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UNIFORM ENERGY BOUND AND MORAWETZ ESTIMATE FOR EXTREME
COMPONENTS OF SPIN FIELDS IN THE EXTERIOR OF A SLOWLY
ROTATING KERR BLACK HOLE II: LINEARIZED GRAVITY

SIYUAN MAfT
t Albert Einstein Institute, Am Miihlenberg 1, D-14476 Potsdam, Germany

ABsTrACT. This second part of the series treats spin £2 components (or extreme components) of
the linearized gravitational perturbations (linearized gravity) in the exterior of a slowly rotating
Kerr black hole, following the hierarchy introduced in our first part [15] on the Maxwell field.
This hierarchy lies in the fact that for each of these two components defined in Kinnersley tetrad,
the resulting equations by performing some first-order differential operator on it once and twice,
together with the Teukolsky master equation, are in the form of an "inhomogeneous spin-weighted
wave equation" (ISWWE) with different potentials and constitute a linear spin-weighted wave
system. We then prove energy and integrated local energy decay (Morawetz) estimates for this
type of ISWWE, and utilize them to achieve both a uniform bound of a positive definite energy
and a Morawetz estimate for the regular extreme Newman-Penrose components defined in the
regular Hawking-Hartle tetrad.

1. INTRODUCTION

The stability conjecture of Kerr black holes says that metrics of the subextremal Kerr family
of spacetimes (M, g = gum,a) (la] < M) are (expected to be) stable against small perturbations of
initial data as solutions to the vacuum Einstein equations (VEE)

Ric[g],, =0, (1.1)

Ric[g],. being the Ricci curvature tensor of the metric. An important step towards the resolution
of this conjecture is to consider some proper linearization of VEE, which would be a model of high
accuracy for the nonlinear evolutions.

In this paper, we consider on a slowly rotating Kerr background the linearized gravity, and prove
both a uniform bound of a positive definite energy and a Morawetz estimate for the regular extreme
Newman-Penrose (N-P) components of the linearized gravity.

1.1. Kerr metric. For the purpose that this paper can be read independently, we review in this
subsection the setup of Kerr metric and notations from the first part [15] of this series.
A Kerr metric [13] is given, in Boyer-Lindquist (B-L) coordinates [5] (¢,7,6, ¢), by

grra = — (1 — 20 de? — 2Marsin®0 (gtig + dipdt)
+ Zdr? + £d6% + 820 (72 4 02)? — a®Asin® 0] dg? (1.2)
with
A(r) =r* —2Mr + a® and Y(r,0) = r* + a* cos® 0, (1.3)

and describes a rotating, stationary (with 0; Killing), axisymmetric (with 04 Killing), asymptotically
flat solution to VEE (1.1). The Schwarzschild metric [21] is obtained by setting a = 0.
The region we consider is the domain of outer communication (DOC)

D= {(t,r,@,(b) ER X [ry,00) X SQ}, (1.4)
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where ry = M + v M? — a? is the value of the larger root of A(r) = 0 and corresponds to the
location of event horizon. By symmetry (cf. Section 1.4), we focus only on the future development
with boundary the future event horizon H*. In this paper, a slowly rotating Kerr spacetime should
always be understood as the DOC of a Kerr spacetime endowed with the Kerr metric g = gar,, with
sufficiently small |a|/M < ag/M < 1.

The tortoise coordinate r* is defined by:

dr’ _ r4a 2 (3M) =0, (1.5)

and we call (¢,7*, 0, ¢) the tortoise coordinate system. However, both the B-L and tortoise coordinate
systems fail to extend across the future event horizon HT due to the singularity in the metric
coefficients. Instead, an ingoing Kerr coordinate system (vm,&,qg), which is regular on H™T, is
defined by:
— *
{ dv =dt +dr i (1.6)
d¢ = do + a(r? + a*) " dr*.

Moreover, via gluing the coordinate system (¢ =v—r, 7,0, QNS) near horizon with the B-L coordinate
system (¢,r,0, ¢) away from horizon smoothly, a global Kerr coordinate system (t*,r,6,$*) can be
given by

{ t* =t+xa1(r) (7“*(7“) —r— 7“*(7“0),—1— o), (L)

o* = ¢+ x1(r)o(r) mod 27, d¢/dr = a/A. ’

The smooth cutoff function x1(r) here equals to 1 in [ry, M + 79/2] and identically vanishes for
r > 1o with ro(M) fixed in the red-shift estimate Proposition 8, and is chosen to make the initial
spacelike hypersurface

Yo ={(t*r0,¢")t* =0}ND (1.8)
satisfy that there exist two universal positive constants c¢(M), C(M) such that
o(M) < —g(Vt*, Vt7)|g, < C(M). (1.9)

Here the initial hypersurface could be taken as {t* = D} hypersurface for any real value D, but for
convenience, we take it as in (1.8).
In these coordinate systems, it is manifest that

O =0, =T and Oy = 95 = Dy (1.10)
Denote ¢, as the 1-parameter family of diffeomorphisms generated by T" and define constant-time
spacelike hypersurfaces satisfying (1.9) as well:
Y= (30) ={(t*r0,0M)t" =7ND. (1.11)
We finally adopt the notations for any 0 < 7 < 75 that
D(r1,7m2) = U Y, and H(r,7)=0D(r,m)NHT.
TE[T1,72]

The reader may refer to the Penrose diagram Fig. 1.

FIGURE 1. Penrose diagram
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The hypersurface X (7 > 0) has the volume form
dVoly,_ = Xdrsin 0dfd¢™ in global Kerr coordinates, (1.12)

and the volume form of the manifold is

Ydtdr sin 0d0do in B-L coordinates,

Vol = { Ydt*drsin 0dfd¢* in global Kerr coordinates. (1.13)

Unless otherwise specified, we will always suppress these volume forms associated to the integrals in
this paper.

1.2. Linearized gravity and Teukolsky master equation. Following the Newman-Penrose (N-
P) formalim [17, 18], we obtain the complete five N-P components

(bO = - Wlmlm7 (Dl = — Wlnlm7 (I’Q = - Wlmﬁna ‘1)3 = - Wlnﬁna (I)4 = - Wnﬁnﬁ: (114)
by projecting the Weyl tensor W5 onto the Kinnersley null tetrad (I,n, m,m) [14]:
" =%(r*+d% A,0,q),
n' = 5= (r* +d*,—A,0,a),

mt = - (iasind,0,1, 555) | (1.15)

and m*, p being the complex conjugate of m* and p = r — ia cos 8 respectively. The full set of N-P
equations, comprising the commutation relations, the Ricci identities, the eliminant relations and
the Bianchi identities in [6, Chapter 1.8], is then a coupled first—order differential system linking the
tetrad, the spin coefficients and these five N-P components. On Kerr background,

Py =P, =Py =D, =0, Py = —Mp3. (1.16)

We perturb in the N-P equations the tetrad, the spin coefficients and the five N-P components by
1T =1+17, kT = k + kPP ®L = &y + ®F, etc, and the complete set of equations for linearized
gravity is then obtained from the N-P equations by keeping the perturbation terms (with superscript
P) only to first order. The perturbed extreme N-P components ®" and ®1 (equal to ®{" and ®1)
for linearized gravity are the "ingoing and outgoing radiative parts", and are invariant under gauge
transformations and infinitesimal tetrad rotations. From now on, we will drop the superscript and
still denote these perturbed extreme N-P components as &y and P4.

Teukolsky [25] derived the decoupled equations on Kerr backgrounds for the spin s = £2 compo-
nents

Yo =A@ and Yo = AT%p Dy, (1.17)

and showed that these decoupled equations are in fact separable and governed by a single master
equation—the celebrated Teukolsky Master Equation (TME)-given in B-L coordinates by

(7‘2+a2)2 2 in2 62w[51 4Mar 6211’[5] a? 1 821&[5]
- [ A —atsint 0] 7 — 2R 9t0¢ | A T snZd| 942
59 —s+1 0¢[q) 18 (qin pO%ls a(r=M) | icos| 9¥s)
+ A% (A or )t awaoe (S0 ) +25 [T x + @ze| as (1.18)

+92s {M —r —iacos 0} 8}?5’] — (s cot® 0 + s)iprg = 0.

The Kinnersley tetrad is, however, singular on % in ingoing Kerr coordinates, suggesting that
the perturbed N-P components are not all regular there. We perform a null rotation by

l=1=A/2%)-1,
n—n=(2%)/A-n, (1.19)
m —m,

Lk is one of the spin coefficients used in [6, Chapter 1.8].
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and the resulting tetrad (,7,m, ), namely the Hawking-Hartle (H-H) tetrad [11], is in fact regular
up to and on HT in global Kerr coordinates. The regular extreme N-P components of linearized
gravity in regular H-H tetrad are then

Po(W) =-W;, i, = éd)[_ﬂ], O4(W) = —Wimam = 4 77/1[ 2]- (1.20)
The results in this paper will be with respect to complex scalars <I>o and <I>4.

1.3. Coupled systems. Denote the future-directed ingoing and outgoing principal null vector fields
in B-L coordinates

240210, +ad 2+a?)8;+ad,
y & (Cra)dtads g v & he)0teds | g (1.21)
From TME (1.18), the equations for ;9 and 1)_y are
(20 + 4i (£3%0, — acos00;) — (4cot® 0 + 2)) yg = —4Z1[4q, (1.22a)
(20, — 4i (£3%0, — acos00;) — (4cot® 0 — 2)) o) = 42|, (1.22b)
with Z = (r — M)Y — 2r0;. Construct from 42 and 1[_g the quantities
b2 =t/ T4;0
¢ro = (rYr)(¢1s); (1.23a)

¢ty = (Y7) (rYr) (%),
and
¢Q2 = AQ/T41/J[—2},
¢y =—(rVr) (¢2,); (1.23b)
@2y = (rVr) (rVr) (¢2,).
The upper index here denotes the number of times the differential operator rYr or —(rVr) is
performed. We should notice that though V is not a regular vector field on H™, the variables
{(2522}1‘:0,1,2 are indeed smooth up to and on future horizon if the regular N-P scalar E}z is. In global

Kerr coordinates, the vector field Y equals to —9,.+ 9y« in [ry, M 41 /2] and is Tzz"z Op + K 0g+ — O
for r > rg.
The governing equations for these quantities are

2 0
LO,¢), = FO, —A0isMri2a®) 1 S0 0tads)os, (1.24a)

T ’

re— r42a? r—12a2 4(a?81+ady) Pt
L, pl, = Fl, =200=3Mre2ah) 4o ) 6Mr—12a® g0 A D)%% 6(a20, + ady)d .y, (1.24D)

r

Li,pl, =F},=— 8(a O + ady)pl o — 12a%¢7.,, (1.24c)
and
2 0
L0,¢0, = FO, =402 =3Mri2at) g1 S0 Ockede)dcs (1.25a)

2 1
Ll,gl, = F, =200=8Mre2a) o 6Mr2a® 40y 2O 0F00e)0s 4 6620, 4 ady)g0,, (1.25b)
L1,2¢2,2 = FEQ :8((1,2815 + aa¢)¢72 — 120,2(]5(12, (]_25(3)

respectively.? The subscript +2 or —2 here indicates the spin weight s = £2, and the operators L
and L!, given by

L? = %0, + 2is (& cosd 50 — acos0;) — s (cot2 0+ %) , (1.26a)
L. = S0, + 2is (2529, — acos00,) — s> (cot2 0+ T2—21\;f7;+%2> , (1.26b)

are both "spin-weighted wave operators", but with different potentials. The equations (1.24) and
(1.25) for ¢ are in the form of either of the following equations:

L% = F; (1.27a)

2The underlying reason for applying twice the first-order differential operators to the spin +2 components is to
make the nonzero boost weight vanishing. This is closely related to Chandrasekhar transformation [7] on Schwarzschild
as well.
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Ly =F, (1.27b)

which will be both called as "inhomogeneous spin-weighted wave equations" (ISWWE) in this paper.
When there is no confusion of which spin component we are treating, we may suppress the subscript
of ¢ and simply write as ¢".

Remark 1. After making the substitutions 0, <+ —iw, Op <> im, and separating the operators L*
(k=0,1), the angular parts are the spin-weighted spheroidal harmonic operator of angular Teukolsky
equation. The radial operator of L. is the sum of the radial part of the rescaled scalar wave operator
¥, and a potential s*(r?* —A—a?)/r?, and reduces to the radial operator for Regge- Wheeler equation
[20] when on Schwarzschild background (a = 0), while the one of LY is the sum of the radial part of
0, and another potential s*(A+a?)/(2r?). See more details in Section 5.2 for Schwarzschild case
and Section 6.2 for Kerr case.

1.4. Main theorem. The TME admits a symmetry that A®y_g(—t,7,0,—¢) and 4(t, 7,0, @)
satisfy the same equation, hence we focus only on the future time development in this paper, and
one could easily obtain the analogous estimates in the past time direction.

For any complex-valued smooth function ¢ : M — C with spin weight s, we define in global Kerr
coordinates for any 7 > 0 that

09 (t*,1,0,6%)1* = |00 + 10:91* + |V, (1.28)
B.(v) = [ 10vP, (1.29)
and in ingoing Kerr coordinates for any 75 > 71 > éTthat
Bt ) = | o (0 VU)o 0, (1.30)
1,72

The Y used here are not the standard covariant angular derivatives YV7 on sphere S?(¢*,7), but the
spin-weighted version of them, i.e., ¥ could be any one of Wj (j = 1,2,3) defined by

TWl _ TW1 __ iscos¢ __ (—Sind)ag _ cos¢ COS@@¢*) _ iscos¢

sin 9¢ S<il7n 6 L 51(2 6
is sin sin is sin
TWZ - TY]Q sin® (COS ¢89 " sin6@ cos 98¢ ) ~ Tsin6 (131)

Vs =1V5=0p

In global Kerr coordinates, we can express the modulus square of Vi) as

. 2
2 s 004x P+is
P2 = > IVl = & (1000 + | 0. )
i=1,2,3
8y -is cos 1 | 2
— & (100wl + | 2emiere=tt "y g2y, (1.32)

In particular, note from (1.32) that |V¢|?, and thus |9¢|?, already have control over r~2|¢)|2. The
same expressions (1.31) and (1.32) hold true in B-L coordinates and ingoing Kerr coordinates from
(1.10). For convenience of calculations, we may always refer to these expressions with J, in place of
04+ without confusion.

For any smooth function ¢ with spin weight s, we define for any multi-index ¢ = (i1, i2, i3, i4, 5)
with i >0 (k=1,2,3,4,5)

RT3 (1.33)
Denote a few Morawetz densities by?
Macg(¥) = 7 2100 + Xorap(r) (0710000 + 77 V[?), (1.34a)
M) = 210,41 + [00-91%) + 77 [V, (1.34b)
Macg () = 77009 + Xtrap (r)r ™ (1004 + [VI), (1.34c)
M) = r~" |0y, (1.34d)

3We should distinguish among these different notations that one with a tilde means there is no extra r—% power
in the coefficients of r- or t*- derivatives term and one with the subscript deg means there is the trapping degeneracy
in the trapped region, and vice versa.
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Here, Xtrap(r) = (1—3M/r)?(1— m
region bounded by minimal and maximal trapped radii rtj;ap(s(), M) with e¢ chosen in Theorem 2
below, § € (0,1/2) is an arbitrary constant, and 7 o) (r) is the indicator function in [R,oc0) with
parameter R fixed in Section 3. Note that when gy — 0, rtj;ap(so, M) — r4rap(0, M) = 3M.

1)), my— .+ (r) is the indicator function in the radius

+
Ttrd,p sTtrap Ttrap>Ttrap

Theorem 2. Consider the linearized gravity in the DOC of a slowly rotating Kerr spacetime (M, g =
gna). Given any smooth regular extreme N-P components as in Section 1.2 which vanish near
spatial infinity, then for any 0 < 6 < 1/2 and nonnegative integer n, there exist universal constants
g0 =¢o(M), R=R(M) and C = C(M,0,%9,n) = C(M,6,2,,n) such that for all |a|/M < ag/M <
go and any T > 0, it holds true for reqular extreme N-P components:

[ (Ma(0*af?) + Ta@*a") + Fa(@*2()
D(0,7)

k| <n
+3 Z( (05 0()) + Epge (0.0 (0" ) <cy ZEO (9F ), (1.35a)
|k|<n i=0 |k|<n t=0
[ (M@ el + M@ ) + m@tal)
k| <n D(0,7)
2
+ 303 (B (@) + By o (@) <0 3 ZE (@), (1.35b)
|k|<n i=0 |k|<n i=0

Here, the set (<I>§-0), <I>§-1), <I>§-2)) for 7 =0,4 takes

o) = 140, R ) o) = 1YY dy; (1.36a)
o = &, ol = +a2V(r<I>( M, oY = rA v(rell). (1.36D)

Remark 3. The trapping degeneracy for the Morawetz densities Mdeg([)k@gf)) and Mdeg(ﬁk@f))
with |k| < n—1 can be manifestly removed. We shall only focus on the n = 0 case until Section 6.6,
since as shown in Section 6.6, the n > 1 cases follow straightforwardly from the n =0 case.

Remark 4. The energy and Morawetz estimate (1.35) is obtained by treating the systems (1.24) and
(1.25) for ¢, and is a single estimate at three levels of reqularity for each extreme component, since
®2 involves at most second-order derivatives of ¢O. Therefore, in spite of the well-known trapping
phenomenon, we prove Morawetz estimates for ¢ and ¢> which are in fact nondegenerate in the
trapped region. However, the three levels of reqularity must be treated simultaneously. One one hand,
to estimate the inhomogeneous terms on the RHS of (1.24) and (1.25), it is necessary to eliminate
the trapping degeneracy in the Morawetz estimates for ¢° and ¢} by considering one more order of
derivative; on the other hand, it is possible to close the three estimates simultaneously, because the
RHS of (1.24) and (1.25) are at two level of regularity at most, involving no derivatives of ¢2 and
at most one of 9 and ¢t.

Note that the systems (1.24) and (1.25) are, however, not weakly coupled anymore as in the
Mazwell case [15], a fact caused by the presence of the ¢l term in (1.24a) and (1.25a), or the ¢°
term in (1.24b) and (1.25b). Take the system (1.24) for s = +2 for example. Our approach here
relies on an estimate bounding qb}rQ from (;512 by employing the differential relation (1.23a) between
them, which facilitates the treatment for the system in a rough (but accurate in the Schwarzschild
case) sense that the error term in the Morawetz estimate for (1.24a) arising from the inhomogeneous
term can be controlled by adding a large amount of Morawetz estimate of (1.24¢) to the estimate of

(1.24a), cf. Section 1.6.

4n fact, the N-P components should be viewed as sections of a complex line bundle. Therefore, "smooth" means
that these components and their derivatives to any order with respect to (9¢+, 9, V;, ¥,, V3) are continous.

6



1.5. Previous results. We refer to our first part of this series [15] for an overview of existed results
in the literature on scalar wave equation and Maxwell equations in the exterior of Schwarzschild and
Kerr black holes.

The linear stability of Schwarzschild metric under metric perturbations was resolved recently
in [8, 12]. The former one starts from a Regge-Wheeler [20] type equation satisfied by some scalar
constructed by applying a physical-space version of fixed-frequency Chandrasekhar transformation [7|
to some Riemann curvature components (closely related to extreme components in N-P formalism),
and the later one carries out a detailed study on Regge-Wheeler-Zerilli-Moncrief [20, 27, 16] system.
The energy and Morawetz estimates, as well as decay estimates, for this system are also obtained in
[2].

On Kerr background, there is little known about metric perturbations. Nevertheless, as mentioned
already, the extreme components of the Weyl tensor in N-P formalism satisfy decoupled, separable
TME (1.18). After decomposing spin +2 components into modes, differential relations between the
radial parts of the modes with opposite extreme spin weights, as well as between the angular parts,
are derived in [23, 24] and are known as "Teukolsky-Starobinsky Identities". In [26], it is shown
that the TME admits no mode with frequency having positive imaginary part, or in another way,
no exponentially growing mode solution exists, by assuming no incoming radiation condition. This
mode stability result is recently generalized in [22, 3] to the case of real frequencies. We mention
here the paper [10] which discusses the stability problem for each azimuthal mode solution to TME.

1.6. Outline of the proof. It is convenient for latter discussions to introduce the variables which
are not degenerate at H

005 = A4, oL, = A~lr2gl (1.37)

and we may suppress the subindex and simply write as gﬂi)6 and ;bvl Moreover, we define two quantities
for spin 2 components respectively that

E42(0,7) :EO(7'475¢3-2) + EO(T275¢}+2) + Eo(¢7,)
+ 5 (B-(r1706%5) + B (1270 ¢l,) + Ex(6%))
1 (B 00y (r706%) + Bar 0.1y (P2 00,) + Byt (0.0 (62))

el [ () T 0h) + M), (135

=-2(0,7) =Eo(¢°) + Eo(61) + Eo() + / r (IV6°2 + 1761

o

1
ylal (z (B-() + Brr0.r)(8)) + Br(82,) + Ew<o,f><¢>22>)

=0

[ (Masloe) + M@ @) (1:380)

We say F; <, Fy for two functions in the region D(0,7) if there exists a universal constant C' =
C(ap, M, d,%) such that

F < OF2+CE+2(O,T) (139&)
or
Fi SCF2+CE_2(O,T) (13913)

depending on which spin component we are considering. We now give the outline of the proof of the
estimates (1.35) for spin +2 and spin —2 components separately.
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1.6.1. Spin +2 component. We will first obtain in Sections 5 and 6.4 the following energy and
Morawetz estimates for ¢°, ¢! and ¢ defined from the spin +2 component:

ET(T4_6¢0) + EH+(0,T) (r4_6¢0) + / Mdeg(r4_6¢0)

D(0,7)
S / (co(r420%) + e 1155, (1.40a)
D(0,7)
ET(T276¢1) + E’H‘*’(On—) (T275¢1) + / Mdegoﬂiéd)l)
D(0,7)
Sja /D(O : (61M(7~2*5¢1) + El_lmdeg(T476¢0) + el_lMdeg(sz)), (1401:))
E (%) + Ey+ (0,1 (97) + /( )Mdeg(¢2) <, 0. (1.40¢)
D0,

In addition, a separate estimate will be derived in Section 4 for ¢! to bound the last term in (1.40a),
see (4.1). The parameters €y and €; in (1.40), and €& in (4.1), are small constants to be fixed.
Substituting (4.1) into (1.40a) gives

ET(T4_6¢O)+E’}-L+(0,7—)<7"4_6¢0)+/D( )Mdeg(r4_6¢0)
0,7

Suco / (6% + gl / M(rg") +cgler! / Mas(@?).  (L41)
D(0,7) D(0,7)

We add Ag multiple of estimate (1.41) and A; multiple of (1.40c) to the estimate (1.40b), and fix
the parameters one by one to satisfy

e <1, 40> 7 g < Ayt e < Agteg, A > Ag (e0ér) 4 €61 L, (1.42)

then for sufficiently small |a|/M < ag/M all the spacetime integrals on right hand side (RHS) of the
gained estimate can be absorbed by the left hand side (LHS), arriving at:

B (r'00%,) + B (r?7°94s) + Br(0%) + (B 0.0 (1" °050) + Bar (0.0 (1 042) + B (0.1)(0%))

+ -/D(O : (M(T%é 90) + M(r%%}w) +Mdeg(¢iz)) S Eo(r*0¢5,) + Eo(r* ¢l ) + Eo(¢2,).
| (1.43)

Here, we have utilized the facts that
/ (Migeg (r*76°) + Plgeg (r2~%") ) ~ / (F(106%) + Mag (r2~°61)) (L.44a)
D(0,7) D(0,7)

(FL(4=26) + B2 6") + Maeg(67))
(1.44b)

D(0,7)

In the trapped region, Mdcg(r4—6¢0) + Mdcg(r%‘;qﬁl) bounds over |Y¢°|?, |0,«#°|? and |¢°|?> and
then over |¢°|? and |H@°|?, H = 0; + a/(r® + a?)d, being a globally timelike vector field in the
interior of D with —g(H, H) = AX/(r?* + a®)2. Hence, (1.44a) follows from elliptic estimates. The
inequality (1.44b) can be similarly justified. The estimate (1.35a) with n = 0 then follows from
(1.43).

1.6.2. Spin —2 component. Similarly as above, ¢y and €; are small constants to be fixed and we

will prove in Sections 5 and 6.4 the following energy and Morawetz estimates for ¢, ¢! and ¢
constructed from the spin —2 component:

Er(6%) + By (0.0) (6°) + /D o Maes() s /D . )(eOM@FH%'iT), (1.452)
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B0+ Enrion @)+ [ M@ o [ (a0 + & (M) + 1T+ )

D(0,7)
(1.45D)
— 012
Eo()+ Buron(@) + [ Ma@) S i [ (I8P + BF). (1.450)
D(0,7) D(0,7)

By substituting (4.5b) into (1.45a), (4.5a) and (4.6a) into (1.45b), (4.5a) and (4.6b) into (1.45¢),
respectively, it follows that

B () + By o) (@) + /D , )Mdeg@ﬁ) <. /D ; )M@FH; /D o M) (1.46)

E(6) + Byt (0. (91) + /D . )Mdeg@“l) Sa /D . )(el+€L‘3¢I)M<E>+5(Mdeg<¢2>+%M<¢0>),
’ ’ (1.47)

EL(6%) + By 0. (62) + /D o Masl6) 500 (1.48)

We add an A multiple of estimate (1.46) and an A; multiple of (1.48) to the estimate (1.47), and
fix the parameters in an order such that

Ag>1e < leg < Ayt A > Ageg ' + e, (1.49)

then for sufficiently small |a|/M < ag/M, all the spacetime integrals on RHS can be absorbed by
the LHS, and it holds true that:

S (Be(@) + Bxr0(@) + (B-(6%) + Buom (@) + [

i=0,1 D(0,7)

S Y Bo@) + Eo (@) + [ r (1990 + )

i=0,1

(FA(8) + FA(GT) + Miaeg (6 )

S Z Eo(¢') + Eo (¢7) . (1.50)
i=0,1

The inference is as follows. It can be argued in the same way as in the relations (1.44) for the spin

+2 component that the trapping degeneracy in the terms Myeg(¢") and Mgeg(¢') can be removed,

and in the last step we have used the inequality (6.63) in Proposition 15 in Section 6.5. From the

estimate (1.50), the estimate (1.35) is proved for the other regular N-P component ®, for n = 0.

Overview of the paper. In Section 2, we give some preliminaries and introduce some further
notations. Red-shift estimates near horizon and Morawetz estimates in large radius region for
different quantities are proved in Section 3. Afterwards, we derive some a priori estimates on
any fixed full subextremal Kerr background by considering the definitions (1.23) in the context of
transport equations in Section 4. The basic estimates (1.40) and (1.45) are proved in Section 5 on
Schwarzschild and in Section 6.4 on a slowly rotating Kerr background. These complete the proof
of the estimate (1.35) based on the discussions in Section 1.6 and Section 6.6.

2. PRELIMINARIES AND FURTHER NOTATIONS

2.1. Well-posedness theorem. We refer to [15, Sect.2.1] for the well-posedness (WP) theorem for
a general system of linear wave equations. See also [4, Chapter 3.2]. Similarly as the reduction in
[15, Sect.2.1], we can assume that the regular extreme N-P components are smooth and of compact
support on initial hypersurface .

2.2. Generic constants and general rules. Constants C' and ¢, depending only on ag, M, § and

Yo, are always understood as large constants and small constants respectively, and may change line

to line throughout this paper based on the algebraic rules: C + C = C, CC = C, Cc = C, etc.

When there is no confusion, the dependence on M, ag, 6 and ¥y may always be suppressed. Once

the constants £9(M) and 0 < § < 1/2 in Theorems 14 and 2 are chosen and the choice of function
9



x1(r) in (1.7) defining the global Kerr coordinates is made, these constants can be made to be only
dependent on M.

For any two functions F' and G, F' < G means that there exists a constant C' such that F' < CG
holds everywhere. F' ~ G indicates that F' < G and G < F, and we say that F' is equivalent to G.

The standard Laplacian on unit 2-sphere is denoted as Ag2, and the volume form dogz on unit
2-sphere is sin 8dfd¢* or sin #dfd¢ depending on which coordinate system is used.

Some cutoff functions will be used in this paper. Denote yxg(r) to be a smooth cutoff function
utilized in Section 3.1 which is 1 for » > R and vanishes identically for r < R — 1, and xo(r) a
smooth cutoff function which equals to 1 for r < g and is identically zero for r > rq, see Section 3
for the choices of ry and ry. The function x is a smooth cutoff both to the future time and to the
past time, which will be applied to the solution in the proof of Theorem 14.

An overline or a bar will always denote the complex conjugate, $(-) denotes the real part, and
"left hand side(s)" and "right hand side(s)" are short for "LHS" and "RHS" respectively.

Throughout this paper, whenever we talk about "choosing some multiplier for some equation", it
should always be understood as multiplying the equation by the multiplier, performing integration
by parts, taking the real part and finally integrating in the spacetime region D(0,7) (or D(71,72))
in global Kerr coordinate system with respect to the measure Xdt*drdfde*.

3. ESTIMATES NEAR HORIZON AND IN LARGE RADIUS REGION

Morawetz estimates in large radius r region and red-shift estimates near horizon for different
quantities are proved in this section. We emphasize that all the R in the estimates in this whole
section can be a priori different, so do all the rg and the r{, but we will take the minimal ro, the
maximal 7; and the maximal R among them such that the estimates hold true uniformly, and still
denote them as rg, r and R.

3.1. Morawetz estimate for large r. We put the equations (1.24b), (1.24c), (1.25b) and (1.25¢)
into the general form (1.27b), or equivalently, in an expanded form

= r?+a? t+a 2 . 18 cos . 2
SO.9 £ {&(A&«) - M + siié% (smﬁd%) + (% + as1n03t> }1/’
= (4ias cos 00, + 32%2‘12) Y+ F, (3.1)

Gptiscosd '::1 e 1 asin 00,)?
in place of the operator (S?ﬁ +asin §9;)? in the expansion of £[J,. Analogously, the equations (1.24a)

and (1.25a) can be put into the form of (1.27a), or

such that leq is the same as the rescaled scalar wave operator X, except for (

sin 6

~ r2+a? i +a 2 . 18 COS . 2
S0, 2 {a,.(Aa,.) B G e .27 W WP Ry RY A (2t + asinga,) }w
= (42'(15 cos 00, + 52W> U+ F. (3.2)

Therefore, for any fixed 0 < § < 3, we follow [15, Sect.3.1] and choose the multiplier X1 =

=S (f(r)dr+ + 2w(r)) 1 for both (3.1) and (3.2) with

f=xr(r)-(1=r77), (3.3)
w =20, f +412M p o122 g (3.4)

and easily obtain the following result.

Proposition 5. In a subextremal Kerr spacetime (M, garq) (|a| < ag < M), for any fized0 < § < 3,
and for any solution v to (1.27a) or (1.27b), there exists constant Ro(M) and universal constant C
such that for all R > Ry, the following estimate holds for any 1o > 1 > 0:

M(y) <O (E s f |aw2>>

10

/D(‘rl ,72)N{r>R}



+C R (FXu)| - (3.5)

A(Tl,rg)ﬂ{rzR—l}

Remark 6. Recall here the definition of the Morawetz density M(vy) in (1.34). This estimate will
be applied to 1 = ¢' defined in (1.23a) and (1.23b) with the corresponding inhomogeneous term
F=F!in (1.24) and (1.25).

In fact, we can obtain an improved Morawetz estimate in the large radius region for spin +2
component.

Proposition 7. In a subextremal Kerr spacetime (M, gnr,o) (Ja] < ag < M), let 0 < § < 1/2 be
given. Then there exists constant Ro(M) and universal constant C such that for all R > Ry, the
following estimates hold for ¢3_2 and ¢}~_2 respectively for any 7 > 1 > 0:

_ 2 _ _ 2
/ o)+ | 9 (060,
7y N[R,+00) D(11,72)N[R,00)

_ 2 _ 2
</ 0, ) + | 0.(-6%) (360
S.,N[R—1,R) ., N[R—1,400)
— 2 _ _ 2
/ oG ek,) "+ [ 70 (7 70k)
27y N[R,+00) D(71,72)N[R,00)
_ 9 _ 2 P 475¢'0 2
sfo L leap s o)+ | s
E,N[R-1,R) 3, N[R—1,+00) D(71,72)N[R—1,00)
(3.6b)
Proof. We define the variables
s 2N\ A4—5
4= = (rjza ) (Wppa/ (7 + a?)?), (3.72)
s 2y 28
ops 7 = () (V@Y (bpa /0 4 a)) (3.7h)
and derive the governing equations of them as follows
(20, + L3209, — dcot? 0 + (2 + 6% — 50)) ¢T3 ~°
S — r2+a’r+a? 4-26)V(Vr? Vs é r“+a a -
= e (( ) (—g 0, + z%) oYs 6)
+ (4ia cos 00; — %&ﬁ) qﬁi’g_é + A(Zsifgwqﬁig 2, (3.8a)

(Z':lg + 4100896¢ —400t29+ (2+52 — 5(5)) ¢1 2-0

sin? 0

r3— r’4+a?r+a (2— 25)V(W¢1 2 6 r24q2 a 2—68 a(a?—r? §
= e (S 20 (10 20, 011 ) + S 000
7 . ar _ 3_ 2.2 2 4
b BT gl (siacos0a, — o) gl3S 4 SO et 025 (g

Here, P5(r) and P5(r) are both polynomials in r with powers no larger than 5, and the coefficients
of these two polynomials depend only on a, M and ¢ and can be calculated explicitly. We shall make
use of the following expansion for any smooth complex scalar ¢ of spin weight s

(20, + 229209, — 5% cot? 0 + |s| + 6% — 53)) ¢

sin? 0

= (5L500(sin00p) + 55505, + 229500, — 5% cot® 0 + |s| + 6> — 56) ¥
—Vr2+a?Y < T (\/ r2 4 a2w>) T2+a2 Dyt

+ (2002, + a® sin? 00} )  — Mg Mrkaty), (3.9)

Notice that the eigenvalue of the operator in the first line on RHS of (3.9) is not greater than 62 — 58
which is negative, hence if we choose the multiplier

4-28)V (VT2 ¥ ¢°4“ 2402 o
—EnXopld T & - Sxngtn (Ve D a5 (Pt 1 20,) 62570)  (3.10)
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for (3.8a), it then follows

/ |8¢04 5|2+/ (|X¢04 2 +|Y7¢04 5|>
Sy N[R,+00) D(nﬁa)ﬁ[R@O)

5,0,4—52
S / +/ 10655~ 5|2+/ 100 1, (3.11)
>,,N[R—1,R) X, N[R—1,400) D(711,72)N[R—1,00)

Moreover, by choosing the multiplier —xzr=3(1 — 2M/r )¢0 23 for (3.8a), we arrive at

/ (10654 + v ) 5 0ot P+ [ 06477
D(71,72)N[R,00) E,N[R—1,+00) X, N[R—1,+00)

+/ ( 71|3t*¢>04 5|2 72\&;504 5| ) (3.12)
D(71,72)N[R—1,00)

Adding a sufficiently large multiple of (3.11) to (3.12) and taking R sufficiently large, we conclude
the inequality (3.6a). The estimate (3.6b) follows in the same way by treating (3.8b). O

3.2. Red-shift estimate near Ht.

Proposition 8. In a slowly rotating Kerr spacetime (M, gum.a) (la| < ag), there exist constants
go(M), ry <2M < ro(M) < ri (M) < (14++V2)M and C = C(%,,, M) = C(X,,, M), two smooth
functions y1(r) and ya2(r) on [ry,00) with y1(r) = 1, ya(r) = 0 as v — 74, and a @ -invariant
timelike vector field

N =T+ xo(r) (y1(r)Y + ya2(r)T) (3.13)

with xo(r) a smooth cutoff function which equals to 1 for r < ro and is identically zero for r > rq,
such that for all ag/M < e,

o for i € {pl,, 3_2,¢2_2} whose governing equations (1.24b), (1.24c) and (1.25¢) can be put
into the form of (1.27b) with the relevant inhomogeneous term F', the following estimate
holds for any 79 > 1 > 0:

Bt (0)+ | oul*+ | (10012 + Hog(lr = 4 )1 21 — v+ 147)
Z,—2F‘|{r<r0} D(71,m2)N{r<ro}

<c 002 + C \a¢|2+c/ PP (3.14)
ETlﬂ{Tgrl} D(r1,m2)N{ro<r<ri} D(71,m2)N[r4,r1]

e for the equation (1.24a) 0f¢3_2, the following estimate near horizon holds for any 7o > 11 > 0:
EH*(T1,T2)(¢3—2)+/ |3¢32\2+/ (1065517 + [og(|r — NI 72r — 4|7 H652]%)
Soyn{r<ro} D(71,m2)N{r<ro}

<c 060, + C / 060, % + C 61,2, (3.15)

S {r<r} D(71,m2)N{ro<r<ri} D(71,m2)N[r4,r1]

Proof. Following the discussions in [15, Sect.3.2], the estimate (3.14) manifestly holds true.
For gﬂz, we also make use of the following equivalent form of equation (1.24a):

2 2 a?0;+a 0 .
>0, o (6%5) WY(#J 4 208Mri12at gL 8(a”0:+ads)dis 4 8in cos 00,(6%,).  (3.16)

T T

Then the estimate (3.15) follows easily. O
Recall from (1.37) that ;56 = 1Pj_g]. The equation for (fb\a reads
n0, 0 =8ri=10e® 5o 4 (w}f + 2r8t) @0 — 3840
+ 10 (a%0; 4 ady) ¢° + 261 — 8ia cos 00,4, (3.17)
and the governing equation for 7"2;#; is

Eﬁg(r2¢1) I 2}?@ (r 2¢1) <74(T_AQT_9AY + rat) (7"2;);) + L¢? — 8iacos 98,5(7”2;);)
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+ 62 ((Mr —2a?)¢0 + 1 (a20, + ady) ?55) + 5 (a20, + ady) (r261). (3.18)
One could easily adapt the proof in [15, Sect.3.2] to obtain:

Proposition 9. In a slowly rotating Kerr spacetime (M, gnm.a) (la| < ag), there exist constants
go(M), ry < 2M < ro(M) < ri(M) < (1 ++V2)M and C = C(%,,, M) = C(%,,, M), and a p,-
invariant timelike vector field N defined as in (3.13) for two smooth functions y1(r) and y2(r) on
[ry,00) with y1(r) = 1, y2(r) = 0 as v — ry, such that for all ag/M < &g, the following red-shift
estimates hold for ¢° 5 and ¢* 5 for any 79 > 711 > 0:

Erct () + | o5+ | (10602 + 1og(lr = )|l = 74 1F)
Sy N {r<ro} D(11,m2)N{r<ro}
<c / 06%2 + C 06°2 + C 12, (3.19)
Z.,lﬁ{'rgrl} D(71,m2)N{ro<r<ri} D(71,m2)N[r4,r1]
En @)+ [ osi+ [ (19672 + og(|r = v )| 2| = |~ |61 1?)
So,n{r<ro} D(71,m2)N{r<ro}
<C 0612+ C 0612+ C (1621 + oo + 161 .
S n{r<r} D(11,m2)N{ro<r<ri} D(11,m2)N[r4,71]
(3.20)

4. ESTIMATES FOR SPACETIME INTEGRALS OF ¢ AND ¢}
We derive in this section some estimates for ¢0 and ¢! which are used in Section 1.6.
4.1. Spin +2 component.

Proposition 10. In a fized subextremal Kerr spacetime (M, gnar.a) (la] < ag < M), the following
estimate holds for qﬁrQ defined as in (1.23a) from the spin +2 component:

1,2 1,2 22 1,2
/ e sel/ L +é;1/ al +/ Ly (4.1)
D(0,7) D(0,7) D(0,7) o

Proof. We start with a simple identity for any smooth real function fio(r) and any real value «:

Y (£a2rlre'?) + fraor®™Hrg! P = Y (£42)r®[r¢" [ = frar®R(e'6?). (4.2)
Integrate (4.2) over D(0,7) with the measure
dV = r=2dV = drdt* sin 0d0de* (4.3)
for a =0 and fio = ﬁ. Then, since

|o

— Y (fi2) =8y fro = 2M(r°—a”) >

(r2+a?)? ’ (4'4)

)

an application of Cauchy-Schwarz inequality to the term fD(O ) froR(6'¢2)dV proves the estimate
(4.1). O

4.2. Spin —2 component.

Proposition 11. In a fived subextremal Kerr spacetime (M, gar.a) (|a| < ag < M), it holds for ¢°,
and ¢ 5 defined as in (1.23b) from the spin —2 component that

/ il g/ i +/ (\¢;\2+ wi\?), (4.50)
D(0,7) D(0,7) >o

/ Il 5/ Ul +/ By (4.5b)
D(0,7) D(0,7) >o

Moreover, for the angular derivatives of them, we have for i = 0,1 that

/ VO + / PV
D(0,7)N[6M,00) 2-N[6M,00)
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512 — 5012
DO,7)N[EM,0) T SoN[5M,00) DO,)N[EM6eM] T
/ Yol [ Vo
D(0,7)N[6M,00) 2-N[6M,00)
2|2 N 12
</ P, | o b (4.6b)
D0,7)N[5M,0) T LoN[5M,00) D0,7)N[5M,6M] T
Proof. We derive for any real function f_s(r) and any real value [ that
V(f-orlrg!|?) = foaBrP rg! P = 0, forre! P = — 1P foR('9?). (4.7)
By choosing § = —1 and f_5 = TQX‘I27 since Opf_o = % the estimate (4.5b) then follows

from integrating (4.7) over D(0,7) with the measure dV in (4.3) and applying Cauchy-Schwarz to
the integral of the RHS of (4.7).

Similarly, for ¢°, we have
/ il 5/ Sl +/ o717, (4.8)
D(0,7) D(0,7) >0

Combining (4.5b) with (4.8) proves the estimate (4.5a).

We prove the inequality (4.6a) below, the proof for (4.6b) being analogous. For a smooth cutoff
function x2(r) which is equal to 1 in [6}/,00) and vanishes in [r},5M], any real value S and Y,
(j =1,2,3) as defined in (1.31), it holds

V(f-axar” [PV ;6°1?) = x20r f-ar”[r?V ;6% — (Bx2f—2 + Orxaf—or) v’ [r? V6O
= Xof2r*PR(V,6°V,0h). (4.9)

Choosing 8 = —1 and f_o = (TQZ‘j)S, integrating (4.9) over D(0,7) with the measure dV in (4.3),
and applying Cauchy-Schwarz to the last term, the estimate (4.6a) for ¢ = 0 follows manifestly from
summing over j = 1,2, 3. ]

5. PROOF OF THEOREM 2 ON SCHWARZSCHILD

We derive the estimates (1.40) and (1.45) on Schwarzschild backgrounds, thus finishing the proof
of Theorem 2 on Schwarzschild for n = 0 from the discussions in Section 1.6. The n > 1 case follows
from Section 6.6.

5.1. Coupled system on Schwarzschild. In Schwarzschild spacetime, the governing equations
(1.24) and (1.25) for ¢¢ (i = 0,1,2) can be written in a unified form:

4(r— SM
Lo} =F) = 5340}, (5.1a)
Lig, =F) = ) —3M) 42 4 6M ¢, (5.1b)
L¢3 =F? =0, (5.1c)
with the operators simplified to

L) =0, 4 229509, — 5 (cot” § + =2 | (5.2a)
L} =¥0, + 229509, — 5% (cot” § + =20 ) | (5.2b)

5.2. Decomposition. The equations (5.1b) and (5.1c) are both in the form of an ISWWE
Lol = 040! + 211358998 pr — 4 (cot? 0+ =21 ol = GL. (5.3)

We will from now on suppress the subscript s in the functions ¢! and G, as well as in ¢? and G?
n (5.11), but retain it for the operators.

Decompose the solution ¢! and the inhomogeneous term G into

P' =D Pt r)Yong(cos )™ m € Z, (5.4)

m,f
14



G' = Z Gl (t, )Y, (cos0)e™® m € Z. (5.5)

m,L

Here, for each m, {Y;?,(cosf)}, with min {¢} = max(|m/,|s|) > 2 are the eigenfunctions of the
self-adjoint operator

_ 1 . o m2+2ms cos §+s>
Sm ~ sin@ 89 S11 989 Sin2 ] (56)

on L?(sin #df). These eigenfunctions, called as "spin-weighted spherical harmonics", form a complete
orthonormal basis on L?(sin #df) and have eigenvalues —A,,,, = —¢(¢ + 1) defined by

SnY, (cos0) = =AY, (cos ). (5.7)

An integration by parts, together with a usage of Plancherel lemma and the orthonormality property
of the basis {Y,3,(cosf)e’™?} . gives

T 27
U+ 1) [kt )| = /0 /0 (Vo (¢, 7)|” 77 sin Odpdf. (5.8)

m, £
The equation for ¢} , is now
P AT 0 g — On (A0, ) + L+ 1) pr — 8M /103 + Gy = 0. (5.9)

In the case that the inhomogeneous term G' = 0, this is exactly the equation one obtains after
decomposing into spherical harmonics the solution to the classical Regge-Wheeler equation [20] on
Schwarzschild:

S0gu + 8y = 0. (5.10)
The equation (5.1a), while, is in a form of an ISWWE with another potential:
L¢" = S0,0° 4 22950 9,0 — 4 (cot® 6 + M) o0 = G°. (5.11)

After the decomposition into spin-weighted spherical harmonics as above, the equation for ¢? , reads
T AT o — 0r (A0, )y + UL+ 1) — (2 — 4M/7)p, 0 + Gy = 0. (5.12)

The identity (5.8) holds for ° as well.
We now consider the general form of the equations (5.9) and (5.12):

rATIR 0 — 0,(AD, ) + Ll + 1) + V(r)p + G =0, (5.13)
with the potential

—8M/r for (5.9),

Vi) = { 21 4M/r for (5.12). (5.14)

5.3. Energy estimate. Multiplying (5.13) by T@ = 0, and taking the real part, we arrive at an
identity:

1 4 _ —
20 (1000l + Al0,pl + €0+ VI + VIgl?) 0, (R(A0,007)) = ~R(CAP).  (515)
Since £ > |s| = 2 and £(£ + 1) > 6, the inequality
U+1)+V(r) > 30(0+1) (5.16)

holds for both potentials in (5.14). Summing over m and ¢, applying the identity (5.8) for ¢! and
¢V, and finally integrating with respect to the measure dt*dr over {(t*,r)|0 < t* < 7,2M <7 < oo},

we have the following energy estimate for ¥ (i = 0, 1):
) . .17
In global Kerr coordinates, for any 7 > 0,
BN ~ [ (0ng'P+ 76 + S10ro'P). (515)

r

ET () < C (Eg(soi) 4 /D o [ra

0,7)
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5.4. Morawetz estimate. In this subsection, following the approach and choices of the multipliers
in [1, 2], we prove the Morawetz estimate for the separated equations (5.9) and (5.12), which are
both in the form of (5.13), and then derive the Morawetz estimate for (5.3) and (5.11).

We multiply (5.13) by

X (@) = forp +qp = T2G=0M g, p 4 Lol (5.19)

take the real part and arrive at

o (R (5X(@)00)) + 30, (F |60+ VIl = K 1oel* = Aloral? + VIgl))

+ 500 (R(O-(AG)p? — 28400, — 24(r — M) ¢l*)) + B(p) = = R(X(9)G). (5.20)
Here, the bulk term
B(p) = B'(r)|diel® + B"(r)|0r0l” + B°(r)]l® + B (r) (€(¢ + )] o) . (5.21)
with
Bi(r)=0, B'(r)= M4 pB(y)= =307 (5.22)
and
20 ={ T et o) (529
We first treat (5.9) by calculating
B(r) + 6B (r) = 2(r —2M)(r — 3M)*r~* + (3Mr=2 — 9M*r—® + 13M°%r™?).. (5.24)
Denote V'(r) = 3Mr=2 — 9M?r=3 + 13M3r~*, then clearly,
B(p) = B" (1|0, + V2 ()|l + B (r) (£(¢ + 1) = 6) |io] . (5.25)

We now follow [1, Lem.3.12] to prove that the following Hardy inequality holds for some constant
€Hardy > 0:
[ Bl + V' 0le) 2 ey [ (351008 + lol?) (5.20
2M 2M
by showing that
— 9. (B" (1o )u+V(r)u=0 (5.27)
admits a positive C? solution in (2M, 4+00). Adapting the discussions in [15, Appendix A.2|, we
calculate for V! (r) in place of V(r) there that

Ag=-21, A =13, Ay=-3/2, (5.28)
and therefore, we find a solution to this hypergeometric differential equation:
1
u=(B"(r))"2(r—2M)*' P Fay;b1;c1; 2), (5.29)
where
z = _TgﬁMv Q] = 1+2\/§7 51 = 1_;/57 (530)

and F'(a1;b1;¢1;2) is the hypergeometric function with parameters
a] = 71+\/§7%/§7ﬁ, b = 71+\/§75/E+ﬁ, co=1+ \/5 (531)

Since the parameters satisfy
a1 ~ —2.461 <0< by =0.185 < 1 ~ 2.414, (5.32)

then by recalling in [19, Chap.15] the expression of hypergeometric function: For 0 < Rb < Re,

1
Fla,b;c;z) = % /0 11— ) N1 — 2t) o, (5.33)
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it is easy to see that this hypergeometric function F'(a1;b1;¢1; 2) is positive for z < 0, i.e., r > 2M,
from which the Hardy estimate (5.26) follows. Hence, there exists a universal constant ¢ > 0 such
that

o0 o0 2 -
Blo)ze [ (810n0l + Hol + SH 0 + DloP). (5:34)
2M 2M
Instead, if we multiply (5.13) by h@ with
b= AlgMY (5.35)

and take the real part, the identity (5.20) becomes
R(hG) = 10, (R(O, (AR)|pl? — 28h@0 — 2h(r — M) )) B+ 1)) + ARJO, P

+ 0, <§R (%mpa@)) — B Ol + ( h(r — M) — 5aﬁr(Ah) n hv> 1612 (5.36)

We sum over m and ¢ for (5.20) and (5.36) with ¢ = ¢! and G = G*, apply the identity (5.8),
integrate with respect to the measure dt*dr over {(t*,r)|0 < ¢* < 7,2M < r < oo} and take (5.34)
into account, then we obtain a Morawetz estimate for (5.3) in global Kerr coordinates:

Lo (Sl 101+ 220 (Ko 4 L)
0,7

S ET(pY) + EJ (91 + / L (Jr (x@HEm)| + v (ne'e)|). (5.37)
D(0,7)
Turning now to (5.12), similarly as above, we calculate
B(r) + 6B (r) = (r —2M)(r — 3M)*r~* + & (31Mr~2 — 180M?r~3 + 258M°r~*) (5.38)
and denote V°(r) = + (31Mr~=2 — 180M?r—3 + 258 M3r~*), then
B(p) 2 B"(r)|re|* + VO (r)lof® + B (r) (£(¢ + 1) — 6) []*. (5.39)

To obtain the Hardy inequality (5.26) for some constant emaray > 0, it is enough to show that
there is a positive C? solution to the ODE (5.27) with V°(r) in place of V*(r). Similarly, following
[15, Appendix A.2|, we calculate for V°(r) that

Ag=-51, A =34, A, =-31/6, (5.40)
and find there is a solution to this ODE
w= (B"(r))"2(r — 2M)*r™ F(ag; bo; co; 2), (5.41)
where
z=—I2M 0 o= 3*;)./@, Bo=7%— V13, (5.42)
and F'(ag; bo; co; z) is the hypergeometric function with parameters
ag = 376\/@4’(\5/@*\/@7 by = 376\/ﬁ+%/ﬁ+\/ﬁ7 co=1+ @' (5.43)
The parameters satisfy
ap ~ —4.353 < 0 < by = 0.302 < ¢y =~ 2.826, (5.44)

hence the integral representation (5.33) implies that the hypergeometric function F'(aq; bo; co; ) with
z < 0, or the solution u(r) for r > 2M, is positive and the Hardy estimate (5.26) is proved. Following
the argument above for (5.9), it is straightforward to obtain the following Morawetz estimate for
equation (5.11) in global Kerr coordinates:

[ (B0 + 2P + T2 (X0 + HTP))
D(0,7)
SN+ B )+ [ o & (R (@) + [ (necm) ). (5.45)

5.5. Close the proof of estimates (1.40) and (1.35) on Schwarzschild. We consider spin 42
components separately.
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5.5.1. Spin +2 component. Applying the Morawetz estimates (5.37) to (5.1b) and (5.1c), and (5.45)
o (5.1a), then together with the Morawetz estimates in large 7 region for 7479¢° and r2~%¢' in
Proposition 7 and red-shift estimates near horizon in Section 3.2, it holds for ¢ (i = 0, 1,2) that

Er(r'7°¢0") + By 0.0 (r*00") + /D(O )Mdeg(r“’%‘)) S Eo(r*00°) + Esenw(922),  (5.46)

ET(T2_5¢1) + EH+(O,T) (T2_5¢1) + / Ii/v[[deg("qz_(s(bl)

D(0,7)
P46 40 2
S Eo(r*™9") + Esenw(0]2) + / [ eka) (5.47)
D(0,7)N[R—1,00)
EL(6%) + Exe (0. (6) + / Maes(6%) < Eo(6?). (5.48)
D T

)

The error term Sschw(qbiz) is bounded by

[ # (RO <[ () [, et

+ (| (o) [+ ) s o0 [ W)+t [ 0P (.9
D(71,m2)N{r>R—1} D(0,7) D(0,7)

and Sschw(qﬁ_z) is easily controlled from Cauchy-Schwarz inequality by

Cer / M(rg') + Cerl / (Maes(6?) + 751) (5.50)
D(0,7) D(0,7)
Hence, this completes the proof of (1.40).

5.5.2. Spin —2 component. The Morawetz estimate (5.37) applied to (5.1b) and (5.1c), estimate
(5.45) applied to (5.1a), the Morawetz estimates in large r region for {¢? ,}|i—012 in Proposition 5
and red-shift estimates near horizon in Section 3.2 together imply

Er (@) + Eygs 0.1 (@) + / ( Maes (9°) S Eo(6°) + Esene(9°), (5.51)
D(0,7)
E-(¢") + Ez+(0,)(¢1) + /D( )Mdeg(fﬁl) S Eo(0') + Esenw (01, (5.52)
0,7
B6?) + Broion @)+ [ Mae(6) 5 B @) (5.53)
D0,
Easy to see the estimates (1.45) hold from the inequality that
v / B (| (e E) |+ [ (n0F%) |+ 172 1000°))
D(0,7)
+f %03+ [ 912
D(71,m2)N{r>R—1} D(71,m2)N[ry,r1]
Sof  M@)q' [ P (5.50)
D(0,7) D(0,7)
and the following estimate obtained analogously
— —~ 2012
Eam(@)Sa [ M@+ [ (Mag(o?) + 5. (5.55)
D(0,7) D(0,7)

6. PROOF OF THEOREM 2 ON SLOWLY ROTATING KERR

6.1. Energy estimate. We start by choosing a multiplier —2%719,1) for (1.27b), which gives an
identity for any 75 > 7 > 0 that

1 _ 1 _ 2F o 7
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Here, the energy density in r > r¢ equals to
er(y) = %(laew +
+ (r +a ) —a?sin? 0A|a 1/}|2 + (r +a ) |a 1/}|2 (62)

From (5.8), we have for r > ro that

RCE

dpurtiscosoy|® _ a5 2 | S(Bka?) 0 )

sin 6

dyp-tis cos Oy +32|1/,2> dose >/ > (max{s® + |s|,m” + |m[}|v)n|*) sin 66,

sin 6
meZ
(6.3)
with )
Unter,0) = S [ Ut 0.0)do, (6.
0
It follows then that
o) 1S cos 2 a? 2 2
/ <89¢|2 + W — K050 + %W)F doge
/ S (max{s? + [sl,m? ) — < 4 52 40 |y, 2 sin 0. (6.5)
MEZL
Denote
2 2 2 2
Ay, o = max{s® + [s|,m® + [m|} — S 4 57 Abe =T (6.6)
Since |s| = 2, if |m| = 0 or 1, then clearly
2 2 a?
Al >2— o g AE4e) (6.7)
which is nonnegative when r > 2M. If |m| > 4, then
AL >m? (1 _ %) 4 Aatah) (6.8)
which is again nonnegative when r > 2M. When |m| = 2 (or 3),
A, 2 25ty MO (o sApal | A ) (6.9)

with the RHS being nonnegative when 7 — 2Mr — a* > 0, i.e., 7 > M + v M? + a2.
One can similarly choose the multiplier —2X 710,19 for (1.27a) satisfied by ¢, and arrive at an
energy identity for any m > 71 > 0:

/ e (1) = / . () R (2. 0,5) . (6.10)
) >

72 - D(71,72)

Here, the energy density in r > rq is
2(4) = & (19001 +

24a2)?2—a? sin? r“4a
+ Pl IO g+ |0,y (6.11)

It follows from (6.3) that for r > o,

. 2
o) 1S COS a? s2(r? r—2a?
/ <|39¢2 | QettiogosO0 1 ac|guy|? LA ro2e) )|¢2> dog:

. 2 2,2 2
0 3 0 2 2Mr—2
pp+iscos 6y |7 aA |6 w|2 48 (r*42Mr—2a )|w|2)

sin 0 2r2

sin 6 2r

/ S (max{s® + [s], m? + ml} - 2858 i 2 sim 0. (6.12)
MEZL
Denote
A9, o = max{[s|(|s| + 1), [m|(jm] + 1)} — L= — 28525, (6.13)
Note that |s| =2, if |m| =0 or 1,
A(;ns > aznz T 2(r2+2i\/2[r72a2)7 (6.14)
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and when |m| > 4,

r2

Agn’s > m? (1 _ %) i 2(r? +2Mr—24%) (6.15)

The RHS of these estimates are clearly nonnegative when r > 2M. For the remaining case that
m| =2 (or 3),

AO

m

which is nonnegative when 72 — 2Mr — a2 > 0, i.e., when r > M + /M2 + a2.
Hence, we arrive at the conclusion that for |a|/M sufficiently small and r > rg, the energy densities
ek (1) (k= 0,1) above for both (1.27b) and (1.27a) are strictly positive and satisfy e (1) > c|9y|?.

Since the energy densities e (1) are both nonnegative in Schwarzschild case (a = 0), it holds true

in [ry,ro] for sufficiently small |a|/M < ag/M < 1 that for any 7 > 0,
2
—eb(y) < S |0y, (6.17)
Therefore, the above discussions imply the following energy estimate for (1.27a) and (1.27b):

/ oo s [ e+ g ool +| [ R(ETO)|.
7y N[ro,00) = X, N[r4,70] D(71,72)

T1
From now on, we will suppress the superscript & in the energy density and simply write it as e, (1).
Clearly, there exists an g = go(M) > 0 and a nonnegative differential function eg(gg) with
€0(0) = 0 such that for all |a|/M < gy and any é > e, by adding to this energy estimate € times
the redshift estimate in Proposition 8 for ¢ € {gb?ﬂ, gzﬁ_Q, 3_2, #?,} and in Proposition 9 for ¢ and
@', we obtain the following result analogous to [9, Prop.5.3.1] for sufficiently small |a|/M < ag/M.
Proposition 12. Foriy = ¢ (i = 0,1,2), and F = F? in (1.24) and (1.25) with the same superscript

and subscript as 1 = ¢%, define

o, ifu=¢, (i =0.1); 6.10
v {w, 0= 6000 502 o 62, (619

— 442 2(r24+2Mr—2a? —9q2 2(r24-2Mr—2a’
> 2Acia® | 272N o20) (Or 8A-9a% | 2% +2Mr a>), (6.16)

(6.18)

It then holds that
[ len@l+ @ S [ len (@)l +eBn @)+ [ 00

Yoy P20 D(71,m2)N{ro<r<ri}
+ é/ B(y, F) + / R(ETY)| ). (6.20)
'D(Tl,TQ)ﬂ[T+,T‘1] D(Tl,Tg)
Here,
|F|27 f07"7/:}=¢}r27¢12 or (]52,2;

. 941, for = ¢%5;
B, F)=1{ = s 6.21
WE=Y o, for § = 0y (6:21)

(6251 + 160 + 5710602, for & = oL,.
We here state a finite in time energy estimate for the inhomogeneous SWFIE (1.27a) and (1.27b)
based on the above discussions, which is an analogue of [9, Prop.5.3.2].

Proposition 13. (Finite in time energy estimate) Given an arbitrary € > 0, there exists an
ag > 0 depending on € and a universal constant C such that for |a| < ag, 1 > € > eg(a) and for any
70 >0 and all 0 < 7 < €1, the following results hold true: For = ¢% (i =0,1,2), ¢ in (6.19) and
the corresponding inhomogeneous function F = F¢ in (1.24) and (1.25), we have

/ (eroar(D)] + EBrg4r () < (1+C2) ( / em<¢>|+éEisffi<s>>
b -

To+T 0
/ R(E-TY) |, (622
D(10,70+T)

+ofe / B(&, F) +
D(70,70+7)N[r4,71]
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and, depending on the spin weight s = +2,

/ |82 < CEtl(s). (6.23)
D(70,T0+7)N[ro,r1]

Here, B(1), F) is already defined in (6.21) and, for any T > 0,

Eﬁ"t“l(S) = { ET(:L& i )+E (r?~ 5¢3—2) +Er(¢’3-2), for s =+2;

Er(¢,) + E-(69,) + B, (¢%5), fors— 9. (6.24)

Proof. The first estimate follows easily from the previous proposition together with the second
estimate, while the second estimate follows from the fact that it holds for Schwarzschild case for all
€ from the discussions in Sections 5 and 1.6 and the well-posedness property in Section 2.1 applied

to the linear wave system of {¢% 4}, 012 OF {qu . (;51 0, 025} O

6.2. Separated angular and radial equations. In the exterior of a subextremal Kerr black hole,
if the solution 1 to the equation (1.27b) is integrable®, it then holds in L?(dt) that

b= /_ T (16, g)d (6.26)
where 1, is defined as the Fourier transform of ):
o = [ (0, 0)dt. (6.27)
We further decompose 1, in L?(sin 0dfd¢) into
Yo = Y P ()Y, (aw, cos 0)e™, m € Z. (6.28)
m,L

Here, for each m, {Y?,(aw,cosf)},, with min {¢} = max{|m|,|s|}, are the eigenfunctions of the
self-adjoint operator

S,, = L 0psin 9, — MiHImscosb+s® | 2,2 0062 0 9qs cos 0 (6.29)

sin 0 sin? 0
on L%(sin@df). These eigenfunctions, called as "spin-weighted spheroidal harmonics", form a com-

plete orthonormal basis on L?(sin #df), and have eigenvalues A ) defined by
SnY,;:(aw,cosf) = —A(aw)Ysg(aw,cos 0). (6.30)

ml

One could similarly define F,, and F 7(5;).
An integration by parts, together with a usage of Plancherel lemma and the orthonormality
property of the basis {V,%,(aw, cos 0)e™?},,,, gives

/ ST AL ) dw—/ /daszdt \aaw

3¢¢+1sc050w |CLCOS€8{¢+Z'5¢|2+282|w‘2}'

T sin®
m,l

(6.31a)

The radial equation for wfsf) is then
{0:(20,) + (V)5 () bl = L, (6.32)

with the potential
aw T‘2 a2 2w2 a2m2— a Tmw aw

(Vo)frh () = (rbenietsemistalrme _ (3090 (7)1 %?) (6.33)

5A solution to (1.27a) or (1.27b) is integrable if for every integer n > 0, every multi-index 0 < |i| < n and any
r’ > ry, we have

i,0,12 7 2
> | 04 10 ) < o0 (6.25)

0<|i|<n —o0,00)N{r=r
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We utilized here a substitution of
2(9Mr—2a2
)\(aw)( )= A(a;’) _ $(@Mr=2d7) TTZ 2 ), (6.34)

me,1

by which the above radial equation (6.32) is the same as the radial equation [9, Eq.(33)]° for the
scalar field.
One could obtain for (1.27a) the same angular equation and the following radial equation after

decomposition: The radial equation for Q/J(aw) is

{0:(80,) + (Vo) () bl = FLi?, (6.35)
with the potential
(Vo)gsz()J(T) — (r*+a”)*w JraAn’L —4aMrmw ()\EZZ)O( )+ CL2UJ2) (636)
and a substitution of ,
Napa(r) = ALy — =), (6.37)

We state here some basic identities for any r» > r, from properties of Fourier transform and
Plancherel lemma:

/Z /0% /OW [(t, 7,0, $)|? sin 0dOdpdt = /ZZW?(mfdw
/ /277/ |0,(t,r,0,¢)|” sin ddpdt = / Z

/ /277/ |Opip(t, T, 0, d))\ sin 0dOdodt = / Zw w(aw) ‘

6.3. Energy and Morawetz estimates on slowly rotating Kerr.

Theorem 14. Under the assumptions in Theorem 2, ¢% (i = 0,1,2,s = £2) in (1.23a) and (1.23b)
satisfies the corresponding equation in (1.24) and (1.25) with the inhomogeneous term F'. Let ¢!
be any one of

B, ( )

{ 40 3—2a 276(25-1{-27 Qﬁ,—Za Q/)(lQa ¢1—27 ¢2—2} ’ (638)
and have the same upper and lower indexzes. Then, for any 0 < & < 1/2, there exist universal
constants g = eg(M), R = R(M) and C = C(M,6,%q) = C(M,5,%;) such that for all |a|/M <
ap/M < eo and any T > 0, the following estimates hold true:

o For (s,i) = (+2,0) or (+2,1),

B (%) + By 0,1 (5) + /D ( )Mdeg(wi) < C(Eft™(s) + £L); (6.39a)
0,7
e [For other combinations of (s,1),
E(¢}) +EH+(0,T>(¢?;)+/( )Mdeg( ¢L) < O (Eg™(s) + &) - (6.39b)
D(0,r
We recall in (6.24) the expression of E°t(s), and the error terms here are
g g:ﬂaln S + géft 87 (6.40)
with
e = | [ TR (P |+ [ (F0 60 + 0P 0L,) + Mag(E))
D(0,7) D(0,7)

(6.41a)

6The authors in [9] missed one term —4aMrmw in the Equation (33), but what is used thereafter is the Schrodinger
equation (34) in Section 9 which is correct. Therefore, the validity of the proof will not be influenced by the missing
term.

22



i

/D(O,T) o <F128t¢T2)

main,—2 =
+ lal o (M(¢°) + M(¢1) + Maeg(6%5) + |V¢0|* + |Y7¢1|2), (6.41b)
and
ggz,+2 :GO/ M(T4_6¢32) + é/ 7"_3|¢<1k2|2’ (6.42a)
D(0,7) D(0,7)
~ ~ 2 2
Eloiz=a / M(r*~0¢},) + 2 / (Mg (r 765 + 2520 (6.42b)
D(0,7) D(0,7)
Euiz =0, (6.42¢)
&m0 [ M@+ [ UL (6.424)
D(0,7) D(0,7)
Slon=a [ M@+ [ (i ) (6.42¢)
D(0,7) D(0,7)
E2a=0. (6.42f)

Proof. Following [15, 9], we choose ¢ > 0 and any fixed 7/ > 27!

coordinate system the cutoff

, and apply in global Kerr

X = Xr (") = xa (et )xa(e(m' = t7)) (6.43)
to the solution : 4 .
sx = XP% (6.44)
with x1(z) being a smooth cutoff function which equals to 0 for z < 0 and is identically 1 for = > 1.
Moreover, it satisfies the following inhomogeneous equation

Li¢uy = Foy = XFL + 3 (2VIV 10} + (Ogx) ¢) — 2isacos 00px - ¢ (6.45)
k =0 or 1 depends on the equation (1.27a) or (1.27b) we are treating.
From the assumptions in Theorem 2 and the reduction in Section 2.1, ®;(j = 0, 4), and hence &,

¢t and F?, are smooth and compactly supported. As a result, we can apply the mode decompositions

in Section 6.2 to ¢» = ¢%  and F = F! , and separate the wave equation (6.45) into the angular

equation (6.30) and radial equation (6.32) or radial equation (6.35), with (Ri)(az)) 2 (¢t )(aw) and

m s, x/mt
(E;X)EZZJ) in place of z/;fsf) and Ff?ff) respectively.

We suppress the dependence on a, w, m and £ in the functions (R%){") (), (FS")X)(W")(T)7 Ale)

me mé me, k>
)\Eszd)(r), (VO);ZZJL(T) and other functions defined by them, and when there is no confusion, the
dependence on r may always be implicit. Define
W (r) = VP @Rr),  HL) = s (6.46)
to transform the radial equation into an equation of Schrédinger form, which is the same as [15,
Eq.(3.49)] with the same potential. One could adapt easily the proof in [15, Sect.3.5-3.6] to obtain
frequency localised Morawetz estimates and sum up these estimates, with corresponding replace-
ments of [15, Prop.7-8] by the Morawetz estimates in Section 3.1, [15, Prop.10] by the red-shift
estimates in Section 3.2, [15, Prop.11]| by the energy estimate in Proposition 12 and [15, Prop.12]
by the finite in time estimate in Proposition 13. Then we arrive at the estimates (6.39) with all the
error terms divided into three categories:

(1) error terms by choosing the multipliers 9;¢% to obtain energy estimate, X, ¢% to obtain
Morawetz estimates for ¢% in large r region, and N to obtain redshift estimates for ¢f~_2
(i=0,1,2) and ¢2;

(2) error terms arising in the currents estimates;

(3) extra error terms arising from Morawetz estimates in large radius region in Proposition 7
for 7479¢%, and r>=9¢! , and red-shift estimates in Proposition 9 for ¢°, and ¢!,.
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It is obvious from the application of Cauchy-Schwarz inequality that all these three categories are
bounded by CE&:. O

6.4. Complete the proof of (1.35) on slowly rotating Kerr. The estimates (1.40) for spin 42
component and (1.45) for spin —2 component are proved on slowly rotating Kerr background in this
subsection.

6.4.1. Spin +2 component. Let us treat the error terms 512 in the energy and Morawetz estimate
(6.39). Manifestly,

[, ()

L £ (Fa0d7) | 0

For the term ‘fD(O S L %(F%@t@)‘, which a prior can not be controlled in the trapped region due

Soao [ WO L [ rfalf (6.47)
D(0,7) D(0,7)

/D(O . (ElM( 2-041) 4 (\¢>7+22|2 n @732?)) (6.48)

to the trapping degeneracy, we control it by

[ (207)

by
< / R (000,67 | + / R (0°0:5?)| + / &R (9,0'067). (6.49)
D(0,7) D(0,7) D(0,7)
The sum of the first and second integrals on RHS is
/ Y (210! )| + / % (0 (R6"9?}) = % (2:0°97) )| S 0 (6.50)
D(0,7) D(0,7)

As to the third integral term, we choose 71 € (70, 7¢a,(M, a)) and split the integral in radius into

three sub-integrals over [r,#], [F1, R1] and [R;, c0), respectively. The sum of the sub-integrals over
[r4+,71] and [Ry, 00) is manifestly bounded by C=42(0, 7). For the left sub-integral over [, R;], we
utilize the expression

O¢* = (r* +a®) 7' (AY ¢ — ady® + A, ¢?) (6.51)
and find this left sub-integral is bounded by

/D(O,T)m[fz,Rl] (m <a¢(r¢1)Y¢ ) - E(rgij-a’é’)y <|8¢(T¢1)|2)>‘

ﬁ 3¢(¢)1) r¢2 Sa
/ZD(O,T)ﬁ[f‘Q,Rl] ( + 2) ( )

In the last step, integration by parts is applied to the first line and two radius parameters 74 and R;
are appropriately chosen such that the boundary terms at 7y and R; are bounded via an average of
integration by Cj\‘;‘ fD(O ” M(r4=9¢%) + M(r2=9¢'). Therefore, it holds that

n 0. (6.52)

/ 4% (00'97)| S0 0, (6.53)
'D(O,T)ﬂ[fd,Rl]
which further implies together with the above discussions that
/ ooIR (Figat?) <, 0. (6.54)
D(0,7)

The estimates (1.40) are then proved.
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6.4.2. Spin —2 component. We shall now bound the error terms £°, in the energy and Morawetz
estimate (6.40). Notice that

/D . (F020,)| £
/D(O,T)

For the term ‘fD(O ” LR (Fzzat@> ’7 we have

/D o Ly (Ffzaﬁ)

/D<0,T) %% Qx(blat?) - /D(O,T) %% <¢08t@) + ~/D(0,'r) % (8‘1@1&?) '

We split the first integral into two sub-integrals over [r,7s] and [f2,00), with 73 € (rq,

fixed, and obtain
[ sw(acer) < | [ &V (P00 + | [ £ (00'0:7)
D(0,7) D(0,7)N[F2,00) D(0,7)N[r4,72]
a 2
<o X (6.58)

D(0,7)N{r=ra}

M=

<o co / M(6”) + ! / 3612, (6.55)
D(0,7)

R (Fl 6tq51)

il

o (e (5 S ). s

< (6.57)

) to be

rtrap

We can choose a 72 such that the last term in (6.58) can be bounded, via an average of integration,

by
la] / o P <l [ My <l / M(S1). (6.50)
D(0,7)N{r=r2} D(0,7) D(0,7)

We split the integral region of the second line of (6.57) into two subregions [r, 73] and (73, c0) with
73 € (70, Trap) to be fixed. The terms integrated over [r,73] are clearly bounded by CZ_5(0, 7).
While, for the integrals over (73,00), we use the substitution

Oh¢* = (r* +a®) 7' (AV¢? — adyd® — AD,¢?), (6.60)
and find they are dominated by

Lo (tbiam® (2uGoNVE) = i (le),z))’
T (TR
’ /D<O,TW3,OO> st (R (00:510,67) + % {a%ﬁardﬂ})‘
o s (00 (1(55)) -2 (257)

—~ 012
S [ (wep+5E). (6.61)
D(0,7)

Here, we applied integration by parts to the first two lines and utilized the definition (1.23b) and
similar estimates as (6.59) to control the boundary terms at R3 and 3 by appropriately choosing
these two radius parameters. In summary, we have

/D o IR (FEQaE) <.
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It is manifest from the estimates (6.39), (6.55), (6.56) and (6.62) that the estimates (1.45) hold
true.

6.5. An energy bound. We shall bound the terms [, r(\W56|2 + |Y7?¢>V1|2) in (1.38b) and (1.50) by
the following proposition.

Proposition 15. For the spin —2 component, it holds for any T > 0 that
/2 r(IVe0 2 + V9! [%) S Eo(¢°) + Eo(61) + Eo(62,). (6.63)
0

Proof. Rewrite the equations (1.25a) and (1.25b) as

0= %Y@Sl + AS2¢0 — 44 ( cos 6 aqﬁ o acos@@t) ¢0 o sixf;@(bo + 27‘2—6%7“-'1-6(12 ¢0 o 3AT-‘§a2 ¢1

sin2 0
+ a? cos? 007, ¢° + 2U0EDe) 40 4 902 40 4 2085 40, (6.642)
0= %Yq? + Agz¢1 4 (;?E%% - acos@(’?t) ¢1 - sif20¢1 _ %¢2 + 6M7;;6a2¢1 + 12a2:6Mr¢0
+ a® cos”® 007, + 2a0;,¢" + 6<a28tr+aa¢) ¢!+ FE3 050" — 6(a°0; + ady)d’. (6.64b)

By multiplying 7 ~'¢0 on both sides of (6.64a), taking the real part and integrating over ©,.N{r > Rz}
(7 > 0) with R3 > 5M to be fixed, it follows

[ VPR £ B + B ) + a2 | [ PR (6.65)
s, $,N{r>Rs}
We substitute into the last integral the relation

7 = (rz-%?v — a2 0p — c%) (ﬁv — a2 0p — ar*) : (6.66)
make the replacement V¢? = —r—2¢! — r~1¢", and perform integration by parts, arriving at

— 2
/ LRERSP)| S B6") + B0) + [ 06" (6.6)
ETQ{T‘ZRg} ZTQ{T:Rg}

We can appropriately choose R3 such that the last term is bounded by CE,(¢"), and conclude

[ V8P S ) + B (6.69

Similarly, we can obtain from (6.64b) that
[ AV S B + B @) + BP)+ [ VP (6.69)
The inequality (6.63) then follows from (6.68) and (6.69). O

6.6. Proof of Theorem 2 for n > 1. To prove the inequality (1.35) with integer n > 1, one just
needs to consider the case n = 1 by induction. Commute xoY with (1.24b), (1.24¢), (1.25¢), (3.16),
(3.17) and (3.18), then it follows easily from the red-shift commutation property [9, Prop.5.4.1],
elliptic estimates and the fact that T' and 0y~ are Killing vector fields that the estimate (1.35) for
n =1 is valid.
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