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ABSTRACT: We study generating series of torus integrals that contain all so-called modular
graph forms relevant for massless one-loop closed-string amplitudes. By analysing the differ-
ential equation of the generating series we construct a solution for its low-energy expansion
to all orders in the inverse string tension o/. Our solution is expressed through initial data
involving multiple zeta values and certain real-analytic functions of the modular parameter
of the torus. These functions are built from real and imaginary parts of holomorphic it-
erated Eisenstein integrals and should be closely related to Brown’s recent construction of
real-analytic modular forms. We study the properties of our real-analytic objects in detail
and give explicit examples to a fixed order in the o’-expansion. In particular, our solution
allows for a counting of linearly independent modular graph forms at a given weight, confirm-
ing previous partial results and giving predictions for higher, hitherto unexplored weights. It

also sheds new light on the topic of uniform transcendentality of the o/-expansion.
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1 Introduction

Closed-string scattering amplitudes at perturbative one-loop order are formulated as integrals
over the complex structure parameter 7 of the torus worldsheet. The function of 7 in the
integrand has to be modular invariant under the group SLy(Z) of large diffeomorphisms of the
torus and arises from integrating a conformal field theory (CFT) correlator over the punctures
z; of the torus. This work is dedicated to performing the integrals over torus punctures in
a low-energy expansion in powers of Mandelstam variables s;; (in units of the inverse string
tension o).

The families of modular invariants and more generally modular forms that can arise in
this low-energy expansion have been studied from various perspectives [1-31]!, and they are
now known as modular graph forms (MGFs). The name MGF refers to the fact that they

can be characterised by (decorated) Feynman-like graphs on the torus where the vertices of

!See [32-37] for higher-genus incarnations of modular graph forms.



the graphs correspond to the integrated punctures in the CFT correlator. Moreover, MGF's
have a definite modular behaviour under SLs(Z) acting on 7.

On the one hand, it is straightforward to obtain MGF's as nested lattice sums over discrete
loop momenta on the torus by Fourier transformation of the underlying CFT correlators. On
the other hand, many crucial properties of MGFs, including their behaviour at the cusp
T — 100, are laborious to extract from their lattice-sum representations. In particular, the
lattice sum representation does not manifest that MGFs obey an intricate web of relations over
rational numbers and multiple zeta values (MZVs). The last years have witnessed tremendous
progress in performing basis reductions of individual MGF's [4, 5, 9, 13, 20], mostly through the
differential equations they satisfy. Still, the workload in simplifying the low-energy expansion
of torus integrals grows drastically with the order in the o/-expansion.

In this work, we study generating series of torus integrals and derive an all-order formula
for their o/-expansion as our main result, that also exposes all relations among MGFs. These
generating series are conjectured to contain all MGF's that are relevant to closed-string one-
loop amplitudes of type-11, heterotic and bosonic string theories. The advantage of working
with generating series is that their differential equations in 7, derived in our previous work [30],
are valid to all orders in o/ and take a simple form for any number n of punctures.

Similar types of generating series have been constructed for one-loop open-string ampli-
tudes, i.e. for a conjectural basis of integrals over punctures on the boundary of a cylinder
or Mobius-strip worldsheet [38, 39]. Their differential equations have been solved to yield
explicitly known combinations of iterated integrals over holomorphic Eisenstein series Gy at
all orders of the open-string a/-expansions.> We shall here exploit that the first-order differ-
ential equations of closed-string generating series have the same structure as their open-string
counterparts [30]: Our main result is a solution of the closed-string differential equations that
pinpoints a systematic parametrization of arbitrary MGFs in terms of iterated Eisenstein
integrals and their complex conjugates.> The existence of such parametrizations is implied
by the constructive proof announced in talks by Panzer, cf. e.g. [47]. Our generating series
also provide a new angle on the problem of constructing bases of MGFs at given modular
weights and reducing the topology of graphs one needs to consider.

The results of this work provide a link to recent developments in the mathematics litera-
ture: Brown constructed a class of non-holomorphic modular forms from iterated Eisenstein
integrals and their complex conjugates which share the algebraic and differential proper-

ties of MGFs [46, 48, 49]. We expect the combinations of iterated Eisenstein integrals in

2The o'-expansion of the cylinder- and Mobius-strip integrals in the simplest one-loop open-string am-
plitudes is known to be expressible in terms of iterated Eisenstein integrals from earlier work [40-43]. An
alternative method to determine all-order o’-expansions of open-string integrals from differential equations in
auxiliary punctures has been introduced in [44].

3The relation between MGFs and iterated Eisenstein integrals has already been established for certain
classes of examples [8, 17, 45, 46].



our parametrization of MGFs to occur in Brown’s generating series of single-valued iterated
Eisenstein integrals that drive his construction of modular forms: At the level of the respec-
tive generating series, single-valued iterated Eisenstein integrals and closed-string integrals
both obey differential equations of Knizhnik—Zamolodchikov—Bernard-type in 7. Moreover,
both constructions give rise to modular forms with an identical counting of independent rep-
resentatives, which is governed by holomorphic integration kernels 7/ G (7) with 0 < j < k—2
and Tsunogai’s derivation algebra [50].

In order to generate MGF's from first-order differential equations of closed-string integrals,
we need to supplement initial values at the cusp 7 — t00. Our generating series at n points is
believed to degenerate to genus-zero integrals over moduli spaces of (n+2)-punctured spheres
similar to those in closed-string tree amplitudes. The appearance of sphere integrals will be
made explicit at n = 2 and is under investigation at n > 3 [51], i.e. conjectural at the time of
writing. Once the degeneration to sphere integrals is fully established at n points, the initial
values in our o/-expansions at genus one are series in single-valued MZVs?* which arise in the
o/-expansion of sphere integrals [54-60]. Hence, the formalism in this work should reduce
all MGF's to single-valued MZVs and real-analytic iterated Eisenstein integrals. Our results
can thus be viewed as a concrete step towards genus-one relations between closed strings and
single-valued open-string amplitudes as pioneered in [7, 8, 17, 21, 28].

The present work concerns MGF's that are the building blocks of closed-string scattering
amplitudes. In order to obtain the actual scattering amplitude one still has to perform the
integral over the modular parameter 7. While our methods do not directly give new insights
into this final step, we note that a parametrisation in terms of iterated Eisenstein integrals
can help in view of recent progress in representing these in terms of Poincaré series [18, 23, 61].
Poincaré-series representations of modular-invariant functions feature crucially in the Rankin—
Selberg—Zagier method for integrals over 7 [1, 62-65] and related work in the context of MGF's
can be found in [4, 22, 25].

1.1 Summary of results

The generating series of MGFs that is central to the present paper can be written in the

schematic form

Y7 (olp) = (r—7)" 1 / (ﬁ2 f;zi) exp (12”: 'SijG(Zi—Zj,T)) (1.1)
Jj= <i<y

x o[ (z5,m5,75)] p[@7 (25, (T=T)nj, 75)]

where the n punctures z; are integrated over a torus of modular parameter 7 (after fixing

z1 = 0 by translation invariance) and the 7; and 7); are the formal variables of the generating

4Single-valued MZVs are obtained from evaluating single-valued polylogarithms at unit argument [52, 53].



series. Expanding with respect to these and the dimensionless Mandelstam variables

/

s,;j:—%ki-kj, 1<i<j<n (1.2)
generates MGFs. The integrand of (1.1) involves doubly-periodic functions ¢7(zj,...) =
0" (z+1,...) = ¢"(zj+7,...) that will be spelled out below in (2.8). The asymmetric rescaling
of the holomorphic bookkeeping variables 7; and 7; in the last factor ¢ (z;, (1—7)n;,7;) is
chosen in view of the modular properties of the generating series. The integrals Ynf in (1.1)
are indexed by permutations o, p € S,,—1 that act on the subscripts 2,3,...,n of the {z;,7;}
variables and leave z; inert. Finally, the permutation-invariant exponent in (1.1) features the
closed-string Green function G(z,7) on the torus that will be reviewed in section 2 below,
where we also comment on the role of o, p in the open string [30, 38, 39].

We have conjectured in [30] that one can use integration by parts and Fay identities such
that all basis integrals appearing in torus amplitudes in various string theories are contained
in the generating series YﬁT . This is true for all examples studied thus far (see e.g. appendix
D of [21]), and it would be interesting to find a general proof, for instance by computing the
dimension of the underlying twisted cohomology as done at tree level by Aomoto [66].°

It was shown in [30] that the integrals Y in (1.1) obey a first-order differential equation
in 7 of schematic form

07 (o1p) = -3 2 MO Y7 (olo) + D Dilpla)¥7(ola). (1.3)
j=2

a€eS, 1

The (n—1)!'x (n—1)! matrix DZ(p|a) comprises second derivatives in 7;, Weierstrafl functions
of n;, 7 and has a pole in (7—7)2. Tt is closely related to analogous operators D% in differential
equations of open-string integrals [38, 39].

One of the key steps for presenting the solution of (1.3) in terms of iterated integrals is
a redefinition of the generating series by the exponentiated action of a differential operator

Ry (eg) that is related to Tsunogai’s derivation algebra [50]. The redefinition

Trolo) = 3 exp (—am ) oyz(ofa) (1.9

s 2mi(T—7)

streamlines the differential equation (1.3) and in particular removes the poles ~ (7—7)~2 in

both terms on the right-hand side. This results in a differential equation of the form

o k-2

0. Y7 (olp) =D (r—7)Gy(7) Ok (pl) V7 (o]a) . (1.5)

k=4 j=0 aESp—1

®See for instance [67, 68] for a discussion in a physics context.



The Oy ; 1(p|a) are matrix-valued operators that importantly do not depend on 7 and involve
at least one power in s;; and therefore o/. Hence, one can solve (1.5) perturbatively by iterated
integrals over holomorphic Eisenstein series Gi(7) and thereby build up the o/-expansion of
(1.4). The range of the accompanying powers (7—7)7, j € {0,1,...,k—2} ties in with Brown’s
iterated Eisenstein integrals [46, 48, 49]. More specifically, (1.5) will be shown to admit an

all-order solution for the original integrals (1.1)

o0 k1—2ko—2 ke—2

SIEPHD SEUED DD 35 SIS A= RS IR P e I
=0 k1,k2,....kp j1=0 j2=0 Jje=0

TTEDOe

R-(e ~.
X Z [Oﬁvjbké Tt Oﬁ7j2yk2 ) Oﬁvjhk’l] (plar) exp (-U(O)>0‘BYT_;'OO<0’/3) )

wbes 2mi(T—7)
see (3.11) for the exact expression. The 3V [ill iz ::: % ] are the central objects in this paper
and expressible in terms of holomorphic iterated Eisenstein integrals and their complex con-
jugates. In case of a single column with entries k > 4 and 0 < j < k—2, they are related to
non-holomorphic Eisenstein series, their derivatives and (conjecturally single-valued) MZVs,
and we expect general 5%V to occur in Brown’s generating series of single-valued iterated Eisen-
stein integrals. The right-hand side of (1.6) also features matrix products ... Oz j, &, - O 5,
of the operators in (1.5), and these operators will be seen to be related to Tsunogai’s deriva-
tion algebra. Moreover, the degeneration ffﬁ“’o (o]B) of the integrals (1.4) at the cusp 7 — ico
is a series in s;j,7;,7; and is conjectured® to contain only single-valued MZVs Clirkr in its

coefficients. For ordinary MZVs of depth r (see e.g. [69] for their relations over Q)

oo
G = > 1y kg ke €N, ke > 2 (1.7)

0<ny1<--<nyp

the single-valued map” [52, 53] at r = 1 only retains cases of odd weight k1,

1 = 2C2k41 5 o =0. (1.8)

The degeneration limit YEO"(U| f) at n = 2 points will be explicitly reduced to ¢}V via (4.2)
which proves our claim in this case, and the degenerations at higher multiplicities n > 3 are
under investigation [51].

We shall investigate the modular and reality properties of the 8%V appearing in (1.6) and

express them in terms of iterated Fisenstein integrals and their complex conjugates. These

5This is a stronger form of Zerbini’s conjecture [7, 19] that the expansion of modular graph functions around
the cusp contains only single-valued MZVs.
"Strictly speaking, the single-valued map as in (1.8) is only defined to exist in passing to motivic MZVs.



representations %V will follow solely based on their derivative w.r.t. 7 together with the

reality properties of the generating series YﬁT . In particular, the antiholomorphic constituents

of B%v [ﬁ ﬁ] up to k1+ky < 10 turn out to involve only (7" as follows from detailed studies
of the two- and three-point generating series.

The relation of the 8% to the derivation algebra imply that not all combinations of 5V
can actually appear independently in the generating series. Together with the conjecture that
YﬁT contains all possible MGFs, this allows us to give a precise count and determination of
the relations between MGFs beyond the weights that have been studied to date.

By exploiting also the reality properties of the 5%V, the counting allows us to distinguish
between real and imaginary MGF's in the basis. Since imaginary MGF's are cuspidal [22], we
can hence also identify the number of imaginary non-holomorphic cusp forms in the spec-
trum of MGF's with our method. In particular, we show that at modular weight (5,5) three
imaginary cusp forms are necessary for a basis of MGFs of arbitrary topology, extending the
analysis of two-loop graphs in [22] by one new cusp form. The total number of indepen-
dent MGFs of modular weight (w,w) with w < 8 and the number of imaginary cusp forms

contained in these is given by

mod. weight (w,@) (0,0) (1,1) (2,2) (3,3) (4,4) (5,5) (6,6) (7,7) (8,8)

# MGFs 1 0 1 1 4 7 19 43 108
# imag. cusp forms 0 0 0 0 0 3 5 19 42

This counting includes products of MGFs but excludes products involving MZVs. In this
table, we have focused on cases with w = w that can be turned into modular invariant
functions by multiplying by (Im7)“ and these cases include not only the modular graph
functions originally studied in [4, 8], but also more general modular invariant objects. A

more detailed counting including cases with w # w will be presented in section 6.2.

1.2 Outline

We introduce the ingredients of the generating series YﬁT and its properties in section 2. In
section 3, we study in detail the transition from (1.3) to (1.5) and how this leads to the 3%
together with their relation to iterated Eisenstein integrals. This includes a discussion of
integration ambiguities given by antiholomorphic functions and how they can be fixed from
reality properties. In section 4, we implement the general scheme in the simplest two-point
case and show how this fixes already a large number of 5. Further 55 are then fixed by
adding in data from n = 3 points in section 5, where we also encounter imaginary cuspidal
MGFs and study their properties. Section 6 is devoted to modular transformation properties
of general 5%V as well as their implications on the classification of independent MGFs and the

transcendentality properties of closed-string integrals. A summary with some open questions



is contained in section 7. Several appendices collect complementary details and some of the

more lengthy expressions for the 55 and similar objects £%V.

Note: Some of the explicit expressions relating MGF's, 55 and £%V can be quite lengthy,
and the arXiv submission of this paper includes an ancillary Mathematica and data file where
these relations and expansions of the generating series YﬁT at n = 2 and n = 3 points up to

total order 10 are available.

2 Generating series of closed-string integrals

In this section, we will spell out the detailed form of the generating series Y in (1.1) and
recall its differential equations derived in [30]. For this we first need to introduce the basic

building blocks entering YﬁT and also review the connection to modular graph forms.

2.1 Kronecker—Eisenstein integrands and Green function

The generating series YﬁT is constructed out of the so-called doubly-periodic Kronecker—
Eisenstein series and a Koba—Nielsen factor that involves the scalar Green function on the
worldsheet torus.

The torus Kronecker—Eisenstein series in its doubly-periodic form reads [70, 71]

Imz> 0'(0,7)0(z +n,T) (2.1)

Q(z,n,7) := exp <27TinImT 002 1)0077)

with 0(z,7) the odd Jacobi theta function and 6'(z,7) its derivative in the first argument.
The function Q(z,n,7) is doubly-periodic in the torus variable z = z 4+ 1 = z + 7 and can
be Laurent-expanded in the formal variable 7. This expansion yields an infinite tower of

doubly-periodic functions f(*)(z,7) via

Qz,m,7) = S0 (2, 7). (2.2)

w=0

The significance of the functions f(*) is that all correlation functions of one-loop massless
(and possibly massive) closed-string amplitudes in bosonic, heterotic and type-II theories are

expressible through them [21]%. Their simplest instances are

O =1, (1) =0, logb(z,7) + 2m'imz , (2.3)

mrT

and all the f(*=2) are non-singular on the entire torus. Only f(!) has a simple pole at z = 0

and in fact at all lattice points z € Z + 7Z.

8More specifically, see [40, 72] and [73] for the appearance of f(*)(z,7) in the spin sums of the RNS
formalism and the current algebra of heterotic strings, respectively.



The real scalar Green function on the torus is

0(z,7) 2
n(r)

27 (Im z)?

ImT7

G(z,7)=— log‘ (2.4)

where 7(7) = ¢"/?*[[°°,(1 — ¢") denotes the Dedekind eta-function and g = €77,
Under modular transformations with ( : g) € SLy(Z) the doubly-periodic functions and

the Green function obey the following simple transformation laws:

z n art + B
Q<w+6’w+5’w+5>_(77+5)Q(Z777,T), (2.5a)
(w) z ar +p — w £(w) 9
f (’w+5’ Po—— (v +0)“ f* (=, 7), (2.5b)
z  ar+f
- . 2.
G(77+5’77'—|—5> Gz ) (2.5¢)

Objects that transform with a factor of (y7+6)"(y7 +d)* under SLy(Z) will be said to carry
(holomorphic and antiholomorphic) modular weight (w,w). Thus, one can read off weight
(1,0) for Q, weight (w,0) for f(*) and weight (0,0) for the Green function which is also
referred to as modular invariant.

One-loop amplitudes of closed-string states are built from n-point correlation function
of vertex operators on a worldsheet torus. The plane-wave parts of vertex operators with
massless external momenta k; (i = 1,2,...,n) always contribute the so-called Koba—Nielsen
factor [74]

KN] = H exp (G (2i5, 7)) , (2.6)

1<i<j

comprising Green functions connecting the various vertex insertions and the Mandelstam

variables s;; defined in (1.2).

2.2 Generating series and component integrals

An n-point correlation function of massless vertex operators on a worldsheet torus with fixed
modular parameter 7 depends on the punctures z; via Green functions, f(“’) and W [21].
Since the f(®) and W are generated by the Kronecker—Eisenstein series ) via (2.2) and
the Green functions from the Koba-Nielsen factor KN7 via (2.6), it is natural to consider
generating functions involving these objects. Moreover, one-loop closed-string amplitudes
require integrating the punctures z; & z;+m71+4n, m,n € Z over the torus, and the modular

d2z;,
Im71' =1

invariant integration measure is normalised as [



In order to exhibit our generating series of torus integrals, we begin with the simplest

two-point case, where the above reasoning leads to considering [30]

R p—
Yy = () [ 5 B 1.1, () 1) KN (2.7)

with z;; = 2; — z;, and we have used translation invariance on the torus to fix z; = 0.
The n-point generalisation is an (n—1)!x (n—1)! matrix Y7 (o|p) labelled by permutations

o,p € Sp—1 and involving n—1 parameters 7 = (12,713, ..., 1) [30],

dQZj
ImT

Y7 (0lp) = Y7 (L,0(2,....n)[1,p(2....,n)) :(T—f)n—l/(H )KN;
j=2

X 0[9(212,7723..,n,7) (223, 1340, T) = U Zn—2.n—15 =1, T) Q(Zn—l,nvnnu'r)} (2.8)

X p[Q(Zu, (T=T)123..0, T) 223, (T—T)N34..m, T) = - - U 21,05 (T—T )1, T)] ,

where we have used the shorthand 7n; ; = n; + ... + 7n;. The permutations o, p act on
the subscripts of the generating parameters 7; and insertion points z; and are necessary to
obtain homogeneous first-order differential equations in 7 for the matrix Yz (olp). We will
refer to the entries of Y7 (o|p) by writing the images of the elements (2,3,...,n) under the
permutations p and o. Thus, Y, . (2,3]2,3) at n = 3 corresponds to the trivial elements

n2,M3
of S while Y7 . (3,2|2,3) represents the non-trivial element o € Sy that maps the factor of

Q(z12, 123, 7) (223,13, 7) in the integrand to Q(z13, 123, 7) (232, M2, 7).

In the open-string versions of the integrals (2.8), the permutation o refers to an integration
domain (a cyclic ordering of open-string punctures on a cylinder boundary) in the place of the
complex conjugate Q [30, 38, 39]. The asymmetric choice of second arguments (7—7)n; and
7j; for the ©Q and Q in the generating series (2.8) is motivated by aiming for specific modular
weights as we shall discuss below.

We will use extensively the following component integrals

T 1 T (7—77_-)(1 d222 + (a) 4(b)
Yiap) = (27”')an2 ‘ng”ﬁS* ~ (2mi)p /ImT KNy fi2" fia (2.9)

with the shorthand
fi(]q) — f(@(zi —zj,7T), (2.10)

where the normalising factor (271)~? was chosen to simplify some relations under complex
conjugation below. The components of the n-point generating function (2.8) are similarly
defined as

1

T _ T
Yon caaliotn..n) 1) = g Y7 16 gzt it st iot o




B (7-_7—-)a2+a3+..-+an n d2z] T

a a an b b bn
X p[f1(22) f2(33) e fr(Lfl),TL] ‘7[ 1(22) 2(33) e fr(hl),n] ‘

By the modular transformations (2.5) together with

atr+ 8\ Im~r
Im <w+5> T (1 0)(h7 +9) (2.12)

the modular weights of the component integrals (2.9) and (2.11) are

n

Yo ¢ weight (0,b—a), e, y(olp) <> weight (O, (bj—aj)> . (2.13)

az,.. 7@n|b27 7n
Jj=2

This property holds at each order in the o/-expansion, so the integrals are generating func-
tions of modular forms. The fact that the holomorphic modular weight of the component
integral vanishes was the reason for making the asymmetric definitions (2.7) and (2.8). These
definitions also lead to a more tractable differential equation that we shall analyse in detail
in this paper.

We will later make essential use of the following reality properties: Complex conjugation

of component integrals over fl(g) fl(g) exchanges a <> b, so we have

T — a—byT v _ a—by T
Y(alb) = (4y) Y(b|a) ) Y(a|b) = (4y) Y(b|a) ) (2.14)

where y = 7w Im 7, and similarly,

n
}/(,;27---70171“72 n) U’p (H 4y aj j)1/(22,...,1771‘@2,...@”)(p|0) : (215)
j=2

2.3 Modular graph forms

In a series-expansion w.r.t. o/, the component integrals (2.9) and (2.11) can be conveniently
performed in Fourier space, see appendix A.1. This leads to nested lattice sums over non-
vanishing discrete momenta p = m7 + n on the torus with m,n € Z. In the case of the
two-point component integrals (2.9), the z9 integration yields for instance expressions of the
type

C[al as ... aR](T) 5(]71 + .. +pR) (216)

bl b2 bR = a1l bl aR *bR
prpr#0 P1 P1 PR PR

,10,



(a1,b1)
(az2,b2)

Cler 2 ok] «—

(aRabR)
Figure 1: Dihedral graph with decorated edges and notation for modular graph form.

with integer labels a;, b;. Here, 3, instructs us to sum over all p = m7+n with (m,n) € 7?2
and (m,n) # (0,0), resulting in modular weight Zf{;l(ai, b;).

Formula (2.16) is an example of a modular graph form (MGF) [8, 9], here associated
with a dihedral graph topology of lines connecting the two insertion points, see figure 1. The
momentum-conserving delta function obstructs nonzero one-column MGFs, so the simplest

examples of dihedral topology are

== 3 L (2.17)

p#op p (m,n)€Z> (mT+n) (mT+n)
(m,n)#(0,0)

Special cases are given by non-holomorphic Eisenstein series (convergent for k > 2)

Ey(r) = (hﬂfc[gg](f): (Im;)kzml% (2.18)
p#0

s

They are real and modular invariant due to the prefactor (Im7)*, see (2.12).

Similar to the MGF (2.16) associated with the dihedral topology in figure 1, one can
introduce MGF's for any graph I" with labelled edges [8, 9]. As exemplified for the trihedral
case in appendix A.2, the notation Cp[“é] for the corresponding MGF has to track the holo-
morphic labels A, the antiholomorphic labels B and the adjacency properties of the edges of
the graph I'. We follow the conventions of [30] for their normalisation where the modular

weight (w,w) is obtained by summing the labels of all edges,

Cr[#] + modular weight (w,w) (Z Zb) (2.19)

acA  beEB

cf. appendix A.2 for the trihedral case. Even though more complicated graph topologies are
ubiquitous in the MGF literature, one of the results of the present paper is that, up to total
modular weight w+w = 12, dihedral MGF's are sufficient for providing a basis of all MGFs.

This is discussed in more detail in section 6.2.6.
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2.3.1 Differential operators and equations

The more general case of (2.17) with a # b can be accounted for by using the following

derivative operators’
V:=2i(Im7)%0,,  V:=-2i(Im7)%0:. (2.20)

The operator V has the property that it maps an object of modular weight (0, @) to (0, w —2)
and, by (2.13), is therefore an appropriate operator for the component integrals (2.11). The
operator V similarly maps weight (w,0) to (w—2,0).

Acting with the differential operator V on the non-holomorphic Eisenstein series Ej
in (2.18) leads to

(Im 7)k™ (k +m — 1)!

m _ k+m 0
V"Ei(T) = — 1) Clitmul(r). (2.21)
Cases with m = k yield holomorphic Eisenstein series
1
Gy(r) = C[k9](7) :ZF (2.22)

p#0

that converge absolutely for k¥ > 4 and vanish for odd k. Formula (2.21) specialises in this

case to
(2k — 1)!

W(Im 72K G (1) - (2.23)

(ﬂ'V)kEk(T) =

We will encounter the following generalisations that are also real and modular-invariant [17]:

Im7\4 9

Ego = (T) Cliizl - ToFa> (2.24a)
Im7\5 43

E2,3—( - ) Cl113] - 3zEs (2.24b)
Im7\6 15

By = (—o0 ) (3C[133]+ CI333]) — 7 Fs. (2:24c)
Tm 76 17 59

é,3=( - ) (Cl133]1+ g5 CI333]) — 755F6 (2.24d)

Im7\6

Baa= (") (9CIL 1 41+3C11 381+ CI333]) — 13Fs. (2.240)
Im7\6 /232 292 2

Baoz = (—) (G Cl3331+ - clizdl+zclliil-clii33))
+ 2E2 + EoEy — 44%6& : (2.24f)

“These were called Vpg in [30] and correspond to (Im7) times Maaf raising and lowering operators. The
normalisation conventions for V are identical to those in [9, 13, 17, 21, 22].
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The above MGF's all belong to the dihedral class and arise in (n>2)-point component integrals.
More complicated graph topologies arise for the higher-point component integrals (2.11), and
a brief review of trihedral modular graph forms can be found in appendix A.2.

The particular choice of combinations in the above expressions simplifies the differential
equation and delays the occurrence of holomorphic Eisenstein series Gy as much as possible
when taking Cauchy—Riemann derivatives. This leads for instance to the following differential

equations [9, 17]

(TV)?Ege = —6(Im7)*G4mVEy, (2.25)
(7V)?Eg3 = —2(nVEg)(7V)?E3 — 4(Im 7)*CGynVE; .

2.3.2 Examples in o/-expansions

As an example of how MGFs occur in the component integrals of the generating series YﬁT ,

we consider the two-point integrals (2.9). It can be checked by using identities for modular

graph forms [9] that the first few component integrals have the following o/-expansions'”
T Lo L3 4 lo 3
Yoy =1+ 5512k + 6812(E3 + (3) + 519 (Eg,z +3E %Ez;) (2.26a)
1 1 3 2(s
5 6
“Fog+ —Fo(E °R 7) O
+ s (52 + 75 E2(By +Go) + 7 Bs + =2 ) + Ost),
2 3
Y30y = 25127VEs + §s§27TVE3 + 53, (ngE4 + 47VEg + EQWVE2> (2.26b)
6 1 1 1
+ 51y (;WVEL% +21VEz;s + SEamVE; + SEsnVE, + 5437TVE2) + O(s3,) ,
4 6
Yiio) = *5812(7TV)2E3 + 57 (*5(7TV)2E4 + 2(7TVE2)2) (2.26¢)

12 1 2
+ st (= (*V)?Es — 4(nV)*Ezg — 5(rVE2)(wVEy) — ZEa(nV)*Es) + O(st)

2.3.3 Laurent polynomials
The expansion of MGFs around the the cusp 7 — i00 are expected to take the form

Crla] = Y cnnlm7)g™q", (2.27)

m,n>0

where ¢, (Im7) are Laurent polynomials in Im 7, see e.g. Theorem 1.4.1 of [19]. An im-

portant property of MGFs is the Laurent polynomial c¢go(Im7) corresponding to the g- and

"When comparing with the o’-expansions in (2.69) of [30], note that the component integrals (2.9) are

related to the W, ;) in the reference via Y3, ;) = %W{alb).
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g-independent terms in (2.27). As exemplified by (with Bernoulli numbers Boy) [2, 4]
B 4(2k-3))  Con_
1 D2k k 2k—1
4
ol M Ty ()
y* L VS 56 G

Ej, = (—1)*

+0(q,q), (2.28a)

H22= - 5 2 TOWa 2.28b
22= 50050 T 45 T 12y a2 T O (2.28b)
4y° 20°C G G (3G _
Bzs = — etz 5310 2.28
287 Too7675 T 045 180 | 1647 258 (¢:9) (2.28¢)

the coefficients in the Laurent polynomials cgo(ImT) are conjectured!! to be Q-linear com-

binations of single-valued MZVs [7, 8, 19] when written in terms of y = 7 Im 7.

2.3.4 Cusp forms

Modular graph forms have a simple transformation under complex conjugation that just
exchanges the a; and b; labels. For dihedral graphs this means

Clon o] =clhilnta]. (2.29)

bR . AR

We will encounter imaginary combinations of MGF's in the context of three-point YﬁT -integrals,

Alby by )= Clor by Don] = Clbi b Dba ] (2:30)
Imaginary MGFs of this type have been first studied in [22] and were shown to be cusp forms
with vanishing Laurent-polynomials ~ ¢°¢": The A[---](7) in (2.30) are odd under 7 — —7
that sends Re 7 — — Re 7 while keeping Im 7 unchanged. This reflection moreover acts on any
modular graph form by!'? C[---](—7) = C[-- -](7) since this operation exchanges holomorphic
and antiholomorphic momenta up to a change of summation variable, thus making A[---] (1)
an odd function under this reflection. But since Im 7 and thus the zero mode cgo(Im7) —
coo(Im7) of A[---](7) are even this means that the zero mode must vanish. Also real cusp

forms occur among MGFs, for instance products of two imaginary cusp forms (2.30).

2.4 Differential equation

The differential equation of the generating series Y7 defined in section 2.2 was derived in [30].

At two points, the integral (2.7) was shown to obey the homogeneous first-order equation

2mi0; Y, = {—(7_17_)21%77(60) + ;(1—k>(T—?)k_sz(T)Rn(ek)}YnT (2.31)

"1n the case of modular graph functions with a; = b;, the coefficients in the Laurent polynomials co,o(Im 7)
are proven to be Q-linear combinations of cyclotomic MZVs [7, 19].
2Here, we make use of the assumption that the entries a; and b; of the MGFs are integers [22].
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with the following - and 7)-dependent operators
1
Rn(eo) S12 <’I7 82> — 271'27]8,7 , Rn(ek) = 8127]1672 s k>4. (2.32)

The generalisation to (n>3) points requires (n—1)! x (n—1)! matrix-valued operators Ry(ex),*

acting on the indices p of the integrals (2.8). The first-order differential equation is

; T 1 « S (0% T
QWZaTYﬁ (O"p) = Z {_(7'—7' P +Z 1 k 7' 7' k 2Gk‘( )Rﬁ(€k>p }Yﬁ (O"CY) 5
k=4

aESy_1
(2.33)

see also [30] for homogeneous second-order Laplace equations among the Y7 (o|p). At three

points, for instance, the Rz(e) in (2.33) are 2 x 2 matrices

1 S12 —S13 1 0 0 1 S13+823 S13
Ry, 5 (€0) = D) + = + =
Na3 \ —S12 813 M5 \ 812 S12+523 UE 0 0

10 1 1 o i
_ (0 1> ( 5128 + 8135 + 823(3 8n3)2+27rz(7728n2+1738,73)>, (2.34)

S12 —S813 _ 0 0 _o [ S13+823 513
Ry s (ex) = 77]53 ? + 7715 2 + 77§ 2 , k>4,
—S12 813 $12 8124523 0 0

and their higher-multiplicity analogues following from [30, 38, 39] are reviewed in appendix B.

The differential equations among the YﬁT are generating series for differential equations

among the component integrals. The simplest two-point examples are'3

2mid;Y{op0) = ﬁ 20 2mi0Y () = —ﬁ%m +12s15(Im 7)°Ga (7)Y
(2.35)
and generalise to (we are setting Yo =0)
1— 2
27TiaTY(ZLIb) - *my&tub—l) W (a+2|b)
a+2
+ 512 Y (1=k)Gr(r) (20 T 7)* 2V 5 - (2.36)
k=4

The expansion of the component integrals in terms of MGFs given in (2.26) together with
the differential equations (2.23) and (2.25) of the MGFs can be used to verify (2.35) order

When comparing with the differential equations in (3.25) and (3.26) of [30], note that the component
integrals are related by Y5, = %W@by Moreover, the powers of Im 7 are tailored such that the

operators V*) in the reference can be effectively replaced by (7—7)0-.
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by order in . Conversely, one can use (2.36) and its generalisations to n points to deduce
properties of MGFs.

We also note that YﬁT satisfies the following equation when differentiated with respect to
7 [30, Eq. (6.12)]:

—2mid Y (olp) = S {2m§nj (20,05, + W}ag ~Rile),”  (2.37)

- T—T
CM€$7L71 ]:2

+ > (1=R)Gi(7) Rylen),” }Y (alp)

k>4

We shall not use this equation extensively but rather the holomorphic 7-derivative (2.33)
together with the reality properties (2.15) of the component integrals. Similar to Brown’s
construction [46, 49, 75] of non-holomorphic modular forms, the series YﬁT is engineered to
simplify the holomorphic derivative (2.33) at the expense of the more lengthy expression

(2.37) for the antiholomorphic one.

2.5 Derivation algebra

The notation Rj(ey) for the operators in the differential equations (2.31) and (2.33) was chosen
to highlight a connection with Tsunogai’s derivations € [50]. They arise in the differential
equation of the elliptic KZB associator and act on its non-commutative variables [76-78]. The
derivation algebra {ex, k > 0} is characterised by a variety of relations, and the operators
Ry (er) in this work are believed to form matrix representations of these the relations. For
instance, from the absence of £ = 2 in (2.31) and (2.33), we have Rj(e2) = 0 which is
consistent with the general relation

[€2,€x] = 0. (2.38)

With the notation
ad?(ex) = [e5: [e5, [ - - [, [ej €] - - ]] (2.39)

m

for the repeated adjoint action ad; (ex) = [€;, €k, a crucial set of relations among Tsunogai’s

derivations is the (adjoint) nilpotency of €
adsep) =0, k>2, (2.40)

for instance [, [€o, €0, €4]]] = 0. By the arguments in section 4.5 of [39], the operators Ry(ey)
in the differential equations (2.31) and (2.33) are expected to preserve (2.40)

Rii(ad® " (ep)) := ad’;;(leo) (Ri(er)) =0,  k>2, (2.41)
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as furthermore supported by a variety of explicit checks.' There is a variety of further
relations in the derivation algebra [41, 79, 80] that are related to the counting of holomorphic

cusp forms at various modular weights [80]

0 = [e10, €a] — 3es, €] , (2.42a)
0 = 2[e14, €4] — T[€12, €] + 11[e10, €3], (2.42b)
0 = 80[e12, [€4, €0]] + 16]e4, [€12, €0]] — 250[€10, [€6, €0]]

— 125[eq, [€10, €0]] + 280]es, [€s, €0]] — 462[e4, [€a, €5]] — 1725]es, €6, €4]] - (2.42¢)

We have tested that these relations are preserved by the Ry(ey), e.g.
Ri([€10, €4] — 3les; €6]) := [Ri(e10), Rij(€s)] — 3[Rii(es), Ri(es)] = 0. (2.43)

Similarly, the Ry(ex) at n < 5 points have been checked to preserve various generalisations of
(2.42) that can be downloaded from [81]:

e relations among [ex, , €k, ] at k1+k2 < 30 and n=2,3,4 as well as k;+ko < 18 and n=>5,
e relations among (e, , [€s,, €45]] at £1+02+03 < 30 and n = 2, 3,4,

e relations among [€,,, [€p,, [€ps, €pa]]] at P1+D2+p3+ps < 26, n = 2,3 as well as (partially
relying on numerical methods) p1+po+ps+ps < 18, n =4

We will see in section 6.2 that relations like (2.42) will play a key role in the counting of
independent MGFs at given modular weights in their lattice-sum representation (2.16), in
the same way as they did for the counting of elliptic MZVs [41].

Even though the operators Rj(e) satisfy the derivation-algebra relations (at least to the
orders checked), their instances at given multiplicity n are not a faithful representation of
the derivation algebra. In other words, they can also satisfy more relations at fixed n. For
instance, the two-point example (2.32) implies that all R, (e;) for £ > 4 at n = 2 commute
which is stronger than (2.42). As we shall use compositions of the operators Rj(ex) in the
rest of the paper to solve (2.33), this means that their coefficients only occur in specific linear
combinations in low-point results. This will lead to multiplicity-specific dropouts of MGFs
in the o/-expansion of YﬁT at fixed n, in the same way as four-point closed-string tree-level

amplitudes do not involve any MZVs of depth > 2.

"“Reference [39] deals with open-string amplitudes and features operators 77(ex) that agree with Ri(ex) for
k # 0. The difference for € is that r;(eo) contains an additional term proportional to (2 but does not contain
the term ~ 7;0,, of Ri(eo).

,17,



3 Solving differential equations for generating series

The goal of this section is to derive the form of the all-order o/-expansion of the YﬁT integrals
(2.8) from their differential equation (2.33). As a first step we will rewrite the differential
equation in a slightly different form using relations in the derivation algebra. This improved
differential equation will allow for a formal solution whose properties we discuss in this section.
In the next sections we make the formal solution fully explicit at certain orders by exploiting

the reality properties of two- and three-point integrals.

3.1 Improving the differential equation

Given that the differential equation (2.33) is linear and of first order in 7, it is tempting to
solve it (up to antiholomorphic integration ambiguities) formally by line integrals over 7. In
particular, the appearance of (7—7)*~2G(7) on the right-hand side will introduce iterated
integrals over holomorphic Eisenstein series in a formal solution. However, the differential
equation features singular terms ~ (7—7)~2 that do not immediately line up with Brown’s
iterated Eisenstein integrals over 7/Gy(7), j = 0,1,...,k—2 with well-studied modular trans-
formations [48].

Therefore we first strive to remove the singular term ~ (7—7)~2 in (2.33) that does not

have any accompanying Eisenstein series Gi>4. This can be done by performing the invertible

redefinition!?
T Rﬁ(Go) T Rﬁ'(ﬁo) T T Rﬁ(Eo) T

where the matrix multiplication w.r.t. the second index of Y;7(o|p) is suppressed for ease of

notation'%. The redefined integrals obey a modified version of (2.33)

~ e _ Ryleo) Rileo)
2mi0- Y, =Y (1-k)Gy(r)(r—7)F2e” T=7) Ry(eg)e 0D Y] (3.2)
k=4

where now the term without holomorphic Eisenstein series is absent and the Rj(ey) are
conjugated by exponentials of Rz(eg). By the relations (2.41) in the derivation algebra, the

exponentials along with a fixed Rj(ey) truncate to a finite number of terms,

__Bglc0) Ry(<0) k=24 1 § ‘
e 2mi(T—7) Rﬁ(ek)em""@'*"') = ﬁ<m> Rﬁ(adio(ﬁk)), (33)

]

= (r—7

15\We are grateful to Nils Matthes and Erik Panzer for discussions that led to this redefinition.

o . O Rz (e QT
"*More explicitly, Y;7 (o]p) = 2acs,_, &P ( "4(240) )oY (o]a).
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where we use the following shorthands here and below
Rﬁ(adgo (Ek)) = adg%ﬁ(eo)Rﬁ(ek) s Rﬁ(€k1 614:2) = Rﬁ(fkl)Rﬁ(ka) . (3.4)

Hence, the differential equation (3.2) simplifies to

o) k—2
P 1 . . o
2mi0, V7 =3 (1-k)Gr(1) S jﬁ(%) )2 Ry (ad] (e)) P (3.5)
k=4 7=0

Now, the operator on the right-hand side is manifestly free of singular terms in (7—7), and
the sum over k starts at k = 4. All the integration kernels in this differential equation are of
the form (7—7)7Gy(7) with k > 4 and 0 < j < k—2. Hence, our kernels line up with those of

Brown’s holomorphic and single-valued iterated Eisenstein integrals [46, 48, 49].

3.2 Formal expansion of the solution

The form (3.5) bodes well for a representation in terms of }A/ﬁT as an (iterated) line integral
from 7 to some reference point that we take to be the cusp at 7 — ioco. In particular, the
differential equation contains no negative powers of (7—7) or y = wIm 7, and this property
will propagate to the solution Yq, see section 3.4 for further details. The original integrals
YﬁT’ in turn, involve combinations of MGFs with negative powers of y from/\their Laurent
polynomials ¢y, ,(Im7) in (2.27). The absence of negative powers of y in Y7 is a crucial
difference as compared to Y7 and is due to the redefinition (3.1). We shall later make this
more manifest when we discuss explicit examples obtained from low-point amplitudes.

A formal solution of (3.5), that also exposes the o/-expansion of the integrals, is given by

the series

k1—2ka—2 k52<

£ Jz — L .
Y Y Sy X (TG e[ ]

£=0 k1,k2,....k¢ j1=0 j2=0 Jje=0 “i=1
=46,8,...
X Ry(adfe 702 (er,) ... adf2 7272 (e, Jadl 12 (e, ) ) Vi (3.6)

if the 7-dependent constituents solve the initial-value problem

270 E [ﬁ g - % ; T} —(2mi) 2Rt (1 — F)I Gy, (1) E Hll ﬁ %gi 37—] ’ (3.72)
lim Ssv[f 2 i‘;;r} =0. (3.7b)

The vanishing at the cusp here is understood in terms of a regularised limit that will be
discussed in more detail in section 3.4 and is akin to the method of ‘tangential-base-point

regularisation’ introduced in [48]. Its net effect can be summarised by assigning szoo dr’' =71
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which regularises the 7 — 7oo limit of all (strictly) positive powers of 7 and 7 to zero (in the
absence of negative powers) and hence lim;_, ;oo (Im 7)” = 0 for all n > 0.

The parameter ¢ in (3.6) will be referred to as ‘depth’, and we define at depth zero that
E%[ ;7] = 1. Since the sums over the k; start at k; = 4, and all the Rj(ex>4) in (2.32), (2.34)
and appendix B are linear in s;;, the depth-¢ contributions to (3.6) involve at least ¢ powers
of /. As we will see, any order in the o/-expansion of the component integrals (2.11) can be
obtained from a finite number of terms in (3.6) on the basis of elementary operations. Like
this, the relation (3.6) reduces the o/-expansion of the generating series 1/;777 to the way more

tractable problem of determining the initial values }/}%"O and the objects £%:

e The initial values }A/ﬁ“’o at the cusp are series in 7;,7;, s;; whose coefficients should be
Q-linear combinations of single-valued MZVs from genus-zero sphere integrals [51]. We
shall give a closed formula at two points in section 4.1. Given that )A/%‘X’ at higher points
are still under investigation [51], we shall here use MGF techniques to determine the
initial data at three points to certain orders, see section 5. As will be detailed in section
3.4, we exploit the absence of negative powers of y in the expansion of 1?777 around the

cusp to extract a well-defined initial value 177?’90

e The objects £ are partly determined by the differential equations (3.7) but, since the
&%V are non-holomorphic the d; derivative is not sufficient to determine them: As will
be detailed in section 3.5, one can add antiholomorphic functions of 7 that vanish at
the cusp at every step in their iterative construction. The analysis in [30] also provides
a differential equation for the dz-derivative of Y, see (2.37). However, we shall be able
to determine the &%V from the reality properties (2.15) of the component integrals, i.e.

without making recourse to the differential equation with respect to Oz.

As we shall see in the next section, it turns out to be useful for expressing the YﬁT rather than
the YﬁT to redefine the £V into specific linear combinations that satisfy differential equations
that are advantageous for the analysis. The notation £%' is chosen due to the similarity to
holomorphic and single-valued iterated Eisenstein integrals defined by Brown and obeying
similar first-order differential equations [46, 48, 49]. Explicit expressions for the £V in terms
of holomorphic iterated Eisenstein integrals and their complex conjugates will be given in

section 3.5 below, where we also address the issue of the integration constants.

3.3 Solution for the original integrals

Our original goal was to expand the Y -integrals (2.8) in o/. In order to translate the formal
solution (3.6) for the redefined integrals }A/ﬁT to the original ones Yo we have to invert the

exponentials in (3.1). In the first place, this introduces the exponential in the second line of
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the o/-expansion (3.6)

k1—2ka—2 ke—2

Jz k -1 L.
TRV VID o o (1 = e L P
l= 0k17k27 :kZJI 0 j2=0 Je=0

9005

Ri(e i L L Sino
X exp (— Til(yo)>Rﬁ(adfé’ Je 2(@%) .. .adfg J2 2(6k2)adfol I 2(ek1)) 7

that we then commute through adjoint derivation operators to act on the value }A/ﬁwo at the

cusp. This amounts to conjugating the ad’;ﬁ*jz’d(eki) via

exp (‘RT;)))Rﬁ(adej_Q(ek)) exp (RZ(;O)) = Zj: 1 (—iyRﬁ(adfo—ﬂp—?(ek)) . (3.9)

The modified powers of ade, regroup the £V into the combination

Plaaci]= 3 3 3 (W) (k)

p1=0 p2=0 pe=0 P2 pe
i p1+p2+'"+ngsv J1+p1 je+p2 ... Jetpe . . (3 10)
4y k1 ko o ky °

with 0<j;<k;—2 and 8°V] ;7] = 1, i.e. the o’-expansion (3.8) can be compactly rewritten as

k1—2ko—2 ke—2

(ki —1 o .
TEOVIDID B DI o 1 K e e A I
{= Okl,kz, ,]%]1 0 j2=0 7e=0

30505

. . A Ra .
X Rﬁ(adf(f_”_g(eke) o adfg_32_2(ek2)adljg_]l_Q(ekl)) exp (— 1(;0))1’77”0 .

This is the formal solution of the o/-expansion of the generating series YﬁT of worldsheet
integrals. As we reviewed in section 2.3, the component integrals appearing in the Laurent
expansion of YﬁT with respect to the 77 variables can be represented in terms of MGFs. Hence,

(3.11) results in a representation of arbitrary MGF's in terms of 5%V and the ingredients of

Ry (e
eXp( 4(yO)) 77

stress that by this, all the relations among MGFs [4, 5, 9, 13] will be automatically exposed

— conjecturally Q[y~!]-linear combinations of single-valued MZVs. We

in view of the linear-independence result on holomorphic iterated Eisenstein integrals of [82].
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3.3.1 Properties of 5

The simplest examples of the relation (3.10) at depths one and two read

k1—j1—-2 .
< ; kl—j1—2 1\p1 i+
g [ fir] = < (5) & ] (3.12)
" plz:() P Ay .
k1—j1—2ka—j2—2

elaid- X > (M) L)) e ]

p1=0  p2=0 P2
One can straightforwardly invert the map between £%V and 8%V at any depth £

k1—j1—2ko—j2—2 ke—je—2

p1=0 p2=0 pe=0 p2 Pe
1 \p1t+p2+...+p¢
“(~3)

" B [jll-:l)l J24p2 - Jetpe : 7—} . (3.13)

1 ka ... ke

From (3.10) and (3.7) one can check that the differential equations obeyed by the %V is

4
sv | J1 J2 . Je . _ e sv | J1 J2 - Ji—1 Jit1l Jit1 - Je |
—4rVp [kl ko ... kg’T:| = E :(kZ_JZ_QW [kl Ky oo kioy ki ki .. ke 77}
=1

e KNG L A P IR GR Y

where we have used the differential operator V defined in (2.20) as it has a nice action on the
MGFs appearing in the component integrals. Compared to (3.7), the differential equation
produces holomorphic Eisenstein series only when the last pair (jg, k¢) of 55 obeys j, = k¢ —2.
As the g%V are linear combinations of the £%V, the boundary condition for the 8%V is still that

dim B[R] =0, (3.15)
again in the sense of a regularised limit. As was the case for the £, the 9, derivative (3.14)
and the boundary condition are not sufficient to determine the 5V but the reality properties

of the component Y-integrals will resolve the integration ambiguities.

At depths one and two the differential equation (3.14) specialises as follows

—47rVﬁSV[£ ;T} = (k1—5j1—2)B8% [jlkﬂ?ﬂ — Gj ka2 (7= Gy, (1), (3.16a)
—arV B | ir| = (—ji=28 [ |+ (he—ia=2)8% [ 1 317
— ke (T—7) 2 G (1) [ 1157 (3.165)
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3.3.2 Constraints from the derivation algebra

The relations of the derivation algebra such as (2.43) imply that, starting from » k; > 14,
not all £%Y and % appear individually in the expansion of the generating series YﬁT and 57;77
but only certain linear combinations can arise. We currently do not have an independent
definition of all £%V, 5%V and such a definition is not needed for the component integrals in
this paper that conjecturally cover all closed-string one-loop amplitudes.

The simplest instance where the derivation-algebra relation (2.43) yields all-multiplicity
dropouts of certain % is in the weight-14 part of the expansion (3.11)

YﬁT = [ -+ 2787 180 il Ryj(es€r0) + 276%( 3 180] Rii(€10€4)

+358% (8 4] Ri(eses) + 358°[4 8] Ri(eses) + - - } exp <_Rﬁ(€°)> Vi (3.7)

= [ {27BSV[1 11 +278%(% ] }Rﬁ(64510) + {3559/[% 61— 8187 ] }Rﬁ(GGGS)

+ {35BSV[461 g] +81BSV[?L 180] }Rﬁ(6866) 4. :| exp (_Rﬁ(60)> i}ﬁioo’

where we have solved (2.43) for Rj(e1p€4) in the second step. This shows that only a three—
dimensional subspace of the four-dimensional span <BSV AR IR N > is
realised by the generating series (3.11). The manipulations in (3.17) can be repeated for con-
tributions to Y with ad], acting on the Rg(es), Ry(e10), Rii(es), Ri(es). This implies similar
dropouts among the 6sv[j1 j2] ,ﬁsv[jl jQ} BS"[]l 32] BSV[Jl 32] at all values of j1+7j2 < 10

10 4 4 10
and modifies the counting of MGF at various modular weights, see section 6.2.4 for details.

3.4 Improved initial data and consistent truncations

In this section, we illustrate the usefulness of the redefinition (3.1) from Y7 to }7777 further by
discussing how it acts on and improves the initial data at the cusp 7 — ico that is contained
in the Laurent polynomial defined in (2.27). In this context, we also discuss practical aspects
of extracting information on the component integrals by truncating the series YﬁT and }7777 to

specific orders in s;;, 7; and 7;.

3.4.1 Behaviour of generating series near the cusp

Another virtue of the redefinition (3.1) is that }A’ﬁT is better behaved at the cusp than Y.
While the Laurent polynomial of YﬁT is known to feature both positive and negative powers
of y = mIm7 (see e.g. (2.28) for Laurent polynomials of MGFs in the o/-expansion), we shall

see that the Laurent polynomial of 17777 only has non-negative powers. In order to define an

— 923 —



initial value supplementing the differential equations, we will take a regularised limit of the
Laurent polynomial with the convention to discard strictly positive powers of y as 7 — i00.!7

However, such a regularised limit leads to inconsistencies with products such as 1 =
y™-y~"™, n > 0 when both positive and negative powers are present. This problem is relevant
to YﬁT but not to lA/ﬁT , where negative powers of y are absent. While their absence is not
immediately obvious from the redefinition, we have already remarked above that it can be
understood from the differential equations as we shall now explain in more detail.

The differential equation (3.5) relates 8&7777 to products G (1) (7—7)* 27 Ryz(ad?_ (ek))l?ﬁT
with & > 4 and j < k—2. The lowest explicit power of y = 7 Im 7 is therefore 3° and in general
only non-negative powers arise since Gy, is holomorphic in 7 and the derivations Rﬁ(adio (ek))
do not depend on 7 at all. The differential equation is therefore consistent with YﬁT having
only non-negative powers of y.

We note that the differential operator on the left-hand side of (3.5) lowers the y-power

m — _my~ ™! and therefore the presence of any negative power ¥y~ in }A/ﬁT requires

18

via Ory~

the presence of even more negative powers by the differential equation."® This is even true

at any fixed order in the Mandelstam variables s;; and the parameters 7j; since any operator
on the right-hand side of (3.5) is either linear in s;; or in 7; by looking at the expressions in
section 2.4.

From the argument above we could still allow for an infinite series of negative powers in y
appearing in ?ﬁT . To rule this out we consider the component integrals arising in the original
generating series YﬁT defined in (2.8). The integrands of the m-point component integrals

(2.11) have negative powers of y bounded by 3=~(¢+) at the order of s?jﬁll-’_"ﬂ. This bound

1

follows from the fact that Green functions and f*) or W contribute at most y~* and

y~*, respectively, as can for instance be seen from their lattice-sum representations (A.2)."

Moreover, this bound is uniformly valid at all orders in 7; since the latter are introduced

in the combinations (7—7)n; by the Kronecker-Eisenstein integrands in (2.8). Finally, the

2—(a+b) at the order of 5%772’_"“

related by the exponential of w and the derivation in the numerator is linear in (s;;, 7;).

Therefore, we conclude that }7777 does not contain any negative powers of y at any order in its

bound of y can be transferred from YﬁT to }A/ﬁT since they are

o/-expansion.

'"One can think of this regularised limit as realising the 7 — ico limit of integrals f;o that remove strictly
positive powers of Im 7 through their tangential-base-point regularisation [48].

18Since the derivative of a constant vanishes, this argument does not connect positive to negative powers.

19Tn terms of the lattice sums, factors of p = m7 4+ n or p = m7 + n both count as a factor of y when
approaching the cusp as Re7 does not matter there. Inspecting the powers of p and p in the lattice-sum
representations (A.2) of the Green function and f*) or f(*) leads to the claim. An alternative way of seeing
this for f*) is to note from (2.1) that the cuspidal behaviour receives contributions from the exponential
prefactor exp(2min %ﬂjL and the order of n®~! is thus accompanied by up to k inverse powers of y. For the
Green function one may also inspect its explicit Laurent polynomial given for example in [2, Eq. (2.15)].
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On these grounds, we define the initial value by the regularised limit,

A~ . ~
100 __ T

7 = Yﬁ ‘qoqo |y0 ) (3.18)

which does not suffer from inconsistencies caused by products involving negative powers of y.

3.4.2 Expansion and truncation of initial data

The absence of negative powers of y in the Laurent polynomials of lA/ﬁT can also be verified
explicitly in examples at fixed order in the expansion variables. In practice, this is done by
imposing cutoffs on the powers of s;;,7;,7; in the expansion of YﬁT or ?ﬁT . We will make our
scheme of cutoffs more transparent by defining the order of a series in 7; 7; and s;; through
the assignment

order(n;) =1, order(r;) =1, order(s;;) = 2. (3.19)

More precisely, the order of YﬁT and }AfﬁT is counted relative to the most singular term of

homogeneity degree 7]]1-7"77]1-7" to make sure that the a/ — 0 limit of the plain Koba—Nielsen
integrals Y G g0 0)(a|p) = ([Tj—, &z JKNT = 1+ O(a’?) has order zero. The assignment

Tm 7
(3.19) is consistent with a counting of (inverse) lattice momenta: every factor of n; or 7;
corresponds to an inverse momentum according to (A.2) while s;; always appears together
with a Green function that contains two inverse momenta.

The notion of order in (3.19) ensures that order(R;(eg)) = 0 by inspection of its explicit
form in section 2.4, i.e. that the operator %;O) in the exponential preserves the order of an
expression. As we have shown above, YﬁT does not have any negative powers of y at any order
in the sense of (3.19) and, at the same time, it has bounded positive powers of y at each order
by inspection of the component integrals. Since YﬁT has a bounded negative power of y at any
order, this implies that the exponential exp(%yeo)) entering the redefinition (3.1) terminates
to a polynomial at any fixed order.

For instance, in the case of two points, (3.18) results in the following initial data

43

9 3 1
36051245} +77[ 2512(3 — 512C5 38111243?]

e e L
+n° [—2812C5 + 253503 — *5:1)’2@] +1° [~2s12(7 + 4515(3¢5] + 0" [—2512C] }
8358 0] + 2 [26a + Sstts + 223
360 3 3
n' [2C5 — 2s19(3 + 58%2(7} +n°[2¢7 — 4s12¢3¢5] + 1 [%9]} (3.20)

L[] (5]} (om{[£25] 4 o[ eS]

— (27m)4773{ [511521%] } + (2772’)5774{ [i%f;} } + (terms of order > 12),

+ (2mi){ - [i + mc +2
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where we have given all terms of the form 7 !'7*~!s{, up to the order a + b+ 2c < 10.
The above expression has been obtained from a general formula for the two-point Laurent
polynomial that we shall present in (4.2) below and the expansion (3.20) is also available in
machine-readable form in an ancillary file within the arXiv submission of this paper. When

disregarding the (274)*7*~1, the all-order expansion of 1777”0 features no MZVs other than ¢},

in agreement with the results of [24, 28] on the terms ~ =1~ L.

At low orders, (3.20) can be crosschecked by analysing the MGFs in Y,", inserting their
Laurent polynomials in (2.28) and extracting the initial value according to (3.18). In both
approaches, the redefinition (3.1) has been performed and the exponential %;0) truncates
to a polynomial and one can verify order by order that all negative y-powers are eliminated
from the Laurent polynomials.

With the assignments in (3.19), the operators R (ad’, (ex)) in (3.4) have order k for any
value of j = 0,1,...,k—2. This is evident from the explicit examples given in section 2.4
as well as appendix B and this is important for truncations of the formal solution of the

differential equation to a fixed order. The expansions of YﬁT and 17777 to the m-th order can be

Rﬁ(so)
4y

related by the truncation of the exponential exp(i%yeo)) — S A (+ )" when acting
on the expansions.

Once the contributions of the operators Rz(ad ey, ...ad %ey, ) in (3.11) are computed to
the order of k1 +. ..+ ks = m, one can access the component integrals Y(Z2,...,an|b2,...,bn)(U|p) up
to and including homogeneity degree m—3 > i_o(a;j+b;) in si5. Conversely, the 5 [ﬁ Y ]
appearing at homogeneity degree s} in the o’-expansion of Y(ZQ —anlba. bn)(0| p) are bounded
to feature ki + ...+ ky < 2w + 377 5(a;+b;).

The above bounds rely on the fact that, at n points, the order of the series }777”0 is bounded

by the most singular term 77]1-_"77]1-_" exposed by the Kronecker—Eisenstein integrand in (2.8).
At two points, for instance, the bound is saturated by the terms 1777“’0 — % — % without
Cok+1 in (3.20). Their three-point analogues are given by

S 1 2mi 2mi 1 1\ (2mi)?

e, (2,312,3) = ——— -~ STy () @mi)”

’ M237M3123M3  13M3S12 123723523 S12 S23/ 5123
i 1 2mi (27i)?
Yoo (2:313,2) = - + (3.21)

N23N272373 723723523 S235123

and permutations in 2 <> 3, where s123 = si2+s13+523, and all the terms in the ellipsis
comprise MZVs and are higher order in the sense of (3.19).

3.5 Real-analytic combinations of iterated Eisenstein integrals

In this section, we relate the objects we called £ in (3.6) to iterated integrals over holomor-

phic Eisenstein series. We will use Brown’s holomorphic iterated Eisenstein integrals subject
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to tangential-base-point regularisation [48],

4ﬁﬁ3%v}:4%wﬂrwfcwvwmmwwﬁﬁi”““ﬂ

ico o ke
¢ . T . e .
= (-1 T (2miy +5k) / dry (70 Gig, (72) / dro_y (o1 Y1 Gy (o) ...
i1 100 ico

T3 ) T2 )

G ) [ dn ()G ). (322)
100 100

which can be expressed straightforwardly in terms of the iterated Eisenstein integrals (. ..)

or &(...) seen in the o/-expansion of open-string integrals [17, 38, 39, 41, 43|, cf. appendix F.

The holomorphic iterated integrals (3.22) obey the following differential equations and initial

conditions
amid, €[ 2§t 7] = —(@mi) ket (e[ L L] (3.23a)
dim &[] <o, (3.23b)

These equations are similar to those of £V in (3.7) but feature 79¢Gy,(7) in the place of
(t—7)7¢Gy, (7). The holomorphic iterated Eisenstein integrals (3.22) obey the standard shuffle

identities
g[Al,AQ, - ,Ag;T] S[Bl,BQ, .. .,Bm;T] = g[(Al,AQ, . ,Ag)LLI(Bl,BQ, - ,Bm);T] (3.24)

with respect to the combined letters A; = ﬁ ,€.8. E[ill ;T} & Hz ; 7':| =& [ﬁ ii ;7':| +& Hi ﬁ ;7’]
and where W denotes the standard shuffle product of ordered sequences. There are no linear
relations among the £ with different entries [82].

It is tempting to define a solution to our differential equations (3.7) by starting from (3.22)
and simply replacing the holomorphic integration kernels 77¢ G, (T) by the non-holomorphic

expression (7—7)7 Gy, (7):

e T
5rsnvin[ljé sy iﬁﬁ} = (—1)6<H(2m)1+ji_ki) / dry (10—7)" Gy, () (3.25)

i=1 100
T2

Ty ) .
/dTe1(Te1—7)“1(}1@“(7@1)“'/ dr (m—7)"' G, (11) -

100 100
Since T is not the complex conjugate of the integration variables 7;, these integrals are homo-

topy invariant. We call (3.25) the minimal solution of (3.7), and it also obeys the standard

shuffle relations (3.24) with &£V in the place of £. Binomial expansion of the integration
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kernels straightforwardly relates this minimal solution to the holomorphic iterated Eisenstein
integrals (3.22)

Jji J2 Je . . .

v T demide. 1 g1\ [ J2 Je

el bRl = Y Y <T1> (m) <r4) (3.26)
r1=07r2=0 re=0

o \T1+Tot AT J1—T1 j2—=T2 - Je—Te .
X (—=2miT) "2 "5[ R P 8 ’T} :

However, (3.6) is supposed to generate real-analytic modular forms such as Eg(7) in (2.18)

and its Cauchy—Riemann derivatives, as e.g. (2.26). Hence, the minimal solutions (3.25) need

to be augmented by antiholomorphic functions f Hll iz %{ ; 7'} that vanish at the cusp, and

we shall solve (3.7) via

)4
e\ Bkl =D B B e i ] (3.27)
i=0
with f[;7] = &Y.,[ ;7] = 1. The functions f [ﬁ - % ;T} will be determined systematically

by extracting the o/-expansion of the component integrals (2.11) and imposing their reality
properties (2.15). In particular, these reality properties imply that the f must be express-
ible in terms of antiholomorphic iterated Eisenstein integrals (with Q-linear combinations of
MZVs and powers of 7 in its coefficients): Referring back to (2.37), we see that the anti-
holomorphic derivative &;YﬁT contains only (7—7)~! and the kernels G}, of antiholomorphic

iterated Eisenstein integrals, thus excluding any other objects in f.

3.5.1 Depth one

As will be derived in detail in section 4.5, the appropriate choice of integration constants at

depth ¢ =1 is given by the purely antiholomorphic expression

[ J . -
i = Samin () e Prie] (3.8
Hence, for £V at depth one, we obtain,
J . -
ftir) = Seamr (i e o) o

r1=0

where the contributions ~ (—27rﬁ)7"1€[j1k_1r1 ;T:| match the minimal solution (3.26) while

the additional terms are due to (3.28). Such expressions should be contained in Brown’s
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generating series of single-valued iterated Eisenstein integrals [46, 48, 49], and similar objects
have been discussed in [83] as building blocks for a single-valued map at depth one. The
reality properties of our component integrals yield an independent construction of (3.29) that
will be detailed in section 4.5.

The simplest instances of (3.29) are given by

[N
N

7]+ (—2mi7) (€19:7) + €15 7]) (3.30)

E337] = 7] + E3 7] + 2(=2mir) (1437 - €5 7]) + (~2m0)? (€93 7) + €135 7])

and it is easy to check from (3.23) that &5V [i] at 7 =0,1,2 satisfy (3.7). As the holomorphic
iterated Eisenstein integrals (and their complex conjugates) are homotopy-invariant, these ex-
pressions represent well-defined real-analytic functions, and one can straightforwardly obtain

their (g, g)-expansion from the methods of appendix F.1.

3.5.2 Depth two

We next elaborate on the general form of the depth-two £%V. Starting from the minimal solu-
tion (3.26), the reality properties of the component integrals dictate the following integration
constant at depth £ =2

- J1 J2 . :
. . cNp r . . j ] N —r N —_r . .
i) = 3 Smeremcones () (el sr] vald 7] @an

r1=0r2=0

where &£ [‘72,;2 "2 j1k—1 " ;7‘} and a[ﬁ ﬁ : 7‘] are purely antiholomorphic and individually vanish
at the cusp in the regularised limit 7 — ico. Together with the depth-one expression (3.28),
the decomposition (3.27) into &Y. then implies

min

J1 e . .
. . . L ]1 j2 . L
o~[i] = 35 Socamnr (1) () ol ]

r1=07r2=0

4 (_1)]'1*7“15 [jll;rl ;T]g |:]'2k*27“2 ;T} + (_1)j1+j2*1“1*7“2g |:j2’;27"2 jll;rl ;T] }
+alf i, (3.32)

where the first term is the minimal solution (3.26). We expect similar expressions to fol-
low from Brown’s generating series of single-valued iterated Eisenstein integrals [46, 48, 49].
Moreover, the first two lines of (3.32) with lower-depth corrected versions of £, £ and the

need for further antiholomorphic corrections have featured in discussions about finding an
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explicit form of a single-valued map at depth two [83]. As we shall see in sections 4.5 and 5.4,
the reality properties of our component integrals yield an independent construction of (3.32).

We have separated the two terms in (3.31) for the following reasons:

e The& [ij_Q "2 ] "k " ;T} exhaust the antiholomorphic iterated Eisenstein integrals at depth

two within Esv[ﬁ i§;7{| which are necessary to satisfy the required reality proper-

ties. The a[ill ﬁ ;T} in turn conjecturally comprise (2511 and antiholomorphic iterated
Eisenstein integrals of depth one. They are determined on a case-by-case basis for
(k1,k2) = (4,4),(6,4),(4,6) in this paper, see (4.31) and (5.16), and we leave a general

discussion for the future.

We also note that, since the derivation-algebra relations such as (2.42) imply that at
higher weight only certain linear combinations of the £V arise in the solution of YﬁT ,

not all integration constants can be determined individually from the component inte-

grals. For instance, (2.43) implies that certain linear combinations of a[ill ii ;7‘} with
(k1,k2) € {(10,4), (4,10),(8,6),(6,8)} and j; < k;—2 do not occur in the expansion of
Yﬁf and are inaccessible with the methods of this work.

e Even in absence of a[ill ii ;T}, the right-hand side of (3.32) is invariant under the

modular T-transformation 7 — 7+ 1. As will be argued in section 6.1 the £5 must be
T-invariant as well, so the unknown « [ﬁ ﬁ ;7‘} need to be individually T-invariant (on

top of being antiholomorphic and vanishing at the cusp).

An exemplary expression resulting from (3.32) is

EVR il = [ sm) + ELsmlelim] + €107

263 (gro. 7 _ T
+ 3 (T - 5 ) - (3.33)
where the last line corresponds to a2 9; 7] that will be determined in (4.31).

3.5.3 Higher depth and shuffle

The &%V at depth ¢ > 3 will introduce additional antiholomorphic f [ill ii - % ;’7':| that vanish

at the cusp. These antiholomorphic integration constants will preserve the shuffle relations

SSV[Al,AQ, N ,Ag; 7‘] gSV[Bl, Bg, e ,Bm;T] = 5SV[(A1,A2, ceey Ag)LLI(Bl, BQ, N ,Bm); 7’]
(3.34)
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analogous to those of the holomorphic counterparts (3.24). At depth two, the last terms of

(3.32) are then constrained to obey aHll ﬁ ; T] + a[ﬁ ﬁ ;T} = 0. We expect that the decom-
position (3.27) of €% is related to Brown’s construction of single-valued iterated Eisenstein
integrals [46, 48, 49] by composing holomorphic and antiholomorphic generating series. A
discussion of depth-(¢ > 3) instances and more detailed connections with the work of Brown
are left to the future.

Given the expressions (3.29) and (3.32) for the simplest €%V, also the 5% at depth ¢ <2
can be reduced to iterated Eisenstein integrals via (3.10). More specifically, this completely
determines the 5%V at depth one and fixes their depth-two examples up to the antiholomor-
phic and T-invariant a[ﬁ ii ;T} in (3.32). The latter will later be exemplified to comprise
antiholomorphic iterated Eisenstein integrals at depth one and powers of 7. Note that the

relation (3.10) between £V and [V preserves the shuffle property and therefore

BSV[Al,AQ,. . .,Ag;T} ﬁsv[Bl,Bz, e ,Bm;T] = ﬁsv{(Al,AQ,. . .,Ag)LLI(Bl,BQ, e ,Bm);T] .
(3.35)

3.5.4 Expansion around the cusp

The expansion of the above £V around the cusp takes the same form as that of MGFs in
(2.27). Tangential-base-point regularisation of the holomorphic iterated Eisenstein integrals
leads to the behaviour [48]

: By, (2miT)iitl
Ji. J— 1
S[kl, ] = oW, (3.36)

g[jl ja . T] _ BBy, (2mir)tet?
kalke! (1 + 1)1+ 2 +2)

k1 ko + O(Q)

with Bernoulli numbers By,. As a consequence of (3.29) and (3.32), the Laurent monomial

at the order of ¢°¢° in £5 at depth < 2 can be given in closed form,

) By, (_4y)j1+1 -
SV | J1 . _ 1
g |:]€1 7T:| - kl' jl + 1 + O<q7 Q) b (337)

gsv []i J2 'T} Bkl Bk2 (—4y)j1+j2+2
k1 ko k1|]€2| (]1—|—1)(]1 +]2+2)

+0(q,9) -

The o [ ﬁ g ; Ti| which are currently unknown at k1 +ko > 12 cannot contribute to the Laurent
monomial since they need to be antiholomorphic, T-invariant and vanishing at the cusp. Note
that the regime (3.37) of £ can be formally obtained from (3.36) for £ by replacing 7 — 7—7,

in line with the proposal for an elliptic single-valued map in [17].
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The Laurent monomials of the 5%V at depth < 2 resulting from (3.12) and (3.37) read

: i1 (k1 —2— i) (—4qy)1 1
7] = BultB=2 I 0, q), (3.350)

Ssv | J1
g {’“ fer! (k1 —1)!
IBSV[JI J2 . } By, Br, (j1+ja+1)! (kg —2— 7o) (—4y) i1 T2 +2
k1 ko ( ’1-|-1)k1'k2 (k2+j1)

1+71, 2+j1+72, 2+J1—Fk1 . =
x 313 [ 2471, 1+j1+ke ;1) +0(q,9)-

(3.38b)

4 Explicit forms at two points

In this section, we evaluate explicitly the generating function Y,7 at two points up to order 10
and use this to determine several 55V and £5V that were introduced in the previous section. The
starting point is an explicit determination of the Laurent polynomial to obtain the initial data
f/nmo for equation (3.11) where we present an all-order result for two points. By exploiting the
reality properties of the resulting two-point component integrals, we can find the integration

constants in various 5% and £%V.

4.1 Laurent polynomials and initial data

The general idea is to obtain the initial data at n points by reducing the one-loop calculation
in the degeneration limit 7 — ico of the torus to an (n+2)-point tree-level calculation on the
sphere.? At n = 2, mild generalisations of the techniques of [24, 28] lead to a closed formula

involving the usual Virasoro—Shapiro four-point amplitude on the sphere,

F(1—a)l'(1-b)'(1—c C2k+1 G2k 4 p2kH1 | 2Kk _
I'(14a)T(14b)L(14c _eXp< 22k+1 Sal I o ]), a+b+ec=0. (41)

Its specific combinations that generate the two-point Laurent polynomial of (2.7) can be
TN

written in the following form [51], using the shorthand £ = TR

T

, S12Y . . N
Y, ‘qoqo = imexp (%) { [cot(2m7y) — z] [Cot(ﬂn) + z]
19 2) 1 [P(H%"’+77+§)F(1—812)T(1+22 n= _ e—y(512+2n+2§)]
8y 1) s1o+2n+2¢ | T(1— 2 4+n+E)T (1+s12) T (1- 2 —n—¢)
+ [ cot(2iny) + i] [ cot(m7f) — i
 exp (312 2) 1 [F(1+S§2+n+§)F(1 512
8y 7/ s12—2n—2¢ [P (1—F+n+{I (14512
2 (312 32) L1422 40+ T (1—s12)I' (1452
r (1

—1n—
8y (1= 40+l (14s12)0 72 n—

X exp(

)T+ 72
) S1

—¢) _ e—y(512—2n—2§)]
(122 -n—¢)

§)

) } (4.2)

20For open-string integrals over the A-cycle of the torus, the 7 — oo limit at n points has been reduced to
explicitly known combinations of (n+2)-point disk integrals in [38, 39].
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By tracking the coefficients of 7% '7°~1, this results in the Laurent polynomials of the com-

ponent integrals Y(Z|b) defined in (2.9). Some exemplary instances are

- (3 v G, G
Yor0) lgog = +312(90 )+ 12(2835 6 T gy )
4
Yy yCs | 5¢G GG 3Gy )
Yo3 | 055 58 96T 4.3
+812(22680 T3 T2y ®2 328 (4.32)
5 2
5 (Y ¥’ 196G ¢ TG 3GGs | 156 ) 6
+812<561330 T oo T 1an T2y T 322 160 T 1288 TOGR)

3

T 4y o (Mt G 5 (20° Y G GG 9
Y10 loge S”(E - 2<3> + 812(% - 5) + 512<2835 Ty Ty T 8T/2>

+ s%( 2 WG & T s 15C9) +O(s}) (4.3b)

56133 ' 81 3 4y | 4y2 8yd

8yt 26 ( 8"  29°Gs 2G5 @)
14175 45 y 8y?

2 ( 45 yis LT 7C7 ~45G3G | 135Gy

22275 30 4qy2 8y

) +0(sh). (4.3¢)

see appendix C.1 for similar expressions for the Laurent polynomials of Y(0|2) (ZIO) and Y(3| 5)°
These expressions have been consistently expanded up to total order 10: According to the
discussion around (3.19), two-point component integrals Y(Z‘ p) Are said to be expanded to the

order 2k if the coefficients up to and including s’fz_ (a+b)/2

are worked out.
As one can see clearly, the Laurent polynomials (4.3) of the Y, -integrals contain negative
powers of y = mImT. Passing to }A/nT via the redefinition (3.1), the negative powers of y

disappear, and we extract the initial value already given in (3.20) from the zeroth power in y.

4.2 Component integrals in terms of 5%V

Having obtained the initial value (3.20), we now need to apply the series of operators in (3.11)
and extract the coefficients of 7% 17°~1 to identify the component integrals Y, ( 1b) defined in
(2.9). The two-point representation (2.32) of the derivation algebra is not faithful and realises
fewer linear combinations of 3%V[!’;7] as compared to the Rj(ex) at (n > 3) points: Since
the operators R, (ex>4) at two points are multiplicative (0, only occurs in Ry(ep)), all the
commutators [Ry, (e, ), Ry(ek,)] with ki, ko > 4 vanish.

Given that [R;(es), Ry(€es)] = 0, for instance, only a restricted set of BSV[JZ Jg;ﬂ and
BV 72 7] can be found in (3.11). In particular, 85[% &;7] and st[ﬁ 1;7] do not show

6 47
up individually but always appear in the symmetric combination 85V[% &;7] + B85V[§2;7] =
B[ ¢; 7185 [9;7]. In order to determine all the /BSV[{; 962 ,T] individually, we shall study

three-point integrals and their reality properties in section 5.
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Applying the operators in (3.11), we extract for example the following expressions for the
simplest component integrals in terms of the initial data following from (4.2) and the 5%V:

)/'(6‘0):1+S%2(_365v[4117 ] §Z>+812< 5BSV|: ]_i_%%_i_;;)

+ st (~218% ;7] + 987 (4 45 7] — 18873 §3 7]

sv 3C3 sy (2 5 3¢
F12GEY 57~ LT - g gy + 35
+3?2(_135BSV[105 7] = 608%[3 §; 7] +158% [ &; 7] + 1568%[§ 15 7] — 605§ §; 7]
- 3G i)+ SR (Gr] - S5 A% (i) + 40Go8™ 7] - 2B (37
43C5 Cg C? 3¢3Cs 15C9 6
360 T2y T 322 T 1648 128y4> +0(s12), (4.42)
}/(72-‘0) = Slz(sﬁsv[ — 2(3 + 512 (1OBSV gj)
+ s (63&“[ ) =981 357) + 278 (3 43 7]
— 3C3 sv 5 (3 9
8GO s+ 5 0 T - 2 - o)
+s‘1*2(5405“[1 ;7] — SOﬁSV[ ,T]+165,BSV[ 27— 158V [22;7]

+908%[§ 137 + 608§ 15 7] + CBSV[ 7] = 24¢: 87 [ 95 7]

- 20 (i) 5g B 3] — 11068 (§i7) + 226 [fi]
Cg 7¢r 9(3C5 15G9 5
*3*@+ 4y 8y >+O(512)7 (44b)
i = o 5m1— 5) 01— )
+si’2(63ﬂ“[ 7= 982 dir] + 278 (1 9i7] = 328 %i7)

3(353\;[ 4 (SRS G 9C7>
60 48y2 ' 16y3  128y*

+512(54055V[1 sT] = 1567 [§ 2 7] + 908V ] &5 7] — 308%[§ 15 7]
€

+ 6083 85 7] + 16555 ;7] + 5SV[ 7] — 40636785 7]
15 5 33 3
C3 BSV[ ] C3 BSV[ ] C5 BSV[ ] 16C53 ﬂSV[ ]
C5 &; 7C7 9(3¢s 15(9 5
T 20y 48y 648 | Gyt 128y5) +O(s12)- (4.4c)

Further expansions of component integrals to order 10 can be found in appendix C.1.
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4.3 [ versus modular graph forms

As exemplified by (2.26), the o/-expansion of component integrals Y(Z‘ b) is expressible in terms
of MGFs. By comparing the expansion of various component integrals in terms of MGFs with
those in terms of the 55V as derived above, we arrive at a dictionary between the two types of
objects. More specifically, the two-point component integrals Y:ub) are sufficient to express
all 55V at depth one and all depth-two 3%V with (k1, k2) = (4,4) in terms of MGF's. Depth-two
instances with (k1, k2) = (6,4) or (k1, k2) = (4, 6) are not individually accessible at two points
as explained at the beginning of section 4.2 and will be fixed from three-point considerations
in section 5.

The resulting expressions one obtains in this way at depth one are®!

, (7V)?E3 s
B el = 960y" " 640y"
B8 = 5 + 3 B[4 = 3o *+ Tors
B4 = —3Ea+ 22, B3] = —55Bs + ooz (4.52)
st[i]:gﬂVEg—i—%@, ,BSV[g]:1157TVE3+1C05y,
B [4] =~ 15 (VB + 52
as well as
5SV[§]=—1111()E4+22§;3, ﬁsv[ﬁ)]z—()éoEsmLHg;w, (4.5b)

and similar expressions for the remaining st[g] ,BS"[ljo] in terms of Cauchy-Riemann
derivatives of E4, E5 can be found in appendix C.2.

At depth two, we find the modular graph function Eg 5 in (2.24a) and its derivatives:

(nVEg)? ggwﬁEng G 1

SVI00] — _ 2(psvi07)2
Ll 1152y~ 576y 1152y 2 (PRI
B[] =  mVEzs EarVE; (3B G 9 + G
44 14492 14492 14492 2160 1728y2 = 288y3"’
wioay  B22  (nVE)nVE, (3nVEy,  5¢ | (§
B [4 4] - + P} + 5 + 9
18 36y 36y 216y T2y
21'We will no longer spell out the argument 7 of 8V[...] in (4.5) and later equations unless the argument is
transformed. The same notation applies to £[...] (which is real-analytic like the 3°V]...]) and the holomorphic

quantities £[.. ], af.. ], f[.. .].
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mVEss  (mVE: G 5o &
144y2 144y 2160 | 1728y% | 288y

1) =

EZ GE @& 1 2
svil1] — 22 23 Z( sVl 4.5
gV 12] = _mVEzs  EpnVE,  GrVE; 56 G
44 9 9 9y 108 ' 18y’
w201 Ba2  GnVEy | 5¢ G
Bl =~ T 3612 216y = 72y2’
w mVEss  (3Ea | 5G| (3
PRl = — "5 t s T é,
w 2(nVEg)?  4GnVEs 22 1, 9112
PRI ="ty =5 (B

Similar expressions arise when the associated £% are expressed in terms of MGFs via (3.13),
see appendix D.2. From the expressions above one can verify the shuffle property (3.35) of

the 5%V in a straightforward manner, e.g.
B9+ 8R40 = B8] 8] - (4.6)

4.3.1 Modular graph forms in terms of 5%V

These relations can also be inverted to obtain expressions for the modular graph forms in
terms of the 5. At depth one they are

(7V)?E3 - 3¢
T T 9008 [8]+ oyl
WvEQ Sv Cg WﬁEg Sv 3C5
" = 244 [2]—?, " = 2408 [é]_@,
E, = —63%V[1 <3 o SV 2 3(5
2 = —00 [4]+§, E; = —-308 [6]+@, (4.7a)
3 3
TVEy = —8%[2] — (3, WVE3:1555V[2}—£,
2 2y
15 3
(7V)2Es = —— 8% [4] + 3G
4 2
as well as
sV 5(7 sv 35C9
By = —1408%[3] + 88 E; = —6308°[{1] + T (4.7b)
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and similar expressions for the Cauchy-Riemann derivatives of E4 and Es given in ap-
pendix C.2. Inverting the depth-two relations (4.5c) leads to the shuffle-irreducible MGF's

TVE3 24¢3 (3 5¢s | (3
22 1446719 R
Y2 Al - y”B [4H15 122+2y3’
Boa = —188%(29] 4 12G,874] + 25 _ & A7
SV SV 5 3
AVEn2 =95 (1] - 608 1] - S0+ 3.

At two points, one can still derive expressions for the modular graph function Eg 3 in (2.24b)

and its Cauchy—Riemann derivatives:

)2
(W?;E“ — —38408%[9 L] — 76803%[1 9] — 115208%[L 9]
1280(3 sV 160<3 S\ 72C5 SV 8<3 2<5 7C7 3C3C5
— BVl + — BVl + 58 [2]+@—@+@— 5
T 960/3“[}1 41+ 4803° 3 8]+ 144053 )
160 36 ¢ 3
- 32007 (§) - 23] - TR+ 12 - T R
Eg3 = —1208°V[§§] — 1206%[3 9] + 1 C5st[ ]+80§355V[é]—§z+176i72—§’;§,
(4.7d)
mVEys = 90873 §] + 6057 (¢ 1]+ 308™[§ 1]
- 60y [3] - 1265871 - Sy - T 4 B30,
(7V)*Ea,3 = —455" (1] — 156§ 3] — 306™[§ 4]
+30G8% 3] + 126 8% 1] + 3<5 BSV[E] + % - 3<;<5 :

However, we will need three-point input to solve for the individual 5%V in terms of MGFs.

In particular, we will fix the antiholomorphic integrations constants oz[]g Jf] or a[{ll 762] in

section 5.

4.3.2 Closed formulae at depth one

As detailed in appendix C.3, one can compute the (s12 — 0)-limit of the component integrals
Y(Z|b) with a+b > 4 in closed form. By comparing the leading order of Y(Z| K resulting from

(3.11) with the lattice-sum representations (2.18) of non-holomorphic Eisenstein series, one
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obtains

_ (2k_1)' sv [ k— 2Cok—
N = RS = v e (%)

Similarly, the lattice-sum representations (2.21) of their Cauchy-Riemann derivatives arise at
the sY, order of Yo with a # b, and comparison with (3.11) implies (0 < m < k—1)

me 1\m (2k—1)! v m 2Cop_
V) B = (-3) (o= 1) (k1= m){ o ]+(2k—1)(24ky)1k—1—m}’ (4.92)
(TV)"Ep _ (=4)"(2k-1)! sv m 2Gok—
= e, ) e (9]
By solving these relations for the 85V, one arrives at
k—1)1) 2(ok—
] = _[E%—i)]! Bt (2k—1<§]g4;)k—1 (4.10)
as well as (0 <m < k—1)
4" (k=) (k—1—m)! (7 V)"E 2ok
st[k 1+m] :_( ) ( )((2k_1) ) (rV) " Ey, + (2k_1)§1ky)1k_1_m7 (4.11a)
v m k=) (k—=1—-m)! (7 V)"E 2ok
A e e ] )

4.4 Simplifying modular graph forms

By the linear-independence result on iterated Eisenstein integrals [82], the 5%V are suitable for
obtaining relations between MGF's which are hard to see from their lattice-sum representation.

In the following, we will illustrate this with the relation
D3 =E;3 + G (4.12)

due to Zagier, where D3 is the two-loop instance of the ‘banana’ graph functions, the coeffi-

cients in the o/-expansion of the component integral Y7 . defined by [2, 4]

(0j0)’
oo
d?z Im7\»
Yoo = Z (s12"Du(r). - Dalr) = [ £ 2(G )" = () e ) @)
= n
The lattice sums C|. . .| are defined in (2.16), and immediately pinpoint the simplest non-trivial

banana graph function Dy = Eg. (One has Dy = 1 and D; = 0.)
The identity (4.12) was first proven by explicitly performing one of the sums in D3. To
prove (4.12) independently using the 5%V, we have to identify both MGFs in the relation as

coefficients in the o/-expansion of component integrals Y(Z|b) which we can write in terms of
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B using (3.11). Hence, (4.12) follows from comparing

3C5
Dy = 6¥(f | , = —305™[8]+ G+ 5 (4.14)
3¢5
Es = YE;B) 0 = —3055\/[%] + @ . (415)
12
Higher-loop generalisations of (4.12) are known from MGF techniques [4, 5, 9, 13],

5 18
D, = 24E2,2 + 3E2 + —E4 (4163)

5

180

D5 = 60E2’3 + 10E35E2 + 7E5 + 10¢3E2 + 165, (416b)

see also [24, 28] for all-order results on the Laurent polynomials of banana graph functions.
Relations among MGFs like (4.16) can be proven in the same way as (4.12): They become
manifest once all MGFs in the relation are identified as o/ coefficients of component integrals
and expressed in terms of 4% via (3.11). This will in fact expose all the relations among
MGFs since the 35V [] L g2 o i"e ] with different entries j;, k; are linearly independent.

Of course, the reach of this procedure depends on the multiplicity of the YﬁT -integrals un-
der consideration. For instance, Eo9 and Eg 3 in (4.16) contain the two-loop graphs C[{ 1 2]
and C[113] which do not appear in any two-point component integral Y, ( 1b)° 22 Instead,
the CH % i] first appear as the coefficient of s3; in the three-point component integral
Y(Z,o|k,0)(2’ 3|3,2) discussed in section 5.

As areference, we express the lowest-loop banana graphs D,, in terms of 8%V, by comparing
(4.13) with (4.4a), yielding

6] + 2, (4.17a)
Dy = —308%[2] + G + -3 (4.17b)
4y2° )
Dy = 2163} 1] — 4328%[2 9] — 50485 [3] (4.17¢)
sV 36C3 sV 10(5 SC?? 9<7
+288C35 [2] y ﬁ [}1]4‘7— y 473/37
D5 = 18008%[1 2] — 720082 §] + 180082 1] — 720085 [3 9]
— 162008 ] — 60Gs5 (1] + 4800Gs 5 (1] — 23 v 2] (4.174)

720g5 45<5

43 10¢2 105 45 225
G, 1065 | 105z 4503 | 225G

sV
—, - 3 Yy 492 2y3 1694 7

—B 4]+

**The o'-expansion of two-point component integral Y{j,j,) only involves the lattice sums C[§§ 1 1 - 1] [30].
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see appendix C.4 for similar #V-representations of Dg and D7. As expected, these expressions
satisfy the relations (4.16) if we plug in the %' representations (4.7) of the modular graph

functions on the right-hand sides.

4.5 Explicit £V from reality properties at two points

In this section, we derive the antiholomorphic integration constants in certain instances of
&% in (3.29) and (3.32) from reality properties (2.14) of two-point component integrals. This
will make the iterated-Eisenstein-integral representation of the associated 5% and MGFs fully

explicit.

4.5.1 Depth one

From reality of y = 7Im 7 and Y/7 ., the orders s3, and s3, of its o/-expansion (4.4a) imme-

(0[0)°
diately imply that 8°V[}] and 8°V[2] are real. Similarly, from the instance Y(72'|0) = 16y2Y "

(0[2)
of (2.14), the s15 and s%, orders of (4.4b) and (4.4c) imply that

B3l = ()’ B . BVIR] = (49)°B7 ) - (4.18)

By combining (2.14) with the s?j—order of general Y(Z|b) with @ + b > 4 derived in appendix

C.3, one arrives at the closed depth-one formula
T = (P[] (119)

By (3.13), this also determines the complex conjugation properties of £V

ST = 3 () unre (120)

p=0 P

This is crucial extra information beyond the initial-value problem (3.7): The latter only deter-

mines &%V [ﬁ ﬁ - i"z ] up to antiholomorphic integration constants denoted by f[ill ﬁ - i‘z ]

in (3.27). The complex-conjugation property (4.20) in turn relates these integration constants

SV

to the holomorphic ingredients £ that are fixed by their differential equation and can be

read off from its minimal solution (3.26). At k = 4, for instance, (4.20) reads

ev§] =41,
EV[§] = —4ye™|
£ 7] = 167%™

J =&

7 (4.21)
|+ 8ye™ (1] +&€[1]

N =]
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and selects the antiholomorphic completion in £5Y [i] = & [i} +f [i] By inserting the

min

expansion (3.26) of the minimal 3% in terms of holomorphic iterated integrals (3.22)

win[1] = €[4]
win[1] = E[4] — 2miTE(]] (4.22)
1] = E[3] — 4mit€[ ] + (2mit)*€[§)

into (4.21) and isolating the purely antiholomorphic terms, one is uniquely led to

191 = €91,
i1 = —€[1] - 2miz€]9], (4.23)
fI2] = €[2] + 4mizE[ L] + (2mir)%E[].

This reasoning results in the expressions (3.30) for &% [i] and can be straightforwardly re-
peated at k > 6: The reality properties (4.20) completely fix the £ [j ;T] in (3.29) and uniquely
determine &% H] in terms of iterated Kisenstein integrals and their complex conjugates.

By combining the expression (3.29) for SSVM] with the dictionaries (3.12) and (4.7) to
ﬁs"[i] and MGFs, both E; and their Cauchy—Riemann derivatives can then be reduced to

holomorphic iterated Eisenstein integrals and their complex conjugates, e.g.

TVE, — ggsV[ 21— ¢ (4.24)
= 127?72 Re &[] + 1277 Im E[L] + 3Re &[2] — G5,
v
Ey = —66[1] - 352;‘2*] + C;’ (4.25)
12r2r7 Re E[9] — 6m(74+7) ImE[}] — 3Re &[] + (3
_ : ,
"B, = 24526 9] + 120 (4] + SV (3] - Gy (4.26)

= 12727 Re &£[9] + 1277 Im E[L] + 3Re E[2] — G5

At depth one, these iterated-Eisenstein-integral representations of Ej are well-known [8, 45]
and serve as a cross-check for the expansion methods of this work. At higher depth, however,
only a small number of MGF's has been expressed in terms of iterated Eisenstein integrals [17,
46], and we will later provide new representations for non-holomorphic imaginary cusp forms.
Most importantly, the reality properties of component integrals determine the integration

constants in higher-depth £V and % without referring to the MGF's in the o’-expansion.
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4.5.2 Depth two

Based on the o/-expansions (4.4) of two-point component integrals, the si,-order of Y, (0‘0)

YT o+ and the s3y-order Y = 16y> Y(0|2) imply

(0[0)
pY[LE] =841, BSV[H]—ﬁ;Eﬁ], (4.27a)
P = 6138 - 2818+ 5,58° 3] (4.27h)
BT = 61931 + 28 18] - 55873 (1.270
o= A Sy S S (1.270)
i = Dl Sy Gy S (1.27)

These simplest depth-two examples illustrate that gV [ﬁ ﬁ} introduce admixtures of single-

valued MZVs and %V of lower-depth. There is no depth-one analogue of this feature in the

expression (4.19) for g5V [i] In section 5.4, three-point o/-expansions will be used to extract
similar complex-conjugation properties for all the individual g% [];11 Jg] and % [71 ]2] Our

examples will line up with the conjectural closed depth-two formula

5sv[ﬁ iﬂ _ (4y)4+2j1+2j2—k1—kgﬁsv[kg P 31} mod depth < 2 (4.28)

which translates as follows to the £5Y

N J1 J2
gsv[ﬁ g] = (—1)i1H Z Z <.71>< > y)p1+ngsv{]2k—2172 hk_lpl} mod depth < 2.
p1=0p2=0
(4.29)
These complex conjugation properties of £V are consistent with the general depth-two ex-
pression (3.32), assuming the conjecture that the iterated Eisenstein integrals in «f- - -] have
depth one and zero.

The (3-admixtures in (4.27) propagate to the following shuffle-inequivalent £v [jl Iz ],

4 4
101 = ~4ue™ 991 - €194
o 2
ST = 162 (99 + 8™ (911 + £71831 - B4 Zhevg) . (az0)
E[11] = —64° € [29] — 327V §] — 4ye™ (93] — 16y°E™ [} ]

sv sv yC SyC sv 2< sv
— 8y (1] eV 33+ T — e - SEN A

135 3 3

+
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These equations uniquely fix all the integration constants a[{f {f ]: One has to first express
the £%V in terms of holomorphic iterated Eisenstein integrals £ and their complex conjugates
via (3.29) and (3.32). Then by comparing the purely holomorphic terms ~ 7, &, oz[]i {f] on

the two sides of (4.30), one can read off

ol}9]=al§1] =0,

of39] =22 (191 + 50) = ~al§3], (4.31)
71'27'2

of31] = 252 (emire(§] - £14] - T-) = ~al}3]

The expressions for « [741 J2 ] that enter the actual £%Y [341 32] follow from complex conjugation,
and we have used the shuffle relations (3.34) to infer the oz[941 942] with j; < j2. Moreover, as

exhibited in appendix F, the « [{11 {f] in (4.31) are invariant under the modular 7 : 7 — 7+ 1

transformation, in line with the discussion in section 3.5.

5 Explicit forms at three points

An analysis similar to the one of section 4 can be done at three points. Unlike formula (4.2) we
do not have a closed expression for the all-order Laurent polynomial at three points to obtain
the initial data directly. For this reason, we first discuss a basis of modular graph forms that
we use for expanding the component integrals YﬁT . From this expansion and the knowledge
of the Laurent polynomials of the modular graph forms as given in [4] we can construct
the initial data }Afﬁ“’o and solve for the remaining 3% at depth two having (ki, k2) = (4,6) or
(k1,k2) = (6,4). The expansion of the initial data to order 10 is available in machine-readable
form in an ancillary file within the arXiv submission of this paper. As a consistency check
of our procedure the instances of 5%V that were determined from the two-point analysis in
section 4 are consequences of the three-point considerations.

The detailed discussion of 5%V [31 32] B []1 ]2] and the associated MGF's in this section
is motivated as follows: The depth-two integrals 55V [31 72] have been described in terms of
real MGFs Eg and Eg 9, see (4.5¢) and (4.7c), and their reality is a particularity of having
the same Eisenstein series G4 in both integration kernels. Generic 8| ¢ J1 kJ with ky # ko,
by contrast, introduce complex MGFs. The irreducible MGFs besides products of depth-one
quantities can be organised in terms of real MGFs such as Es 3 and imaginary MGFs such
as the non-holomorphic cusp forms (2.30) which have been discussed first in [22]. Hence,
the %Y [71 72] 55 []1 Jﬂ in this section are the simplest non-trivial window into the generic

properties of depth-two MGFs.
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5.1 Bases of modular graph forms up to order 10

At two points, the expansion of any component integral Y(Z|b) to order 10 is entirely express-
ible in terms of the modular graph functions Ep<s, Eg 2, Eo 3 as well as their Cauchy-Riemann
derivatives, cf. (4.4) and appendix C.2. At three points, this is no longer the case: The o'-
expansion of various component integrals (2.11) introduces additional MGFs that are not
expressible in terms of the real quantities Ep<s5,E22 and Eg 3. This resonates with the com-
ments in early section 4.2 that the operators R, (e) in the two-point differential equations
obey relations that no longer hold for their three-point analogues Ry, n,(€x) in (2.34).

The additional MGFs that start appearing at three points can be understood from the

perspective of lattice sums. Expanding three-point component integrals Y(T to order

a2,as|b2,b3)
10 introduces a large variety of dihedral and trihedral MGFs?? whose modular weight adds
up to < 10. In the notation C[Zi Z; - ﬁg] for the dihedral case in (2.16), this amounts to
holomorphic and antiholomorphic modular weights w = Zle
w~+w < 10.

ajl a2 as

Already the two-loop graphs C[ 3! 52 5 | with w+ @ = 10 were found in [22] to introduce

a; and w = Zle b; subject to

irreducible cusp forms A[j 32 ;2] as defined in (2.30) with vanishing Laurent polynomial.

The known types of relations among dihedral and trihedral MGFs [9, 13, 20] — see [84] for a
Mathematica implementation and data mine — leave three independent cusp forms built from

Clb b bi] with w = @ = 5. One of them is expressible as the antisymmetrised product

(VE3)VE; — (VE2)VE3 Im7\5

T 6( =) {cirgleizgl-cligresgl ), G

and we additionally have two irreducible cusp forms that can be taken to be A[J23] and

A[9122]. While (5.1) and A[$23] have been discussed in [22], the cusp form A[{{32]
exceeds the loop orders studied in the reference.

al az ... arp

For lattice sums C[b1 bs . b

lar weights w # w, one can construct basis elements from Cauchy—Riemann derivatives of

] with different holomorphic and antiholomorphic modu-

modular invariants. As detailed in table 1, the bases?? for w + w < 8 can be assembled from
Cauchy-Riemann derivatives of Ex<4 and Eg 2 (including products of E2, VE3 and VE;). For
w+ @ = 10 in turn, one needs to adjoin combinations of E5, Eos, A[$33], A[V122] and
their Cauchy—Riemann derivatives to obtain complete lattice-sum bases.

In order to obtain simple expressions for the full range of ﬂs"[ji jg] and ﬁs"[jé {ﬂ in

terms of lattice sums, it is convenient to delay the appearance of holomorphic Eisenstein

233ee appendix A.2 for trihedral MGFs.
24We are not counting combinations of MGFs that evaluate to MZVs or products involving MZVs or holo-
morphic Eisenstein series in the table. This is why we did not include (s = (222)3(C[111] — C[3§]) at

(w,w) = (3,3) or any of (5, (3E2, G4V Es at (w,w) = (5,5).
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weight (w,w) basis elements
(2,2) Es
(3’1) VEQ
(3,3) E;
(4,2) VE;
(5,1) V2E;3
(4,4) E4, Eoo, E3, (Im7)2VE,VEy
(5,3) VE4, VEg9, EoVEy
(6,2) V?Ey4, (VE2)?
(7,1) V3E4
(5,5) Es, Ez3, EoEs, (Im7)*VE,VE;, (Im7) *VE;VEg, Bos, B,
6,4 VEs, VEq3, EsVEy, EoVEs, (Im7) 2VE3V2E3, VBa3, VB,
y , 2,3
(7,3) V2Es, V?Eg3, VEoVEs, EoV2Es, V2B)
(8,2) V3Es, VE;V2E3, V2Bj
(971) V4]'-_‘)5

Table 1: Basis of MGFs of modular weight w + w < 10 in terms of VFE_. and imaginary
cusp forms and their derivatives. There is a similar basis with w > w where V is replaced by
V and B by B... The modular weights (w,w) refer to the lattice sums C|...] after stripping
off overall suitable factors of (ImT)*. For instance, Ey, is counted as (w,w) = (k,k) from the
lattice-sum contribution C[¥ 9] = > p£0 Ip|=2* to (2.18). Additional factors of (Im7)~2 have
been added explicitly in the table whenever there is an V to ensure that all entries in one row
have the same modular properties.

series in the Cauchy—Riemann equations. This can be achieved by taking the combinations

Im7° (VE3)VE3 — (VE;)VE;3
Baa = (M27) Alt 133 2 RLALY 520
1 /Im7\° 21 1
Bys=Bas+ 5 <7r> Al333]- 7 23— 50k (5.2b)

as basis elements for the lattice sums with w = w = 5, where the rescaling by Im7/7 is
analogous to (2.18) or (2.24) and renders Bg3,Bj; modular invariant. The lowest-order

Cauchy—Riemann derivatives that contain holomorphic Eisenstein series are

3

3 2
(7V)?Ba,s = +§(7TV)2E2,3 + ;(WV)2 53— §E2(7TV)2E3
3
+ §(7TVE2)(7rv153) + (Im 7)*G4(9E3 + 3¢3), (5.3a)
(7V)'Bh 5 = 1260(Im 7)°GgmVE; . (5.3b)
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While the modular graph form By 3 is also an imaginary cusp form, the second form B’2’3 is
neither real nor a cusp form, and its Laurent polynomial is determined by the known Laurent

polynomials (2.28) of E 3 and Eo,

B, = -
237914175 45 240 2y 64y 8y3

oG 16§ TG 2166

B2,3 = O(Q) Cj) ) + O(qa (j) . (54)

Accordingly, the complex-conjugation properties are

_ — 21
Bo3 = —Bags, Blg,g =-Bj;— ?Ez?, — (3Es. (5.5)

The imaginary cusp forms with w = w = 5 studied in [22] were denoted by A; 2.5 and A; 4.5

there and can be rewritten in our basis as follows2?

1 /Im7\° 2 21
Avps =3 <W> Al383] =3 ( 23~ Bog+ Eas+ §E2> ) (5.6a)
E;)VE;3 — (VE,)VE
Ara5 = (VE2)VEs = (VE)V 3 (5.6D)

’ 6(Im 7)2

The extra cusp form A[{ {3 3] entering the definition of B did not arise in [22] as its

lattice-sum representation requires three-loop graphs on the worldsheet.

The reason for defining the particular combinations (5.2) is that their derivatives VBag 3,
VB 3, VQB’Z3 and V3B’2’3 do not contain any explicit holomorphic Eisenstein series. The
collection of MGFs in table 1 forms a basis for MGFs of total modular weight w 4+ w = 10,
excluding factors of G or MZVs. First, the techniques in the literature have been used
to decompose all dihedral and trihedral MGFs with w + w = 10 in the basis of the table
[84]. Second, the counting of basis elements matches the number of $% that can enter the
o/-expansion of Ynf at the relevant order. As will be detailed in the following sections, see in
particular (5.10) and (5.12) to (5.14) or (D.1), the correspondence between lattice-sum and

iterated-integral bases is

B3, Ealls, (hnﬂ—QVEQVES} o {B”[E{%], plagl, 146l
(Im7)"*VE;VE;, By, By gr184l, A5 4, A5
VEps, B3VEp, EVEs } o {5“[2%], pLigl, BRG] (5.7)
(Im7)">VE,V?E3, VB3, VB, B(g4], AR AL, BV 5 1]
VB2, VERVEs, BaV2Eg, VByy < 8% [1¢], AV133], ™ [8 4], AIE 1]

14 23
46 16
VEVZEs, VPBhs < 57541, AI§3]

)

?’Note that the normalisation conventions of [22] for Clor b2 Zg] and A[3! 32 ZI’:} differ from ours in
1

(2.16) and (2.30) by an additional factor of (™T)2 Titalagtb)),

— 46 —



where the powers of Im 7 were inserted to harmonise the modular weights. Similarly, we have
V™ME5 < 35 [4“"] , (Im7)>"V"E5 < g% [ﬁg”] with m < 4 according to (C.3). All the g%V
in (5.7) are understood to carry admixtures of lower depth analogous to the terms involving

Ck in (4.7). Generalisations of (5.7) to higher weight will be discussed in section 6.2.

5.2 Three-point component integrals and cusp forms

Based on the generating series (3.11), we have expanded all three-point component integrals
Y s, a3|b2,b3)(0| p) to order 10. Similar to the two-point case, the leading orders of the simplest
cases Y(0 010.0)(@1P) or Y 1.0 (olp), Y(E,OIO,I)(U‘/)) are still expressible in terms of Ej, and E, 4.
The o'-expansion of Y(0.010.0 (o|p) involves trihedral modular graph functions D, .(7) that
are discussed in appendix A.2. They serve as consistency checks of the expansion method
(3.11) and as another showcase of how the 5%V expose the relations among MGFs.

The simplest instances of cusp forms or the alternative basis elements in (5.2) occur in

the o/-expansion of the following component integrals:

Im7\°

Y5000,2)(2,312,3) = Y(§212,0)(2,3]2,3) = s13(s23 — s12)(s12 + 513 + 523) <7T> Al 153]
(VEs)VE; — (VEs)VE;
12(Im7)?2
(VE2)VEs — (VEs)VE;

12(Im7)?2
+ s13(s23—s12) (s12+513+523)Bas + O(sy) , (5.8a)
(VE2)VE3 — (VEg)VE;

4(Im 7)?

+ (523 — 512)(2873 + 512523) + O(Sfj)

= (s12—523) (2512513 —S12523+2513523)

Y5113,0)(2:312,3) = Y5 012,1)(2,312,3) = 512513

Im7\° 2 Im7)°
~snalonaeon) (M27)AIRER31+ Fomasns (M7 ) ALY+ O

/

2 1
3 + 7E273 + §C3E2) — 5813(4512-{—38134-3823)]3273

(VE2)VE3—(VE3)VE;
12(Im 7)?2

= 512513(

+O(s3). (5.8b)

+ 513(3512+2513+2523) i

The expressions in (5.8) have been obtained by integrating over zo, z3 in Fourier space as
reviewed in appendix A.l and simplifying the lattice sums via known MGF techniques. By

matching these results with the o/-expansions due to (3.11),

Y51130)(2:3[2,3) = Y5 g2,1)(2,3(2,3) 2 —608™[§ 8] + 2708 [} ] + 605§ 7]

13

—3908°[3 4] — 2708°[2 1] + 3908% 2 9] + 3¢38%[ 1] + 260¢38° [ 4] — 45;3 BIE
5 39 27 3 13
C3 ﬁsv[ ] C5 IBSV[ ] <5 ﬁsv[ ] 8&;’ IBSV[Z] + ?C()E) (59&)
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Y5103,0)(2:312,3) = Y(3.012,1)(2, 312, 3) = =908 [ 3] + 3608 [13] + 908 [§ 7]

$12513

+ 3305 (3 ] - 36083 1] — 33087 [39] — 2200587 3] — T3]+ B[4
L 3365 gov 9C5 sv 9 v S
) —= BV + =874 ]_@5 131-35 (5.9b)
one can extract the following 3%"-representation of Bg 3 and B’Z3
By = 4508%[2 1] — 45082 9] + 2708 [2 1] — 2708} 2] (5.10a)
45(38% 45C5 55 27¢555V[ L 13
— 3¢38°[1] — 300¢38° [ 4] + <3§ 6], C5§ 4] _ CZZQ L] _ 12%5,
;o sv sv ¢ (3 147¢r | 21¢3Cs
B3 = 12608°(F ] — 840¢38™[§] + 210 2y 6dy? 55 (5.10b)
Similarly, (5.2) implies V-representations of the cusp forms
Im 7 ° 0122 SV SV sV 5% svi2 1
(77) A[0122] =608°[923] —608°V[E 3] +2708°V[2 1] — 2708°V [} 2] + 39083°V([3 ¢ ]
- 39083 9] - 368 (4] - 2606083 + 26 (3] - 22 573)
39 27 3 13
C5st[ } CE)ﬁSV[ ] 852/68‘/[421} . ?%’)’ (5.113)
5
(P27) Arg321 = 590574 2] - 5405713 3]+ 3605713 5] - 3605°13.] - 2406571}
~ 90 36 27
f’ﬁ“[%w B gig)+ T2 - 2, (5.11b)

where the vanishing of their Laurent polynomials can be crosschecked through the asymp-
totics (3.38) of the 5. Once we have fixed the antiholomorphic integration constants of the
55 [{11 jg] and %Y [Jg Jf] in section 5.4, one can extract the g-expansions of the MGF's from

their new representations (5.10) and (5.11), see appendix F.

5.3 Cauchy—Riemann derivatives of cusp forms and 5%

The above procedure to relate the new basis elements Bo 3 and B’273 to cusp forms can be

repeated based on component integrals Y( az,a3|b2,b3)

(0, bo+bs—az—as). Their expansion in terms of 5%V to order 10 is available in an ancillary file

(o|p) of non-vanishing modular weight

within the arXiv submission of this paper. On top of (5.10), we find

225 3¢

"By = 1356™ [} 3] - 2106™ [33] — o043 3] + 908 (3 1]+ 2[4 9] + 2 8 3)
18065 (2] — 45%“[1 45¢56(9) g%wuwfgzﬁswz], (5.12a)
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v 132’3 = 14408% [} §] — 10808°[9 2] + 21605 [ 4 1] + 1800852 9] — 43205°[2 9]
, 240 45 108
— 12645%(9] — 1200638 [§] — T3]+ T8 (7] + — Y]
27C5 oy &
_ﬁg [i]_@, (5.12b)
as well as
(7V)?B), . 756< . 8¢ (s 63(sC
T%:_4838406 991+ =228 [2]—@—5—;;— 4;65, (5.13a)
(7V)*B - 75645 wior 23 TG 1476 | 63(sGs
T = 12096064 9] — —>B"[9] - T5+5T,2_ 3y W (5.13b)
V SV SV 378C5 sV 7C5 <32 147(7 63(365
y2 —_151206 [ ]_24CB [ ] ﬁ [ ] @4_@ 32y3 - 8y4
(5.13¢)
and
/ sv sv 147 63
VB 3 = —9453%Y(3 2] + 630¢33°"[2 ]+%”+ 3257— 8232(5, (5.14a)
4 4
(v9)2Bh = 202 523 - 315G () - orer y 936G (5.14b)
y
945 315 63
(rV) By = — B[R4+ S B ] - s, (5,140

Higher derivatives in turn involve holomorphic Eisenstein series, see (5.3). These relations
can be inverted to express all ﬂs"[“l iﬂ with k1 + ko = 10 in terms of MGFs. The full
expressions are given in appendix D.1.

5.4 Explicit % from reality properties at three points

We shall now outline the computation of the antiholomorphic integration constants « [Jg {f]
that enter the key quantities st[jl 721 of this section via (3.12) and (3.32). Similar to the

steps in section 4.5, we first determine the complex conjugate st[ﬁ 72] from the reality

properties Yz .\ b3)(0| p) = (4y)e2tas—bz—bayr (p|o) of the component integrals,

(b2,bslaz,a3)

svi00] — ’BSV[?JL ] g SV C S\ <3 . C5

P85 = Tooeys ~ s1aays” o) Toaa0ps” 1) Goraony ~ 3aseongp (10
SV _ /BSV[?JL 6] . C3 SV C5 SV C3 . <5

p [é 2] ~ 256y4 384y46 [%] 2560y 5ﬁ [ I+ 907200  86400y2’ (5.15b)
SV _ B SV[le ] C sV C5 SV N C3 <5

P = 5560 ~ a6y 180+ a0y 7 3~ 236500 * Trasony? (5.15¢)
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Calt$Y

5sv[%411]

BSV[(G]?L] _

st[gg]

B[54l

Bbv[éi]

st[ég]

ﬂsv[gi]

k1

st[éi]

pvIE 1]
st[éi]

:%ﬁgff] 1m§0y*?v[]_';f2ﬁw[] Gﬁl4ﬁw[ﬂ'_21§by’ (5.15d)
= Tl o) - S e (3159

/levﬁ[yo : 16§0y A1l - 38€fy4ﬁsv[g] 43; ar1al - 21(%())03/7 (5.15f)
= 838 - 814 - 22 + 1 - o (5.159)
= B4+ o8] - 26V3)+ 158 L]+ 1o (5.150)
= (88 - 56”131 - 2};;/3“[ I+ 1%2@[ -2 (5.15)
= 102" (38] - S (g - g g iz S (55
= 1692 (131 + 29 ) - 8<3yﬁSV[] Sl (G
— 16287 (93] — S o) - X gz 4 2o gy U (5151
:256y455m1—128?)@’?’5“[21+2<56“m B CAEN
= 256y (g4 - W gy 4 S gy WO K (o)
= 1096,°5°44] - 5124” g1g)+ o geg) - WG WG (5 15)

We emphasise that this reasoning does not rely on any MGF representation and can be applied

at higher orders k1 + ko > 12, where a basis of lattice sums may not be explicitly available.

These results line up with the closed depth-two formula (4.28) modulo admixtures of lower
depth and determine 35V [{11 Jg] via shuffle relations and (4.19).

In close analogy with (4.30), one can now solve (5.15) for the sV [jﬁl {f] and introduce

the desired integration constants via (3.32). By comparing the purely holomorphic terms, we

arrive at

I

algil=a[g}] =0,
_amTG3 63 £l
226800 630
TGy Cig[o]
T 151200 1 420 4
_ it & £19] -
© 56700 105 ‘4
27_2(:3 . imT(C3 [0
75600 105 ‘4

,50,
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(5.16b)
(5.16¢)

(5.16d)
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272C3 2im7(3

ol64) = ~Taga00 * 315 1)~ 33580 (5.16f)
ofy3)= T8 gy, gy STy Xagpyy (5.16¢)
- S Ay ey Gy T By e
ofg})= T8 T Gpg) Mgy S (5.160)
af33) = TG 2T Gy Mgy Sy
18900 315 315 630
87T2;2C35[8] N 8i7r37§35[6] 2(35[ . (5.16))
a[d1] = — 29:)20% 4i7r5TC58[2]_%8[}1] 7 (5.16K)
of33) = TG O gy e}~ aimrciel3] + S2E(]) (5.161)
of§3)= 206 BTG gy ST T 1rtr2ge(p) + T gy
_ 2?535[%] ZWG;zCs B 87T2;2<55[9d B 817?(55[[11] + 2—?8[3] ) (5.16m)
Note that shuffle relations determine 04[{11 Jg] = —a[jg 3;11 ], and manifestly T-invariant rep-

resentations can be found in (F.7).

5.5 Laplace equations of cusp forms

In this section, we discuss the Laplace equations of the extra basis MGFs corresponding to
BSV[% {f} and 3%V [Jl ]2] Their representatives (5.2) satisfy

3 ((VE2)VE3 — (VE2)VE3)
2(Im )2

(A+42)By3 =4By 5+ 21Eg3 + + 2¢3E,, (5.17a)

105 21
(A — 16) /273 = —14B2’3 + 7E273 + 21E5E3 + 7C3E2 - —(5, (517b)

40

as can be shown by combining their 3%V representations in (5.10) with the differential equa-
tions (3.14) obeyed by the 5°V.26 This system can be diagonalised to

63 21
(A —12)(—Baz+Bj3) = < Eap+ 21E2F;s + 5C3Eo — E<5 (5.18a)
_ 3((VE2)VEs — (VE2)VEs)
2(Im 7)? ’

26To obtain these Laplace equations, one first expresses VBg 3 and ﬁB’w through a combination of %Y
as in (5.12) and then acts with V. The resulting expression is then converted back into MGF's by using the
inverse relations shown in e.g. (4.5) and appendix D.1. The same result can also be obtained by acting with
the derivatives on the lattice sum representations of Bz s and Bj 3 and decomposing the result into the basis
summarised in table 1.
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21
Q—Ogg) (5.18b)
21 ((VE2)VE;3 — (VE2)VE3)

2(Im )2

(A - 2)(—7B2’3 + 2Bl273) = —42E273 + 42E.E3 —

It is rewarding to rewrite these Laplace equations in terms of cusp forms, i.e. eliminate B’273

in favour of the three-column cusp form A; 2;5 in the normalisation conventions of (5.6):

VE;)VEs — (VE3)VE;
(Im 7)2 ’
3((VE3)VE; — (VE3)VE,)
2(Im 7)? '

(A — 12).,41’2;5 = ( (5.19&)

(A —2)Bys =6A;25— (5.19b)
Note that (5.19a) is a special case of the Laplace equation among two-loop MGF's studied in
[22]. The system (5.19) can be diagonalised through the following linear combination of cusp

forms

21((VE3)VE; — (VE3)VEy)
10(Im 7)?2 ’

(A—2) (B2,3 - 2«41,2;5) = - (5.20)

Even though they diagonalise the Laplacian, A; 2.5 and Bo 3 — %A172;5 have not been chosen as
basis elements in table 1 since their Cauchy—Riemann derivatives yield holomorphic Eisenstein

series in earlier steps than By 3 and By 3, see (5.3).

6 Properties of the §* and their generating series Y7

In this section, we study the central objects 55V and YﬁT in more detail. Based on the modular

properties of their generating series Y7, we will determine the SLs(Z) transformations of the

5%V and assign a modular weight modulo corrections by 8%V of lower depth. This will be used

to infer the counting of independent MGF's at various modular weights from the entries j;, k; of

the 55v Hl iQ iz ;7'] that occur in the expansion of Y. Finally, based on the transcendental
1 K2 ... Kp n

weights of the % and the accompanying combinations of y and MZVs, we prove that the

o/-expansion of YﬁT is uniformly transcendental if the initial values YT;'OO are.

6.1 Modular properties

We first explore the modular properties of the 8%V that can be written in more compact form
than those of the £5V. The modular T- and S-transformation of the 8%V will be inferred from
their appearance (3.11) in the generating function YﬁT . The torus-integral representation (2.8)
of Y7 and the modular properties (2.5) of its ingredients imply the SLg(Z) transformation

orts n;—(yT+8)n;
v (o) |V = ¥ (ole). (6.1)

e 5
CctE)
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The asymmetric transformation law for the 7; and 7; stems from the different choices of

arguments for Q and Q in the definition (2.8) of the generating series YﬁT . By the series

expansion (3.11) of both sides of (6.1) in terms of 35V [ﬁ g N i‘; ; T} and %V [ﬁ g N i‘; ; C;:i? ,

respectively, we can aim to infer the SLy(Z)-properties of V.

6.1.1 7T- and S-transformations

The T-modular transformation 7 — 7+1 is an invariance of both YﬁT and the operator

exp(—%ym)) acting on the initial values Aﬁioo in (3.11). Hence, the T-invariance of the

closed-string integrals can be transferred to the g%,
g B st = B B ] (6.2)

as is also evident from the explicit low-depth examples worked out in the previous sections.

Under an S-modular transformation 7 — —1/7, by contrast, we also have to take into
account the (asymmetric) transformation of the 7;,7; and that the imaginary part Im7 =
y/m appears explicitly in the operator exp(—%?jo))?goo in (3.11). Hence, the S-modular
transformations of the £V can be obtained by inserting

Y ~ o9 k1—2ko—2 ke—2 l ( 1)%(]{: 1)
ST — (A sv|Jg1 g2 de. 1
v = 3 Y (g ey )P e e s
L , Ly (k; —j; —2)!
(=0 kl,...7k[ ]1:0 ]2:0 ]g:() i=1

—=4,0,0,...

X Rﬁ(adfg_”_Q(ek[) e adfg_jz_Q(ekQ)adfg_j1_2(ek1)) (6.3)
R*(Go) E s ST
<exp (=1 =) T 220

into the left-hand side of (6.1), where the substitution on the n variables applies to all occur-
rences on the right-hand side of (6.3).

Once a given instance of 5%V has been expressed in terms of MGFs, its S-modular prop-
erties can alternatively be inferred from the well-known transformation laws of the MGFs.

Both approaches lead to the following exemplary transformations of the 55V:

B[4 = 728197 + 22’/2(72_1)}’ (6.4a)
21
ﬁsv[i;i]zﬁ“[i;rH@’(‘Qy ). (6.4b)
1 2
13-4 = {5+ 32>}, (6.40)
20, 17 _ gsvi20. 14 263 a1 gsv 5G(ITP-1) | G127 +|7])
B3 - =AY+ S -8 6] o5, T . (6.4d)
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571
3=t =+ S e
(

7Cr T|4—1) C3C5(|T‘6—27’377’+1)
3840y2 480y3

)
2520y

(6.4e)

Based on the general relations (4.10) and (4.11) to non-holomorphic Eisenstein series, modular

S-transformations at depth one can be given in closed form

2 TR . 2, |7[2 720
(k=1)(dy)F=2=7 ~ (k—1)(dy)r—2-3"~

BSVM;_H _ 7—_k—2—2jﬁsv[i;7_] _ (6.5)
and their analogues at depth two and ki1+ks < 10 can be found in appendix E.
One important immediate consequence of (6.3) is that the maximal-depth term of any
S-modular transformation is
5“[% ii - ii : 7% — 7_-_25_201+j2+...+je)+k1+k2+..‘+kzﬁsv[ill ii - ii ;7-} mod depth < (—1,
(6.6)

where the terms of subleading depth are illustrated by the examples in (6.4). This follows
simply from taking the identity term of the exponential and considering only the rescaling
of the n;,7; in the operators Rﬁ(adfé_ji_Q(eki)) that have finite adjoint powers of €. Refer-
ring back to section 2.4, we see that Rj(ex) ~ sijnf_2 picks up a factor of 7~2 under the
transformation (n;,7x) — (7n;,7;/7) of (6.3). In particular, since Rj;(eg) picks up a factor
of 772, the operators Rﬁ(adfg*jifz(eki)) in (6.3) transform by 72+2/i—*i, Demanding the S-
transformation of the 8%V to cancel all of these factors leads to (6.6). Therefore, even though
the 5%V are not genuine modular forms, they can be assigned leading modular weights given
by

y4
8% [ill ii - if; : T} +— ‘modular weight’ (O, —20 + Z(ki_2ji)) mod depth < /¢-1,
i=1
(6.7)

and these will be the modular weights of MGF's associated with the given 8% as their leading-
depth contributions. In order to compensate for the lower-depth corrections to the transfor-
mation (6.6) and attain a genuine modular form, expressions like (4.7d), (4.9) for MGF's
comprise a tail of 8%V of lower depth. Note that there are only non-holomorphic weights just
as for the component integrals in (2.13) as the generating function Y7 was rescaled by Im

to absorb all holomorphic modular weights.
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6.1.2 A caveat from the derivation-algebra relations

An important qualification of the above arguments is that the derivation-algebra relations
such as (2.43) imply that the generating series YﬁT will not contain each possible 5%V with
7i < k;—2 individually but certain combinations always appear together. The first instance
of this implied by (2.43) occurs at £ = 2, k1+ko = 14 and was spelt out in (3.17). Therefore,
even though YﬁT has a perfectly well-defined modular transformation given by (6.1), this
does not uniquely fix the modular behaviour of all the individual 8. Instead, from weight
>, ki > 14 onward, only the specific combinations of 3 realised in the o/-expansion of YﬁT
(see for instance (3.17)) have to obey the modular properties (6.2) and (6.6). In principle,
there is the freedom for the individual 5% in these combinations to depart from the above T'-
and S-transformations, as long as these departures cancel from the YﬁT .

Fortunately, this ambiguity does not affect the closed-string integrals or the MGF's in its
o/-expansion. For the combinations of 5V that drop out from YﬁT (and therefore all component
integrals) by derivation-algebra relations, we do not need or give an independent definition in
this work.?” Hence, (6.6) can be used as an effective modular transformation that holds for
all combinations of 5%V relevant to this work. When studying the implications on MGFs in
the next section, the dropouts of 5%V at given ) . j; and ), k; will be taken into account, so

the counting of MGF's can be safely based on (6.6) and the relations in the derivation algebra.

6.2 Counting of modular graph forms

The modular properties (6.6) of the 8 can be used to count the number of independent
MGFs of a given weight. This will lend further support to our basis of MGF's in table 1. The
modular weights (w,w) of general lattice sums Cp[“é] (cf. (2.19)) are related to the entries of

the highest-depth terms 55V Hi g - i‘;] in their integral representation via

V4
ww=» ki, w-w=20+» (2;—ki). (6.8)
; =1

Note that our convention of modular weights is implied by the lattice-sum conventions (2.16)
and differs by the factor of (MTT)%(“’“D) from [9, 13, 22].

While the second correspondence involving w—1w is simply a consequence of (6.7), the first
one wHw = Zle k; requires further justification since C[{ ] and ImTC[ZIi ] have the
same total modular weight. It can be understood by comparing the integral-representation
(2.8) of Y7 with its o/-expansion (3.11) in terms of 5V

The integrals can be performed order by order in ' and 7;,7;, where the lattice-sum
representations (A.2) of G(z,7), f®)(z,7) and f*)(z,7) yield MGFs such as C[}! 4 " 4% ]

. br

2TFor combinations of 8% that drop out from the o/-expansion (3.11), we cannot determine the antiholo-
morphic integration constants from the reality properties (2.15) of component integrals either.
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and higher graph topologies [21]. The respective contributions to the expansion variables and

the modular weights of the lattice sums are

G(z,7) <> si; & modular weights (1,1)
f®(z7) < (n;)* & modular weights (k,0) (6.9)

f®(z,7) < (7)) & modular weights (0, k).

We are disregarding powers of Im7 and overall prefactors ~ (n;7;)}™" of the YﬁT , i.e. the
modular weight (1,1) of the Green function refers to its contributions to the entries of C[::].

In the o/-expansion (3.11), in turn, the correlation between powers of s;;,7;,7; and
the entries of 5% is governed by the derivations. Their homogeneity degrees are Rj(e) ~
sij/n? +1;/n; and Ry(ex) ~ sijn;?_Q, which correspond to modular weights Rg(eg) <+ (—1,1)
and Rj(eg) <+ (k—1,1) from the lattice-sum viewpoint (6.9). Hence, the (s;j,7;,7;)-counting
of any operator Rﬁ(adzo €r) is the same as having an extra w+w = k in lattice sums, regardless
of the power j of ade,. This explains why w+w has to grow with Zle k;.

Finally, the absence of a k;-independent offset w+w — Zle k; can be checked by compar-
ing the overall powers of (s;j,7;,7;) in the initial value }/}%"O and the integral representation
of Y7. This is most conveniently done by noting the low-energy limit 3/(6’...7()'07...70)(0] p) =
1+ 0 2) of the simplest component integral at the leading order ~ (n;7;)}~™.

On these grounds, we will perform a counting of independent MGF's on the basis of (6.8)
in the rest of this section. Our counting only refers to MGFs that do not evaluate to MZVs or
products involving MZVs or holomorphic Eisenstein series. We explain our methods in most
detail for modular invariant objects, where we also distinguish between real and imaginary

invariants, but these methods also cover weights (w,w) with w # w that we list in table 2.

6.2.1 Reviewing weight w4+ w <8

Up to total weight . k; < 8 the only possible basis elements stem from 3% [i] of depth one.
At fixed k, each choice of 0 < j < k—2 leads to a different modular weight according to (6.7).
This is in agreement with table 1 featuring only a single basis element for all total weights

w+w < 8. For instance, modular invariants are obtained for st[i] whenever j = %,

and they are related to the Ej/, shown in the (%, %) rows of table 1, see also the explicit
formula (4.8).
Starting from lattice sums of total weight w + w = &, there can also be invariant combi-

nations of depth-two %V. The condition for modular invariance implied by (6.6) becomes

V2] weight (0,0) & 2=ji+j2, 0<ji,j2<2, (6.10)
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and there are three solutions to this condition given by (j1,72) € {(0,2),(1,1),(2,0)}, leading
to three additional modular invariants of total weight 8 besides E4. Two linear combinations
of such 55\/[]41 {f] ‘j1+j2:2 can be realised by the shuffles BSV[}lF and B5V[9]5%V[2] which
correspond to E3 and (VE3)VEs by (4.5a).2® Hence, there is a single shuffle-irreducible
modular invariant at depth two which can be chosen to be Eg 2, expressed through 5% in
(4.7c). Together with Ey4 <» 85V[3] at depth one, this reasoning agrees with the total of four
entries at weight (4,4) in table 1.

The same counting strategy can be applied at non-zero modular weight. Let us consider
the example of (w,w) = (5,3) in table 1 which translates into modular weight (0, —2) after
multiplication by (Im7)°. The relevant 35 [];11 ]f] at depth two with antiholomorphic weight
—2 have ji+j2 = 3 by (6.7) and this leaves the two options (ji,j2) € {(1,2),(2,1)}. One
of them is the shuffle EoVEy, and the irreducible representative is VEs o, see (4.7¢c). The
connection with the irreducible modular invariant Es o can be anticipated by comparing the
differential equation (3.16b) of the 5%V with the equations satisfied by the MGFs.

In general, the appearance of holomorphic Eisenstein series in Cauchy—Riemann deriva-
tives or relations to shuffles as in v2E272 = —%(VEQ)Q implies that the number of basis MGF's
with weights (w+k, w—k) decreases with |k|. An overview of the MGFs and irreducible rep-

resentatives at w+w < 14 can be found in table 2 below.

6.2.2 Reviewing weight w + w = 10

Continuing to total weight 10, there are now additional possibilities at depth two coming
from (k1, k2) = (4,6) or (6,4). The condition for modular invariant 5[/} jg] and ﬂs"[jé 2]
becomes ji1+j2 = 3 (with 0<j;<2 & 0<j»2<4 in the former case and 0<j;<4 & 0<j2<2 in
the latter). Both cases lead to three solutions each, and thus there is a total of six modular
invariants contributing to the lattice sums of weights (w,w) = (5,5) that can be expressed
through depth-two 8%. Together with the single contribution E5 <+ 5[} ] from depth one,
we find seven modular invariant combinations of 5%V which matches the number of basis
elements in the (5,5) sector in table 1.

Three combinations of the modular invariant 5V [{11 Jg] and 55 [Jg {f] can be realised as
a shuffle of g% [i] 5% [3gj ] with j = 0,1,2. This translates into modular invariant products
EqEs, (VE2)VEs, (VE2)VE3 and leaves three irreducible modular invariants at depth two
that can be chosen to be Ez 3 and Ba 3, Bj 5 in table 1, see (4.7d) and (5.10) for their expres-
sions in terms of B°. Alternatively, one can trade Bs 3, B’273 for the imaginary cusp forms

A[923], A[9122] and organise the modular invariants according to their reality properties:

28For ease of notation, we will suppress here and in the following the overall factors of (Im T)#. They are
always implicit and understood to be such that the holomorphic modular weight vanishes, cf. (6.7). Therefore,
(Im 7)72(VE2)VE2 will be just written as (VE2)VE,.
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three real basis elements EgE3, Re[(VE3)VEs], Ez3 (one of them irreducible) and three
imaginary basis elements Im[(VE2)VEs], A[923], A[{1]232] (two of them irreducible).
The counting of real and imaginary forms can also be obtained based on the reality
properties (4.19) and (4.28) of the $: in the modular-invariant case, complex conjugation
is only an operation on the labels of the 8% at leading order in depth. Therefore one has
to form combinations of the 5%V that are mapped to themselves or minus themselves under

complex conjugation. For instance, since
B35 =6"[29] modulo lower depth, (6.11)

the combinations 5%V[% 1] + f%V[3 9] give real and imaginary MGFs modulo lower depth,
respectively. See e.g. the real Eg 3 in (4.7d) and the imaginary cusp form By 3 in (5.10a).
The analogous counting of MGFs with w+w = 10 and w # w based on the 5%V can be

found in table 2 below.

6.2.3 Predictions for weight w + w = 12

For lattice sums of weight w+w = 12, a basis of 19 modular invariants can be anticipated
from 3% at depth £ =1, 2, 3:

(i) a single depth-one invariant Eg <> 5[} ]

(ii) 5 depth-two invariants ﬁSV[J 172] with j; 4+ jo =4 and 0 < j1,j0 < 4

(iii) 6 depth-two invariants g5V [7} 22 |

2] & B[22 1] with ji+j2 = 4 and 0<j1 <2 & 0<j><6

8 4

(iv) 7 depth-three invariants 5%V [{11 {f Jf] with j1 +j2+j3=3and 0 < 5, <2

We will analyse the shuffle- and reality properties separately in each sector (ii), (iii), (iv) and
connect with known irreducible modular graph functions.

Sector (ii) comprises three shuffle BSV[%]Q , B[] 8% [ 8] and V(2] B%V[ 4] that correspond
to E2, (VE3)VE;3 and (V2E3)§2E3 according to (4.5). This leaves two irreducibles which

can be taken to be the quantities

Cr 7Co 9¢2

E33 = 45087 [§ ¢] — 180¢:5™ (3] + 16y 643 + Gy (6.12)
12 3 7
0= 12008V 49) - 5 (34]) — 48 (8] 4 20y Ko TO gy

corresponding to the lattice sums (2.24c) and (2.24d). The % representations have been
inferred from the differential equations and the Laurent polynomials of the real MGFs E3 3
and Ej ;.
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Sector (iii) also admits three shuffles 55V[9] 85V[§], B%V[1]B°V[E] and B°V[%] B°V[2] cor-
responding to (VE2)VEy, EoE4 and (VE3)VEy, respectively. Two of them are real EqEy,
Re[(VE3)VE4] whereas a third one Im[(VE;)VEy] is imaginary. The remaining three invari-

ants are shuffle irreducible, and one real representative

By = —56708%[49] — 56708%[2 2] + 3780(38°[2]

405<7ﬁsv[0] 9¢7 | 25Go  135G3¢r
4y 480y 8y3 32y4

(6.14)

corresponds to the lattice sum given in (2.24e). As will be argued below, the remaining two
shuffle irreducibles can be chosen to be imaginary.
Sector (iv) admits 2+3 shuffles E3, Eo(VE3)VE; and EoEq 5, (VE3)VEs 2, (VE2)VE2 .

Among the leftover two shuffle-irreducibles, one real representative

Ego02 = —2166%(7 ] §] + 14467 [ ] §] + 10¢8° (]
1263 B[] + G 661G 566G ¢

30 ' 1800y  12y2 ' 6y?

(6.15)

corresponds to the lattice sum (2.24f). As will be argued below, the second shuffle irreducible
is imaginary.

In order to anticipate the number of real and imaginary irreducible modular invariants,
the known types of relations among MGF's have been exhaustively applied to all dihedral and
trihedral graph topologies at weights (w,w) = (6,6) [84]. The solution to the large equation
system identifies 14 real and 5 imaginary independent modular invariants, again excluding
MZVs and Gy from our counting conventions. Given that modular invariant combinations
of the known E_ already exhaust the 14 real invariants, the remaining shuffle irreducibles
must admit imaginary representatives. This conclusion lends support to extending the reality
properties of the 5%V given in (4.28) beyond k1+k2 > 10, and it is tempting to extrapolate it
to arbitrary depth

ﬁsv[ﬁ ii 5 kgi| (4y)2€+21 1(25:— st[ke 2—j¢ k2_k22_j2 k’l_ki_jli| mod depth < ¢—1.
(6.16)
This conjecture leads to the same counting of imaginary representatives, and the power of 4y
therein vanishes exactly if the modular weight of 5%V in (6.7) does.

Hence, the 5 imaginary invariants at (w,w) = (6,6) are Im[(VE2)VEy4], Im[(VE2)VE3 2],
two irreducible cusp forms from (iii) and one irreducible cusp form from (iv). The paper [22]
identified two cusp forms at (w,w) = (6,6) among the two-loop graphs on the worldsheet.
Accordingly, three out of the five cusp forms in our counting must require lattice sums as-

sociated with (L > 3)-loop graphs. Indeed, a detailed analysis of the relations between
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dihedral and trihedral MGFs suggests that A[93 %], A[91%3] and A[92%3] qualify as a
basis of shuffle-irreducible cusp forms at (w,w) = (6,6), and Im[(VE3)VEgs] also exceeds
the two-loop graphs when written in terms of lattice sums.

In summary, the 19 modular invariant lattice sums of weight (w,w) = (6,6) comprise 11
shuffles (3 from (ii), 3 from (iii) and 5 from (iv)) and 8 shuffle irreducibles. The irreducibles
admit 5 real representatives known in the literature (Eg from (i), E33,Ej3 3 from (ii), Eg4
from (iii), Eg22 from (iv)) and 3 imaginary cusp forms (two from (iii) and one from (iv))
generalising A[923], A[91232] described in section 5.

The analogous counting of MGF's with w4+w = 12 and w # w can be found in table 2

below.

6.2.4 Weight w4+ w = 14 and the derivation algebra

By extending the above counting method to weight w+w = 14, one is nailvely led to 44
modular invariants (26 of them shuffles). If all the 8% were realised independently in the
expansion (3.11) of Y7, the total of 44 would arise from the following sectors:

(a) a single depth-one invariant E7 +» 85§ ]

(b) 6 depth-two invariants 5%V []41 {%] & 3% H% ];11] with j1+7j2 = 5 and 0<j1 <2 and 0<j»<8

(¢) 10 depth-two invariants 5V []61 782] & B3 [Jg jﬁl] with j1+j2 = 5 and 0<j; <4 and 0<j2<6

(d) 27 depth-three invariants 65"[%1 JZ Jf] with j1 + jo +j3 =4 and 0 < j; < 4 as well as

0 < j2,73 < 2 and permutations of (ki, ko, k3)

However, weight Zle k; = 14 is the first instance where the derivation algebra exhibits
relations beyond the nilpotency properties in (2.41) that we have already used in the derivation
of (3.11). The simplest instance was exhibited in (3.17), see also appendix C.4 for expressions
of the MGF D7 at w + w = 14 in terms of 5.

More generally, the relation (2.43) implies additional relations under the adjoint €y action

according to?”
0= Rﬁ[adgo([elo,q] — 3[68,66]):| (617)

= EJ: <i> Rﬁ([adzo(em), adg(]_r(e4)] — 3[ad7e"o(€8)7ad§;r(ee)]) ,
r=0

29We have checked that more general relations of the form
(Ra(eo))™ ([Rﬁ(m% Rij(ea)] — 3[Ri(es), Rﬁ(ﬁe)]) (Ri(e0))”” =0,

do not yield any further relations among the operators Ry (adZ} (ex, )ad’2 (ex,)) in the expansion (3.11) of Y7
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and similar relations arise at higher weight and depth, see (2.42) and [41, 79, 80]. In passing to
the second line, we have rewritten the relation in terms of the quantities Ry (adZ! (e, )ad?? (ex,))
that occur in the expansion (3.11) of Y7 (setting j<10 in (6.17) and using Rﬁ(adfo_l(ek)) =0).
As a consequence, the 5%V in the sectors (b) and (c) cannot all appear independently in the

generating series YﬁT of MGFs.

More specifically, (6.17) implies exactly one dropout among the 5% Hll iﬂ with k1+ko =
14 for each value j = j1+j2 with 0 < 57 < 10. At j = 5, this reduces the total number
of independent modular invariants with weight (w,w) = (7,7) by one, leading to 43 rather
than 44. The commutators in (6.17) imply that this reduction affects the shuffle-irreducible
MGFs, and the dropout at (w,w) = (7,7) concerns an imaginary modular invariant when
the combinations of 5V are organised into real and imaginary ones. Further details and the
analogous counting of forms with w # w can be found in table 2. The conjectural relation
(6.16) implies that the basis at (w,w) = (7,7) can be spanned by 24 real and 19 imaginary
invariants.?? It would be interesting to study at the level of the Laurent polynomials if our

basis of real MGFs at this weight contains a cusp form.

6.2.5 Weight w+ w > 16 and the derivation algebra

We have not performed a similarly detailed analysis at higher weight and only offer some
general comments. At weight w+w = 16, similar dropouts in the naive count of MGFs
via %V arise from the depth-three relation (2.42c), obstructing for instance the independent
appearance of all the BSV[]g Zf Jf] with 0 < j; <6 and 0 < js,43 < 2. In case of modular
invariants with w = w = 8, this leads to the dropout of a real MGF, leaving in total 108
MGPFs, out of which 42 are imaginary cusp forms.

Weight w+w = 18 even allows for three sources of dropouts:
e the irreducible depth-two relation (2.42b) involving (k;, k;) € {(4,14), (6,12), (8,10)}

e left- and right-multiplication of the (ki+k2 = 14)-relation (2.42a) by a single €4 and

arbitrary powers of €
e an irreducible depth-four relation first seen in [80] and available for download at [81]

The systematics of relations in the derivation algebra is governed by the counting of holomor-
phic cusp forms [80]. The propagation of irreducible relations to higher depth and weight by

multiplication with additional e; has been discussed in detail in [41]. The latter reference is

30As an immediate consequence of (6.16), we have a single real invariant E; in sector (a) as well
as 15 real and 12 imaginary invariants in sector (d). The sectors (b) and (c) are coupled through
the relations (6.17) in the derivation algebra. It follows from (6.16) that the 15 independent instances
of Rj(ad!(ex,)ad’?(ex,)) in (3.11) are accompanied by 8 real and 7 imaginary linear combinations of
TRl SR TR, a7 L] e e =5
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weight # 8% 4 MGFs of which shuffle irred. real MGFs imag. MGFs

(2,2) 1 1 1 1 0
(3,1) 1 1 1 - -
(3,3) 1 1 1 1 0
(4,2) 1 1 1 - -
(5,1) 1 1 1 - -
(4,4) 4 4 2 4 0
(5,3) 3 3 2 - =
(6,2) 2 2 1 - -
(7,1) 1 1 1 - -
(5,5) 7 7 4 4 3
(6,4) 7 7 4 - -
(7,3) 5 5 3 - =
(8,2) 3 3 2 - -
(9,1) 1 1 1 - -
(6,6) 19 19 8 14 5
(75) 17 17 8 - -
(84) 13 13 6 - -
(9,3) 8 8 4 - -
(102) 4 4 2 - -
(11,1) 1 1 1 - -
(7,7) 44 43 17 24 19
(8,6) 41 40 16 - -
(9,5) 33 32 13 - -
(10,4) 22 21 9 - -
(11,3) 12 11 5 - -
(122) 5 4 2 - -
(13,1) 1 1 1 - -

Table 2: Counting of modular graph forms (MGF) up to total weight w+w = 14 based on the
number of B%V. The entries list the total number of MGFs, the number of shuffle-irreducible
MGFs as well as the number of real and imaginary MGFs in the modular invariant sectors.
Up to total weight w + w < 12, the counting has been confirmed by independent methods for
dihedral and trihedral MGFs. For w + w = 14, the derivation algebra imposes the additional
constraint (2.43) on the combinations of the % that can appear in the generating function
YﬁT, leading to a mismatch of the number of 8%V and MGFs.

dedicated to classifying relations among elliptic MZVs and counting their irreducible repre-
sentatives at various lengths and depths. In this way [41] can be viewed as the open-string

prototype of the present counting of MGFs.
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6.2.6 Depth versus graph data

We emphasise that the above counting of MGFs applies to closed-string integrals of arbitrary
multiplicity and therefore to arbitrary graph topologies. The reason is that the Rj(ex) were
assumed to obey no further relations besides those in the derivation algebra, i.e. multiplicity-
specific relations such as commutativity of the R, (ex>4) at two points were disregarded.

Our bases of MGF's at w+w < 10 and (w,w) = (6,6) as well as (w,w) = (7,5) were built
from dihedral representatives (2.16). Hence, the results of this section imply that any MGF
at these weights associated with arbitrarily complicated graph topologies can be reduced to
dihedral MGFs (possibly with Q-linear combinations of MZVs in their coefficients), extending
the explicit calculations for dihedral and trihedral graphs in [84]. It would be interesting to
determine the first combination of weights, where the appearance of a trihedral basis MGF
is inevitable.

We have not found any general correlation between the loop order of an MGF and the
maximum depth of the associated 5%V. On the one hand, one-loop MGFs (2.21) are still
in one-to-one correspondence with 5%V at depth one by (4.9). On the other hand, a basis
of MGFs with w+w = 10 requires at least one three-loop graph (e.g. A[Y1232]) while the
associated £ cannot exceed depth two. Up to w+ w = 12 all examples satisfy that the loop
order of an irreducible 8% of depth £ is at least £, i.e., the depth of an irreducible 8%V appears

to be a lower bound for the loop order.

6.3 Towards uniform transcendentality

This section is dedicated to the transcendentality properties of the generating series YﬁT that
become manifest from our results. We will show that the component integrals (2.11) are
uniformly transcendental provided that the same is true for the initial values®! 17%00 In other

words, the matrix- and operator-valued series

k1—2ko—2 ke—2

ki —1 o .
NeY ¥ ST S (e hate] o
(=0 k1 kg, ke =0 220 §i=0 Ji

1950,

Rii(€o) kp—jo— ko—ja— k1 —j1—
X exp <_ZLT)R77(adE§ I (e, - .adg2m? 2(ek2)adsg 7 2(ekl))
relating YﬁT = A%Aﬁio" by (3.8) will be demonstrated to enjoy uniform transcendentality. Our
reasoning closely follows the lines of section 7.1 in [39], where the open-string analogues of

the YﬁT are shown to be uniformly transcendental.

311t will be the main goal of [51] to express the initial values Y~ in terms of uniformly transcendental
sphere integrals as done in (4.1) and (4.2) for the two-point example
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6.3.1 Weight assignments and uniform transcendentality of the generating series

We assign the following transcendental weights to the holomorphic building blocks in the

o/-expansion of open- and closed-string integrals,

quantity  Gumm, 7 E[LETE] 7
J4
transcendental -
T 1 f+ i 0
weight ; ! ;]l

leading to weight 0 for V and for instance weight j;+1 for £ [ﬁ }

Moreover, complex conjugation is taken to preserve the weight, which leads to weight 0
for 7, weight 1 for y and weight £+ Zle j; for & Hll ﬁ - if; } . The weights of the holomorphic
iterated Eisenstein integrals are inherited from those of elliptic MZVs [41].

In order to infer the weight of the real-analytic £5V in the o/-expansion (6.18), we first note
that their building blocks & [ill ﬁ iﬂ involving only holomorphic £[...] have transcen-
dental weight ¢+ Zle Ji as is manifest in their representation (3.26). We will demonstrate in
section 6.3.2 that this propagates to the antiholomorphic integration constants f [ill iz " i‘e]

in the decomposition (3.27) of &% [ill ii iﬂ

With these definitions we will show that the component integrals carry uniform transcen-

dental weight

n
Y, (o|p) at order o/ <  transcendental weight w + Z aj. (6.19)

a2,...,an |b2,...,bn)
i=2

In order to give a uniform transcendental weight to the whole generating series YﬁT we have

to assign
Sij,Nnj,N; < transcendental weight —1 . (6.20)

With this convention and the inverse factors of (274) in the definition (2.11) of component

integrals, (6.19) is equivalent to having
claim: Y7 <+—  transcendental weight 2(n—1) (6.21)

for the generating series at n points. This will be shown under the assumption that the initial
data has uniform transcendental weight,

~ .
100

7 +— transcendental weight 2(n—1). (6.22)

assumption:
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6.3.2 Transcendentality of the series in 3%

We start by inspecting the constituents of the series Ag in (6.18). By the homogeneity
degrees Rj(eg) ~ Sij/n]z + 2min;/n; and Ry(ep>4) ~ sijn;?_Q of the derivations in section 2.4
and appendix B, we get

Ri(ex) <— transcendental weight 1-k, k>0. (6.23)

As an immediate consequence, the operators in the series (6.18) are assigned

s

Rﬁ(adfo_j_Q(ek)) +— transcendental weight —(j+1) .

exp (— transcendental weight 0 (6.24)

Hence, the transcendental weight we have found for the £} cancels that of the accompanying
derivations,

o [ﬁ - iﬂ Rﬁ(adfg_”_z(ekl) . adfg_jl_z(ekl)) +— transcendental weight 0. (6.25)

min

We shall now argue that this has to extend to the full £ — £%V: By the vanishing tran-
scendental weight of exp(—%yeo)), it follows from (6.25) that the &Y. contributions to the
series (6.18) have weight zero, i.e. A% can only depart from vanishing transcendental weight
via £ — &£3% . The latter reduce to antiholomorphic integration constants [ﬁ ii - iﬁ }, SO
by our assumption (6.22) on the initial values, the claims (6.21) on the the series Y7 and
(6.19) on the component integrals can only be violated by antiholomorphic quantities.

However, a purely antiholomorphic violation of uniform transcendentality is incompat-
ible with the reality properties (2.15) of the component integrals: The contributions from
holomorphic iterated Eisenstein integrals are uniformly transcendental by (6.25), so the same
must be true for those of the antiholomorphic ones. More precisely, by induction in the depth

¢ (which can be separated by only considering fixed orders in o), one can show that the

f[il f ﬁ} must share the transcendental weights of the £3% | i.e.
1 k2 . ke

min’?

l
osv Hi ﬁ iﬂ B [ill ﬁ %} +— transcendental weight ¢ + Z]Z (6.26)
i=1

e [ill - iﬂ Rﬁ(adfg_”_Q(ﬁm) . .adf&_jl_Q(ekl)) +— transcendental weight 0.

The matching transcendental weights of £ and %V follow from their relation (3.10) and y
having weight 1. Based on (6.26) and (6.24), each term in the series (6.18) has transcendental
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weight zero, and the weight of YﬁT agrees with that of the initial value }Afnﬁ"’o. Hence, the claim
(6.21) follows from the assumption (6.22).

At two points, the initial value following from the Laurent polynomials (4.2) has tran-
scendental weight 2, where we again use the vanishing weight of exp (—%;0)
the claims (6.19) and (6.21) at n = 2 since the series in €%V preserves the weight by (6.26).

At n > 3 points, the dictionary between }A/%OO and (n+2)-point sphere integrals is under

) . This confirms

investigation [51]. From a variety of Laurent-polynomials in (n>3)-point MGFs [4, 7, 13] and
preliminary studies of their generating series, there is substantial evidence that the transcen-
dental weight of }/}ﬁ?"o is 2(n—1).

6.3.3 Basis integrals versus one-loop string amplitudes

We emphasise that the discussion of this section is tailored to the conjectural basis YﬁT of torus
integrals. In order to extract the transcendentality properties of one-loop string amplitudes,

it remains to

e express their torus integral in terms of component integrals (6.19), where the expansion

coefficients®? may involve Q-linear combinations of Gy [21, 40, 73]
e study the kinematic factors accompanying the component integrals
e integrate the modular parameter 7 over the fundamental domain.

The subtle interplay of 7-integration with the transcendental weights has been explored in
[26] along with a powerful all-order result for the integrated four-point integral }/(6707[)'07070)
that was shown to enjoy a natural extension of uniform transcendentality. In [85] it was
argued that uniform transcendentality is violated starting from two loops.

The kinematic coefficients of Y,”

(az,...,an|b2;...,
transcendentality properties, depending on the string theory under investigation. For the

by OF Y

30 |b,ensby) TR feature different

T-integrands of type-II superstrings, these kinematic factors should be independent of o/ in
a suitable normalisation of the overall amplitude. This can for instance be seen from the
explicit (4 < n < 7)-point results in [3, 86-88] and the worldsheet supersymmetry in the RNS
formalism, even in case of reduced spacetime supersymmetry [72, 89]. Hence, the 7-integrands
of n-point type-II amplitudes at one loop are expected to be uniformly transcendental.
Heterotic and bosonic strings in turn are known to involve tachyon poles in their chiral
halves due to factors like 0 fz-(f) and fi(f) fi(je) in their CFT correlators. They can still be rewrit-

ten in terms of Y,”

(@2,.-sm [b2,.-osb) via integration by parts [21], but the expansion coefficients

32The reduction of (n<4)-point gauge amplitudes of the heterotic string to a basis of Y,

,,,,, an|ba,...,

involves the modular version ég = G2 — ;%2 of Gy = ZnEZ\{O} n% + ZmGZ\{O} ZnGZ W among the

expansion coefficients [21].
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may involve factors like (1 + sij)_l that break uniform transcendentality upon geometric-
series expansion. Hence, even if one-loop amplitudes of heterotic and bosonic strings can be
expanded in a uniformly transcendental integral basis, the overall 7-integrand will generically
lose this property through the kinematic factors. This effect is well-known from tree-level

amplitudes in these theories [90-92].

7 Conclusion and outlook

In this work, we have pinpointed the structure of the o/-expansion for the generating series

YﬁT of torus integrals seen in one-loop closed-string amplitudes. As main results we have

(i) exhibited that, for any number of external legs, the polynomial structure in Mandel-
stam variables is explicitly determined to all orders in o by (3.11). This is based on

conjectural matrix realisations of certain derivations e dual to Eisenstein series [50].

(ii) reduced the torus-puncture integrals to combinations of iterated Eisenstein integrals
with integration kernels 77 Gy, with k > 4 & 0 < j < k—2, their complex conjugates and
MZVs from their behaviour at the cusp 7 — ioco.

(iii) developed methods to count the number of independent modular graph forms (w.r.t. re-
lations over QMZV]) that occur at given modular weight or o/-order in generic one-loop

string amplitudes. Our approach exposes all relations between modular graph forms.

While the main formula (3.11) of (i) is mainly driven by the holomorphic derivative aTYr%' ,
the appearance of antiholomorphic iterated Eisenstein integrals in (ii) is inferred from the
complex-conjugation properties of the series. We have presented non-trivial depth-two exam-
ples but leave a detailed study of higher orders for the future. As to (iii), while the methods
of this work determine the counting of modular graph forms at arbitrary weight, it is an open
problem to condense these mechanisms to a closed formula.

The combinations of (anti-)holomorphic Eisenstein integrals in the o/-expansion of this
work are denoted by 8%V and we expect them to occur in Brown’s generating series of single-
valued iterated Eisenstein integrals [46, 48, 49]. Both the antiholomorphic constituents of 55V
and their linear combinations that yield modular graph forms involve single-valued MZVs.
Also Brown’s construction of single-valued iterated Eisenstein integrals involves single-valued
MZVs which can be traced back to the multiple modular values in the S-transformation of
their holomorphic counterparts.

In our setup, by contrast, all single-valued MZVs descend from the degeneration of the
n-point YﬁT at the cusp, where (n+2)-point sphere integrals should be recovered. Following
earlier work of D’Hoker, Green [24] and Zagier, Zerbini [28], we have made this fully explicit

for the YﬁT series at n = 2 points, and the degenerations at n > 3 are under investigation
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[51]. Hence, by combining the results of the present paper with the evaluation of genus-zero

integrals at the cusp, one can completely determine

e the explicit form of the combinations of holomorphic iterated Eisenstein integrals and

their complex conjugates that yield non-holomorphic modular forms
e the generating series of all possible genus-one integrals over closed-string punctures.

Finally, the appearance of the £V in closed-string one-loop amplitudes suggests a connection
to open strings: At tree level, the sphere integrals in closed-string amplitudes were identified
as single-valued disk integrals occurring in open-string amplitudes [54-60]. This calls for an
extension of the single-valued map for (motivic) MZVs [52, 53] to the holomorphic iterated
Eisenstein integrals in the o/-expansion of one-loop open-string integrals [38, 39]. We hope
to report on the relation between one-loop closed-string integrals and single-valued versions

of the open-string integrals in the near future.
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A Lattice sums
This appendix reviews some more background material on modular graph forms.

A.1 Fourier integrals

In order to perform the component integrals (2.9) and (2.11) order by order in o/, we employ
the Fourier transformations of its doubly-periodic building blocks with respect to the real

coordinates u, v of the torus,

z=utr+v, u,v € [0,1], (A1)
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(a1,b1)

~ (ag,bg) ~

Figure 2: Depiction of the worldsheet graph associated with the trihedral modular graph form

el iela ol o]
namely
1 2mi(p,z)
Q(z,n,T):——i-Ze et (A.2a)
" p#0 P
27i(p,z)
f(w)(Z,T) — (71)10—1 Z € — , (A2b)
p
p#0
ImT e2mip2)
G 2,T) = A2c
(n) = =2 (A-2¢)

The Fourier coefficients are labelled by discrete lattice momenta p € Z + 7Z with the notation

Pz — pz

p=mT+n, m,n € Z = (p,z) = mv —nu = (A.3)

T—T
Note that the result (A.2c) for the Green function [1] is conditionally convergent, and (A.2b)
only applies to w > 1. Moreover, the instances of (A.2b) at w = 1,2 are not absolutely

convergent for any z on the torus, though the sum at w = 1 is formally consistent with

f(l)(z, T)=—0,G(z,7).

A.2 Trihedral modular graph forms

The o/-expansion of three-point component integrals (2.11) introduces MGFs of trihedral

topology, cf. figure 2, [9]

c1 ... CR
di ... dg

er ... es} (7_) _ Z 5(2?:1 pi — Zle kz)(s(Zzﬁ;l kz - Zf:l gl)

fi..fs Q a: b R c—d. S e fi\
P1,p2,...,pQ#0 (szl pj]pjj) ( szl kj’ kj]) ( szl ;7 ej])
k1 k2,....kr 70
l1,02,....£57£0

ai ... aQ
C[bl - bg

(A.4)
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where all of p;, kj, {; refer to lattice momenta of the form (A.3). Similar to dihedral MGF's
(2.16), the integer exponents a;, bj, ..., f; lead to holomorphic and antiholomorphic modular
weights Z?:l a; + Z?Zl cj + Zf:l e; and Zngl bj + Zf”:l d; + Z]S 1 [j, respectively.

The o'-expansion of the simplest three-point component integral Y(o 0[0,0) is well-known

to be expressible in terms of the banana-graph functions D,, in (4.13) and the trihedral MGF's

2, 42, . .
Da,b,c(T)Z/d 2 d 3(G(21277)) (G(Z23,T))b(G(Z13,T))

Im7Im~7
Im 7\ at+b+c
= (50 et H e, (A5)
@ —— \—\b/—/ ——
a c
namely [2]
=1
YV(B,O'O,O) - 1 =+ Z 5(8?2 + 3?3 + Sgg)Dn(T) + 812513323D171,1(7—) (AG)
—

1 1 2
+ 5512813823(512 + s13 + 523)D2,1,1(T) + 1(5%28%3 + 5%3533 + 3%2533)(D2(7'))

1 1
+ —512513523(51 + 815 + 553)D3.1.1(T) + ~512513523(512513 + 513523 + 512523) D291 ()

6 4
1
+ 12(3%2513 + 519513 + 513553 + S13553 + 519553 + S12553)Da(T)Ds(7) + O(S?j) .

Upon comparison with the o/-expansion obtained from (3.11), i.e. by extracting the coefficient
of 172_31773_ 1772_31773_ !in the generating functions, we arrive at the following expressions for the

trihedral modular graph functions (A.5)

- 3¢
Dy11 = —308"[§] + ﬁ ; (A.7a)
5
Doy = —1266°[3] — 188°V[2 9] + 12¢38%[9] + § - f; - 1623, (A.7b)
Dy 11 = 5408%[} 2] — 9005%[3 L] + 5408°"[2 1] — 9005°[3 9]
~ 145837 ] + 600G5° (3] - T2 3)
90(5 sv 27(5 sv G 105¢7  3(¢3Cs . 81¢o
y /8 [2] 5 [ ] % 39 yz - 2y3 64y4’ (A7C)

D272,1 = —1296,68V[14 ] — 240ﬁsv[ ] _ 240/BSV[ ]
245 11¢G 76 GG 9Go

6sv[2]+7+7_7+7_ (A?d)

16038V L -
+ C3B [6] 45 8y2 y3 8y4

The combinations of 5% in the right-hand side can be identified with those of Ej, Ea2 and

Eo3 in (4.7). Hence, the 5%-representations (A.7) expose the relations among the simplest
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Db known from the literature [4, 5, 9, 13]

D111 =E3=D3—(3, (A.8a)
9
Doq11=Eo2 + EE4 , (A.8b)
15 81 (s
D =—E E>E —E —= A.
311= 5 2,3 + 3E2KE3 + 3% 5+ 10 (A.8¢)
3G
D =2E —E — A.
2,2,1 23+ 5B + 74 (A.8d)

B Derivations beyond three points

This appendix is dedicated to the matrices Rz(ey) in the differential equation (2.33) at mul-
tiplicities n > 4 which have been determined in [30, 38, 39].

B.1 Four points

The 6 x 6 matrices Ry, . n,(€x) at four points are given by Ry, n, 5. (€2) = 0 and

Ry s (€1) = 0521 (e2) + 15 2r(es) + 0y 2r(ea) + 155 *r(eas) + nhy °r(eas) + nfy *r(esq)
1 4 1 4 4
k— . _
+ i 7 (e34) — 5k,o(§ > 5100 + 3 > 560y, —0n,)* +2mi Y leanj) lexe  (B.1)
j=2 2<i<j =2

for k # 2 and positive even. The r(e ) are the 6 x 6 matrices appearing in equation (4.21)

and appendix C.1 of [39] as r5(e...).

B.2 n points
The (n—1)! x (n—1)! matrices Rj(ex) in (2.33) at n points can be generated from [30, 38, 39

2mi0 Y (0]1,2, ... ,n) = =Y p((r=T)njj41.m, 7)Y (0|S[12... =1, 5(j+1) ... n]) (B.2)
Jj=2

1 R 1 & , 1 5
+ (T_%)Q{mznjam 5D sk 5 D su(0n—00)* Y (0]1,2,im).
j=2 =2 2<i<j

The entries of Rj(ex) can be read off through the following steps:

e expand out the S[A, B]-map via

q
Y7 (0|Slaras . . ap,biba.. . bg) = Y Y (—1)IHP s, (B.3)
i=1 j=1

X YﬁT (O”(alag . ai_lLLIapap_l ce az‘+1), a;, bj (bj—l ce bgblLLij_H . bq))
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e reduce the integrals to a basis of Ynf(a] 1,...) by means of Kleiss—Kuijf relations following

from Fay identities [39]

Yi(olai,az,. .. ap,1,b1,b2,...,bq) = (—1)pYﬁT(U|1, (ap...aga1wbiby...by)) (B.4)

e expand the Weierstrafl functions in (B.2) via

o0, 7) =~ + 3 (b= 1) 2Gy(7) (B.5)
n k=4

e insert (B.3), (B.4) and (B.5) into (B.2) and match the result with the form (2.33) of
the differential equation to obtain the first row of the Rj(ey)

e repeat the above steps for permutations 8TY77T(0|1, p(2,3,...,n)), p € S,—1 with appro-

priate relabelling of s;; and 7; to generate the remaining rows of Rj(ex)

C Two-point results

C.1 (o/-expansions of component integrals

In this appendix, we collect further representative examples of o'-expansions of two-point
component integrals (2.9) to order 10. Their Laurent polynomials at the cusp are generated

by (4.2) and yield the component results in (4.3) and

2 3
Yl 2(120_829 %2(3580_1%) ?2(22%80+1€4?’41_4Zi +1§Z 13237/4)
* S%2<44g?)64 + % - 42:32 T 96€13y€f N 67443;73 - 1125;95) +O(s1) , (C.1a)
Yo Iy 512(% + CE’) + 5%2< - 11461y;5 - 8255@ 205 - 924;)
+sha(= 616(?25 nggg - yf? - 77@ 9<2C5 fygg) +O(s12) , (C.1b)
Vi) lopgo = 18%300 + 11258274 N 812<187y14100 + 4§3y B 1(?2;35 + 1921§5> +O(s1) . (Cle)

For generic 7, the o/-expansion (4.4) of the two-point generating series yields components

Vi = 51258”1471 = 2) + sy (638 (357 + 9913 357) — 6650 1 ]+2<3—92§/7)
+ b (81081 7] = 1557 (3 7]+ 1508 (3 37] + 308 (17 (C.20)
5 3¢,

+ 10584 §; 7] — 100G8% [ 35 7] +

7C7  9C3C  45(9 4
5 T ” —@> + O(s12) 5

BSV[ 7] — 42657 ;7] - ﬂsv[ 7]
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Yoy = —208%[&; 7] + 2; + 812( 183%[15;7] —183%[1 ;7] (C.2b)
5\4 N4 3<3 SV 2<§ 45<7
= 31507 d57] + 12658 (3] + Z2 (557 - 22+ )
+ 3 (48608 [ fy5 7] + 15879 4; T] — 2408% [} ;7] — 45082 2; 7] — 905 (2 2; 7]
480872 1] — 10567 (40 7] + 300¢s 5™ (25 7] + 40<3BSV[6, - L@ﬂw[ ]
. 18G5 9 ¢ 45CsC 135(
F4260(§7]+ = 2]+ P T+ Py ) 0GR,
15
YV(§|5) — 7105BSV[§;7—} + 128274 (C2C)
+ 519 (—3276BSV[130;T] — QOBSV[Q % ;T) — 1555"[8 2.7 — 12068"[}l LT — 12063"[% }1 ;7]
_15/85\,[4218;7] _9OBSV[% ’7_]_’_10( IBSV[ ]+ QOCSﬁSV[ ] 15€365v[ ]
9C5 sv 3C5 sv sv 15C3C5 91¢y
1o T+ L T+ P T - 128y5) +0(shy).

Consistency with the Laurent polynomials in (4.3) and the asymptotics (3.38) of 55V.

C.2 All g% at depth one involving Gg and Gy

In this section, we spell out the dictionary between BSV[ ] st[lb]

and Cauchy—Riemann

derivatives of E4, E5, complementing the discussion in section 4.3. The MGF-representations

of the ﬂs"[g] and ,BSV[I%] are given by

wior_ (mV)’Ey (7
/B [8] = 6 6’
53760y5 ' 14336y
svrl (WV)2E4 C7
B8l =~ 30,7 T 358405
13440y y
IBSV[Q] TVEy C?
8177 1680y2  896y4”’
1 ¢r
SvV[3 _
Rl = Pt e 22443
1 ¢7
SV 4
F1s) = 157 VE * 562
2 C?
SV 5 = A
A1l = 105(7TV) Bt 1y
8 C?
SV[6
B8l = 155 —(7V)°E :

BSV[IOO] ==
st[llo] —

55V[120] ==

B o] =

st[flo] ==

B[] =
st[ 60]

=

st[fo]

BSV[180] ==

- 73 —

(7V)'Es Co
387072058 | 29491248
(mV)3Es Co
96768046 ' 73728y7’
(mV)?Es Co
120960y ' 1843246
WﬁEg, Cg
C.3
1008052 | 4608y5 (C3)
1 Co
—E
630 > T 115248
1 Co
—_7VE
G307 Vot 2883’
2 Co
= —%(WV) E5 + 72 2 ;
4 Co
945 925 (TV)Es + 18y’
16 zgg
o5\ V)'Es + 5 9



consistent with the closed formulae (4.10) and (4.11). These relations can be inverted to
express the MGFs in terms of 55V,

(WZEES = 38707208 [{y] + 12;59 :
(7V)3E,4 . 15¢7 (7V)3Es . 105¢o
L = 537605 9) — Y e = 9676807 [i0] = vl
(Wy)fE“ — 134408 [}] + f;;, (Wy)fE"’ — —1209608°[ 2] + 1&2%9 ,
”;E“ = 16808°[2] — ?;j, WZ2E5 — 100808 [ 3] — i’g;ﬁ,
Eq = —1408%[¢] + 2;, Es = —6308%[ 5] + g’igﬂi, (C.4)
AVE: = 1055 {] - L AVEs = 6305 ()] - og.
(7V)’Ey = %5“[8] - %&7 (7V)°E; = %ﬁsv[f ] - 1082@ ;
(Wv)4E5 = —9147;5“[180] + 10§<9 )

consistent with the closed formulae (4.8) and (4.9).

C.3 Component integrals Y&;'b) at leading order

In this appendix, we derive both the closed depth-one formulae (4.8), (4.9) relating non-
holomorphic Eisenstein series to the 8% and the reality properties (4.19) of the latter. For
this purpose, we investigate the 3(1)2—0rder of the two-point component integrals Y(Z‘ b) in (2.9)
with a+b > 4, where the (s12 — 0)-limit can be performed at the level of the integrand. By
the lattice-sum representations (A.2b) of the f(*), this limit vanishes if a = 0 or b = 0 and
otherwise yields MGF's

Y = Cl40] +O(s12), a,b#0, a+b>4. (C.5)
Once the MGFs are expressed in terms of non-holomorphic Eisenstein series via (2.18) and

(2.21), the s95-orders of the component integrals can be rewritten as (k > 2, m < k)

Yiir) = Ex + O(s12)
] (—4)™ (k—1)!(xV )™ Ey
Y(k-ﬁ-m|k—m) = (k+m—1)! + O(s12), (C.6)

T C (-)(aV)E,
Yv(k:—m|k+m) - (—4)m(k+m—1)!y2m + 0(812) .
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These results will now be compared with the o/-expansion (3.11) in terms of 8% and initial
values. The latter can be inferred from the Laurent polynomials (4.2) by acting with the

two-point derivation R, (eg) in (2.32), and one obtains

Rig(€0)\rioe _ 1 2mi LA
exp <7T)Y"7 = % — 3712 + 4 Z Cok+1 (’I’] + g) + 0(512) . (C?)

The sYy-order of the generating series Y, receives additional contributions when the 7-
independent kinematic pole of (C.7) is combined with one power of s12 from the derivations

R, (ex). This order exclusively stems from the depth-one part of the series (3.11) in 3%,

[ee) 2
ZZ k —j—2)! 5SV[ ] B (adiy () (C.8)
k=4 j=0
’ oo k—2 (k 1) )
_Slgzz 2mi )k =I= 2_ - 2)'77 ipk—i= 2ﬁsv[ ]—I—O(S%Q,an),
k=4 7=0 !

where we have inserted R, (ex) = s127* 2 and R,)(e9) = —2mif0y + O(s12). In view of (C.7)
and (C.8), the overall (s12 — 0)-limit of the generating series is given by

1 27 1N
V7= — - g ( +—> C.9
" s ZC%H n (C.9)
oo k-2
k—1 i -
-3 St ]+ Ol
k=4 7=0 ! J ’
a—1 b 1

By extracting the coefficients of 7 , we arrive at the following leading orders of the

component integrals (2.9)

(a+b—2)! { 2Catb-1

Yow = i gyt~ @D f 4 Ol ab 20, aviza

(C.10)
Upon comparison with the earlier expression (C.6) for the s{y-orders in terms of non-holomor-
phic Eisenstein series, one can read off (4.8) by setting (a,b) = (k, k) and (4.9) by setting
(a,b) = (k+m, kFm) with m < k. Moreover, irrespective of the relation (C.6) with Eg, the
reality properties (2.14) of the Yy enforce the 5 in (C.10) to obey

65V[a+b] (4y)* 8™ [0y] - (C.11)

This is equivalent to (4.19), i.e. we have derived the reality properties of the 5%V at depth one
from those of Y7, and the explicit form of their (s12 — 0)-limits (C.10).
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C.4 Banana graphs

In this appendix, we list higher-order examples of the banana graph functions

22 mr7T\7"
Du(r) = Y0 |y, = [ e (G = (D) e . ©

n

discussed in section 4.4, see (4.17) for D, <5 in terms of 3%V. By computing the o/-expansion
of the component integral Y(0|0) in terms of the initial data and the g%, cf. (3.11), one finds
the following new representations of Dg and D7

Dg = —194408°[} 1 1]+ 388805°"[1 2 9] + 388803™[2 0 1] — 1166405°¥[3 1 9]
+ 453608°V[} 3] — 2721608°Y[2 2] + 453605°V[ 3 1] — 27216087 [4 9]
66 66 [ 8] — 8316005°[ 3]

+ 180005%Y[ 2 2] — 1440003% [ L] — 1440003

3240 . 6480C3 o,

%W[ 1) = 25020689 1] + 777606587 [1 9] — 203 gsv 201 (0113)
7560

+ 181440(3B5V[§] _ 750068 g 1 _ 600¢,87[2] + 576000587 (9]

14400 450 900(5 .,
+ , C5BSV[ ] <5/88V|: ]+7200< BSV[ ] C5BS [111]

4320¢2 ., 270( . 405C7 o 4860(7 o
- —23p [2]+7‘”’B (4] - 20 —3 BV + B9]

483¢7  135(3(s  45¢3  405Ce  675(3(r  675C2  4725(n

4¢3 — : = — -

TG, 2y 4yt Syt B2
D7 = —2268005°"[} 1 2] +9072008%[1 2 }] — 2268008 [} 2 1] + 9072008V} 2 9]

+ 45360082 Q2] — 27216008°V[3 1 L] +9072008°V[% & 1] — 2268008°V[2 | ]
— 18144005°¥[2 2 9] — 49896003°V[3 2 9] + 4536005°¥[2 2 9] + 90720082 ¢ 1]
—27216008%[2 1 9] — 18144008 ¢ § §] + 20412008°V[ ] 15 ] — 1632960087 % 3]
+ 20412008 [ {4 1] — 163296008°"[ {3 9 3] — 63504008°V[ 2 2]

] + 5292008°[ 2
63504008°¢[4 1] — 127008008°[3 9]

10 411
— 127008008%[§ L] + 5292003°V[ 3 2] —
[ (%81 — 30240035 [§ ] + 181440036 [} ¢]

— 619164006°"] | + 1209600¢3 3%

— 604800¢38° [ 1 1] 4 3326400¢38°[2 9] + %BSVM &l - M;OC?’BSV[E 6]

+ R[] — RS §] + 10886400657 [ ] - T 0% )
1+ T560CB7 1 1] — 15120058 [2 9] + T25760¢5 5[0 9] — 90720555“[ 1] (C.13b)
+2722604555V[i2]+567%5“[3131] 1134O<5ﬂ“[ 0] — 17640¢38°[2]
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6350405 1323045

+ 5080320¢5 8%V [ 4] + B3] — —==2B%[ 2] + 168000¢55% [ §]

~ 10500¢5 s, - 100800¢2 ., 3150¢% .,
9005 (3] — 408200635 [8]—7@5 4]+ 210088 g
907200(7 ., 113400¢7 ., 4725 - -
+ O (9] 4 S5 [4) - T (3] - 1806655 3]
- 1260( w 52920g w 6615¢7 ..,
+ 100806337 9] = == =287 (4] + == =88] - =5 6]
68040C3C5 Lev o1 | 2835C3C5 neviy 56700@ wior  14175Co Lory
yg /6 [4]+ yg /6 [4]+ yg /6 [4] 8y /B [4]
N 877(7 N 819¢3¢s  105¢3 N 5145¢  1575¢  1575(3(r N 86625(11
2 y y? dy? 2y? Y3 32y
N 4725¢3Cs  33075(5¢  33075¢3¢o N 297675(13
4yt 16y° 16y° 128y5

An expression for the five-loop banana function Dg in terms of simpler modular graph func-
tions can be found in [13]. It takes the following form when expressed in terms of the modular

graph functions of [17],

Dg = T20Es2,2 + 48B4 — 640E3 3 + 1200E} 5 + 300Eq (C.14)
+ 360EoEs o + 54FE2E, + 10E3 + 15E3 + 20GE; + 10¢3

see (6.12) to (6.15) for °'-representations of Ea22,E24,E33 and Ej 5 and (2.24) for their

lattice-sum representations.

D Detailed expressions for £, *¥ and modular graph forms

In this appendix, we collect for reference the expressions for the 55 and £%V in terms of the
basis of modular graph forms presented in table 1. Expressions for all ﬁs"[ ] ESV[ ] and
sv ill ii ,EY [711 ]Z} with £ < 10 and k1+k2 < 10 in terms of MGFs can also be found in

the ancillary file within the arXiv submission of this paper.

D.1 Expressions for % in terms of modular graph forms

The expressions for 55 of weight 10 in terms of modular graph forms can be obtained by
inverting the relations (5.10) and (5.12)—(5.14).
For st[ﬂ ]2] with 0 < j; <4 and 0 < j5 < 2 we find

oy _
FV00] = _(TV)’Bys LGmVEy G G GG
64 483840y5  15360y5 907200y 34560043 = 30720y6 ’

(rV)’Bys | (aV)Has | Ea(nV)’Hs | (xVEx)nVE;  GEs
~ 12096074 7680y* 5760y* 11520y* 384074
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L N < B (€ (3¢5
226800  172800y%  92160y*  7680y°’

WVEIQ;)) Wvgzg Wszg B Ezﬂ'ﬁEg EgﬂﬁEQ (WVEQ)(W?)QEg

SVi0 2] — _ — —
#leal 1512092 2160y2  2880y2  1440y2 144042 1440y4
 GnVEy  GnVE:, G G TG L _C86s
60482 960y 21600y  5040y2  11520y3 = 1920y’
— 7/ —
Fv10] = (tV)Byy  GrVE, G G TG GG
6457 120060y ' 3840y ' 907200  86400y2 ' 184320y* ' 7680y5
BSV[l 1] _ 7rv§2,3 . TrvE/ZS . WVEQ,?) _ EQWﬁEg B EgﬂvEQ
64 4320y T560y7  1152y7  2880y° 288072
_GmVEr | GEr G . G T G3Gs
60480y2  960y3 = 43200y = 20160y2 4608033 = 1920y’
g2 = By 4 (TVE3)nVEy | (mVEy G G TG n €16
64 1260 360y2 240y3 43200 2520y  3840y2 = 480y3’
__, e _
FV[20] = _mVByy  nVE,  GnVEy G G USSR IS
64 15120y2  15120y2 © 960y* 21600y  30240y2 = 2304033 ' 1920y%’
Bv[21] = _Fas  Bas Bos  EoEs  GEx  GEs LS G L S8
64 144 ' 540 756 ' 360 1080 240y ' 21600 ' 3780y = 48033’
gv[22] = mVBh3  EzrVE, . GrVE: G TG GG
64 945 45 602 1890 1440y = 12042’
FV[30] = CEoz Byy GnVE:y G G n 7Cr . G305
64 120 1260  240y3 4800 2520y = 3840y2 = 48033’
ﬁsv[?’ 1] _ TFVEQ’?, 27TVB,2’3 . 7TVB2,3 B EQ']TVE3 n E37TVE2
04 72 945 270 180 180
nVEy  GEy | G 7Cr (3¢5
— D.1
T 50 60y e T 2880y + 12042’ (D-1)
v (32] = _2AmV)*Bhy | 2AnVE)TVEs | GrVEs TG GG
64 945 45 15y 720 30y’
BSV[4 0] _ WVEQ’g n 7TVB2,3 B WVB/273 B EsnVEy i EonVEs
64 180 135 945 90 90
_ GmVEy . (rVE: (G . 7Cr (3C5
270 602 315 ' 720y | 12042’
B[] = (7V)’Eys  2(nV)’Bhs  (nVEy)rVEs  GEs L TG GG
64 30 945 45 15 360 30y’
gvpaz = SOV Bos  SVE)(rV)’Es | 4GmVEr | 2
64 945 45 15 15

The analogous expressions for 35V [J! jg] follow from this via the shuffle relations (3.35).
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D.2 Expressions for £% in terms of modular graph forms

The MGF expressions for the £V can be obtained by applying formula (3.13) to the expres-
sions of the 8%V in terms of MGFs given in the preceding section D.1.
At depth one, we find

Es  Re[rVE3] Re[(7V)?E3]

SV 0 - _ _
&) 80y?2 12093 480y4
EVQ = 2 M (1] = Es mVE; 7VE; (7V)’Es
419y 1292 627 40y T 24042 " 80y2 240y3 '
v E; wVE;, o E; nVEs (7V)?E3
& [411]:_7_ ) £ [%]:_7_ - 5 (D2)
6 6y 30 30y 60y
27VE, 2 VE V)2E
&l = W3 2+§’ gsv[g]:W153+(w1gy -
v A(nV)’Es 2G5
S T

Using (3.13) and the closed formulae (4.10) and (4.11) one can also find closed expressions
for the &%V at depth one (0 < m < k—1)

k—1-m
svik—14+4m] — _(_ m(k_l)'(k_l_m)' (ﬂ-v)m-i_pEk 2C2k—1
et (=4) (2k—1)! pz:(:) plyP Ok 51
2 k—1
SV 7TV pEk
€ [kal] = | D ) (Dg)
= Py

. 1 (k=D k=14m)! [ R (k=1—m4p)! (xV)"PE), P (r V)P ME,
el =- (—4)m(2k—1)! {Z —Ttm—p)ply?nr 2 p!yp}‘

p=m

At depth two, the expressions (4.5¢) for 5%V [Jl 32} for j; > js are equivalent to following

formulae for the &5V

(c/‘SV[]_ ()} E22 + WWEQ,Z 7TVE2,2 B E% _ (WVE2)2 _ EQT(VEQ . Cg
4417 7oy T 1442 144y2 144y 288y3 144y2 2160’
E VE VE;)? VE VE E
gvpo)— B2z T 22 (7 22) Gam Bz Gam 22+Cs 2 (D.4)
18 18y 72y 36y 36y 18y
ESV[Q 1} _ WVEQQ . (WVE2)2 . (3mVEs _ (3Eq %
44 9 18y 9y 9 108

while the analogous expressions for ESV[JE {f] with j; < jo follow from the shuffle relations
(3.35) and the depth-one results.
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The expressions in the G4Gg sector for the £%V in terms of MGFs are much longer com-
pared to the 8%, showing the advantage of working with the 55V. At depth two we find for

sv[J1 j2 ol
E [ 5 ] the expressions

_EQ(T{‘?)QES Wﬁzg Wﬁéﬁ 7TVB273 7TVB/273 (ﬂ'v)QEQ,g

sv
&= 11520y ' 11520y*  11520y*  11520y* ' 11520y*  15360y°
(7V)?Ee3  EgE3  (7V)?EsnVE: (7VE)nVE;  (3mVEg
153605 1920y 23040y 23040y  23040y*
(7V)?E3nVEy  (37VE2 E3nVE;  Bag By s
© 2304045 23040y 2560y?  2880y° = 2880y3
EyrVEs  (7V)°Bhs  (7V)’Bhy  Ey  (7VEs)rVE,
4608yt 48384030 ' 483840y5 ' 576013  5760y°
EorVE; EsnVEy (rVEy)rVEs (7V)?Bysy  (7V)2Bhy
© 7680yt 7680yt 7680y5  80640y° 80640y°
TnVEys TrVEs3  TEgs
©15360y*  15360y* | 3840y3
£[01] = 117VEy3  (nVEy)rVE; 7VEgs (WV)2E/2,3 B (7V)?BY 5
1152043 11520y* 11523~ 120960y% 12096017
L Bos Bys +(7TVE3)7TVE2+C37T§E2 EonVE; (3
1440y2 144042 1440y* 17280y3 ' 192053 226800
(7V)?Bhs  EunVEs € Eys3 @VBy3 mVBy4
2419244 2880y3  2880y2  384y2 4320y  4320y3
N G Eo(nV)2E3  E3nVEy (7V)2EsnVEy  (7V)?E3nVE;y
5760012 5760y 576043 5760y° 5760y°
Egﬂ'VEQ (WV)2E2,3 (WV)2E2’3 Wﬁgg Wﬁ;g E2E3
57643 7680y* 7680yt 8640y | 8640y3  960y>
(3mVEs  7(rVEg)nrVE3
 8640y3 11520y%
gSV[OQ]:_EgﬁVEQ Bys ¢ EorVE3  EsnVE,  (7V)?EsnVEg
64 12092 1260y 14400y 144012 14402 1440y4
(7V)?E3nVE, Wﬁ/z,s 7VBa3  7TVBh; aVEy;  (7V)°Bhg
144094 1512052  2160y2 ' 252042  2880y2 = 30240y*
(nVE3)nVEy (7VE)nVEs (GnVEy (7V)?Bh
360y 360y3  6048y2 7560y%
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G4 (Wv)lez,:ﬁ, B (Wv)3B/2,3 Bojs Bj s E3nVE,

EV54] = - + -
6 11520042 120960y%  120960y5 = 1440y2  1440y2 = 1440y3
L+ (3mVEy 7wVEgg _ Eaz (7V)’Bhs  EpnVEs _ GEy
17280y3 = 2304y3  240y2 241924 288013  2880y2
(nVE2)nVE3  (7V)°Egy N (rV)Bys 7VBjs  EprVEs
28804 384074 432093 43203 576013
E3nVEy  (nVE3)nVE;  (nV)’E3nVEy; 7VEy3 7VBy3
576013 576014 5760y5 72013 8640y3
=
mVBys  (3mVEp G ks
8640y3  8640y3 907200 = 960y2’
gSV[l 1] _ _WvEg;g, n (3E2 B (WﬁEg)ﬂ'VEQ _ (WV)2E37TVE2 B WVBQ’:} 7TVB/273
64 115242 1440y 14403 1440y4 144042 168042
(7V)?Ea3  Eag _ EpnVE3;  E3nVE; | (3nVE (7V)?BY 5
1920y3 192y 2880y2 2880y2 288012 30240y4
. E37TVE2 TI'VE273 TFWZE} . E2E5 . <5 . (WVEQ)?TVE;}
320y2 384y2 432042 480y 57600y 57613
_ (3mVEy _ Bas Wﬁ/m (Wv)2B,2,3 By _ EpmVE;3
60480y2 720y 756012 75603 840y  960y2
EV[L2] = (mVE2)mVEs _ B,2,3 B WVB,Q,S . (Wv)2B/2,3 (7VE3)mVEs
6457 120y2 1260 1260y 2520y2 360y2
(7V)?E3mVE;, G5 EsnVE; (7V)?BY 3 (D.5)
360y3 43200 60y 7560y3 '
(‘:SV[Q 0] _ B2’3 n 11E2?3 n 117TVE273 _ EQWVE:}, _ E37TVE2 _ (WV)2E37TVE2
64 1080y 1440y 288032 14402 14402 1440y4
_ ("VExTVE;  GnVEy VB  7VBys  GE | (nV)’Eny
1440y3 1512052 1512092 1890y2 = 2160y 9603
Bys  7VBay n & n (TV)°Bhy  (3mVEy _ EgE3 (mV)?Bh 3
945y  2160y2 28800y = 30240y* 432052 720y 7560y3
£v[21] = _CsBa  GmVEy  Bay  wVEss G (mVE2)mVE; L EoFs
64 1080 1080y 144 144y 21600 24012 360
B (ﬂ-v>2B/2,3 EQ?TVEg i E37TVE2 (WV)2E37TVE2 B (TFV)QEQ,g B273
25202 360y 360y 36013 48012 540
TVBa 3 (Wv)sBIQ,?, Bys 7wVB,;
540y 75603 756 756y
ev[22] = (7V)°’Bys (3 EsnVE, (rVEynVE3 (nV)?EgrVE,
6 18902 1890 45 45y 90y2
(7TV)2B’273 7rVB’273
945y 945
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 Ey3 wVEys Bhy aVBYy  (nV)2Ey3 | (nV)’EstVEy

e =150 120y 1260 1260y 240y2 360y3 4800
(tV)’Bhs  (7V)°Bhgy
© 252042 7560y3
gwpl]:(vaE13+ 2 _ BprVE; | EgnVE,  (rVEy)rVEs (7V)?BY 3
64 120y 1260 180 180 180y 18902
_mVBas  GrVE,  wVEys (7V)?EsnVEy | (1V)’Bhs | 27VBjy
270 540 72 902 945y 945
gwpﬂ:2WVVEWW%+2WV&WV&42@VF%372WVP%37EQ
64 45y 45 945 945y 720’
£V[49] = TVBa 3 N mVEs3 N (Wv)3B;2,3 _ GnVEy  GEs G C57T§§32
135 180 1890y 270 30y 315 60y
@VF&3+CMVE2+EMVE?_EmV&__WVVEWV&
60y 60 90 90 902
(TVE)nVEs  (7V)’Byy  mVBjg
90y 945y 945
9wéﬂ:_ﬁﬁb_<mVEQ_MVPEm__WV&MW@3+2wVFEmV&
15 15y 30 45 45y
2(nV)’Byy  2(nV)°Bhy  7¢;
945 945y 360’
§w4]:2@@%JKWVE2_8@VFE¢VE2+8WVFBQI
64 15 15 45 945

The results for &%V [];11 Jg] follow by shuffle relations and the depth-one results.

E S-modular transformations of the 5%V

In this appendix, we display various modular S transformations of the 5% that follow from
(6.1) and (6.3). The 3°[%; —1] have already been displayed in (6.4), the next case is
<5 (7‘ 4—1) }

viQ._ 11 _ =4 V0.

3r—1
/BSV[%;;_%] :7—_2{5SV[(]5_;7_]+ C5(1%O7;JS )},
11
5[5 = o (gsm + L,

-3
o34 = S {eige + S0

(E.1)

= 10y
o 1 s 2 _4_1
ﬁ%é—ﬂ=;ﬁﬁﬁéﬂ+(ag)}
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and B [i ;—1] with k > 8 follow from the closed formula (6.5).
For depth two in the (4, 4) sector, the complete set of shuffle irreducibles is

sv - sV C3(|T’ ) sv 43(1_77—_2)
CREP AR :TQ{ﬂ (137 + 6 =BT+ “ole0
5C5(m2—1)  GB(r37-2|7|*+1)
E.2
+ 17282 + 2883 }’ (E.2)
sv Sv 2G3 —2 sv 5Cs 2 CS —2 4
513551 = B8+ SR 08 )+ o (1) + o (12 ),
1 243( -1) 5C(72-1)  2(1—272 4+ 773)
svi21. 1 — svi2 1 SV 3
(3 —7] —z{ﬁ G+ ==+ =g + 18y }
while the expressions for 3%V [4 E —1aswellas gV [91;—1],8[9%;-2] . B[} % —2] fol-
low from shuffle relations (3.35).
In the (6,4) sector we have
svi00. 11 _ =6 svi0 0. C5( - ) SV 43(7_—5_7—)
C5(T3—T ) i C3C5(T —2T4+1)}
 34560073y3 30720 ’
—4 2_ =2
sviol. 17 _ =4) psvio 1. C5( ) sV C3(T _1) <5(T -7 )
B a7 =7 {/8 7]+ 640y* Toa0yT D LasTlE 22680074 + 172800722
G- . (3¢s(T° 7—274+1)}
921604 768075 ’
svi02. 17 _ =2) 3sv[0 2. C5( ) sv <5(7__7_—) . C?%(TQ_I)
el =R+ Teaoym T Si6007y 50402
_ 7(7(T3f—1) C3C5(T T —274+1)}
1152043 19204 ’
3~ —4 2_ =2
svi10. 17 _ =4f psvi10 Cs(7°T—1) SVi0. ] (7 -1) _ G(T°—77)
et =7l =7 {B 647 16047 47 G700+ 8640072y
n ¢ (m1-1) n €3C5(7'5’7_'—27'37_'+1)}
184320y4 768075 ’
3~ - 202
svi11l. 17 _ =2) psvi11 <5(T T_l) svil. <5(T_T) CB(T _1>
B [647 T] =T {5 [64:7] 160y3 s+ 432007y + 20160y2
B 7¢(37-1) (3¢ (rirr-2r3 7’+1)}
4608073 192094 ’
3~ 2 =
sV 1 sV C5(T T_l) SVi2. <3 (7-7-_1)
BV [8%—-1] =8 [%5121’7]+W5 [iﬁ]‘m
2-2_ 3-3_o 3=
_ TG(rT : 1) n (3C5(T°T 237' T+1) ’ (E.3)
3840y 480y
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" " GE) o, 1 Gr=7)  GE2-1)
PR =P T S, 020
TG(T*7-1) | GGs(rir?—2r27241)

2304043 1920y4 }

2_1 2 F—1 373—2 272"‘1
B3k -1 =B R ks + <5(402)/35V[411?T] + Cd?go@/ S 71—180.@37 =,
1 72_1 2 72_1
(831 = = {84 +%y)5“[iﬂ =

)

TGl | GG %2+1>}

1440y 12092
2(r7—1
B33 -1] = g(E g+ S0 geyg g GO
TC (272 1) GG(T373—277341)
T g0 4803 ’
1 o 2 72_1
BY -2l = BV R s+ <5(10y Lo (hin) + <3(1T260 |
6 (72 —1)  GG(T2 R —2r7341)
t T oss0y 12042 }
1 ¢ (74 —1 —2 1
Bbv[%?ﬁ_%} _ ﬁ 55\/[% 121’7_] C5( 0 )ﬁbv[ ] C7§7';0 ) + C3C5(TT3OyTT + )}’
1 9 2 72_1
k=3 = {1 HMB% - S

n ¢ (17°—1) n GG (27t —274 +1)}’
720y 12042

1 2¢5(74-1) TG(FA1) GG (PP 2744 1)
vi41._ 17 _ 41
BrlEhi—2l == BSV[M’THiBSV[ =50t 30y }
1 2¢5(74-1) 2¢3(5(79—27141)
g (832 = e lgin + T g gy 206 2T
and similar expressions for the g5V [j ! jGQ ; —l] follow from shuffle relations. Expressions for all
ﬁs"[i; —%] and % Hll i"; ; —; with & < 10 and k1+k2 < 10 in machine-readable form can

be found in the ancillary file within the arXiv submission of this paper.

F T-invariance and convergent iterated Eisenstein integrals &

In this appendix, we will rewrite various expressions from the main text in terms of convergent
versions &(. ..) of iterated Eisenstein integrals employed in [17, 43]. Since the & (ky,...) with
k1 # 0 are invariant under the modular T-transformation 7 — 741, the rewritings in this
appendix will manifest the T-invariance of certain antiholomorphic integration constants and

imaginary cusp forms.
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F.1 Definitions and ¢-expansions

Once we subtract the zero-mode of the holomorphic Eisenstein series

GR(T) = Gi(T) = 2¢, k#0,  Go(r) =Gg(r) = -1, (F.1)
one can obtain convergent and T-invariant iterated Eisenstein integrals from & (;7) = 1
and [41]
[ Ggr (7r)
Eo(ki, kay. . k) = 2m/T dr, Wﬁg(kl,kg,...,kr_l;n), (F.2)

provided that ki # 0. Their g-expansions straightforwardly follow from those of Gy and were
given in [41]

T

SO(klv 0p1—17 k?? 0p2—17 K} k?‘a Opr_l; T) = (_2)T < H (1> (F3)

k; — 1)!
j=1 J )
y m]fl 1 k2—1 N krflqm1n1+m2n2+...+mrnr
9
mzn 1 (ming)Pr(ming + mzm)” .. (ming +mang + ... + myn,)Pr
1ylvr—
where k; # 0 and 0P = 0,0,...,0 denotes a sequence of p zeros. The number r of non-zero

entries k; # 0 is referred to as the depth of the & in (F.3). Divergent instances of (F.2) with
k1 = 0 can be shuffle-regularised based on &y(0;7) = 2miT. The dictionary between Brown’s
iterated Eisenstein integrals (3.22) and (F.2) has been discussed in section 3.3 of [17], and it
specialises as follows at depth < 2

By, (2miT)iiHl
kil g+ 1

elfiir] = it ki) +

g[ill ﬁ ] 'Z 1+a { O]1+a ki, 0]2 a koo ) i;@(c: (0]1+a ki, sz a+1 )}

kilke! (j1+1)(jiti2+2)

Blﬂ (j1+72+1)!

En(0irtizt+l .
kil g1+l o kaiT) +

(F.4)

see (3.36) for the power-behaved terms ~ 771*1 and ~ 791+72+2 The g-expansion of (F.4) is

available from (F.3) once we enforce a non-zero entry via shuffle-relations, for instance [17]

po (_1);{)077”

Eo (07, ky;7) =) 5 (2miT) Eo (k1,007 ), (F.5)
r=0 ’
po — po—r
—1)po—T
SO(Opo,kl,Opl,kg;T) = 27( 2' (27TiT)T Z (pljs)go(k‘l,opl_'—S,kg,opo_r_s;’r),
r=0 ’ 5=0

,85,



where ki, ko # 0. As before, we will drop the reference to the argument 7 of £[...] and &(. . .)
in the rest of this appendix.

F.2 Integration constants at depth two

We will now rewrite the expressions for « [{Ll {f] and « [Jg J;f] in (4.31) and (5.16) in terms of

convergent iterated Eisenstein integrals (F.2) at depth ¢ = 1. In this way, the power-behaved

term ~ 7" conspire with the £ [i] to yield manifestly T-invariant combinations such as

7.‘_2,7_2

E+ o =), 2mirel§] - €M} - T

= &(4,0). (F.6)

We have used the depth-one instances of (F.4) and (F.5) to derive (F.6) and the expressions
(recall that o[} ] =a[l1]=0)

ol3f)= S = -alf3],  alill= S0 =-alil] (D
as well as (a[39] = al3 ] = a[§1] = 0)
al39] = —aen(4), alf 3] = —1Eo(4) - 2260(6)
al}}] = S ald), ol3 3] = — o £0(4,0) — 2576(6,0),
ol39) = ~ o £0(4,0) ol 49] = ~ 252 60(4,0,0) + 226(4), (F.5)
(2] = 260(4,0), @ﬂ:7%&uom—ﬁ%wom
o] = ShEd,0,0),  oli3]= ~4GsE0(6,0,0,0),
ol 4] = 2 E(a,0), 0[£3] = ~16Gs5(6,0,0,0,0) + “25(4,0,0)

F.3 Cusp forms in terms of &

The imaginary cusp forms at weight five can be easily expanded in terms of & by combining
their S%-representations in (5.10) and (5.11) with the rearrangements (F.4) and (F.5) of
iterated Eisenstein integrals. We arrive at the following new expressions that manifest their

g-expansion and T-invariance (see (5.6) for Aj 05 = (227)” A[923]):

2 4
iAras = (2 12243) (g (6,0%)] + (22 + 240<3> Tm|&(6,0%)] — (? - 150@)1@(‘:0;5,())]

3 3 Y2
8y> Im[£y(4,0)]  15¢5 Im[&(4,0%)] 9 3
(315 <5> e 23 +1920 Tm([E (6, 0, 4, 0%)] + 3600 Im[&y(6, 4, 0%)]

4 5
720 Tm(Eo (6,02, 4, 0)] — 720 Tm[Eo(4, 0, 6,0%)] — 3600 Tm[Eo(4, 6, 0%)] — f(: 001 Tmléo(4, 07)]

3 Yy
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_ 3601m[&(4,0%,6,0%)]  2880Tm[&(4,0,6,0%)]  10800Im[€y(4,6,0%)]  70Im[Ey(6,0°)]

Y Y Yy Yy
| 1080 Im[€(6,03, 4, 0)] | 3240 Im[€(6,02, 4,02)] , 6480 Im[£(6,0,4,0°)] 10800 Im[€(6,4,0%)]
Yy Yy Yy Yy
~ 5Im[£(4,0%)]  720Im[&(4,0°,6,0%)]  4140Tm[£9(4,0,6,0%)] 13500 Im[£y(4,6,0%)]
492 y? y? y?
175Tm[&(6,0%)]  540Im[&y(6,0%,4,0)]  2160Im[E(6,0%,4,02)] 4860 Im[&y(6, 02,4, 03)]
— + + +
2y2 y? y? y?
| 8640 Im[€(6,0,4,0%)] | 13500 Im[£(6,4,0%)]  5Im[£(4,07)] 450 Im[&(4,0%,6,0%)]
y? y? 8y3 y3
_2250Im[&y(4,0,6,0%)] 6750 Im[&(4,6,0%)] 175 TIm[£y(6,07)] | 450 Im[€y(6,0%,4,02)]
y? y3 g3 y3
1350 Im[€(6,03,4,0%)] 2700 Im[Ey(6,02,4,0%)]  4500Im[&(6,0,4,0%)] 6750 Im[Ey(6, 4, 06)]
+ < + < + > + -
Y Yy Yy Yy
10801 3 4 401 4 4
720 Tm[£o(6,0%)] Re[éo (4,0)] — 22 m[&)(ﬁ’z I Relfo(8, 0)) _ 540 m[go(ﬁ’(;g” Relfo(4, 0)
360 Im[E(6,02)] Re[Ey(4,0%)]  720Im[& (6, 0%)] Re[Ey(4,0%)] 450 Im[&y(6, 0%)] Re[Ey (4, 02)]
- B 2 - 3
Yy Yy Y
I 4,02 2] 10801 4 3
720 Im[Ey (4, 02)] Re[€0(6,0%)]  540Im[Ey(4, 0)] Re[€9(6,0%)] 450 Im[Ey(4, 02)] Re[€y (6, 0%)]
+ y2 + y2 + y3
(Y 27¢s v' 3G 96 2
iBas = (1o + 66 + 5 S ) mlgo(4,0)] + (% + o 2y3)1m[eo<4,o ) (F.9)
180¢; 5 5Cs 5 903 .
(4 = ) Im[&(6,0%)] — (16 +—) Tml[&,(6,0%)] — (35— 5 ) Tml&,(6,09)] ,

+ 1080 Tm[&y(4, 0,6, 0%)] — 2160 Tm[Ey(4, 6,0%)] — 1080 Im[Ey (6,02, 4,0)] — 360 Tm[Ey(6, 0, 4, 0?)]
540 Tm[E (4, 0%, 6,02)] L 540 Im[&y(4,0,6,0°%)]

+ 2160 Tm[£, (6,4, 0%)] — iIm[&)(4, 0] +

Yy Yy
_ 6480Im[£y(4,6,0%)]  105Im[€(6,0%)]  1620Im[&(6,0%,4,0)] 1080 Im[£y(6,0%, 4, 0%)]
Yy 2y Yy Y
N 1620 Im[&y (6, 0,4, 0%)] N 6480 Im[£0(6,4,0%)]  5Im[&y(4,0%)] N 135Im[€y (4, 02,6, 03)]
Yy Yy 8y y?
~ 1350Im[£y(4,0,6,0%)]  8100Tm[€y(4,6,0%)]  105Im[&y(6,0°)]  810Im[£y(6,0%,4,0)]
y? y? 2y2 y?
405 Im[&(6,03,4,02)]  1215Im[Ey(6,02,4,0%)] = 4050 Im[&(6,0,4,0%)] 8100 Im|[Ey(6,4,0%)]
- 2 + 2 + 2 + 2
Yy Yy Yy Yy
 3Im[&(4,0%)]  3Im[&(4,07)]  270Im[&n(4,0%,6,0%)]  1350Im[&(4,0,6,0%)]
4y? 8y3 y3 y3
4050 Im[£y(4,6,0%)]  105Im[&(6,07)] N 270 Im[&y (6, 0%, 4, 02)] N 810 Im[&y (6,03, 4,0%)]
y3 g3 y3 y3
1620 Im[&y(6,02,4,0%)] 2700 Im[Ey(6,0,4,0%)] 4050 Im[&(6, 4, 05)]
+ " + " + 7
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. 1620Im[€9(6,0°)] Reléo(4,0)] , 8101Im[€n(6,0)] Reléo(4, 0)]

+ 1080 Im[&y (6, 0%)] Re[Ey (4, 0)] 2

Y )
N 540 Im[£y(6,0%)] Re[Ep (4, 0?)] n 135Im[&y(6,0%)] Re[€(4,0?)] 270 Im[&y(6,0%)] Re[&(4,0?)]
y y? y?
— 1080 Im[50(47 O)} Re[&)(ﬁ, 02)] o 540 Im[50(4a OZ)] Re[£0(67 02)] o 1620 Im[80(47 (?)J)] Re[g()(ﬁv 03)}
135 Im[€9(4,0%)] Reléo(6,0)]  810Tm[&y(4, 0)] Relén(6,0")] , 270 Tm[Ep (4, 0%)] Reféo (6,0
y? y? y? '

The leading orders of the g, g-expansion of A; 2.5 have been checked?? to line up with the

all-order results of [22] on the Fourier-expansion of two-loop MGFs.
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