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We consider a numerical approximation of a linear quadratic control problem constrained by the stochas-
tic heat equation with nonhomogeneous Neumann boundary conditions. This involves a combination of
distributed and boundary control, as well as both distributed and boundary noise. We apply the finite
element method for the spatial discretization and the linear implicit Euler method for the temporal
discretization. Due to the low regularity induced by the boundary noise, convergence orders above 1/2
in space and 1/4 in time cannot be expected. We prove such optimal convergence orders for our full
discretization when the distributed noise and the initial condition are sufficiently smooth. Under less
smooth conditions the convergence order is further decreased. Our results only assume that the related
(deterministic) differential Riccati equation can be approximated with a certain convergence order, which
is easy to achieve in practice. We confirm these theoretical results through a numerical experiment in a
two-dimensional domain.

Keywords: optimal control; stochastic partial differential equation; full discretization; convergence
analysis; heat conduction.

1. Introduction

This paper is devoted to a numerical scheme for a linear quadratic control problem constrained by
the stochastic heat equation with nonhomogeneous Neumann boundary conditions. We prove optimal
convergence orders for a full discretization, which combines a linear implicit Euler method in time and
a finite element discretization in space.

For time-dependent heat distributions considered in a bounded domain, noise terms in the sense
of random heating or cooling phenomena arise due to imperfect insulation and other uncertain
environmental effects. In engineering applications this might lead to undesired behavior. To keep a
desired heat profile it is therefore necessary to regulate the system. This task can be formulated as
a linear quadratic control problem constrained by the stochastic heat equation, where controls and
additive noise terms are located inside the domain as well as on the boundary. Here, we treat the case
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of noise terms defined by Q-Wiener processes. In stochastic control theory it is well known that the
concept of mild solutions is useful to include nonhomogeneous boundary conditions; see Debussche
et al. (2007), Fabbri & Goldys (2009), Fabbri et al. (2017), Guatteri & Masiero (2011), Yu & Liu
(2011). In this context we also refer to related deterministic control problems; see Benner & Mena
(2018), Bensoussan et al. (2007) and the references therein. Typically, optimal controls as solutions
of stochastic linear quadratic control problems are characterized by a feedback law; see Ahmed (1981),
Benner & Trautwein (2018), Curtain & Pritchard (1978), Duncan et al. (2012), Hu & Tang (2018). These
feedback laws often involve the solution to a suitable operator-valued differential Riccati equation. In
this paper the Riccati equation is deterministic resulting from the fact that only additive noise terms are
included. As a consequence the optimal heat distribution fulfills a system of a linear stochastic partial
differential equations (SPDEs), referred to as the controlled stochastic heat equation, which is coupled
to the operator-valued differential Riccati equation. The main obstacle is that the controlled stochastic
heat equation as well as the Riccati equation cannot be solved explicitly. For that reason we analyze a
numerical approximation of the system describing the optimal heat distribution.

For the spatial discretization we use the finite element method as introduced in Thomeé (2006),
where only parabolic equations with homogeneous boundary conditions are considered. The case
of nonhomogeneous boundary conditions is studied in, e.g., Lasiecka (1986). Here, we need a
generalization of this theory since the system includes Q-Wiener processes. Numerical simulations for
Q-Wiener processes with values in Hilbert spaces as well as for some specific SPDEs are demonstrated
in Lord ef al. (2014).

Temporal discretization of SPDEs has become an active research area within recent years. Equations
driven by additive noise terms are considered in Wang (2017), and Kruse (2014), Lord & Tambue (2013),
Tambue & Mukam (2019) also consider the case of multiplicative noise terms. These papers have in
common that the linear implicit Euler method is used for the temporal discretization. This is essentially
the usual implicit Euler method but with the noise terms treated explicitly, since treating them implicitly
makes no sense. The stochastic part of the equation is therefore treated explicitly and the deterministic
part implicitly. We follow the same approach in this paper. The error analyses are mainly based on the
fact that the underlying equation involves a closed operator generating an analytic semigroup, such that
fractional powers of this closed operator are well defined.

The shortcoming of the papers mentioned above is that they only consider equations with
homogeneous boundary conditions. We will extend these results by including instead nonhomogeneous
Neumann boundary conditions. Because this leads to a less regular solution, the convergence order is
decreased. However, the theory of fractional powers to closed operators can still be applied, and we use
this to prove optimal convergence orders under the assumption that the associated Riccati equation can
be well approximated. We make such an assumption mainly because there is a lack of temporal error
analyses applicable to the current situation, and providing such a proof is out of the scope of this paper.
We refer to Lasiecka & Triggiani (2000) for related results on deterministic linear quadratic control
problems and their corresponding Riccati equations.

In order to illustrate our theoretical results we implement our method in MATLAB and perform a
numerical experiment that shows the expected convergence orders. We also confirm that achieving the
assumed convergence orders for the approximation of the Riccati equation is straightforward in practice.

The paper is organized as follows. In Section 2 we introduce the linear quadratic control problem
constrained by the stochastic heat equation. We state the optimal controls and derive the resulting
system describing the optimal heat distribution. Section 3 is devoted to the numerical scheme of the
controlled stochastic heat equation and the Riccati equation. We also state the main result concerning
the convergence order. In order to prepare for the proof of this theorem we derive several auxiliary
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results on continuity, consistency and stability in Section 4. The proof of the main result then follows
in Section 5. Finally, in Section 6 we discuss the implementation and illustrate the theoretical results
through a numerical experiment.

2. A linear quadratic control problem constrained by the stochastic heat equation

Throughout this paper, let (£2, 7, ) be a complete probability space endowed with a filtration (F,) >
satisfying F, = (,.,F, for all r > 0 and F, contains all sets of F with P-measure 0. We use E to
denote the expectation with respect to this probability space. Moreover, we assume that D C R” for
n > 1 is either a bounded domain with sufficiently smooth boundary 9D or a bounded and convex
domain.

First, we introduce some basic notation and we state properties of operators frequently used in the
remaining part. For s > 0 let H°(D) denote the usual Sobolev space. We set H = L*(D) and let
I denote the identity operator on H. We introduce the Neumann realization of the Laplace operator
A: D(A) C H — H defined by

Ay = Ay
for every y € D(A) with
D) = {y € HA(D) : v = 0on 9D}.

The characterization of the domain follows from existence and uniqueness results of the corresponding
elliptic problem; see Grisvard (1985). The operator A is the infinitesimal generator of an analytic
semigroup (eA’ ) i~ Of contractions such that for A > 0, fractional powers of A — A denoted by (A —A)*
with & € R are well defined. For more details in a more general framework we refer to Pazy (1983),
Vrabie (2003), but we have also collected the main properties that we need in Section 4.

For a € R the space D((A — A)¥) equipped with the inner product

1 2) = (O =A%y, (k. — A)¥2),,
becomes a Hilbert space. The corresponding norm is denoted by || - || . In general the domain of (A —A)“*

for o« € (0,1) can be expressed explicitly by interpolation of the spaces H and D(A); see Lions &
Magenes (1972). In the case that D is bounded with sufficiently smooth boundary we have

H?*(D) fora € (0,3/4),
D(( — A)*) = S /
{yeH D) : %y200n8D} fora € (3/4,1),
where we refer to Fujiwara (1967). We set H, = [2(3D) and introduce the Neumann operator

N: H, — H given by g = Nh with

Ag(x) =Agkx) inD,

ad 2.1
—g(x) = hx) on 0D,
av
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where A > 0. If D is bounded with sufficiently smooth boundary the result N € L (Hb;H3/ 2 (D))
has been proved in Lions & Magenes (1972). In this case we can therefore conclude that N € L(H,;
D((A — A)*)) for ¢ € (0,3/4), which means that the operator (A — A)*N is linear and bounded by
the closed graph theorem. If D is instead bounded and convex then D has a Lipschitz boundary and
satisfies the cone property; see Grisvard (1985). We therefore again obtain N € L(H,; D((A — A)%)) for
o € (0,3/4); see Lasiecka (1980).

Next we introduce the controlled stochastic heat equation with nonhomogeneous Neumann bound-
ary conditions as an evolution equation. Here, we include distributed and boundary controls as
well as distributed and boundary noise. Let U contain all F,-adapted processes (u(1)),c[o ) With
values in an arbitrary Hilbert space U satisfying E fOT ||u(t)||%-j dr < oo and let V contain all

J-adapted processes (v(1)) (o) With values in V C H, satisfying E fOT lv(®) ”%11; dr < oo. We consider
the following controlled system in H for r € [0,7] and A > O:

[ dy(t) = [Ay(1) + Bu(t) + (A — ANv(D)] di + G AW (D) + (A — AN dW, (1), 02

y(0) =§,

where (u(t))te[O,T] and (v(z‘)),elojJ represent the distributed and the boundary controls. We assume
that u € U, B € L(U; H) and v € V. The processes (W(t))t>0 and (Wb(t))t>0 are independent and
F,-adapted Q-Wiener processes with values in H and H,, respectively. The corresponding covariance
operators are denoted by Q € L(H) and Q,, € L(H,). We make the following assumptions.

AssUMPTION 2.1 The initial value & € L?(£2; D((» — A)#/?)) with B € (0,2) is F-measurable.

REMARK 2.2 The results shown in this section also hold for an Jj-measurable initial value
£ € L*($2; H). We make the additional regularity requirement due to the main result stated in the
following section.

ASSUMPTION 2.3 We assume that G is a square-integrable random variable with values in the space
of Hilbert—-Schmidt operators mapping QI/Z(H) into D((, — A)#B~D/2y denoted by L’HS(QI/ 2(H);
D((Ar —A)B=D/2)) where B € (0,2) arises from Assumption 2.1.

DEFINITION 2.4 A predictable process (y(f)),cory With values in H is a mild solution of system
(2.2)if

sup Elly(0)[1% < oo
t€[0,7T]

and for all r € [0, T] and [P-a.s.,

t t t

y(1) = Mg + / A9 Bu(s) ds + / (A — A)eA I Nv(s) ds + / AIG AW (s)
0

0 0

t
+ / (r — A)ATTIN AW, (s).
0
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2122 P. BENNER ET AL.

For an existence and uniqueness result for a mild solution to system (2.2) we refer to Benner &
Trautwein (2018). Next we introduce the cost functional J: U x V — R defined by

T

J(u,v) =E /(Cy(f), Cy®)z + (Ru(®), u()y + (R, v(1),v(1)) g, dr |,
0

where C € L(H;Z) represents an observation operator mapping H into an arbitrary Hilbert space Z.
The operators R € L(H) and R;, € L(H,) are given scaling factors for the costs of the controls and are
assumed to be invertible. The aim is to find controls # € U and v € V such that

J@v) = inf TG v).

The controls u € U and v € V are called optimal controls. In Ahmed (1981), Benner & Trautwein
(2018), Curtain & Pritchard (1978), Duncan et al. (2012), Fabbri & Goldys (2009), Hu & Tang (2018),
similar control problems are considered with the result that the optimal controls satisfy a feedback law.
We follow the same approach here and therefore introduce the following Riccati equation in £(H):

c%P(t) = AP(1) + P(A — P()BR™'B*P (1) — H *(DGR; ' G*H (1) + C*C, 03

P(T) =0,

where H (1) = (L. —A) " *P(), G = (A —A)*N witha € (1/2,3/4). We make the following definition,
where X (H) denotes the space of all symmetric operators on H and C([0, T]; X (H)) is endowed with
the topology of uniform convergence.

DEFINITION 2.5 The process (P(7)),¢(o ) is @ mild solution of (2.3) if
e PeC(0,T]; X(H)),

e P()yeD((A—A)"*) foreveryy e Handallt € [0,T),
e (A—A)!"*P e C(0,T); L(H)),

o lim, 1= — AP )y = O forevery y € H,
and forall € [0,T] and every y € H,

T
Py = —/eA(“’)P(s)BRflB*”P(s)eA(S*t)yds

t

T
_ / eA(S—t)[H *(S)QR;IQ*'H (S) _ C*C]eA(Y—t)y ds. (24)
t
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In Bensoussan ef al. (2007, Part IV), existence and uniqueness results for a mild solution to system
(2.3) are shown for some special cases. The ideas of these proofs are easily adapted to the current
situation, and therefore there exists a unique mild solution of system (2.3).

REMARK 2.6 Equation (2.4) can be written equivalently as
d
3 PO, 2y = (PO, Az)y + (P(DAY. )y — (R™'B*P(1)y, B*P(1)2)y;
— (R, 'G*H(1)y, G*H (02)y + (Cy, C2)

for every y,z € D(A); see Bensoussan et al. (2007).

The optimal controls # € U and v € V satisfy a.e. on [0, 7] and P-a.s.,
(1) = —R™'B*P(0)y (1), (1) = =R, 'G*H (D) (D).
Plugging these formulas into (2.2) results in the following controlled system in H:
dy(r) = [Ay(t) — BR™'B*P(0)y() — (. — ANR; 'G*H (t)y(t)] dr

+GAW(t) + (h — AN AW, (1), (2.5)
y(0) =§&.

3. A linear implicit Euler method for the finite element discretization

In this section we introduce a fully discrete scheme for system (2.5). We denote by 7}, a triangulation
of the domain D with mesh width 2 € (0,1]. Let Y;, C ¥ = D((A» — A)Y/2) be the set of continuous
functions that are piecewise linear over 7,. We introduce the L?-projection P,: H — Y, defined by

(Pry, 2y = (v 20y
for every y € H and every z € Y. Then we have the basic estimate
Iy = Ppyllg < CR2IYll, (3.1

for a constant C > 0 and every y € D((A — A)P/?) with p € [0,2]; see Thomeé (2006). Moreover, let
R, : Y — Y, be the Y-projection given by

(A =ARy, 2y = (A = A)y, 2}y

for every y € Y and every z € Y;,. We have the following relation between the L?-projection P, and the
Y-projection Ry,

(= AR,y = P, (L — A)y (3.2)
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for every y € D(A); see Lord & Tambue (2013, Lemma 3.1). We consider the following semidiscrete
version of system (2.5) in ¥},:

<mm=Pmm—&F%Wmmm—%H%%fmmmﬂm
+ P,GAW(t) + BY dW, (1), (3.3)
Y'(0) = Pyg,

where the operator A : Y;, — Y, satisfies for every y,z € Y},

Ay, 2y = Ay, 2y

and B, = P;,B. As a consequence of inequality (3.1) we get
I1B*y — Bpylly < ChP 1yl , 0 (3.4)

for a constant C > O and every y € D((A — A)P/?) with p € [0,2]. Moreover, we have
Bz = (A —ApR,N € L(Hy; H) and (P (1)o7 With P, (1) € L(Y),) is the solution of the semidiscrete
version of system (2.3) given by

d
PO = APy (0) + Py0A, = Py(0B,R™ BP0

—mm%@%%)mm+qQ, (3.5)

Py(T) =0,

where C, = CP,,. By definition the operator A, is again the infinitesimal generator of an analytic
semigroup (e) r>0 on Y, such that fractional powers of A — A, with A > 0 are well defined. We can
therefore introduce the solutions of system (3.3) and (3.5) in a mild sense analogously to Definitions 2.4
and 2.5. We note that the mild solution of system (3.5) coincides again with the weak solution according
to Remark 2.6.

Next, let#y, t, ..., 1), be a partition of the time interval [0, T] suchthat0 =ty < | <--- < Ty, =T.
We assume that t,, — ¢, | = At foreachm = 1,...,M with Ar € (0, 1]. Applying a linear implicit
Euler method to system (3.3) gives us the following fully discrete systemin ¥, form =1,...,M:

-1 - —1. m—1 —1(pb\* —1. m—1
Y =Sy = AtSy A By R BEP I — A, o BIR, (Bh) PRy
+ Sy A PhG W, + S; 0B} SW,, . (3.6)
) =Pyt

where S;, 4, = (I—AtAh)_l LW, =W(,)—W(,_,) and 8Wb’m = W,(t,)—W,(t,_,). The operator
Pl € L(Y}) results from a time discretization of system (3.5). We make the following assumption.
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AssUMPTION 3.1 We require foreachm =0,1,...,M — 1,

IP(ty) = PitPyll sy < € (h* + AD),

*
197H (@) = (B) PPl < e (it ar'l),

where ¢ > 0 is a constant.

REMARK 3.2 Note that we can at least write formally G *H(f) = (BZ)* P(t) for all t € [0, T). Hence,

Assumption 3.1 especially provides the convergence rate for the operator (BZ)* P(,) — (Bz)* PP,
foreachm = 0,1,...,M — 1. For some convergence results we refer to Lasiecka & Triggiani (2000).
Here we will verify the convergence rates by a numerical experiment in Section 6.

We are now in a position to state the main result of the paper.

THEOREM 3.3 Let (y(7)),¢[0,r) be the mild solution of system (2.5) and let vy satisfy the fully discrete
system (3.6) form = 0,1,...,M — 1. If Assumptions 2.1, 2.3 and 3.1 are fulfilled then there exists a
constant ¢ > 0 such that for sufficiently small ¢ > 0,

I90) = g2y < € (HOO2708) 4 pgminti/A=e20),

The proof of this theorem will be provided in Section 5. In order to prepare we will first collect and
derive a number of lemmata in the following section.

4. Auxiliary results

We start by collecting some well-known properties of fractional powers of operators. For a proof see,
e.g., Pazy (1983), Vrabie (2003).

LemMMA 4.1 LetA: D(A) C H — H be the Neumann realization of the Laplace operator. Then

(1) for @ < 0 the operator (A — A)* is linear and bounded, and for @ > 0 the operator (. — A)* is
linear and closed;

(i) o > B > 0implies D (A —A)*) C D((x — A)?) and for every y € D (A — A)%),
I — APyl < Myl — AVl s

(i) D ((A —A)%) with ¢ > 0is dense in H;
(v) (A —A) By = —A)*% —A)Pyify e D((h —A)Y), where y = max{w, 8, + B};

(v) fora > Oandr > 0, we have ¢*’: H — D ((A —A)¥) and (A — A)%eMy = (L — A)?%y if
y€D((h—A)Y);

(vi) the operator (A — A)*¢? is linear and bounded for & > 0 and ¢ > 0, and moreover we have for
everyy € H,

I — Ayl < Myt |1yll:
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(vii) we have foreveryy € D (A — A)*) witha € (0,1] and all t > O,

My — Vil < eIl — AVl

4.1 Continuity of mild solutions to the controlled system

Next we show some useful properties of the exact mild solution y to the controlled system (2.5). In the
following we use ¢ > 0 as a generic constant, which may take different values at different points.

LEMMA 4.2 Let (y(2)) (o7 be the mild solution of system (2.5). If Assumptions 2.1 and 2.3 hold then
there exists a constant ¢ > 0 such that for all ¢ € [0, T],

”y(t)”LZ(Q;H) <c (1 + ||5||L2(_Q;D((17A)ﬂ/2)))~

Proof. Similar results are well known in the theory of SPDEs with homogeneous boundary conditions;
see Lord & Tambue (2013), Tambue & Mukam (2019), Wang (2017). Indeed, the mild solution
() ejo,y of system (2.5) involves mostly linear and bounded operators. By using Lemma 4.1 we
can introduce suitable powers (A — A)% in front of the remaining unbounded operators to make them
bounded, if we pay by also multiplying the exponential terms by (A — A)™“. For all « € (1/2,3/4) this
leads to

‘
IyOll 20 m < € (1+ ||‘§||L2(Q;D((17A)ﬁ/2))) + C/(f — 5! Iyl z2(02: ary ds-
0

The claim follows by applying a generalized Gronwall inequality; see Ye ef al. (2007, Corollary 2). U

LEMMA 4.3 Let (y(2)) (0,7 be the mild solution of system (2.5). If Assumptions 2.1 and 2.3 hold then
there exists a constant ¢ > 0 such that for all 7;,7, € [0,7] with 7; < 7, and all y € (0,1/4) with

Yy <B/2,
||)’(T2) _)’(Tl)||L2(Q;H) < C(Tz - Tl)y (1 + ||$||L2(Q;D((A_A)ﬁ/2)))'

Proof. Similar results are well known in the theory of SPDEs with homogeneous boundary conditions;
see Kruse (2014), Lord & Tambue (2013), Wang (2017). Here, we state the main steps of the proof. By
definition we get

||y(f2) — }’(fl)”Lz(Q;H) < I] + I2 +I3 + I4 + Is, (41)
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where

) _eATI:I%-

12(2:H)
)

7

I, = / [ef“fﬂ) —eA“l*S)]BR”B*P(s)y(s) ds + / A9 BRTIB*P(s)y(s) ds ,
0
7

@ 122 H)

(L —A) [ef“fz—s) _ eA<f1—S>] NR;'G*H (s)y(s) ds

H
Il
o\

12
+ / O — A)APTINRILG* U (5)y(s) ds ,
Ll L2($2; H)
T] 17
T, = / [ef“tz—s) —eA(”_S)]GdW(s)+ / ARG AW (s) ,
71

0 [2(2;H)

T] 17
I, = / (= ) [ AP = AT N AWy (s) + / (h — A)eA R IN AW, ()
0 al

L2(2; H)
Recall that the semigroup (€4 10 is a contraction. By Lemma 4.1(ii), (vii) we obtain
Il < Cy (772 - Tl)y ”%_”LZ(Q;D(()L_A)IS/z))' 4.2)

Because the operators B,R~!,P(t) are linear and bounded, using Lemma 4.1(i), (iv)—(vii) and
Lemma 4.2 shows that

1-2 g C(Tz — 'Cl)y (1 + ”E”LZ(Q;D((AfA)ﬁ/Z)))' (43)

The operators (A —A)*N, R;l ,G*, H (t) with @ € (0,3/4) are also linear and bounded. Lemma 4.1(iv)—
(vii) and Lemma 4.2 therefore give us for all ¢ € (y,3/4) that

Iy < c(tp — Tl)y (1 + ”E”LZ(Q;D(()L_A)WZ)))' 4.4
The It6 isometry and Lemma 4.1(ii), (iv)—(vii) yield for 8 < 1,
2 2 2
I4 < c (12 - T]) 4 ]E ”G”£HS(Q1/2(H);D((A_A)(ﬁ—l)/Z))' (45)

For B € [1,2) the above inequality holds by a similar argument involving the fact that the operator
(r — A)~#=D/2 i bounded. Finally, using the It6 isometry and Lemma 4.1(iv)—(vii) we get for all
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a € (1/2+4y,3/4) that

T2 < c(ty — ). (4.6)
Substituting inequalities (4.2)—(4.6) into (4.1) yields the result. O

4.2 Continuity of mild solutions to the Riccati equation

We also need similar continuity properties of the mild solution P to the Riccati equation (2.3) and the
transformed version H = (A — A)!~*P. In the following we use ¢ > 0 as a generic constant that may
change from time to time.

LEMMA 4.4 Let (P(t))te[O,T] be the mild solution of system (2.3). Then there exists a constant ¢ > 0
such that for all 7,7, € [0, T] with 7y < 7, and all y € (0, 1),

IP(z2) = Pl gy < ¢(tp — ).
Proof. Lety e H. We set, forall t € [0, T,
J(t) = P()BR™'B*P(1), K (t) = H*(®GR,'G*H (1) — C*C.

Note that the operators 7 (¢) and C(7) are linear and bounded. By definition and Lemma 4.1(iv), (v)
we get

IP(r)y = Pylly < Iy + I, 4.7)

where

7, Z/T H [1 _ eA(rz—rl)] eA(s—rz)j(S)eA(s—rz)yHHds +/T HeA(S—n)j(s) [1 _ eA(rz—n)] eA(s—rz)yHHds
(%) R

+/TZH (h — A)! 7Y AT, —A)V*lj(s)ef‘“*fl)yHHds

7

and

L R e R
123 w2

+ ]2 6. = )7 A — )T ()T HHdS'
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Recall that the semigroup (A >0 is a contraction and that the operators P(¢), B and R~ are linear and
bounded for all ¢ € [0, T]. Lemma 4.1(i), (vi), (vii) give us

T (%)
I, <l -1 / (s— )7 ds + / =1 ds | Ivly <ctamt) bl (@48)
%) Tl

Recall that the operators H (1), G, R;l and C are linear and bounded for all ¢ € [0, T]. Similarly to the
above we obtain

L <c(mp—t)lyly- (4.9)

Substituting inequalities (4.8) and (4.9) into (4.7) yields the result. [l
LemMA 4.5 Let (H (1)),¢[0,r) be given by

HEH=0—-A)"P@

fora € (1/2,3/4), where (P(1)),¢[0.r) 1s the mild solution of system (2.3). Then there exists a constant
¢ > O such that, forall 7,7, € [0,T) with 7y < 75 and all y € (0, «),

IH (1) = H @l gy < ¢ (1 — )7
Proof. Lety € H. We set, forall t € [0, 77,
J@) = P(I)BR_IB*P(t), K@) =H *(t)QR;lg*H (t) — C*C.

Note that the operators 7 (7) and K (¢) are linear and bounded. By definition and Lemma 4.1(iv), (v)
we get

IH (tp)y — H Dyl = 1 — AT P(ry)y — (0 — APyl < T + I, (4.10)

where

T
7, = / [ -] -y g ety as
153

T /T H (h — A) =4 A= 7(5) [1 _ eA(Tz—fl)] eA(s—rz)yHH ds
(5]

‘ds
H

153
+/ H ()\- —A)l_aeA(S_tl)j(S)()\. _A)Ol—]/eA(S—ﬂ)()\. _A))/—O{y

1
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and

T
7, = / [ -] 6 -ty ds
153

+ /T H O — A)' A= K (5) [1 — eA<f2*fl>] eA“‘*fz)y”H ds
o

193
+ / H (b — A TH AT () (4 — A)TY ACTTI () — A)7 Yy ‘H ds.

Recall that the semigroup (e At )t>0 is a contraction and that the operators P(t), B and R~ are linear and
bounded for all ¢ € [0, T]. Lemma 4.1(i), (vi), (vii) show that

T
T, <cl|(m—1) /(s — 1)1 ds
1]

T (23
+(1y — 7)) 0T /(s — ) N — )1V ds + /(s — )" s | Ivlly
(%) 71
<c(n — 1)’ Ivlg. 4.11)

Since the operators H (1), G, R;l and C are linear and bounded for all # € [0, 7] a very similar argument
leads to

Iz < C(Tz - Tl)y ||)’||H (4.12)

Substituting inequalities (4.11) and (4.12) into (4.10) yields the result. O

4.3 Discretized solution operators

Finally, we collect some results that compare the spatially discretized solution operator A to the exact
solution operator ¢4’ and to the fully discretized time stepping operator Sh. At

LEMMA 4.6 There exists a constant ¢ > 0 such that
(i) foreveryy e D((A — A)P/?) with p,r € [0,2] satisfying p < rand all ¢ > 0,

ey = ey < en R,y
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(ii) forevery y € D((A —A)~*/?) with p € [0,1] and all t > O,

My — Py < s
(iii) foreveryy € D((A —A)*) withw € [1/2,1] and all ¢ > O,

0. = ety = M= ARy | < e,

Proof. A proof of (i) can be found in Lord & Tambue (2013, Lemma 3.1) for r € {1,2}. For r = 0
the inequality is an immediate consequence of the fact that the semigroups (eA’),>0 and (eAh’),>O are
contractions. The result holds for all r € [0, 2] applying interpolation techniques, which is demonstrated
in Thomeé (2006, Theorem 3.5). For assertion (ii) we can follow Tambue & Mukam (2019, Lemma
3.2 (iii)). It remains to show (iii). Let us first assume that y € D(A). By Equation (3.2), Lemma 4.1(iv),
(v) and claim (ii) with p = 2 — 2« we obtain

[ = ety — o= apR| = |0y — MG -y

N

2! H (h— AT — A)yHH
=t Iyl

The above inequality holds also for every y € D((A — A)¥) with ¢ € [1/2,1] by standard density
arguments. Indeed, for every y € D((A —A)%), there exists a sequence (y;);ey C D(A) such thaty, — y
in D((A — A)¥) as k — oo resulting from Lemma 4.1(ii), (iii). Due to Lemma 4.1(iv)—(vi) we get for
eachk e N,

|G = My — G- apRyy |
= & = M = 3 = M= APRY = ) + (= MMy — G = ARy |
<Ja-miea—are -y, + e o - apro -
+ | 0=y — o= ARy |
< (Mg 7 e Mo ) Iy = yilly + " |y,
< (Mo 7 e M) Iy = yilly + e H2 " [y = 3], + B vl

Hence, the result follows as k — oo. O

LeEmMA 4.7 (Fujita & Mizutani, 1976, Theorem 6.1). For eachm = 1, ..., M we have

”Shm,AtHL(H) <L
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where S}' ,, denotes the composition of S, 4, with itself m times.
LEmMMA 4.8 There exists a constant ¢ > 0 such that
(i) foreveryy e D((A —A)?/?) with p € [0,2] and eachm =0, 1,..., M,
|enpyy = Syt aay| < e AP
(i) foreveryy e D((A — A)~P/?) with p € [0,1]and each m = 1,..., M,
[etinpyy = spapis| < et a2

(iii) foreveryy € D((A — A)*) witha € [1/2,1]andeachm =1,...,M,

HeAhfm (= ARy — S0 O — Ah)RhyHH <l ARy,

Proof. Claims (i) and (ii) are proven in Tambue & Mukam (2019, Lemma 3.3). It remains to show (iii).
Let us first assume that y € D(A). Using Equation (3.2) and (ii) with p = 2 — 2« we get

H MmO — ARy — Spp (b — Ah)RhyHH = He“‘h’mPh(k —A)y = Sp AP — A)yHH

<t A

=0y

—1
= cty A Iyl

The above inequality holds also for every y € D((A — A)*) with « € [1/2,1] by standard density
arguments as demonstrated in Lemma 4.6(iii). O

LEMMA 4.9 There exists a constant ¢ > O such that
(i) foreveryy € D((A —A)~?/?) with p € [0,1] and all ¢ > 0,

t
/ My — Py ds| < TP,
0

H
(ii) forevery y € D((A —A)#~1/2) with ;1 € [0,2] and all 1 > 0,

; 172
2
[l =l as)  <emisng
0
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(iii) foreveryy € D((A —A)*) withw € [1/2,1] and all ¢ > O,
t

/@—MWW%W@—MWWM <Ryl

0 H
@iv) foreveryy € D((A — A)*) witha € [1/2,3/2] and all > O,

, 1/2
2
/ H O — Ay — M5, — Ah)RhyHH ds|  <er 1y,
0

Proof. Claims (i) and (ii) are shown in Tambue & Mukam (2019, Lemma 3.2). It remains to show
(iii) and (iv). First, we assume that y € D(A). Using Lemma 4.1(iv), (v), Equation (3.2) and (i) with
p =2 —2a we get

t t
Jo= ety esG—apras] = | [ 0= ay - Mp0 - ayas
0 0

H H

< — Y00 = Ayl
=ch®|yl,. (4.13)

Using Lemma 4.1(iv), (v), Equation (3.2) and (ii) with 4 = 2« — 1 we have

t 172 ¢ 1/2
/ H (= A)eMy — M5, — Ah)RhyHZ ds| = / ”eAf(x — Ay — P, (h — A)yHst
0 0
<N = A = Ayl
= ch* Myl (4.14)

Inequality (4.13) holds for every y € D((A — A)*) with « € [1/2,1] and inequality (4.14) holds for
every y € D((A — A)® with @ € [1/2,3/2] by standard density arguments as shown in Lemma 4.6(iii).
O

LEMMA 4.10 There exists a constant ¢ > 0 such that
(i) for arbitrary small ¢ > 0, every y € D((A — A)~P/2) with pel0,1]andeachm=1,...,M,
m—1 Ul
> / Py — TPy ds| < c AfCTPTE o

k=0 7 u
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(i1) for arbitrary small € > 0, every y € D((A — A)(“’l)/z) with u € [0,2]andeachm =1,..., M,

/28] 172

2
[ lepi=sisipal, ) <ear vt
1k

m—1
k=0
(iii) for arbitrary small ¢ > 0, every y € D((A — A)*) witha € [1/2,1]andeachm = 1,..., M,

m—1 Tkl

> / (= ARy — ST 0= APRyds|| < c ATyl

k=0 7 u

(iv) for arbitrary small ¢ > 0, every y € D((A — A)*) witha € [1/2,3/2]andeachm = 1,..., M,

Tit1 1/2

m—1

2
> / He*‘h'f(x — ARy — SEHL O — Ah)Rhy”H ds| <Aty
k=0 T

Proof. Assertions (i) and (ii) are proven in Tambue & Mukam (2019, Lemma 3.5). Claims (iii) and (iv)
can be obtained similarly to Lemma 4.9(iii), (iv). O

5. Proof of Theorem 3.3
After all the preparation in the previous section we can now prove the main result.

Proof of Theorem 3.3. The mild solution of system (2.5) can be rewritten P-a.s.,

m—1 kgl m—1 et
() =g =" / A IBRB*P(s)y(s)ds — D / O — A INR LG * I (5)y(s) ds
k=0 T k=0 T
m—1 1 m—1 Tkl
+>] / AIGAW(s) + | / (A — AN AW, (s).
k=0 T k=0 T

Similarly, the fully discrete scheme (3.6) can be rewritten P-a.s.,

m—1 T+l m—1 1
—kp p— —kpbp—1 *
W= S-S / sy Pk as— > [ spkairy (B) Phhas
k=0 T k=0 T

m—1 le41 m—1 Tk+1
+ 3 [ spanGa, pawe + 3 [ sisawo.
k=0 7, k=0 7
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Therefore, we obtain

ly(,,) — y;’:”LZ(Q;H) SLh+L,+I;+ I, + I, (5.1)

where

I, = Mg -5, P ,
1 & — Spali§ 12(2: 1)

m—1 el Ukt

7, = Z A=) BRTIB*P(s)y(s) ds — / SmokB,RTIB P Yk ds ,
=00 Ik L2($2; H)
m—1 Tl Tkt1

ES

=|> / (r — M)A INRIIGFH (5)y(s) ds — / Sy BR, ! (BZ) Phykds ,
=0k T L2(2;H)
m—1 T+l tet1

7, = Z / A= G AW (s) — / SngPthW(s) and
k=0 t 1k [2(2:H)
m—1 k1 Tk41

I = Z / (r — A ™IN AW, (5) — / SZZI;BZde(s)
=00 Ik L2($2; H)

Lemma 4.6(i) with r = p = 8 and Lemma 4.8(i) with p = § give us

1, < ”eAt'"E _ Mitnp

+ |eripye — Sy aiPis

[2(2;H) L%(2;H)

< (P + APP) €N p . pi-ayry)- (5.2)

Recall that B, = P, B. We have

LS +Ly+Ls+Lha+Iys +1h (5.3)
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where

[0 — M=, | BRI B P(5)y(s) ds

P. BENNER ET AL.

L2(2;H)

nlin=9p, _ g A’;Ph] BR™'B*P(s)y(s) ds

[2(2;H)

Ty = Z / Sy *B,R7V[B* — BjIP(s)y(s) ds ,

12(2;H)

Da= |2, / Sy ByR™ B[P (s)y(s) — Pt)y(t)] ds ,

k=0 7

m—1 Tr+1

L2(2;H)

Ts=|> / ShaB R B [P) — PPy | via) ds :

k=0 t

m—1 Tk+1

[2(2;H)

L= / SikB,R ' BLPP, [y(zk)—y’;,] ds

k=0 7

[2(2; H)

i

Recall that the operator P(¢) is linear and bounded for all ¢ € [0, T']. Using Lemmas 4.2—4.4 there exists
a constant ¢ > O such that for all 7,7, € [0,T] with t; < 7, and all y € (0,1/4) withy < B/2,

[P @)y (m) = PE)y) | gy < I1P@) (@) =@ 2gm

+ ” [P(TZ) - 7D(.Cl)] }’(71) ||L2(Q;H)

Sc(n— Tl)y (1 + ”5”L2(9;D((A—A)ﬁ/2)))'

We set for all t € [0, T] and P-a.s.,

By a change of variables we get

Im

1-2’1 < /[eAS _ eAhXPhiI (Sj(tm

0

$(1) = BR™'B*P()y(1).

L2(2;H) 0

—5) = 5(t,)) ds / eA“Ph y(t ) ds

(5.4)

L2(2;H)
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Recall that the operators B and R~ ! are linear and bounded. Due to Lemmas 4.2, 4.3, 4.6(ii) with p =0,
4.9(i) with p = 0 and inequality (5.4) we obtain, for all y € (0,1/4) with y < /2,

tm
L < Chz/s_l [5G, =) = 5(,) ||L2(Q;H) ds +ch® [5(,,) |’L2(Q;H)
0
tm
é Ch2 /Sy_lds + 1 (1 + ”SHLZ(.Q;D(()»fA)ﬂ/Z)))
0
< Ch2 (1 + ||E||L2(Q;D((A_A)/3/2)))~ (5.5)
We have
1 2
L, <Y +1), (5.6)
where
m—1 /28]
1 _ _ - N
Iéz) = z / [eAh(t'" S)Ph — SZAfPh] (y(s) — y(tm)) ds and
k=01 12(2:H)
m—1 Tkl
2 _ _ -
=13 / [P, — ik, | 5,,) ds
k=04 12(02: H)
By a change of variables we obtain
m—1 Tl
Y <> / [1 —~ eAh“kH—S)] APy (3(t,, — 5) — 3(t,,)) ds
k=0 5 12(2: H)
m—1 T+l
+1>] / [eAhkaPh - s’;jA‘,Ph] (5(t,, — $) = 3(t,)) ds and
k=0 12(2; H)
m—1 k1
2 -
=2 / [Py — iP5, ds
k=04 12(2:H)

Note that the properties from Lemma 4.1 hold also for the operator A, and for the corresponding
semigroup (") r>0- Moreover, the operator By, is linear and bounded. Using Lemmas 4.3, 4.8(ii) with
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p = 0 and inequality (5.4) we get, for all y € (0, 1/4) with y < 8/2,

1 Tkl

I < Z / (i1 =95~ [Py (350 = 9 = 5,0) | 12 o) 9

k=0

Tk+1

+c At Z ety 3G, =) = 3G, |20 ) 4
k=0 7,

tﬂl

< cAt/sV_lds
0

< c At

Due to Lemmas 4.2 and 4.10(i) with p = 0 we have

1522) < el |5, M i2im < <A (L4 1El202; panypizy)-

Substituting inequalities (5.7) and (5.8) into (5.6) yields

IZZ CAtl € (1 + ”%_“LZ(Q D((}»—A)ﬂ/z)))

Using Lemmas 4.2, 4.7 and inequality (3.4) with p < 1 we obtain

Ly <o’ [ |o.-02Pene

L2(2;H)
Lemma 4.7 and inequality (5.4) give us, for all y € (0,1/4) with y < 8/2,

m—1 Tkl

Da<ey, [ =0)"ds(1+ 18 2@:p-apry) < ¢ AT (14 11Ell2@: pia-ap)-

k=0 7
Due to Assumption 3.1 and Lemma 4.2 we get

m—1 1

12’5 <c (h2 + At) Z / ||y(tk) ”LZ(Q H) <c (h2 + At) (1 + ”E”LZ(.Q D((A— A)ﬁ/z)))

k=0 7

As a consequence of Lemma 4.7 we have

m—1
T, <cAt H ) — )
26 S ; Y& — 12(2: H)

ds < Cl’lp (l + ||$||L2(Q;D((A._A)ﬂ/2)))'

(5.7)

(5.8)

(5.9)

(5.10)

(.11

(5.12)

(5.13)
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Substituting inequalities (5.5) and (5.9)—(5.13) into (5.3) yields for sufficiently small ¢ > O that

m—1
in{1/4—¢,8/2} _ K
T, < + AP (14 g 2o poniy) +cAt§ w3 gy 619
Recall that BZ = (AL —A;)R,N. Similarly to above we get
LisL +Lp+ L3+ + 1, (.15)
where

m—1 Tkt 1

Iy, = Z / [(x — A)Atn=) _ Anltn=5) (3, —Ah)Rh] NR;'G*H (5)y(s) ds ,
k=04 12(2: H)
m—1 k1

To= |20 [ [0~ AR, = SiZEG. — AR, | NR;'G*H (5)y(5) ds :
k=07 [2(2; H)
m—1 Tl

Tyy= D | Spas(—ADRNR,'G* [H (s)y(s) — H (t)y(1,)] ds

33 h,At RAV ALY y KV >
k=0 4 L2(2,H)
m—1 Tk+1
k

Tu=|> / Sk — AR, NR;! [g I (1) — (BZ) P’,;Ph] y(t,) ds and
k=074 [2(2:H)
m—1 Tkl

k

Ts= > / Spak .= APRNR, ! (BL) P APy [y = v | s

k=0 7 L2(2; H)

Recall that the operator H (¢) is linear and bounded for all 7 € [0, T). Using Lemmas 4.2, 4.3 and 4.5
there exists a constant ¢ > 0 such that for all 7,7, € [0,T) with 7y < 7, and all y € (0,1/4) with

y < B/2,

|7 (ty(m) = H @y D g < 1H @) [T = 3@ 2
+|[H (@) = H @]y 2. m,

el — T1)y (1 + ”g”LZ(Q;D((A_A)ﬁ/Z)))- (5.16)
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We set, for all r € [0, T) and P-a.s.,
Y1) = NR, ' G*H (0y(0).
By a change of variables we obtain

t"l
I, < / [0 = et = 6= AR, | (504, — 5) = 3(0,) ds

0 L2($2;H)

tm
+ / [(/\ —A)M — M — Ah)Rh] 5(,) ds
0

L2(2;H)

Recall that the operators (A — A)*N, R;] ,G* are linear and bounded for all @ € (0,3/4). Lemmas 4.2,
4.6(ii1) with « € [1/2,3/4), inequality (5.16) and Lemma 4.9(iii) with o € [1/2,3/4) give us, for all
y € (0,1/4) withy < /2,

Im

Iy, <ch™ / sTH o= A (51, — 5) — ¥(1,,) HH(Q;H) ds + ch™ ||(x — A)*¥(t,,) UL2<9;H)
0

Im

s eh /Sy_ld””” (1+ 1812 (2: Dy

0
< Chza (l + ”E”LZ(Q;D((A—A)WZ)))' (517)
We have
I, <Y + 190, (5.18)
where
m—1 et
1 — — — —
0=y / [eAh(zm O — AR, — SpE —Ah)Rh] (5(s) — (1,,)) ds and
k=0 5 12(2: H)
m—1 Tl
2 _ _ _
70 = | > [ [0 - AR, — SiakG = AR, ] 56, ds
k=0 g 12(2;H)
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By a change of variables we get

m—1 Tkt 1

7y <> / [1 - eAhukH—s)] M — AR, (3(t, — 5) — F(t,)) ds

=00 L2(2; H)

m—1 Tl
+(> / [eAh’kH (A — AR, — S, 0. — Ah)Rh] (3(t,, — $) — 3(t,,)) ds and

k=0 [2(2; H)

Iézz) = Z / [eAhs()‘ —ApR;, — SzjrAlz()‘ - Ah)Rh] y(t,,) ds

L2($2;H)

Recall that the operators (A — A;), R), are linear and bounded. Lemma 4.8(iii) with o« € [1/2,3/4) and
inequality (5.16) yield, for all y € (0,1/4) with y < B/2,

—1 41
(s — )5~ [0 — AR, (5(1,, — 5) — 3(1,,)) HLZ(.Q;H) ds

m
i) <c
k=0 7,

m—1 Tetl

+ear Y / il |6 = 0NRy Gt (5, - 9) - 5,,)
k=0 7,

ds
12(2; H)

Im Im

<c At/sy_lds+At“/sV_1ds (1 + 1€ r200: D(G-nyprzy)
0 0

< c A® (1 + ”E”LZ(Q;D((A—A)ﬁ/Z)))' (519)

Due to Lemmas 4.2 and 4.10(ii) with o € [1/2,3,4) we have

2 — — —
I?E,Z) § C Ata € ()\. — A)aNRb 1g*H (tm)y(tm) § C Ata € (1 + "EHLZ(.Q;D((A—A)ﬁ/Z)))' (520)

L2(2;H)
Substituting inequalities (5.19) and (5.20) into (5.18) yields

Ty < c A (14 1€l 2. pionyirzy) (5.21)
with u € (0,3/4). By Lemma 4.7 and inequality (5.16) we get, for all y € (0, 1/4) with y < 8/2,

m—1 T+l

Iiz<c Z /(S —1)Vds (1+ ||§||L2(Q;D((A_A)ﬁ/2))) <cAr (1+ ”E”LZ(Q;D((A_A)/H/Z))). (5.22)
k=0 7,
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Using Lemmas 4.2, 4.7 and Assumption 3.1 we have

I3’4 < c (h + A[1/4) (1 + ||‘§”L2(9;D((A—A)/3/2)))- (523)

Lemma 4.7 gives us

m—1

Lis<cAt), Hy(fk) - Y (5.24)
k=

12(2:H)

Substituting inequalities (5.17) and (5.21)—(5.24) into (5.15) yields for sufficiently small ¢ > 0 that

7, (h+Atmm{1/4 sﬂ/Z}) (14 1€ 202: ponyiry) +cAtZ Hy(tk) ¥ (5.25)

L2(2;H)
We set S(r) = Sﬁ,m ift € [t,_y,1;) foreach k = 1,..., M. The It6 isometry and a change of variables
give us

172

/H nol,

ds
Lus(Q'/2(H); H)

1 Tk 172

+ EZ/H p, —SkHLP ]G’

ds
Lus(Q'/2(H); H)
By Lemma 4.9(ii) with 4 = § and Lemma 4.10(ii) with u = 8 — 2¢& we obtain

1/2
T, <c(nP + AP IEH A—A)F(h— AP WZG‘
C( + ) ( ) ) Lus (QVV2(H); H)

172
2 2
g c (hﬁ + Atﬂ/ ) (E ”G”L‘,Hs(Q]ﬂ(H);D((A*A)(ﬂ_])/z))) . (526)

Similarly, we have

1/2

172

ds
Lus(Q, " (Hp); H)

/m H [(,\ — A)e — A —Ah)Rh] N’
0

m—1 Tl 172

2 / H M~ ARy — S, — Ah)Rh]N‘

k=0 7

ds
Lus(0)/* (Hp); H)
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resulting from the It6 isometry and a change of variables. Lemmas 4.9(iv) and 4.10(iv), both with
a € [1/2,3,4), give us for sufficiently small ¢ > 0 that

Ty < (W28 4+ AE) | = AN g gy < € (W25 + A7), (5.27)

(Hp); H
Substituting inequalities (5.2), (5.14), (5.25), (5.26) and (5.27) into (5.1) yields, for sufficiently small
e >0,

(hmin{l/Zfs,ﬁ} +Atmin{]/476,ﬂ/2}) (1

||)’(tm) - y%”LZ(Q;H) <c + ”%_”LZ(Q;D(()L_A)/B/Z)))

m—1
+c At Z Hy(tk) — y];l
k=0

12(2:H)
By applying a discrete version of the Gronwall inequality (see Clark, 1987) we therefore get

+ & l22: Dir—arpry)

Iy(t,) —)’Z1||L2<Q;H) < c(hmin{l/Z—s,/S} + Atmin{1/4—a,ﬂ/2}) (1

for sufficiently small & > 0. U

6. Numerical experiments

In order to illustrate the proposed method and the bounds given in Theorem 3.3 we have implemented
the algorithm in MATLAB! and performed a number of numerical experiments on a two-dimensional
linear quadratic control problem with noise. We ran all the experiments on one node of the Mechthild
computing cluster at the Max Planck Institute Magdeburg. Such a node consists of two Intel Xeon
Skylake Silver 4110 processors with 8 cores/CPU, a clockrate of 2.1 GHz and 384 GB RAM.

6.1 Implementation

Let {¢,ﬁ'}2’i | be the standard finite element basis of Y, consisting of the piecewise linear so-called
hat functions. These take the value 1 at the kth node of 7}, and O at all other nodes. Then for y, € ¥,

we have y;, = Zivi 1 yk¢£‘ for some coefficients {yk}gi |- Similarly, let the distributed noise P,G W™
with G = [ and the boundary noise Bz 8W,! be represented by the coefficient vectors §W™ and §W;,
respectively. Using these representations in (3.6) and testing with qﬁ}' shows that (3.6) is equivalent to

Np

Z YU — AtA) ! ¢ Z y! ( .8l — AuBRBLP Y 6L, o))
k=1
— AuBLR; (B P gl ¢’1>) 6.1)
Np
+ (W™ + W) (r o),
k=1

! Full code available at www.tonystillfjord.net.
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for j,k = 1,...,N,. To simplify this we introduce the mass matrix M, the stiffness matrix A, the
distributed and boundary input matrices B and B, the output matrix C and the weighting matrices R,
R and Q, satisfying

My; = (9] 0]), Ay = (A8l o0,
B, = (B9}, ¢), BY, = (L — AYR,NG. ), C.; = (Col. 07,
R = (/. ]), R} = (4. ¢)), 0. = (#7.47).

Here, {d)l.U}, {qbiv } and {¢iZ} denote orthonormal bases for the input and output spaces U, V and Z,
respectively. We omit the dependency on 4 to reduce notational clutter.

The matrices given above were all generated using the FreeFEM++ library® (see Hecht, 2012) and
then imported into MATLAB. With these at hand we can first rewrite (3.5) as the matrix-valued equation

M%P(t)M = —AP()M — MP()A + MP(t)BR™'B"P(t) M

+ MP(HB(R")~ (B")P()M — CTQC, 62)

P(T) =0,
where P denotes the matrix representation of P, satisfying
Nj,
P= D Pz ¢l
ij=1

see, e.g., Malqvist ef al. (2018). Further, denote the coefficients at time #,, by P". Then we can rewrite
(6.1) as an equation for the coefficients y;' as

y"t =8, ,My" — AS,, ,BR™'B"P"My"
— AtS;, ,B"R)~ (BT P " My™
+ Sy AM(SW™ + SW),

where S, o, = (M — AtA)~!. Note the similarity to (3.6), with M taking on the role of the identity
operator.

Since (6.2) is matrix-valued, numerically approximating its solution for reasonably fine spatial
discretizations is unfeasible unless we can utilize features such as low-rank structure. For this reason
we assume that the input operators are of the form R™ > u — u; ¥, + --- +u, ¥, with ¥; € H and
n, < N,. Similarly, we assume that the output operator C: H + R’ with n, <« N,. This means

2 Available at https:/freefem.org/.
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that B, B” and C are rectangular matrices, which typically leads to a solution P of low numerical
rank. See, e.g., Stillfjord (2018b) for supporting theory in the operator-valued setting. In order to
approximate the solution we apply the Strang splitting scheme (Stillfjord, 2018a) available in the
MATLAB package DREsplit.> We note that Strang splitting is a second-order method, which means
that we get a more accurate approximation in time than what we need according to Assumption 3.1.
It is, however, essentially as cheap to apply as the corresponding first-order scheme, which is why we
use it.

Generating the noise can be done in many ways. Since we only consider rectangular domains in our
experiments we compute samples of the distributed noise using FFT techniques as outlined in Lord
et al. (2014, Chapter 10). In particular we assume that the eigenvalues A;;, and corresponding
eigenvectors ¢; ; of the covariance operator Q are given by

Mg = (G +k>)P¢ and @ (X1, %) = cos(jmx,) cos(kmx,)

with 8 = 1 and € = 10~*. Then the increments §W" = w(t,) — W(t,_,) are given by

N
SW" A VALY \/awj,kéf",

k=0

where 5}“ are the i.i.d. increments of an N(0,1) Gaussian distribution (Lord et al., 2014). This leads to
noise satisfying Assumption 2.3. We note that the sum should actually go to infinity, and the truncation
to (N + 1)2 terms represents a discretization. We use N = N, in our experiments, which means that the
truncation does not affect the convergence order (Yan, 2005).

A similar procedure could conceivably be followed for the boundary noise. However, we found it
simpler to express the one-dimensional noise §W,, ,, on each of the edges as \/thgzo Ay cos(kmx)
withx € [0,1] and A, = k~#=¢. Then the map N can be explicitly constructed by using the observation
that the function

k h(c(1 —
pxy,xy) = —COS( 7x;) cosh(c( %)) with ¢ = m

¢ sinh(c)

satisfies dxil,o =0atx; =0andx; =1, dxizp =0atx, =1and dxiz,o = cos(kmx;) at x, = 0. Further, it
satisfies Ao = Ap in the interior of the domain. The constructions for the other parts of the boundary are
similar. Summing the four parts then gives the solution of (2.1). We then computed the Ritz projections
of these functions in FreeFem-++ by solving (R,p,¢)y = (p,¢)y for ¢ € Y,,. Finally, the resulting
coefficient vectors were multiplied by AM — A.

The latter construction was also used for the boundary input operator, by computing N applied to
the constant function 1 on the boundary. This requires no further calculations, since it corresponds to
the first eigenvector.

3 Available at www.tonystillfjord.net.
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sl (@) (@) (©

0.6

0.4

0.2 ® ® ®

0 0.2 0.4 0.6 0.8 1

X

FI1G. 1. Locations of distributed inputs (red) and outputs (blue, shaded) in the test problem. The red lines indicate intensities of
0.8, 0.4, 0.2 and 0.1, respectively.

6.2 Test problem

For simplicity we consider the problem on the unit square D = [0, 1]>. We let the distributed control
operator B : R™ > L?(D) be defined by

Bu:ulllfp1+---+u v

1,
ny * pe

where p/ = (p{,p}) are points in the plane and Wi(xp, %) = e~2001=p1)*=200(2-p3)*  The
interpretation of this is that we have heat sources with high intensity at p/ that tapers off exponentially
as we move away radially from p/. The locations of these points are illustrated in Fig. 1. We note that
B e L (R™, L*(D)). For this example we picked n, = 9. For the boundary control we consider a single
boundary condition ;—vy(t, x) =vwithv e R.

As output we take the operator

Cy = 10? /Dy(x))(T1 @) + -+ yW)xr, ) dx,

where xg denotes the characteristic function of the set S and the T] denote different areas, illustrated
in Fig. 1. Thus we attempt to control the mean value of the solution in these areas. We note that
Ce L(H,R"%). Here n, = 3.

Finally, we use a diffusion coefficient of 1072, 1 = 1, and the scaling factors R = 1072 and R, =25.
The latter was chosen such that the distributed and boundary controls influence the solution to a similar
extent.
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Temporal errors Spatial errors
10!
10!
10°
~1
10 10°
1072
m
10_3 101!
4
10~
1072 1072
1072 107! 1072 10! 10°
At h

FiG. 2. The errors || PFE(0) — POl 1y (—k—) and [|(B2)* P (0) — (B2)* POl sy (—5—) for the various discretizations outlined
in Section 6.3. Reference lines: O(Ar2) (- - - ), Oh) (- - - ), Oh2) (—).

6.3 Results

We first verify Assumption 3.1 by computing the errors
IPE'©) = Pl gy and  [|(BD* P (0) — B))* Pl o)

for different choices of & and At. We first choose h = 270 and Ar = 2712, j = 1,...,7, with the
reference solution P;ff having the same / and Ar = 2!0. The result is shown in Fig. 2 (left) and shows
clear second-order temporal convergence, as expected. We then choose Ar = 2° and take h = 2/,
j = 1,...,6, with the reference solution Pff having the same Af and h = 27, The result is shown in
Fig. 2 (right) and also demonstrates second-order spatial convergence except for the first few coarse
discretizations.

Next we check Theorem 3.3. By choosing 1 = Ar? the expected error is O(Atl/ 4) and there is only
one parameter to adjust. We therefore choose # = 2% and At = 27/ forj = 1,...,6 and compute a
reference solution with j = 7. We start by computing the noise for the finest discretization first. Then
for each coarser discretization we add up the temporal increments and compute the L2-projection onto
the coarser space. In this way we use the same noise for all the discretizations of each of the 100 sample
paths. The resulting errors measured at ¢+ = T are shown in Fig. 3, both for the controlled system and
for the corresponding uncontrolled system where b = v = 0. We can observe that they decrease with a
rate that is decidedly less than 1/2 and close to 1/4. Since our theoretical bound is for the worst-case
situation this is fully in line with Theorem 3.3.
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107!
—— Uncontrolled y}!
—&— Controlled yﬁ‘f
--- O(Ar'4)
-=-0(Ar'?)
102
g
&
83
1073
0% 103 1072 107! 100

At

FiG. 3. The computed errors for the experiment outlined in Section 6.3. They are in line with the O(Ar'/4)-prediction of
Theorem 3.3.

7. Conclusions

We have proved convergence with optimal orders of a numerical scheme for an optimal control problem
with both distributed and boundary control, as well as distributed and boundary Q-Wiener noise. Due to
the irregularity of the noise we can expect at most order 1/4 in time and order 1/2 in space. A numerical
experiment confirms that this bound is optimal.
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