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Two-dimensional conformal field theories with just Virasoro symmetry are endowed with integrable
structure. We review how to construct the integrable charges in a two-dimensional conformal field theory
and how to relate them to the charges of quantum sinh-Gordon theory when c ≥ 25. We then explicitly
calculate the single charge characters in the large c limit for all charges and thereby reveal how their
degeneracies grow within one module. This, in particular, allows us to approximate the characters in the
limit of small chemical potential, which source the respective charges. The latter gives us insights into
possible transformation properties of the characters. We also comment on the full generalized Gibbs
ensemble and approximations to pure states.
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I. INTRODUCTION

At the heart of th solvability of two-dimensional (2D)
conformal field theories (CFTs) lies the infinite dimen-
sional Virasoro algebra. This permits the construction of an
infinite set of mutually commuting charges, first exhibited
in [1] and also [2]. A deep connection between CFTs
and integrable theories arises when quantizing soliton
equations (specifically, the sine-Gordon equation). The
charges themselves are constructed as integrals over (finite)
polynomials of the energy momentum tensor and as such
are polynomial functions of the Virasoro generators. Often
one calls them the Korteweg–de Vries (KdV) charges of the
conformal field theory, K̂n, since they are classically related
to the integrals of motion of the KdV equation [see (15)].
These integrable nonlinear partial differential equations
(PDEs) appear naturally as equations of motion for the
sine-Gordon as well as the sinh-Gordon theories. For the
c ≤ 1 case, one can relate the infinite set of these charges in
the CFT to the KdV charges of the sine-Gordon theory [1].
It turns out that there exists a modification of the analysis
which relates the charges in large c CFTs to the sinh-
Gordon theory. In this work we will be concerned with
various properties of KdV charges in large c CFTs;

therefore as a first step we explicitly carry out the relevant
analytic continuations that relate a c ≥ 25 CFT to the sinh-
Gordon model.1

All the infinite KdV charges commute with the
Hamiltonian of the CFT, ½HCFT; K̂n� ¼ 0. Therefore they
generate a rigid infinite dimensional Abelian symmetry
within the larger symmetry generated by the full envel-
oping Virasoro algebra. Due to their connection to the
theory of integrable systems one can apply techniques
thereof in the context of CFT. This was done in the series
of remarkable papers [3–5], where they map the problem
of finding the exact eigenvalues of all these charges in the
c ≤ 1 CFTs to that of solving the pure quantum mechani-
cal problem of a single particle in a specific potential.
Moreover, under specific relevant perturbations, the
integrability structure is retained. This has been utilized
to find the exact S-matrix off-criticality [6,7] and thereby
provides additional motivation to understand the charges
in CFTs.
The KdV charges can also be used to define a gener-

alized partition function, or the generalized Gibbs ensem-
bles (GGE). When a critical system is in equilibrium with
some environment, such partition functions naturally arise.
If we do not specify the allowed interactions between the
system and the environment, then one needs to take all
conserved quantities into account. Such a generic equilib-
rium state of the system with chemical potentials for every
possible conserved quantity can be written
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1Without this connection being made, it is a priori unclear
whether the infinite set of charges in large c CFTs is related to the
KdV integrable hierarchy.
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ρðfq; yigÞ ¼ qHCFT

Y
i≥2

yK̂i
i ; ð1Þ

where q ¼ e−β with the inverse temperature β, and
yi ≡ e−μi with the chemical potential μi. The GGE itself
is then given by

Zðfq; yigÞ ¼ Tr½ρðfq; yigÞ�
¼ Tr½0�½ρðfq; yigÞ� þ

X
p

Tr½p�½ρðfq; yigÞ�; ð2Þ

where the first trace is over the full spectrum of the CFT, and
Tr½p� stands for the trace over a primary module [p], with [0]
denoting the vacuum module. The subtraces over specific
modules will naturally be called the GGE characters.
Purely thermal states are obviously given by

ρðfq; yi ¼ 1gÞ, i.e., all chemical potentials have to vanish.
In two-dimensional CFT, the thermal ensemble—or
partition function—has a nice geometric description. If
the theory is defined on a circle of length L, then the
thermal ensemble is the partition function of the theory
on a rectangular torus with modular parameter τ ¼ iβ=L.
Furthermore, if one demands that the CFT is well defined
on a torus, then its partition function must be invariant
under modular transformations

τ ↦
aτ þ b
cτ þ d

;

�
a b

c d

�
∈ PSLð2;ZÞ: ð3Þ

One of its generators is the so-called S-transformation
τ ↦ −1=τ. On the level of temperature, this means that the
partition function must be invariant under β ↦ L2

β which
directly relates different temperature regimes, in particular
the partition function at a very low temperature, where it is
basically given by the vacuum result, to the very high
temperature partition function, where high energy states
dominate. This allows one to bootstrap the theory and
compute universal results on the growth of its high energy
spectrum [8,9]. One can also bootstrap the CFT by
considering correlation functions on the torus, which are
not invariant but transform covariantly under modular
transformations. This allows one to obtain universal infor-
mation about asymptotic matrix elements/operator product
expansion (OPE) coefficients in 2D CFT [10–12].
A natural question while considering GGEs is whether

similar features arise for the KdV charges. Namely, is there
a transformation yi ↦ ỹi which relates the different
regimes of the GGE and correlation functions in the
corresponding state? If such a transformation exists, can
it be used to bootstrap the CFT? A related second order
question is whether there is a geometrical description for
GGEs such that yi plays the role of moduli. A motivation
for this expectation comes from considering classical
integrable systems. Riemann surfaces play an ubiquitous

role in the analytic study of integrable systems. Solutions of
the integrable hierarchy are related to finding sections of an
eigenvector bundle over a Riemann surface [13]. The hope
is that this classical connection also reflects itself in the
GGE of the quantum theory.
Considerations of the GGE as a possible generalization

of thermalization of pure states and in particular the
eigenstate thermalization hypothesis (ETH) also provides
yet another strong motivation. It is widely believed that in
many nonintegrable quantum theories generic pure states
look approximately thermal after waiting long enough.
This, in particular, implies that static states, i.e., energy
eigenstates, can be approximated by thermal states. The
question arising here is whether generic pure states in
integrable systems might be approximated by GGE states,
rather than thermal states, when waiting long enough.
This then implies that generic energy eigenstates would
always look like states in equilibrium with respect to all the
conserved charges of the system.
In this article we take small steps in the direction of

addressing the above questions. In particular, we compute
the GGE characters in the large central charge limit.
Recently in [14–16], aspects of GGE were studied in the
regime where the chemical potentials are parametrically
smaller than the inverse temperature, which itself is small
enough to probe energies much larger than the central
charge. Our analysis is in a complementary regime, which
means μl ≫ 1=ðc1− 1

2lÞ, β ≫ 1=
ffiffiffi
c

p
, and we normally take

μl ≫ β. Large c is also the classical limit of the corre-
sponding soliton theory, and the integrable charges can be
computed by a relatively easy recursive formula. In this
limit it is possible to diagonalize all charges simultaneously
and give their eigenvalues in a closed form. This allows us
to give good estimates on the large and small chemical
potential regimes, such that possible transformations are
tractable.
The article is organized as follows. In Sec. II we review

the connection between quantum sinh-Gordon theory and
conformal field theory. Following [1] we explicitly dem-
onstrate the analytical continuation to central charges
c > 1. Our analysis reveals that the Feign-Fuchs form of
the energy momentum tensor, which is needed to draw the
connection to quantum integrable theory, is closely related
to the bound state sectors of quantum Liouville theory that
describes two-dimensional nonperturbative gravity. Wewill
hopefully deepen the understanding of this connection in
future work. In Sec. III we compute the GGE characters in
mixed states with a single nonzero chemical potential at a
parametrically large central charge. We first concentrate on
the second integrable charge and then generalize to higher
ones. We again want to point out that our calculation is
valid in regimes, where the chemical potentials are such
that the eigenvalues that contribute dominantly to the GGE
character are small compared to the central charge. In the
following Sec. IV we comment on possible transformations
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that relate regimes of high and low chemical potentials. For
this we analyze how the charge degeneracy grows within a
module and perform the sum over the vacuum module for
large charges by an integral evaluated via the saddle point
approximation. We also compare the result to the full GGE
at parametrically small chemical potentials as considered in
[14,15,17]. In both cases it shows qualitatively the same
behavior. In particular, this also matches the well-known
results of thermal states and might indicate that there indeed
is some transformation that relates high and low chemical
potentials. However, the results show that transformation of
the chemical potentials of higher integrable charges cannot
simply be the standard modular transformations, and it is
not clear to us if there might exist a geometric interpre-
tation. In the following Sec. V we shortly comment on
the possible generalization of ETH in the presence of
integrable charges. In Sec. VI we conclude on our findings.
In the appendixes we give specific formulas to compute the
classical and quantum KdV charges, give some explicit
checks on the large c eigenvalues of the second KdV
charge, and compute the global character of the second
charge which appears as a factor of the GGE characters in a
primary module.

II. FROM CFT TO QUANTUM
SINH-GORDON THEORY

The connection between conformal and integrable field
theories has a long history. We want to go back to some of
the earliest works and briefly review how one can connect
two-dimensional conformal field theories with models such
as the sinh-Gordon theory [1]. Although the integrable
charges themselves can be constructed for any 2D CFT the
latter connection is not always present. However, only with
this connection does it become clear why large c indeed is a
classical limit and how the quantum integrable structure is
related to the classical integrable structure. This connection
is what gives the idea to search for a geometric meaning
of the chemical potentials. In what follows we do, however,
not concentrate on the c < 1 case as in [1], but do
concentrate on an analytic continuation to c > 1. In fact,
it turns out that the theories we have to consider
have c ≥ 25.
Let us consider some conformal field theory and assume

that we can write its energy momentum tensor in Feign-
Fuchs (or Coulomb-gas) form

TþðzÞ≡ 1

ℏ

�
1

2
∶ðDϕÞ2∶ − λD2ϕþ λ2

2

�
; ð4Þ

where λ is some real constant, D ¼ iz∂z with z the
compactified coordinate on the plane, z ¼ eτþiσ , and

ϕðzÞ ¼ iq − iα0 logðzÞ þ i
X
n≠0

αn
n
z−n ð5Þ

is a generalized free field whose modes obey the standard
commutation relations

½αn; αm� ¼ ℏnδnþm; ½q; αn� ¼ iℏδn: ð6Þ

One can show that this energy momentum tensor
corresponds to a Virasoro algebra with central charge
c ¼ 1þ 12λ2

ℏ . Its generators can be written as

ℏLþ
n ¼ 1

2

X
p

∶αpαn−p∶þ iλnαn þ
λ2

2
δn: ð7Þ

We want to follow the logic of [1] and define a second
energy momentum tensor as

T−ðzÞ≡ 1

ℏ

�
1

2
∶ðDϕÞ2∶þ λD2ϕþ λ2

2

�
: ð8Þ

Hermitian conjugation is given by ðLþ
n Þ† ¼ L−

−n, for
which one consistent choice that we can make is the
relation α†n ¼ −α−n. Note that by this we lose the usual
direct connection between asymptotic in and out states of
the quasi–free field ϕ.
We now shortly want to comment on the similarities of

the present construction to Liouville theory. Its energy
momentum tensor in a strip can actually be written exactly
as in (4) where the generalized field ϕ can be expressed in
terms of the Liouville field φ (see e.g., [18]). When
considering bound states in the Liouville theory a simple
connection between in and out states by Hermitian con-
jugation, as in the case of scattering states, is now no longer
possible [18]. It seems reasonable that the integrable
structure that we want to present here is also visible in
the transition amplitudes of bound states in Liouville theory
on a strip.
Let us now consider the dressed Vertex operators

V� ¼ z−βλ∶e�βϕ∶; β ∈ R; ð9Þ

with conformal weight h ¼ − ℏ
2
β2 þ βλ with respect to T�,

respectively. Now, to draw the connection between the
CFT and the quantum sinh-Gordon one needs h ¼ 1 as we
will see later. The secondary field zhV� then naturally
converges to e�βϕ in the classical limit ℏ → 0. Therefore,
the operator

Ĥ ¼ 1

2πiβ2

I
dz
z

�
1 −

1

2
ðz1−βλ∶eβϕ∶þ z1−βλ∶e−βϕ∶Þ

�

ð10Þ

converges for ℏ → 0 to the classical Hamiltonian of sinh-
Gordon theory
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H ¼ 1

2πβ2

Z
2π

0

dσð1 − cosh βϕÞ; ð11Þ

which, with the identification u ¼ β
2
∂σϕ, canonically gen-

erates the sinh-Gordon equation2

∂t∂σϕ ¼ 2

β
∂tu ¼ fu;Hg ¼ −

1

β
sinh βϕ: ð12Þ

An important point now is that there exists an infinite set
of polynomial conserved quantities In, defined in (A1),
which is the same as for the modified Korteweg–de Vries
(mKdV) equation

ut ¼ uσσσ − 6u2uσ: ð13Þ

Being a conserved quantity in particular means that
fIn; Hg ¼ 0.
Another observation is that the analytic continuation of

the classical Miura transform

v ¼ u2 � uσ ð14Þ

maps any solution of the above mKdV equation to a
solution of the KdV equation

vt ¼ vσσσ − 6vvσ; ð15Þ

which also gives rise to an infinite set of polynomial
conserved quantities Kn as defined in (A3). They are
connected to the conserved quantities of the mKdV by

Knðv ¼ u2 � uσÞ ¼ Inþ1ðuÞ: ð16Þ

It is clear that

fKnðvÞ; Hg ¼ 0 ð17Þ

must be true too.
Let us now come back to quantum theory and the CFT.

With the identification u ¼ β
2
Dϕ as in the classical case, the

energy momentum tensor of the CFT can be regarded as a
quantum Miura transform of that field,

LþðzÞ ¼ ℏ0
�
TþðzÞ þ 1 − c

24

�
¼ 1

2
ð∶u2∶ − λβDuÞ;

ℏ0 ¼
�
β

2

�
2

ℏ: ð18Þ

To see the mKdV hierarchy at quantum level we
therefore demand that any Hermitian operator/functional

F̂ðLþÞ [F̂ðTþÞ] commutes with the quantum sinh-Gordon
Hamiltonian ½F̂ðLþÞ; Ĥ� ¼ 0. We consider functionals of
the form

FðTþÞ ¼ 1

2πi

I
dz
z
PðnÞðLþ; DLþ;…Þ; ð19Þ

where PðnÞ are polynomials of Lþ and its derivatives. All
these functionals in particular commute with Vþ if all the
Virasoro generators commute with it,

½Lþ
n ; zhVþ� ¼ 0∀ n; ð20Þ

which is possible only if the previously defined dressed
Vertex operator has unit conformal weight,

h ¼ −
ℏ
2
β2 þ βλ ¼ 1 ⇒ λ ¼ 1

β

�
1þ ℏ

2
β2
�
: ð21Þ

The additional constraint

½FðLþÞ; zhV−� ¼ ½FðLþÞ†; zhV−� ¼ ½FðL−Þ; zhV−� ¼ 0

ð22Þ
is, respectively, solved if for all n we demand
½L−

n ; zhV−� ¼ 0 which also gives h ¼ 1.
With these constraints we, in particular, obtain c ¼

13þ 3
ℏ0 þ 12ℏ0, which has a minimal value of c ¼ 25 at

ℏ0 ¼ 1
2
and in the classical limit ℏ0 → 0 goes as c ≈ 3

ℏ0. It also
becomes evident that in the classical limit the quantum
Miura transformation (18) becomes the classical Miura
transformation (14). Note that the precise shift of the energy
momentum tensor in (18) is, in fact, needed to preserve the
same kind of connection between the KdV and the mKdV
structures on the quantum level as in the classical case.
Following the logic in constructing the classical charges,

one constructs the quantum KdV charges K̂n as functionals
(19), i.e., as integrals of polynomials of LþðzÞ and its
derivatives, that are related to the mKdV charges of the
quantum sinh-Gordon theory by the quantum Miura trans-
form (18) and are constrained as follows:

(i) The charges are Hermitian, K̂n ¼ K̂†
n.

(ii) The charges commute among each other,
½K̂n; K̂m� ¼ 0.

(iii) If we assign grade 2 to the field L and grade 1 to the
derivative, then PðnÞ have total grade 2n.

(iv) In the classical limit ℏ0 → 0 (c → 3
ℏ0) the charges

reproduce the classical integrals of motion (A3)
(when identifying v ¼ −2L).

There is no closed formula known for all charges.
However, one can construct them step by step with
increasing grade. The first two KdV charges in a CFT
are given by

H ≡ K̂1 ¼
1

2πℏ0i

I
dz
z
LðzÞ ¼ L0 −

c − 1

24
; ð23Þ2The canonical Poisson bracket needs to be fϕðσÞ; uðσ0Þg ¼

−βπδðσ − σ0Þ.
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Q≡ K̂2 ¼
1

2πℏ0i

I
dz
z
2L2ðzÞ

¼ 2ℏ0
�
2
X∞
n¼1

L−nLn þ L2
0 −

c − 1

12
L0 þ

ðc − 1Þ2
576

�

¼ Qð1Þ þ 2ℏ0
�
L2
0 −

c − 1

12
L0 þ

ðc − 1Þ2
576

�
: ð24Þ

More are given in (B5). Note that the charges we give
here slightly differ from the charges considered in [3], and
also as they were used in [14,15]. This is because we
strictly follow the conventions of [1] and construct the
charges from L ¼ T þ 1−c

24
to obtain the direct connection

to the quantized sinh-Gordon theory. At finite c this has the
effect that the charges we use, and are constructed in [1],
are some simple linear combinations of the charges used
in [3]. We also want to mention that there also exists a
discretized construction for the charges as given in [19].

III. KdV CHARACTERS

As a first step to understand the full GGE, we start
investigating the GGE characters which we define as the
trace of a GGE state over a specific highest weight module,

Zp
fq;yig ¼ Tr½p�ρðfq; yigÞ: ð25Þ

We will analyze this quantity in the classical limit, i.e.,
when c → 3

ℏ0 → ∞. We also assume that the chemical
potentials are not too small which in our case means that
μi ≫ 1=c1−

1
2i.3 This probes regimes of the GGE characters

for which the corresponding charge is small compared to c.
In this limit we are able to diagonalize all KdV charges
simultaneously in a simple basis. To do so let us consider
the renormalized Virasoro generators (for n ≠ 0) Ln →
L0
n ¼ Lnffiffi

c
p , with

½L0
m; L0

n� ¼
m3 −m

12
δm;−n þ

m − nffiffiffi
c

p L0
mþn ≈

m3 −m
12

δm;−n;

ð26Þ

where approximations from now on only keep the leading
order results at large c.4 Now consider states in a primary
p-module of the form

jfni; kigi ¼
YM
i¼1

L0ki
−ni jpi: ð27Þ

From the above commutation relation it follows that they
are orthogonal up to large c corrections. A possible basis is
for example the set of all states with L0

−ni ordered such that
bigger ni always appear on the left of smaller ni.
All the above states are, in fact, approximate eigenstates

of all KdV charges, in the large c limit. Let us first show
this for the second KdV charges Q as given in (24).

A. Warm-up: Q character at large central charge

The above states (27) are clearly eigenstates of L0 with
eigenvalue

P
M
i¼1 kini. One can show that with the com-

mutation relation (26) it follows that they are also eigen-
states of Qð1Þ. This is because only terms from the central
extension contribute to order c0. The approximate Qð1Þ
eigenvalue of a state jfni; kigi is given by

λfni;kig ≈
XM
i¼1

kiðn3i − niÞ: ð28Þ

In Appendix B 3 we provide checks of the above
equation by explicitly diagonalizing the Qð1Þ matrix for
different levels in the large c limit. Note that since the
central term vanishes for L0

−1, contributions from possible
L0m
−1 to the eigenvalue are of order 1=c. They originate from

the sl2 (global) part of Qð1Þ and are given by

4ℏ0L−1L1L0m
−1jψi ¼ 12L0−1L0

1L
0m
−1jψi

≈
12

c
ðm2 þ ð2hψ − 1ÞmÞL0m

−1jψi; ð29Þ

where jψi is some state of the form (27) without any L−1
and hψ is its L0 eigenvalue.
Note that all possible off-diagonal elements in a basis

built from (27) are oð1=cÞ.

1. Vacuum Q character

First let us only consider Qð1Þ: A suitable basis in the
vacuum module ½0� is the set of all ordered states (27)
without any L0−1 appearing. The vacuum Qð1Þ character is
then given by

Tr½0�y
Qð1Þ
1 ≈

X
fni;kig∈½Ω�

y
λfni;kig
1

¼
Y∞
n¼2

X∞
k¼0

ykðn
3−nÞ

1 ¼
Y∞
n¼2

1

1 − yn
3−n

1

¼
Y∞
n¼1

1

1 − y
6
nðnþ1Þðnþ2Þ

6

1

ð30Þ

≡1þ
X
m¼1

PfTngðmÞxm; with x ¼ y61: ð31Þ

3This constraint comes from a saddle point analysis and will
become clear in (54).

4This unusual normalization of the Virasoro generators withffiffiffi
c

p
also appears in [20] where the authors studied the CFT dual of

graviton exchanges in the heavy-light conformal blocks.
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The numbers Tn ¼ nðnþ1Þðnþ2Þ
6

are the tetrahedral num-
bers. They are defined as the number of balls needed to
construct a tetrahedral cluster with the close packing of
equal spheres. From (30) one can hence show that the
vacuum Qð1Þ character is a generating function for the
number of partitions of an integer m into tetrahedral
numbers fTng, PfTngðmÞ. We will see similar partitions
for higher charges.
Other relevant term in Q: The other nonconstant term

relevant at large c is − ℏ0ðc−1Þ
6

L0 ≈ − L0

2
. Taking it into

account one obtains

Tr½0�y
Q
1 ≈

Y∞
n¼2

X∞
k¼0

y
kðn3−3

2
nÞ

1 ¼
Y∞
n¼2

1

1 − y
n3−3

2
n

1

: ð32Þ

The Qð1Þ eigenvalues get shifted by the (scaled) energy
of the corresponding states, and at least for the low lying
eigenvalues a lot of the tetrahedral degeneracy is broken.
However, for large n, the partitions still grow exponentially
in the same way as the partition into tetrahedral numbers.

2. Primary Q character

Again first let us consider Qð1Þ: As mentioned earlier the
possible L0

−1 in the states contribute subleading to the
eigenvalues with (29). For states in a primary module only
containing L0

−1 the Qð1Þ eigenvalue is even subdominant.
Taking this into account we can write the Qð1Þ character in
the primary p module, [p], as

Tr½p�y
Qð1Þ
1 ≈

Y∞
n¼2

X∞
k¼0

ykðn
3−nÞ

1

þ
�X∞

k¼1

y
12
c ðkð2p−1Þþk2Þ
1

�Y∞
n¼2

X∞
k¼0

ykðn
3−nÞ

1

≈
�X∞

k¼0

y
12
c ðkð2p−1Þþk2Þ
1

�Y∞
n¼2

1

1 − yðn
3−nÞ

1

: ð33Þ

This result is the vacuum result (30) multiplied with the
global character result, as given in (B20).
Full Q: Again we can write the result as the vacuum

character multiplied with the global character as given
in (B21). It is given by

Trpy
Q
1 ≈

�X∞
k¼0

y
6ðpþkÞ2þ12ðk2þ2pk−kÞ

c −1
2
ðpþkÞ

1

�Y∞
n¼2

X∞
k¼0

y
1
2
kðn3−3

2
nÞ

1

¼
�X∞

k¼0

y
6ðpþkÞ2þ12ðk2þ2pk−kÞ

c −pþk
2

1

�Y∞
n¼2

1

1−y
1
2
ðn3−3

2
nÞ

1

: ð34Þ

One may estimate the term in the parentheses by
extremizing the exponent with respect to k and approximate
the sum by the corresponding k saddle value; see Sec. B 4 a.

Such an analysis, however, is expected to be quite different
from the case when c is fixed, since in that case the dropped
terms ∝ 1=c will contribute significantly to the character.

B. Higher charge characters

We now want to analyze all the higher charges in the
large c limit. As mentioned before, this is the classical limit
which in particular means that all the quantum corrections
to the classical KdV charges/currents can be neglected.
While a closed form does not exist for the quantum charges,
the classical charges are given explicitly in (A3). To
compute the quantum charges in the large c limit we
simply have to replace v in (A3) by −2L, multiply with
ð−1Þk to obtain a positive expression, and consider the
respective symmetric composite field. However, even that
can be reduced further. In the classical limit we can write
L ¼ ℏ0T − 1

8
(since c → 3=ℏ0 for ℏ0 → 0) and the kth

current (≡Ik) can be written in a power series in ℏ0,

ð−1Þkℏ0Ik ≈
Xk
n¼0

PðnÞ
k ðT;D2T;…Þℏ0n; ð35Þ

where PðnÞ
k ðT;D2T;…Þ is some polynomial of grade 2n of

T and its derivatives. T contributes two and any derivative

one to the grade. It follows that PðnÞ
k and Pðnþ1Þ

k can at most
give contributions to the eigenvalues of order cn=2, where
the eigenvectors are still given by (27). We can therefore
neglect all terms in (35) with n > 2 since they contribute at
least of order c−1=2 to Ik. Therefore, the kth current (k > 1)
can be approximated by

ð−1Þkℏ0Ik ≈
Ctðk − 1Þ
22kþ1

þ Pð1Þ
k ðTÞℏ0 þ Pð2Þ

k ðT;DT;…Þℏ02:

ð36Þ

CtðkÞ is the kth Catalan number and follows from

the recursive definition of the classical charge. Pð1Þ
k ðTÞ

has the form

Pð1Þ
k ¼ −

ffiffiffi
π

p
ðk − 1Þ!jΓð3

2
− kÞjTðzÞ þ total derivatives ð37Þ

and therefore contributes

−
ffiffiffi
π

p
ðk − 1Þ!jΓð3

2
− kÞjL0 ð38Þ

to the charge.
The remaining polynomial can be written as

Pð2Þ
k ¼

Xk−2
m¼0

bkmTðzÞD2mTðzÞ for k ≥ 2; ð39Þ
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with bkm positive constants, where always bkk−2 ¼ 2. The
other coefficients can e.g., be computed by the help of a
computer algebra program. Integrating over this part of the
current then gives

1

2πiℏ0

I
dz
z
Pð2Þ
k ℏ02 ¼ 2ℏ0X

n>0

�Xk−2
m¼0

ð−1Þmbkmn2m
�
L−nLn;

ð40Þ

where for now we omit the term proportional to L2
0 which is

subleading in large c. The relevant part of the kth charge in
the large c limit can therefore be written as

ð−1ÞkK̂k ¼ 2ℏ0X
n>0

�Xk−2
m¼0

ð−1Þmbkmn2m
�
L−nLn

−
ffiffiffi
π

p
ðk − 1Þ!jΓð3

2
− kÞjL0 þ

Ctðk − 1Þ
22kþ1ℏ0 ;

≡ Kð1Þ
k −

ffiffiffi
π

p
ðk − 1Þ!jΓð3

2
− kÞjL0 þ

Ctðk − 1Þ
22kþ1ℏ0 :

ð41Þ

With this it is clear that the previously chosen orthogonal
basis in large c diagonalizes all the higher charges as well.
First, note that we have kept only the leading order terms in
large c. At Oð1=cÞ, the only contributions come from the

L2
0 and the L−1L1 term in Kð1Þ

k . Second, note that the most
suppressed term is

ð−1Þkℏk−12k−1Ctðk − 1ÞLk
0 ≈ ð−1Þk 6

k−1

ck−1
Ctðk − 1ÞLk

0:

ð42Þ

1. K̂k vacuum character

Now, we focus on the vacuum module. Using (41) we
obtain

K̂kjfni; ligi ¼ Kk;fni;ligjfni; ligi ð43Þ

with

Kk;fni;lig ¼
XM
i¼1

li

�
ðn3i − niÞ

�Xk−2
m¼0

ð−1Þkþm bkm
2
n2mi

�
−

ð−1Þk ffiffiffi
π

p
ni

ðk − 1Þ!jΓð3
2
− kÞj

�
þ ð−1ÞkCtðk − 1Þ

22kþ1ℏ0

≡XM
i¼1

li

�
pð1Þk;ni

−
ð−1Þk ffiffiffi

π
p

ni
ðk − 1Þ!jΓð3

2
− kÞj

�
þ ð−1Þk Ctðk − 1Þ

22kþ1ℏ0 : ð44Þ

Focusing on the Kð1Þ part of the lth KdV charge, we find
the character analogous to (30) as

Tr½0�y
Kð1Þ

l
l ≈

Y∞
n¼2

X∞
k¼0

y
k·pð1Þl;n
l ¼

Y∞
n¼2

1

1 − y
pð1Þl;n
l

: ð45Þ

For μl ≪ 1 (μl ¼ − log yl) we can assume that the above
is dominated by large n ∼ n� ≫ 1.5 For large enough n we

can approximate pð1Þl;ni
≈ n2l−1 and, hence, obtain

Tr½0�y
Kð1Þ

l
l ≈

Y∞
n¼2

ð1 − yn
2l−1

l Þ−1: ð46Þ

Remarkably, Eq. (46) can be expressed in an expansion in
yl weighted by power partitions, plðqmÞ,

Tr½0�y
Kð1Þ

l
l ≈

X∞
qm¼0

plðqmÞyqml : ð47Þ

plðqmÞ is the number of ways qm can be expressed as the
sum of integers which are of the form i2l−1 where i is also
an integer (this is the quantum number of the lth KdV
charge). Note that for l ¼ 2, this is the partition of n into
cubes, which is the large n asymptotics of tetrahedral
numbers. It turns out that there is a formula due to Hardy
and Ramanujan [[21] p. 111] which gives an asymptotic
analytic form for the power partitions,

plðqmÞ ≈ exp ðAðlÞq 1
2l
mÞ; ð48Þ

where AðlÞ ¼ 2lð 1
2l−1Γð 2l

2l−1Þζð 2l
2l−1ÞÞð2l−1Þ=ð2lÞ. This then

gives us the density of states in the vacuum module with

Kð1Þ
l charge qm, where qm ≫ 1. Adding the L0 contribution

does not change the above logic which allows us to
approximate the vacuum character by

Tr½0�y
Kl
l ≈

X∞
qm¼0

exp
�
AðlÞq 1

2l
m − μlðqm − cBlÞ

�
; ð49Þ5However, since in our approximation c ≫ n�, we will also

obtain a lower bound on μl.
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where Bl ¼ ð−1Þlþ1 Ctðl−1Þ
322lþ1 comes from the constant part in

the charge. We can further approximate the sum by an
integral and obtain

Tr½0�y
Kl
l ≈ eμlcBl

Z
∞

0

dqn exp
�
AðlÞq 1

2l
n − μlqn

�
ð50Þ

≈ eμlcBl exp

	
2l − 1

2l
AðlÞ 2l

2l−1ð2lμlÞ
1

ð1−2lÞ



; ð51Þ

where the integral has been done by saddle in (C3).

2. K̂k primary characters

Only Kð1Þ
l : As in the case of Qð1Þ we only have to

consider the additional contributions from L−1L1 in the
sum. It is subleading and adds

24

c
ðkð2ðpþ NÞ − 1Þ þ k2ÞA

to the dominant contribution, where N denotes the con-
tribution to the conformal dimension from all excitations
not including L−1 and A ¼ P

l−2
m¼0ð−1Þmblm. Analogously

to Qð1Þ we can therefore write

Tr½p�y
Kð1Þ

l
l ≈

Y∞
n¼2

X∞
k¼0

y
kpð1Þl;n
l

þ
�X∞

k¼1

y
12
c ðkð2p−1Þþk2ÞA
1

�Y∞
n¼2

X∞
k¼0

y
kðpð1Þl;nþ24

cAnÞ
l

≈
�X∞

k¼0

y
12
cAðkð2p−1Þþk2Þ
1

�Y∞
n¼2

1

1 − y
pð1Þl;n
l

: ð52Þ

Again, this is the global answer multiplied with the
vacuum result.
Full Kl: Again, analogous to the case ofQ, the dominant

contributions from L−1 to states in the p-module come from
the part in K̂l proportional to L0. Formally, we can write

Tr½p�y
Kl
l ≈

�X∞
k¼0

y
−
ffiffi
π

p

ðk−1Þ!jΓð3
2
−kÞjðpþkÞþ12

c ðkð2p−1Þþk2ÞAþbl
0
c ðpþkÞ2

1

�

×
Y∞
n¼2

1

1 − y
pð1Þk;nþ −

ffiffi
π

p
n

ðk−1Þ!jΓð3
2
−kÞj

l

: ð53Þ

C. Comment on the full GGE

The full generalized Gibbs ensemble is obtained by
taking the sum over all GGE characters that appear in the
CFT. This sum, however, depends on the specifics of the
theory. Note that we cannot approximate the result by e.g.,

taking the asymptotic formula for the growth of
primary states [8,9], because this formula is valid in energy
regimes (Δp ≫ c) that do not fit the regimes of validity
that we consider (Δp ≪ c). We would need the specifics
of the spectrum at intermediate energies which is not
universal [22].

D. Constraints on μl
We already mentioned it earlier and now want to show

that one gets a lower bound on μl by demanding that the
dominant contribution from the saddle point of the above
integral is smaller than c. The saddle turns out to be

1 ≪ q�n ¼ 2
2l

1−2l

�
lμl
AðlÞ

� 2l
1−2l

≪ c

⇒ μl ≫
AðlÞ
2l

1

c1−
1
2l

≈
1

c1−
1
2l

: ð54Þ

This implies that our result (51) is valid in the regime

c
1
2l−1 ≪ μl ⋘ 1:

IV. CONNECTION BETWEEN HIGH AND LOW
CHEMICAL POTENTIALS

As mentioned in our Introduction one of our motivations
to study integrable charges and the GGE is to reveal some
possible transformation property of the chemical potential
under which the full GGE or GGE characters behave in a
certain way. In this section we show that our results allow
one to discuss some aspects of the transformation.
First, let us collect the results at large and small chemical

potentials and large cwith a single integrable charge K̂l. At
a high chemical potential the corresponding GGE is
dominated by the constant part of the charge because it
has the highest power in c. However, the contribution is not
necessarily given by the vacuum contribution because the
charges are not necessarily positive. The state with the
lowest charge eigenvalue dominates. Nevertheless we can
only restrict ourselves to the constant part, because all other
contributions in this regime are hugely subdominant. So at
large chemical potential 1 ≪ μl ≪ c, and with all other
chemical potentials turned off, we can approximate the
GGE by

ZðμlÞ ≈ eμlcBl ; ð55Þ

where Bl ¼ ð−1Þlþ1 Ctðl−1Þ
22lþ1 is the constant part computed in

the last section.
In the regime of small chemical potential, 1=c1−1=2l ≪

μl ≪ 1, we in particular computed the K̂l vacuum character
in (51),
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Tr½0�y
K̂l
l ≈ eμlcBl exp

	
Cl

μ
1

2l−1
l



; ð56Þ

where Cl ¼ Γð 2l
2l−1Þζð 2l

2l−1Þ. The factor in the front, eμlcBl ,
again comes from the constant part. However, in the case of
small chemical potentials we can show that this factor is
negligible for large l. The competition is between the

factors μlcBl and Clμ
1

1−2l
l . When μl is taken as the smallest it

can be (to be in the valid regime of our analysis, i.e.,
μl ∼ c−1þ 1

2l), the two terms are of the order
ffiffiffiffi
cl

p
Bl andffiffiffiffi

cl
p

Cl. Therefore we need to compare Cl and Bl. For large l,
using the asymptotics of Gamma and Zeta functions,
Cl ∼ 2l − 1, whereas using the asymptotics of Catalan
numbers jBlj ∼ l−3=2=ð8 ffiffiffi

π
p Þ. Therefore clearly, for small

μl, as l gets bigger,

Tr½0�y
K̂l
l ≈ exp

	
Cl

μ
1

2l−1
l



: ð57Þ

If we now assume that there exist any nice transforma-
tion property that relates the low and high chemical
potentials relating the respective GGEs, it is reflected in

the second factor exp fCl=μ
1

ð2l−1Þ
l g. Since the vacuum char-

acter appears in all primary characters, we can assume that
this factor multiplies the full GGE.
It follows immediately that, if μi ≠ β, it is not possible

to connect the low and high potential regime by an “S
transformation,” μi ⇝

1
μi
. Rather, the transformation that

connects the high and low chemical potential regimes
seems to have the form

μi → Diμ
1

1−2i
i ; ð58Þ

whereDi is independent of μi, just depending on the charge
and c. It is clear that the GGE can definitely not be invariant
under this transformation. This is because any function of
μi that is invariant under such a transformation would be

constant. This follows easily by performing μi → Diμ
1

1−2i
i

several times,

fðμiÞ ¼ fðD
P

k−1
j¼0

1

ð1−2iÞj
i μ

1

ð1−2iÞk
i Þ ∀ k ∈ N; μi ∈ Rþ: ð59Þ

Taking the limit k → ∞ then tells that fðμiÞ ¼ fðD2i−1
2i
i Þ.

A. Connection to very high energies

Recent study of KdV in 2D CFTs have explored various
aspects of the GGE in the regimes of asymptotically large
energies and KdV charges [14–16]. In particular, the
chemical potentials are outside the regime that we have
studied, viz., μi ≪ 1

c1−1=2i
. Therefore in this regime, the GGE

partition function is dominated by h�; n� ≫ c. Additionally,
the investigations also focus on the limit, fμlg ≪ β ≪ 1,
therefore the KdV charges are perturbatively treated on the
torus. It was shown that when high energies dominate, the
main contribution to the GGE comes from descendants at a
particular level of primaries at a particular energy regime,
and the GGE can be approximated by [using (42)]6

Zðfq; yigÞ
¼ TrqH

Y
i

yK̂i
i

≈
Z

∞

0

dh ρðhÞ exp
�
−βh −

X
i

μi
6i−1Ctði − 1Þ

ci−1
hi
�
:

ð60Þ

In this high energy regime unlike [14–16], we shall focus
on 1 ≫ fμlg ≫ β. The integral can in principle be solved
by a saddle point approximation. This, however, becomes
very complicated for arbitrary μi ≪ 1=c1−

1
2i. The situation

simplifies when we take all potentials parametrically small
with respect to one particular potential. In that case, the
saddle is always dominated by the contribution of
that particular potential with corrections given by a power
series in all the other ones. The dominant saddle h� for
μn ≫ fμig; β is given by

h� ¼
�

π

n6i−1=2Ctði − 1Þμn

� 2
2n−1

cþ
X
i≠n

Ciμi þOðμiμjÞ;

ð61Þ

where the coefficients Ci ≡ Ciðμn; cÞ are such that the
corrections are small. Plugging back this saddle, the
partition function is approximately given by

Zð1 ≫ μn ≫ μiÞ

≈ exp

�ð2n − 1Þc
6

�
π2n

Ctðn − 1Þn2nμn

� 1
2n−1 þOðμiÞ

�
:

ð62Þ

Thus a bit surprisingly, we see that the GGE for very low
chemical potential μl ≪ 1

c1−1=2l
shows the same μl depend-

ence that we saw when we analyzed the universal vacuum
character in the range 1

c1−1=2l
≪ μl ≪ 1, (57).

This is also compatible with the known results from the
thermal partition function. The Virasoro characters and the

6Our coefficients in the exponent differ from those in [14–16],
since the expressions for KdV charges (for c > 1) are different.
This is because we have chosen the shift to TðzÞ to be 1−c

24
as in [1]

while in [3–5] the shift is − c
24
, which is followed by [14–16].

However, the large c expressions of course match.
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full partition function at high temperature show qualita-
tively the same behavior. The sum over all characters must
lead to a quantitative agreement and, hence, gives tight
constraints on the spectrum of the theory. The latter e.g.,
allows one to compute the asymptotic growth of the density
of primary states. In the GGE case, using (62) we can derive
the growth of the asymptotic density of states carrying the

nth KdV charge (qn) as exp ðAq 1
2n
n Þ [same qn dependence

as in (48)].

V. COMMENT ON APPROXIMATIONS
OF PURE STATES

Studying the GGE can also shed more light on how the
ETH [23–25] might be more generally realized in two-
dimensional conformal field theory. It states that for a
particular class of simple operators generic energy eigen-
states can be well approximated by thermal states. It is,
however, only expected to be true in theories exhibiting
chaotic dynamics and known to fail in integrable theories,
where integrable here not only means that there exists an
infinite set of conserved charges but also that these
trivialize the dynamics. In case of 2D CFTs with c > 1
we saw that there exist an infinite set of conserved charges.
However, the dynamics is not necessarily trivial. For
example in [26] it has been shown that 2D CFTs exhibit
chaotic dynamics and, hence, a generalization of ETH
might hold. The generalization takes not only the
Hamiltonian/energy into account but considers all con-
served quantities. One might expect that a generic static
state can for some class of simple operators be approxi-
mated by some equilibrium state. The latter defines a GGE
by taking the trace over the spectrum of the theory.
We, here, want to check how well a GGE dominated

by a single chemical potential, μl, can approximate a
typical eigenstate of the corresponding KdV charge, K̂l,
in the regime that we probe. For now let us choose such
a state jqmi, whose K̂l eigenvalue is qm − cBl, where
1 ≪ qm ≪ c. Restricting to the vacuum part of the GGE, in
the regime fμi; βg ≪ μl ≪ 1, then we can compute hK̂li in
the mixed state e−μlK̂l reduced to the vacuum module with
the help of (51) as

hK̂liql ¼ −∂μl logZ
0;l
GGE

≈ −∂μl

	
2l − 1

2l
AðlÞ 2l

2l−1ð2lμlÞ 1
1−2l þ μlcBl




¼ ð2lAðlÞμlÞ 2l
1−2l − cBl: ð63Þ

Hence, a necessary condition for e−μlK̂l being a good
approximation to jqmihqmj is when we equalize the
eigenvalue, qm − cBl to the above ensemble answer.
This gives

μl ¼
1

2lAðlÞ q
1−2l
2l
m : ð64Þ

Note that since the GGE should be a positive quantity, μl
should be a real quantity, implying positivity of qm. Thus in
the cases where qm < 0 it appears that we cannot have
equilibration. In the regime we consider, this can e.g.,
happen if the state happens to have zero excitations or a lot
of light excitations viz. Lk

−1. Then the term proportional toP
n>1 L−nLn contributes not enough to the charge to

overcome the negative contribution from the term propor-
tional to L0. This also is an artifact of the large c regime
we are working in, since higher powers of L0 [which
are subleading in Oð1=cÞ] can make qm > 0 when one
goes beyond our regime and in particular to much higher
energies.
It is interesting to note that states close to the primary, in

the sense that there are almost no excitations on top of it,
can be well approximated by a purely thermal state in the
large c limit [27]. However, in [27] they also conjecture—
and show it for particular states explicitly—that descend-
ants far from their primary states cannot be approximated
well by a purely thermal state, even at large c. For such
states, qm ≫ 0 and GGE states might be a necessity for a
good approximation of those.

VI. CONCLUSIONS

With this note we have shed some light on the impli-
cations that follow from the integrable structure of 2D CFT.
We have first shown under which conditions one not only
can construct an infinite set of commuting charges in a CFT
with c > 1 but also can connect it to the quantum sinh-
Gordon theory. Our analysis implies that if one can write
the energy momentum tensor in the Feigin-Fuchs form,
then the quantum KdV charges of CFTwith c ¼ 13þ 3

ℏ0 þ
12ℏ ≥ 25 are related to the quantum mKdV charges of
sinh-Gordon (sG) theory with the Hamiltonian

Ĥ ¼ 1

2πi

I
dz
z

�
1 −

1

2z
ℏ0
2

ð∶eβϕ∶þ ∶e−βϕ∶Þ
�
: ð65Þ

The relation between the quantum KdV and quantum
mKdV charges is given by the Miura transform (18).
Next we have concentrated on the KdV characters at a

large central charge which on the sG side corresponds to
taking the classical limit (ℏ ∼ 3=c → 0). They are the
building blocks of generalized Gibbs ensembles and can
help in understanding its general features. The KdV
characters can be computed for any integrable charge
K̂l, as long as the corresponding chemical potential μl is
bounded from below by 1=c1−

1
2l. This probes regimes where

the corresponding eigenvalues of the charge are small
compared to the central charge, which is always kept
parametrically large in our analysis. The key idea is that to
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leading order in large c all states of the form (27)
diagonalize the charges with eigenvalues given by (44).
A key motivation behind this work has been whether

there exists a connection between the high and low
chemical potential GGEs. By using the Hardy-
Ramanujan result (48) on the number of partitions into
monomials we can find the behavior of the KdV vacuum
character at small chemical potential (51). This factor
appears in the other characters as well and is universal.
The self-consistency of our analysis bounds the chemical
potential μl from below by 1=c1−

1
2l. When considering much

lower chemical potentials, s.t. eigenvalues much larger than
c dominate the GGE, one can also extract the result for the
full GGE (62) from the results in [14]. Both methods show
the same μl dependence in the GGE answer, which suggests
that this behavior is valid for a rather large range of μl ≪ 1.
On the other end, for large μl, the GGE is dominated by
the vacuum. In the case of the first KdV charge, namely the
Hamiltonian, the two regimes are directly related by the
standard S-transformation, which takes β → 1=β. It turns
out that for the higher chemical potentials a transformation

of the form, μl → μ
1

1−2l
l , Eq. (58) relates the low and the high

μl GGEs.
We also briefly commented on a generalization of the

eigenstate thermalization hypothesis. If a thermal state fails
to approximate an energy eigenstate, it might be cured by
considering GGE states. Once again in the restricted regime
of a single chemical potential dominated GGE, we show the
conditions when such an approximation is well defined.
States that are already known to be approximated well
by a thermal state, namely high energy primary states and
descendant states with only light excitations on top of the
primary [27], can—at least in the large c regime of validity
of our analysis—not be approximated by a GGE state with
only a single charge other than the Hamiltonian turned on,
since the corresponding chemical potential is then no
longer real. On the other hand, for pure states made out
of large excitations above the highest weight state, one can
solve for the GGE chemical potential that needs to be
turned on in (64).
A number of interesting directions are left for future

work. Here we list some of the more pressing ones:
(i) Going beyond the large c approximation: to proceed

in the 1=c calculation of the GGE character, one
needs to know more subleading terms in Kk beyond
the regime of the present analysis. In future work,
we shall try to see if the issue of finite c can be
addressed by extending the technologies developed
in [3–5] to c > 1. Since the problem of finding the
eigenvalues of all KdV charges in the CFT can be
mapped to the problem of solving a particle in a
specific potential, it might also be possible that
symmetries of the GGE are directly related to
symmetries in the spectrum of the quantum particle.

(ii) Investigate the GGE in specific models: until now,
the GGE with only the second charge turned on has
not even been computed for free theories. We in
particular hope that a closed form of the GGE might
reveal more general transformation properties of the
chemical potentials and show that the connection
between the high and low chemical potentials that
we see in this paper is not an artifact of taking large
c. For free bosons, the largest eigenvalue of K2 at
level n seems to grow as n3 [28].

(iii) Issues of equilibration: the pure states in 2D CFTare
of the form jψi ¼ Q

i L
ki
−ni jpi, where jpi is a highest

weight state, with L0 eigenvalue E ¼ pþP
i niki.

Hence the thermal ensemble is only sensitive to the
number E. On the other hand, to fix a KdV GGE one
has to use more information regarding the construc-
tion of the state. There are clear indications of this
even in large c. For example, the large c, eigenvalue
λfni;kig of the second KdV charge, Eq. (28), is not
just the combination E, and thus probes a finer
microstructure of jψi. Higher KdV charges probe
even finer microstructures; however, to understand
this completely, one will need to go beyond large c,
since in leading order in 1=c, the λfni;kig eigenvalues
continue to dominate.

(iv) Holographic interpretation: adding polynomials of
the stress tensor and its derivatives with respective
chemical potentials to the action of a CFT corre-
sponds to a multitrace deformation in the CFT. In a
potential dual description of the CFT these defor-
mations also appear as multitrace deformation of
the action of gravitational action (or its higher spin
extension). As discussed in [29] these can for
example be studied in the Chern-Simons formu-
lation. The deformation appears as a boundary term
which does not change the bulk field equations, and
hence a classical BTZ black hole solution stays
unchanged. However, the free energy/partition
function is different from that of the usual BTZ
black hole because of the additional boundary
terms. In fact, the change looks like a generalized
Legendre transform which changes the partition
function to the so-called tau-function of the classical
KdV hierarchy. When quantizing the Chern-Simons
theory with matter this leads to more structure in
the gravitational solution and could lead to explicit
constructions of black holes with quantum hair.

Apart from the above, it will also be interesting to
understand the geometric interpretation of the KdV
charges, in the same way that the Hamiltonian translates
states along the Euclidean time. A generalization of the
mapping of GGE to a quantum mechanics problem [3–5]
for c > 1 and for arbitrary chemical potentials is another
fascinating future direction.
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VII. ATTACHMENTS

We uploaded two Mathmatica® notebooks which can be
found from http://home.iitk.ac.in/~didas/kdv/1901notebooks
.html. The file LARGEC.NB is concerned with explicit checks
of the large c eigenvalues of the second charge. This notebook
uses VIRASORO.NB by Matthew Headrick, which can be
downloaded from http://people.brandeis.edu/headrick/
Mathematica/Virasoro.nb. Finally in KDV_CHARGES.NB we
explicitly construct the leading order parts of the first n
charges in large c. It in particular confirms the coefficients
we give in Sec. III B.
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APPENDIX A: CLASSICAL INTEGRALS
OF MOTION

1. Integral of motions for the modified KdV equation

The classical integrals of motion defining the mKdV
hierarchy are given by

In ¼ −
1

2π

Z
2π

0

dσ
1

2
uðσÞY2n−1ðuÞ ðA1Þ

with

Ynþ1 ¼ ∂σYn þ u
Xn−1
k¼1

YkYn−k; Y1 ¼ −u: ðA2Þ

2. Integral of motions for the KdV equation

The classical integrals of motion defining the KdV
hierarchy are given by

KnðvÞ ¼
1

2π

Z
2π

0

dσ
1

2
vðσÞZ2nþ1ðvÞ ðA3Þ

with

Znþ1 ¼ ∂σZn þ v
Xn−1
k¼1

ZkZn−k; Z1 ¼ 1: ðA4Þ

APPENDIX B: QUANTUM KDV CHARGE
OF 2D CFTs

1. Composite operators

A composite operator ABðzÞ of two quantum fields
AðzÞ ¼ P

n Anz−n and BðzÞ ¼ P
n Bnz−n is defined as

ABðzÞ≡ 1

2πi

I
Cz

dζ
ζ

z
ζ − z

RðAðζÞBðzÞÞ ðB1Þ

where R denotes radial ordering, i.e.,

RðAðζÞBðzÞÞ ¼
	
AðζÞBðzÞ for jζj ≥ jzj
BðzÞAðζÞ for jζj < jzj : ðB2Þ

The modes of the composite field are then given by

ABn ¼
X∞
l¼1

A−lBlþn þ
X∞
l¼0

Bn−lAl: ðB3Þ

This definition gives you some sort of normal ordering
with respect to the modes An and Bn. However, note that
there is no additional normal ordering part. The composi-
tion of several operators is always defined by first compos-
ing the leftmost operators and successively composing
the operators that follow to the right; e.g., ABCðzÞ is
defined by composing ABðzÞ with CðzÞ.
Furthermore, any composite operator from now on is

understood as a symmetric composition, i.e.,

hABi ¼ 1

2
ðABðzÞ þ BAðzÞÞ;

hA1A2…Ani ¼
1

n!

X
p

Ap1
Ap2

� � �Apn
; ðB4Þ

where the sum is taken over all permutations and we omit
the brackets in what follows.
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2. The charges

The first few charges are given by (see also [1])

H ≡ K̂1 ¼
1

2πℏ0i

I
dz
z
LðzÞ ¼ L0 −

c − 1

24
;

Q≡ K̂2 ¼
1

2πℏ0i

I
dz
z
2L2ðzÞ ¼ 2ℏ0

�
2
X∞
n¼1

L−nLn þ L2
0 −

c − 1

12
L0 þ

ð1 − cÞ2
576

�
;

K̂3 ¼
1

2πℏ0i

I
dz
z
8L3 þ 2ℏ0

3
ðcþ 2ÞðDLÞ2

¼ 8ℏ02
� X∞

n;m¼1

2L−mL−nþmLn þ L−n−mLmLn þ L−nL−mLnþm þ 3
X∞
n¼1

L−nL0Ln −
2ðcþ 2Þn2 − 36nþ 3ðc − 1Þ

12
L−nLn

þ L3
0 þ

1 − c
8

L2
0 þ

ð1 − cÞ2
192

L0 þ
ð1 − cÞ3
13824

�
;

K4 ¼
40

2πℏ0i

I
dz
z

�
L4 þ ℏ0

3
ðcþ 2ÞLðDLÞ2 þ ℏ02

180
ðcþ 2Þ

�
c −

1

2

�
ðD2LÞ2 − ℏ02

24
ðcþ 2ÞðDLÞ2

�
: ðB5Þ

In the limit ℏ0 → 3
c → 0 they converge to the classical

KdV charges (A3) when we replace L ¼ v
2
up to an overall

factor of 1
ℏ0.

3. Some explicit checks on large c eigenvalues of Q

We can in principle compute the eigenvalues of Q̃ð1Þ ¼
2
P∞

n¼1 L−nLn with the help ofMathematica up to arbitrary
level. However, the calculation time grows rapidly with the
level. We here give the results up to level 6 in the vacuum
module and show that the large c eigenvalues are given

by ki
n3i−ni
6

c.
Levels 0 and 1: Q̃ð1Þ annihilates the vacuum and there is

no level 1 in the vacuum module. So no contribution here.
Level 2: A (not normalized) basis is fL−2j0ig. Its only

basis element’s eigenvalue is simply c and matches

c n3−n
6

¼n¼2c.
Level 3: A (not normalized) basis is fL−3j0ig. Its only

basis element’s eigenvalue is 4cþ 4. In the large c limit this
gives 4c ¼ 33−3

6
c.

Level 4: A (not orthonormal) basis is fL−4j0i; L2
−2j0ig.

The matrix representation of Q̃ð1Þ in this basis is

�
10cþ 20 3cþ 6

6 cþ 8

�
ðB6Þ

with eigenvalues λ1=2 ¼ 9þ 3c�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
37þ 22cþ 4c2

p
. At

large c this gives

λ1 ¼ 10c ¼ 43 − 4

6
c; ðB7Þ

λ2 ¼ 2c ¼ 2
23 − 2

6
c: ðB8Þ

Level 5: A (not orthonormal) basis is fL−5j0i;
L−3L−2j0ig. The matrix representation of Q̃ð1Þ in this
basis is

�
20cþ 50 9cþ 18

30 5cþ 50

�
ðB9Þ

with eigenvalues λ1=2 ¼ 100þ25c�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
45ð48þ24cþ5c2Þ

p
2

. At large c
this gives

λ1 ¼ 20c ¼ 53 − 5

6
c; ðB10Þ

λ2 ¼ 5c ¼
�
33 − 3

6
þ 23 − 2

6

�
c: ðB11Þ

Level 6: A (not orthonormal) basis is fL−6j0i;
L−4L−2j0i; L−3L−3j0i; L−2L−2L−2j0ig. The matrix repre-
sentation of Q̃ð1Þ in this basis is

0
BBB@

35cþ 88 12c 36cþ 72 48cþ 48

36 11cþ 42 108 18cþ 132

18 24 8cþ 52 48

0 11 0 3cþ 48

1
CCCA:

ðB12Þ
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At large c the four eigenvalues are

λ1 ¼ 35c ¼ 63 − 6

6
c; ðB13Þ

λ2 ¼ 11c ¼
�
43 − 4

6
þ 23 − 2

6

�
c; ðB14Þ

λ3 ¼ 8c ¼ 2
33 − 3

6
c; ðB15Þ

λ4 ¼ 3c ¼ 3
23 − 2

6
c; ðB16Þ

4. Global Q character

By the global character we denote the object that follows
from taking the trace over states in the submodule corre-
sponding to the global subalgebra of the full Virasoro
algebra, i.e., sl2 ⊂ Virc. The sl2 submodule ½p�jsl2 of the
primary module [p] is built upon states of the form
Lk
−1jpi, k ∈ N.
We also have to restrict Q to the parts that act within this

global submodule. In the present case this means we only
keep the terms that include sl2 generators,

Qsl2 ≡ 2ℏ0
�
2cL0

−1L
0
1 þ L2

0 −
c − 1

12
L0

�

≡Qð1Þ
sl2

þ 2ℏ0L2
0 − 2ℏ0 c − 1

12
L0: ðB17Þ

All the terms that we omitted act as

2ℏ0cL0
−mL0

mL0k
−1jpi

¼ 2ℏ0 ðmþ 1Þ!
c
m−1
2

�
k

k −m

��
k −m
mþ 1

þ p

�
L0

−mL0k−m
−1 jpi

≡Qk;m;pL0
−mLk−m

−1 jpi ∉ ½p�jsl2 for m > 1: ðB18Þ

They do not act within the global subrepresentation and
hence have to be omitted.

The Qð1Þ
sl2

eigenvalues of a global state Lk
−1jpi are exactly

the one in (29) with hψ ¼ p, so

Qð1Þ
sl2
Lk
−1jpi ¼ 4ℏ0ðk2 þ ð2p − 1ÞkÞLk

−1jpi: ðB19Þ

It follows immediately that the Qð1Þ
sl2

character in the
global module ½p�jsl2 is given by

Tr½p�jsl2y
Qð1Þ

sl2
1 ¼

�X∞
k¼0

y4ℏ
0ðk2þð2p−1ÞkÞ

1

�
: ðB20Þ

The L0 eigenvalues of the previous states are simply
(pþ k). The full Qsl2 character is, hence, given by

Tr½p�jsl2q
Qsl2 ¼

X∞
k¼0

y
2ℏ0ð2k2þð2p−1Þ2kþðpþkÞ2−c−1

12
ðpþkÞÞ

1 : ðB21Þ

We see here that we cannot simply interchange the limit
and the summation. This is because the eigenvalues switch
sign at k ∼ c which completely changes the behavior of the
sum. In particular, when c is very large, then k≲ c gives
huge contributions to the character.

a. Closed forms for global Q characters

The eigenvalues

λðkÞ¼2ℏ0
�
2k2þð2p−1Þ2kþðpþkÞ2−c−1

12
ðpþkÞ

�

are negative between

k�¼cþ23−72p�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
529þ46cþc2−3456pþ3456p2

p
72

:

Hence, for large c ≫ p, λ is negative between
k− < k0 ¼ 0 and kþ ≈ c

36
. The minimum lies at kmin ¼

23þc−72p
72

≈ c
72
, with a minimal value of

λðkminÞ¼−ℏ
c2þ46cþ3456p2−3456pþ529

864
≈−

ℏc2

864
:

The sum (34) for k < kþ can be approximated by an
integral for μ ≫ 1=c and c ≫ p. It gives

Xkþ
k¼0

yλðkÞ1 ≈
ffiffiffiffiffiffiffiffiffiffi
πc
18μ1

r
exp

�
μ1

�
c

288
þ 23

144
þ12pðp−1Þþ529

288

c

��
:

ðB22Þ

It is obvious that the contribution to the global character
by negative eigenvalues is huge.
Note that in case of higher charges one also needs to

consider the first subleading contribution from the charge.
Higher order corrections in 1=c are not needed to render
the sum finite. The global character looks like (B21) but
dressed with coefficients that follow from (41).
Note further that it seems reasonable that the global

character behaves somehow nice under modular trans-
formation, since their form looks much like the well known
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θ functions. If we for example take the primary to be p ¼ 1
2
,

then (B20) is given by 1
2
ðθ3ðτÞ þ 1Þ with τ ¼ i 24μ1cπ and

θ3ðτÞ ¼
X
n∈Z

q
n2
2 :

Or for p ¼ 1 it can be written as q1=4

2
θ2ðτÞ with

θ2ðτÞ ¼
X
n∈Z

q
ðnþ1

2
Þ2

2 :

It is possible to write the general global character in any
primary module as the generalized θ-function given by

θ½α; β�ðτ; zÞ ¼
X
n∈Z

q
1
2
ðnþαÞ2e2πiðnþαÞðzþβÞ

¼ ηðτÞe2πiαðzþβÞ

q
1
24

−α2

2

Y∞
n¼1

ð1þ qnþα−1
2e2πiðzþβÞÞ

× ð1þ qn−α−
1
2e−2πiðzþβÞÞ; ðB23Þ

which behaves under modular transformations as

θ½α; β�ðτ þ 1; zÞ ¼ e−iπαðα−1Þθ
�
α; αþ β −

1

2

�
ðτ; zÞ;

θ½α; β�
�
−
1

τ
;
z
τ

�
¼

ffiffiffiffiffiffiffi
−iτ

p
e2πiαβþiπz

2

τ θ½β;−α�ðτ; zÞ: ðB24Þ

APPENDIX C: SADDLE

We want to evaluate by saddle the following integral:

Z
dn exp ðAðlÞn1=2l − μlnÞ:

The saddle point equation yields

AðlÞ
2l

n
1−2l
2l
s − μl ¼ 0

or ns ¼
�
2lμl
AðlÞ

� 2l
1−2l

: ðC1Þ

Plugging back the saddle point into the integral we obtain

exp ðAðlÞn1=2ls Þynsl ¼ exp

�
AðlÞ

�
2lμl
AðlÞ

� 1
1−2l

�
y
ð2lμlAðlÞÞ

2l
1−2l

l

¼ exp ðAðlÞ 2l
2l−1ð2lμlÞ 1

1−2lð1 − ð2lÞ−1ÞÞ:
ðC2Þ

Thus,

Z
dnexpðAðlÞn1=2lÞynl ≈exp

	�
1−

1

2l

�
AðlÞ 2l

2l−1ð2lμlÞ 1
1−2l



:

ðC3Þ
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