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Recently, an analytical solution for plane wave scattering at density filaments in magnetized plasma was derived1, from
which conclusions were drawn regarding the possibility of resonant wave-filament interactions2 between electromag-
netic waves in the Ion Cyclotron Range of Frequencies and density filaments in tokamak edge plasmas. This analytical
solution relies on several strongly simplified assumptions, such as a constant background density and a discontinuous
density step at the filament surface. In this work we numerically investigate to what extent conclusions based on this
analytical solution remain qualitatively true in more realistic scenarios.

I. INTRODUCTION

In isotropic media, the scattering of electromagnetic plane
waves at perfectly conducting cylinders or spheres has been
well-understood since the early 1900s, when Gustav Mie de-
rived an analytical solution of Maxwell’s equations for these
cases3, a solution now known as the Mie series. More re-
cently, the Mie series was generalized to anisotropic media, in
particular to magnetized cold plasmas1, in which plane waves
can scatter at naturally occurring near-cylindrical “filaments”
whose density differs from that of the surrounding plasma.
Here and throughout this work, by “filament” we mean those
small filaments that are extremely common4,5 even in L-mode
or ELM-free H-mode, we do not primarily discuss the larger
filaments associated with ELMs, although we expect much of
our conclusions to apply to those as well.

From this Mie series in magnetized plasma, or from simpler
approximate solutions that neglect some of the wave modes
that exist in the plasma6, some nontrivial conclusions can be
drawn regarding the behaviour of radiofrequency (RF) elec-
tromagnetic waves in tokamak edge plasmas and the parallel
transport of RF power. Ram et al1 pointed out circumstances
in which the filament “behaves like a transmission line with
power flowing in its interior” (i.e. in the parallel direction), a
phenomenon that was also observed numerically in 3D Finite
Element simulations7. Extreme versions of this phenomenon
are sometimes described as “mode conversion resonances”6

because the mode conversion can be resonant i.e. the mode-
converted wave fields have diverging amplitude, or as “wave-
filament bound states” because an electromagnetic wave can
be “bound” to the filament and constrained to move along it2,6.
This phenomenon may play a role in the experimentally ob-
served parallel loss of RF power on some magnetically con-
fined fusion devices2,8.

It is natural to ask whether such predictions derived from
the Mie series will actually occur in more realistic circum-
stances, or if they are mere mathematical artifacts arising from
the physically unrealistic premises that underlie the Mie se-
ries, such as
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1. The jump between the background density and filament
density is a discontinuous step function.

2. The background density is spatially constant.

3. The filament density is spatially constant.

4. The confining magnetic field is spatially constant, in
both direction and magnitude.

5. The filament cross section is precisely circular.

6. The filament is precisely aligned with the confining
magnetic field. This premise can be relaxed in the ana-
lytic solution9.

7. The plasma is collisionless. It is almost certainly pos-
sible to relax this premise in the analytic solution, but
this has not, to our knowledge, been done.

In this paper we will use 2D Finite Element simulations
to solve the wave equation in cold plasma around a filament.
Then, we can compare the results with those obtained using
the analytical Mie series, and see to what extent the conclu-
sions drawn from the Mie series remain qualitatively true as
we relax these unrealistic premises. We will focus in particu-
lar on premises 1-3 and to a lesser extent 5, and consider more
realistic density profiles instead.

In section II, we discuss more realistic plasma filament
waveforms. In section III, we give details of the Finite Ele-
ment approach. The main results are in section IV, and the
conclusion is in section V.

II. THE DENSITY PROFILE OF FILAMENTS IN THE
EDGE PLASMA

A. Shape

The Mie series requires a density of the form

n =

{
nB r > rF
nF r ≤ rF

(1)
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where r is the radial coordinate in a cylindrical coordinate sys-
tem centered on the filament, rF is the filament radius, and nB
is the background density, and nF is the filament density. Al-
though analytically convenient, it is clear that the discontinu-
ous profile (1) is physically implausible.

A Gaussian profile which, in a cylindrical (r,θ) coordinate
system centered on the filament, takes the form

n = nB +(nF −nB)exp

(
−1

2

(
r

rF

)2
)

(2)

appears more realistic, and indeed it is the solution of a par-
ticular idealized limit of the theory of blob transport in the
Scrape-Off Layer10,11. In (2), we identified the filament ra-
dius with the standard deviation of the Gaussian.

We will also consider generalized Gaussians

n = nB +(nF −nB)exp

(
−1

2

(
r

rF

)β
)

(3)

where the exponent β controls the steepness of the density
gradient, and indeed in the β → ∞ limit we recover (1).

In experiments a steep leading edge and a less steep trailing
edge is observed12,13. We will now construct an ansatz for
the 2D density filament waveform that is compatible with this
observation, an expression describing the filament in figure
1. The experimental observations are well-approximated by
a two-sided piecewise exponential, a shape sometimes known
as an asymmetric Laplace distribution14:

n(t) = nB +(nF −nB)

{
exp((t− tF)/τr) t < tF

exp(−(t− tF)/τ f ) t ≥ tF
(4)

where the density peaks at t = tF . There is a short “rising
time” τr and a longer “falling time” τ f . Alternatively13, (4)
may be parametrized by a single time scale τ = τr + τ f and
a “pulse asymmetry parameter” λ ∈ [0,1], such that τr = λτ

and τ f = (1−λ )τ .
Assuming the filament moves outward more-or-less rigidly,

the wave form of the density perturbation also exhibits the
form described by (4) in the radial direction. For a filament at
x = xF :

n(x) = nb +(nF −nB)

{
exp((x− xF)/δr) x < xF

exp(−(x− xF)/δ f ) x≥ xF
(5)

We take the x axis in the tokamak’s radial direction (increasing
in the direction of the plasma, the antenna is to the left, the
plasma is to the right), so the outward-moving filament has a
short “rising distance” δr at x < xF on the side of the tokamak
edge, and a longer “falling distance” δ f at x ≥ xF on the side
of the core plasma. For the purposes of this paper, we need a
2D profile for the near-circular “blob” filament cross section
in the radial-poloidal plane, so we generalize (5) as follows, in
a cylindrical (r,θ) coordinate system centered on the filament:

n2D = nB +(nF −nB)

{
g(rF ,θ)exp( f (θ)(r− rF)) r > rF

g(r,θ) r ≤ rF

(6)
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FIG. 1. A density profile of the form (6), on a constant background.
Parameters are rF = 1cm, δr

rF
= 0.1, δF

rF
= 0.4. The black dashed

curve is the “cross section” along y = 0, which by construction has
the piecewise exponential form (5). The filament is moving leftward.

where

f (θ) =−cos2(θ/2)
δ f

− sin2(θ/2)
δr

(7)

g(r,θ) = cos2(θ/2)exp
(
−r− rF

δ f

)
+ sin2(θ/2)exp

(
r− rF

δ f

)
(8)

Along the horizontal axis, i.e. where θ = 0 or θ = π , (6) by
construction reduces to (5), with (r = rF ,θ = 0) in (6) cor-
responding to x = xF in (5). Furthermore, (6) is everywhere
continuous, and only at r = rF is its derivative discontinuous.
Maxwell’s equations do not have special boundary conditions
at discontinuities in the derivative of material parameters, only
at discontinuities in the material parameters themselves, so we
do not expect a discontinuous derivative to give rise to physi-
cally implausible behaviour. Indeed, in the results we will not
find a single phenomenon that is unique to filaments of the
form (6), all phenomena of interest occur also for C∞ Gaussian
filaments. Even so, appendix A details how a generalisation
of (6) with continuous derivatives can be constructed.

A density profile of the form (6) is shown in figure 1. In-
deed, it is localized near a circle and has the desired piecewise
exponential cross section along the horizontal axis. Further
evidence for the suitability of (6) as an ansatz for the filament
density profile is its similarity to filament densities obtained
from sophisticated edge MHD simulations5,15–17. In principle
the filament radius rF , rising distance δr and falling distance
δ f are completely independent in this formulation (even the
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δ f
rF
→ ∞ limit makes sense), but, recalling the pulse asymme-

try parameter λ , we may reasonably assume

rF = δr +δ f (9)
δr = λ rF (10)
δ f = (1−λ )rF (11)

For completeness, let us also mention that filament density
profiles of the form

n = nB +(nF −nB)


1 r < rF

cos
(

π
r−rF

dr

)
+1

2 rF ≤ r < rF +dr
0 rF +dr ≤ r

(12)

where the cosine provides a continuously differentiable inter-
polation between a constant filament density at r < rF and a
constant background density at r≥ rF +dr over a length scale
dr, have been used in calculations of LH and ECRF wave scat-
tering at filaments18, but we will not consider densities of this
form.

B. Amplitude

On ASDEX Upgrade, nF−nB
nB

is measured in experiments19,
and rarely takes values greater than nF−nB

nB
≈ 1. On many other

machines, the distribution of n−<n>
σn

is often remarkably well-
described by a gamma distribution12

P
(

n−< n >

σn

)
=

γ1/2

Γ(γ)

(
γ + γ

1/2 n−< n >

σn

)γ−1

· exp
(
−γ− γ

1/2 n−< n >

σn

)
(13)

where n is the instantaneous density, to be identified with nF ,
< n > the time-averaged mean density, to be identified with
nB, and σn the standard deviation of n as it turbulently fluctu-
ates over time. The so-called “intermittency parameter” γ is
γ = <n>2

σ2
n

, and typically 1 < γ < 10, depending on the toka-
mak and on the location within the tokamak. The cumulative
distribution function corresponding to (13) is

P
(

nF

nB
> x
)
=

Γ(γ,γx)
Γ(γ)

≡
∫

∞

γx tγ−1e−tdt∫
∞

0 tγ−1e−tdt
(14)

Several figures in this paper (figures 10,11,14 and 15) show
quantities as a function of nF

nB
. In these figures, we also show

(14) on the secondary x axis (with γ = 4, within the observed
range of this parameter on both AUG and NSTX), to empha-
size that nF

nB
closer to 1 are more likely to occur in reality than

larger nF
nB

.

C. Background

For the background density nB in the Scrape-off Layer
(SOL), we will use either a constant or an exponential

nB = nB,0 exp(x/∆) (15)

where ∆ is the decay length for the SOL density, and nB,0 the
density at x = 0, i.e. at the radial location of the center of
the filament. For numerical reasons we will avoid the Lower
Hybrid resonance20 in our simulation domain, so we impose
a minimum density nB,min:

nB = nB,min +(nB,0−nB,min)exp(x/∆) (16)

In reality, most of the edge plasma is beyond the Lower Hy-
brid resonance, which occurs at n ≈ 5 ·1016 in the dispersion
relations in figures 3 and 6, so this assumption is not exces-
sively restrictive. Green et al21 even argue that the density in
NSTX is nowhere below the density of the Lower hybrid res-
onance, nowhere so low as to allow propagating Slow Waves.
In earlier work2, we identified variety of resonant ICRF wave-
filament interactions, and in this paper, we focus on those we
believe to be of greatest practical relevance: those that occur
where the background density is dense enough for the Slow
Wave to be evanescent, and the filament is denser than the
background. It is possible that, in other physical scenarios,
other resonances become relevant, such as the ones that exist
where the Slow Wave is propagating in the background, but
those will not be considered in this paper.

In equations (2), (3) and (6), we wrote

n = nB +(nF −nB) f (r,θ) (17)

where f (r,θ) is some expression for the shape of the filament
density with a maximum value of 1. When nB is x-dependent,
nB = nB(x), we mean

n(r,θ) = nB(r cos(θ))+(nF −nB(0))︸ ︷︷ ︸
constant

f (r,θ) (18)

that is, we always multiply the filament density, whether
Gaussian or of the form (6), by a constant (x-independent)
amplitude factor before adding it to the possibly x-dependent
background nB(x). We will usually parametrize the filament
density not by nF , but by nF

nB
i.e. by nF

nB(0)

n(r,θ) = nB(r cos(θ))+
(

nF

nB(0)
−1
)

nB(0) f (r,θ) (19)

III. DESCRIPTION OF THE 2D FINITE ELEMENT
DISCRETISATION

We make use of the commercial Finite Element solver
COMSOL22, which is capable of solving18,23–25 the elec-
tromagnetic wave equations in collisionless cold magnetized
plasma26

∇×∇×~E +
ω2

c2

 ε⊥ −iε× 0
iε× ε⊥ 0
0 0 ε‖

~E = 0 (20)

provided the user manually specifies the elements ε⊥,ε×,ε‖ of
the cold plasma dielectric tensor, their density-dependence26,
and their modified form where an absorbing boundary layer,
or PML, is required27.
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FIG. 2. 2D simulation domain. Filament and plot region not drawn
to scale. The main simulation domain, not counting the PML, is
30×30cm.

We use a 2D (radial-vertical + imposed k‖ in the toroidal
direction) simulation domain as shown in figure 2. The fila-
ment has radius rF of typically rF = 1cm and is centered at
(0,0) in the simulation’s coordinate system. At the left is the
antenna, where we impose Ey = 1V/m on the boundary as a
source condition (an unrealistically low value, but the physics
is linear, so we can just multiply the results by 103 or 104 if
required). On the right is the core plasma, approximated by a
PML. This is similar to the configuration used in18.

This approach allows us to resolve the region around the
filament surface sufficiently densely. It is well known that the
wave equation (20) gives rise to two distinct wave modes26,
known in the Ion Cyclotron Range of Frequencies (ICRF) as
the Fast Wave (FW) and the Slow Wave (SW). In the region
around the filament, mode conversion from the incident Fast
Wave to the Slow Wave2,26 may occur. The latter is evanescent
for ICRF waves in typical tokamak edge plasma conditions,
with evanescence length on the order of millimeters, hence
the need to use a mesh with sub-millimetric spatial resolution,
which is much less computationally demanding7 in 2D vs. in
3D (see figure 7 for a particularly striking example of very
short-wavelength phenomena at the filament interface).

In most figures in this paper we will not show the whole
simulation domain, but only a 6× 6cm region around the fil-
ament. This is the “plot region” which is shown as a dashed
square, not to scale, in figure 2. The simulation domain is
significantly larger, 30× 30cm not counting the PML, both
to avoid self-interaction due to the periodic boundary condi-
tions, and to have enough space for the background density to
become high enough that the Fast Wave becomes propagative.

IV. RESULTS

A. In�uence of the �lament on the E‖ �elds
(generic/non-resonant examples)

In this section (IV A 1-IV A 3), we will show various fila-
ment density profiles and the |E‖| fields that form around them
due to an incident ICRF Fast Wave (which itself has almost no

|E‖|). The point is to give the reader a more concrete idea of
the type of density profiles that we are considering, and what
the mode-converted fields look like. Although we expect this
type of mode conversion at filaments to be extremely common
(it should occur at nearly all filaments), we do not claim it is
especially important during typical tokamak operation, with
the exception of particular conditions under which the mode
conversion is resonant, which we will discuss in section IV C.

One possible adverse effect of this mode conversion, even
under generic conditions, is that increased |E‖| may increase
sheath rectification, and thereby impurity production, where a
filament intersects a plasma-facing component surface7,28.

For ICRF wave-filament interactions,

2π

|kx,FW |
> rF &

2π

|kx,SW |
(21)

The length scale of the incident Fast Wave is on the order of
several decimeter in the edge plasma, larger than the filament
radius on the order of a centimeter, which in turn is larger
than the length scale of the Slow Wave, on the order of several
millimeter. It is because of this scale separation that and any
strong interactions between the incident Fast Wave and the
filament must involve mode conversion to the Slow Wave. In-
deed, (22) was obtained assuming that the incident Fast Wave
remains entirely unperturbed.

By choosing to plot the parallel electric field component,
mostly associated with the evanescent Slow Wave, in the fig-
ures in sections (IV A 1-IV A 3), we necessarily see only fields
near the filament interface, where the Slow Wave can be gen-
erated by mode conversion. Being evanescent, the Slow Wave
decays away from the filament surface where it is excited.

Unlike in the analytic solution2, we cannot decompose the
numerical solution into a Slow Wave and a Fast Wave con-
tribution. Thus, we use the common but inexact assumption
that the parallel electric field is due to the Slow Wave, and if
we see parallel electric fields in the presence of a filament that
were not there in the unperturbed case, we take this to be evi-
dence of mode conversion from the incident Fast Wave to the
Slow Wave.

1. ASDEX Upgrade (AUG)-like conditions

For typical ASDEX Upgrade parameters, we use Deu-
terium plasma with B0 = 2T, k‖ = 9m−1, and f = 36.5MHz.
Under these circumstances, the Fast Wave becomes propaga-
tive at densities above ≈ 5 ·1018m−3. A dispersion relation is
shown in figure 3.

In figure 4, we show the mode-converted |E‖| for ICRF
wave scattering at a filament of the form (6), on an exponen-
tial background as in (16), with ∆ = 4cm, nB,0 = 2 ·1017m−3,
and nB,min = 5 · 1016m−3. For the filament density, nF

nB
= 2.

Here, the mode-converted |E‖| amplitude is maximal for the
sharpest filament. Figure 5 shows a similar comparison for
Gaussian filaments, with more mode conversion occurring at
the sharper generalized Gaussian with β = 4, and less at the
smoother true Gaussian with β = 2.
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FIG. 4. n and |E‖| for ICRF wave scattering at density filaments of
the form (6) with different pulse asymmetry parameter λ , with AUG-
like RF parameters. On the left, λ = 10−2, corresponding to a very
small δr, a very sharp rise in density. On the right, λ = 0.2, which is
more realistic.

2. National Spherical Torus Experiment (NSTX)-like
conditions

For typical NSTX parameters, we use Deuterium plasma
with B0 = 0.55T, k‖ = 3m−1, and f = 30MHz. Under these
circumstances, the Fast Wave becomes propagative at densi-
ties above ≈ 1.5 ·1017m−3. A dispersion relation is shown in
figure 6. The NSTX ICRF antenna is also capable of launch-
ing waves with higher k‖, but the parallel ICRF power loss8,
a phenomenon we believe to be largely caused by resonant
wave-filament interactions2, is maximal at this low k‖, so this

FIG. 5. n and |E‖| for ICRF wave scattering at generalized Gaussian
(3) density filaments with different exponents β , with AUG-like RF
parameters.

is the most interesting case to compare. We will revisit this
point in section IV C 3.
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FIG. 6. Dispersion relation for plasma parameters typical in NSTX.
Wavelengths for propagating modes in black (λ = 2π
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length scales for evanescent modes in red (λ = 2π

|kx| , kx imaginary).

In figure 7, we again show the mode-converted |E‖| for
ICRF wave scattering at a filament. The density and filament
parameters are the same as in section IV A 1. In both cases in
figure 7, the mode-converted E‖ field forms a standing wave
on the steepest edge, i.e. the leading edge, of the filament.
From the point of view of a cylindrical coordinate system cen-
tered on the filament, the E‖ field has a high azimuthal mode
number, something rarely seen in the Mie solution for this fre-
quency range.

Figure 8 shows a similar comparison for Gaussian fila-
ments. Again, a standing wave pattern forms at the sharper
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FIG. 7. n and |E‖| for ICRF wave scattering at density filaments
of the form (6) with different pulse asymmetry parameter λ , with
NSTX-like RF parameters. On the left, λ = 10−2, corresponding to
a very small δr, a very sharp rise in density. On the right, λ = 0.2,
which is more realistic. In both cases, a mode-converted E‖ standing
wave pattern forms at the filament’s leading edge.

(β = 4) filament.

3. Noncircular �lament cross sections

For completeness, in figure 9 we show the mode-converted
|E‖| fields for ICRF wave scattering at elliptic filaments, ob-
tained by simply stretching the x-coordiate by a factor 1.2 and
the y-coordinate by a factor 1/1.2 (thereby keeping the cross
section surface area constant) in (2) resp (6). It is clear that
the behaviour is not qualitatively different from that of circu-
lar filaments.

B. Standing surface waves

Figures 7, 8 (left) and 9 (right) show clear standing wave
patterns for |E‖| on the filament interface. This is true for
figures 4, 5, 8 (right) and 9 (left) also, but there we only see
one peak of the standing wave.

We may qualitatively explain this as follows: a surface
wave is supported on the filament interface, but only if the
filament interface is sharp enough. At the leading (left) side
of the filament, it is sharp enough to support surface waves.
At the trailing (right) side, at some point the filament is no
longer sharp enough to support surface waves, either due to
the inherent asymmetry of the filament density itself in the
case of filaments like (6), or due to the asymmetry of the
background in the case of symmetric (Gaussian) filaments.

FIG. 8. n and |E‖| for ICRF wave scattering at generalized Gaussian
(3) density filaments with different exponents β , with NSTX-like RF
parameters.

FIG. 9. n and |E‖| for ICRF wave scattering at a Gaussian (left) or
a filament of the form (6) (right), both stretched such that the fila-
ment cross section is elliptic rather than circular. RF parameters are
NSTX-like.

The dispersion relation for the surface waves must have some
sharpness-dependent cutoff: after all, it is clear that surface
waves exist in the infinitely sharp (discontinuous) limit, but
not in the infinitely smooth (constant) limit. Thus, a stand-
ing surface wave forms on the leading edge between the two
cutoffs, whose azimuthal wavelength is not solely determined
by the length scales of the wave modes in the unperturbed
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plasma, but also by the length scale of the density gradient
at the filament interface. This is especially clear in figure
7, where the ≈ 10−4m azimuthal wavelength is shorter than
even the Slow Wave evanescence length, but comparable to
the filament density’s rising distance δr =

1
100 rF = 10−4m.

We should expect to find mode conversion resonances where a
(half-)integer number of surface wave azimuthal wavelengths
fit between the cutoffs, and indeed we will see this is the case
in the next section.

Lacking an expression for the sharpness-dependent disper-
sion relation of these surface waves, we cannot presently make
this argument more precise. However, in simpler situations,
like an interface between vacuum or dielectric and unmag-
netized cold plasma29,30, it is known that the behaviour of
the surface waves depends crucially on the density gradient,
which lends credence to the above argument.

Note that one of the classical requirements for the exis-
tence of surface waves in simple dielectrics31 or unmagnetized
plasmas30, an abrupt sign change of ε , is not fulfilled here:
none of the dielectric tensor elements ε⊥,ε‖ and ε×, nor any
of the eigenvalues of the dielectric tensor ε‖,ε⊥± ε×, change
sign near the filament surface at all, abruptly or otherwise.

C. Mode conversion resonances

1. In the evanescent layer
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FIG. 10. Filament-integrated parallel RF power flow, normalized to
that of the unperturbed case. The background is exponential as in
(16), with ∆ = 4cm, nB,0 = 1017m−3, and nB,min = 5 ·1016m−3, such
that both wave modes are evanescent near the filament. The filament
is either Gaussian (dashed lines) or of the form (6) (solid lines), with
pulse asymmetry parameter λ = 1/5. The filament radius is rF =
1cm in both cases. The secondary (top) x axis gives the cumulative
distribution function for the density ratio (14). The vertical dashed
line is the location of the fist resonance predicted by (22) for NSTX-
like parameters. Note the vast difference between the scales of the
left and right vertical axes, for NSTX-like (orange) and AUG-like
(blue) parameters respectively.

In figure 10 we show a parameter scan of the parallel RF
power flow in the filament, vs. nF

nB
, with an exponential back-

ground density as in (16) with nB,0 = 1017m−3, a density at
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FIG. 11. Filament-integrated parallel RF power flow, normalized to
that of the unperturbed case. Parameters are as in figure 10, the fil-
ament is of the form (6), with pulse asymmetry parameter λ = 1/5.
The decay length ∆ of the background density is ∆ = 2cm for the
black curves, ∆ = 4cm for the brown curves (same as in figure 10),
∆ = 8cm for the red curves, and ∆ = ∞ (constant background) for the
blue curves. The secondary (top) x axis gives the cumulative distri-
bution function for the density ratio (14). The vertical dashed line is
the location of the fist resonance predicted by (22).

which the Fast Wave is evanescent in the immediate neigh-
bourhood of the filament, for both AUG-like and NSTX-like
RF parameters. We chose this density to keep the AUG and
NSTX cases as comparable as possible, but we must keep in
mind that, for this background density profile, the distance
between the filament and the point where the Fast Wave be-
comes propagative is much larger for AUG, where this hap-
pens at n = 5 ·1018m−3 than for NSTX, where this happens at
n = 1.5 ·1017m−3.

We are interested in the possibility that a large amount of
RF power may be lost in the parallel direction due to the fila-
ments carrying RF power away from the antenna1,2,6,7, a phe-
nomenon known as “mode conversion resonance” or “wave-
filament bound state”, and more specifically in the circum-
stances under which this occurs. From analytical reasoning
with a discontinuous density we expect32 some of the reso-
nances to occur at

ξ

(
nF

nB
Km(ξ )I′m(ξ )− Im(ξ )K′m(ξ )

)
=

m
ω

Ωi
Im(ξ )Km(ξ )

(
nF

nB
−1
)

(22)

where ξ = rF k‖
√

mi
me

, the azimuthal mode number m = ±1,
Im and Km are Bessel functions, ω is the (angular) antenna
frequency and Ωi = qiB/mi the ion cyclotron frequency. The
vertical dashed line in figures figures 10,11,14 and 15 is the
resonant nF

nB
predicted by (22). (22) predicts resonances close

to nF
nB

= 1 when ξ is small (small k‖) and ω

Ωi
is large (high

harmonic heating), that is, operating parameters common in
NSTX but uncommon in most other tokamaks. Indeed, 3D
numerical studies on AUG7 only found mode conversion reso-
nances at unrealistically high nF

nB
. For this and other reasons2,
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FIG. 12. |E‖| for the first 5 resonant peaks from figure 10, for filaments of the form (6) and NSTX-like RF parameters. This figure supports
the argument of section IV B, that the mode conversion resonances are due to surface standing waves, so the nth resonance has n peaks fitting
between the cutoffs.

we believe resonant wave-filament interactions to be among
the factors responsible for the experimentally observed paral-
lel RF power losses on NSTX8. This is the reason why we are
especially interested in NSTX-like parameters.

We find that under such parameters, both Gaussian fila-
ments and filaments given by (6) have mode conversion reso-
nances at realistic nF

nB
(recall from section II B that nF

nB
is rarely

observed to be larger than 2), and indeed there are many more
such resonances than expected from (22), which predicts just
one with nF

nB
> 1 and one with nF

nB
< 1. The smoother Gaussian

filaments require larger nF
nB

. Under AUG-like parameters, on
the other hand, no mode conversion resonances occur at re-
alistic nF

nB
for either type of filament. Larger amplitudes, with

higher nF
nB

than what we consider here, are observed for ELMs.
Type-I ELMs are not foreseen as a reactor relevant scenario,
but a small ELM scenario33 might be affected by mode con-
version.

In figure 11 we see the influence of the background steep-
ness i.e. of the SOL density decay length scale ∆. Steeper
backgrounds (smaller ∆) do not cause mode conversion reso-
nances to disappear, not even when ∆ is as small as a filament
diameter, and even cause the resonances to occur at nF

nB
closer

to 1.
Looking at the mode-converted |E‖| fields corresponding to

the mode conversion resonance peaks, in figure 12, we see that
the nth mode conversion resonance peak has an |E‖| standing
wave pattern with n peaks. This is exactly what we should
expect from the arguments in section IV B.

2. In the presence of propagating Fast Waves

In earlier work2, we briefly mentioned that propagating Fast
Waves in the background plasma are a loss mechanism for
resonant wave fields in the filament: energy leaks out via the
propagating Fast Wave in the background plasma, and where
in a background that only supports evanescent waves we find
true resonances, in a background that supports propagating
Fast Waves we only find high but finite “pseudo-resonances”.
The Fast Wave in such a scenario is shown in figure 13. Under
such circumstances, the resonances should be expected to be
broader and less high. Indeed, this is what we see in figure
14, where we chose the (still exponential) background density

COMSOL 5.3.0.316

ℜ(Ex)

FIG. 13. Fast waves in the full simulation domain (recall figure 2).
Fast waves are generated, start propagating near the filament, and are
absorbed in the PML. The color indicates the radial component of
the electric field, Ex. The filament density is that of the first resonant
peak in figure 14.

such that Fast Waves are propagative in the immediate neigh-
bourhood of the filament.

3. k‖-dependence

Among the arguments that convince us that mode conver-
sion resonances play a role in the parallel RF power losses on
NSTX, is the correct prediction of the k‖-dependence of this
phenomenon: from (22) we expect the mode conversion reso-
nances to occur at higher i.e. rarer nF

nB
for higher k‖. Figure 15

confirms that this is still the case for more realistic densities.
The few mode conversion resonances that exist for filaments
of the form (6) (solid lines in figure 15) occur at higher nF

nB
than

those at k‖= 3m−1 in figure 10, and also have much lower am-
plitude. For Gaussian filaments (dashed lines in figure 15), no
mode conversion resonances are visible at all.
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FIG. 14. Filament-integrated parallel RF power flow, normalized to
that of the unperturbed case. The background is exponential as in
(16), with ∆ = 4cm, nB,min = 5 · 1016m−3, and nB,0 = 5 · 1017m−3

(NSTX) or nB,0 = 6 · 1019m−3 (AUG), chosen such that the Fast
Wave is propagative at the location of the filament for both devices,
while the Slow Wave remains evanescent in the entire simulation re-
gion. The filament is either Gaussian (dashed lines) or of the form (6)
(solid lines), with pulse asymmetry parameter λ = 1/5. The filament
radius is rF = 1cm in both cases. The secondary (top) x axis gives
the cumulative distribution function for the density ratio (14). The
vertical dashed line is the location of the fist resonance predicted by
(22) for NSTX-like parameters. As expected, the resonance peaks
are less high than in the case of figure 10, where the Fast Wave is
evanescent near the filament, and there are still no resonances under
AUG-like parameters.

D. Slow Waves, Fast Waves, and NSTX parallel RF power
losses

The origin of the spurious parallel RF power flows in
NSTX, which end up on the divertors, is observed8,34 to be
the entire SOL in front of the antenna, stretching from the
antenna to the last closed flux surface. Proposed hypothe-
ses to explain this spurious power redirection include both
the hypothesis that it is due to propagating Fast Waves in the
edge plasma35, and the hypothesis that it is due to propagat-
ing Slow Waves in the edge plasma36. It is not clear that
there is a region in the NSTX SOL where the Slow Wave
is propagating at all, e.g. Green et al21 find a density in
NSTX that is everywhere too high for Slow Waves to prop-
agate. In any case, Slow Waves certainly are not propagat-
ing in the entire SOL. Similarly, the Fast Wave is propa-
gating in most of the SOL, but not within a few cm of the
antenna8. So, neither the propagating-Slow-Wave-hypothesis,
nor the propagating-Fast-Wave-hypothesis, naturally explain
power redirection throughout the whole SOL.

The hypothesis of resonant wave-filament interaction that
we argue for in this paper, on the other hand, naturally predicts
the source of the redirected RF power to be the SOL in front
of the antenna, between the antenna and the separatrix, which
is precisely where the waves interact with filaments that end
on the divertors.
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FIG. 15. Filament-integrated parallel RF power flow, normalized to
that of the unperturbed case. All parameters except k‖ are the same
as in figure 10, but now k‖ = 9m−1 for NSTX (which is possible)
and k‖ = 3m−1 for AUG (which may be achievable by changing the
3-strap antenna phasing). As expected, there are fewer mode conver-
sion resonances, thinner and of far lower amplitude, at this higher k‖
for NSTX, and still no mode conversion resonances for AUG. The
secondary (top) x axis gives the cumulative distribution function for
the density ratio (14). The vertical dashed line is the location of the
fist resonance predicted by (22) for NSTX-like parameters.

V. CONCLUSION

In this paper we considered predictions regarding reso-
nant ICRF wave-filament interactions in tokamak edge plas-
mas, based on analytic lines of reasoning such as the Mie
series1,2,6,7,9, and compared them with results of Finite Ele-
ment calculations with a more realistic plasma filament wave-
form. Qualitatively, many of the analytic predictions remain
valid in the more realistic cases considered here, especially
those concerning the conditions under which mode conver-
sion resonances are expected to be common (both the pre-
diction that they occur under NSTX-like high harmonic fast
wave conditions, and the prediction that they do not occur un-
der AUG-like conditions, are confirmed numerically). Un-
der these conditions, we find numerically that there are many
more resonances than expected from analytic reasoning, but
the density ratio nF/nB at which the first such resonance oc-
curs is predicted approximately correctly by (22).

Clearly, mode conversion and mode conversion resonances
due to filaments depend on sufficiently steep density gradi-
ents at the filament edge. But, under the conditions where we
previously predicted mode conversion resonances to be im-
portant, that is low k‖ and high harmonic heating (high ω

Ωi
),

realistically sized and realistically sharp filaments are not in
general smooth enough for mode conversion resonances to be-
come negligible, not even for the smoothest Gaussian plasma
filament waveforms.
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Appendix A: A continuously di�erentiable generalisation of (6)

If desired, to make (6) have a continuous derivative while
retaining the piecewise-exponential-like behaviour, we can in-
troduce a third length scale δp (p for “peak”) and convolve
radially

n(r,θ)continuously differentiable =
1
δp

∫ r+δp/2

r−δp/2
n(r′,θ)from (6)dr′

(A1)

The resulting expression is somewhat unwieldy, but still easily
represented in terms of elementary functions. An example is
shown in figure 16, and in figure 17 we see that the mode
conversion resonances are not qualitatively different in this
case.

FIG. 16. A continuously differentiable generalisation of (6).
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FIG. 17. The mode conversion resonances using the continuousely
differentiable density (A1) are not qualitatively different from those
with a density with a discontinuous derivative from figure 10. Here
δp = δr.


