1 [t dx dx
Fu(iM _ =
i w(iM) > /0 1 — (+4)292 2/0(1— +1—|——:v>

M+1 M+1 M+1
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1 M M+1
= log(1 — log(1 — = log(2M + 1
5 (oa(1-+ ) —log(l = ) = =5 log(2M + 1)
1
> 5 log(2M + 1), (23)

For the estimate from above we write
1

M+1 , = !
; IM(ZM):/ +/ d:ele+Ig.
0 1— -+

(4
M+1

We obtain for the term Z;

-5 dx 1 [lw dz dx
I1</ Pa— :_/ ( + ):
0 11—z 2 Jo l—2z 14z

5 (~log(1 — (1 -

M+1))+log(l+(1—

1

1

For the estimate of Z, we use the fact that for 1 — < z < 1 the denominator

M+1
\/(1 —22)(1 — (MLny) is not smaller than
1
V1-— 2 — 1— 2,
v M+ 1\/ Gr+7)
Hence,
I, < (M +1)3 /1 dx
, < T
\/2M+1\/(M+1)2_M2 1_Ml+1 ”1_x
V(M +1)3 [ 1 M+1 3
=Y+ - 7 9. =2. <2.- 24
2M +1 M+1 2M+1— 5 (24)
for M > 2. For the last inequality we used that for M > 2 the inequality 2]\]\44:11 < %
holds.
The lemma is proved. O

The inverse mappings of the versions of the elliptic integral represent classes of curves
as follows. The integral (7) which defines Fj,(z) with z € C, is the inverse of a conformal
mapping of a rectangle Ry representing the class 7;,,. The class of curves 7;,,

obtained from ~;,, by inverting the orientation is represented by the inverse of the

mapping z — F,,(2) = —Fu(z) — |Fu(i(M 4+ 1)) — Fy(iM)|, z € Cp, which maps

the left half-plane to the same rectangle Rys. (Here |Fp(i(M + 1) — Far(eM)] is the
horizontal side length of the rectangle Ry = Fy(Cy).)

Consider the function Fj, represented by the integral (7) with z € C,. The inverse
(Fr;) 7t of Fr, is a conformal mapping onto the right half-plane from a rectangle R}, in
the right half-plane with one vertical side on the imaginary axis. The mapping (F},)~*

represents the class 7, ,,  which is obtained from ~;,, by inverting orientation. The

class 7)), is represented by the inverse of the mapping z — Fy; () = —Fi(z) +

| Far(i(M + 1) — Fp(iM)|, z € C,., which is defined on the same rectangle RY,.
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6. HOLOMORPHIC MAPS REPRESENTING LIFTS OF SYLLABLES WITH pb BOUNDARY
VALUES

1. Syllables of form (1) with pb boundary values of degree at least 5.

We consider first syllables of the form a™ with pb boundary values where a is one of
the standard generators or its inverse and n > 5. Recall that d = n is the degree of
the syllable in this case. Assume a = a;. All other cases are treated in the same way.
According to Proposition 6 the class of representatives of the syllable with pb boundary
values lifts to the class vy, , + @M with M = “=. Notice that with the choice of n the
parameter M is at least 2. Let Fy, z € Cy, be the mapping (7) defined in section 3 and
let F,;" be its inverse. The derivative F},(+i(M + 1)) is equal to

Fiy(&i(M + 2)) = !
2 \/((i(M +5)2 = (M) ((I(M + 3))? = (i(M +1))?)
1
V(O + 32 = M2)((M + )2 — (M +1)?)
= = . (25)
M+ DM +3)
Put
raym < \/(M + i)(M + 2) ,
Ry,m =4 ray,m Rar
faym = raymFu and
g = (Fayan) ™ (26)

Let &5 be the point fo, (:l:Z(M += )) on the upper (lower, respectively) horizontal side
of the rectangle. Then ( M) (fM) (f(1> — (:i:z(M—i— 5 = Fi. Thus g(1 v (&37) maps @ to
the unit vector in positive dlI‘eCtIOD and g )M 27(§7) maps ¢ to the unit vector in negative
direction. Moreover, g(1)y maps Ry m onto Cy so that the upper horizontal side is
mapped to (iM,i(M + 1)), the lower horizontal side is mapped to (—i(M +1),iM) , and
the points &3, are mapped to +i(M + %)

The following lemma holds.

Lemma 15. For ( € C, [( £i(M + 3)| < 103‘[ the inequality

1
Ty @ <108

holds.
Proof. Put ¢ = i(M + 3) + z with [z < & 03‘[ For the function Fj; (see (7)) we have

1
F'i(M + 1)+ 2)

( )’
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= (M + 5) + 2 = (MM + ) + 2 — (M + 1))
= ((M + % —iz)> — M*) (M + % —iz)? — (M + 1))

:(M+%—z‘z—M)(M+%—z‘z+M)(M+%—z‘z—(M+1))(M+%—z‘z+(M+1))

_ (1 _ iz)(_% —iz)((2M + %) —iz)((2M + 2) —iz). (27)

2
We obtained

1 . 1 9 1 ] 3 .
Fdl (M + 1) +2) "\/(1 +28)(2M + 5 —iz) @M + 5 i), (28)

hence, for |z| < 103‘[
| ! |
(Fpar) G + 1) + 2)
032 1.03-v2 L03-v2
VAR aM - LR o 4 40
\/(M + i)(M + Z)

The expression on the right hand side of (29) is decreasing in M, hence for M > 2 it
does not exceed its value at 2, i.e.

| ) . \/ N 211%:32 \/ 4L 03\/ % n 1.0138\/5
(faym) (@M +3)+2) — V9
< 1.0296 < 1.03. (30)

(29)

The estimate for i(M + 1) replaced by —i(M + 1) is the same.

Corollary 3. The inverse guym = (faym) ™" of fay.u maps the sets {|€ F & < \1/—85}

into the sets {|¢ Fi(M + 1)| < %}. The following estimate holds for the derivative
of the inverse

(gay.m)'(€)] < 1.03 (31)
for | — 5] < 2.

Proof. If for ¢ = gaym(€) the inequality [¢ F (M + )| < 105’8‘[ holds we have

’(9(1),M),(5>’ = ’(fu Y ((1%1) =T )\ < 1.03. Suppose (31) is not true for some &, |£ —

& < ¥2 Since the inequality (31) holds at &3 there is a point &} ,|&, — &) < \1/—85, of
closest dlstance to &i; among points for which (31) is violated. Then |(g(1) ) (€})] = 1.03

and (31) is satisfied for all £ with |¢ — &5] < €} — & Write gayar(€L) — gaym (&) =
i) ;f (9(1),m)'(§)d€ where integration in the last integral is along the straight line segment
M

(€37, €L] joining the two points. The estimate of the length of the segment and the fact
that (31) is satisfied on the open segment of integration yields |gqyar(€}) — ga).m(&7)] <

1.03 - Wthh contradicts the assumption. The corollary is proved O
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The corollary implies that g) s maps the sets E(1) o = {¢eC |t-¢&) < ‘1/—5} into

C\ iZ. Indeed, the image g(1),» of a point £ € E s has distance less than %ﬁ < %
from +i(M + 1).

To estimate the second derivative of gy, we need the following simple lemma.

Lemma 16. For any conformal mapping f on a small disc /A and its inverse f~! the

following formula holds

1, 1

YD = 5 ()
Proof. Since (f71)(f(z)) = ,%Z), we obtain for the second derivative
—1\/ 2)) - / 2) = L /
(F)(F(2) - f(2) (f/(z))'
Hence . ) -
(f)'(f(2) = G (m)/ = 5(@) :

|

Lemma 17. For £ € E (1).M the following inequality holds for the second deriwvative of
9),m
|(91),00)" (§)] < 2.75. (32)

Proof. Under the condition of the lemma & = fi1y a(£i(M + 3) + z) with |z < & 03‘[.
By lemma 16

(900" () = ()™ oo (£ M + ) + 2)
1 1 Lo 1o 1 in)2 21\
:§m-(((M—|—§—zz) MA)(M + 5 = i2)* = (M +1)%)

1 1 1 —1 { z'
T 2(rayan)? (Fa) (2i(M + ) +2))2 <§ i Tviz o2M+1L—iz 2M+3- zz)
Hence, (31) implies for M > 2

~.

) < 2.75. (33)

gy0)(€)] < 5103

The lemma is proved. O

The relations (22) and (26) imply the following upper bound for the vertical side
length vsl(R) ) of the normalized rectangle Ry = ra)m Ry with M = % >2

(R )<(12+1 (2M+1))\/( +%)( +%) < 12 log (4 1)+1 ((4 1)d)
VS —+1o — —log(4 — = 0 - -
(W.M) = g7 T 108 M+1 5 OB\t T Tos 5

< 0.362 - 1og 19 + log(4d — 1) < 1.362 - log(4d — 1). (34)

Here d = 2M +1 > 5, (4 — %)d < 4d — 1 for d > 5. We used the inequality
— log(4 — 1) < 0.362 - log 19.
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2. Syllables of form (2) with pb boundary values of degree at least 5.
Consider first syllables of degree at least 5. Without loss of generality we consider the
syllables (a;'a;)*ay* or (ayta;)*! for k > 2 with pb boundary values. The degree
d is equal to 2|k| + 1 or 2|k| + 2 respectively, and is at least 5. The other syllables of
form (2) of degree at least 5 are treated in the same way. The lift under f; o fy of a
suitable representative is contained in the punctured unit disc D\ {0}, has endpoints on
the imaginary axis and makes d half-turns around 0. This lift is a slalom curve which is
the composition of d > 5 trivial elementary slalom curves.

We construct now a holomorphic mapping on a curvilinear rectangle which represents
the homotopy class of this slalom curve. Take M = %. Restrict Fj; to the domain
{z € Cp:|lmz| < M — %} Recall that Fj; maps C, onto a rectangle R); whose right
vertical side is contained in the imaginary axis and has midpoint 0. The extension of
Fur maps the point co to the midpoint of the left vertical side of Ry;. Each of the
two lines {z € C; : Imz = +(M — $)} is mapped to a curve in Ry, with one endpoint

being a point on the right vertical side. The other endpoint is the image of co. Put
Xy M Fu({z € Cp: [Imz| < M — 3}). (See also Figure 7 below.)

Let 7)1 be a positive constant that will be specified later. Put

de ~ de 1
Ro)m = r@),mBu, Ry m = T@2),M X N {—1—8 < Re¢ < 0},

f(g),M déf T(©2),M ° .FM and
92.0(€) Z exp(a((fa)~HE) +i(M — 1))). (35)

Note that with these definitions r(s) v X = fio)m({z € Co: [Imz| < M — 1}).

Lemma 18. The set R(g),M 1S a curvilinear rectangle with horizontal sides f(2)7M<{Z €
Cy: Imz = £(M — 3)}) N {—5 < Re¢ < 0} being graphs over the a segment of the real
axis of functions with absolute value of the derivative not exceeding 0.05.

We postpone the proof of the lemma.

Restrict the mapping (fis)™! to the curvilinear rectangle R(QL M-

The mapping ¢ — exp(m(¢ + i(M — 1))) maps the point —i(M — 1) to —i. For each
z € (—00,0) the curve y — exp(r(z + iy + i(M — 1)),y € (—(M — 1), (M — 3)),
runs along the circle of radius e* < 1 and center 0. It has initial point in (—4,0) and
makes d = 2M — 1 half-turns around zero. Hence, the composition { — g2 m(§) =

exp((faymr) " (€) +i(M — 1)), € € Royn, represents a lift of the syllable. The image
g@2),m (R2),m) is contained in the punctured unit disc.

Put n* «f (2. (£i(M — 3)). Note that
(9@1)' (f2).0(€)) = mexp(m((f2).00) ™ (f20.0a(€)) + (M = 1))) - (fizy00) ™) (fr20.24(0))

— rexp(r(C +i(M — 1)) - m (36)

The derivative of gy ar at n* equals

(990 () = mexp(eEmi((M — ) + (M = 1)) 1
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Here
N (LT AT YA
(Fu) (£i(M —3)) 2 2
1 1
- M — =) (M + ).
VBV = D01+ )
Put
1 1

Then, (g@),m)'(n7) = —i and (ge2),m)'(n") equals i if d is odd and equals —i if d is even.

Lemma 19. For ¢ € C, [( Fi(M — })| < 0%[, the inequality

1
———— < 0.3343
[FEREGI
holds.
Proof. Put ¢ = +i(M — $) + z. Then
1
FulC? ~
(M =5 =iz = M2)(M — 5 — i)’ — (M + 1)) =
1 3 1 1
(—5 —i2)(=5 = i9)2M — 5 — i2)(2M + 5 — i) (38)
Hence for |z| < 04*[
1 2\/§+°4f\/ +04f\/M+ + @)
<
|(fe2y,01)"(€)] W\/_\/ M+ (M - Z)

Since the right hand side is decreasing in M, the expression on the right for M > 2 does
not exceed the expression for M = 2, i.e. for M > 2

1 <8\/%+04\/\/ +04f\/ +02f O?Ef
|(fr2).00)'(C)] /363

< 0.3343.

The proof of the following corollary is the same as the proof of corollary 3.

Corollary 4. The inverse (fi)m) " of fio).m maps the sets {|§ — n| < *1/—85} into the

sets {|¢ Fi(M —1)| < %ﬁ}. The deriative of the inverse satisfies the following
imequality

|((fyr) ™) (€)] < 0.3343 (40)
for 1€ —myl < \1/—85.
The corollary says that the images fo)n({|¢ Fi(M — )| < 0.3343-\/5 1) cover the

sets {|¢€ — 0| < } Since 0.3343 - f < 0.0263 < 0.03, Lemma 18 is an immediate
consequence of the followmg lemma.



44 BURGLIND JORICKE

Lemma 20. For ¢ in a to5-neighbourhood of £i(M — %) the (principal branch) of the
argument of f(y ,,(C) satisfies the inequality

|arg(fir2)(¢))| < arctan(0.05).

Proof of Lemma 20. We have
1 1 _
arg(fj’w’@)((’)) D) Mg(fz’u,(z)(())2 Y arg(fM@)(C)) g
Also, (fi2(¢))7? is the product of four complex numbers, hence its argument is the

sum of the arguments of the factors provided all these arguments are small. For |z] < = 100
and M > 2 we have

1 3
|arg(—§ —iz)| < arctan(loo% — 13_0) < 0.06375
3
|arg(— — iz)| < arctan(——5——-) < 0.02041
100 5 — 155
| arg(2M 2)| < arctan( L ) < arctan(——— ) < 0.00865
ar —=——iz arctan(—— ————) < arctan _— :
& 10020 — 1 -3/ = 004—1-37= !
and
|arg(2M + = — i2)] < arctan(~~ — ) < 0.006712
ar — —iz arctan _ : :
& 2 1004+ 1 -2/~
The sum of the four numbers does not exceed 0.0996. Hence,

0.0996
larg(f1,(O)] < — = 0.0498 < arctan(0.05).

|

Lemma 21. For | — T]Ml < ¥= the following inequality holds for the second derivative
of 92
[(92).00)" ()] < 1.863. (41)

Proof. Put £ = f2)m(¢). By formulas (36) and (38) and by lemma 16
(9@.m)" (fiom(C)) =

Zexp(m - oM - ;
7 exp(m((fi2),m) " (fi2),m(C)) + i(M —1))) ((f(Q),M)/(C))2+

mexp(m((fioym) " (fom(Q) +i(M — 1)) - (fey0) ™) (Fopm(Q)) =

R explr(C i~ D)) mesp(r(€ M~ D)) =
7 exp(r(C (M~ D) ()
(1+%(——i22+Qiiz_QM—il—iz_2M+il—iz)) (42)
If € — nf | < 12 thejl by Corollary j 2
(Faran) ™€) = Gwnan) )] = [ F (M — 3} < 03343Y2 < 0.4Y2,

18 18
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Hence, by (42) and Corollary 4 for M > 2

0.4v/2
[(92).00)" (€)] <7 exp(=g =) - (0.3343)"
(1+%<1_0.4ﬁ+§ ()4£+Z_0-4\/§+g_0.4\/§>><1'863
18 2 2 18 2 18
(43)

The lemma implies that g() »s maps the sets E(lL = {€eC:|e—nf| < 82} into
C\ iZ. Indeed, by the lemma for & € EjE

2
[(g).0)' (€)] <1+ 1.863 - \1/—8_ < 1.15.
Hence, the image g(2).n(§) of a point £ € E ,; has distance less than 1'1158‘/5 < % from

+i(M — §) = g)m (i)
The inequality (22) and the equation (37) imply the following upper bound for the
vertical side length Vsl(R(g)M) of the normalized rectangle Ry = 7o) By with

M=% andd>5

12 V3 (M — 1) (M + 1)
vsl(R)n) < ( +log(2M +1)) T < 1.504-mv/3log(4d—1). (44)
The last inequality follows from the inequalities
15—2 —log 2.5 < 0.50410g 19 < 0.504 log(4d — 1)
for d > 5 and
log(5(d +2)) < log(4d — 1)
for d > 5.

Short syllables.

a)Syllables of form (1) of degree at most 4 and of form (3). Without loss of
generality we assume that the syllable has the form a} where n is a natural number at
most equal to 4. The other cases are treated symmetrically. Put M = % < % (with
d = n). Consider the rectangle R(l) M in the plane with vertices i3 (M + 3) on the
imaginary line and vertices (M + 3)log 345 £ i5(M + 3) in the open left half-plane.

Take &7 = —(M + 1) log +2:t7, Z(M + 3). Put

—£

gmm(§) =—-M eXP(M 11
2

). (45)

The mapping g(1),» maps the rectangle Ry conformally onto a half-annulus in the
left half-plane. It maps the vertices =5(M + 3) of R,y contained the imaginary axis
to £iM and the vertices of R s in the open left half-plane to 4-i(M + 1). Hence, the
mapping gaym : Raym — C\ iZ represents a lift of af.
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The points 5]\—} are mapped to +i(M + %) The derivative of g(),as at the points 5?@
equals Fi. The second derivative of g) s can be estimated by

M+1 3

[(9),m)" (€)] < m <3 (46)

for £ € R Mand]\4>l

By the same reasoning as above gy, maps the sets Ei
into C \ iZ.

For the considered values M ,% <M < %, the horizontal side length of the rectangle
Ry is at least (M + %) log(1+ %) > logg >05> %8. The vertical side length of the
rectangle 1)y equals

def

{eeC:|e—&5 < 2}

LTy (47)

VSl(R(l)VM) = 7T<M + 5 9

Since
T 21 3 47
5 < 1.43 - log 3, > < 1.615-log7, > < 1.97 - log 11, > < 2.33 - log 15, (48)

we obtain the estimate .
vsl(Ry,m) < 3 log(4d — 1) (49)

ford=1,2,3,4 and M = %=

b) Short syllables of form (2) of degree 2, 3, and 4. Consider the syllables a,'a;*,
ay'a;tay’, and ayta;tayta;t. Other syllables of this form are treated similarly. Put
M = g. Consider the rectangle R(2)7 » with vertices 0 and id5 on the imaginary axis
and vertices log% and log% +1id5 in the open left half—plane f{ M is Contained in the
rectangle R(o) y with vertices —iZs, i(d5 + ) log 1 — i, and log +i(d5 + 15). The
horizontal side length of R(3) 5 equals log 2 >

Let 1y, = 0 and 1y, = id}. Put

1
9m(§) = ~3 exp(2), € € R - (50)
9g(2),u maps the rectangle Rs) s into the annulus {3 < |z| < 1}. Denote the extension
of gy, v to the closed rectangle by the same letter. We obtain 9(2)7M(77]T4) = _%' and

922),M(77174) = —i. Further, go)m(ny;) = —% if d=2and d =4, and +% if d = 3, and
(9e)m) (nfy) = =i if d = 2 and d = 4, and +i if d = 3. The restriction of g to
each maximal vertical segment in Ry makes d = 2M half-turns around 0. Hence the

mapping g2y, : R(Q), v — C\ iZ represents a lift of the syllable.
For the second derivative we have the estimate

[(9(2),0)" (§)] < 2 (51)
on R(2)7M.
By the same reasoning as above g(2) s maps the sets Ei ={teC:|t-¢F < 82}
into C \ iZ.
The vertical side length of the rectangle R 1 equals
s 1
—d+ —. 52
54+ 5 (52)



FUNDAMENTAL GROUPS, 3-BRAIDS, AND EFFECTIVE ESTIMATES OF INVARIANTS 47

Since m+ 5 < 1.672-1og 7, 3w+ < 2.0116-log 11, and 27 + § < 2.362-log 15 we obtain
the estimate

5
vsl(R2).m) < 5 log(4d — 1) (53)
ford=2,3,4 and M = 4.

7. QUASICONFORMAL GLUING

We give the proof of the upper bound in Theorem 1 and Theorem 1’. Identify w
with €(b) € m. Assume first that w has at least two syllables and we are interested in
pb boundary values. We associated to each syllable s;, 7 = 1,..., N, of the word w a

rectangle R; of the form R or R for a number M = M;. If the rectangle is of
the form Ry) » we consider the holomorphic mapping g(1y,a + @M defined on it (see (26)

O:t [e]
and (45))and put p; = ¢35, otherwise we consider the mapping 9e),m + 1M on R; (see
O:l: o o
(35)and (50)) and put p; = ;- Denote the chosen mapping on R; by g;. The mapping

E]j maps the rectangle R; to C\ iZ. In the first case the mapping represents a lift of
»(8;)pp under fi o fa, in the second case a restriction of the mapping to a curvilinear

rectangle contained in R; has this property.
O+ o
Choose compliex numbers ¢; so that p; +¢; = p;,;+¢;41 for all except the last number
o ot
j. Put p;-t = p,; +¢;j. Since for all j the real part of p; coincides with the real part
of f)]_ we may choose the numbers ¢; so that the p;-t lie on the imaginary axis for all j.

Denote by R; the translated rectangles ]%]- + ¢;. The mappings g; : R; — C\ iZ are
called normalized representatives of the lifts of the syllables s;. See figure 6.

We describe now the choice of a closed curvilinear rectangle R contained in the union
of the closed rectangles E see Figure 6. For each rectangle R; of the form R) s we
consider the rectangle R} contained in R; of the same vertical side length as R; and of
horizontal side length %, for which pf are the midpoints of the horizontal sides. For
7 =2,...,N — 1, we denote by R? the subset of R; that is contained in the strip
{Imp; + 35 < Imé < Imp/, — %}

For each rectangle R; of the form R(9) 5 we consider the rectangle Rj_ contained in R;
of the same vertical side length as R; and of horizontal side length %,
of which is contained in the imaginary axis. Notice that the points pf lie on this side.
For 1 < j < N we denote by R? the subset of this rectangle that is contained in the
horizontal strip {Imp; + {5 < Im¢ < Imp — ¢}, Put R) = Ry N {Im¢ < ImpS — ¢
and R} = Ry N{Imp; + & < Im¢}.

The rectangles R? are contained in the 1—18—neighbourh00d of the imaginary axis. Let g;

one vertical side

be the left endpoint of the lower side of R?, and let q;“ be the left endpoint of the upper
side of RY, respectively. For j < N the inequality |[Re(q] —¢;,)| < 1z holds. Hence, for
each & > 0 in each horizontal strip {Imp} — & < Im¢ < Imp} + -} around the pf = p;, |,
j=1,...,N —1, there is a closed curvilinear rectangle whose horizontal sides are the
upper side of R? and the lower side of Rg-) +1 which has the following two properties. Each
horizontal line contained in {|Im(§ —p))| < {5} intersects the curvilinear rectangle along
a segment of length 1—18. The vertical curvilinear sides are graphs of smooth functions
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over the segment [i(Imp’ — &), i(Imp} + 55)] of the imaginary axis whose derivatives
vanish near the endpoints and have absolute value not exceeding % + €. The number
e > 0 will be chosen later as close to 0 as needed. The closed curvilinear rectangle R is

the union of the R_? and all obtained closed curvilinear rectangles. See Figure 6.

__— &+t

Rjis

+ -
o T ¢ = &jhp T Civs

Rji2

nt . — T >
N1+ i1 = o T Gira

Rj

\ 0 ¢ =M G

L
'\77;4’03'

Figure 6

Consider the functions g;, g;(€ + ¢;) = ¢;(€) + #m; on R, and their holomorphic

extensions to a \{—g—neighbourhood of p;-:. The integers m; are chosen in such a way that

for all j (except the last one) the values of g; and of g;;; at ]oj+ = p;41 coincide and are
equal to an imaginary half-integer which is not an imaginary integer. Moreover, by the

normalization of the R; the values of their derivatives at the point p;r coincide. Both

functions, ¢g; and g;41 map the ‘{—g-neighbourhood of the point into a %—neighbourhood

of an imaginary half-integer which is not an imaginary integer.
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Consider the C'-function Yo on the interval [0,1], = 6, 7(1 — 7)dr. Then
(o) 0 (1) = 1, 0 D) S 611 = 5 b Potnls) = )
Define a function g on R as follows. Each point § in R for which [Im(¢ — p})| > 15 for

all j < N belongs to a single rectangle R; (depending on ¢) and we put g(€) éf gj(f)

for such a point.
Fix a number j < N and consider the set @), ) {¢ : [Im(¢ — pf)] < &} Put

def —
X;(§) = x(Im(§ —p)) + ) for £ € Q;. Let g = (1 - x;)g; + X;9;+1 on RN Q;. For
{€€Q;:Im¢ = p;“ — %} the equalities x;(£) = x0(0) = 0 and x’;(£§) = x(0) = 0 hold.
Hence, the function g is C' smooth near such points £. Further, for {¢ € Q; : Im& =
Py + £} the equalities x(Im(§ — py)+ =) = xo(1) = 1 and X;(€) = xo(1) = 0 hold,
hence, the function g is C* smooth near such . Since both functions g; and g;11 map

the —nelghbourhood of pj into a ——nelghbourhood of an imaginary half-integer which
is not an imaginary integer, the convex combination g of these two functions has the
same property. Make the same definition for all but the last number 5. We obtain a
smooth mapping ¢ from the curvilinear rectangle R to C \ iZ which represents a lift of

(W) under fi o fo.

Lemma 22. The mapping g is a quasiconformal mapping from R onto ils image with
Beltramy differential p, of absolute value |p,| < 0.1712.

Proof. Put § = u+idv. If § € R, [Im(§ — pj < & for some j, 1 < j < N, then the
Beltrami differential at £ equals

9 i
2e98) 3@ (9501 = 9))(&)
796 (Faxi- (g —g) + (1 =x5) - gf + x5 gj)(6)
On the rest of the rectangle R the function is analytic.
By the Lemmas 17 and 21 and inequalities (46) and (51) the estimate

mascl[g}(6)], 9,1 (€)]} < 275

holds for the considered points {. Since g;41 — g; vanishes together with its derivative
at p;, the estimate
1 V2

,Ug(f) =

[(gj+1 — 9:)(E)] < 2 3 (=< 13 )?-2.75
holds for € in the ne1ghbourhood of ]oJr Further
0 3
vl < 2.
|8UXJ| — 2 9

on (;, and

V2

max{|g; — g5, g1 — gD} <275 =
on the ‘l/—g—neighbourhood of p; by the estimate for the second derivative of the g, since
$5) = 31 (57). Hence,
2.75

5
k =sup|u,(§)| < < 0.1712.
R’g<)’ 1- 4275 ¥2.2.75

We used that |g}(p;)| = 1. O
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The quasiconformal dilatation K = % does not exceed 1.414.

Let w be the normalized solution of the Beltrami equation
0 _ 0
—W = [l W
02" = Moz

on the complex plane. Here fi, equals 1, on R and equals 0 outside R. w is a Holder
continuous self-homeomorphism of the complex plane. The mapping gow™" is holomor-
phic on w(R) (see [1], Chapter I C). The image w(R) can be considered as a curvilinear
rectangle. The curvilinear sides are the images of the sides of R. By [1] (chapter I, The-
orem 3) the extremal length of w(R) does not exceed K - A(R). In other words, there is
a conformal mapping v of a true rectangle R of extremal length not exceeding K - A(R)
onto w(R), which maps the sides of R to the respective curvilinear sides of w(R) . The
mapping gow ' o1 : R — C\ iZ is a holomorphic mapping from the rectangle R of
extremal length not exceeding K - A(R) to C \ iZ that represents a lift of ,;(w)p.
Estimate the extremal length A(R) of R. By Lemma 12

AR) < (14+C%) ) %Rﬂ').

Here b = % and the rectangle R was chosen so that C' does not exceed % +e.
We obtain

AR) < 1414 (14 (5 +2)%) 18- 3 vsl(Ry). (54)
Further, by (34), (44), (49), and (53)

vsl(R;) < 1.504 - mv/3log(4d; — 1), (55)
where d; is the degree of the j-th syllable. Hence,

A(R) < 1414~ (14 (5 +2) - 18- 1504 V3r -3 lo(dd 1) (56)

Since 1.414 - (14 1) - 18- 1.504 - v/37m < 260.4, the number ¢ may be chosen so that the
right hand side of (56) does not exceed 300 - ) log(4d; — 1), i.e.

A(R) <300 ) log(4d; — 1). (57)
The upper bound is proved for pb boundary values.

Suppose now, for instance, that the left boundary values are tr. We assume again
that w has at least two syllables. Suppose the first syllable s; is of form (1) or (3), say,
without loss of generality, 51 = af for n > 1. A lift of +.(s;), is a half-slalom class with
M=d- % (see Proposition 6). Hence, the lift can be represented by the restriction of

a mapping of the form g() s to a rectangle Ri%M of half of the vertical side length of
R1),m- Shift the rectangle Rﬁ% ,r and the restriction of g(1) s in the needed way and
denote the obtained rectangle by R; and the function by g;.

If n > 3 then M > 2, and by the first inequality in (34) the vertical side length of
Ry does not exceed 2 4 log(2M + 1) = 22 + log(2d). Hence,

vsl(R;) < (% +log(2d)) .

N | —
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Since % < 2.7 < log 16 we obtain for d > 3
1,12 1
vsl(R;) < 5(3 +log(2d)) < 3 log(32d) < log(4d — 1). (58)

If n = d < 2 then by (47) the vertical side length of Ry does not exceed w(M + ) =
md. Hence by (48)

1
vsl(R;) < §7rd < 2log(4d — 1)

for d =1 and 2.

Suppose the first syllable 4.(s1),5 is of form (2). We may assume that it has the form
(a5 ta;H)* or (ayta;t)Fay! for k> 1.

Consider first the case when d > 5. With d = 2M —1 the curve y — § exp(m(iy+i(M —

1)),y € [-(M—1),(M—3)], represents a lift of the syllable ¢,(s1),s to C\iZ. Further, for

any curve o with interior in {z € C; : —(M —3) < Imz < (M —3)}, with initial point in
[log 3,0)—i(M —3) and with endpoint in (—o0, 0)+i(M —3), the curve exp(ra+i(M —1))
intersects —% +R. (See Figure 7.) For z € [log 3, 0] we let y(z) be the first parameter of

intersection of the curve y — exp(w(z + iy + (M — 1)),y € [-(M — 3), (M — 1)], with

—% + R. We obtain an arc 8, x — f(x) = (z,y(x)), z € [log%,O], with left endpoint

equal to log 3 —i(M — 1) and right endpoint on (—i(M — 1),i(M — 1)). The interior

of the arc is contained in C, N {|Im¢| < M — 1}. The image of § under f2) s is an arc

with interior in fio) ({2 € Co: —(M — 1) <Imz < (M — $)}), with initial point equal

to f).m(logi —i(M — 1)) and right endpoint on (—ny;,7;;). (See Figure 7.)

i(M+1)
iM
(M — &
( 2) 2i
A miir i
“g E(Q%M
0 0
(2 +i(M—1))
w=e
§ = fo),m(2)
ml/)Y
y= Z/(f)vl —92
S
¢ € Roym log 2 —i(M — 1]~
’ S (M A+ 1) we C\iZ
z e Cy
Figure 7

The initial point of f(2) s © 3 is not contained in the closure }N‘Z(QL a of }?(2)7 v Indeed,
the point lies on the curve fo) ar((—00,0) —i(M —1)). If it was contained in the closure
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R(QL a of R(g), m then by Lemma 20 it would have distance not exceeding 13 COI from

$(0.05)
uy’ and by Corollary 4 the distance of log 3 —i(M — 1) from Z(M — 1) would not exceed

—18cos(o 05) 0.3343. But the latter distance equals log2 > W 0.3343.

As a consequence, the arc fi) s o [ intersects R@% m along a union of relatively
closed arcs. There is exactly one connected component B of the intersection that has an
endpoint on (— Nt ni7). The other endpoint of the component f lies on the left side of
R(2 - The arc B divides R (2),m into two connected components. Denote by R(z) y the

component of R )M\ 3 whose closure contains ni;- The restriction of 9e2),m to R

represents the syllable tr(8;)pp. The vertical side length of R(Q)  does not exceed the
vertical side length of R(9) .

The case when the degree of the syllable is either 2, 3, or 4 can be treated similarly but
is simpler because the mapping g(s),as is simpler. Also in this case we obtain a rectangle
R(Q) u C R (2),m such that the restriction g(s), MlR ).ar Tepresents the syllable 4.(8;) b

The vertical side length of R (2),M does not exceed the vertical side length of Ry

The case when w has totally real right boundary values or both boundary Values are
totally real, is treated in the same way. The quasiconformal gluing is done as in the case
of pb boundary values.

If w consists of a single syllable the upper bound in the case of mixed boundary
values or in the non-exceptional cases of tr or pb boundary values follows directly from
Proposition 6. The exceptional cases were treated in the proof of the lower bound in
Theorem 1.

Theorem 1 and Theorem 1’ are proved. O

Proof of the upper bound in Theorem 2. Take any syllable reduced word w
representing the conjugacy class €,(b). Consider all syllables s;, j = 1,..., N, of w,
labeled from left to right, with pb boundary values. Consider for each j the rectangle

R and the holomorphic mapping g] on it. Extend the finite sequence s; of syllables to

an infinite sequence of syllables s;, j € Z, with s; = s, for all j. Put also R RJ+N

and g}jj = gji n for integers j and N. In the same way as in the case of finite sequences
of syllables we consider for each j the normalized representative g; : R; — C\ iZ of the
lift under f; o fo of the syllable ,,(5;)p. The normalization is done in such a way that
the value and the first derivative of g; and g;;1 coincide at pj = pj11- Recall that all
p;l: are on the imaginary axis. Hence, Ry,; = R; 4 ta for all j and a positive number a,
and g n (€ +ia) = g;(&) +im for all j € Z and an integer m.

Do quasiconformal gluing for all j € Z by the same procedure as described before. We
may perform quasiconformal gluing in such a way that for the obtained quasiconformal
mapping g on the infinite curvilinear strip R, of W1dth 5 the following relation

g(€§ +ia) = g(§) +mi

holds. The quasiconformal dilatation K of the mapping ¢ on the infinite strip has the
same estimate K < 1.414 as the quasiconformal dilatation of the mapping constructed
in the proof of Theorem 1. Since f; o fy has period i the composition G = f; o fy 0 ¢ has
period ia.

Let the annulus A be the quotient of R,, by the equivalence relation & ~ & + ia.
The function G descends to a function G : A — C\ {—1,1} which has quasiconformal
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dilatation K and represents b. The annulus A is conformally equivalent to the annulus
A" C C, which is the 1mage of Ry under the mapping £ — exp(%g). Consider the
infinite strip of width 15> that is bounded by two vertical lines. Let Ay be the quotient
of this strip by the equivalence relation & ~ £ + ¢a. The inequality for the extremal
length A(A’) < (1+ C?)A(Ap) is obtained by the same arguments that are used for the
proof of Lemma 12.

Putting together the estimates for the quasiconformal dilatation of G, for the constant
C, and for the estimate of the extremal length of Ay through the vertical side length’s of
the R;, we obtain the same upper bound 300- ) log(4d; — 1) as in Theorem 1. Theorem
2 is proved. O

Proof of the upper bound of Theorem 3. We prove the upper bound for 3-braids
that are not pure and not among the exceptional cases. Write such a braid in the
form (4). We may assume that the braid equals afbl with 7 = 1 or 7 = 2, an odd
integral number k£ and a pure braid b; as in Lemma 2 which is not the identity. Indeed,
multiplying by a power of Az does not change the extremal length. Suppose j = 1.
Then each curve v in C3(C),/S;3 representing b, can be decomposed into two curves,
Yo representing 4 (oF),, and 7 representing ,5(b1)s-. This can be seen by lifting v to
a curve 7 in C3(C) with initial point on {xs < 1 < z3}, and applying the analog
of Lemma 10 to €(%). Note that the terminating point of 4, (the lift of ~) is on
C5(C)° = {z; < x3 < x3}, and 7 (the lift if 7;) has initial and terminating point on
C3(C)°.

The arc €(7p) is an arc in C\ {—1, 1} with initial point in (—oo, —1) and terminating
point in the imaginary axis. Recall that for each integer £’ the mapping f; o fo maps the
interval (—o0,0) + ik’ onto (—oo, —1), and for each j’ € Z the mapping f; o fo maps the
interval (ij',i(j" + 1)) onto the imaginary axis. (See also Figure 1.) More precisely, put
k = 2¢ + 1 for an integer ¢. Assume / is non-negative. (The case of negative integers ¢
is treated similarly.) Take for Iy the lift of €(5) to C\ iZ with initial point in (—o0, 0).
Then the terminating point of the lift is contained in (¢, (¢ + 1)).(See also Flgure 1.)

Associate to €(s-(oF),5) a rectangle RO and a holomorphic function gy : RO — C\iZ
that represents the class of curves that are homotopic in C \ iZ to I'y with initial point
in (—00,0) and terminating point in (if,i(¢ + 1)). For £ > 1 the class of I'y can be
represented by the restriction of the mapping g1y, to the upper half of the normalized
rectangle Ry with M = (£ = % If ¢ > 3 the vertical side length of this "half-
rectangle” does not exceed

1 . 12
2°5

(We used the first inequality in (34) and the relation £ < 2.7 < log 16.)
If / =1 or 2 the vertical side length of this ”half- rectangle” does not exceed

+log(20+ 1)) < ;(log(?)% 1+16)) < log(4¢ — 1). (59)

s 1 s 1
(MY =Z(p+ =
(M+3)=2(0+3)
(We used (47) and the fact that 22 < 3log3 and 22 < 3log7, see also (48).)
Suppose k = 1 (i.e. ¢ = 0). In this case the class of Ty can be represented by
a conformal mapping of a rectangle to a quarter of an annulus. Indeed, consider the
normalized rectangle with vertices ’Z and 0 on the real axis and vertices Z* — log 2 and
z 1

—log 2 in the open left half-plane. The mapping £ — —Ze ~% maps 7” to 17 0 to —7,

< 3log(4¢ — 1). (60)



54 BURGLIND JORICKE

Wf —log2 to i and —log2 to —1. The image of the rectangle under this mapping is the
upper left quarter of the annulus {% < |z < 1}.
The mapping represents the class of T'g. Put & = —% log 2 + ”{. Then the derivative

at this point equals —i. We obtained a normalized rectangle Ry and a mapping 50. The
normalized rectangle has vertical side length 7.

Prove the theorem first in the case when kK = 1 or £ = —1. Then the class 4-bs, is the
product of .(67),5 and (1) The class 4,(0i),, can be represented by a holomorphic
mapping on a normalized rectangle of vertical side length not exceeding 7. The class
ob(b1)4 18 & pure braid which can be decomposed into parts that can be treated as in the
proof of the upper bound of Theorem 1’. Quasiconformal gluing as in Theorem 1" gives

the estimate

1 1
Alby) <1414+ (1+ (5 + £)?) - 18- (1504 - v/3m - > "log(4d(s;) — 1) + 7™, (61)
where the s; run over the syllables of the image of ¥(b) in the braid group modulo its
center. Since €, (9(b)) is not the identity the expression L(€.(9(b))) = Zsj log(4d(s;)—1)
is not smaller than log 3. Further, the inequality

% < 0.715 - log 3 < 0.715 - £(C,(9(D))), (62)

holds. Since 1.414 - 3 - 18- (1.504 - v/37 + 0.715) < 260.4 4 0.715 < 300, the number €
can be chosen small so that

Alby) < 1414 - (1 + (% +)2)(18 - 1.504 - V37 + 0.715) - L€, (9()))
< 300 - £(€.(9(b))). (63)

Consider the case when |k| > 3 is an odd integer and €, (¢7*) is a syllable of &, (9(b)).
By our estimates (59) and (60) for the vertical side length of the normalized rectangle

Ry associated to Q*(tr(af(k))pb), quasiconformal gluing gives us the same estimate for
A(by.) as Theorem 1 gives for A(y,.(9(b))s-). Hence we obtain again

A(by) < 300 - L(€,(9(D))). (64)

It remains to consider the case when the term Q*(Jf(k)) is not the identity and not a
syllable of €, (J(b)). In this case the exponent k equals +3. The vertical length of the
normalized rectangle corresponding to €, (;.(05°),,) does not exceed 3log3 (see (60)).

Since the term Q*(Uf(k)) = €,(0?) is not a syllable of €,(9(b)), the first syllable s, of
€, (¥(b)) has the form €,(0?02...) or €,(0;%052...) and has degree at least two. Hence
L(C.(9(D))) > log 7.

Suppose first the syllable s; equals s; = €,(0%03) or €,(07%05°) . The normalized
rectangle corresponding to p,(0372)p, O py(037)s has vertical side length not exceeding
3log 3 (see (49)). Hence, as in Theorem 1 and Theorem 1’ quasiconformal gluing of the
mappings representing €, (;(07),0), €.(pp(03)4), and syllables s;, j > 2, of the word
C.(¥(b)) (if there are such) gives the estimate

Alby) < 1414 - (1+ (% £ 2)2) 18- (6-log3+1.504- V3- 3 log(4d(s;) — 1)), (65)

Jj=2
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where s; runs over the syllables of €, (b;). Since
6log3 < 0.414-1.504 - V3 -7 -log 7 < 1.504 - V37 - log(4d(s;) — 1), (66)

we obtain the upper bound (64) of Theorem 3 for this case.
For the case when the degree of s; equals 3 the same arguments give the estimate

1 1
Alby) < 1414 (14 (5 + £)?) - 18- (3log3 + 7 + 5 T 1504 V3 log(4d(s;) — 1)).
j=2

(67)
In case the degree of s; equals 4 the estimate is
1 3 1
Aby) <1.414-(1+ (5 +€)%) - 18- (3log3 + 3™ + 9 +1.504 /3 - Zlog(lld(sj) —-1)).

Jj=2

(68)

(See (52) for d = 2 and d = 3 and the argument in the proof of Theorem 1 for other
than pb boundary values.) Since

1
Blog3+7 + 5 < 0.334- 1.504 V3.7 -log1l < 1.504 - /37 - log(4d(s1) — 1),  (69)

in the first case, and
31
3log3 + S+ 5 < 0.3664 - 1.504 V3.7 -log15 < 1.504 - V37 - log(4d(s;) — 1), (70)

in the second case, we obtain the upper bound in Theorem 3 also in these cases.

In the case when the degree of s; is at least d; = 5, we use that the vertical length of
the normalized rectangle corresponding to the expression €, (,5(05 207> .. .)4) (of degree
d; — 1) does not exceed the vertical length of the rectangle corresponding to s;. We

obtain
1
Alby) < 1414+ (1+ (5 +¢)°) 18- (3log 3 + 1.504 - V3> Tlog(4d(s; — 1)) (71)
j>1

Since log(4d(s,) — 1) > log 19 and

5 3log3
1.414 - — - 18 - (1.5047v3 < 296 72
118 (1504mV3 ¢ log19) = 2% (72)
we obtain the upper bound in Theorem 3 also in this case.
Theorem 3 is proved . O
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