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Quantum correlators of pure supersymmetric Yang-Mills theories in D = 3, 4, 6 and 10 dimensions can
be reformulated via the nonlinear and nonlocal transformation (“Nicolai map”) that maps the full functional
measure of the interacting theory to that of a free bosonic theory. As a special application we show that for
the maximally extended A/ = 4 theory in four dimensions, and up to order O(g?), all known results for
scalar correlators can be recovered in this way without any use of anticommuting variables, in terms of a
purely bosonic and ghost-free functional measure for the gauge fields. This includes in particular the
dilatation operator yielding the anomalous dimensions of composite operators. The formalism is thus
competitive with more standard perturbative techniques.
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I. INTRODUCTION

Pure supersymmetric Yang-Mills theories exist in
D =3, 4, 6 and 10 dimensions [1]. As is well known,
the corresponding extended super-Yang-Mills theories in
lower dimensions can be obtained from these by dimen-
sional reduction. Among the supersymmetric Yang-Mills
theories, the maximally extended N =4 theory in four
dimensions stands out for several reasons, especially in
connection with the AdS/CFT correspondence, as a result
of which there now exists an enormous variety and wealth
of results (indeed, too many to list here). In this paper we
want to take a new and different look at this theory,
exploiting the existence of a nonlocal and nonlinear trans-
formation 7', (“Nicolai map”) that maps the full functional
measure of the interacting Yang-Mills theory to the one of a
theory of dim G-free (Maxwell) vector fields, where G is
the gauge group in question [usually G = SU(N)]. The
existence of this map for the N = 1,D = 4 theory was
established long ago [2,3], and a detailed prescription for its
iterative construction was presented in [4—7] and [3]. It was,
however, only very recently that these constructions were
extended to other dimensions, and in particular to the maxi-
mally extended D = 10 and N =4, D = 4 theories [8].
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The existence of the map 7', opens very different perspec-
tives on the quantization of supersymmetric Yang-Mills
theories, in terms of a ghost- and fermion-free formalism
and with a purely bosonic functional measure. This con-
cerns especially the computation of quantum correlators.
Previous work in this direction remains somewhat scat-
tered: in [5,6] several perturbative results for the N' = 1,
D = 4 theory (for instance, wave function renormalization
factors and the -function to order g?) were recovered in a
perturbative approach. Nonperturbative aspects were stud-
ied in [9] where it was shown in particular that there exists a
local expression for T, in the light-cone gauge. This result
was subsequently used to recalculate 2-gluon and 3-gluon
Green’s functions up to one loop [10]. The NV =1,D =4
Yang-Mills theory can also be investigated in terms of
anti-self-dual variables, yielding (amongst other results) a
nonperturbative derivation of the -function [11]. However,
as far as we are aware, [12] is the only attempt towards
understanding extended, and more specifically, half-
maximal (ie., D=6 or N =2,D=4) super-Yang-
Mills theories in this framework, with an intriguing
proposal for a closed form expression of T,. Yet, to the
best of our knowledge, no results in this direction have been
available so far for the maximally extended N = 4 theory,
which from many points of view is by far the most
interesting. This is the main issue we want to (begin to)
address in this paper.

Accordingly, we wish to investigate certain quantum
correlators, and more specifically scalar correlation func-
tions of the A/ = 4 theory in terms of the map 7', and to
show that several known results can be easily recovered
with this formalism and in terms of the map Tg, at least to
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the extent that it has been worked out. It should, however,
be understood that these results—being confined to the
perturbative domain—constitute only a very first step.
Ultimately, we would hope that this formalism can provide
essentially new insights on the AV =4 theory. Amongst
other things, these include prospects for a nonperturbative
regularization of the A = 4 theory, especially in conjunc-
tion with its conjectured integrability properties [13].

The nonlinear and nonlocal transformation (which more
generally exists for all rigidly supersymmetric theories with
Lagrangians quadratic in the fermions)

T Al (x) = Al (x, g;A)

u

(1.1)

is characterized by the following properties:
(1) Substitution of A’(A) into the free Maxwell action
(or rather: sum of Maxwell actions) yields the
interacting theory, viz.

SolA(A)] = S,[A] E% / dOxFOF (12)

where

Fé, = 0,A% — 0,A% + gf**°ALA;  (1.3)
is the Yang-Mills field strength [with fully antisym-
metric structure constants f*¢ for the chosen gauge
group, usually SU(N)], and S is the free Maxwell
action

SolA] E% / dPx(9,A — 9,42, (1.4)

ie., §, for g=0.
(2) T, preserves the gauge condition
T,[G(A)] = G*(A). (1.5)
(3) The Jacobian of the transformation equals the
product of the Matthews-Salam-Seiler (MSS) deter-
minant (or Pfaffian) [14] obtained by integrating out
the gauginos, and the Faddeev-Popov (FP) determi-

nant [15] (obtained by integrating out the ghost
fields C%, C*),

A% (x, g; A
der( PR ED ) asialarela] (16
at least in the sense of formal power series.

The existence of the map T, allows for a ghost-free and
fermion-free quantization of supersymmetric theories, and
can thus provide a completely different perspective also on
super-Yang-Mills theories. The main advance of the present
work consists in applying these techniques to the compu-
tation of simple correlators for the maximal A/ = 4 theory,

and in showing that the calculational effort with this
formalism is comparable to the usual one, thus providing
a proof of principle for its workability and demonstrating
its competitiveness with more standard perturbative tech-
niques. Of course, to push these computations further one
must determine the map 7', to higher orders. Ultimately, the
main goal would be to go beyond the perturbative frame-
work, by exploiting as yet unknown properties of the map
T, presumably related to the maximally extended super-
conformal symmetry of the N =4 theory. Certainly it
would be fascinating to make a connection between the
map 7', and the integrable properties of the ' = 4 theory
(see e.g., [13] for a review)—after all the image of the map
T, is a free field theory which is certainly integrable. A
distinctive feature of the map T, is that it works for finite N
in the SU(N) gauge theory, in contradistinction to inte-
grability, which is tied to the planar (N — oo) limit. Indeed,
while it appears unlikely that there exists a closed form
expression for 7', (as is the case for some special theories,
like supersymmetric quantum mechanics and the N' = 2,
D = 2 Wess-Zumino model, see [9,16—-18]) there could be
an underlying integrable structure. Likewise, it would be
interesting to find a link with the conformal bootstrap
program (see e.g., [19] for a review), where again the
N = 4 theory appears to play a distinguished role [20] (see
also [21] and references therein for more recent work) and
to elucidate the role of the conformal and dual-conformal
symmetries in this context.

II. PRELIMINARIES

Let us briefly summarize our conventions. We use the
Euclidean metric; this is not essential, as analogous results
can be derived with Lorentzian signature (as in [4-6]). The
scalar propagator is (with the Laplacian [J = 9/9,)

D eikx
C(x) = ﬂ—z = —-0C(x) = é8(x)

o (2.1)

where §(x) = 6(°)(x) is the D-dimensional 5-function. For
the relevant dimensions we have

I 1

C(x):Eom for D = 3,

C(x):%rz'x—l2 for D =4,

C(x)zi- ! for D=6
43 (x%)? '

C(x) = I for D = 10. (2.2)
20 ()

For all dimensions the free fermionic propagator is

7"0,80(x) = 6(x) = So(x) = =y*0,C(x). (2.3)
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The number rp of spinor components depends on D, and
we here restrict our attention to those values for which
supersymmetric Yang-Mills theories exist, viz.

D=3.4,610 r,=243816. (2.4)

For D =4 this corresponds to a Majorana spinor, for
D = 6 to a Weyl spinor, while for D = 10 we get an extra
factor of% because of the Majorana-Weyl condition (other-
wise we would have » = 32). Here and in other formulas
below we usually suppress spinor indices. To derive the
extended theories in four dimensions we will consider
dimensional reduction of the corresponding theories to
D = 4 such that all integrals will be performed in four
dimensions (or rather, D =4 —2¢ for the regularized
theory).

Covariant derivatives are only needed for the adjoint
representation:

D,V =0,V* + gf*"ALV® = [D,,D,|V* = gf " F},V*.

(2.5)

Although results also hold for other gauges, we will here
stick with the Landau gauge fixing function

GA[A,] = 0 AQ. (2.6)

For the map 7', there is a systematic construction via its
inverse Tg‘1 in terms of its infinitesimal generator [3-7].
The latter is realized by the so-called /R-operator, such that

(A0 = 40 + 3 L P R 0), 0 27)
n=1""

As we will see it is also the inverse map that is needed for
the computation of quantum correlation functions. For the
Landau gauge the R-operator is compactly represented by
the (functional) differential operator

d 1
- I —
=5 2 dxdudv T, (x — u)
T po Qba bchc Ad 2.
X TS (0= ) A AL s (2

with the transversal projector

(T5'A);(x)

+0,C(x = v)Ag(v)0,C(v —

- 0,C(x = v)Ag(v)0,C(v -
+20,C(x — v)A5(v)0,C(v —
—20,C(x = v)AS(v)0,C(v

M5 -3) = (8, = 225 )ot =)

~5,,06(x—y)+09,C(x-y)o,

(2.9)

where “~” means equality in the sense of distributions.
Note that in the above we write du = dPu for short and that
space-time derivatives on propagators are to be understood
as 0,C(x — y) := 52 C(x — y), i.e., as acting always on the
first argument. S (x, y; A) is the full fermionic propagator
in the gauge field dependent background with A¢§(x), and

thus defined by

160, — gf“CdA,‘f(x)]SCb(x,y;A) =§"5(x—y). (2.10)
The ‘R-operator acts distributively,
RIAG(x)AL(y) -] = RIAL(x)]AD(y) - -

+ AL(X)RIAL(Y)] -+ -+ (2.11)

Specializing the action of R to the gauge field A%, we get

dudv 11, (x — u)
”D

x Tr(y,y?7S" (v — u)) fP< AL (0) A (v).
(2.12)

From (2.12) it follows immediately that the R operation
preserves the Landau gauge

I"RIA;(x)] = 0. (2.13)
This will guarantee that the equality
M(T,(A)5)(x) = 9" Ag(x) (2.14)

holds for all values of the Yang-Mills coupling constant g.
Once we have the result for 7' the map T, itself can be
obtained by perturbatively inverting the power series (2.15)
(in principle, there is also a direct construction of 7', [18]).

To order O(g?) a double application of the R-operator
leads to [8]

= Ad(x) — gfabe / du 0,C(x — u)A5 (u)A§(u)
+ lng“bcfhde / dvdw[-0,C(x — v)A

5(0)0,C (v = w)AF (w)Ag (w)
w)AG(w)A; (w)
w)AZ(W)A; (w)

w)AZ(W)AS (w)

w)AZ(W)A; (w)] + O(g%). (2.15)
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The map T, itself is obtained by inverting up to second order

(T A)q(x) = Ag(x) + gfabe / du 9,C(x — u)Afj(u)Aﬁ(u)

+ %ng“bcfbde / dudv 0,C(x — u)A§(u)9),C(u — v)Af{(v)A;](v) +O(g%) (2.16)

thus reproducing the old result from [2]. These formulas are valid in all dimensions where pure supersymmetric Yang-Mills
theories exist. While our main interest is in the maximally extended N = 4 theory in four dimensions, we will keep D
general in the following section, and consider the dimensional reduction to D = 4 in later sections.

III. CORRELATION FUNCTIONS

For all admissible dimensions, and for any n-point correlator of bosonic operators O;(x;) our basic relation is

(O (x1) -~ O (x,)) = (T;'[O](x1) - - - T O, ] (x4) )

where O;(x;) are either elementary or composite bosonic fields. Here (- --)) denotes the full expectation value of the
interacting supersymmetric Yang-Mills theory (with fermions, ghosts and all interactions), while (- - ), denotes the free
field expectation value of the purely bosonic noninteracting gauge theory where one integrates only over the bosonic fields
(with the notation from [5,6]). More precisely, we have

(3.1)

(O1(x1) -+ Op(xp)) = /DADZDCDCH5(8”Aﬁ(x))e_S[A‘X’C’Clol(xl) - Op(x,)
- / D, A [5(#A%0) 01 (x1) - O (x,) (3.2)

where S[A, y. C, C] is the full supersymmetric action (with gauginos y* and ghost fields {C“, C*}), while D,[A] denotes the
(nonlocal) bosonic functional measure of the interacting theory obtained after integrating out the gauginos and the ghosts.

Likewise

<T§1[01](X1)"'Tg‘l[on](xn»oE/Do[A]Hﬁ(ﬁ”AZ(X))T?[01](161)-"Tg‘l[on](xn)

with the free measure Dy[A] (where the fermionic and ghost
determinants become trivial). Importantly, the gauge fixing
function is not affected by the transformation since
R(0"A4) =0 hence O'A;! = O'Aj to any given order.
Due to the presence of the gauge fixing S-functional in
(3.2) the vector propagator is

AL = Gl =) =5 (5, =5 ) Cla =)

(3.4)

For both the interacting and the free theory one can make
use of the 't Hooft trick of shifting the argument of the -
functional by ¢“ and integrating with a Gaussian weight
over the dummy variable ¢ to remove the S-functional,
and implement the gauge condition via the Gaussian factor
o exp (=5 [(9-A)?) in the functional integral, thereby

introducing the gauge parameter £&. While the Landau gauge

(3.3)

|
corresponds to £ = 0 we shall work here in the Feynman
gauge (£ = 1) for which the propagator takes the more
convenient form

(AL ()AL (y))o = 68, C(x = y).

Equivalently, we can ignore the longitudinal contributions as
they will drop out in all gauge invariant expressions. Below
we will therefore use the propagator in the form (3.5).

Let us also note that with either choice, the free measure
is already properly normalized for supersymmetric theories
because

(3.5)

/ Daet 408 _ [der(~T)-2,
/ DCDCe) € . det(~0),

/ Dyt S < [(det(~00)] o/ (3.6)
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if rp =2(D—2), which implies that bosonic and fer-
mionic degrees of freedom match on shell.

In summary, by means of (3.1) we are able to express any
bosonic correlator of the fully supersymmetric theory as a
purely bosonic correlator with a purely bosonic functional
measure. In fact, the same statement also applies to
fermionic correlators if we replace the fermionic two-point
functions by the full propagator S(x,y;A) in a gauge field
background (and a 2n-point correlator by the correspond-
ing Wick product). Alternatively, one may invoke super-
symmetry to reduce fermionic correlators to bosonic ones

|

ng‘wdfbm”/dudﬂ alC(x— u>8pC(y—

= ¢? N5 / dudv 0,C(x = u)9,C(y = v)(Cp (u = v)C; (u = v)

via superconformal Ward identities [20]. Analogous
relations also hold for composite operators, as we will
illustrate below.

As a simple example we compute the two-point function
to second order

(AL ()AL ()) = (T AL TS AN (). (37)

At O(g?) there are two contributions from (2.15), namely
the free Wick contractions of the product of two O(g) terms

V) (AL (W) AT (w)AY (1)A7 (v))o

- Cf;,,(u

v)CL (1 —v)) (3.8)

as well as the contractions emerging from the product of the leading order term with the order O(g?) terms

% PN / dudv[~8,C(x — u)C (u - )0, Clu - v)C (v —y)

+8,C(x —u)Cxy(

+8,C(x — u)Coy(u —

- 9,C(x —u)Cay (u -
5o —

(3.9)

For the reasons explained above we can neglect longitudinal contributions, and thus replace the transversal propagator
Cy,(x) by the simpler expression 5,,C(x) in (3.5). Then a straightforward calculation gives

AL 1) =57, | Clx =) + NP [ e =wety - up

6-D 0 8
ab 2 — —)?
—0"g°N m dudv C(x —u)C(y — v)C(u — v)*, (3.10)

where all that was used were suitable partial integrations.
Recall that du is a shorthand notation for the
D-dimensional measure d”u. Inspecting the integrands
near four dimensions reveals a logarithmic divergence in
both integrals when the argument of the squared Green’s
function C(z) vanishes. Therefore, the two-point function
exhibits a divergence, illustrating the (known) fact that

|
“finiteness” of the theory does not mean that every
correlator is finite. Curiously, the D = 6 theory, and thus
also the N/ = 2 theory in D = 4, has a vanishing next-to-
leading order contribution.

Similarly one may obtain the three-point function at the
leading perturbative order upon expanding Tg" to O(g) in
each term

125013-5
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QA (x1) AR (x2) A (x3) ) = (T [Au ] (x1) T [A

= futhg |:6ﬂ|ﬂz <

0
+ 5/43#1 (8x’fz -

reproducing the standard three-gluon vertex of Yang-Mills
theory. In order to compute the one-loop correction to
this result we would need to know the map Tg‘1 to cubic

order O(g%).

IV. SCALAR CORRELATION FUNCTIONS
AT ONE LOOP IN THE N =4 THEORY

Next we turn to the extended theories in four dimensions
which can be obtained by dimensional reduction. To this
aim we split the indices as u — {u,i} where p,v,... =
1,...,4and 1, j, ... label the remaining internal dimensions.
Likewise we decompose the coordinates as x* — {x*, y'}
and the fields and indices in (2.15) in an analogous fashion:

AS(r.y) = {AL(). 42(x)). (4.1)
The dependence on the internal coordinates y’ is dropped
for the dimensionally reduced theory. We then proceed to
compute the scalar two- and four-point functions up to the
next-to-leading perturbative order in the gauge coupling
constant g. In the remainder we shall focus on the N' = 4
super-Yang-Mills theory, for which the internal indices
run over six dimensions: i, j, ... = 1, ..., 6. In the reduced
and regulated theory all loop integrals are performed in
|

(T5'A)5(x)

oy’

0] (02) Ty AR (x3))0
0 0

_ 9N, s (D9
axlllz H2H3 axlgl axlzh

5’;2) /dMC(x1 —u)C(xy —u)C(x; - u)} ’

|
D =4 —2¢ dimensions while the number of scalars is
S =6+ 2¢. This prescription maintains the balance of
fermionic and bosonic degrees of freedom in the original
supersymmetric theory and is known as dimensional
regularization by dimensional reduction [22].!

For the computation of correlation functions of the scalar
fields ¢¢(x) to next-to-leading order, i.e., O(g*), we need to
consider the inverse map Tg' of the interacting scalar fields
¢?(x) to the free-field correlators

(3.11)

(i) (x1)gi; (x2) ) = (T3 ! ()T [B37)(x2))o - (4.2)

as well as

«ébiall (x) )¢f‘l; (x2)¢i3 (x3)¢,[':4 (x4))
P71 (0) Ty [#0] (e3) T3 (7] (xa) o
(4.3)

For N =4 super-Yang-Mills theory, the action of
inverse map T,;' on the vector fields A% and the six scalar
fields ¢¢ is easily derived by applying the split (4.1) to the
formula (2.15). For the gauge field this gives

= Af(x) — gfabe / du 0,C(x — u)Afj(u)Aj(u)

+ %ng“bcfbde / dvdw[—apC(x — 0)AS(v)0,C(v — w)A;‘f(w)AfI (w)

+0,C(x = v)A5(v)0,C(v —
+0,C(x = v)¢$(v)9,C(v —
—-0,C(x = v)A5(v)0,C(v —
= 9,C(x = v)¢$(v)9,C(v -
+20,C(x — v)A5(v)0,C(v —
—20,C(x = v)AS(v)0,C(v

while for the scalar fields we obtain

s(w)AL(w)
(w)A5(w)
(w)AZ(w)
(w)AZ(w)
JAG(W)AS ()
—w)Az(w)AL(w)] + O(¢*)

w)A
w)gd
w)Ad
d

JAS
W)¢j

(4.4)

'Note that for the D =4 and N =1 or N =2 super-Yang-Mills theories this would amount to include S = 2¢ and § =2 + 2¢

scalars respectively.
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(T3 )2(x) = g2 (x) — gf e / dPud; C(x — )b () AS ()

+ e [ P ud o]0, = WA WALClu - VAL

+ 8,)C(x - u)Aj(u)apC(u - v)Af{(v)gbe( )
+0,C(x = u)ep (u)0,C(u = v) ¢ (v)¢5 (v)
£ (u)0,C(u — v)A{(v)Aj(v)

(u)0,C (

+20,C(x — u)g
—=20,C(x — u)A5(u)0,C(u - 0)Ad(v)d¢ (v)] + O(¢). (4.5)

v

In the calculation we will apply regularization by dimensional reduction with
D=6, =4-2¢, S=6=6+2e. (4.6)

This implies D + S = 10 which in fact is the combination always arising in our computations up to one-loop order. The
D-dimensional scalar propagator in position space reads

— dlwp 1 ipx _— F(w_ 1) 211-w
C(x) = /W?e Px — W [x ] . (47)

In particular, we set the self-contraction C(0) = 0 as a consequence of dimensional regularization for scaleless integrals.

A. Two-point function

To compute the scalar two-point function to O(g?) we insert the expansion (4.5), retaining only terms of order O(g?) (the
first-order contributions vanish trivially), and then perform the necessary Wick contractions. Just as before in the
computation of the gauge fields in (3.7) there are two contributions to this correlator: The contractions of the O(g) terms
emerging from each operator T; ! [¢¢] as well as the contractions of the O(g?) terms of one T, [¢¢] with the leading ¢¢ term
of the other. A straightforward calculation gives the result

T TS 000 = 05 Cla =) + 2oy [ aruarod (P15 -2)
X [C(x —u)C(u—v)0,C(y —v)0,C(v —u) + (x < y)]

+ C(u — v)?9,C(x —u)d,C(y - v)} + O(g") (4.8)

|

where the O(1) x O(g*) contractions yield the term pro-
portional to (}(D + S) —2) while the O(g) x O(g) con- O—O = JdDu Clz —u)C(y —u)? = Iy, (4.9)
tractions yield the second term in the above. Importantly, in
the course of performing the O(1) x O(g?) Wick contrac-
tions one also takes into account the self-contractions of the
O(g?) terms, i.e., the operator insertions T’ [¢¢] are not to
be understood as normal ordered.

All integrals appearing in (4.8) may in fact be reduced to
the bubble integral

which is symmetric in (x <> y) and which appeared already
in (3.10). To see the symmetry, we integrate by parts, using
OC(x) = —8(x) to obtain the integral relations

/ dPudPvC(x — u)Clu — 0)9,C(y — v)9,C(v—u) = —%zxy
/dDudeC(u - 0)20,C(x —u)d,C(y —v) = I,. (4.10)
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The complete result for the two-point scalar correlation function in A/ = 4 super-Yang-Mills theory up to one-loop accuracy
therefore reads

a a IX
B ) = 5% Cla =) (127N 125 ) + Ol (@.1)
Clx—y)
reproducing established results in the literature, see e.g., [23,24]. We note that

I, |
v “ Y2 with D =20, 4.12
Climy)  Tor(a—w) F ~ YT Wi @ (4.12)

yielding the expected logarithmic divergence near D = 4.

B. Four-point functions

For the computation of the four-point function

(T3 i 1) T b3 1 () T3 701 (x3) T3 i1 (x4))o (4.13)

we proceed from (4.5). When expanding out this formula to O(g?) the combinatorics of Wick contractions grows
considerably. Again one inserts O(g) terms twice or O(g?) terms once next to the leading terms in the other slots. Here there
are two types of color structures emerging: the connected terms are proportional to two structure constants fi%¢ f%“¢ while
the disconnected terms are proportional to &% o%.

Gathering the connected terms one encounters the following integral identities:

/dudv C(x; —u)C(xy —u)C(u—)0,C(x3 — v)HC(xy — v) = 03 - O4H 234,
/dudv C(Xl - M)C(X3 - /U)C()C4 - U)aMC(JCZ - u)a”C(u - U) = —C12Y234 + 81 . 62H12;34 (414)

where we defined the H- and Y-functions

= fdu dvC(x1 —u)C(xa —u)C(u —v)C(xg —v)C(ra —v) = Higza,

(4.15)
’—< = JduC(wl —u)C(ze — u)C(x3 —u) = Yios.
The connected part may then be brought into the form [with C}, = C(x; — x,)]
(4']3)connecled = fane fatae |:6i|i25i3i4 (81 - a2) ’ (83 - 84)[_112;34
1 1
+ (84,1,011, — 51’,1'451'21'3){(81 0y + 03 - 04)Hyp34 — §C12(Y134 + Vo) — §C34(Y123 + Y124)H
+ permutations. (4.16)
The integrals in the last line may be reduced upon noting that
1 1
01 02H p34 = ECIZ(Y134 + Y34) — §X1234 (4.17)

using partial integrations and where we introduced the X integral
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>< = Jdu C(x1 —u)C(xe — u)C(rz —u)C(xg —u) = X234 -

(4.18)

The H, Y and X integrals are also known analytically, cf. [25]. Putting everything together we obtain the connected part of

the four-point function up to O(g?)

((qﬁ?ll (xl )¢;‘122 (x2)¢§? (XS ) ¢ZA ()C4 ) »connected

= nga‘azefa3a4e[51'11'251'31'4(81 —05) - (03 = 04)H 234 = (811,04, — 61,1, Oiris ) X 1234]

+ g fae ;. 6
+ g2fa1a4efa2a3e [5i1i4
+O(g").

204

(01 = 03) - (02 = Oa)H304 = (81,1,04,1, — 0,1, 011y) X 1234
81,1, (01 = 04) (02 — 03)Ha 23 = (81,1,04,1, — 01,1, 011,) X 1234

(4.19)

For the disconnected terms one consistently finds pairwise appearances of two-point function contractions

«¢71] ('xl )¢?22 (x2)¢?33 ()C3)¢?44 (.X4) »disconnected

= JNh B, . 5,-3,»4((:()61 - Xz) - 292N112)(C(X3 - X4) - 2g2NI34) —+ permutations + 0(94),

i

using the identical integral relations of (4.10). These results
of (4.19) and (4.20) reproduce the known results obtained
in the standard perturbative computation in A/ = 4 super-
Yang-Mills theory, see e.g., [24]. In consequence, any
n-point scalar field correlation function will be reproduced
up to the O(¢?) order using the inverse nonlocal map Tg‘1 to
the free gauge theory. This is due to the fact that the
connected part of n-point scalar correlators are of order
O(g"7?). Hence, at order O(g?) accuracy only the dis-
connected parts will contribute for n > 4.

V. DERIVING THE ONE-LOOP DILATATION
OPERATOR

A central class of gauge invariant observables in N' = 4
super-Yang-Mills theory are the anomalous scaling dimen-
sions of composite operators. They have been subject to
intense studies and remarkable results were produced in the
AdS/CFT integrability program, including exact results to
all orders in g*>N in the planar N — oo limit of the SU(N)
gauge theory [13]. Focusing on the class of composite
operators built from scalar fields, these are constructed as
traces of the scalar fields ¢;(x) = t“¢¢(x) at a common
space-time point [with the SU(N) generators 7]. These
take the schematic form

Oa = Tr(¢i¢j¢k'")Tr(¢l¢m¢n"') e (51)

where a is a superindex labeling all possible compositions.
As a consequence of the conformal symmetry the two-point
functions of these (renormalized) operators take canonical
form

(4.20)

[

(O () O (0)) =

[x2]2a(e*N) (5:2)
where the scaling dimensions receive perturbative correc-
tions in an expansion in ¢* starting out with the naive
classical (tree-level) scaling dimension obtained by stan-
dard power counting. In order to achieve this the operator
mixing problem needs to be resolved. A superior tool for
doing this [and thereby finding the A,(g?,N)] is the
construction of the dilatation operator D as developed in
[26], following initial results at one loop in [27,28]. The
dilatation operator D acts on states at the origin of space-
time (in a radial quantization scheme)—its eigenvalues
correspond to the anomalous dimensions
Doa = Aa(gz’N>Oa- (53)
We now wish to extract the dilatation operator from
our inverse map Tg" to order ¢* by taking the two-point
limit of the four-point results in Sec. IV B. For this we
need to establish some technology following [26]. To begin
with, we distinguish the fields at points x and O by the
superscript &
Of = 1pi(x),  ®F =1g0(0).  (54)
The tree-level two-point function of composite operators at
these points may then formally be written as
(e

= exp[Wo(x, ®", ®7)|0; Oflo—y  (5.5)

tree

with the field derivatives
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v ) v )

O =1 , O =11 , 5.6
5970 THOMEE

and the tree-level generator W, inserting free field scalar

propagators in between @ and ®;

Wo(x, dF, &) = C(x)Trd; d;. (5.7)
The exponentiated W, in Eq. (5.5) performs free Wick
contractions between all constituent fields of the O, and Oy
and thus computes the tree-level correlator. The one-loop
correction to this two-point correlator then takes the form

«O(J{OB >>one—loop = exp{WO(x’ (i)+, (i)_)}

x (14 @W,(x,dF, Cf)_))(’)g(’);

o=0"

(5.8)

Let us now extract W,(x,®",®~) from the pinching
limits of our four-point functions (4.19) and (4.20) by
taking x;, — x and x34 — 0. In order to do this we need
the following integral identities obtained by standard
one-loop Feynman integral techniques in dimensional
regularization

Xooze = (OO = [0 —uPC@? = 200) 0w + 00

(5.9)
Yo0r = Yoze = Lo = jdu C(z —u)’C(u) = Q(z) C(x)* + O(e)
with the common divergent factor
Q) = L jepe. posw—4-2 (5.10)
T e S CamnT '
and the scalar propagator C(x) = % [x?]'=®. More subtle are the pinching limits of the derivatives of the H functions

appearing in (4.15) which amount to two-loop Feynman integrals. Defining the relevant integral as

Hyyzq = (9) = 0y) - (95— 04)H 1234 (5.11)
the key identities we found are
Hopirx = 0,
Hoyo0 = 29Q(x)C(x)? + O(e). (5.12)

Whereas the first relation is easy to see, reaching the second relation we made use of the TARCER package [29]. We also
cross checked our result with the results of [26] in Appendix B. Concretely the identities established are

‘ fdudv@ Clx —u)0,C(x —v)C(u—v)C(y —u) C(y —v)

=z —y) Oz —y)* + O(e)

(5.13)

‘ Jdudv@uc —u)C(z—v)C(u—v)C(y —u)d,C(y —v)

(2-w)Qz —y) Oz — y)* + O(?),

where the dots on the graphs indicate the contracted indices of the derivatives. Importantly the second integral is not
divergent and does not contribute to the anomalous dimensions. Using theses results the connected part of the pinched
four-point function of (4.19) in the limit x, , — x and x34 — 0O takes the form

(i (x);; (x)9i; (0)

¢Z4 (O) D connected = 262 ()C ) c

(x)*g (fhraae faaaae[; ; 8iis = 8,150,

ajasze faase
f 1 f 20 [ iyi3 1214 5111251314 +6; 51213]

ajage faaze
f 1 f > [ iyiy 1213 5111251314 +6zlz351214]>

iyiy

(5.14)
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Using the matrix variation notation introduced above this correlator may be translated to the operator2

¢ v v v 1
WS = Q) C(x){Tr(d] . &} ][®; . &7] + Tr

(@, d7][d;, ;] - 2Tr[d], &/ ][d; . d;]}

v

(5.15)

which acts on the two operators O;{C’)E located at x and O. It yields the correlation function in the sense of (5.8).
The disconnected contribution arises from (4.20) and takes the form

<<¢Z] (x)gb?zz (x>¢7; (O)¢Z4 (O>>>disconnected = (51']!'35' ;, 011936M 4 5i1i45i2i3 o5 ){1 - 492NQ(X>}

Translating the one-loop O(g?) contribution to the matrix
variation notation yields
WP = 2Q(x)C(x)*Tr[t?, & ][, d7].  (5.17)

In order to extract the dilatation operator from these results
we return to (5.8) and now change the argument of W, from

&* to C(x)~'® at the cost of normal ordering the W,

<O;OE>0ne»loop = eXp[‘/VO (x’ (i)+’ (i)_)]

X (14+ PV2(0))0; O loy  (5.18)

with the normal ordered one-loop effective vertex [26]

V,(x) = W,(x, C(x)"'d~,®7):. (5.19)
This replacement may be done, as the result (O,0p)
vanishes unless every @~ is contracted with a ®* before
the fields are set to zero. Here, the only possibility is to
contract with a term in W, which effectively changes the
argument back to ®*. Normal ordering : : secures that no
new contractions are introduced within W,. Operator
renormalization is then performed via

|

< OflenJr Ofﬂen— >

one-loop

= exp[Wo(x. ", &7)] expg” log(x5/x*) D2] O O -

(5.16)

Oren = (1 —% g2v2(x0)>o (5.20)

with an arbitrary reference point x,,. The resulting two-point
function is finite
(OF™ OF™ ) one-toop = EXP[Wo(x, &F, &7)](1 + gV, (x)

= ¢V2(%0))O0; Oflog.  (5.21)

The dilatation operator D, is now extracted upon sending
the regulator to zero

lim(V5(x) = Va(x9)) = log(xg/x*) D,

e—=0

(5.22)
with

D, = —limeV,(x)

e—0

(5.23)

as the log x? contribution to V,(x) is always paired with the
1 /€ pole in dimensional regularization. The final answer for
the renormalized two-point function then reads

(5.24)

Applying this rationale to our results (5.15) and (5.17) we find

A 1 vy v
D2 = —g <2Tr[(l)l,(l)j][(l)l,(1)j]

1 y v
t=5 :Tr[@;, @] [D;, D] :) +—Vp

(5.25)

where we separated off the piece V;, which turns out to just amount to a gauge transformation generated by G =

Tr[t%, @;]d; as

‘A/D =: Tr[CI),-, (VDZ] [q)], q")]] L+ Tr[@i, ta] [ta, q")l]

= Tr[CDZ,Ci)lHCDJ,Cf)]] = Tr([l“,CDZ]&)I)Tr([Z“,q)]](i)]) = Guéa'

(5.26)

Hence V, vanishes on gauge invariant composite operators and the one-loop dilatation operator in the scalar sector reads

A 1 4 ¥ 1 v v
Dy=—— (;Tr[clni,cbj][q),.,q)j]: ~5 Ti[®;, &[0, )] )

872

(5.27)

Our conventions are [14, 1?] = if“*s¢ and Trt*> = §%°, we also note f/ fbef = N§eb.
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It precisely coincides with the dilatation operator estab-
lished in [26] upon adapting the conventions for the gauge
coupling constants. As a consequence all scaling dimen-
sions in the scalar SO(6) sector of N'=4 SYM are

reproduced with the map 7, up to the g* order.

VI. OUTLOOK

In principle there are now many topics to explore in
terms of the map 7';. One especially interesting question is
how the present formalism applies to the computation of
the Wilson loop integral

(W) = <<Pexp <ig]£A;jt“dx”>>> (6.1)

with C a closed curve in R* and fundamental SU(N)
generators 7. In principle we can evaluate this by consid-

ering
<Pexp (igf(T;lA);t“dx”)>
c 0

which again can be determined up to O(g?) for special
cases of interest, making use of the results of the previous
chapters. As the n-point correlators agree to O(g?), as was
shown, the perturbative evaluation of the Wilson loop (6.2)
using the inverse map Tg‘l is guaranteed to reproduce the
|

(6.2)

REW(C)) = W)
1
2rp

original expectation value (6.1) using standard perturbation
theory to that order.

An interesting extension of the above lies in the study of
supersymmetric Maldacena-Wilson loops [30]. Here the
path couples to the gauge fields and the scalars, i.e., the
loop exponent takes the form

1
Ws(C) = Pexp (ig/ (At 4 i¢?|)'c9i)t“ds>
0

with 00" =1, (6.3)
where we have parametrized the loop C by x* = x*(s) with
0 < s < 1. For special curves such as a straight line or a
circle the Maldacena-Wilson loop expectation value
{Ws(C)) does not receive contributions from bulk inter-
actions [31,32] in a Feynman diagrammatic evaluation. Put
differently it is equal to the same Wilson loop operator in
the free gauge theory

(Ws(C) = Ws(C))o- (6.4)
Hence from the perspective of this work for these special
geometries the Maldacena-Wilson loop operator should be
invariant under the R map. Evaluating the R on (6.1) we

deduce with (2.8) (now interpreting the gauge fields as 10
dimensional)

L[ ds / dudv 1, (x(s) — u)Tr(y, " SP (v — u)) 215 (v)Ad(v)
0

x <<<’Pexp (ig A ) thﬂ(x(t))ic”(t)dt>)t“jc”(s) (Pexp (ig / 1 thﬂ(x(t)))'c”(t))> >> (6.5)

Note that the first term on the right-hand side (resulting
from the application of d/dg) is again the Wilson loop
operator. Invariance under R thus amounts to the vanishing
of the remaining expressions for special contours. Working
this out in detail is left to future work.

A central question concerns the existence of the N = 4
theory beyond perturbation theory. As is well known, the
construction of an interacting quantum field theory in four
space-time dimensions obeying the Wightman axioms
remains an outstanding problem of quantum field theory
(see e.g., [33]). In that framework, the nontriviality of the
theory would be ensured by ascertaining the nontriviality of
the S-matrix. Among all rigidly supersymmetric theories
the N' = 4 theory would seem to come closest to realizing
this quantum field theorist’s dream. However, being an
exactly conformal theory without asymptotic one-particle
states, it has no S-matrix in the usual sense. Hence standard

|
arguments do not apply; rather, it appears that the
Wightman axioms of ordinary quantum field theory must
be replaced by the axioms of the conformal bootstrap
program [19]. Finally, an important question is what the
existence of the map 7, and its properties imply for
the AdS/CFT correspondence. For instance, is there an
AdSs x % dual in terms of a string path integral to the
gauge theory operations described in this paper? Indeed,
one of the main goals of the present work is to direct
attention to the fact that many pertinent questions can now
be addressed in a completely new way.
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