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The Laser Interferometer Space Antenna (LISA) is a European Space Agency mission that aims
to measure gravitational waves in the millihertz range. The three-spacecraft constellation form a
nearly-equilateral triangle, which experiences flexing along its orbit around the Sun. These time-
varying and unequal armlengths require to process measurements with Time-Delay Interferometry
(TDI) to synthesize a virtual equal-arm interferometer, and reduce the otherwise-overwhelming laser
frequency noise. Algorithms compatible with such TDI combinations have recently been proposed
in order to suppress the phase fluctuations of the onboard ultra-stable oscillators (USO) used as
reference clocks.

In this paper, we present a method to compute improved algorithms, which provide exact cancella-
tion of the USO noise for a large class of TDI combinations, even for time-varying armlengths, if we
neglect Doppler effects. We account for errors present in the sideband signals used in the algorithm,
and include a new step to reduce it. We propose analytic models for the power spectral densities of
residual noises, including residual clock noise due to the filters used on board to downsample data
before telemetry. We present the results of simulations, which include realistic USO noise. We show
that our model agrees very well with the simulated data, and that our algorithms are able to reduce
clock jitter well below other noises, and the mission requirements.

I. INTRODUCTION

The Laser Interferometer Space Antenna
(LISA) is a European Space Agency (ESA) sci-
entific space mission, which aims to measure
gravitational waves (GWs) in the millihertz
range [1]. Those waves are predicted by Ein-
stein’s theory of General Relativity and pro-
duced by the quadrupolar moment of very dense
objects, such as black hole binaries, or coalesc-
ing super-massive black holes. The detection of
low-frequency gravitational waves will help an-
swer numerous astrophysical, cosmological, and
theoretical questions. They are related, for ex-
ample, to the formation of black hole binaries
and extreme mass ratio inspirals, the formation
of galaxies, or General Relativity in the strong
field regime [1].

The mission is expected to be launched in the
year 2034. Three spacecraft will trail the Earth
around the Sun, in a nearly equilateral trian-

gular configuration with armlengths of about
2.5 million kilometers. Each spacecraft contains
two free-falling test masses acting as inertial
sensors [1], and two optical benches. Six laser
links connect the six optical benches perform-
ing interferometric measurements between the
local and distant laser beams. These optical
setups are capable of measuring the differential
acceleration between the local and remote test
masses with sub-picometer precision [2, 3]. In
the latest design, each spacecraft performs six in-
terferometric measurements [4], which are then
telemetered to Earth.

The dominant source of noise in LISA is laser
frequency noise, which couples into the mea-
surements many orders of magnitude above the
expected gravitational wave signals. Time-delay
interferometry (TDI) is an offline technique pro-
posed by [5] to suppress this laser noise. It uses
time-shifted combinations of the interferomet-
ric signals to synthesize virtual laser-noise-free
Michelson-like interferometers. The so-called
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first-generation algorithm assumes that the arm-
lengths are constant in time. A second genera-
tion has been proposed, to account for flexing
of the constellation [6], i.e. time-varying arm-
lengths. The basic working principles of TDI
have been demonstrated experimentally [7–10],
and analytic and numerical studies [11–13] have
shown that the second-generation TDI is suffi-
cient to reduce laser noise below the required
levels.
In addition to laser frequency noise, other

secondary noise sources are also above the re-
quirements and need to be suppressed as part
of the TDI algorithm. In particular, this is envi-
sioned for phase fluctuations of the ultra-stable
oscillators on board each spacecraft.
One ultra-stable oscillator (USO) per space-

craft provides a unique time reference used to
drive all systems of the onboard measurement
chain. This clock drives in particular the analog-
to-digital converter (ADC), the phasemeter, and
the onboard computer. The same clock signal
is also used to timestamp the measurements at
3 Hz, which are then telemetered down to Earth.
To prevent aliasing below 1 Hz [14], the signals
are filtered before they are downsampled.

State-of-the-art space-qualified oscillators typ-
ically have an Allan deviation of about 10−13

for averaging times above 1 s [15]. No active
synchronization between the clocks is foreseen,
such that timestamps of measurements from
different spacecraft are inconsistent with each
other. The drifting of the clocks also affect the
pseudo-ranging measurements used to estimate
the absolute distance between the spacecraft,
themselves used to produce the TDI variables.
In this study, we assume that an onground algo-
rithm can synchronize the measurements onto
a common time grid. This removes the clock
offsets from the ranging measurement, such that
we can ignore this effect on TDI [16].

In addition to timing and ranging errors due
to drifts over large timescales, clock jitter in the
measurement band also needs to be considered.
It is much higher than the tolerable level to
achieve the science objectives [REF?]. In order
to suppress it, we imprint the clock reference
signal onto the laser beam in form of modulation

sidebands. This allows an independent measure-
ment of the differential clock jitter, which can
be used for clock noise suppression algorithms.
Technical details on the sideband generation can
be found in [17].
A first version of such an algorithm for first-

generation TDI was presented in [ref Tinto],
which perfectly cancels clock noise assuming con-
stant armlengths. In [18], it was shown that this
algorithm can be extended for second-generation
TDI, where it reduces the USO noise to far below
other secondary noises. However, the cancella-
tion has residuals due to the constellation flexing.
In this article, we propose new algorithms for
both generations, which are free of this residual
noise. We use a generic formulation which is
applicable to most second-generation TDI com-
binations.
We estimate the residual noise from the

flexing-filtering effect first described in [13], as
well as the level of other secondary noises. We
show that numerical simulations match our ana-
lytic expressions.

In section II, we introduce the notations and
conventions used in this article. Then, in sec-
tion III, we give the equations for the interfero-
metric measurements, and study how clock noise
appear in the TDI variables. This allows us to
propose a reduction algorithm in section IV, and
compute the levels of the secondary noises in
the corrected variables. We then present our
simulation setup in section VI, before discussing
the main results in section VII.

II. NOTATIONS AND CONVENTIONS

Various conventions are used in the literature
to label the spacecraft, optical benches and light
travel times along the links. In this paper, we
number these components according to fig. 1.
We consider the so-called split-interferometry
optical layout, described in [4]. Therefore six in-
terferometric measurements are formed on each
spacecraft. They are indexed according to asso-
ciated optical bench. We give here equations for
the first spacecraft. The remaining expressions
can be deduced by the circular permutation of
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Figure 1. Indexing convention used in this paper.
Optical benches, links and light travel times pointing
counterclockwise are denoted with primed indices.

indices 1→ 2→ 3→ 1.
In the following, all interferometric signals are

expressed in terms of absolute frequency devia-
tions from the carrier frequency of the associated
beam. Differences in the carrier frequencies are
only considered for the calculation of the hetero-
dyne beatnote frequencies, which we assume to
be constant. They are defined as

a1 = ν2′ − ν1 and a1′ = ν3 − ν1′ , (1)
b1 = ν1′ − ν1 and b1′ = −b1 , (2)
c1 = (ν2′ + νm2′ )− (ν1 + νm1 )

= a1 + νm2′ − νm1 ,
(3)

c1′ = (ν3 + νm3 )− (ν1′ + νm1′ )

= a1′ + νm3 − νm1′ ,
(4)

with νi ≈ 282 THz as the laser frequencies. The
beatnote frequencies themselves fall into a range
of ±5 MHz to ±25 MHz

The science and reference beatnote frequencies
are denoted by ai and bi, and their signs are
defined as θsi and θτi , respectively. The test-
mass interferometers use the same beams as the
reference interferometers, and therefore their
beatnotes are at the same frequency bi.

The sideband frequencies are offset by ±νmi =
2.4 GHz and ±νmi′ = 2.401 GHz with respect to
the carrier frequency. We only consider the
upper sidebands for this study, and neglect the
effect of Doppler shifts. Therefore, the sideband
beatnote in the science interferometers are at a1+
(νm2′ −νm1 ) and a1′+(νm3 −νm1′ ), respectively, and
thus offset by±1 MHz from the respective carrier
beatnote1. In addition, sideband beatnotes in
the reference interferometers are observed at the
frequencies b1 + (νm1 − νm1′ ) and b1′ + (νm1′ − νm1 ).

We define Li(t) as the light travel time along
link i, in seconds. The propagation of laser
beams along this link is modeled using the time-
varying delay operator Di, such that Dix(t) =
x(t−Li(t)) for any time-dependent function x(t).
Multiple delays use the short-hand notation

Di1Di2 . . .Din ≡ Di1i2...in . (5)

Since the delays Li(t) are themselves not con-
stant, delay operators do not commute.

Anti-aliasing filters are used on board to down-
sample the data. They consist of a convolution
with the filter kernel f(t). We can define the
filter operator F , such that Fx(t) ≡ (f ∗ x)(t).

We define

[F ,Di]x(t) = FDix(t)−DiFx(t) . (6)

as the commutator of the filter operator with
a delay. In [13], it is shown that these terms
are non-vanishing and contribute to the residual
noise.
If x(t) is a function of time, we denote its

Fourier transform x̃(ω) and its Power Spectral
Density (PSD) Sx(ω), both functions of the an-
gular frequency ω = 2πf . For indexed quantities
like e.g. clock noise, we assume that their PSDs
are equal, and denote them by Sq(ω).

1 The exact values given here are preliminary. What is
important is that the sideband beatnotes end up at a
different frequency then the carrier beatnotes, which
enables to track their phases independently.
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III. MEASUREMENT EQUATIONS
AND TDI

For this study, we only include noises which
are relevant to the performance of the clock
noise reduction algorithm. These are readout
noises Ns

i , N sb
i , N ε

i , Nτ
i , and N sb,τ

i , sideband
modulation errors Mi, and clock noise qi. Clock
noise is defined in terms of fractional frequency
deviations, such that it couples into the mea-
surements scaled by the absolute value of the
beatnote frequency. Mi is defined in terms of
fractional frequency deviations relative to the
modulation frequency.

We assume that a pilot tone is used as phase
reference on board each spacecraft [17]. In par-
ticular, this pilot tone is used to remove any
additional clock jitters due to the Analog-Digital
Converters (ADC). As such, qi are the fractional
frequency deviations of that pilot tone. Mi are
additional deviations present in the sidebands
relative to that same pilot tone, e.g., due to
noise added by the electro-optical modulators
or the fibre amplifiers. Any residual clock jitter
due to imperfections in the pilot tone correction
is absorbed into the readout noise terms.

All noise signals depend on time, but this time
dependency is not stated explicitly in this article,
for readability’s sake.

A. Interferometric measurements

For all interferometric measurements, we
model only frequency deviation from a constant
beatnote frequency, in units of Hz.
The science interferometric measurements s1

and s1′ are defined in terms of the beatnotes be-
tween the distant and local beams, on spacecraft
i.

s1 = F [−a1θs1q1 +Ns
1 ] , (7)

s1′ = F [−a1′θs1′q1 +Ns
1′ ] . (8)

The test-mass measurements εi and εi′ are the
beatnotes between the adjacent beam after it
has bounced onto the local test-mass, and the

local beam, on spacecraft i. They read

ε1 = F [−b1θτ1q1 +N ε
1 ] , (9)

ε1′ = F [−b1′θτ1′q1 +N ε
1′ ] . (10)

Similarly, the reference measurements τi and
τi′ are formed by the beatnote between the ad-
jacent and local beams, without any bouncing
on the test-mass. They read

τ1 = F [−b1θτ1q1 +Nτ
1 ] , (11)

τ1′ = F [−b1′θτ1′q1 +Nτ
1′ ] . (12)

In addition to the carrier-carrier measure-
ments, we also model sideband-sideband beat-
notes. These are similar to the carrier-carrier
beatnotes but contain additional clock noise
terms which are amplified by a factor of ν

m
i

ai
≈

100 as well as more readout noise.
The sideband measurements in the science

interferometers are defined as the beatnote be-
tween the distant and local upper sidebands.
Their expressions read

ssb1 = F
[
θs1
(
νm2′D3(q2 +M2′)

− νm1 (q1 +M1)

− (a1 + νm2′ − νm1 )q1
)

+N sb
1

]
,

(13)

ssb1′ = F
[
θs1′
(
νm3 D2′(q3 +M3)

− νm1′ (q1 +M1′)

− (a1′ + νm3 − νm1′ )q1
)

+N sb
1′
]
.

(14)

There is also a sideband beatnote present in
each reference interferometer, between the side-
bands of the adjacent optical benches,

τ sb
1 = F

[
θτ1
(
νm1′ (q1 +M1′)

− νm1 (q1 +M1)

− (b1 + νm1′ − νm1 )q1
)

+N sb,τ
1

]
,

(15)

τ sb
1′ = F

[
θτ1′
(
νm1 (q1 +M1)

− νm1′ (q1 +M1′)

− (b1′ + νm1 − νm1′ )q1
)

+N sb,τ
1′

]
.

(16)

B. TDI variables

TDI intermediary variables ξ and η are con-
structed to remove primed laser noise, and opti-
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cal bench displacement noise (here set to zero),
respectively. They read [4]

ξ1 = s1 + θs1θ
τ
1

ε1 − τ1
2

+ θs1θ
τ
2′
D3(ε2′ − τ2′)

2
,

(17)

ξ1′ = s1′ + θs1′θ
τ
1′
ε1′ − τ1′

2

+ θs1′θ
τ
3

D2′(ε3 − τ3)

2
.

(18)

and

η1 = θs1ξ1 +
D3(θτ2′τ2′ − θτ2τ2)

2
, (19)

η1′ = θs1′ξ1′ −
θτ1′τ1′ − θτ1τ1

2
. (20)

Inserting eqs. (7) to (16) into these expressions

yields

η1 = −b2′D3Fq2 − a1Fq1 + θs1FNs
1

+ θτ1′
F(Nτ

1 −N ε
1)

2

+ θτ2′
D3F(Nτ

2 +N ε
2′)

2
,

(21)

η1′ = (b1′ − a1′)Fq1 + θs1′FNs
1′

− θτ1′FNτ
1′

− θτ1′
F(Nτ

1 −N ε
1′)

2

+ θτ3′
D2′F(Nτ

3 −N ε
3)

2
.

(22)

From these intermediary variables, we can
build laser noise-free TDI variables. They can
be expressed as polynomials of delay operators
Pi and Pi′ , in the form

TDI =
∑

i=1,2,3

(Piηi + Pi′ηi′) . (23)

In appendix B, we give the expressions for the
most common TDI variables. In the follow-
ing, we will focus on first and second-generation
Michelson variables X1 and X2 (and their circu-
lar permutations Y and Z), and first and second-
generation Sagnac variables α1 and α2 (and their
circular permutations β and γ).

C. Clock noise residuals

Inserting eqs. (21) and (22) into eq. (23), and
keeping only clock noise, we observe that the
clock residual in the variable reads

TDIq = −
3∑
i=1

(aiPi + ai′Pi′

+ bi′ [Pi′ − Pi−1Di+1])qi .

(24)

In this section, we assume that all armlengths
are equal and constant2. Also, we suppose that
all clock noises are uncorrelated but have the
same PSD Sq(ω). Under these assumptions, the
clock noise residuals PSD is given by

2 Therefore, we can commute delay operators with each
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STDIq (ω) ≈ Sq(ω)

3∑
i=1

∣∣∣aiP̃i(ω) + ai′ P̃i′(ω) + bi′ [P̃i′(ω)− P̃i−1(ω)D̃i+1(ω)]
∣∣∣2 . (25)

Here, D̃i is the Fourier transform of a delay
operator, see [13] for further information. In the
following paragraphs, we apply this formula to
give an estimate of the clock noise residuals in
the case of the Michelson and Sagnac variables.

1. Michelson variables

Using eq. (25), we can work out the clock noise
residuals in the Michelson variables defined in
appendix B. Before clock noise reduction, their
PSD read

SXq
1
(ω) ≈ 4 sin2(ωL)

∣∣∣f̃(ω)
∣∣∣2Sq(ω)

×
[
(a1 − a1′)2 + a22′ + a23

+ 4b1′(a1 − a1′ + b1′) sin2(ωL)
]
.

(26)

Here, f̃(ω) is the transfer function of the anti-
aliasing filter.
Because we assume that armlengths are con-

stant, the delays commute and the second-

generation Michelson combination X2 has a very
simple relationship to the first-generation com-
bination X1

3,

X2 ≈ (D2′233′ − I)X1 . (27)

We can use this relationship to estimate the
residual clock noise in X2:

SXq
2
(ω) ≈ 4 sin2(2ωL)SXq

1
(ω) . (28)

Observe that this is only valid if the noise in
question is not suppressed by TDI, such that
additional terms due to delay commutators can
be neglected. This approximation does not hold
for laser noise, for example, as shown in [13].

2. Sagnac variables

Following the same technique and using the
same assumptions, we can work out the residual
clock noise in the both generations of the Sagnac
variables,

Sαq
1
(ω) =

[
(a1 + b1′)

2 + (a2 + b2′)
2 + (a3 + b3′)

2

+ (a1′ − b1′)2 + (a2′ − b2′)2 + (a3′ − b3′)2 − 2a1a1′

− 2((a2′ − b2′)(a2 + b2′) + (a3′ − b3′)(a3 + b3′)) cos(ωL)

+ 2b1′(a1 − a1′ + b1′) cos(3ωL)
]∣∣∣f̃(ω)

∣∣∣2Sq(ω) ,

(29)

other, as well as delay and filter operators. As shown
in [13], these commutators only yield multiplicative
terms � 1.

3 In the limit of very low frequency, X2 is thus similar
to the time derivative of X1.

Again, there exists a simple relationship be-
tween the first and second-generation clock noise
residuals for the Sagnac variables,

Sαq
2
(ω) = 4 sin2

(
3ωL

2

)
Sαq

1
(ω) (30)
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IV. CLOCK NOISE REDUCTION

A. Sideband measurements

The sideband measurements are used to con-
struct an independent measurement ri of the
differential clock noise between two spacecraft,

r1 = θs1
s1 − ssb1
νm2′

, (31)

r1′ = θs1′
s1′ − ssb1′
νm3

. (32)

Since the interferometric measurements are
defined in units of Hz, ri is dimensionless.
By inserting eqs. (7) and (8) and eqs. (13)

and (14) into these expressions, we get

r1 = F
(
q1 +

νm1
νm2′

M1

)
−FD3(q2 +M2′)

+
θs1
νm2′
F(Ns

1 −N sb
1 ) ,

(33)

r1′ = F
(
q1 +

νm1′

νm3
M1′

)
−FD2′(q3 +M3)

+
θs1′

νm3
F(Ns

1′ −N sb
1′ ) .

(34)

If we again neglect everything but clock noise,
we see that

r1 ≈ Fq1 −FD3q2 , (35)
r1′ ≈ Fq1 −FD2′q3 . (36)

Thus, the ri measure the differential fractional
frequency deviations of the different spacecraft
clocks.

These terms will be used in section IVD to
construct clock-noise reducing expressions.

B. Removal of primed modulation noise

In LISA, the Electro-Optical Modulators
(EOM) on the primed optical benches will be run-
ning at different frequencies. For this document,
we assume the preliminary values of 2.401 GHz
for the primed and 2.4 GHz for the unprimed
optical benches. The frequency distribution sys-
tem ensures that the pilot tone used as phase
reference for all phase measurements and the
2.4 GHz signal have a very stable phase relation-
ship. The 2.401 GHz signal, on the other hand,
is generated independently and thus contains
additional noise compared to the pilot tone.
In our model, this corresponds to a higher

value of the Mi′ compared to the Mi. We can
remove the primed optical noises by using the
sideband-sideband beatnote in the reference in-
terferometers4. Let us define

∆M1 = θτ1′

[
τ sb
1 − τ1

2
+
τ sb
1′ − τ1′

2

]
. (37)

These expressions are free of laser noise. Keeping
only modulation error terms, we have

∆M1 ≈ F(νm1 M1 − νm1′M1′) . (38)

We can remove the primed optical bench EOM
noise at the expense of adding more readout
noise to the ri variables,

rc1 = r1 −
D3∆M2

νm2′
, (39)

rc1′ = r1′ +
∆M1

νm3
. (40)

If we assume that the modulation frequencies
are almost identical on all optical benches νmi =
νmi′ = νm, we can estimate the residual noise in
the rci variables,

4 Another option would be to use an electronic beatnote between the two modulation signals.
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rc1 ≈ F(M1 + q1) +D3F(M2′ −M2)−FD3(M2′ + q2)

+ θs1
F(Ns

1 −N sb
1 )

νm
+ θτ2′

D3F(Nτ
2 −N

sb,τ
2 +Nτ

2′ −N
sb,τ
2′ )

2νm
,

(41)

rc1′ ≈ F(M1 + q1)−FD2′(M3 + q3)

+ θs1′
F(Ns

1′ −N sb
1′ )

νm
− θτ1′

F(Nτ
1 −N

sb,τ
1 +Nτ

1′ −N
sb,τ
1′ )

2νm
.

(42)

Primed modulation terms do not show up in rc1′ ,
but in rc1, M2′ appears multiplied by a delay-
filter commutator. These commutators have a
magnitude proportional to the armlength rate of

change L̇ ≈ 1× 10−8 [13]. Neglecting them in
the previous expression leads to an approximate
calibrating variable, where the primed modula-
tion term M2′ has disappeared,

rc1 ≈ F(M1 + q1)−D3F(M2 + q2)

+ θs1
F(Ns

1 − nsb
1 )

νm
+ θτ2′

D3F(Nτ
2 −N

sb,τ
2 +Nτ

2′ −N
sb,τ
2′ )

2νm

(43)

C. Former clock-noise reduction algorithms

1. Michelson variables

A clock-noise reducing expression for the first-generation Michelson variable X1 was proposed
in [19], and reads

KX1
=
b1′

2
[(1−D33′)(r1′ +D2′r3) + (1−D2′2)(r1 +D3r2′)] + a1(r1′ +D2′r3)

− a1′(r1 +D3r2′) + a2′ [r1′ − (1−D2′2)r1 +D2′r3]− a3[r1 − (1−D33′)r1′ +D3r2′ ] ,
(44)

such that clock noise is strongly suppressed in
Xc

1 = X1 − KX1
. In [18], it was adapted for

second generation under the assumption that
delays commute, such that

Xc
2 = X2−KX2

= X2−(1−D33′2′2)KX1
. (45)

If we account for time-varying armlengths,
these expressions have non-vanishing clock noise

residuals for both generations. For the first-
generation X1, and ignoring the filters, these
residuals read

Xc,q
1 =

b1′

2
[D33′ ,D2′2]q1 , (46)

while those for the second generation are
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Xc,q
2 = b1′

(
1

2
[D33′ ,D2′2](1 +D33′2′2) +

1

2
[D33′2′2,D2′233′ ]− [D33′ ,D2′2]D33′

)
q1

+ (a1′ [D33′ ,D2′2]D33′ + a1[D33′ ,D2′2])q1

+ a2′ [D33′ ,D2′2]D3q2 + a3[D33′ ,D2′2]D33′2′q3 .

(47)

From eqs. (46) and (47), following the procedure outline in [13], we compute the PSD of the
residual clock noise in the corrected variables at leading order in the armlength derivatives:

SXc,q
1

(ω) ≈ 4b21′ω
2L2(L̇2 − L̇3)2

∣∣∣f̃(ω)
∣∣∣2Sq(ω) , (48)

SXc,q
2

(ω) ≈ 8ω2L2(L̇2 − L̇3)2[b1′(2a1 + b1′) cos(4ωL)

+ 2b1′(a1 − 2a1′) + 2(a21 + a23 + a21′ + a22′) + 3b21′

+ 4(a1 + b1′)(a1′ − b1′) cos(2ωL)]
∣∣∣f̃(ω)

∣∣∣2Sq(ω) .

(49)

2. Sagnac variables

Similar to the Michelson variables, the clock-noise reducing expression for the first-generation
Sagnac variable α1 was first proposed in [19], and reads

Kα1
=
b1′

2
[(r1 +D3r2 +D31r3) + (r1′ +D2′r3′ +D2′1′r2′)]

+ (b2′ + a2)r1 + (b2′ − a2′)(r1′ +D2′r3′)

+ (b3′ − a3′)r1′ + (b3′ + a3)(r1 +D3r2) ,

(50)

such that αc1 = α1 −Kα1
is almost free of clock

noise. In [18], it was adapted for second genera-
tion, such that

αc2 = α2 −Kα2
= α2 − (1−D312)Kα1

. (51)

These corrected expressions also have non-
vanishing clock noise residuals for both genera-

tions, if we account for time-varying armlengths.
The residuals for the first-generation corrected
α1 are, if one neglects the filters,

αc,q1 =
b1′

2
(D312 −D2′1′3′)q1 , (52)

whilst those for the second generation read

αc,q2 =

(
b1′ [D2′1′3′ ,D312] + (a1 +

b1′

2
(1 +D312))(D2′1′3′ −D312)

)
q1

+ (a2 + b2′)(D2′1′3′ −D312)D3q2 + (a3 + b3′)(D2′1′3′ −D312)D31q3 .
(53)

Here, we used that

a1 + a2 + a3 − a1′ − a2′ − a3′
+ 2b1′ + 2b2′ + 2b3′ ≈ 0 ,

(54)

which is exact when Doppler shifts are neglected,
but remains a good approximation even when
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Doppler shifts are included in the beatnote defi-
nition [18].

These residuals do not only involve a commu-
tator but also a plain difference between different
armlengths. Therefore, leading order in the arm-

length derivatives is the zeroth order. At this
order, the corresponding PSDs for the residual
clock jitter in the corrected Sagnac variables
read

Sαc,q
1

(ω) ≈ b21′ sin2

(
ω
σL − σL′

2

)∣∣∣f̃(ω)
∣∣∣2Sq(ω) , (55)

Sαc,q
2

(ω) ≈ 4 sin2

(
ω
σL − σL′

2

)
[−b1′(2a1 + b1′) sin2

(
ω
σL
2

)
+ (a1 + b1′)

2 + (a2 + b2′)
2 + (a3 + b3′)

2]
∣∣∣f̃(ω)

∣∣∣2Sq(ω) ,
(56)

where we have defined σL = L1 + L2 + L3 and
σL′ = L1′ + L2′ + L3′ .

D. Exact algorithms for clock-noise
reduction

1. Principle of exact clock-noise reduction

We recognize that the clock noise terms en-
ter eqs. (35) and (36) with the same structure
as laser noise in the ηi variables. They indeed
represent the six one-way interferometric mea-
surements, each containing one local clock noise
and one remote clock noise delayed by the corre-
sponding armlength. From these building blocks,
we can apply the reasoning outlined in [20] to
synthesize arbitrary virtual photon paths of the
form

qB −Dinin−1...i1qA , (57)

where the indices i1 . . . in correspond to a valid
path connecting spacecraft A to B. Following
our indexing convention in fig. 1, this means
formally that

• The spacecraft pointed to by the link ik
should be the starting point of link ik+1,
for any k < n.

• The first link i1 should start from space-
craft A.

• The last link in should point to spacecraft
B.

By combining multiple such expressions, we
can construct polynomials of delay operators of
the form ∑

i

Piqi , (58)

where the delays in the polynomials Pi pairwise
correspond to photon paths.
If the polynomials Pi, Pi′ in eq. (24) are also

of this form, we can construct six expressions
Ri, Ri′ out of the ri, ri′ variables such that

Ri = Piqi and Ri′ = Pi′qi . (59)

Thus, we find a general expression for any TDI
variable satisfying the above condition5

TDIc = TDI−
( 3∑
i=1

b(i+1)′Pir
c
i

− (ai + b(i+1)′)Ri − (ai′ − bi′)Ri′
)
.

(60)

5 Here, we used that Pi−1Di+1qi = Ri−1 − Pi−1r
c
i−1.

This is an immediate consequence of eqs. (35) and (59).
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In the following, we use this principle to find
clock noise-free expressions for both first and
second-generation Michelson variables, as well
as the second-generation Sagnac variables. As a
counterexample, the first-generation Sagnac vari-
able can’t be factored as described above, and
thus exact clock noise removal by this method is
impossible. See appendix C for an overview over
some of the most commonly used TDI variables.
Note that these corrections are only exact

under the strong assumption that there are no
Doppler effects and the beatnote frequencies

remain constants. In the following sections, we
exclusively work under this assumption.

2. Michelson variables

We recognize that the delay polynomials for
the Michelson variables in eqs. (B1) and (B2)
correspond to photon paths. As such, we can
derive the following clock-noise reducing expres-
sions,

KX1 = a3(1−D33′)r
c
1′ − a2′(1−D2′2)rc1 − (a1′ + a3)(rc1 +D3r

c
2′)

+ (a1 + a2′ + b1′(1−D33′))(r
c
1′ +D2′r

c
3) ,

(61)

KX2 = a3(1−D33′ −D33′2′2 +D2′233′33′)r
c
1′

− a2′(1−D2′2 −D2′233′ +D33′2′22′2)rc1
− (a2′ + a1 + a1′ + a3)(1−D2′2)(rc1 +D3r

c
2′)

+ (a1 + a2′ + a1′ + a3)(1−D33′)(r
c
1′ +D2′r

c
3)

− (a1′ + a3)(1−D2′233′)(r
c
1 +D3r

c
2′)

+ (a1 + a2′)(1−D33′2′2)(rc1′ +D2′r
c
3)

+ b1′(1−D33′ −D33′2′2 +D2′233′33′))(r
c
1′ +D2′r

c
3) .

(62)

Compared to the method described in [18],
the expressions that we propose exactly cancel
clock noise, even if we account for time-varying
armlengths. Besides, they have a reduced num-
ber of correction terms. In section V, we study
the secondary noises which enter the corrected
expressions and limit the performance of the new
algorithm.

3. Sagnac Variables

In [18], it is claimed that an exact cancel-
lation of clock noise is impossible for second-
generation Sagnac variables. The argument is

that second-generation Sagnac variables can be
related to their first-generation counterparts un-
der the assumptions that delays commute, and
that Sagnac effect can be neglected for clock
noise. Because an exact cancellation of clock
noise for first-generation Sagnac variables [19],
it was thought that such a method is also impos-
sible for the second generation. In this section,
we show that an exact clock-jitter reduction for
second-generation Sagnac variables is possible
and we propose an algorithm.
If we factor the Sagnac variable according to

eq. (23), we recognize that the delay polynomials
correspond to valid photon paths. Thus, we can
derive the exact clock-noise reducing expression

Kα2 = a1(1−D2′1′3′)r
c
1 − (a1′ − b1′)(1−D312)rc1′ + (a3 + b1′ + b3′)(1−D2′1′3′)D3r

c
2

+ (a2′ − b2′)(1−D312)D2′r
c
3 − b1′(1−D2′1′3′)D31r

c
3′ ,

(63)
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such that the corrected Sagnac variable αc2 =
α2 −Kα2 is free of clock noise.

V. RESIDUAL NOISES IN THE
CORRECTED VARIABLES

A. Flexing-filtering coupling

When deriving the clock-noise suppressing
terms in the previous sections, we have neglected
the filter operators in the ri and ri′ variables.
Accounting for the filters, the algorithm is no
longer exact as delay-filter commutators appear.
As shown in [13], these delay-filter commuta-
tors contribute to the flexing-filtering coupling
in the Michelson variables presented in eqs. (61)
and (62), and the second-generation Sagnac vari-
able in eq. (63). The time-domain expressions
are given in appendix D.

Following the methods used in [13] to estimate
the flexing-filtering for the residual laser noise in

the Michelson variables, we find that the flexing-
filtering coupling associated with clock noise
reads, to first order in powers of the armlength
derivatives,

SXc,F
1

(ω) ≈ 4ω2((A2
1 + b21′)L̇

2
2 + a21L̇

2
3)

× sin2(ωL)Kf (ω)Sq(ω) ,
(64)

SXc,F
2

(ω) ≈ 4 sin2(2ωL)SXc,F
1

(ω) , (65)

where we have defined A1 = a1′ − b1′ . Kf (ω) =∣∣∣df̃(ω)
/

dω
∣∣∣2 is the squared modulus of the fil-

ter transfer function derivative6. We neglected
Doppler shifts to obtain these compact expres-
sions. However, the give a relatively good esti-
mate up to around 10 % of the residual flexing-
filtering coupling in the LISA frequency range.
We use the same procedure to estimate the

flexing-filtering coupling associated with clock
noise in the Sagnac variable, to first order in
powers of the armlength derivatives. We find

Sαc,F
2
≈ 4ω2 sin2

(
3ωL

2

)[
(A2

2 +A2
3)L̇2

1 + (A2
1 + b21′)L̇

2
2 + a21L̇

2
3

+ 2L̇1(A1A3L̇2 + a1A2L̇
2
3) cosωL

]
Kf (ω)Sq(ω) ,

(66)

where we have defined A1 = a1′ − b1′ , A2 =
a1′ − b2′ , and A3 = a3 + b1′ + b3′ .

B. Readout noise

The readout noise entering the rci variables
appears scaled by the inverse of the modulation

6 The dominant contribution to theKf term is the group
delay of the filter. As shown in [13], compensating
for the filter group delay significantly decreases con-
tributions from this term but does not fully remove
them.

frequency νm ≈ 2.4 GHz in eqs. (41) and (42).
These rci variables are scaled in the corrected
Michelson combinations (eqs. (61) and (62)) by
the beatnote frequencies ai and bi, which are
always smaller than 25 MHz. As such, the ad-
ditional readout noise introduced by our clock-
noise reduction algorithm is suppressed by the
factors ai/νm and bi/νm of the order 10−2, and
therefore below the readout noise already present
in the data. This is why we neglect the addi-
tional readout noise in the residual clock noise,
c.f. section VII.
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C. Modulation errors

To estimate modulation errors, we assume in
this section that the modulation frequencies are
equal, so we can use use eqs. (41) and (42). In
addition, we neglect flexing-filtering coupling for
the modulation noise, as well as the additional
readout noise in these expressions.

The remaining modulation error terms Mi en-
ter eqs. (41) and (42) with the same pattern as
clock noise. Since the new algorithm perfectly
removes clock noise from the TDI variables, mod-
ulation errors in the corrected variables are iden-
tical to the clock-noise terms in the uncorrected
variables. As such, following eqs. (26) and (28),
their PSDs are given by

SXM
1

(ω) ≈ 4 sin2(ωL)
∣∣∣f̃(ω)

∣∣∣2SM (ω)

×
[
(a1 − a1′)2 + a22′ + a23

+ 4b1′(a1 − a1′ + b1′) sin2(ωL)
]
,

(67)

SXM
2

(ω) ≈ 4 sin2(2ωL)SXM
1

(ω) , (68)

where we again assume that modulation noise
is uncorrelated but of equal PSD SM (ω) for all
2.4 GHz sidebands.

VI. SIMULATION

We present here the simulations that are used
to generate realistic LISA measurements, com-
pute the TDI combinations from these measure-
ments, and apply the algorithm proposed in the
previous section to reduce clock noise. Details
about the LISANode simulator and the instru-
mental model are given below. Results are pre-
sented and discussed in section VII.

A. LISANode

LISANode is the baseline prototype for an end-
to-end mission performance simulator. It is a

flexible tool that performs computations in the
time domain to produce time series of realistic
measurements that one expects from LISA, along
with uncorrected and corrected TDI Michelson
and Sagnac variables.
It is based on high-level simulation graphs

defined in Python scripts. These graphs are
composed of atomic computation units chained
together, called nodes and written in C++ for
computational efficiency. A scheduler triggers
the node execution in a specific order and pushes
data from one node to the next. In this manner,
the execution time is optimized and data flow is
synchronized.
All interferometric signals are represented

as relative frequency deviations, or Doppler
variables δν/ν0, where ν0 is the laser fre-
quency. They are implemented as doubles (64-
bit floating-point numbers).
Two different sampling frequencies are used

in our simulations. The physical sampling fre-
quency is used to simulate all physical processes,
such as generation of instrumental noise, prop-
agation of laser beams, and optical measure-
ments. It is here set to fphy = 30 Hz. The
measurement signals are si, ssbi , εi and τi are
downsampled to the measurement frequency
fmeas = 3 Hz by means of a decimation of a
factor fphy/fmeas = 10. All processing steps,
including TDI and clock-noise reduction, are
therefore carried out at this measurement fre-
quency.

B. Instrumental modelling

The three spacecraft of the LISA constellation
are simulated. Signals imprinted on laser beams
are exchanged between the spacecraft. We use
time-varying delays to model the propagation of
these signals, implemented as Lagrange interpo-
lating polynomials of order 31. They allow both
for good precision and limited execution time
and numerical errors.
The Keplerian orbits presented in [21] are

used in this study. We then deduce the light
travel times along each arm from the relative
positions and velocities of the spacecraft [22].
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These light travel times include contributions
from the Sagnac effect, related to the rotation of
the constellation, as well as first-order relativistic
corrections.

Each spacecraft contains two optical benches,
a clock, a phasemeter and an on-board com-
puter. Each optical bench implements the latest
split interferometry optical setup described in
section IV and fig. 2: four interferometric mea-
surements si, ssbi , εi and τi (respectively the
science, sideband, test-mass and reference sig-
nals) are formed.

Relevant sources of noise are added to the mea-
surements. We assume that the overwhelming
laser frequency noise is a white noise at√

Sp(f) = 10−13 Hz−1/2 . (69)

Secondary noises, such as test-mass accelera-
tion (TM) noise, optical path (OP) noise or read-
out noise (RO) are used as a benchmark since
they are not suppressed by TDI, but only have
their spectra modulated. The spectral shapes of
these sources of noise are given in [14], and read

√
STM(f) = 2.4× 10−15 ms−2Hz−1/2

×

[
1 +

(
4× 10−4 Hz

f

)2
]1/2

,

(70)

√
SRO + SOP(f) ≈ 10−11 m ·Hz−1/2 . (71)

We assume that 15 % of the light power is used
for the sidebands, such that the shot noise level
in them increases by a factor of

√
0.85/0.15.

For the modulation errors we use a simple
model based on the fiber amplifier noise and
their level as given in [17]√

SM (f) = 10−14 sHz−1/2

×

√
1 +

(
1.5× 10−2 Hz

f

)2

.

(72)

They are added to the sidebands alongside the
USO noise.

s 𝜀 𝜏 𝜏’𝜀’s’

Antialiasing filter and decimation

Phasemeter

𝝴s

sb

𝛕

Laser noise p

𝝴' s'

sb'

𝛕'

Laser noise p'

To distant spacecraft To distant spacecraft

Clock

Figure 2. Optical design used in LISANode simu-
lations. Eight interferometric measurements are
performed for each spacecraft: two science signals
si and si′ , two side-band signals ssbi and ssbi′ , two
test-mass signals εi and εi′ , along with two reference
signals, τi and τi′ .

These interferometric measurements are then
transmitted to the phasemeter, where clock
noise is added in the form of the USO noise,
scaled by the beatnote frequency. We model
the fractional frequency deviation of each USO
by a flicker noise with a power spectrum of
Sq(f) = 6.7× 10−27/f , generated using a vari-
ant of the infinite RC model [23]. We add to
this flicker noise a linear frequency deviation to
account for the clock frequency drift.

The signals are then fed to the on-board com-
puter, which decimates all signals down to 3 Hz.
To prevent power folding, we use a symmetric Fi-
nite Impulse Response (FIR) anti-aliasing filter
of order 253, implemented using a direct form
I. Its coefficients are computed such that the
signal is attenuated by 240 dB between 0.2 Hz
and 0.9 Hz. The results of these operations are
the measurement signals that one can expect
from LISA.
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C. Processing and clock-noise reduction

These measurements are used to form TDI
intermediary variables and then Michelson vari-
ables X, Y and Z. The clock noise calibration al-
gorithm presented in section IV is used to reduce
the clock noise in the TDI channels. We finally
obtain the clock-calibrated Michelson variables
Xc, Y c, and Zc.

Similarly to what is done to model the propa-
gation of signals between two spacecraft, pre-
processing delays are implemented using La-
grange interpolating polynomials of order 31. To
form Michelson variables, one must apply mul-
tiple delays to the interference measurements
for the calculation of the Michelson variables X,
Y , and Z. In order to minimize the error intro-
duced by these interpolations, we use a nested
delay algorithm in which a single interpolation
is necessary.

VII. RESULTS AND DISCUSSION

In figs. 3 and 4, we present the results of the
2× 106 s-long simulations described in the pre-
vious section, respectively for second-generation
Michelson X2 and Sagnac α2 combinations. We
use Welch’s method to estimate the spectra, with
segments of 80 000 samples and a Nutall4 win-
dow function. The following set of beatnote
frequencies are used in the simulations and an-
alytic models: a1 = a2 = a3 = −10 MHz, a1′ =
a2′ = a3′ = 10 MHz, b1′ = b2′ = b3′ = 10 MHz.
Contrary to the analytic development presented
in the previous sections, the following figures
show fractional frequency deviations, i.e. the
frequency deviation to the central laser frequency
ν0 ≈ 2.8× 1014 MHz, normalized by the same
frequency ν0.
We show that these simulations are in per-

fect agreement with the models presented in
sections III and V for the residual clock noise
before and after the correction.

In each of these figures, the blue and red solid
curves show the residual clock noise in, respec-
tively, the uncorrected and corrected TDI com-
bination. Associated analytical models for the

residual clock noise are plotted as black dashed
curves. They agree perfectly with the simula-
tion results in a large fraction of the frequency
band. Near the Nyquist frequency, we see an
increase of the residual clock noise level in our
simulated data. This increase is caused by errors
in the Lagrange interpolation routine used to
implement offline time delays, which we did not
include in our analytical modelling. Indeed, in-
creasing the interpolation order pushes this peak
towards higher frequencies. Below 10−3 Hz, we
see a noise floor in the simulated data that is not
present in the analytical model. This is likely
linked to limited numerical accuracy in our sim-
ulation. In addition, our assumption of linear
armlengths is only valid at timescales up to one
day, which could also explain this deviation.

The limiting modulation noise is presented as
a magenta trace. We can see that is below the
required level, which is here associated to the
level of secondary noises in the uncorrected and
corrected combination and represented by the
light and dark teal solid curves. This is because
TDI does not suppress these secondary noises,
but only modulates their spectral shapes. Notice
that both curves are superimposed, which shows
that the correction does not add visible levels of
extra readout noise.
The light and dark orange solid curves re-

spectively show the laser noise residuals in the
uncorrected and corrected combinations. We
check here that clock-noise reduction algorithms
do not yield any increasing of the laser noise.

VIII. CONCLUSION

In this article, we revisit the problem of clock-
noise correction in space-based gravitational
wave detectors. We find a general expression
for the residual clock noise in any TDI variable,
and provide a generic algorithm to derive clock-
noise reducing expressions applicable to most
TDI variables used in the literature.

We provide expressions for the residual clock
noise levels after the correction, both for the new
expressions derived in this article and for the
previously published results for the Michelson
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Figure 3. Power spectral density of the residual clock noise in the uncorrected X2 and corrected Xc
2

second-generation Michelson variables. We also plot the residual laser noise and the modulation errors.
The secondary noises are given as a reference for the required noise levels and are close to an equivalent
10 pm/

√
Hz at high frequencies.

and Sagnac variables [18]. We include the effect
on-board antialiasing filters have on these resid-
uals and provide estimates of their PSDs. The
new expressions yield consistently lower residual
noise levels than the previous results.

These analytical results are backed up by time-
domain simulations using the simulator LISAN-
ode. In the simulation, the spacecraft positions
are simulated according to Keplerian orbits and
the signal delays are computed including rela-
tivistic corrections. In the analytical expressions,
we assume that the armlengths can be described
as linear functions of time. This assumption
yields excellent agreement with our simulation
results over a large frequency range.
In order to evaluate the clock noise suppres-

sion in comparison to other noise sources, we
include simulations with only secondary noises
and with only laser noise. We show that, us-

ing realistic values for the on-board USO, clock
noise is dominating the overall noise level at low
to mid frequencies if no clock-noise suppression
is performed. With the suppression, the resid-
ual clock noise is far below both the level of
secondary noises and the residual laser noise.

One of the limiting factors for clock noise cor-
rection is the phase fidelity between the pilot
tone used as timing reference in the phasemeter
and the clock sidebands used for the correction.
We include a noise term describing errors in
the modulation sidebands in our description,
as well as an algorithm to remove half of these
noise terms using sideband beatnotes in the refer-
ence interferometers. The remaining modulation
noise exactly replaces the clock noise in the cor-
rected TDI variable, thus imposing strict timing
requirements on the signal chain from pilot tone
to modulation sideband.
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Figure 4. Power spectral density of the residual clock noise in the uncorrected α2 and corrected αc2 second-
generation Sagnac variables. We also plot the residual laser noise and the modulation errors. The secondary
noises are given as a reference for the required noise levels and are close to an equivalent 10 pm/

√
Hz at

high frequencies.

Future work on this topic could include a more
realistic model for the beatnote frequencies, in
particular accounting for the effect of Doppler
shifts and laser locking. Other TDI specific

effects, such as coupling of errors in the absolute
ranging or in the interpolation scheme, remain to
be included in both our model and simulations
as well.
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Appendix A: Symbols

νi, νi′ Laser frequencies (Hz)
νmi , ν

m
i′ Frequency offsets in the sidebands (Hz)

ai, ai′ Carrier beatnote frequencies in the science interferometers (Hz)
bi, bi′ Carrier beatnote frequencies in the test-mass and reference interferometers (Hz)
ci, ci′ Sideband beatnote frequencies in the science interferometers (Hz)
θs, θsi′ , θ

τ , θτi′ Science and reference beatnote polarities (dimensionless)
Li, Li′ ,Di Light travel times (s) and associated delay operators
f, f̃ ,F Anti-aliasing filter kernel (s−1), transfer function (dimensionless), and operator
x̃(ω) Fourier transform of a signal x(t)
Sx(ω) PSD of a signal x(t)

Ns
i , N

sb
i Readout noises in the science and sideband interferometers (Hz)

N ε
i Readout noises in the test-mass interferometers (Hz)

Nτ
i , N

sb,τ
i Readout noises in the reference and sideband interferometers (Hz)

Mi, SM (ω) Modulation errors (fractional frequency deviations, dimensionless), and PSD (Hz−1)
qi, Sq Clock noises (fractional frequency deviations, dimensionless), and associated PSD (Hz−1)
ξi, ξi′ , ηi, ηi′ TDI intermediary variables (Hz)
ri, ri′ Clock-noise correction building blocks (fractional frequency deviations, dimensionless)
∆Mi Modulation-noise correcting intermediary variables (Hz)
Pi, Pi′ Polynomials of delay operators in a generalized TDI combination (dimensionless)
Ri, Ri′ Clock-noise correcting combinations of ri, ri′ (dimensionless)
X1, X2 Michelson first and second-generation variables (Hz)
α1, α2 Sagnac first and second-generation variables (Hz)
Kf Squared modulus of frequency derivative of anti-aliasing filter transfer function (Hz−2)

Appendix B: TDI variable expressions

We give here the expressions of some laser noise-suppressing TDI variables in the form of Eq. 23.
We only present one combination of each kind; the remaining ones can be deduced by circular
permutation of indices. We always indicate the TDI generation using a lower index.
For the E2 combination and some of the clock-noise correcting expressions in appendix C, we

need not only delays, but also their inverse, or forward time shifts. These time advancements, which
we denote by Dk̃, are defined by the property that Dk̃k = 1.

1. Michelson variables

First-generation Michelson variable X1 reads

X1 = −(1−D2′2)η1 + (1−D33′)η1′ − (1−D2′2)D3η2′ + (1−D33′)D2′η3 , (B1)

while second-generation X2 is given by

X2 = −(1−D2′2 −D2′233′ +D33′2′22′2)η1 + (1−D33′ −D33′2′2 +D2′233′33′)η1′

− (1−D2′2 −D2′233′ +D33′2′22′2)D3η2′ + (1−D33′ −D33′2′2 +D2′233′33′)D2′η3 .
(B2)
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2. Sagnac variables

The three Sagnac variables α, β, and γ were proposed in [24]. First-generation α1 reads

α1 = η1 − η1′ +D3η2 −D2′1′η2′ +D31η3 −D2′η3′ , (B3)

while second-generation α2 is given by

α2 = (1−D2′1′3′)η1 − (1−D312)η1′ + (1−D2′1′3′)D3η2

− (1−D312)D2′1′η2′ + (1−D2′1′3′)D31η3 − (1−D312)D2′η3′ .
(B4)

3. Fully symmetric variables

The fully symmetric combination ζ1 [25] senses the constellation rotation, and combines all
interferometric signals with exactly one delay

ζ1 = D1η1 +D2η2 +D3η3 −D1′η1′ −D2′η2′ −D3′η3′ . (B5)

Due to its symmetry, there are no cyclic permutations of this variable. The second-generation
version [6] is no longer fully symmetric under cyclic permutation of the indices, and reads

ζ2 =(D11′ −D2′3′1′)η1 + (D1′2′ −D322′)η2

+ (D13 −D2′3′3)η3 − (D1′1 −D321)η1′

− (D1′2′ −D322′)η2′ − (D13 −D2′3′3)η3′ .
(B6)

4. Beacon, Monitor, and Relay

The Beacon P , Monitor E, and Relay U variables [6] can be used in the case of the failure of a
link. The first generation reads

P1 = −(D2 −D3′1′)η2 + (D2 −D11′2)η2′ − (D3′ −D11′3′)η3 + (D3′ −D21)η3′ , (B7)
E1 = −(1−D11′)η1 + (1−D11′)η1′ − (D3 −D2′1′)η2 + (D2′ −D31)η3′ , (B8)
U1 = −(D3′ −D11′3′)η1′ + (1−D3′2′1′)η2 − (1−D11′)η2′ + (D1 −D3′2′)η3′ . (B9)
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and their second generation is

P2 = (D3′22 −D23′3′1′ −D3′1′122 +D211′3′3′1′)η2

− (D3′22 −D3′2211′ −D3′1′122 +D3′1′12211′)η2′

+ (D23′3′ −D23′3′1′1 −D211′3′3′ +D211′3′3′1′1)η3

− (D23′3′ −D211′3′3′ −D3′221 +D3′1′1221)η3′ ,

(B10)

E2 = −(1−D11′ −D1′1 +D11′1′1)η1

+ (1−D1′1 −D11′ +D1′111′)η1′

− (D3 −D2′1′ −D3̃1′133 +D2̃′1′12′2′1′)η2

+ (D2′ −D31 −D2̃′1′12′2′ +D3̃1′1331)η3′ ,

(B11)

U2 = −(D13′ −D11′3′2′3′ −D111′3′ +D3′2′1′111′3′)η1′

+ (D1 −D11′3′2′ −D13′2′1′ +D11′3′2′3′2′1′)η2

− (D1 −D111′ −D11′3′2′ +D3′2′1′111′)η2′

+ (D11 −D13′2′ −D3′2′1′11 +D11′3′2′3′2′)η3′ .

(B12)

Appendix C: Clock correction for other TDI channels

We can apply the algorithm outlined in section IVD to find clock corrections for many, but not
all TDI variables. For corrections to be exact, the delay polynomial Pi for each ηi have to be build
out of pairs of delays corresponding to photon paths.
For some variables used in the literature, this requirement is too strict, and we do not find an

exact correction. In most of these cases, we can still define a correcting expression assuming that
delays commute. Such calibrations are not exact anymore, but it was shown in [18] that clock noise
is still sufficiently suppressed.
Some of the delay polynomials do correspond to photon paths, but they start at the wrong

spacecraft. In that case, we can extend the path to add another link to the correct spacecraft. This
comes at the expense of an additional overall delay directly in front of the corresponding qi. Since
we can assume that delays commute, we can cancel this delay by applying a forward time shift to
the whole expression.

1. Michelson variables

As discussed in section IVD2, we find an exact clock-noise correcting expression for both
generations. They read

R1 = r1′ −D2′r3 ,
R1′ = r1 +D3r2′ ,
R2 = 0 ,
R2′ = (1−D2′2)r1 − r1′ −D2′r3 ,
R3 = r1 − (1 +D33′)r1′ −D3r2′ ,
R3′ = 0 ,

(C1)
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for first generation and

R1 = (1−D2′2)r1 − (2−D33′ −D33′2′2)r1′

+ (D3 −D2′23)r2′ − (2D2′ −D33′2′ −D33′2′22′)r3 ,
R1′ = (2−D2′2 −D2′233′)r1 − (1−D33′)r1′

+ (2D3 −D2′23 −D2′233′3)r2′ − (D2′ −D33′2′)r3 ,
R2 = 0 ,
R2′ = (2− 2D2′2 −D2′233′ +D33′2′22′2)r1 − (2−D33′ −D33′2′2)r1′

+ (D3 −D2′23)r2′ − (2D2′ −D33′2′ −D33′2′22′)r3 ,
R3 = (2−D2′2 −D2′233′)r1 − (2− 2D33′ −D33′2′2 +D2′233′33′)r1′

+ (2D3 −D2′23 −D2′233′3)r2′ − (D2′ −D33′2′)r3 ,
R3′ = 0 ,

(C2)

for the second generation.

2. Sagnac variables

Since each η only appears once in α1, we do not find any correcting expression. As discussed
in section IVD3, α2 does satisfy our criterion for exact clock-noise correction, and the correcting
terms are

R1 = r1′ +D2′1′r2′ +D2′r3′ ,
R1′ = −r1 −D3r2 −D31r3 ,
R2 = −(1−D2′1′3′)r1 + r1′ +D2′1′r2′ +D2′r3′ ,
R2′ = −r1 + (1−D312)r1′ −D3r2 −D31r3 + (D2′ −D3122′)r3′ ,
R3 = −(1−D2′1′3′)r1 + r1′ − (D3 −D2′1′3′3)r2 +D2′1′r2′ +D2′r3′ ,
R3′ = −r1 + (1−D312)r1′ −D3r2 −D31r3 .

(C3)

3. Fully symmetric Sagnac variables

Since each ηi only appears once in ζ1, we do not find any clock-noise correction for this TDI
combination.
ζ2 also does not satisfy our criterion for exact calibration, since e.g., D11′ − D3′2′1′ does not

corresponds to an interferometer that starts at spacecraft 1. We can still define an approximate
correcting expression, assuming that delays commute,

R1 = r1′ −D2̃1′r2 +D2′1′r2′ + (D2̃ −D2̃1′1)r3 + (D2′ −D2̃)r3′ ,
R1′ = r1 − (D3 −D2̃1′)r2 − (D2̃ +D31 −D2̃1′1)r3 +D2̃r3′ ,
R2 = D2′2r1 +D2′r3 −D2′r3′ ,
R2′ = −D2′2r1 −D2′r3 +D2′r3′ ,
R3 = D33′r1′ −D3r2 +D3r2′ ,
R3′ = −D33′r1′ +D3r2 −D3r2′ .

(C4)
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4. Beacon, Monitor, and Relay

a. First generation

U1 satisfies our criterion for an exact clock-noise correction. The corresponding correcting terms
Ri are given by

R1 = 0 ,
R1′ = −r2 + (1−D11′)r2′ −D1r3′ ,
R2 = +D3′r1′ + r2′ +D3′2′r3′ ,
R2′ = −r2 −D1r3′ ,
R3 = 0 ,
R3′ = D3′r1′ − r2 + r2′ .

(C5)

E1 does not satisfy our criterion for an exact clock-noise correction, since e.g. 1−D1′1 corresponds
to an interferometer that does not start at spacecraft 1. We can still define an approximate correcting
expression, assuming that delays commute,

R1 = −D3̃′r2 + (D3̃′ −D3̃′11′)r2′ −D3̃′1r3′ ,
R1′ = D2̃1′r2 − (D2̃ −D2̃1′1)r3 +D2̃r3′ ,
R2 = r1 − r1′ −D2′r3′ ,
R2′ = 0 ,
R3 = 0 ,
R3′ = r1 − r1′ +D3r2 .

(C6)

P1 does not satisfy our criterion for an exact clock-noise correction, since D2 −D11′2 corresponds
to an interferometer that does not start at spacecraft 2. We can still define an approximate correcting
expression, assuming that delays commute,

R1 = 0 ,
R1′ = 0 ,
R2 = (D3̃2 −D3̃1′3′)r1 −D3̃1′r2′ +D3̃r3 −D3̃r3′ ,
R2′ = D2r2 +D21r3′ ,
R3 = −D2̃′11′3′)r1′ −D2̃′r2 + (D2̃′ −D2̃′11′)r2′ + (D2̃′3′ −D2̃′1r3′ ,
R3′ = −(D2̃′3′ −D2̃′12)r1′ +D2̃′r2 −D2̃′r2′ +D2̃′1r3 .

(C7)
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b. Second generation

U2 does not satisfy our criterion for an exact clock-noise correction. We can still define an
approximate correcting expression, assuming that delays commute,

R1 = 0 ,
R1′ = −(D13′ −D111′3′)r1′ − (D13′2′1′ −D111′3′2′1′)r2′ − (D13′2′ −D111′3′2′)r3′ ,
R2 = (D13′ −D11′3′2′3′)r1′ + (D1 −D11′3′2′)r2′ + (D13′2′ −D11′3′2′3′2′)r3′ ,
R2′ = −(D13′ −D111′3′)r1′ − (D1 −D111′)r2′ − (D13′2′ −D111′3′2′)r3′ ,
R3 = 0 ,
R3′ = (D111′3′ −D13′2′1′3′)r1′ + (D111′ −D13′2′1′)r2′ + (D11 −D13′2′)r3′ .

(C8)

E2 does not satisfy our criterion for an exact clock-noise correction. We can still define an
approximate correcting expression, assuming that delays commute,

R1 = −(D2̃1′ −D11′2̃1′)r2 + (D2̃ −D2̃1′1 −D11′2̃ +D11′2̃1′1)r3 − (D2̃ −D11′2̃)r3′ ,
R1′ = (D3̃′ −D1′13̃′)r2 − (D3̃′ −D3̃′11′ −D1′13̃′ +D1′13̃′11′)r2′ + (D3̃′1 −D1′13̃′1)r3′ ,
R2 = −(D3 −D2′1′)r2 − (D31 −D2′1′1)r3′ ,
R2′ = 0 ,
R3 = 0 ,
R3′ = +(D2′ −D31)r3′ + (D2′1′ −D311′)r2 .

(C9)

P2 does not satisfy our criterion for an exact clock-noise calibration. We can still define an
approximate calibrating expression, assuming that delays commute,

R1 = 0 ,
R1′ = 0 ,
R2 = (D3′22 −D23′3′1′)r2 + (D3′221 −D23′3′1′1)r3′ ,
R2′ = −(D3′22 −D3′1′122)r2 − (D3′221 −D3′1′1221)r3′ ,
R3 = (D23′3′1′ −D211′3′3′1′)r2 + (D23′3′ −D211′3′3′)r3′ ,
R3′ = −(D23′3′1′ −D3′2211′)r2 − (D23′3′ −D3′221)r3′ .

(C10)

Appendix D: Flexing-filtering coupling in the corrected TDI variables

We give here the expressions of the residual clock-noise due to the flexing-filtering coupling in
some corrected TDI variables. These residuals are given in the form of delay-filter commutators.
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1. Michelson variables

We find for the first and second-generation Michelson variables,

XF,c1 = b1′(1−D33′)D2′ [F ,D2]q1

+ a1(1−D2′2)[F ,D3]q2 + (b1′ − a1′)(1−D33′)[F ,D2′ ]q3 ,
(D1)

XF,c2 = b1′(1−D33′ −D33′2′2 +D2′233′33′)D2′ [F ,D2]q1

+ a1(1−D2′2 −D2′233′ +D33′2′22′2)[F ,D3]q2

+ (b1′ − a1′)(1−D33′ −D33′2′2 +D2′233′33′)[F ,D2′ ]q3 .
(D2)

2. Sagnac variables

We find for the second-generation Sagnac variable,

αF,c2 = b1′(1−D2′1′3′)D31[F ,D2]q1

− a1(1−D2′1′3′)[F ,D3]q2 + (a2′ − b2′)(1−D312)D2′ [F ,D1′ ]q2

+ (a1′ − b1′)(1−D312)[F ,D2′ ]q3 − (a3 + b1′ + b3′)(1−D2′1′3′)D3[F ,D1]q3 .
(D3)
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