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Geometry of complexity in conformal field theory
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We initiate quantitative studies of complexity in (1+1)-dimensional conformal field theories with a view
that they provide the simplest setting to find a gravity dual to complexity. Our work pursues a geometric
understanding of the complexity of conformal transformations and embeds Fubini-Study state complexity and
direct counting of stress tensor insertion in the relevant circuits in a unified mathematical language. In the former
case, we iteratively solve the emerging integrodifferential equation for sample optimal circuits and discuss the
sectional curvature of the underlying geometry. In the latter case, we recognize that optimal circuits are governed
by Euler-Arnold type equations and discuss relevant results for three well-known equations of this type in the
context of complexity.
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I. INTRODUCTION

One of the most perplexing recent results in quantum
gravity are holographic complexity proposals. They are con-
vincing albeit speculative relations between volumes [1–3] or
actions [4,5] in anti-de Sitter space-times [6–8] and hardness
of preparing states in dual quantum field theories (QFTs).

Holographic complexity proposals not only call for a bet-
ter understanding and explicit derivation, but also motivate
searching for other manifestations of complexity in gravity.
However, advancing the broadly defined field of holographic
complexity requires expanding our knowledge of complexity
in QFT. The aim of the present work is to initiate quantitative
studies of physical notions of complexity in what arguably is
the most universal setting of all conformal field theories in
1+1 space-time dimensions (CFTs1+1) and local conformal
transformations generated by the energy-momentum tensor.

Complexity in its native quantum computing setting con-
cerns hardness of approximating a given unitary using circuits
composed from discrete gates acting only on a limited num-
ber of qubits (circuit complexity) or approximating a desired
quantum state using such circuits acting on a simple state
(state complexity).

Motivated by holographic complexity proposals [9,10] ini-
tiated studies of complexity in QFTs. These works view the
preparation of a unitary operator U or, upon acting on a
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reference state |R〉, also (target) state preparation |T 〉 =
U |R〉, in a continuous way as a path-ordered exponential

U (τ ) = ←−P e−i
∫ τ

0 Q(γ )dγ (1)

with U (τ = 1) being equal to some desired unitary U . In this
equation, the Hermitian operator Q(τ )dτ is a single layer of
the circuit parametrized by the parameter τ that constructs
U . The idea used in Refs. [9,10] to define complexity in a
QFT appeared earlier in Refs. [11–13] as a way of bounding
complexity of discrete circuits acting on qubits. The relevant
definition assigns a cost to Q(τ ) which reflects the decompo-
sition of Q(τ ) into more elementary building blocks (gates),
each with a specified cost, and minimizes the sum of the
contributions from all layers of the circuit subject to appro-
priate boundary conditions. Most of the studies to date were
concerned with free QFTs and claimed optimality of circuits
with Q(τ ) being at most quadratic in underlying bosonic or
fermionic operators. Such studies, despite their simplicity,
could be fine-tuned to reproduce predictions of holographic
complexity proposals [9,10,14–18].

In our eyes, studies of complexity in QFT are similar to
the development of entanglement entropy in the same context.
The latter also arose in connection with black hole physics
[19–21] and later became an independent subject with a strong
quantum gravity component. One of the most fruitful seeds of
progress in this discipline originated from the studies of en-
tanglement entropy in the setting of CFTs1+1. This includes in
particular the universal result for single interval entanglement
entropy in the vacuum [21,22]. Drawing a parallel from the
field of entanglement entropy, which includes also the match-
ing of the results of [21,22] by the holographic entanglement
entropy [23], CFTs1+1 should indeed be viewed as an ideal
setting for accelerating our understanding of complexity in
QFTs and holography.

This vision is shared by Refs. [24–29], and the challenges
encountered in these works directly motivate our approach.
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These include badly posed variational problems, assigning
cost predominantly to trivial U (1) factors in (1), or find-
ing optimal circuits only to leading order for infinitesimal
transformations. In the present work, we overcome these chal-
lenges and present a unified, geometric and quantitative view
on complexity in CFTs1+1.

The universality of CFTs1+1 stems from their stress-energy
tensor generating the Virasoro algebra. Adopting the setting
of Refs. [25,29], we will be concerned with unitary circuits
obtained from the exponentiation of the stress-energy tensor
but employ a different way of assigning a cost to the involved
operations. We focus on a CFT1+1 defined on a Lorentzian
cylinder, whose circle has a unit radius and is parametrized
by the coordinate σ . We will also restrict ourselves to one
copy of the Virasoro algebra. This means we will assign
complexities to unitary circuits of the form (1) on a represen-
tation of the group of diffeomorphisms on the circle, where
an operator U (τ ) corresponds to a group element f (τ, σ ) that
maps the circle to itself. The function f (τ, σ ) hence represents
a sequence of diffeomorphisms of σ interpolating between
the identity f (0, σ ) = σ and a desired one f (1, σ ) ≡ f (σ ).
Note that we will ignore terms stemming from the central
extension of the group, as these would lead to additional
complex phase factors in (1), which are generally considered
to be irrelevant for physical notions of complexity (a problem
faced in Refs. [25,29]). An infinitesimal layer of the circuit is
generated by

Q(τ ) =
∫ 2π

0

dσ

2π
T (σ )ε(τ, σ ) , (2)

where T (σ ) is the right-moving component of the stress-
energy tensor operator and ε(τ, σ ) is an element of the
Lie-algebra defined via

ε(τ, f (τ, σ )) = ḟ (τ, σ ). (3)

In this paper, we discuss two viable instances of cost
functions. The first emerges by taking an energy eigenstate
|h〉 and evaluating the Hilbert space distance traversed by
the circuit defined by (1) and (2). This is the Fubini-Study
complexity defined in Ref. [9]. The second instance realizes
the approach of Ref. [10] and arises from treating T (σ ) as a
one-parameter set of elementary contributions to each circuit
layer and minimizing the L2 norms of ε(τ, σ ), ε′(τ, σ ), or a
combination of both, averaged over all circuit layers.

Our approach is the first study of complexity in a generic
(including large central charge c) CFT1+1 that (1) does not as-
sign cost to trivial factors (see Ref. [29]), (2) has a well-posed
variational problem for determining a transformation between
two arbitrary unitaries generated by the insertions of T (σ ), (3)
sheds light on the underlying geometry of circuits by probing
its sectional curvatures, and (4) selects the physically desir-
able notions of complexity based on the properties of optimal
circuits. While we intend to present our main results in a
concise and self-contained manner, some further discussions
can be found in our companion work [30].

II. COST FUNCTIONS AND COMPLEXITY

The Fubini-Study metric also known as fidelity suscepti-
bility arises from considering an overlap between two nearby

states in the Hilbert space [31]. It is attractive from the point of
view of holography and the largely open problem of physical
interpretation of holographic complexity proposals, since it
is known how the overlap between at least certain states in
holographic QFTs manifest itself on the gravity side [26]. For
a family of states |ψ (τ )〉 parametrized by τ , we can define

|〈ψ (τ )|ψ (τ + dτ )〉| ≈ 1 − Gττ (τ )dτ 2 + O(dτ 3), (4)

where Gττ � 0 is the Fubini-Study metric. Assume |ψ (τ )〉 is
a path on the space of states parametrized by unitary operators
acting on an initial state |h〉,

|ψ (τ )〉 ≡ U (τ )|h〉. (5)

The Fubini-Study metric Gττ becomes then the variance of
Q(τ ) evaluated in the state |ψ (τ )〉 [25] or, introducing

Q̃(τ ) = U (τ )†Q(τ )U (τ ), (6)

equivalently the variance of Q̃(τ ) evaluated in the state |h〉:
〈h|Q̃2(τ )|h〉 = 〈ψ (τ )|Q2(τ )|ψ (τ )〉 by definition, and simi-
larly for the one-point function. Note that the applications of
the operators U (τ ) in (6), using (2), essentially causes a con-
formal transformation of the stress-energy tensor. Using the
well-known transformation law and ignoring the Schwarzian
term leading to an irrelevant for us phase factor, we can write
[25]

Q̃(τ ) =
∫ 2π

0

dσ

2π
T (σ )

ḟ (τ, σ )

f ′(τ, σ )
. (7)

Each trajectory through state space |ψ (τ )〉 parametrized by
τ ∈ [0, 1] can now be assigned the total cost LFS

LFS =
∫ 1

0
dτ

√
Gττ (τ ) (8)

and complexity arises as its minimum subject to the appro-
priate boundary conditions [9]. We should note here that the
present discussion is completely general and concerns com-
plexity of state |T 〉 = U |h〉 given a reference state |R〉 = |h〉.
Alternatively, one can view it as a definition of circuit com-
plexity associated with a circuit representation of a unitary
U in which one decomposes Q̃(τ ) into elementary transfor-
mations. This is similar to the notion of circuit complexity
explored in Ref. [28].

One can alternatively define an a priori inequivalent notion
of complexity based on a variance of Q(τ ) in the state |h〉
[instead of |ψ (τ )〉 as so far], which would be a more faithful
realization of the approach [10]. What we mean by that is
that the cost of one layer in the Fubini-Study metric depends
not only on ε(τ, σ ) from a given layer, but also on what all
previous layers do through the two-point function of T in the
evolved state |ψ (τ )〉. On the other hand, in the approach of
Ref. [10] the cost of each layer depends only on ε(τ, σ ) as
the insertions of T would be assigned the same weight at each
layer.

The discussion so far was completely general, but now
we specialize to circuits defined by (7). Our choice for |h〉,
as in Refs. [25,29], is that of an energy eigenstate in the
CFT1+1 corresponding, via the operator-state correspondence,
to a (quasi)primary of the chiral dimension h. To evaluate (8)
explicitly, we follow Refs. [25,29] and write the variance of Q̃
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as a bilocal integral

L =
∫ 1

0

dτ

2π

√∫∫ 2π

0
dσdκ

ḟ (τ, σ )

f ′(τ, σ )

ḟ (τ, κ )

f ′(τ, κ )
	(σ − κ ),

(9)

where 	 corresponds to a connected correlator of the stress-
energy tensor in the state |h〉 [32]

	(σ − κ ) = 〈h|T (σ )T (κ )|h〉 − 〈h|T (σ )|h〉〈h|T (κ )|h〉

= c

32 sin4 [(σ − κ )/2]
− h

2 sin2 [(σ − κ )/2]
.

(10)

As usual when studying geodesic motion, by requiring affine
parametrization we can move from a length-functional (8) to
an energy-functional where, essentially, the square root in (8)
and (9) is removed. To do so, we note that (9) clearly corre-
sponds to a geodesic problem in infinite dimensions, where
summation over indices has been replaced by integration over
variables σ, κ , f (τ, σ ) has taken over the role of the coordi-
nate X σ (τ ), and the expression 	(σ−κ )

f ′(τ,σ ) f ′(τ,κ ) plays the role of
the metric gσκ (X (τ )). The partial integrodifferential equation
(IDE) of motion for the circuit f (τ, σ ) extremizing (9) then
reads ∫ 2π

0
dσ

(
−	(σ − κ )

d

dτ

(
ḟ (τ, σ )

f ′(τ, σ ) f ′(τ, κ )

)

+ ḟ (τ, σ )

f ′(τ, σ )
∂κ

(
	(σ − κ )

ḟ (τ, κ )

f ′(τ, κ )2

))
≡ 0. (11)

As expected, this equation is of second order in derivatives
with respect to τ . This is adequate for a boundary value
problem in which we envision being given an initial and final
condition, f (0, σ ) and f (1, σ ), and finding the shortest circuit
f (τ, σ ) connecting these two maps. This is a notable contrast
to the geometric actions studied in Refs. [25,29], which lead
to equations first order in τ , in which generally only one initial
value f (0, σ ) needs to be provided to fix a solution.

It is the most natural for us to equate the integration kernel
	 with the connected stress-energy two-point function in the
state |h〉 (10), however we have kept our discussion more
generic for a reason. Broadly speaking, our goal in this paper
is to define geodesic motion on the Virasoro group, and this
has of course already been accomplished in the framework of
Euler-Arnold-type partial differential equations (PDEs) such
as the Korteweg-de Vries (KdV), Camassa-Holm (CH), or
Hunter-Saxton (HS) equations [33]. They were already dis-
cussed in the context of QFT complexity in Refs. [25,29], see
also Ref. [34]. In order to show how our functional (9) and
equation (11) fit into this framework, we note that according
to (9), the distance between the identity map f = σ and a
map f = f1(σ ) is identical to the distance between f = σ

and the inverse map F1(σ ) = f −1
1 (σ ). This is easy to show

by using invariance under a change of affine parameter τ →
s = 1 − τ and invariance under conformal transformations
f (τ, σ ) → G( f (τ, σ )). Hence, replacing the circuit f (τ, σ )
by the inverse circuit F (τ, σ ) in (9) and using the identity [25]

ε(τ, σ ) = − Ḟ (τ, σ )

F ′(τ, σ )
, (12)

we can write the inner product in (9) entirely in terms of
the kernel 	 and the Lie-algebra-element ε. Note that if
A = B · C, then A−1 = C−1 · B−1, hence replacing f (τ, σ ) by
F (τ, σ ) in (9) corresponds to switching from a left- to a
right-invariant metric on the Lie-group. This would yield the
alternative complexity definition based on the variance of Q
(not Q̃) in the state |h〉 discussed below (8).

Now, while our derivation above would suggest 	 to be the
stress-energy two-point function in the state |h〉 [32], another
choice of

	(σ − κ ) = a δ(σ − κ ) + b δ′′(σ − κ ), (13)

with Dirac’s delta function δ(σ − κ ), would allow us to obtain
the CH equation (a = b = 1), the HS equation (a = 0, b = 1),
and the KdV equation (a = 1, b = 0), ignoring as before the
term coming from the central extension. Through the lens of
Ref. [10], (13) can be seen as assigning directly a spatially
uniform cost to individual insertions of T (σ ) via Q(τ ) defined
in (2). In a sense, our complexity functional (9) corresponds
to a generalization of the inner products that led to these
well studied PDEs. Likewise, while these PDEs provide valid
choices for a definition of complexity for the Virasoro group,
they may be also regarded as simpler models for the physics
encoded in the optimization problem behind the Fubini-Study
complexity defined by (11) with (10).

In the Fubini-Study case, in order to assign a well-defined
finite value to (9) despite the pole of 	, we can make use of
the method of differential regularization [35,36]. This means
we will (implicitly) phrase the divergent terms of the two-
point function in (9) as derivatives of more mildly divergent
terms and then carry the derivatives over onto the test function
ḟ (τ,σ )
f ′(τ,σ )

ḟ (τ,κ )
f ′(τ,κ ) via integration by parts. The immediate physical

consequence of this is that the metric will be degenerate. For
example, if ḟ (τ,σ )

f ′(τ,σ ) = const, the integrals in (9) will vanish
when applying derivatives to this term due to differential reg-
ularization. Although the cause of some technical problems,
this degeneracy of the metric is a desirable feature as it makes
sure that transformations which only change the reference
state by a complex phase will be assigned zero cost in terms of
complexity. For this reason, we believe that the HS equation,
a = 0 in (13), will be a more realistic model of CFT complex-
ity than the KdV equation studied in Refs. [25,29]. We discuss
these issues in more detail in Ref. [30].

III. OPTIMAL CIRCUITS FOR FUBINI-STUDY

The exact solutions and properties of the KdV, CH, and
HS equations are well studied [33], and hence we will now
focus again on the concrete equations of motion (11) with
	 given by (10). For this, apart from trivial circuits such
as f (τ, σ ) = f (τ + σ ), we do not know exact solutions.
However, for boundary conditions of the form f (0, σ ) = σ ,
f (1, σ ) = σ + ε

m sin(mσ ) with m ∈ N, ε 
 1, we iteratively
construct a circuit f (τ, σ ) satisfying (11) order by order in ε.
For example, for m = 1, this yields

f (τ, σ ) = σ + ετ sin(σ )

+ ε2 cτ 2 − cτ + 20hτ 2 − 20hτ

4(c + 8h)
sin(2σ ) + . . .

(14)

043438-3



MARIO FLORY AND MICHAL P. HELLER PHYSICAL REVIEW RESEARCH 2, 043438 (2020)

FIG. 1. A graphical representation of the circuit (14), where for
simplicity we have set c = 0, h = 1 and ε = 1 in order to gener-
ate a result that is visible to the eye. For each fixed value of τ ,
f (τ, σ ) is a map of the circle to itself, depicted by the colored
points unevenly spread out along the circles according to the function
f (τ, σ ) with evenly spaced input values for σ . The radial ordering
(also emphasized by color) corresponds to the progression of the
parameter τ from −1 to 1 in steps of τ = 1/4. The solid circles
mark τ = −1, 0, 1, respectively. At τ = 0, f (τ, σ ) is the identity
map by construction. “Wave breaking” happens when infinitesimally
close points are mapped to the same location because f ′(τ, σ ) = 0.

and the square of the on-shell Lagrangian in (9) is

∫∫
dσdκ 	(σ − κ )

ḟ (τ, σ )

f ′(τ, σ )

ḟ (τ, κ )

f ′(τ, κ )

= 2π2 h ε2 + π2 (3 c2 + 56 c h + 112 h2)

96 (c + 8 h)
ε4 + . . .

(15)

We comment more on this result and how it was obtained in
the Appendix. Figure 1 shows a graphical representation of
the circuit (14).

IV. GEOMETRY OF COMPLEXITY

In order to gain a qualitative understanding of the geome-
try of the Fubini-Study complexity and compare with other
notions, we will instead proceed to calculate the sectional
curvatures K (u, v) at the identity map f (σ ) = σ for tan-
gent vectors of the form u = sin(mσ ), v = sin(nσ ), m, n ∈ N
and m �= n. Following the analogy with finite dimensional
geodesic motion, first and second derivatives of the metric
can then be defined as functional derivatives, e.g., ∂gσκ

∂xη →
δ

δ f (η)
	(σ−κ )

f ′(σ ) f ′(κ ) = −	(σ − κ )( δ′(σ−η)
f ′(σ )2 f ′(κ ) + δ′(κ−η)

f ′(σ ) f ′(κ )2 ). In order

to calculate the sectional curvatures,

K (u, v) = Rσκηωuσ uηvκvω

(u · u)(v · v) − (u · v)2
, (16)

we would still need an analog of the inverse metric which is
needed in the definition of the Riemann tensor Rσκηω. Note
that in (16) the scalar product is taken using the metric gσκ

and we assume Einstein’s summation formula involving inte-
gration. The inverse metric in question does not exist because
our metric is degenerate. However, for circuits of the type
(14) which satisfy the condition

∫
dσ

ḟ (τ,σ )
f ′(τ,σ ) = 0 for all τ , it

is possible to show that the equation of motion (11) is left
invariant when adding a nonzero constant to the two-point
function 	. This creates a metric which is invertible and yet
has identical (i.e., independent of the added constant) sec-
tional curvatures to the original metric in the tangent planes
spanned by u = sin(mσ ), v = sin(nσ ). We find

K (u, v) = 3

π2(m + n)

[
(2m + n)(m + 2n)

24h + c(m + n − 1)(m + n + 1)

− (2m − n)(m + n)2

m(24h + c(m2 − 1))

]
for m > n. (17)

For 0 � h/c < 4
13 , all K (u, v) in (17) are negative, for h/c →

+∞, all K (u, v) are positive, and for generic h > 0, c > 0,
only a finite number of K (u, v) for small m, n will be positive,
while the infinitely many remaining ones will be negative.
Due to a theorem from Ref. [37], we know that there should
always be some tangent planes in which K > 0, but the result
above suggests that the generic curvature felt by the geodesic
curves we are investigating will be negative unless h/c →
∞. This is important, as in the study of Euler-Arnold-type
geodesic equations negative sectional curvatures are related
to a strong dependence of geodesics on initial conditions [38].
For models of complexity, the necessity of negative sectional
curvatures has been discussed in Refs. [39,40]. Curiously,
the metrics underlying the KdV and CH equations lead to
sectional curvatures of nondefinite sign [41,42], while the
geometry underlying the HS equation is positively curved
[43]. Furthermore, it was shown in Ref. [43] that the geometry
underlying the HS equation maps the group manifold to an
open subset of an L2-sphere, implying geodesic incomplete-
ness: Geodesics can leave the space of invertible maps on the
circle in finite affine parameter τ . From the point of view
of the HS equation as a wave equation, this is related to
the phenomenon of wave breaking, but from a complexity
perspective this phenomenon is harder to interpret. It would be
fascinating to develop a better understanding of the conditions
on a generic 	 under which equations of the form (11) allow
for such wave breaking in finite time τ . We conjecture that
this should not be the case for physically sensible choices of
complexity.

V. SUMMARY AND OUTLOOK

We addressed the problem of complexity of unitary op-
erators resulting from exponentiation of the right- (or left-)
moving component of the stress-energy tensor in CFT1+1,
see (1) and (2). There are three important features of the
complexity notions we consider: Firstly, they lead to equations
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of motion second order in derivatives of τ , which allows to
search for optimal circuits connecting two elements of the
Virasoro group. Secondly, they are based on only counting
nontrivial (neglecting phase factors) elementary operations
with non-negative weights. It would be interesting to see
if there are circumstances under which the neglected phase
factor can be interpreted as a geometric phase [44], see,
e.g., Ref. [45]. Thirdly, the whole construction uses explicitly
spatially local gates generated by the stress-energy operator
and counts either linear combinations of it via the Fubini-
Study approaches or directly the usage of local operators
itself.

We started with the definition of complexity based on the
Fubini-Study distance (4), as it seems to be easier to em-
bed in holography and has other attractive properties. This
naturally led us to the Euler-Arnold type nonlinear equation
(11). Despite the intricate form of this equation of motion
in an infinitely dimensional space, we were able to find ap-
proximate solutions interpolating between the identity and its
perturbation containing a single Fourier mode, see (14). The
leading term there reproduces the result of Refs. [24,26] for
complexity change under infinitesimal conformal transforma-
tions, which is a double integral of two test functions (related
to ḟ ) integrated against the stress-energy two-point function
as integration kernel. Higher-order terms in (14) and (15) are
new predictions originating from the nonlinear nature of the
equation of motion. We also evaluated the sectional curvatures
at the identity and found that for the Fubini-Study metric in
physically relevant cases it is negative in most directions, see
(17).

Subsequently, we looked at another possibility of defining
circuit complexity that is based on explicit counting of ap-
pearances of the stress-energy tensor. This approach can be
thought of as originating from a state in which the correlation
function of the stress-energy tensor is ultralocal (13), and
it would be exciting to pursue this analogy further, perhaps
along the lines of Ref. [46]. Optimal circuits in this case would
be exactly described by the KdV, CH or HS equations, which
were suggested as models for complexity in Refs. [25,29].
However, the geometries underlying these equations may have
undesirable properties from a complexity perspective, such as
positive sectional curvatures or geodesic incompleteness [43].

One intriguing open problem is realizing circuits given
by (1) and (2) in holography, and their relation to holo-
graphic complexity proposals [1–5]. A strong hint in this
direction is the agreement noted in Ref. [26] for in-
finitesimal conformal transformations using the results from
Ref. [24].

Another way forward is to understand the circuit (1) with
Q(τ ) given by (2) as being realized by a CFT1+1 in a curved
geometry with τ as the physical time. This brings a parallel
with the path-integral optimization program [28,47,48], which
was, however, predominantly presented in the context of
nonunitary circuits originating from the Euclidean time evo-
lution. Another interesting issue is the question of permissible
cost functions being covariant functionals of the underlying
metric [28]. Finally, it is clearly important to see if inclu-
sion of primary operators and their descendants in circuits
containing the stress-energy tensor can lead to short cuts, see
Ref. [34].
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APPENDIX

In this extra section, we will further elaborate on the itera-
tive procedure which led us to the approximate solution (14),
see also Ref. [30] for further details.

Suppose we want to calculate the geodesic circuit from
f0(σ ) = σ at τ = 0 to some target map of our choice, written
as

f1(σ ) = σ + ε g(σ ) (A1)

at τ = 1 with ε 
 1. To lowest order in ε, the geodesic circuit
connecting these two maps will just be the linear interpolation
between them, and for higher-order corrections in ε we write

f (τ, σ ) = σ + τ ε g(σ ) + ε2 f (2)(τ, σ ) + . . . (A2)

This ansatz alone stills lead to integrodifferential equations
for f (n) at increasing orders in ε. In addition, we represent
f (n)(τ, σ ) as a Fourier series

f (n)(τ, σ ) = bn,0(τ ) +
∑
j∈N

bn, j (τ ) cos( j σ )

+
∑
j∈N

an, j (τ ) sin( j σ ). (A3)

Instead of one integrodifferential equation of motion for
f (n)(τ, σ ), we obtain an infinite number of coupled ordinary
differential equations (ODEs) for the modes bn,0(τ ), bn, j (τ )
and an, j (τ ). The term bn,0(τ ) can be set equal to zero at
every order without loss of generality for reasons explained
in Ref. [30]. The other modes should be solved for subject to
the conditions

an, j (0) = an, j (1) = bn, j (0) = bn, j (1) = 0. (A4)

For the moment, we make the additional assumption that
g(σ ) in (A1) is proportional to one single Fourier mode:
g(σ ) = sin(mσ ) with some integer m. The benefit of this
assumption is that the on-shell (squared) Lagrangian under
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the ansatz (A2) can be calculated explicitly order by order
in ε, and equations of motion can then be calculated for
the modes an, j (τ ), bn, j (τ ) by varying this expression for the
Lagrangian. For the form of g(σ ), which we have chosen, and
in fact for any g(σ ) which has a Fourier series that exactly
terminates after a finite mode number m, it can be shown
that there will be an integer number M(m, n) such that the
modes an, j (τ ), bn, j (τ ) decouple from all other modes for j �
M(m, n), obtaining trivial equations än, j = 0 = b̈n, j , which,
subject to (A4), simply imply an, j = 0 = bn, j .

Hence, at any finite order n of ε, we only have to solve
a finite system of coupled ordinary differential equations for
the an, j (τ ), bn, j (τ ) with j < M(m, n), which is tedious but
straightforwardly doable. Higher and higher orders in εn can
then be added iteratively. For the specific choice of g(σ ) =
sin(σ ) (m = 1), we obtained the solution (14) in this way.

What is now the distance between f (0, σ ) = σ and
f (1, σ ) = σ + ε sin(σ )? As the Lagrangian is conserved by
affine parametrization and the curve is parametrised such that
it reaches its destination at τ = 1, the square of the Fubini-
Study distance (8) is just (up to a factor 4π2) equal to the value
Lsq of the square of the Lagrangian from (9), i.e., (15). As
expected, for small ε the distance LFS ∝ √

Lsq will be linear
in ε.

We will now list a few important observations about this
result and the iterative method in general.

(1) While we assume ε 
 1, in principle, we can go to
arbitrarily high orders in εn. This means that even when the
target map (A1) is not infinitesimally close to the identity,
we can calculate the extremal circuit to arbitrary precision,
modulo possible issues arising in the presence of conjugate
points, which we leave for future study. Furthermore, as the
extremal circuit is a minimizer of length, even finite accuracy
approximations could be useful in providing upper bounds
on the distance which become increasingly tight as more and
more orders of ε are added.

(2) Of course, if only an approximation to the circuit with
finite precision is needed, the equations of motion might be
solved numerically instead. Besides some technical problems
pointed out in Ref. [30], this would require a shooting or
relaxation method while our iterative method is by design well
adapted to the situation where initial and final conditions are
given for the circuit (instead of initial position and velocity),
which is the most physical setup for a problem of this kind.
Also, the iterative method produces analytical results (as se-
ries expansions in ε), which may be inherently an advantage
in some circumstances.

(3) The first point above concerns the issue of what the
convergence radius is for the seriesexpansion in (15). For
ε = 1, f ′(1, σ ) = 1 + cos(σ ) can be zero for some σ = σ0,
and such maps with f ′(σ0) = 0 are not proper group elements
as they would not be invertible one-to-one maps of the circle
to itself. A very important question is whether this boundary
of the space of allowed maps can be reached in finite dis-
tance, which is indeed possible in the case of the HS equation
as shown in Ref. [43]. Based on our physical intuition for
complexity, we would like to conjecture that this is not the
case. This would require that the series in (15) has a finite
convergence radius ε < 1 and describes an analytic function

with a pole at ε = 1. We hope to study this issue in more detail
in the future.

(4) In the above, we have set g(σ ) = sin(mσ ) as a sim-
ple example and proof of concept. However, our iterative
procedure is much more versatile. Firstly, we could straight-
forwardly use any function g(σ ) for which the Fourier series
terminates after a finite mode number (even though in practice
it adds a lot of workload).

However, even more generally, consider a target map with
nonterminating Fourier series

g(σ ) =
∑
m∈Z

cmeimσ . (A5)

For this to converge to a smooth function g ∈ C∞, we need∑
m |cm||m|N < ∞ for any integer N . For concreteness, we

can consider the case cm = ĉmqm with some 0 < q < 1 and
ĉm = O(1) for any m. In this case, we can simply replace
q with ε, and do the iterative procedure as before, imposing
adequate boundary conditions on all modes at any given order.
Essentially, as limm→∞ cm = 0, the Fourier series (A5) can
be interpreted as always effectively terminating for any given
finite level of accuracy (determined by the magnitude of εn).

(5) Of course, in our eyes there is no “best” or “right”
choice of g(σ ). The most important possible achievement
would be a comparison with bulk results, for example along
the lines of the comparison between the leading order results
of Refs. [24,26], but for higher orders in ε. For this task a
simple function like g(σ ) = sin(mσ ) would be sufficient for
obtaining nontrivial results, and we see no reason why a more
complicated function g(σ ) would give any additional benefits
beyond that.

(6) In (15). we worked with the square of the original
Lagrangian, which is also more convenient for deriving the
equations of motion. However, we have so far left ambiguous
whether the actual value of the complexity should be calcu-
lated from this squared Lagrangian as in (15), or the original
Lagrangian including the square root (9). The reason for this
is that assuming affine parametrization, the equations of mo-
tion following from both kinds of Lagrangian are equivalent,
and so are hence their solutions and the sensitivity of the
geodesic problem to initial conditions [related to the sectional
curvatures (17)], which was a focus of our paper. It is our
philosophy that the study of such geometric properties of a
given complexity proposal is as important as the motivation of
the employed cost function itself, in contrast to some parts of
the holographic literature that seem to end their investigations
at the point where they have motivated a choice of cost func-
tion, without analyzing the equations of motion, their generic
solutions and underlying geometry in detail.

See Ref. [49] for a discussion of the issue of distance
functionals (i.e., Lagrangians including a square root) versus
energy functionals (i.e., squared Lagrangians). In our case,
if we have in mind a comparison with bulk results for the
complexity=volume proposal along the lines of Refs. [24,26],
the squared Lagrangian seems more relevant as then com-
plexity scales linearly with the central charge instead of
its square-root. In fact, our leading order result in ε then
trivially reproduces the results for complexity change of
the ground state (h = 0) calculated in Refs. [24,26] for the
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complexity=volume proposal and conformal transformation
in only one copy of the Virasoro group (which we have
exclusively considered in this paper). Extending our method-
ology to two copies of the Virasoro group in the most
trivial way Ctotal ≡ CVir1 + CVir2 would unfortunately fail to

reproduce the general results of Refs. [24,26] already at
leading order. However, we leave it to future study whether
for transformations in only one copy of the Virasoro group
the volume change matches with our results beyond leading
order.
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