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Correlation functions of CFTs on a torus with a TT deformation
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In this paper, we investigate the correlation functions of the conformal field theory (CFT) with the TT
deformation on a torus in terms of the perturbative CFT approach, which is the extension of the previous
investigations on correlation functions defined on a plane. We systematically obtain the first-order
correction to the correlation functions of the CFTs with a TT deformation in both operator formalism and
path integral language. As a consistency check, we compute the deformed partition function, namely, the
zero-point correlation function, up to the first order, which is consistent with results in the literature.
Moreover, we obtain a new recursion relation for correlation functions with multiple 7°s and 7’s inserted in
generic CFTs on a torus. Based on the recursion relations, we study some correlation functions of stress

tensors up to the first order under 77 deformation.
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I. INTRODUCTION

Recently, a class of exactly solvable deformation of
2D quantum field theories (QFTs) with rotational and
translational symmetries called 77 deformation [1-3]
attracted a lot of research interest. With a TT deformation,
the deformed Lagrangian £(4) can be written as

82—3’1): —/dzzTT(z), (1)

where the composite operator T7(z) constructed from
stress tensor within the theory £(4) was first introduced
in Ref. [1]. Although such a kind of irrelevant deformation
is usually hard to handle, it still has numerous intriguing
properties. A remarkable property is integrability [2,4,5].
If the undeformed theory is integrable, there exists a set
infinite of commuting conserved charges or Korteweg—
de Vries (KdV) charges. After a TT deformation, these
charges can be adjusted such that they still commute with
each other [2,4]. Hence, in this sense the deformed theory
is solvable. Furthermore, such deformation is well under
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control by the fact that it is possible to compute many
quantities in the deformed theory especially when the
undeformed theory is a conformal field theory (CFT), such
as S-matrix, energy spectra, correlation functions, entan-
glement entropy, and so on [6—11]. The 77T deformation is a
special one among an infinite set of deformations con-
structed from bilinear combinations of KdV currents [2,4].
These deformations also preserve the integrability of the
undeformed theory. Besides TT deformation, other defor-
mations in this set including the so-called JT deformation
also receive much attention from both field theory and
holographic points of view [12-20]. In addition, the TT
deformation can also be understood from some other
perspectives and generalizations [21-38].

In particular, within A < 0, the TT-deformed CFT is
suggested to be holographically dual to anti—de Sitter space
with a Dirichlet boundary condition imposed at a finite
radius [39,40]. On the boundary, the rotational and trans-
lational symmetries are still preserved, while the conformal
symmetry is broken by the deformation. It opens a novel
window to study holography without conformal symmetry.
Much interesting progress has been made along this
direction, such as holographic entanglement entropy, holo-
graphic complexity, etc. [8,15,20,41-53].

Correlation functions are fundamental observables in
QFTs, so it is of great importance to study the correlation
function in its own right. The correlation functions have
many important applications, e.g., quantum chaos, quan-
tum entanglement, and so on. One example is the four-point
functions which are related to the out of time order
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correlation function, a quantity that can be used to diagnose
the chaotic behavior in field theory with or without the 7T
deformation [54-58]. To measure the quantum entangle-
ment, the computation of entanglement (or Rényi) entro-
pies involves the correlation functions [59]. In particular,
the Rényi entanglement entropy of the local excited states
has been extensively calculated in various situations
[60—66]. In the present work, we are interested in studying
the correlation functions in the TT deformed CFT. In
particular, the 77 deformed partition function, namely, the
zero-point correlation function, on a torus could be com-
puted and was shown to be modular invariant [67,68].
Furthermore, the partition function with chemical poten-
tials for KAV charges turning on was also analyzed [69].
The correlation functions with a 7T deformation in the
deep UV theory were investigated in a nonperturbative way
by Cardy [11].

Meanwhile, one can also proceed with conformal pertur-
bation theory. Here we have to emphasize that we focus on the
deformation region near the undeformed CFTs, where the
CFT Ward identity still holds and the effect of the renorm-
alization group flow of the operator with the irrelevant
deformation is not taken into account in the current setup.
The conformal symmetry can be regarded as an approximate
symmetry up to the lowest orders of the 7T deformation, and
the correlation functions can be also obtained near the original
theory. The total Lagrangian is expanded near the critical
point for small coupling constant A:

L= Lepr — A / d*zTT(z). (2)

The first order of deformed correlation functions take the
following form:

L[ T @h ) (), ©

where the expectation value in the integrand is calculated
in the underformed CFTs by the Ward identity and the
integration domain is the torus 72. In the perturbative CFT
approach, the deformed two-point functions and three-point
functions were considered in Refs. [42,70] up to the first order
in coupling constant. Subsequently, the present authors have
considered the four-point functions [58]. Also, we general-
ized this study to the case with a supersymmetric extension
[71]. Note that, in the previous studies, these theories were
defined on a plane. In the present work, we would like to
consider the theories defined on a torus which will be very
important to understand the boundary theory which is the
holographic dual to the Bafiados-Teitelboim-Zanelli (BTZ)
black hole [72]. The other motivation to study the correlation
functions in the deformed theory on the torus is associated
with reading the information about multiple entanglement
entropy of the multi-interval, since the multi-interval Renyi

entropy] can be related to the computation of a partition
function (i.e., zero-point function) on a torus or correlation
functions of twist operators on a torus [73-76]. To obtain the
deformed correlation functions, one has to calculate the
integrand in Eq. (3) by the Ward identity and do the integral
over the torus T2 with the help of a proper regularization
scheme. The Ward identity on a torus associated with the
energy-momentum tensor, e.g., 7 or T, has a different
structure compared with that on the plane [58,71]. In terms
of the perturbative approach, we obtain the correlation
functions with 7T deformation systematically by using both
operator formalism and path integral language following the
analysis in Refs. [77-79]. In addition, the correlation func-
tions in the CFT with multiple 7”s and 7’s insertion also can
be obtained, for example, the case with a TTTT insertion.

The plan of this paper is as follows. In Sec. II, we discuss
the Ward identity associated with single T and T insertion
on a torus and apply it to study the first-order perturbation
of a partition function. Then we check the partition
functions in the deformed free bosonic and fermionic field
theories. In Sec. III, we obtained recursion relations for
multiple 7’s and T’s inserted correlation functions in the
CFT and apply it to the first-order perturbation of the stress
tensor correlation functions under T7 deformation. In
Sec. 1V, we offer the Ward identity on a torus by using
the path integral method. Conclusions and discussions are
given in the final section. In Appendixes, we list the
notations and some relevant techniques which are very
useful in our analysis.

II. 7T DEFORMATION

In this section, we will calculate the first-order 7T
correction to the correlation functions Eq. (3) of the
CFTs on a torus. As examples, the results are applied to
the first-order corrections to the partition function in free
field theories with 77 deformation.

A. Correlation functions in the 7T-deformed CFTs

To obtain the correlation functions of the CFTs with 7T
deformation on a torus, the procedure is similar to the
case in which there is only a single 7 insertion [78,79],
where the correlation functions were derived in the
operator formalism. Interestingly, the same results were
also obtained in path integral language [77]. We start with
recalling the well-known result about the T inserted
correlation functions on a torus in CFTs [80]:

'For a concrete example in Ref. [73], one can conformally map
the n-sheeted conifold consisting of n planes connected along
the two intervals to another one consisting of n-open cylinders
connected in a certain way along the top and bottom edges of
these intervals, where the cylinders can be regarded as the large
size limit or high-temperature limit of the torus.
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(T(W)X) = (T)(X) = > (h(P(w = w;) +2m1)

+ (C(W - Wi) + 2’71Wi)8w,)<x>
+ 2710, (X), (4)

where X = ¢ (wy,wy)...¢,(w,,w,), a string of primary
operators, P(z) and {(z) are the Weierstrass P function
and zeta function, respectively, n; = {(1/2), and 7 is a
modular parameter of the torus.” Although the prefactor
(C(w —w;) + 2iw;) is not doubly periodic on coordinate
w, the correlation function (7'(w)X) is doubly periodic on w
by translation symmetry. In fact, Eq. (4) can be regarded as
a generalization of the Ward identity on a plane. As
w — w;, the usual operator product expansion (OPE) on
the plane is reproduced:

hihi(wi, ;)
- (w— Wi)2 *

8w,-¢(wiv Wi)

w—=w;

T(w)p;(w;, w;)

(5)

where we used the expansion of functions P(w) ~ 1/w?,
{(w) ~ 1/w in the neighborhood of point w = 0.

In what follows, we will review how to derive Eq. (4)
in the operator formalism as in Ref. [78]. The partition
function on a torus is defined by the following trace over
the Hilbert space:

7 = tr(qLO—c/24ql_,0—c/24)’ q= eZm"r‘ (6)
The correlation functions of X({w;, w;}) = ¢ (wy, wy)...
¢ (w,.w,)’ take the form

(X({wi})) = %tr(X({wi})qLO“'/ Mgt (7)

To obtain the T inserted correlation function (7' (w)X ({w;})),
we started with the coordinate z on a plane which is related
to standard coordinate w on a cylinder via the exponential
map® z = ¢*. On the plane, one can expand the stress
tensor as

0
(T (X ({0 g ) = 55 (Xugho=/) +

“For our conventions, please refer to Appendix A.

¢ tr
2472

—y (®)

Tpl (Z) z
nez

Now consider the quantity tr(7(2)X ({z;})g"~¢/?*),” using
Eq. (8), which equals

1
tr(Tp(2)Xp({z:})g"o~/*) = ?H(LOXPICILU_C/M)
1 .
+ Zn—HU‘(LnXp]qLO_L/%‘),
20 <
)

where X,,,({z;}) are primary operators defined on the plane.
The first term can be converted to the derivative with respect to
the modular parameter z:

190
2mi Ot

c .
o t(Xpg M), (10)

tr(LoXpgho=/?) = tr(Xpghome/?)

while the second term equals6

(L, Xpg"o™?*) = g7"te(L,g =X y)

1
= qn _ 1 tr(qL(J_C/24[Xpl, Ln]) (12)

Note that the commutator on the rhs can be further expressed
as a contour integral:

Lo X)) = 57 § d2oif T ((ai) (13

14

Here the contour y encircles the operators located at z;,
i=1,...,n. Then Eq. (9) is

(Xpquo_C/24)

of 1 1 1 .
+ —jg dZoZ—(z) <—2—m.C(W0 -w)+ E’h(Wo -w) - 5) tr(Tp(20)Xpgho™/?*),  (14)

*We will suppress the antiholomorphic coordinate w; dependence in X for simplicity hereafter.
4 . . .
We will refer to coordinate w as the standard coordinate on a torus.

>For simplicity, we suppressed the antiholomorphic factor g
®A useful relation is

Lo—c/24

inside the trace.

g™ Lg% = gq"L,. (11)
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where the following formula [78] is used:

1 n 1 1 1
2y <Z0> = gt mmo—w) =5 (15)

ey z

with zy = ™0 and z = e**. Note that the contour y does not encircle z.
Next, we transform all the quantities above on a plane to coordinate w on a torus by an exponential map. For a stress
tensor on torus 7(w), one has

(16)

and the primary fields X,;({z;}) transform accordingly to X({w;}) on a torus. It follows that Eq. (14) can be written as

(T (w)X ({W})qL“‘C/ )

= 2 (X ()2 5 f d=Eomg = 0) 20 = ) = (T )X i), (17)

where the contour on torus y’ transformed from y on a plane encloses w; and not w. It can be shown that the above equation
is also valid when X contains a component of the stress tensor 7. The second term on the rhs can be further evaluated by
substituting into the OPE

higpi(w;) + 0;pi(w;)

T (w;) ~ , 18
(WO)¢Z(WI) (WO _ W,‘)Z Wo — W; ( )
which leads to
1
i /dW()(—C(Wo = w) + 2y (wo = w) = i )tr(T(wo) X ({w; })g"o~/**)
v
— S it (qhme ) (= (i = w) + 2m) + (=E 0w = W) + 217),, (X o</, (19)
where in the last step the translation symmetry is used (3 ; d,, (X) = 0). Finally, we obtain
Lo—c/12 0 Lo—c/24
tr(T(w)Xqro—¢ )—2ma—tr(Xq 0=e/2%)
= Zh (= (w; = w) + 2 tr(gho=/?*X) + Z (w; = w) + 2mw;)0,, tr(Xgho=e/?4). (20)

After dividing both sides of Eq. (20) by Z, the result Eq. (4) is produced.

Based on the derivation above, we can next consider a 77 insertion, which can be done by replacing X in Eq. (17) with
T(9)X. Since OPE T with T is regular, only the OPE T¢; will contribute to the contour integral. Following the same line as
Egs. (18)—(20), the TT inserted correlation function is given by

(T (w)T(2)Xgh~/12) —2ﬂl—tr(T( )Xqhome/2) +Zh (=C'(wi = w) +2m)tr(g"~/>*T(9)X)

+ Z( Cw; —w) + 2mw; = 2mw — 7i) 0;te(T (D) X gho=e/?4), (21)

~Ly—c/24

where we have implicitly included the factor g inside the trace. Equivalently,
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(TW)T(9)X) = 27i0 (T (v)X) + 27i(0, In Z)(T (v

+ D (=Lw

Consider the term in the last line (—2nw — i)} ; 0,
(T(?)X); using translation symmetry, one has

> 0, (T(@)X) =

i

~9,(T(7)X). (23)

Substituting the antiholomorphic counterpart of Eq. (4) into
the rhs, one can see that 9,(T(2)X) is analytic on a torus
except at the contact points v ~ w;. Explicitly, using’

o 1 1
8,,P(v—wi)~3ym— a@.ai.__wi
= —70;6%) (v —w,),
0.0 ) ~ Oy — = s —w),  (24)
Uv—Ww;
one can get
O (T(B)X) =2y _(=hi0;6® (v - w;)

i

+ 6@ (v —w)8;5,)(X), (25)

which means the last two terms in the last line of Eq. (22)
are contact terms vanishing on a torus except at contact
points. Following the prescription in Ref. [81], when
computing the integral in the first-order perturbation of
TT deformed correlation functions, we excise these sin-
gular points v = w; from the integral domain

A /T - Po(T(0)T(7)X), (26)

where D(w;) is a small disk centered at v = w;. Therefore,
in this prescription the term (=2mw — zi) >_; 9, (T(7)X)
in the last line of Eq. (22) makes no contribution to the first-
order TT deformed correlation functions.

It is interesting to apply Eq. (22) to the case where X is
the identity operator:

(T(W)T(2)) = 27i0 (T (?)) + 27i0, In Z(T (7))

- -(2m)2%a,afz, (27)

where we have used (T(7)) = —27id;InZ. The above
result indicates that the expectation value of the (77)

"The convention for delta function here is 6 1= 752 (2),
82 (z) = 6(x)8(y), where z = x + iy.

wi =w) +2m (T (9)X)

—i—Zh

i = W)+ 2mw; —2’I1W—”i)8wi<T<7))X>- (22)

operator on a torus does not depend on the position w, v,
which is reasonable due to the translation invariance. This
can be seen more explicitly from Eq. (34) below, that only
zero modes of a stress tensor contribute to (7(w)7()) and
coordinate-dependent terms vanish. The same phenomenon
also presents in the cylinder case [1].

Actually, Eq. (27) can be derived in a more direct way.
To see this, we start with the trace of a single insertion of a
stress tensor on a plane:

tI’(Tpl<Z)qLo—(C/24)) — Z—Zzz—ntr(qLo—(c/M)Ln)
= (g L), (28)

where we used Eq. (11) such that the terms with n # 0
vanish. Next, transform that to a torus by the map (16):

1 c
t ., | ,Lo—(c/24)
! < [(2711')2 (W) + 24] q
_ tr(q c/24)L0)

_ _.gtquo_(c/m)) +tr <§ qLo—(C/24))_ (29)

The expectation value of 7 is then obtained:

629) = 20 (g9 or
T

tr(T(w)q"o
.0
(T(w)) = ZELEIH Z. (30)

Now consider T(z;)7(z,) insertion, which is

%2 tr(ghghL, L)z

n.m

tr(gh g T(2))T(z,)) = 27

(31)
Noting [L,,L,] = 0 and using Eq. (11), one has
w(ghogtoL,L,) = ¢ (g™ L,q"L,)
=g "u(gmg"L,L,),  (32)

and thus

tr(qLOE[ZOLnZ'm) = 5n105n0tr(qLOEIZ0LOZ‘O>’ (33)
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which indicates that only the term with n =m = 0 will
contribute to the summation in Eq. (31). Further making a
transformation to a torus and using Eq. (30), we finally
obtain

(TOn)T()) = ~(miP L00Z. (34

which is the same as Eq. (27).

It is interesting to note that the expectation value (TT)
is related to the first-order perturbation of the partition
function under 7T deformation. The deformed partition
function is

7 = / DSt [T _ z(1 y / d2z<TT)(z))...
(35)

with the CFT partition function Z = [ Dgpe™S. By sub-
stituting Eq. (27), the first-order perturbation of the
partition function is

Z / d*z(TT)(z) = A(27)*1,0,0:Z, (36)

which is in good agreement with the result in Ref. [67],
where the partition function with 77 deformation was
computed by using the deformed spectrum.

B. Free field theories

Now we apply Eq. (27) to free field theories and show
that Eq. (27) is consistent with the results obtained by Wick
contraction.

Let us first consider the free boson on a torus. The CFT
partition function is

1
)= Janer G7)

where 7(z) is the Dedekind 5 function. The two-point
function of scalar fields is well known, which takes the
form® [80]

91 (z12/2wy)
n(r)

2 Im 2
+2ﬂ( le) )

<¢<Z1 ’ Z])¢(Z2, Z2)> = _log

)
(38)
Here the last term is nonholomorphic and comes from the

zero mode. Performing derivatives on the above two-point
function gives

Note that the coordinate z; in ¢(z;.Z;) is the standard
coordinate on a torus.

(01(c1. 20232, 22)) = =P(i) = -+ (39)
O 2@ n) == (40)

The holomorphic and antiholomorphic stress tensors
for a boson are T = —1(9¢)? and T = — 3 (0¢)?, respec-
tively. The expectation value can be calculated by point
splitting

1 i} , 1
(T;) = -5 lim <<31¢(11’Zl)32¢(22,22)> +ZT)

azh 12

T
=p——, 41
Ul (41)

where Eq. (39) is used. Note that this result is consistent
with Eq. (30).”

Using Wick contraction and Eq. (40), we can further
compute the expectation value

()T (e2)) = 3 (0d(0 2 (3 (er, 22)2)
= S (021, 2) bl %)) + (T T
V7B n?
=nﬁ—2—2—%+172, (43)

which is equal to Eq. (27) as

_ 1 _ i amy 37
TT) = 4> = 0,0:Z = nif — — — — + —.
{rn) g zZ " mn 21, 21, 41%

(44)
Note that (TT) is more complicated than (TT) [81], since,
in the latter case, the two holomorphic stress tensors 7 have
a more complicated OPE than that of T and T.

Next, we go on to study the free fermion case. The two-
point functions for a fermion with different spin structure
(denoted by v) are' [80]

) ww)), =P, (z—w)., v=2.3.4 (40)

“This can be verified with the help of the identity for Dedekind
n function

on i
-y 42
y 2" (42)
""Here the function P,(z) is defined by [82]
9, (1)9:8,(0)
P =+/P(v) - =t =2,3,4.
I/(v) (1}) €1 2W]19,,(0)19| (’l}) ’ v sy
(45)
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The partition function Z,, is a product of holomorphic and
antiholomorphic parts:

7, =77, Z(c) = (%?)1/2' (47)

The holomorphic stress tensor is given by

1

T = (0y"y —y*Oy). (48)

N

And similarly for the antiholomorphic part. By subtracting
the divergent part, the expectation value is

(1), = = 31im (5 0 @0, (0) - 0" Q)
1 19, 19
“oer) “Ee )

which can be shown to be consistent with Eq. (30) on
L9 and Eq. (42):

account of the identity =

69/
0.9, in\ 18 18"
T), = 27i0.nZ, = ir( S0 M) 2% _ 2 0
(1), =2i0:InZ, ”’(&y 2;;) 49, 129,
(50)

tr(T(W)T(U)XqLO_C/12) — ZEi%tr(T(v)XqLO_C/M)

. 1
27i J,

dwo(=¢(wo —

Using the Wick theorem,

<Tzva'vv'v>y = <T>I/<T>IJ
= 27i0,;InZ), x (=27i)0; In Z,,

1
- 47‘[22—81(9;Zw (51)

v

which indicates that Eq. (27) is valid for free fermions.

III. CORRELATION FUNCTIONS
OF THE STRESS TENSOR

In this section, we will study the correlation functions of
the stress tensor under 7T deformed theory up to the first
order. This analysis involves multiple 7’s and 7’s corre-
lation functions in CFTs, which is closely related to the
multiple 7”s correlation functions studied in Ref. [78]. We
begin with reviewing how to obtain the correlation func-
tions with multiple 7’s insertion and then extend to
correlation functions with 7’s and T’s insertions. For
simplicity, we will take the 7T inserted correlation function
as an example in the following.

We begin with replacing X in Eq. (17) with T(v)X,
which is

w) + 20 (wo — w) = zi)tr(T (wo) T (v) X g"o=/), (52)

where the contour y’ encloses w; as well as v. To perform the contour integral, the following OPE besides Eq. (18) is needed:

T()T(v) ~ /2

2T (v) 0T (v)

(w=v)*

w—of  w—v) (53)

After computing the integral and using translation symmetry, we obtain 7’7 inserted correlation functions [78]:

0
tr<T(W)T(1})XqL0_C/12) — 27Zi8—tr(T(1J)XqL0_C/24) + %P”(U _ W)tr(XqLO_C/M)
T

+2(P(w = v) + 2 tr(T ()X gh0=¢/?*) 4 (L(w = v) + 2, 0)0,tr (T (v) X gFo=¢/>)
+ th[(P(W —w;) +2m) + (E(w = wy) + 2w;)9,,, Jtr (T (v) X glo=e/24). (54)

With Eq. (54) in hand, we readily write down the expression for the multiple 7’s case:

026023-7
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t(T(w)T(v)...T(v,) Xqlo=</12)

:Zﬂi%tr(T( ). T(v,)Xqto~ ”/24)—1—2 P"(v = w)te(T(v))...T(v))...T(v,) Xqtom</?*)

+2(P(w—v;) + 2111)tr(T(vl)...T(vn)XqLO_C/24) + Z(C(w - ;) + 2;111)j)8v/tr(T(111)...T(vn)XqLo—c/24)
J
+ Zh )+ 20)te(T (1) T(0,)XgH™24) 43 (E(w = wi) + 20wi) Dy, (T (01)... T (0,) Xghoe/?4),
i
(55)
where a hat on 7 means the corresponding stress tensor is absent. This is the recursion relation for multiple 7”’s correlation

f_unctions [78]. Next, we will consider the correlation functions with multiple 7’s and T”s insertion. For example, adding one
T to Eq. (52), one can obtain

tr(T(w)T(u)T( )X glo~ c/12) — ngtr(T( )T( )Xqlom 0/24)

o f dwo(=C(wo = w) + 211 (wy = w) = (T (wo) T () F(7) Xghoe/2),  (56)

where the contour encloses u, v, and w;. Again, the contour integral around v makes no contribution. Finally, we obtain
recursion relations for multiple 7°s and 7’s inserted correlation functions:

tr(T(W)[T(uy)...T(u,)T(v1)...T(v,,)] X g 0~</12)
—2ma8 tr(T(uy)... T(u,)T(vy)...T(v,,)Xqro=c/?*)
= Zh (=& (w; = w) + 20 )(T(wy)... T(u,) T (0y)... T(0,,) Xgho=e/24)

n Z (W; = W) + 2w, = 2w = 2)D, tr(T (). T ()T (7). T (0) b=/
+ EZP”(uj — W) (T(uy) o T (u)). T ()T (0y)... T(,,) Xglo=e/)
* 22 )+ 20)te(T(uy)... T(u,) T(v))...T(v,,) Xgho=e/?)
+ Z w—u;) + 2nu; — 2mw — mi)0,, (T (uy) ... T (u,) T (v1)...T(v,,) Xgtome/?*). (57)
J
If we replace T'(w) with T(w) in the first line, then the antiholomorphic counterpart formula of Eq. (57) can also be derived

which is expressed in terms of antiholomorphic quantities.
Let us apply Eq. (57) to evaluate three-point function'' (7'(%,)T (up)T (u;)):

(T(0)T(u2)T (uy)) = =27i0A(T (1) T (uy)) = 220i(T ()T (uy)) 0z In Z

i13020-7 -7
= ST (Pl — ) + 20) () L Py ) (2mi)0c iz, (59)

"We used the following:
(T(u)T(uy)) = (270)20?In Z + (27i0, In Z)? +1—02P”(u1 — ) + 2(P(u; — up) + 2n)(27i)0, In Z. (58)

One can refer to Appendix C for details.
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where the last line does not depend on »;. With the help of Eq. (59), we can obtain the four-point function
(T(0)T(02)T () T (wy)):
(T(2)T(02)T (ux) T (uy)) = =27i0:(T ()T ()T () — 27i (T () T () T(,))0z In Z
+1—6213”(171z)<T( DT (u3)) +2(=C' (912) + 27) (T (ux) T () T (1))
+ (=8(012) + 207015 + )05 (T (un) T (uy) T (1)), (60)

where 7, = #; — 7,. Note that the last term equals zero, since (T(u,)T (u;)T(7,)) is independent of #,. Finally, Eq. (60)
can be expressed as

(T(2)T(02)T (u2)T (uy)) = ﬂazazz + (27i)? _(P”(MIZ)a InZ + P"(91,)0; In Z)

+2(2i)’ % ((P(ura) +20)0:03Z = (P(v12) +211)0:0:Z)

+ () 5 (P (1) (9 M Z)2 + P"(51,)(9, In Z)?)

12
+ %4”5(P,/(512)(P<”12) +27)0, InZ — P"(u,)(P(71,) + 277)0; In Z)

+ () PP ) + 48RP0 + 2Pl + 2 S002 (o)

To obtain the first-order deformed correlation function, one has to do the integral Eq. (3) on the torus. To illustrate how to
construct the first-order correction from the correlation functions in CFTs, we take Eqgs. (59) and (61) as two examples.
First, from Eq. (59), we can compute the deformed one-point function (7'), up to the first order:
fDQﬁT(Ml)e_SO-H fdzuTZ_"(u)
chﬁe_S"H fdzuTT(u)

(1) —ﬂ(T}/d%t(TT(u)) +/1/d2u<TT(u)T(u1)) +oe (62)

(T(u)), =

Here S, is the action of the CFT, and the correlation function (...) is evaluated in the undeformed theory. The integral in the
second term comes from the correction of the partition function, which is considered in the previous section. This term is
vanishing on a plane. The integrand in the last term can be obtained by setting v; = u; in Eq. (59). Finally, by performing
the integral explicitly, we obtain'?

wn—uv:z< (63)

Y
(27i)*2,070:Z (22)? 0.0:Z + (ni )8 .Z (27)%1,0,0; Z>
Z VA Z VA

In computing these integrals, following the prescription for regularization in Ref. [81], we have removed the singular points
out of the integration domain.

Second, one can consider the two-point function (7T); up to the first order as follows:

(T(uy)T(5,)), = (TT) = A(TT) / Pu(TT(u)) + 4 / PulTT()T ()T (5,). .. (64)

where only the last term is unknown. The integrand in the last term can be obtained by substituting Eq. (61) with v; = u;. It
turns out that the last term is

"please refer to Appendix B for details.
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/ Pu(TT ()T (1) T (5,)) = 162” (0,227 — (0,027 — 20.7)), (65)

where the detailed calculation is presented in Appendix B.
In addition, we can also calculate the correlation (77T), up to the first order:

(T ()T (12)); = (T ()T (1)) — T (1) T (1)) / Pu(TT(u)) + 2 / PuTTW)T )T (). (66)

where the integral in the last line is more involved than (65) and the computation details are presented in Appendix D. The
final result turns out to be

3929 N3 939, _
[ T 7)) = 20 (2L OE  CVBOOE) L 2y, — (a7
27 V4 12
16i7*0%20;Z  (167°)0.0;Z
+ 2 Py, + 2m)
27i)*1,020:Z 0,0:Z
2Py = )+ 20) (- ZEOOE | o D0
Z Z
+ 82) 272 (Ciny — P, ., + 2087~ 2m). (67)

where P, is defined and calculated in Eq. (D26).

IV. DEFORMED CORRELATION FUNCTIONS IN PATH INTEGRAL FORMALISM

In this section, we will derive the correlation functions with 7T insertion in a CFT defined on a torus, following the line of
Ref. [77], where the TT insertion was obtained in the path integral formalism. We start with the definition of stress tensor,
assuming there is a Lagrangian description for the theory:

2 9§
T,=——+7: (68)
V909"
where § is the CFT action, and then the expectation value of stress tensor is given by
2 9 /
T,)==— Z, Z= | DgpeS. 69
T = 5 ()
The correlation functions are defined by
1
X)=> / dpXeS. X =gy (70)

The Ward identity corresponding to three types of local symmetries—reparametrization, local rotation, and Weyl scaling in
the CFT—can be written as [77]

N
;/dzxfe (P& (T4 (x Z(f" X) (9" kvﬂéf’ + isy <;€p,,v/’§”+a),,§”>>< >+48/d2x\/§RVp§/’<X>,
=1
(71)

where ey is the zweibein field coupled with the CFT and w, is the spin connection. The vector fields & parameterize the
transformatlon of zweibein: ef, — ei — 0, ¢l + 0,¢eY. s, and d, are the spin and dimension of the field ¢, respectively.

R is the scalar curvature of the surface, which is equal to zero for a torus. And
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(PO = G, #VP&", G

po

= 5775417 + 5%55;‘ - gﬂbgpo" (72)

In order to obtain double stress tensor insertions, one can further vary Eq. (71) with respect to the metric. The resulting
expression is

=

(ot Vi + G V18 + G BN T 0)X) + 1 [ TP T 0)X)
_ —%Z (0t + 20t 4 5 (o8 + 08 ) ) T 0X)

+9T( 2v(pvo)v/1€i+2gpav2vléi+v/l(R§A)gpa)< > 967 /d2 \/_Rvﬁ§/1< pa(w) > (73)

By setting p = ¢ = z and & = 0 in Eq. (73), the correlation functions with 77T insertion can be obtained as presented in
Ref. [77]. Similarly, the TT insertion can be obtained by setting p = ¢ = z and & = 0. Then Eq. (73) turns out to be

3 [ PP T T 0)X) + €V, T (9)X)
= ST £ 4 £ 0+ i) Tas090X) 450 (VTP 8)X) 4 g [ e GRYE (Tes)X).

(74)

24

where hy = % (dy + ;) and we omitted the term (T,...). To extract the (T, (z) Ty (w)X) outside the integral on the rhs of
Eq. (74), the Green function G5, for operator V¢ on a Riemann surface with genus ¢ is employed [77]:

1 _ )
VG, (z.0) = %5(2)(2 =)= > G (2. D)y (v), (75)
=1

where h,,’(v) are holomorphic quadratic differentials on the Riemann surface and #°;; are Beltrami differentials dual to
holomorphic quadratic differentials, i.e., [d*z/gg%h../n:; = &]. Let &(z) = G*,,(z,v), and then Eq. (74) can be
written as

(T 0T 0%) = /(0 / oSG (2 ()T oo ()T (W)X)
= _wa(W’ v)vw Tv'vv‘v W X - Z(hkvkawkvv(Wk’ ) GWk (ka )(awk + iska)wk))<Tv'vﬂ/(W)X>

352 (Vs VaT, G0, ) X) + 5 [ @2VGRY.G o Tsl)X), (76)

where the last term on the lhs is called the Teichmuller term. All the formulas derived so far are valid for a general Riemann
surface. Here we are interested in the case g = 1, i.e., the torus, in which case the metric is flat (R = 0), yj = —, and the
corresponding Beltrami differential and quadratic differential for the torus are, respectively,
= - h =i (77)
z ImT Z

The explicit expression for G%,,(z, v) on a torus is

1 9 (z—w) _H,Im(z—w).

G2 ) = =
(W) 27 9,(z—w) Imz

(78)

With these parameters in hand, the Teichmuller term can be computed explicitly as
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Imz

We(e) [ @oag (@ ()T al0) s 00X) = § AT T 0)X) + 21 [ P2/ 0Tl sslw)X),

(79)

where the last term can be evaluated by substituting Eq. (76). The derivative in the last term does not vanish, since the
correlation function can be nonanalytical in z as 7', (z) approaches other operators. As for the first term, it turns out to be'?

74 d2(T ()T (W)X) = i0,(T

Finally, the Teichmuller term is

w(W)X) + 0. In Z(T5 5 (W) X). (82)

Imw

&) [ ovag o (N Ta(0X) = DT 0)X) + 0,0 AT (0)X) + ( —) Oy (T (0)X)

Imz

1 1 N
+ Ezk:hkm (Tsn(w)X) + lzk:mawkgw(w)x) (83)

Combining with the remaining terms in Eq. (76) which can be computed straightforwardly, the T7 inserted correlation

function is given by

(Tla)T 0030 = 0, (Taslw)X) + 10,0 Z(T (1)) = 3 (51 (€ o =) = 2m)

k

N (21” (E(wy = 2) = 21 (wg — z))> awk> (T (W)X)

- (i (E(w=2) = 2w

27

where the term 0,,(T;(w)X) in the last line does not
vanish, since (T ;(w)X) is not analytic in w as T, ; goes to
X, as mentioned before. In fact, 9,,(T5(w)X) is propor-
tional to delta functions such as 5) (w — w;,) (which can be
seen by substituting the expression of one 7 inserted

In this section, in order to compare our results to that of [77],
we follow the convention in that paper, where the stress tensor on
a torus is related to the previous section up to a factor 2z, and the
stress tensor on plane 7', is the same as the previous definition;
thus, Eq. (16) becomes

w2 Tpl (W/) _

w = ¥, (80)

Here T (W)=Y L,/w"™* and T(w) = (=27) > e™2"""(L),,
with (L.y), = L, — 8,0c/24; then

74 Ty ()T 35 (0)X) = =22 (Ley )T o (0)X)

1 0
L9 LT
anqtr(q Ty 5(0)X)
= i0(Ty3(v)X) + i0, In Z(T; ; (v)X).

(81)

D)W TaslW)X) = 000000, (84

48

function (T ;X)). Therefore, the terms in the last line
of Eq. (84) are contact terms. In addition, the term
> 1 204, (Ta(w)X) is also a contact term [see Eq. (23)].
As discussed around Eq. (26), when we consider the first
order of TT deformed correlation functions, the contact
point is dropped out from the integral. Upon ignoring the
contact terms, Eq. (84) is consistent with the result in
Sec. II. Therefore, the operator formalism and path integral
method are consistent with each other when we consider
the first-order T7 deformed correlation functions.

V. CONCLUSIONS AND DISCUSSIONS

Motivated by studying quantum chaos, the quantum
entanglement of the local excited states in 77 field theories,
one has to know the correlation functions on a torus with
the TT deformation. In this work, to construct the corre-
lation functions of the CFTs on a torus with a TT
deformation, we apply the Ward identity on a torus and
do a proper regularization procedure to figure out the
correlation functions with 77 deformation in terms of
the perturbative field theory approach. It can be regarded
as a direct generalization of previous studies [58,71] on
correlation functions in the 77 deformed bosonic and
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supersymmetric CFTs defined on a plane. It is well known
that the correlation functions on a plane with 7 and T can
be obtained straightforwardly by using the Ward identity,
while the Ward identity on the torus is very complicated
and the Ward identity associated with the 7 and T is
unknown in the literature. In this work, we obtained the TT
deformed correlation functions perturbatively in both
operator formalism and in path integral language. As a
consistency check, the first-order correction to the parti-
tion function agrees with that obtained by a different
approach [67] in the literature. We explicitly calculate the
first-order correction to the partition function in the free
field theories, and we confirm the validity by comparing
with the results obtained by Wick contraction. Moreover,
we obtain new recursion relations of the correlation
functions of the multiple 7’s and 7’s insertion in generic
CFTs on a torus, with which we also figure out some
closed form of the first-order 7T corrections to the
correlation functions of stress tensors.

Since the resulting correlation functions are applicable
for generic CFTs with the deformation, they are useful to
study the holographic aspects of the dual boundary CFTs
with finite size, finite-temperature effects.'* The correlation
functions of the boundary stress tensor studied in this work
might be computed in the gravity side, for example, by
varying the classical gravity action with respect to the
boundary metric in the cutoff geometry as studied in
Ref. [53]. Furthermore, the holographic entanglement
entropy of a single interval in a CFT defined on a circle
and at a finite temperature above the Hawking-Page
temperature has been computed from the corresponding
geodesics [85] in the BTZ black hole background. The
result [85] agrees with a universal formula for the entan-
glement entropy of an interval in a finite-temperature
CFT on a line [86]. As for the deformed CFT, one can
apply the correlation functions obtained in this work to
calculate the entanglement entropy in the deformed theory
perturbatively and test the holographic entanglement
entropy of the corresponding interval in the BTZ back-
ground with a cutoff. In addition, many other interesting
quantities, such as Rényi entropies [60], information metric
[87], and so on, can be computed by correlator functions of
certain operators. Then one question that can be asked is
how these quantities behave under a T7 deformation on a
torus, which amounts to investigating the related deformed
correlation functions. We hope to address these problems in
the future. Also, it is interesting to investigate the corre-
lation functions of the supersymmetric theories on the
torus, as we did in Ref. [71].

“For a specific example, the investigation of the CFT on a
circle and finite temperature will involve a generalization of the
uniformization map used in Refs. [83,84] to the case of branched
covers of a torus.
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APPENDIX A: CONVENTIONS

In our convention, the torus denoted as 72 is defined by
the identification of complex number w ~ w + 2w; + 2w,
with 2w; =1 and 2w, = 7.

In the following, we collect some formulas regarding
elliptic functions which are useful in this work. The
Weierstrass P function is defined by [82]

P(z) = % + ) ((Z — :),,,m)z - wfll,m> ’

n,m#0

@y = 2win + 2wym. (A1)
The Weierstrass P function is an elliptic function (doubly
periodic on a complex plane) with periods 2w, and 2w;,.
P(z) is even and has only one second-order pole at z = 0
on a torus. The Laurent series expansion in the neighbor-
hood of z = 0 can be expressed as

1

P(z) = 2t 2 eyt + o, (A2)
where ¢, are constants.
The Weierstrass ¢(z) function is defined by
1 1 1 Z
{(z) =-+ < + + > :
z n.%;() =Wy, Wy w%,m
O = 2w+ 2wym, (A3)
which is related to P(z) as
P(z) = ={'(2). (A4)

Note that {(z) is odd and has a simple pole at z = 0 around
which the Laurent expansion takes the form

(@) =--253-254...

z 3 5 (A3)

Since an elliptic function cannot have only one simple pole
on a torus, {(z) is not doubly periodic. Instead, {(z)
satisfies the quasidoubly periodic conditions

C(z+2win) = {(z) +28(wi) (A6)
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with {(w) equal to the Dedekind # function [also denoting
n = C(wy)] and {(w,) =#'. These quantities satisfy the
following identity:

, i
nmwy —nwy = —

o (A7)

From the {(z) function, the 6(z) function is defined as

{(z) = 0.Ino(z). (A8)
The o(z) function has the following properties:
o(z 4 2w) = —e2Eg(z7),
6(z 4 2w,) = —e2 W2l g(z), (A9)

APPENDIX B: USEFUL INTEGRALS

In this section, the Stoke’s theorem in 2D is frequently
used, and it is

/ dz A dz(0,F* + 0;F%) = ]{ (F*dz - F*dz) (B1)
M oM

with dz A dz = —2idx A dy = —2id*z. The area of torus
T? is [;2d*z = 1,, where the torus is the parallelogram
on a plane enclosed by OABC with O:zy, A:zg+ 2wy,
B:zy + 2wy + 2wy, and C:zy + 2w,.

In the following, we will evaluate the integrals in
Eq. (63) which involve the integrals of P(x —y) and
P"(x —y) over a torus with coordinates x. Note that both
of the functions are singular at x = y. To deal with this
singularity in the integral, we follow the prescription in
Ref. [81] (see also [88]), where we cut the singular point
out of the integration domain; more precisely, we perform
the integral as follows:

& - = d’z0 - = _i dz _
/TZ—D(y) P(z—y) / 20.L(z ) Zé dz(z-y)

l\)lN

2w,
/ dz(
0

= —iw;(=27)

S e Y

2w,
ey + )= [ -y 20) = ¢ - )

— imy2n =  — 4dnlmw, = & — 251y,

(B2)

where D(y) is an infinitesimal small disk around the singular point. In the last step, Eq. (A7) is used to eliminate 7. One has

to be careful when evaluating this integral; since the boundary of the integration domain is 9T

— 0D(y), we must compute

the contour integral along the small circle 9D(y). Actually, one can check that the integral above along the contour 9D(y) is

. . . . 15
zero, making no contribution to the final answer.

So we do not write it explicitly out in Eq. (B2). In a similar manner, we

can handle the integral [ @*zP"(z — y) which turns out to be zero. Note that the two integrals are exactly equal to the results

obtained by using the formalism in Ref. [81].
Next we turn to the integral, similar to Eq. (B2)'¢:

/TZ—D(O)—D(a) duP(u - a)P(a) = /dzu(_‘:,(” —a)P(i) = /d2u3u(—5(u —a)P(u)) = E%dﬁ(—é(u —a)P())

i
2 /2
i

20

=5 [ gl = ) P(@) + = 2n) Pl 20)

+ E/”Oﬂwz da[~{(u = a+ 2w )P(i+ 2w)) + {(u — a)P(@)] = 2i(nif —n'7), (B4)

PInterestingly, it can be checked that, in all the integrals considered in this work, if z; is a singular point of the integrand, the path
1nte§rals along 0D(z;) vanish. Thus, we will not mention the integrals along this kind of path hereafter.
In the second step, we used the integration by parts. One may worry that we omit the term

/dzué(u —a)0,P() = /dzué’(u —a)0;6% (u

/425

—a) = / Pus® ()6 (u - a), (B3)

which is divergent as a = 0. However, this will not cause a problem; since the domain of integral does not include the small disk around

the singular points u = a and u = 0, this term will not appear.
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where we used Eq. (A6), P(u) = —('(u), and the fact that
P(u) is a doubly periodic function. It follows that

/ d*z(P(z —a) + 25)(P(z) + 2i})

=2i(nif' —n'n) + 2x(n +0) —4nir, =0, (BS)

where Eq. (A7) is used in the last step.
By the same reason, one has

/ 2P (2 - a)P(z) = / PP (z - a)P'(2)

= /dzzP”(z —a)P"(z) =0, (B6)

where, for example, we can writt P"(z)P(Z) =
0.(P'(z)P(z)) inside the integral. Note here that the
integral domain is 72 — D(0) — D(a) as mentioned before.

APPENDIX C: DETAILS ON (T (u;)T(uy)T(#,))

In this section, we will compute three-point function
(T(uy)T(up)T(9;)). We begin with introducing several
useful formulas obtained by taking derivatives on Eq. (15):

. n Z1\"
(27”)221 _ qn <_l> = P(Wl - WZ) +27’11,

0 22
n’ zp\"
(2ri)? - (—) = P'(w; —wy),
; l=q"\z
iy S (z—) = P"(wy —w)) (c1)
n#0 1= 4q 2

with z;, = €**™12. We can now evaluate the following
trace:

(g™~ Ty (21) T (22))
— Zzl—n—Zzgm—Ztr(qLO—c/24Lan)7

n,m

(€2)

_ o _
tr(gt=</>*L,,L,Ly) = %”’Oltr (qLO‘C/Z“ <2nL0 + 1—(; n(n* - 1)) L0> )
q f—

where, for the term with n=m =0, tr(gho=¢/**LL,)
can be expressed as derivatives of partition function Z =
tr(gho=¢/?*) with respect to 7, while for the remaining
terms, using Eq. (11), we get

tr(gh~/*L,L,,) = g "r(g~~ /L, L,), (C3)
which leads to
te(gh 4L, L) = (L, L)) (CH)

With the help of Virosoro algebra and Eq. (11), we obtain

tr(qLO_C/24LmLH)
1

= tr (qLO_”/24 <(n —m)L, .,

C
=+ En<n2 - 1)5m+n,0>)

Om+n0 Ly—c ¢
= S e glome/24( 2nLy + —n(n* = 1) | ).
T r(q n 0+12n(n )

(Cs)

Substituting into Eq. (C2), then the summation in Eq. (C2)
can be obtained via Eq. (C1). With transforming the stress
tensor on a plane into a cylinder, we finally obtain
(T(u1)T (uy)) in Eq. (58). )

To calculate the three-point function (7' (u )T (u,)T(2y)),
one can start with

tr(qLO_c/24Tpl(Zl )T 1(22) T (71))
— Zzl—n—Zng—2)—)1—r—2tr(qL0—c/24LnLer)’

n,m

(Co)

where the only nonvanishing trace in the summation is
tr(qLO_C/24L0L0E0) and

(C7)

Following the steps deriving (7' ()T (u,)), we will finally obtain the same expression as presented in Eq. (59). Similarly, the
deriving of four-point function (7' (u;)T(u,)T (9,)T(%,)) in Eq. (61) can proceed.

APPENDIX D: DETAILS ON (TT),

In this section, we will compute the last integral in Eq. (66). From the recursion relation for T, T inserted correlation
functions in Sec. III, the four-point function interested here takes the form
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(T (W) ()T () T(31)) = 2780 (uy) T () F(51)) + (T)(T ()T () T(51)) + 5 (P (w = 1) + P"(w = u))(TT)

12
+2(P(w = uy) + 20)(T (uy) T (up)T(y)) + 2(P(w = up) + 2n){(T (uy) T (up)T(9y))

+ (&w = uy) + 20u1) D, (T ()T (2) T (01)) 4 (W = ) + 2072) D, (T (1) T (142) T (1))
(D1)

Letting u; = v; and integrating u; over a torus, we obtain the last integral in Eq. (66):

[ T ) 7))

- / Py [2i0(TT () T(2)) + (T)(TT ()T () + 5

+2(P(w = uy) + 2n)(TT ()T () + 2(P(w = ) + 2)(TT (uy) T ()
+ (E(w = uy) + 20u1) 0,y (TT ()T (1)) + (L (W = un) + 20142) 0,0, (TT (1) T (1)) (D2)

= (P"(w =) + P"(w = ) (TT)

with the function which has already computed in Eq. (59):

i-3929_ B
W 2Py — uy) + 20)(472) ZZZ 4 pr(uy — ) (=220, In Z. (D3)

<TT(M1)T(“2)> = 12

Now we would like to compute each term in the rhs of Eq. (D2). Note that the last term of Eq. (D2) vanishes,

since [ d*uiP'(uy —up) = 0= [d?u; P"(uy — uy).
The first term of Eq. (D2) is

27ri/d2u181<TT(u1)T(u2)> :27ti87/d2u1(TT(u1)T(u2)>

— 270, (— @ri)’0,0:0:Z | (27)? a,a_%Z) (D4)
Z Z
The second term of Eq. (D2) is
/dzu, (TYTT (u)T (u,)) = (_% + (27)? a,%z) (T). (DS)
The third term of Eq. (D2) is
/ d2u1 B (P"(w—uy) + P"(w—u))(TT) = 1—62P”(w —uy) 7o (TT). (D6)
The fourth term of Eq. (D2) is
[ 2P o = ) + 27T T(w)
= /d2u12(P(w —uy) +2n) x [% +2(P(u; — up) + 2n)(4n )8 0:Z + 12P”( —uy)(—2mi)0;InZ
_ 2;1% + (422 a,anz (4P 1672, + 8( = 2022)) + & (~20) Pl D5 InZ
= 16"”428%6*2 + (4n2) %Z*Z (4P, + 81) + ¢ Pl (<27) 0 In Z. (D7)

where we introduce the notation P,,, = [d*uP(u; —w)P(u; — uy) and Py, = [ d*u;P(u; —w)P"(u; — uy), which
are computed below in Egs. (D26) and (D27), respectively.
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The fifth term of Eq. (D2) is

(27i)37,020:Z

~ + (27)3 818%) . (D8)

[ 2P0 = )+ 2 (TG00 = 2P0 = )+ 20) (-
The sixth term of Eq. (D2) is

/ Puy (Cw = wy) + 20uy)D,, (TT ()T (1))

= /Jzul(C(W —uy) 4 2nuy)0,, {ZP(ul - uz)(4n2)%ziz + %P”(ul — Uy)(—27i)0; an} , (D9)

which can be computed as follows. First, consider the following integral:

[ gt =)o, s - w)
= /Jlul[au](C(W— uy)P(uy —up)) — P(uy — Mz)aulC(W— up)]

- / Py [0, (Cw = 10 Pty = 1))] = Py (D10)

where the second term is defined and computed in Eq. (D26) as mentioned before, while the first term is'’

i

/dzulaul(C(W —up)P(uy —up)) = —Eﬁﬁ din {(uy —w)P(u; — u,)

i , 2wy _ i 2w, B
:—5(—277) A d”lp(ul_MZ)_izn A di P(uy — u)

— Dinyf + 21';;1;7/. (D15)

Similarly, we can compute the remaining integrals in Eq. (D9), which are

"In the last step, the following integral is along the real axis since 2w; = 1, so dit; = du,:

1 1
/0 d”lp(ul - “2) = —A dulau,ﬁf(“l - Mz) = -27. (DH)
To evaluate the second term in the last line of Eq. (D15), we parametrized the integral path as (notice 2w, = 7 = 71 + i7,)
%) _ %)
duy = [ 14+i—=)dt, diny = (1 —-i—=)dr, te (0,7q]. (D12)
7 7
and
) dt Ty
P(uy—up)) =Pl (1 +i=)t—uy ) = =0, C(uy —u) ==——0L( (1+i=)t—u |. (D13)
71 dul 7
Then
2w dt dt oo =207
/ " din P(uy - uy) = -4 (1 - iT—2> / dta,g((l + iﬁ)z— u2> = <1 - i2>g<<1 + i2>z— uz) —
0 duy 1) Jo T duy T T 0 T
(D14)
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/JzululﬁulP(ul —u,) = /dzul[aul(mp(m — i) = P(uy — uy)]

= irr/—in’z— (m=2n1y) = i%n—ir/’;—n (D16)
and
[ (€0 =)+ 200)0,, Py = ) = = [ uPlow = )Py = ) = =Pl (D17)
Therefore, Eq. (D9) is

/ Puy (Cw — wy) + 2quy)D,, (TT (1) T (1))

7
= /dzul(é’(w —uy) + 2nuy)0,, |:2P<u1 - uz)(4ﬂ2)% —1—1—62P”(u1 —uy)(—27i)0;InZ

0,0:Z T
= (47[2) % (—21'17;7/ + 21'2,7,7/ =Py, t+ 2n <l'”f77 — iﬂlz - 7[>> + % (2m‘)P(L,u28f InZ
T T

0.0;:Z
= 2(4%) S (22 = Py, + 2007 = 2) + % (2ri) P, 0, In Z. (D18)
Finally, collecting all terms together, Eq. (D2) equals
- 3(27)%0%20;Z  (27i)31,020:Z -
[ o)) (@) = 200 (2L IOL CID BOOEY L 2 ()
27 Z 12
16i7*0%20;Z  (167°)0,0;Z
+ ”TZT T +( ﬂ) Y7 (Pwu2+27]7[)
27i)31,020:Z 0.0:Z
+2(P(w = u) +27) _ (2ai)’,0:0:Z + ()P &2
Z VA
0.0:Z
+ (872) % (=2iny' = P, + 2it* = 27n). (D19)
1. Computation of P,; and P,
In the following, we will calculate the integrals
P,, = / PPz —a)P(z—b)., P!, = / 22P(z - a)P"(z - b). (D20)

First, consider P,, ,,, of which the integrand is elliptic; thus, it can be expressed in terms of the ¢ function and its derivatives,
according to the position and order of the poles [82]. More precisely, since P(z — a)P(z — b) has order 2 poles at z = a
and z = b, respectively, we can write

P(z—a)P(z—b) =ag+a{(z—a) +b{(z—b) —a{'(z—a) = b{'(z— D) (D21)

with a; and b; constants which can be determined by comparing the coefficients of the poles in both sides and so on. It turns
out that these constants are

a, = b2 = P(Cl - b), ay = _bl = P’(a — b), (D22)

and
ag = P(a)P(b) + P'(a — b)(¢{(a) — (b)) — P(a — b)(P(a) + P(D)). (D23)
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To evaluate the integral of the rhs of Eq. (D21), we integrate each term separately. For the second and third terms which take
the form {(z — a) — {(z — b), we have to consider the following integral:

B(a) = /aazé(z —a) = /d%(ln o(z —a)) = éfdz Ino(z - a)

1

)

l

and then

B(a) — B(b) = i(a—b)(n —n%) = (a—b)(x - 2,).

Finally, we obtain

P,y = /d2zp(z —a)P(z—=b) = agry + a\(a = b)(x = 2n12) + 2a5(x — 2173).

2w . 2
5 [ D i+ 2 =) g [ a4 2z = a - w)),
0 0

2w, i 2w,
—A dz(Ino(z —a) —Ino(z — a+2w,)) +—/ dz(Ino(z —a+2w,) —Ino(z — a))

2 Jo

(D24)

(D25)

(D26)

Next, consider P}, , whose integrand P (z —a)P"(z — D) is also elliptic. Following the same steps as above, first we express

the integrand in terms of the { function and its derivatives, which can be achieved by taking the derivative on Eq. (D21) with
respect to b twice. Then we integrate the resulting expression, which turns out to be

P, = / P2P(z — a)P'"(z — b) = dfty + dl(a — b)(x — 2ns) — d (- 2yz).

(D27)

where the prime on a; denotes the derivatives with respect to b. Note that the rhs of Eq. (D27) can also be obtained by
directly taking the derivative on the rhs of Eq. (D26) twice with respect to b twice.
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