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scattering with any number of closed string tachyons to the subleading order at the tree
level. The limit factorizes the scattering amplitude into a double-soft factor multiplying
the pure tachyon subamplitude, suggesting a universal double-soft theorem for the mass-
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tent with each other. We furthermore provide a complete field theory diagrammatic view
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1 Introduction

In this work we initiate the study of the double-soft behavior of massless closed strings
by considering their emission from n-point closed string tachyon amplitudes in the bosonic
string at the tree-level. While the single-soft behavior is by now well-understood at the
tree-level [1-14] and to some extend also at the loop-level [15-17], the double-soft behavior
have so far had little attention due to the large increase of complexity in the analysis



(see, however, [18] for double-soft open strings). The motivation has, however, not been
lacking; it’s been argued that for instance the double-soft behavior of massless states, in
particular, of the graviton could shed new light on hidden symmetry of the gravitational S-
matrix [19] in a way similar to the double-soft pion theorem, which reveals the underlying
(hidden) coset algebra of spontaneously broken Quantum Chromodynamics [20]. It has
also been suggested [21, 22] that the double-soft string dilaton theorem could give novel
constraints on the Type IIB supergravity action. More fundamentally, since the origins of
the dilaton soft theorem is not yet fully understood, an extended understanding of its soft
behavior could reveal key aspects to understand this problem. Some hint on its origins
could be deduced from the similarities existing between the single-soft theorems of the string
dilaton and of the Nambu-Goldstone boson of spontaneously broken conformal symmetry.
It has been shown that the soft-operators of both dilatons contain the generators of the
conformal group, in particular dilations and special conformal transformations at leading
and subleading order, respectively [23-25]. However, while the soft theorem of the Nambu-
Goldstone dilaton follows from Ward identities associated with the broken generators of
the conformal symmetry, a similar understanding of the soft behavior of the string dilaton
is still lacking.

Here we focus our attention on tree-level bosonic string amplitudes with two massless
closed string states, representing gravitons, dilatons, and Kalb-Ramond B-fields, and an
arbitrary number n of closed string tachyons, which we denote as M, +2. We will denote
by I and ¢ the momenta, and by ¢; and ¢, the polarization tensors, of the massless states,
and with k1, ..., k&, the momenta of the tachyons.

These amplitudes can be expressed very compactly for arbitrary n as integrals over the
insertion points on a sphere of the vertex operators of each closed string. In this integral
representation we are able to analyze generically M, o for any n in the kinematical region,
where the momenta of the massless particles are simultaneously small; i.e. soft. This is
achieved by first rescaling with a small parameter 7 the two soft momenta, (I, ¢) — (71, 7q),
and then by expanding the integrand for small 7, enabling us to calculate the integrals over
the insertion points of the soft states up to the subleading order in 7. The result of these
integrations is then found to be expressible in the form of an operator acting on the pure
n-point tachyon amplitude, M, specifically

1 vpo 1 vVpo
My yo(1q, Tl k) = €q,00 €1,po [TQS(;VP (g1, ki) + ;Sﬁ P7(q, 1, ks)
1.
F8) | M,(8) + 06 (1)

where the first two terms above are purely kinematical, while the last term is operational
(hence the hat), i.e. involving the angular momentum operator acting on the pure n-point
tachyon amplitude. Their explicit expressions are specified after equations (3.4)—(3.7). The
leading order term simply confirms the Weinberg theorem, but here includes also the con-
tribution from the dilaton, while the subleading purely kinematical term Sg parametrizes,
from a field theory perspective, contributions from double-soft emission directly from the
same tachyon external state.



From this expression, the double-soft theorems for each of the physical states of the
massless closed string, the graviton and dilaton respectively the Kalb-Ramond states, are
obtained upon symmetrization, respectively, antisymmetrization of the polarization indices
of the massless legs. For the graviton, the polarization indices have to additionally be
transverse and traceless, while for the dilatons the polarization indices must be projected
with a transverse trace-tensor (see eq. (2.4)).

The double-soft operator for external gravitons, given in (3.4) together
with (3.9)—(3.11), turns out to be in agreement with the known result in the litera-
ture [26, 27]. The double-soft theorems for two soft dilatons and for the mixed case of one
graviton and one dilaton are obtained here, for the first time, and given in equations (3.15)
and (3.14), respectively. Finally, the double-soft Kalb-Ramond emission theorem is ex-
pressed in (3.17)—(3.18), where only the Sk term is non-vanishing.

Remarkably non of the soft operators above, obtained from string amplitudes, contain
string corrections (the stringy behavior is all contained in the factorized lower-point n-
tachyon amplitude). Therefore in the field theory limit of the amplitudes, they remain
unchanged providing relations among massive scalar amplitudes with and without two soft

L We also remark that in the case of the

gravitons, dilatons, and Kalb-Ramond states.
dilaton, the subleading order of the single and double soft operators contains the generator
of the dilatation. At the sub-subleading order also the generator of special conformal
transformations appears in the case of single-soft emission. We expect that a this will also
take place in the sub-subleading double soft operator, although the explicit check of such
a conjecture deserves further analysis.

To outline the relation between the single-soft theorems and the double-soft theorems,
found here, we derive from both theorems the consecutive soft emission of two soft massless
closed string states; i.e. where the softness of the two states is ordered. This is detailed
in the warm-up section 2, where we revisit the single-soft theorem. The two results agree
upon symmetrization of the single-soft emission ordering, as should be expected. We stress
that oppositely the double-soft theorem, being more general, cannot be derived from twice
the application of the single-soft theorem. On the other hand, the operator term S;in (1.1)
comes out fully from twice the application of the single-soft theorem, and we note that to
the order considered, we do not see emergence of additional operators at the double-soft
level. In fact, we would expect, if at all, emergence of new operators first to appear at the
order O(7Y), which, going beyond the scope of this work, motivates to extend our analysis
to the subsubleading order, which we leave for future work.

To understand better all the additional purely kinematic terms appearing in Sg, we
perform in section 6 a field theory diagrammatic analysis of M, s, and show the origin of
each term in Sg from a field theory perspective. This moreover enables us to predict from
the double-soft theorem the leading terms in the four-point Feynman vertex of two tachyons
and two massless states. We furthermore consider in section 7 an alternative approach and
show that Sg, in fact, can be completely derived from on-shell factorization on the four-

The field theory effective action of tachyons found when keeping their mass m? = —% fixed, is that of
massive ¢°-interacting scalars [28)].



point subamplitude of two tachyons and two massless states, which we separately calculate
in appendix A. The missing appearance of o in the soft factors is then explained as a
consequence of the property that the leading double-soft behavior of the four-point string
amplitude is equivalent to its field theory limit o/ — 0; a fact, that is also explained in
section 7. We also make use of the four-point amplitude to extract the contact terms,
and thereby the full four-point on-shell vertex, confirming our prediction for it from the
double-soft theorem. This analysis is provided in appendix B.

To briefly recapitulate, the paper is organized as follows. In section 2 we revisit the
single-soft theorems for massless closed string states and discuss the consecutive double-
soft behavior of amplitudes with massless string states and arbitrary numbers of massive
scalar particles. In section 3 we present the results of our analysis on the simultaneously
double-soft limit from the perspective of the string amplitudes. In section 4 and section 5
we give some technical details related to the analysis presented in section 3. In section 6
we discuss the diagrammatic analysis of the results obtained in the paper. In section 7
we use the on-shell factorization theorem to derive all the purely kinematical terms much
more directly than in section 6.

There are two appendices: appendix A provides the full string calculation of the four-
point amplitude with two tachyons and two massless states, while appendix B provides a
field theory diagrammatic calculation of the same four-point amplitude, in its field theory
limit, thereby establishing the four-point vertex of two tachyons and two massless closed
string states.

2 The single-soft case revisited

Before we present our results, it is useful and instructive to keep in mind the single-soft
scattering behavior of massless closed strings. We thus give a brief summary thereof,
and also discuss its application to two consecutively emitted soft massless closed strings,
necessarily related to the more general result of this work.

2.1 The single-soft theorem of a massless closed string

The unified single-soft theorem for the states of the massless closed string; i.e the graviton,
dilaton and Kalb-Ramond, was found in [12] to read:

" TkMRY i kg, (Li +285)77 i kYq,(Li +28;)"
Mn+1(ki§Q):HD6q’#Eq7VZ|: PRy ik )77 i kg, )

—|ki-qg 2 ki-q 2 ki-q
+ %(S’“’ - SW)] My (k:) + O(q) (2.1)
where kp is related to Newton’s constant by xp = STFGg\?), with D the number of

spacetime dimensions, and €4, = €4,.€4, is the polarization tensor of the massless state
and ¢ is its momentum, which is soft compared to all the momenta k; of amplitude. M, is
the lower-point amplitude without the soft state and universality of the soft theorem means



that this can be any n-point amplitude. Finally the operators L, S and S are defined as

. 0 0 . 0 0 ~ (. 0 _ 0
Li,m/ = Z(ki,uw - ki”k#) ) Siup = Z(Quaep - fipaeu) y Sive = 7'<6il/86q - 61‘086,‘/) .
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(2.2)

The full angular momentum operator is given by the combination
Ji,uu = Li,ul/ + Si,p,l/ + Si,;u/ = Li,uu + Si,w/ ’ (23)

where we also defined the total spin angular momentum operator S;. Eq. (2.1) is valid in any
string theory at the tree level. Strictly speaking, D should take the critical dimensionality
of the given string theory. However, at the tree-level eq. (2.1) is valid in any dimension
D > 2, where in noncritical dimensions one can think of it as expressing the soft theorem
of tree-level amplitudes of the low-energy effective theories of strings to any order in o/. Of
course, for D < 2 there are no propagating degrees of freedom in the gravitational sector
for (2.1) to make sense in this way.

The soft theorem in (2.1) is a so-called subleading soft theorem; the factorization of the
amplitude extends through subleading order in the soft momentum expansion. It generi-
cally reproduces the soft behavior of the graviton, dilaton and B-field upon symmetrization,
respectively, antisymmetrization of the polarization tensor of the massless state. For the
graviton one additionally imposes transversality, i.e. quz—:gy = 0, while for the dilaton the
polarization tensor is taken to be:

uro_ 1 v —v V= =2 =
el = ———=W"~-d"¢"~-4¢"¢"), ¢=0,q-q=1 (2.4)
D —2

with ¢ a reference null-vector. In [12] it was shown that the Kalb-Ramond B-field soft
theorem does not extend to higher order in the soft expansion. However, it is well-known
by now that the soft behavior of the graviton factorizes through subsubleading order at
the tree-level, and this is also the case for the dilaton, as shown in [10]. This behavior is
for the dilaton, in contrast to the graviton, additionally universal and thus a true subsub-
leading soft theorem. It is possible to write a unified subsubleading soft theorem for the
graviton and dilaton, by considering only symmetric polarization of the soft massless closed
state. The first two orders can be immediately derived from (2.1), while the subsubleading
operator was given for all string theories in [10]. The full expression takes the form

K'KY gkl TN quqe s JEPTVT o quUSHf’CIfU
M — 1 s2P™M Yy ApHo ) ) - s,t.d. M. O 2
e Eq,ueq,u; ki-q - q 2k; - q 2 ki-q ntO(T)
(2.5)

where :: means normal ordering of the double-derivatives such that they all act to the
right, and the last term, clearly theory dependent (t.d.) due to the string parameter o/, is
given by:

SRS = (Kt — KEnlt) (g — K TSy (2.6)



with

< ge; T v bosonic string
Hzgd. =9 € 53’5 heterotic string (2.7)
0 superstring

Thus, the graviton in superstring theory has the same soft factorization behavior as the field
theory graviton of ordinary Einstein-Hilbert gravity. These theory dependent contributions
are directly related to the difference in their low-energy actions at the leading o/ level,
where in bosonic and heterotic string enters a R?¢ term in the action (where R? should be
understood as the Gauss-Bonnet operator and ¢ is the dilaton field), which does not appear
in superstrings due to supersymmetry. It turns out, however that the theory dependent
term vanishes (on shell) in all theories, when contracted with the dilaton projection tensor.
This property ensures that the dilaton soft behavior is universal, and takes the curious
form when use of (2.4), momentum conservation and on-shell conditions, is made:

n 2 n n
KD m; .o, A o
Mn+¢:[—§ et 425 " Ditq, Y K
VD -2 i—1 kiq i=1 i—1

- % PH vo po 2
* ; 2kiq (Si NS+ DHi,bos.> My, + O(q7) (2.8)
where
Di= ki - Rl O e O g O (2.9)

are the generators of the space-time dilatations and special conformal transformations. the
subscript bos. on II?” means that it is the operator identically to (2.7) in the case of the
bosonic string, but here enters universally for all string theories. The universality of this
soft theorem persists even at the loop level, albeit one has to rewrite the dilatation operator
in terms rescaling operators, see [17].

2.2 The consecutive soft theorem of two massless closed strings

Before we present the double-soft results, it is useful to first consider what information the
consecutive emission of two soft massless states provides. To keep things simple, but still
giving the idea, we restrict to the consecutive double-soft emission of two dilatons from
an n-point closed string tachyon amplitude. For comparison with the simultaneous soft
emission, where the two soft dilatons are not distinguished, we symmetrize the consecutive
order of soft limits. To subleading order we have:

LD TR ad; 7.y _ L KD ~ m] ~
2{}1_{%7%%}Mn (Qal»kz)_2D_2 ;qkz (1+q a/ﬂ)"'Z Z_Zlk;z ak‘z L0
n m2 n
X [— Hi (1—|—l-8kj)+2—ij-8kj]Mn(k:¢)+(q<—>l)+0(q0,lo) (2.10)
j=1 J j=1



Expanding the two soft brackets (acting also with the first operator on the second) and
rearranging one finds

1 o 0
2 {}5’% 35%} w5 ki) Z e ( 9ok, “ak:j)

+Z < " ) Zkﬂ ok; EZ: < + ) My (ki) +0(¢, 1% (2.11)

The first two series of terms follow immediately from the single-soft theorem. The last
series of terms is, however, not obvious. In particular the prefactor 3, instead of just 2,
origins, as we will see, from the contribution of the four-point contact term of two tachyons
and two dilatons. Here the extra factor appears as a consequence of the dilation operator
in the soft theorem. This shows highly non-trivially that the single-soft dilaton theorem
stores information about higher-point interactions, and these are encoded in the conformal
operators.

The more general consecutive soft emission of two (or more) massless closed string can
be obtained in the same way directly from the unified single-soft theorem (2.1). However,
this will be much easier to obtain, once we have provided the simultaneous double-soft
theorem.

3 The simultaneous double-soft theorem of massless closed strings

We now present a summary of our main results. In this work, we restrict the analysis
to the double-soft emission of massless closed strings from n closed string tachyons in the
bosonic string. The full string amplitude can be written in closed form for any n tachyons
as follows:

d2z; d®z 2w il N
Mon(g, 1, {ki}) = N“+200/H’dvb/d9d<pﬂd9i /d@d@Hd@i
aoe i=1 i=1

o [e 2 G1G (2 0) (0q)(0e1)D-0uG(z0) +1/ 5 10eq)0:G (20 +/ F a0er) D G )
XH64 ZqGZZZ)XH \/7k (0eq)0-G(z,2;) XH€4le(wzl)
% H \/7’6 (¢€1) 0w G(w,z;) x H a kik; G( zl,z]-)] % a.h. (3‘1)

1<j

where ¢,l are the momenta of the massless closed strings, ¢4, ¢ are their holomorphic
polarization vector, and k; are the momenta of the tachyons. 6 and ¢ are Grassmann
variables and a.h. stands for multiplication with the corresponding antiholomorphic part.
G(z,w) = log |z — w|? is the two-point Green function on the Riemann sphere, however,
for our purpose, and for possible extension to multiloops, it is useful keep the expression



in terms of the Green functions. The prefactors are given by:

o=(Z)(Z). wm=(2). woa-(5)(2) e
o kp) on /)’ 0 0 o 2m

After performing integration over the Grassmann variables, the expression can be brought
into the following form:

Myi2({kit; g, 1) =

n
al ol k. ) o )
Ma({hd) e N [ et FGiem) T oot T mictes

=1 i=1

r ;. n
X {T]W 0,0,G(z,w) + % Z kip kjn0.G(z, 2;) 0uG(w, z5) + % ZlukjyazG(z,w)awG(w, zj)
ij=1 j=1
!

o < e
+5 ; Qkin0.G (2, 2;) 00 G(z,w) + ?luqlﬁzG(z, w) 0y G(2, w)}

;. n ; n
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i=1

where M,,({k;}) is the n-point tachyon amplitude and * denotes a convolution of integrals.
Our aim is to calculate the integration over the massless closed string vertex operator
positions, parametrized by z and w, up to subleading order in ¢ and [; more specifically,

1 Then we will seek an

let ¢* — 7¢"* and I* — 7I*, we will compute through order 7~
operator, which when acting on the pure tachyon amplitude in integral form, reproduces
our calculation. This will establish a double-soft theorem, if such an operator exists.

The result of our calculation of the z and w integrals is not in it self interesting. But

from that calculation we are able to establish the following result:
MY ({kiti g, 7l) =
1 k:“k:” kpkg 1 - 1 MPe MEP?
2 1 uvpo

Eq.uv El.po s —5 + + M;

heam i {Tz S UMET Ly e [ e
i kfkf ar
D>
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; v LK
;Zk . > }Mn<{ki}>+0<70> (34)
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The coefficients M123—5 eP? MISPT are given by:
2, q & 1,2,3 Y

My = — (el ey (qki) (Lki) + (legl) (Kierki) + (kiggki) (gg1q) — 2(legki) (Kiciq)

k“J

+ [(leg erki) + (Iegeika)|(kia) + [(Kigq €19) + (kiegeja)] (Kil) (3.5)
My = (kiegki)[(kic1q) + (qeik)](kil) + [(leghi) + (Kiggl)] (kieiks)(qk:)

— (k‘l6qk‘l) (klslkl)(ql) (36)
My =— [(k‘zEf] «Slk‘7;) + (k‘ﬁqé‘fk‘l)] (37)



The operators Sjy,/ 7, S "7 and S introduced in the introduction, eq. (1.1), are given
by the first, second and third line of (3.4), respectively.

Since the lower-point amplitude M, is a purely tachyonic amplitude, the action of J*¥
is here simply that of L*”, but for a generalization of this soft theorem, one should expect
the full J* to appear, why we have kept it in this form here (the S*”-part here simply
annihilates the lower-point amplitude, so its addition is here indifferent).

We emphasize that (3.4) encodes the result of the explicit computation of (3.3). It
specifically shows that the double-soft emission of massless closed strings obeys a double-
soft theorem through subleading order. It will be checked in section 5 that (3.4) is on-shell
gauge invariant, as it should be.

We finally notice that (3.4) does not contain any explicit o/-terms.

In the following subsections we obtain from (3.4) the specific double-soft theorem
associated to each of the massless string states by contracting it with the corresponding
polarization tensors. We notice first, however, that the expression must be different from
zero only if the soft states are either both symmetrically polarized (gravitons/dilatons) or
both Kalb-Ramond (antisymmetric) states. This is a consequence of the world-sheet parity
symmetry of the bosonic string, according to which amplitudes odd under the exchange of
the left and right sectors of the closed string vanish. It is for later use, i.e. when checking
gauge invariance in section 5, useful to rewrite (3.5) in a way that takes this symmetry

into account, namely
My = — (el ey ) (qki) (Iki) + (legl) (Kieiki) + (kiggki) (ge1q) — (leghi) (kierq)
— (kiggl) (qeiks) + [(Ie], e1ki) + [(leqeiki)] (kiq) + [(kicl €1q) + (kicqeia)] (kil)  (3.8)
where only the term with a factor of 2 in (3.5) was rewritten.
3.1 Two symmetrically polarized soft states (gravitons and dilatons)

In the case where €4” and ¢/ are both symmetric, the coefficients M; 5 3 simplify to:

My = — (el e ) (qki) (ki) + (legl) (Kieik:) + (kiggki) (qe1q)

— 2(l6qk‘i) (qslk:i) + 2(l€q€lki)(k‘iq) + Q(kﬁqSlq)(kJil) (3.9)
MQ = Q(kﬁqk‘i) (k‘zf-:lq)(k‘ll) + 2(l€q/€¢) (k‘ﬁlkz)(qkil) — (k‘ﬁqk‘l) (klslkl)(ql) (3.10)
M3 = — 2(]%6(16[/{@') (3.11)

For two soft gravitons, our result has to agree with the already established field theory
double-soft graviton expressions [26]. Eq. (3.4) is, however, different from the result of [26]
for the graviton. The difference is in the M7-term, but we can show that the two expressions
are equivalent as a consequence of momentum conservation; i.e. we can write the terms in

question as:
- 1
Z m [—(EZVEMW) (qk:z) (Hﬁz) + (lqu) (kiélki) + (ki&‘qki) (qalq) — 2(l6qki) (qalki)
i=1""

+ (legeiki) (ki(q — 1)) + (kicqg1q) (ki(l — q))
+(legeik) (ki(q + 1)) + (kiege1q) (ki(q + 1))] (3.12)



In the last line the numerator cancels the pole in k;(q + 1) and, due to the momentum
conservation, the sum over the hard particles yields:

n

Z [(legeiks) + (kiege1q)] = —2(Ieq219) (3.13)

which can be neglected to the order in the soft expansion we are considering. The remainder
of (3.12) then agrees with [26].

For the simultaneous soft emission of both a graviton and a dilaton, we can specify the
result further by using the dilaton projection tensor (2.4) and that the graviton polarization
tensor is traceless, thereby getting

K2 1 <k gk " m?2 1
M, _ D - JELR; g ht
+g+d VD -2 [72 ~ kjl ; iq < > T ; 8k
1~ m? <q€zq kiciq (ql)(/fmki))
+ - ! +2 -
P2yl P T GGk
..n 2 " e Vkltl JVﬂ
_t S my Wit g+ () (3.14)
o Mo kil
Finally we can specify to the double-soft dilaton case, getting (we set k = —m?):
K2 1 n m? m2 0 0 1 — mi (ql)
Mn e 7D ]. - <
~2 Z (k) 1 z”: m;
Ei( q—|—l ql TzlkizQ‘H)
_lzn: m7?+7 Z’“ M, + O(9) (3.15)
T kiq J 8k: " ’ '

Since these results apply to n hard states being closed string tachyons, the masses should
be taken equal to mf = —4/a/, however, we expect that this result applies, at least to
some extend, more generally to the interaction with other massive bosons. As will be
detailed later, all terms with a double-pole in the soft limit can be understood as double-
soft emissions directly from external tachyon lines through three-point interactions. The
last line, with only a simple pole structure, can be directly understood from the single-soft
theorem (2.8). Finally there remains one additional term with a simple pole; this is also an
external line emission contribution, however, its structure reveals that it must come from
a four-point contact interaction where two dilatons are emitted from the same point of an
external line. In other words, the double-soft theorem immediately give us the on-shell
contact interaction of two tachyons with two dilatons.

The consecutive soft theorems can be immediately derived from these results. As an
example, let us consider again the consecutive emission of two soft dilatons and compare

~10 -



with (2.11). Specializing (3.15) to the symmetrized consecutive soft theorem, we get:

1
3 {hm hm} Mytdvd =

1—0 gq—0
2

"m2m2 0 0 “rm? om\ & 0 — (m? m}
1 _ A ki— — 3 Yy oy
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q+l " mi(ql) 1 1
Z "2 i) k) <k Tk l)

=1

M, + O0(¢°,1%) (3.16)

We observe that the first two lines are exactly the same as what we found from using the
single-soft theorem consecutively in (2.11). But now we understand the factor 3 discussed
below (2.11); it is the additional contribution from the four-point contact term of (3.15)
that here ensures the factor of 3. Thus the single-soft theorem, used to derived (2.11),
rather amazingly contains the information about the four-point contact term.

3.2 Two antisymmetrically polarized (Kalb-Ramond) soft states

Since most terms of (3.4) are symmetric in the polarization indices of at least one of the soft
massless states, the double-soft theorem (3.4) simplifies radically when taking the external
states to be antisymmetrically polarized. We specifically find that the soft theorem of two
Kalb-Ramond B-fields read:

) 1 [P 0
Muipip=rh Y oD | 2(kieq 1 ki) | My, + O(7%) (3.17)
=1
with
M) = (e &) (gki) (k) — 2(legki) (Kigrg) — 2(leq erks) (kiq) — 2(kigq 1) (kil) (3.18)

We recall that the amplitude of a single B-field interacting with n-tachyons vanishes, and
so does its soft theorem; i.e. the B-field single-soft operator annihilates the pure tachyon
amplitude. Now, instead with two soft B-fields, the soft behavior is non-vanishing, and
given by the above expression.

4 Computational details

In this section we give some detail about the derivation of the simultaneous double soft
limit results presented in section 3. The advantage of using string amplitudes to find such
relations, which to leading order in the string slope are field theory identities, is due to
their peculiarity to be very compact expressions containing few diagrams, only one in the
case of oriented closed theories, at each order or the perturbative expansion. This is visible
in eq. (3.1) where the amplitude, giving the interaction among two massless states and
n-tachyons, is a multiple integral on the complex Koba-Nielsen variables parametrizing the
insertion of the string vertices on the complex plane CP!. The amplitude turns out to be a
convolution integral among the n-tachyon amplitude and two extra integrals that collect all
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the dependence on the complex variables, w and z, associated to the two massless vertices

carrying soft momenta ¢ and [. The soft limit is obtained by performing, for small values

of | and ¢, the integration on these two complex variables. The integrals to be evaluated

for low momenta are all collected by the following general expression:

, n , n a
I;L:;;:g]] :/ d22d2w6%72qu(Z,w) H eTTkqu(z,zi) H e Tk lG(w,2;) [8ZG(Z, w)]n [awG(Z, w)]m
i=1 i=1
X[0.G(2, )] [DuG 2, 2| 0562, w) 00 Gz, w)] 0562, ) [0 G 2, 2

(4.1)

with (n, m, a, b, 7, m,a,b) = 0, 1. Eq. (3.3) contains also terms with the double deriva-
tives of the Green function, i.e. 9,0,,G(z,w) and analogous anti-holomorphic expressions,
which may not seem described by (4.1). However, due to the identity 0,0,G(z,w) =
—0wG(2,w)0.G(z,w), valid for the tree level Green function G(z,w) = log|z — wl|?, the
general expression (4.1) therefore does in fact describe those terms as well.

There are six different typologies of such integrals depending of the degrees of diver-
gence for w ~ z. The one with highest pole is:?

n

Y = /d22d2w62T alG(zw) He%TquGzzl He%m 1GWz) 5 8,G(z,w) 0:05G(z, w)
i=1 i=1

(4.2)

where we have used the identity 0,0,G(z,w) = —0,G(z,w)d,G(z,w).
One integration, for example the one in w, can be easily performed by using the
identity:
1 s |
— |2 —
(% r2q1 — 1)2 020z

6%/T2qu(w’z)8z8wG(zu 'Z,U) 8287IJG(Z7 'lU) = w‘a/‘rquiZ (43)

The integral in w in (4.2), with the use of (4.3) and after some integration by parts,
can be easily evaluated in the soft region giving:

n - kiG(2,2;)
1100 _ 2 IiZ 162 I 90 12 Tk G(2,2;)
Ti1o0 = /d z (2 r2ql) (S r2ql — 1)2 02 0 (2m)d/T que +0(1% . (4.4)

where we have neglected all the boundary integrals. This integral, up to boundary terms,
is equal to:

2 i o " o
1111188 =—— . /sz 0, 677—qk¢G(z,zi) 0= 677lkiG(z,zi)
%T2ql (%TQQZ —1)2 Zl_[l Zl_[l

_ o - ( 2 - < 1(g+H)ksG(z,25) 0
——27T<2>Z/d28G(zzlf9G 2,25 821_[162 (a +0O(1)

1,5=1

(4.5)

?I1100 is infrared divergent for w ~ z in the kinematic region 7%(q 4+ 1)> < %, with —4/a’ being the

tachyon mass. We compute this integral in the kinematic region where it is well defined and then we
analytically extend it in the soft region 7 ~ 0, cf. [29].

- 12 —



The integral for the terms in the sum having ¢ = j is easily evaluated giving:

B 2 o (g DkiG(z,2:) A, ,
2 Zquk; q+l /d z0,e2 0:G(z, z;)

X {1 + Z 57’ ks(l+ q)G(z, 2zs) + (’)(72)}
s#£i

" k) (1k; , _ of _ _
=Y [ [T [t a0
i=1 ¢

_ =~ (qk;) (Ik;)
= —(2m)? ; Py +0(79) (4.6)

where A is a cut-off regularizing the integral for large value of z and e%/e(q”)kiG(zi’zi) =0. In
getting the result we have used the identities 9,0:G(z,w) = 76(2—w) and [ d?28(z—w) = 2.

The integral for the terms of the sum with ¢ # j is computed in the same way and one
can see that it is subleading in 7. The terms in eq. (3.3) containing I3} therefore turn

out to be:

/

5 o a
Ngé‘gp €l 7 <77/ﬂ/ — 57'2 lﬂQy) <77pa - 57_2 poo) 111118(())

i k;) (Ik;
_(27.[.)2]\7(?6;(;1/61 » Z (C] ) ( )
7

—_— ¢ TO . .
> g+ O (4.7)

The next integrals that we consider are those with three derivative of the Green’s function
G.(z,w). They are:

7N2 el T Z [”uvl kwIlOOl + Ww%kzpfon 0 Mooy k’wlll?gé + ”poqvkmfﬁéoo]
=1
(4.8)

By exchanging the integration variables (z,w) with their complex conjugate we get the
following identities:

1100 1001; . 71100 011,0
Iioor, = 100" 5 Loin,0 = L1100 (4.9)

Furthermore, by exchanging [ with ¢ and the integrated variables z with w, we get the
further relation:

1100 1100
11001- lsg - 1011i0 (4-10)

We have, therefore, only one integral to evaluate whose leading contribution in the 7
expansion turns out to be:
2 (2m)% (k1)

@ (ka) o1y paoe = 2 _CTERD g0y

)
2 ql k(1 + q) o T2qlki(1+ q)

IllOO

2
1001 =
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The integrals with a double pole for z ~ w are of two different typologies:

n
O/

2

o 001;1;
Ng 5,;1[)5;/ Z [k;ip ijnMVIS&ﬂOIj + kiukjunpalnoo ! (4.12)

ij=1

The integral I&&%Olj can be computed with the same procedure followed for I}i3) which

consists to integrate by part several times to get the double derivative of the Green’s
function which is equal to the delta-function. The result of the calculation gives:
2 2
71100 (2m) 5ij A TRi(g+0) +O(TO) _ (2m) 6ij +O(TO) (4.13)

P Sk D (Sl - 1)  STh(a+]

I ??éélj is the complex conjugate of I&&??lj and being z, and w integrate variables we get:

001;1; 1100
I’ = Ioo1l-1j (4.14)

The second typology of integrals with a double pole for z = w is:

IND) n
(0% 1001, 1001,
2 _up vo 2 . . J . J
(—2) Ngeheeyo vy~ [z#kjy(zp kioT 1001 +qgk,ploui0)
ij=1
011,0 011-0)}

+ qvkjy (lpkw]loofi + qckiplonfo (4.15)

We first observe that the exchange of the integration variables z and w together with the
substitutions ! <> ¢ determines the following identity:

1001,

I 011;0 . ,1001;
1001;

i I 011,0
011;0 +  *011;0

= 110011- (4.16)

I+

l<q

The explicit calculation of the two independent integrals gives:

2 2
1001; 1001; 2 (2m)% 045 2
110011-] = - 011,L-5 = <0/> Balkla+]) d k(g +1) +O0(777) (4.17)

The integrals with only one derivative of G.(z,w) are:

/2 n
(0%
2 _up vo e 011,,0 1001
(—2> Noeq g T E |:k2pk]0 <QVkmu1001i"fj +lukmul()01i17
1,7,m=1

00111, 001,1;
+ Kinkjy (qumpfonjntf + lpkma[lool,,fﬂ (4.18)

We now observe that the replacements (z, q, i) +> (w, [, j) determine:

001,41

011,,0|%77 _ ~1001,, .  ,001:1; .
I I = It (4.19)

g 00015 01150

l<q

Furthermore, exchanging the integration variables with their complex conjugate we get:

011,,0 __ 7001;1;
IOOlHj - IOllm(] (420)
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and, therefore, there is only one integral to compute. Explicit calculation gives:

2\? (27)%6s; dim
QUm0 — gty — () 2 TG Sm - 421
0011, im0 = \ o7 ) (g + D) ks + (t7) (4.21)
which also implies:
2\?% (2m)26;; 0;
JL001m — oLt [ 2 ) AR 9 Tim -1 4.99
00%;1; 1001 — o 72 kz(q n l) kll + O(T ) ( )

The last integral to compute is the one without a pole for z ~ w:

o\ 0011,
< 5 ) N§ ehrey” Z Kin ki kmp Kpo Loor' 1, (4.23)

2,J,m,p=1

For such an integral, the exponential factor e T T2gGe(zw)

can be expanded because any pole
in 7 can arise from the region of the complex plane where the two Koba-Nielsen variables

z and w are pinched. The integral becomes:

n
ST Eipkiy kg ko Iogr 1, =

i7j7m7p:1
n O/ n
> Kk kmp kpo / d*zd*w [1 + 572(11(;0(2, w)} [1e* G ThiaGe(z2)
i.j,m,p=1 =1

n /
x [[ ™19 5)0.Gu(2, ) 0wGelz, 7)) 0:Ge(2, 2m) 0aGelz, 2) + O(74)  (4.24)
i=1
The leading contribution is exactly the same as two consecutive soft limits in the momenta
g and [. The two integrals are decoupled and they have been computed in ref. [5]. The
result is here quoted:

2N\2 | 2L kMR kY k7 kRS & qk;“J KRR O LR TST
2 T I T 0
(2m) <o/> [Z kg Tka z:: Tkl Z Z Thig - Z o)

i,7=1

Here J”7 is the orbital angular momentum.

The subleading term in the 7-expansion of (4.24) can be evaluated by using the same
procedure followed with the other integrals. The main contribution comes out from the
terms of the sum having ¢ = j = m = p and it turns out to be:

2\2 <~ k' EYEPES (ql)
—(2 2( = i Vi Vi ™ 0 4.9
(27) (w) ;Tkilkiqki(l—l—q) +0() (4.26)

5 Check of gauge invariance

On-shell amplitudes with external gauge particles like gravitons or Kalb-Ramond fields,
are gauge invariant also in the infrared region where the massless gauge particles carry low
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momenta. Gauge invariance is, therefore, a consistency condition that the soft amplitude
derived in eq. (3.4) must satisfy. It requires that a such n + 2-point amplitude is vanishing
when the external polarizations are replaced by the corresponding momentum, according
to the relations:

€qv dp ElmMﬁizpa({ki}ﬂ'% Tl) = €qu Qv ElmMﬁi;U({ki}ﬂ'qa Tl) =0 (5.1)

with ¢, = 0 and similar relations for the other massless particle carrying momentum /. In
the following, as consistency check of the string calculation, we will show that indeed (3.4)
satisfies these relations. It will be sufficient to prove the condition (5.1) only for the particle
carrying ¢ momentum, because the symmetry of the amplitude in the exchange of ¢ with [
guarantees that such constraints are also satisfied by the other soft momentum.

Equation (5.1) when imposed on M; as written in (3.8), and My and Mj as given
n (3.6) and (3.7), gives:

(S m Méuj my a k le (qEZQ)
M3~ | My, = kieg) | My, (5.2
jz;k (q+1) [ gl 4_(kﬂn(kﬂ)_% ] () = )| Mn (5.2)

=1

The second term is subleading in the 7-expansion and should be neglected.
The same replacement ef” — €4,q, when imposed on the remaining terms of (3.4)

gives:

" kiek;
—(eq]) Y o Myt (5.3)

Z VQp Z 6q ZEZ/J,I/ il

n L k“J”p]
M,
=1

where we have used momentum conservation and conservation of angular momentum in
the form Y 7, J;/”M, = 0, and the --- denote terms of higher order in the T-expansion,
which should be neglected. The relevant terms in the two last expressions exactly cancels,
thus ensuring gauge invariance. Similar considerations hold when we replace €4, — €4, Qv
making (3.4) fully gauge invariant.

6 Field theory diagrammatica

In this section we explain how the different terms in our main result (3.4) can be understood
from a Feynman diagram perspective. A diagrammatic analysis of the single-soft case can
be found in [9]. The important lesson to draw from the single-soft case is that both direct
emission diagrams (where the soft state is emitted directly from external lines), as well as
indirect emission diagrams (where the soft state is emitted from internal lines) contribute
to the sub- and subsubleading soft behavior of massless closed states, whereas the leading
soft behavior is entirely given by the direct emission diagrams (Weinberg’s theorem).

At the double-soft level, direct emission diagrams come in two classes, cf. figure 1;
A) where the two soft states are emitted directly from two different external lines, and
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Class A diagrams Class B diagrams

Figure 1. The two classes of direct emission diagrams of two massless closed states with polarization
and momenta €4, g respectively ¢;,[ from external tachyon lines with momenta k;, withi =1,...,n
and ¢ # j. Diagrams where the intermediate exchanged particle is not a tachyon is considered part
of the indirect emission diagrams, cf. figure 2. M,, denotes the n-point tachyon subamplitude with
two (A) or one (B) external legs off shell.

Figure 2. The two types of indirect emission diagrams, where at least one of the massless closed
string states is emitted from internal interactions of the n-point subamplitude. Label descriptions
as in figure 1.

B) where they are emitted directly from the same external line. We classify the (mixed)
type of diagrams where one state is emitted directly and another is emitted indirectly, as
indirect emission diagrams together with the ones where both are emitted indirectly, cf.
figure 2. Since all terms of our result (3.4) have a pole in 7 = 0, meaning that at least one
propagator goes on-shell in the doubles-soft limit ¢,I — 0, we can immediately conclude
that no diagrams, where both states are emitted indirectly (figure 2, right panel) contribute
to (3.4) (since such diagrams at the tree-level are finite in this limit). We can, however, not
immediately conclude from the pole structure, which terms are of direct emission type or of
indirect emission type, since the class B direct emission diagrams contain both four-point
contact double-emission diagrams which contribute with a simple pole in the ¢,l — 0, as
well as diagrams with an additional pole inside the four-point ‘blob’ of figure 1, right panel,
that require a deeper analysis to understand, which we will here perform.

This analysis, besides being instructive, also provides a direct relation between our
result (3.4) and the effective field theory action of massless closed strings interacting with
massive scalar particles. (For an effective action of tachyons interacting with gravitons and
dilatons, see eq. (4.12) in ref. [30] and the equation below it.)
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6.1 Class A direct emission contributions

We begin by analyzing the almost trivial case of double-soft emission directly from two
different external tachyons, labelled i and j with ¢ # j, and i,7 = 1,...,n, cf. Class A of
figure 1 (left panel). The intermediate (dashed) states carry momentum k; + ¢ resp. k; +1.
The propagators give the pole structure:

1 1 1 1
= 6.1
(ki +q)2 +m? (kj +1)2 + m? (m? —m?2) + 2(kiq) (mj2 —m?2) + 2(k;l) (6.1)

where —m? = kf = ka is the tachyon mass, and we used that ¢> = [ = 0. It is evident
that if the intermediate state is a tachyon, the class A diagrams contribute with an overall

double-pole
1

(kigq) (k;l)
in the limit ¢,I — 0. If the intermediate states were both massless, or massless and
tachyonic, the diagram is considered of indirect emission type, discussed later. But we can
immediately see from (6.1) that if both intermediate states were massless, there would be
no pole in the limit ¢, — 0, hence such diagrams do not contribute to (3.4).

It is easy to calculate the full contribution of the class A diagrams at the tree level. We
notice that the three-point vertices (blobs in figure 1, left panel) reduce to the three point
polarization-stripped amplitude of two tachyons and one massless state, which is given by
ML = 2kp El'EY, assuming that the vertex is contracted with the polarization tensor ef”
and taken on shell, as is the case here. Hence the full contribution of the class A diagrams
is given by:

My PO
MU, = KD equveipn D ki kY KK, My(ky, ki + g k1 k) (6.2)
2 (kia) ()

In the limit ¢,I — 0 we recognize these contributions as the order 7~2-terms of (3.4) for
i # j. The corresponding i = j contributions will naturally come from the class B direct
emission diagrams.

The subleading contributions in the ¢ and [ expansion above are also represented
in (3.4) and, less obviously, contained in the J"”-terms. The other half of the J*”-terms
come from indirect emission diagrams and ensure gauge invariance at the subleading order
of the full amplitude.

6.2 Class B direct emission contributions

We start by noticing that the propagator shown in figure 1, right panel, has a particular
form in the soft limit, ¢,{ — 0:
1 1 1 (ql)

ki tat 2 +m?  2kg+ D) +20@) (gl 2klg+E (6.3)

The pole-structure is that of the M; and My terms of (3.4). We will furthermore show
that the (gl)-term inside Ma, eq. (3.6), is arising exactly due to the expansion above.
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5(]7‘]% Eel,l
1 Mn
ki+q ki+l+QK

(La) (ILa) (I11)

Figure 3. The tree diagrams making up the class B diagrams of figure 1.

k;

€q, 4 e, l %)9
l+gq ki+l+q/

ks / My
M, \ K
ki + ki+l+qK o

(Lb) (ILb)

Figure 4. Disallowed field theory tree diagrams of class B type.

There are two ways to diagrammatically reproduce M; and My terms of (3.4) from
the class B diagrams: we can either compute all diagrams contributing to the four-point
‘blob’ in figure 1, or more directly insert the four-point string amplitude for the ‘blob’ by
using that the intermediate off-shell leg is a scalar and thus the four-point form-factor is a
simple momentum-extension of the four-point amplitude.

Since we here want to develop a diagrammatic understanding of all terms, we first
proceed by the first approach and in the next section consider also the second approach
that allows also to take in account the effect of the string corrections. We start by listing
the diagrams and effective point-interactions; i.e. Feynman vertices.

6.2.1 Three-point vertices

In figure 3 we collect the tree diagrams that contribute to the class B diagrams of figure 1.

There are three types of vertices in figure 1; i) two-tachyon-one-massless, ii) three-
massless, iii) two-tachyon-two-massless.

One could naively also write down the diagrams in figure 4, however, an inspection of
the underlying three-point string vertices shows that they have proper field theory limit,
see the end of appendix B. This is consistent with the effective field theory action in [30],
where the tachyon does not have three-point interactions with the graviton and dilaton
involving only one tachyon. We therefore must disregard such diagrams and this turns out
to be consistent, both with the double-soft theorem (3.4) and with the four-point amplitude
of two tachyons and two massless states, as shown in appendix A and B.

We derive the three-point vertices involved in figure 3 from the corresponding three-
point string amplitudes, keeping particle symmetries manifest.

Vertex (i) enters in diagrams (I.a) and (IL.a). For diagram (I.a) it is sufficient to use
the same form for the vertex as used for the class A diagrams, since the massless states
are on shell. However, for diagram (II.a) we need an extension of vertex (i) taking into
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account the off-shellness of the massless state, and this is given by

1 1
VB (p, ki, ko) = 2kp 5 (k1 — k2)" 5 (k1 — ka)P (6.4)
where k1, ko are the momenta of the tachyons and p is the momentum of the massless state
with polarization indices af3. Setting ky =: k; and ko =: —k; — p we get:
1 1
VB (p, ki, —ki — p) = 2kp (ki + o) (ki + 510)5 - (6.5)

Eq. (6.4) is simply the polarization-stripped 3-point string amplitude of two tachyons and
one massless state, while (6.5) is the promotion of it to a three-point vertex, where the
p-terms only contribute if the massless state is internal (off shell), since paegﬁ =0.
Vertex (ii) for three-massless states is obtained in the same way and given by:
o KD
‘/“””””aﬁ(pl;pz;p3)==4§*[n“p(p1—-pQY’%—npa(pz—-p3Y‘+-na“(p3-—zn)p—%cﬂp?p§p§]
X[WﬂmApﬁﬁ+fﬁm4p9”+ﬁﬂm4pn”+dﬁ%%ﬂ
(6.6)

Also the o/-terms could have been written more symmetrically, e.g. p§ — %(pl — p2)?,
however, since these terms will be neglected in what follows, we kept the short form above.

Finally, the four-point vertex (iii) of two tachyons and two massless states can be
extracted from the four-point amplitude, which we return to later. We will instead first
predict its leading soft behavior from the double-soft theorem (3.4).

6.2.2 Diagram l.a

As already discussed, the contributions from diagram I.a of figure 3 can be obtained simi-
larly to the class B diagrams, remembering that we here have to sum over both the ¢ and
u channels (where the order of the two massless states are exchanged). We thus get:

n

. KERY (ki + @) (ki + q)°
M751+2) _ HQDEQ,NVgl,pUZ 3 Vi ( +Q) ( +Q)

(kiq) ki(g+1)+ (q)

Mn(kl,kz—i-q—i-l,kn)—i-(qHZ)

i=1
(6.7)
Introducing the 7-parameter by ¢ — 7¢ and [ — 71 and expanding in 7, one finds:
(La) _ 2 ~ | 1 K'KY kK] (q0) o 0
MY = bequweip S | 5 - e 2
nt2 = KDEauEly ; 7 (i) () ' TR+ D T g
1ECRY (KPq7 + k9qP) 1 KPKS (K1Y + KYIM)
= g Py i i = Py vy 4 ) Mn ki @) 0 6.8
T ha k@t 7kl (gt ) (k) +0()  (68)

The order 772 term together with the term with the k;-derivative give exactly the i = j
contributions corresponding to the sum in (6.2) related to (3.4) as discussed there. The
term with the contraction (ql) and the terms in the second line reproduce exactly the
Ms-term in (3.4), cf. (3.6).
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6.2.3 Diagram Il.a

The contributions from diagrams Il.a are given by:

(ILa) ViriesioB (g 1, —q —1) Vap(q + 1 ki, —ki — q = 1)
M,y = €quvEilpo
0 < Tl b
X My (kyy.. . ki+q+1 ... k). (6.9)

Parts of calculating the soft limit of this expression require some on-shell manipulations,
and we thus give some detail.

The first vertex above, after using on-shell tracelessness conditions, takes the form:
Do 1
vreveiaB(q ] —q —1) = 2kp (277“”(61 = D%+ 0" — no‘“q”>
1
X <2n”"(q — 07+ 7P — nﬁpq") : (6.10)

To evaluate M,gH'a) in the soft limit, we again introducing 7 through ¢ = 7q and [ — 71
and expand in 7, getting:

M3 = "b Z SR
+ 2[(l5q51ki) + (lsqqk@-)]ki(q — 1) = 2[(kicgerq) + (kiggeq)]ki(g — 1)
+ 4(legl) (kigrki)—4(legki) (kiciq) —4(kigql) (geiki) + 4(ki€qk:i)(qelq)] M, (k) +0O(7%)

Tt Ty LEshita =D kita =) (6.11)

The terms with &;(q—1) can be rewritten to cancel the k;(¢+1) denominator. In particular,
the first term is rewritten as follows:

n

(€15q)
; gD ealq 7 1y 100 — D kila =)

kilg — 1) kil(q +1) — 21]

" (ge " (e1e0)ki(2g — (g + 1)) (Kl
B SYCEN PR S CENTC R R L)

— 4(ql) po 2(ql)(ki(q +1))

B SNCEATCY [T N CEN
(g)ki(g +1) 2
where in the last step momentum conservation was invoked to get (on shell) Y. ki(¢—1) =
—(g+1)(g—1)=0and ), kil = —(ql). The latter term is subleading in the 7-expansion,
and will thus be neglected in (6.11).
Next we reduce the following terms in a similar manner:

(6.12)

2[(lebeiks) + (leqerki)] ki [(le! qk + (legetk)] (kiq)  (Ieteq)

; q 4(gl) (ki(q + 1)) Z (g +1) (‘;l) (6.13)
i)+ eetollola =) - i) + (scelol(kd) (e

_Z 4(q) (ki(q + 1)) Z g+ 1) Ay (614
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The latter terms of each equation are subleading in the 7-expansion and will thus be
neglected in (6.11).
Finally, using that EZ Z are either both symmetric or antisymmetric it follows that

(legki)(kie1q) + (kigql) (geiki) = 2(legki) (kigiq) - (6.15)

In total MT(LIJIFQ) reduces to

K2,
M = T L (G ) (k) 202k Ui

+ [(lequk‘z) + (legeiki)(Kiq) + [(kiegerq) + (kieqeiq)] (Kil)
o+ (kigqks)(g=0a) + (lzgl) (Rieiki) | Mo (ki) + O(+°) (6.16)

This expression matches exactly the contribution of the M; term in (3.4).

6.2.4 Diagram III

This diagram is distinguished from the other one by only having one intermediate propaga-
tor taking the form on shell 1/k;(q¢+1), and involving a four-point, rather than three-point,
contact interaction. This interaction vertex can be extracted from the four-point string
amplitude by careful considerations, which we provide in appendix B.

Here instead we want to make the point that our diagrammatic considerations so far
together with our main result (3.4) provides a prediction or derivation of the four-point
contact interaction vertex to leading order in the soft expansion; i.e. the only term in (3.4)
with pole structure 1/k;(¢ 4+ !) and unmatched by the preceding diagrams (there are no
other diagrams giving such a pole structure) is the Mjs-term, thus:

n o pBP vo V1.0 4P
an _ 2 ki kin”” + kkin . 0
M\ 5 = —KDEq vl po ;1: Tki(g + 1) M (ki) + O(77) (6.17)

The prediction for the vertex is thus:
VIV (rq, Tl ki, —ki — q — 1) = =26p (K'KPDY + KV kI M) 4+ O(7) (6.18)

This matches exactly the complete vertex derived from the four-point amplitude in ap-
pendix B.7 to leading order in 7.

6.3 Indirect emission diagrams

As we have already remarked, only the indirect emission diagrams in the left panel of
figure 2 may be contributing to the double-soft theorem in (3.4) (the right panel diagrams
might contribute to a possible higher order soft theorem).

The contribution from these diagrams can now be fixed by gauge invariance. We write
them in the form:

n
VY k. —k: —
vy =y e TR Nk )

! i=1 2]%(]
et V" (L ki — ki — 1) .
+Z o Eqoo N7 (g, ki + 1) (6.19)
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where N is an n + 1-point form factor, which is local in its first argument, i.e.
N??(q, ki) = NP7(0, ki) + q - 9gN*7 (0, k;) + - - (6.20)

and we recall that there are no such contributions if the two massless states are antisym-
metric B-fields. Thus N7 is a symmetric tensor. This is consistent with the fact that the
sum of direct emission diagrams to the subleading soft order are gauge invariant by them
selves.

The numerators in (6.19) are basically the three-point amplitude of two tachyons and
one massless state, given by 2kp(kie,/ki). Therefore to subleading order in 7 (shifting
q — 7q and | — 71) we simply have:

nd, K7 (kie (kieiki) o
M, == Z [ o Slpo T Cavo NP9(0, k;) + O(7°) (6.21)

Since the full amplitude to this order in 7 has to be gauge invariant, and since all terms
computed from the direct emission diagrams, except for the (¢ + 1)*0/0k{-terms in (6.2)
and (6.8), were already considered in section 5, we can directly read off from there, that
NP7 is fixed by gauge invariance of the amplitude be:

N*7 (0, k;) Z ; 81% (ki) (6.22)

These contribution, together with the (¢+41)*9/0k{-terms from (6.2) and (6.8) then add to
form the JP?-terms appearing in the double-soft theorem (3.4), exactly so to restore gauge
invariance of the full amplitude (cf. section 5).

7 Soft theorem from on-shell factorization

It might have been noticed that the diagrammatic calculation in the previous section was
essentially a computation of the four-point amplitude, taking the soft limit, diagram-by-
diagram, of the two massless states.

In fact, looking back at figure 1, right panel, one observes that the soft limit ¢,l — 0
puts the intermediate tachyon propagator on shell. The factorization theorem then tells
that the amplitude factorizes into the corresponding lower-point amplitudes, one of them
being the four-point amplitude of two tachyons and two massless states. Thus, when one
is only interested in the leading and subleading double soft behaviour, it suffices to use the
factorization theorem to extract the residues of the singularities from propagators going on
shell in the soft limit by using the lower-point amplitudes. Specifically, all class B diagrams
can be summarized as:

1

mMn(ki +7q+ 7))+ 0F%) (7.1)

n
MESB =" My(rq, 71, ki, — (ki + 7q + 71))
i=1
From the double-soft theorem (3.4) we expect at the same time that the four-point string
amplitude above reduce in the soft limit to the four-point field theory amplitude, since no

o/-term enter in (3.4).

~ 93 -



To make an independent and alternative check that these relations are indeed correct,
we can simply compute the full four-point string amplitude explicitly and insert it in the
above expression. The calculation of the four-point string amplitude of two tachyons and
two massless states is given in the appendix A. As shown in the appendix, the result can
be brought into the exact form:

T(E\T (&) (L
M4(Tq7Tl,k‘1,k‘2):—2“%5W€QM Ef) (_2 ) (f) (k1) (k)

o/ 72
X | App + 54 ((ql)mp (qu + 1) (gp +1 ))
x |4 +0/72(( Do = (a0 + 1) (a5 + 1)) (7.2)
vo T o qv)Nvo qu v)\4o .
with
k1,ka ko, k1
App = Mup + k;;q £+ l::;q z, (7.3)
s=a7ql), t=24+d7(qks), u=2+a'7(kq). (7.4)

Remarkably, each factor of o/ comes with at least one power 7 in the above expression
for the four-point amplitude. This shows that the double-soft limit of this amplitude
effectively takes the expression to its field theory limit, specifically:

k k

My(1q, 71, k1, ko) = —253, Wag”s;’” AupAye +O(T?) (7.5)
k k

My(1q, 7l k1, ko) = —2&% (1(]()152(1)85”8?0 AupAve + o), (7.6)

both of which is the field theory expression for the two-tachyon-two-massless-closed-states
amplitude. (The order 7-term also vanish due to momentum conservation.)

This feature, together with the fact that the single-soft theorem does not contain
o/-terms, explains why we do not find any o'-terms in the double-soft theorem.

Finally, considering (7.1) and using (7.5), we can after straightforward but tedious
manipulations show that the contribution from the class B diagrams to the double-soft
limit can be written as:

(kiegk:)(kieik;
o 3| et

+ + M, (k) + O(r°) (7.7)

1
@ k) M3) ki(g +1)

where M o3 are exactly as given in (3.5)-(3.7).

T

1 <M1 Mo

In the same way, all class A diagrams can be, almost trivially, understood from on-
shell factorization on to the three-point subamplitudes; an analysis that we will not make
explicit here.
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This thus provides us with a complete understanding of all terms in (3.4); it con-
sists of the two consecutive single-soft terms (containing the expected O(7~2) Weinberg
terms on different legs), while the rest is fully given by the factorization on the four-point
subamplitude as given above.

8 Conclusion and discussion

In this work we have derived directly from the string theory integral representation of the
amplitude of two massless closed strings interacting with n-point closed strings tachyons,
the soft behavior of the two massless states when simultaneously becoming soft; i.e. when
their momentum goes to zero.

The result for two gravitons has already been established in [26], and confirmed here
independently in a slightly different, but on-shell equivalent form, while all the other cases;
i.e. of two dilatons, a graviton and a dilaton, and two Kalb-Ramond states, are here derived
for the first time. Furthermore our main expression (3.4) provides a unified description
of all the soft theorems just mentioned. Having no explicit o/ contribution, the generic
result can thus be seen as the double-soft theorem for the double-copied Yang-Mills the-
ory interacting with massive scalar particles. We expect that our result is universal, i.e.
readily generalizable to the interaction with any other hard states by including in the an-
gular momenta operator, appearing in the subleading soft operator, also the spin angular
momenta part.

Based on our experience with the single-soft theorem, it is conceivable that our result
can be extended to the loop level [16, 17]. From the lessons learned there, we expect that:
1) There will be additional factorizable contributions to the double-soft theorem involving
the dilaton, due to its modified behavior at loop level [17], which appear to ensure the
correct scaling property of the amplitudes at each loop order. In the single-soft case,
these can be resummed into a universal multiloop soft factor that replaces the dilatation
operator in terms of external momenta with the dilatation operator in terms of the scalefull
parameters of the theory (i.e. o and gs), as shown in [17]. We expect a similar mechanism
to apply to multisoft theorems to the order considered here, since the dilatation operator
here appears as a direct consequence of the single-soft theorem. 2) There will appear IR
divergence in certain number of dimensions related to tachyons and dilatons going on shell
in the loops. From the analysis in [16] and [26] we expect, however, the IR behaviour of the
loop diagrams to, respectively, be well-defined when a tadpole regularization is provided
and when the space-time dimension is greater than five.

One of the uses of soft theorems is to derive from them the low-energy effective field
theory action of the underlying theory. In this spirit, we have provided also a diagrammatic
analysis of the terms appearing in the double-soft theorem (3.4). This establishes for the
low-energy theory two things: 1) There are no three-point field theory interactions of two
massless states interacting with one tachyon, and the effective field theory should be void
from such (this agrees with ref. [30]), and 2) there is a four-point contact interaction of
two tachyons and two massless states, which we have derived both from the double-soft
theorem, and from an analysis of the four-point amplitude.
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Due to the high level of complexity in the analysis presented in this paper, we have
here focused our attention on the leading and subleading double-soft behavior. It would be
very interesting to analyze also the next, i.e. subsubleading 7° order, where we expect much
more complexity to appear, since given that the single-soft cases all have a subsubleading
factorization behavior, it might turn out that the high level of complexity will organize
compactly into a subsubleading double-soft theorem due to some putative unknown (hid-
den) symmetry. Having now a good handle on the first two orders, we hope that such an
analysis will appear in a future work.
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A Four-point bosonic string amplitude of two closed tachyons and two
closed massless string states

The 2-tachyon-2-massless closed string amplitude is given at the tree-level by:

N PO H 1dzl "kik;
Myaq = CoNyel EZ/ = H’Zi—zj’a”

dvabc i<j
;2 2
(6] kiukjp a
e 4 )
[ (23 —24)% 2 igl (23 — 2i)(2a — 25) 2 ; (23 — 24) (24 — 2i)
2
o /i'wkgp o k4#/€3p [ .
— - — .c. with —>,—>]A.1
+2;Z3—ZZ Yer—73) 2 (23— 1)? X |c.c. with (u —v,p—0)| (A1)

Here k1, ko are the tachyon momenta. To perform the integral, we set z; =0, 20 = 2z, 23 =
1, z4 = w — oo, thus dVizy = d*21d?z3d?24/|w|?|1 — w|?* — d?z1d%23d? 24/ |w|*, and get:

Misaa = CoNJ &7 [ ol B o041 — ook b et

2
o wk:wksz
x ["Wz,.z (1-z)(1-2 Z’“‘*" v
i,j=1
o & whk;, ks o
+ 5 Zz; T K @ p_ %) _ 2k4uk3p] X [c,c. with (4 — v, p — 0)} (A.2)

where in the bracket we already took the limit w — oo, where it was consistent. Notice that

2 2 2 3
wkmkjp wkwkggp ’wk‘wk]p
—— + = —
e (e R Doy (e R D e s

1,]= w 1 =1 j=1 w
2 3 2 3
wkiykjp ( ZJ ) wki,kap zjkiukjp
A3
L&-s s T hLam MY
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and we see that the first term vanishes on shell (as it must) due to &7ks, = 0. We can
also drop the term in the second sum where j = 1, since z; = 0. Also the following two

terms vanish on shell:
2
7 (— > kaukip — k4uk3p> =0 (A.4)
i=1
Notice also that for w — oo.
/k:1k’4 ‘Z

’w‘a o w‘a’kgkq‘l ’a’k3k4 N ‘w’a/(kl-i—k‘g-‘rkg) ’w‘O <A5)

since k3 = 0 on shell. Then we are left with the following expression:

Mttdd = CO gggygia/sz’Za’ka‘l . Z‘a’kng

X 7711.0 +< Z Z ZJ kwkzp Nvo + 5 Z Z zjlkjl]z]p : (Aﬁ)

11]2 1—1]2

Expanding the sum in the bracket gives:

o 1
Ume + 5 <Zk’1uk‘2p + klyk?)p + iz(ZkQ,uk‘?P + k2ﬂk3p)> ]

1
Nup + 57(1 — z) (Z(l — z)klukgp + (1 — Z)k‘lukgp + Zk‘2yk32p + k’2uk3p)]

o 1
Nup + X ( — 22k1,kop + 2 (kiukay — k1uks, + kauka,) + k1uks, + kmgp)

—kapkop—k1ksp —kapksp

(A.7)

where in the underbraced expressions we used momentum conservation and on-shell con-
ditions.

Rewriting it further by using momentum conservation and on-shell condition, k3, —
— (k1 + k2), and k4, — — (k1 + k2), leads to the following simpler form:

o o o ko k1
[Uup iy (k1pkip + kopkap) — Ekl,uk?p(l —z)— 5ﬁ (A.8)
We now note that all integrals are in the form:
Inn = /dQZ A (1= 2)BnzA (1 - 7B, (A.9)

It can be shown, using integration techniques of KLT, that all such integrals can be rewrit-
ten into the form

5 N(-1-A-B—-n)T'(1+AT'(1+ B+n)
_—9or
" I(-A)T(-B-n) T(2+A+B+n)

I, (A.10)
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We notice that the left and right brackets, parametrized by n respectively n factorize, thus
the factorized structure of kinematic coefficients will also preserved. By using the property
zI'(z) =T'(1 4 z), we can extract an overall function outside of the brackets of the form:

, o I1—A—-B) T(1+A'(1+B)
mAJ”fru—Aﬁu—B)ru+A+B)

= CCg (A.11)

where we made a redefinition of A, ie. A = A+ 2 = %/k’gk4, upon using momentum
conservation, on-shell conditions and that m? = —4/a’. This prefactor has the property
that lima/ﬁo C=1.

We write down each case of n separately.

For n = 0 we need the following rewriting to factorize in Cf:

I(-1-A—-B) T(1-A —B) (—B)

(AT (—B) T(2-A(-B) (1—A) CL (A.12)
Similarly, for n = —1 we need:
I'(-A-DB) (2 — A — B) (1—A' - B)
TCAT(1-B) Te-ANT0-B)  1-a (A.13)

And for n = 1 we need:

D2-A-B) __ TCA_D) (-B-1)(-B)
T(—AT(-B-1) T(2-AN(-B—-1) (-A'-B)(1- A,)CL (A.14)

For n = 0 we need the following rewriting to factorize into Cg.

ri+Ara+mB) T(-14+A)DT1+B)  (A+B) . (A.15)
r2+A+B) T(A’ + B) T (C1+ Ay '
Similarly, for n = —1 we need:
ri+Arnr®;B) TI'(-1+A)T(B) (-1+A+B)(A+ B)
= = Cr (A.16)
'Ni+A+B) TI(-1+ A"+ B) (=14 A" (A")(B)
And finally for n = 1 we have:
I'(l+Ar2+B) T(-1+A)T(2+B) (1+ B) o (A7)
I3+A+B)  TA+A+B)  (-1+4)A) "
We are now ready to assemble all pieces into the amplitude, getting:
v_po C(A',B)| B(A"+ B)
Mttdd = CONSLEIZ; EZ (27T) |:(1 . A/)2 Al
o o 1+B o 1-A-B
X [Wﬂ D) (k1ukip + kapkap) — Ekluk@pm + Ek%klpT
o/ o 1+B o 1-A-B
X [771/0 - E (kll/kla + kQVkQO') - 5kluk20m + EkQVklaT
(A.18)
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where

/ /
A = %k3k4, B= %kgkg

or in terms of the Mandelstam variables:
/

a 9 o 9 o 9
5:5(7“34—7?4) ) tz;(kz-i-/fs) ; qu(k2+k4) ;o stttu=4
t—2 t—2 2-—
= A==, B="=, App=itize_z-u

2 2
We can write the amplitude as

v _po C ,t7 t— 2 2 _
Mirqq = CoNésg 52 (4) [ (s u)] ( )( w)

(2 —s)? s

o o t o U
X [Wﬁ D) (k1uk1p + kopkap) + Eklulﬁp w_2 + 5 kaukip ”]

o o t o U
vo v o v lod v o v oz Al
x[n 2(/€1/€1 +/€2/€2)+2/€1k2 u_2+2k2k1 t—2] (A.19)

where

and we note that:

t—2= O/k‘gk?g , u—2= —O/k‘g(kig + ]434) = O/k‘lk‘g

(t=2)2—u) _ _ (keks)(kiks)

s ksky
So with . b2
we have

Migq = €577 (—2x3)

C(s,t,u) | (koks)(k1ks)
(1-3)°] s

o t k1,ko u ko, k1
= = (k1. k ko k Z vMipttap Zap™ip
x [nﬂp 9 ( 1uhlp + 2p 2P) + 9 k?lkg + 9 kaﬁg ]

(A.21)

o t kiykos  ukovkis
vo T o kuka kl/ka o )N
X[" 5 (Fiwkio + kavkeo) + 5700 2k2k3]

We can immediately derive the field theory limit of this, since In the limit o/ — 0 we
know that s — 0, and ¢,u — 2 and thus C(s,t,u) — 1.> Thus the field theory result is:

. koks)(k1k

lim Mygq = — 262, ms@“’szg AupAve (A.22)
a’—0 k3k4

3This follows e.g. from ll:gfz; =— Flz(_z; =1 — 22y + O(z?), where 7 is the Euler-Mascheroni constant.
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Figure 5. Diagrams contributing to the two tachyon two massless amplitude.

with

ke ke ko ke
lp2p  M2ulp (A.23)

A, =
po = Mo+ k1ks kaks

This agrees, up to an overall sign, with the field theory result given in eq. (2.2) of ref. [31].

We can, in fact, separate the field theory part from the string corrections as follows.
We first use momentum conservation to rewrite t = 2 — o/(k1ks + ksks) and v = 2 —
o/ (koks + ksky), and then we can algebraically rewrite the amplitude into the following

form (using in particular ;15 =1+ %)
2

Mg = — 20 bt L (5)T(3F*) T (5)  (koks)(kiks)
o 4— 2—s 4—u
FEF)TERE)T () sk
/
X | App + 5 o ((k3k74)77up — (k1 + kou) (k1 + k2p>>
O/
X AVO' + 2 _ ((k3k4)77ua - (kly + k2y)(k710 + k2(7)> (A24)
Using momentum conservation we can further rewrite (k1 + kou) = —(k3u + kay), getting

the form used in the main text, where the notation k3 = ¢, k4 = [l and €3 = ¢4, €4 = €
is used.

B  Four-point amplitude from string inspired Feynman diagrams

In this appendix we show how to reproduce the field theory result of the four-point ampli-
tude of two tachyons and two massless closed strings, calculated in the previous appendix,
through a diagrammatic field theory like calculation, thereby establishing the Feynman
rules and vertices for the field theory limit of the theory. Our aim here is in particular to
fix the four-point vertex (on-shell contact term) of two tachyons and two massless states.
The Feynman diagrams that, in principle, may contribute to the four-point field theory
amplitude are shown in figure 5 and figure 6. They involve all the possible three-point
vertices with tachyons and massless states as well as a four-point vertex. However, as we
will see, the diagrams in figure 6 are irrelevant. In fact, the three-point interactions involved
in those diagrams, do not have a well-defined field theory limit from their corresponding
string theory amplitudes, indicating that they are not permitted in the Feynman rules.
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We begin with considering the diagrams in figure 5. The vertices involved, derived
from string theory, were given section 6.2.1. Based thereon we compute the contribution
from each diagram:

Vl“’(kh q, _kl - q) Vpg(kl + q, l7 k?)

+ (g1
(k1 +q)? +m? (o)

Az(la)(kla ka2, q, l) = Equv €lpo

M [(kreikr) + (k1aq) + (geik1) + (geq)] + (g <+ 1) (B.1)

= 22
D kg

where (g <) denotes the similar contribution from the cross-channel diagram, and we used
momentum conservation to replace ko = —k; — [ — ¢. By using the on-shell four-point
identity k1l = kog and:

1 1] (dk)(gke) 2 1 11 d
[k’lq+k‘2Q] gl qul)(qkz)+<qk1>2+<qk2>2} @k B

we can rewrite eq. (B.1) as follows:

2 n 1 n 1 :|
(gk1)(gk2) = (gk1)? ~ (gka)?

] (kreghk)[(kr21) + (geiks) + (ge0q)

Aia) _ 2H%(qk13]§qk2){(klqul)(k1€lk1) |:

+[ 1o,
(k19)*  (k2q)(k19)

+ [( 1)2+ 1 ](iﬂakl)[(kleqo+(lqu1)+(lgqm} (B.3)

kaq (k2q) (k1q)
Diagram b gives:

V;,Lp;l/O’;OéB(q’ l7 _q — l) Vaﬁ(q + l, kl; k2)
(g +1)?

(b)
Ay’ =EqupEive

K,2
= 5y Lo Fala = D ka(a =)
+ 2[(lebeiky) + (legeika)ki(q — 1) — 2[(k1ebe1q) + (kigqeiq)]ki(q — 1)

+ 4(l€ql)(k'1€lk21) + 4(k§1€qk1)(q€lq) — 4(l€qk1)(k'1€lq) — 4(k1€ql)(qz€lk§1)] (B4)
By use of (B.2) together with the on-shell identities

kl(kl + /{2) = k‘g(lﬁ + kg) = 1/2(k71 + k2)2 = (ql)

and
kilg—Dki(g—1) _  (eqe0)(k1q)(k2q)
Co) = —y — ~ A T E@
[(leberkr) + (legeikn)]ki(qg — 1) _[(lebeikr) + (legeik)](krq) . .
(ql)l =2 @ L + [(lsqsllﬁ) + (legerkr)]
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we can rewrite (B.4) in the following form:

AD g2 (k19)(k29) [(5 e — [(legeik) + (legeky)]  [(kiggaiq) + (kiggerq)]

Pl kaq - kiq
_ (egl)(kreiky) + (k1ggk1)(ge1q) — (leghr) (rcig) — (klé“ql)(q&‘lkl)]
(k1q)(k2q)
+ KD [;(Eﬁq)(ql) + (leteikr) + (legerk) + (kaggerq) + (lﬁf-:quq)] (B.5)

The sum of the two diagrams, (B.2) and (B.5), is now seen to give the full four-point
amplitude in (7.6) (upon expanding the double-copy form) up to contact terms, i.e.:

AD A0 — g2 (qk1;§qk2) [(5(1@) B [(lﬁéﬁlkl)k;(kqﬁfkl)] B [(klﬁéﬁz(J)kv;q(’fl&quQ)}
(k1egk1)[(kieik1) + (kieiq) + (geikr) + (q1q)]
(qk1)?
(k’1€lk‘1)[(k‘1€qk1) + (klé‘ql) + (lé‘qkl) + (lé‘ql)]
N (qk2)?
| 2kieghy)(kreiky) + (Riggky)[(kieiq) + (geik)] + (kaerkn)[(kagqh) + (legkn)]
(gk1)(gk2)

+

(le’;‘qkl)(klElq) + (klé‘ql)(qé‘lkl)
(gk1)(k1q)

1
+ Kkh i(slaq)(ql) + (leflelkl) + (legeikr) + (klegslq) + (k1g421q)

EM4(q7 l? k17 k2) - EquElVUVzlup;yo-(q: l7 kla k?) (B6)

where M, is the field theory limit of the four-point amplitude computed in appendix A
and the contact terms read:

o 1
Eaupetna Vi (a, 1, ki, ko) = — K] 5 (ereq)(al) + (legerkn) + (legerkr) + (kaegerq)

+ (kreqejq) + 2(kreqerkr) + 2(keperk) (B.7)

This four-point contact interaction is fully consistent with the double-soft theorem in (3.4),
as explained in the main text. To the order in the soft expansion considered, only the last
two terms contribute there.

Finally, we discuss the disallowed diagrams in figure 6. They involve the vertices of
two massless states and one tachyon, as well as a three tachyon vertex.

As done in section 6.2.1, we may try to promote the corresponding three-point string
amplitudes to field theory vertices by stripping off the polarization tensors and keeping
particle symmetries. We get thereby the following two vertices, respectively:

Vel (o) oo k) = 26p (2 ) [ o o o n'? - & g (B.8)
e o 2 2
2
V(k’l, kg, k3) = 2I<&D <O/> (Bg)
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Figure 6. Disallowed field theory tree diagrams with a collapsed propagator.

Both vertices are proportional to the inverse of the string slope. Therefore, we expect
that they decouple in the o/ — 0 limit performed by keeping fixed the D-dimensional
gravitational coupling constant xp. Indeed, the diagrams in figure 6, at leading order in
the string expansion and for external on-shell particles, do not show any poles due to the
propagation of particles going on shell. Instead, they become contact terms, which should
be described by the four-point vertex. This is easily seen, for example in one of the channels
of the diagram in figure (d), one has:

VISAO(l, ey, =1 — k1) Vog " (—ka — q, q, ko)
(k1 +1)?

:|5l;qupU V'Lw;aﬁ(ly kl) —l - kl) Vaﬁ pg(_k2 -4, 49, k?) (BlO)

(d)
Ay = €yweqpo

o o kil
1
i

Al 214+ Tk
while for the one in figure (e) one gets:

v (l, g, 1= ) V(I +q b, k)
(q+0)2+m?

(e)
Ay’ = Cyweqpo

/ / l )
_ > {1 + aq/} VP (1 q, =1 —q) V(I + q, k1, ko) (B.11)
4 21-%ql

In both cases the propagator is, as shown, proportional to o/ and thus ‘shrinks to zero’,
i.e. a point interaction, in the field theory limit of the amplitude. (Taking the vertices into
account, in both cases the leading order term of a/" is purely local (contact terms), while
the on-shell poles only appear at subleading order in «’.) Thus, in the field theory limit
these contributions do not parametrize proper Feynman diagrams, and should instead be
described through the four-point contact vertex.

The four point vertex is ensured to take the form in (B.7) by on-shell gauge invariance
of the full amplitude. Thus, we conclude that (B.7) collects the full four point interaction
of two on-shell scalars and massless closed string states.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
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