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Abstract. We consider the problem of identifying a unitary Yang—Mills connection V on
a Hermitian vector bundle from the Dirichlet-to-Neumann (DN) map of the connection
Laplacian V*V over compact Riemannian manifolds with boundary. We establish unique-
ness of the connection up to a gauge equivalence in the case of trivial line bundles in the
smooth category and for the higher rank case in the analytic category, by using geometric
analysis methods.

Moreover, by using a Runge-type approximation argument along curves to recover
holonomy, we are able to uniquely determine both the bundle structure and the connection.
Also, we prove that the DN map is an elliptic pseudodifferential operator of order one on the
restriction of the vector bundle to the boundary, whose full symbol determines the complete
Taylor series of an arbitrary connection, metric and an associated potential at the boundary.
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1. Introduction

In this paper, we consider the Calderdn inverse problem for a special type of con-
nections, called the Yang—Mills connections. Given a Hermitian vector bundle £
of rank m over a compact Riemannian manifold (M, g) with non-empty boundary
and a unitary connection 4 (V) on E, one may consider the connection Lapla-
cian denoted by d ;d4 (V*V), where dj (V*) denotes the formal adjoint of d4 (V)
with respect to the Hermitian and Riemannian structures. Sometimes this opera-
tor is called the magnetic Laplacian because it is used to represent the magnetic
Schrodinger equation, where A corresponds to the magnetic potential.

Given this, we may define the associated Dirichlet-to-Neumann (DN map in
short)! Ag4: C®(OM; E|spr) — C°(0M; E|3pr) by solving the Dirichlet problem

dida(u) =0, uloy = f (1.1)

and setting A4(f) = da(u)(v), where v is the outwards pointing normal at the
boundary. The problem can then be posed as asking whether the map A — Ay
is injective modulo the natural obstruction, or in other words whether Ay = Ap
implies the existence of a gauge automorphism F: E — E with F*(A) = B and
Flay = 1d.

This problem was considered in [6, 13, 12, 11]; for a survey of the Calderén
problem for metrics, see [32]. In this paper, we take two approaches to uniqueness:
one is via geometric analysis and the other by constructing special gauges along
curves via the Runge approximation property of elliptic equations. As far as we
know, this paper is the first one that considers the connection problem and does
not rely on the Complex Geometric Optics solutions (see any of [6, 13, 12, 11]),
but on unique continuation principles and geometric analysis of the zero set of a
solution to an elliptic equation.

The Yang—Mills connections generalise flat connections and are important in
physics and geometry. They satisfy the following equation:

DYF4 =0,

where Dy = d f“d is the induced connection on the endomorphism bundle End £
and Fj4 is the curvature of A (see the preliminaries for more details).

Firstly, we prove that the DN map A 4 is an elliptic pseudodifferential operator
of order 1 on the restriction of the vector bundle to the boundary and deduce that
its full symbol determines the full Taylor series of the connection, metric and a
potential at the boundary. This was first proved in the case of a Riemannian metric

1By C°(M; E) we denote the space of smooth sections of E over M.
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by Lee and Uhlmann [22] and later considered in the m = 1 case with a connection
in [11]. In this paper, we generalise this approach to the case of systems and prove
the analogous result.

1.1. Motivation. Let us explain some motivation for considering this problem.
Partly, the idea came from the analogy between Einstein metrics in Riemannian
geometry and Yang—Mills connections on Hermitian vector bundles. Also, Guil-
larmou and Sa Barreto in [14] prove the recovery of two Einstein manifolds from
the DN map for metrics. The method of their proof relies on a reconstruction near
the boundary, where in special harmonic coordinates Einstein equations become
quasi-linear elliptic (the metric is thus also analytic in such coordinates). Hence,
by combining the boundary determination result and a unique continuation result
for elliptic systems they prove one can identify the two metrics in a neighbourhood
of the boundary. Moreover, by exploiting this analytic structure they observe that
the method of Lassas and Uhlmann [20] who prove the analytic Calderén prob-
lem for metrics, may be used to extend this local isometry to the whole of the
manifold.?

In our case, the conventionally analogous concept to harmonic coordinates to
consider would be the Coulomb gauge [31] which transforms the connection to
a form where d*(A) = 0, so that the Yang-Mills equations become an elliptic
system with principal diagonal part. However, this gauge does not tie well with
the DN map, so in Lemma 4.1 we construct an analogue of the harmonic gauge
for connections. In this gauge, we may use a similar unique continuation property
(UCP in short) result to yield the equivalence of connections close to the boundary.
However, for going further into the interior we designed new methods.

1.2. Uniqueness via geometric analysis. We believe this approach to be entirely
new. Here is one of the main theorems of the paper.

Theorem 1.1 (global result). Assume dim M > 2, let E = M x C be a Hermitian
line bundle with standard metric and 9 # I" C OM an open, non-empty subset
of the boundary. Let A and B be two unitary Yang—Mills connections on E.
If Aa(f)Ir = A(f)Ir for all f € Cg°(I'; E|r), then there exists a gauge
automorphism (unitary) h with hlr = 1d such that h*(A) = B on the whole
of M.

2This works by embedding the two manifolds in a suitable Sobolev space using Green’s
functions of the metric Laplacians and showing the appropriate composition is an isometry.
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We now explain this geometric analysis type method in more detail. Our
gauge F from Lemma 4.1 (m x m matrix function on M) satisfies the equation
didsqF = 0 and so we cannot guarantee that it is non-singular globally. We show
that the zero set of the determinant of F is suitably small in the smooth case
when m = 1 and in the analytic case for arbitrary m—it is covered by countably
many submanifolds of codimension one, or in the language of geometric analysis
it is (n — 1)-C*°-rectifiable. Since (the complement of) this singular set can be
topologically non-trivial (see Figure 1), we end up with barriers consisting of
singular points of F that prevent us to use the UCP and go inside the manifold.
This is addressed by looking at the sufficiently nice points of the barriers and
locally near these points, using a degenerate form of UCP (in the smooth case)
or a suitable form of analytic continuation (in the analytic case) to extend an
appropriate gauge equivalence between the two given connections beyond the
barriers; we name this procedure as “drilling.” Since we show there is a dense
set of such nice points, we may perform the drilling to extend our gauges globally.

Here is what we prove in the analytic case, for arbitrary m.

Theorem 1.2. Let (M, g) be a compact smooth Riemannian manifold which is
analytic in its interior. Assume dim M > 2 and let I be as in Theorem 1.1. If
E = M x C™ is a Hermitian vector bundle with the standard structure and if A
and B are two unitary Yang—Mills connections on E, then A4(f)|r = Ap(f)r
forall f € C°(I'; E|r) if and only if there exists a gauge automorphism H of E,
with H|r = Id, such that H*(A) = B.

We briefly remark that the proof of the above theorem also relies on using
the Coulomb gauge locally, since in this gauge the connection is analytic, so
det F satisfies the SUCP (see Lemma 5.1); we additionally apply this gauge in
the drilling procedure.

The main difficulty in proving uniqueness via the geometric analysis method
for the smooth, higher rank (m > 1) case is that the strong unique continuation
property (SUCP) for the determinant det F of a solution to djd4 F = 0 might not
hold—see Remark 5.2 for more details. Indeed, in the subsequent work [7] we
treat this question in more detail and prove a positive answer for n = 2 and also
provide some counterexamples.

1.3. Uniqueness via Runge approximation. Next, we outline our second ap-
proach to uniqueness by using Runge-type approximation for elliptic equations to
recover holonomy, which we use to prove the stronger statement of uniqueness for



Calder6n problem for Yang—Mills connections 467

arbitrary bundles. In general, Runge approximation is known to be applicable to
inverse problems (see e.g. [19, 2, 27]).

Theorem 1.3. Let (M, g) be a smooth compact Riemannian manifold with bound-
ary of dimensiondim M > 2, T' C M a non-empty open set, E and E’ Hermitian
vector bundles over M such that we have the identification E|r = E'|r. Let A
and B be two smooth unitary Yang—Mills connections on E and E’ respectively,
suchthat Ao(f)|lr = Ap(f)|r forall f € Cg°(I'; E). Then there exists a unitary
bundle isomorphism H: E' — E with H|r = 1d, such that H*A = B.

This theorem clearly generalises Theorems 1.1 and 1.2. Note in particular that
we are able to uniquely determine the topology of the bundles and the Hermitian
structures.

Let us point out the main differences between the two approaches. Although
Theorem 1.3 is stronger than the first two theorems, the advantage of the former
approach is in its method of proof. More precisely, the geometric analysis tech-
nique is minimal with respect to the necessary data—essentially, we only need
one arbitrary measurement to uniquely identify the connections—see Remark 4.6
for more details. Also, this method is entirely new, so it gives hope that it can be
generalised to different settings, such as the metric Calderén problem.

On the other hand, in the Runge-type density approach we need many mea-
surements that concentrate in a suitable sense on closed loops (see Lemma 6.1).
In the context of the Calderén problem for connections, this method is also new
and gives hope to be generalised to other settings.

1.4. Organisation of the paper. The paper is organised as follows: in the next
section, we recall some formulas from differential geometry and make a few
observations about choosing appropriate gauges. In the third section we prove
that A4 is a pseudodifferential operator of order 1 for systems and prove that
its full symbol determines the full jet of A at the boundary. Furthermore, in
section four we consider the smooth case and prove the global result for m = 1,
Theorem 1.1. In the same section, we construct the new gauge and deduce the
UCP result we need. In section five we consider the m > 1 case for analytic
metrics, Theorem 1.2, by adapting the proof of the line bundle case and exploiting
real-analyticity. Finally, in section five we apply the Runge-type approximation
property and prove Theorem 1.3.

This paper also has two appendices: in Appendix A we recall some well-
posedness condition for the heat equation and prove a few elementary statements
about extending functions smoothly over small sets. Next, in Appendix B we
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lay out the technical results needed to prove the Runge type approximation result
we need—this requires some well-posedness for Dirichlet problem in negative
Sobolev spaces and a duality argument; the aim is to prove that for £4 = ddy4,
we can build m smooth solutions that span the bundle over a given curve.
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2. Preliminaries

2.1. Yang-Mills connections. As mentioned previously, Yang—Mills (YM) con-
nections are very important in physics and geometry. They satisfy the so called
Yang—Mills equations, which are considered as a generalisation of Maxwell’s
equations in electromagnetism and which provide a framework to write the latter
equations in a coordinate-free way (see e.g. [1] or [10] for a geometric overview
and definitions). The Yang—Mills connections are critical points of the functional

Fyar(A) = / | FaPdws.
M

Here F4 = dA + A A A is the curvature 2-form with values in the endomorphism
bundle of E determined by the map dis = F4 A s on sections s € C®(M; E)
and wg is the volume form. It can then be shown by considering variations of
this functional, that the equivalent conditions for A being its critical point are (the
Euler-Lagrange equations)

(DA)*FA =0 and DAFA = 0, (2.1)

where D4 = df“d is the induced connection on the endomorphism bundle, given
locally by D4S = dS + [A, S] or equivalently by D4S = [dy4, S], where [-, ]
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denotes the commutator. The second equation in (2.1) is actually redundant, since
it is the Bianchi identity.

Yang—Mills connections clearly generalise flat connections, for which the cur-
vature vanishes, i.e. F4 = 0.

They have been a point of unification between pure mathematics and theoreti-
cal physics, but moreover have brought a few areas of pure mathematics together,
such as e.g. PDE theory and vector bundles over complex projective spaces, or
algebraic geometry.

Example 2.1 (Yang—Mills connections over Riemann surfaces). We give an idea
of the size of the set of YM connections in the simplest non-trivial example of
Riemann surfaces. First recall that connections on bundles modulo gauges are
classified by their holonomy representation on the so called loop group modulo
conjugation (see Kobayashi and Nomizu [17]). In the setting of flat connections,
this correspondence simplifies significantly for a Riemann surface X:

{p:m1(X) —» U(m)}/ conj. <— {unitary flat bundles of rank m}

since homotopic loops have the same holonomy. The direct map (going left to
right) here is the one taking a representation p and defining an associated flat
bundle via & x, €™, where ¥ is the universal cover of ¥ and x, means we
identified the two by the diagonal action. Somewhat surprisingly, we may still
obtain a correspondence in the case of YM connections, where 1 (X) is replaced
by a certain central extension 71(X) (see [1] for more details). This has an
analogous geometric interpretation: the difference to the flat case is that we now
identify homotopic loops only if they enclose the same area. In particular, for the
sphere S? this simplifies, so that we have 71(S?) = S!.

2.2. Local expressions for dy and inner products. In general, we use the
notation dj to denote the formal adjoint acting on vector valued p-forms; if A is
unitary, then d} = (—1)P~Y"1xd,*, where  is the Hodge star acting C-linearly
on differential forms with values in E as x(w ® s) = (»w) ® s, w is a differential
form and s is a section of E. We denote A?(E) = AP(T*M) ® E the bundle of
E-valued p-forms.

For the record, we will write down the explicit formula in local coordinates for

the inner product on the differential forms with values in E. If two p-differential
forms with values in E are given locally by « = Y aydx! and B = 3" Bsdx’
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then?3
1. o
(o, BYarE) = ;g”“ < 8PP0ty iy Byjip ) E -

Here (-,-)f is the inner product in E and g”/ denotes the inverse matrix of the
metric in local coordinates g;;. Moreover, we state the following formula for the
adjoint d* = (—=1)? » 1 d» = (—=1)P~D2+1 4 g« acting on p-forms:*

(d* )y
vA _viAg

1
:_gmw"'gup—lvp—lmav( |detg|g" g" ™ - g" =t hr=tay, ).

We can combine this information along with the condition that

[ iapre = [ @dip

for all p-forms g and (p + 1)-forms «, compactly supported in the interior. Then
we get

dio =d*oa — Zg”AAvaMl___ipdx,-l A Ndxg, 2.2)

i1<...<ip

and as a shorthand we may use (A4, o) = 14z« for the sum in the above expression.
Here ff denotes the isomorphism between TM and T*M given by contracting the
metric g with a vector. The following identity is also very useful:

d*(fo) = fd* () = v s (®).

If the connection is not unitary, then the expression (—1)P=D"+1 & d(_ 4. %
gives the formal adjoint in a local trivialisation on p-forms, where we assume the
Hermitian structure is trivial, where A* denotes the Hermitian conjugate.

Moreover, one can easily check that we have the formula d:,/ = F _ld: F,
where F:U x C" — U x C™ is a local gauge preserving possibly non-trivial
Hermitian structures, and preserving the connections: F*A4 = A’. Here the

3 The factor of ﬁ comes from the fact that we want to have

(dx' AL Adx? dxV AL A dxIP) = det (gikIx).

4 We are assuming that the tensor representing the form is alternating, i.e. we get a minus
sign after swapping any two indices.
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adjoint *’ is taken with respect to the pulled back Hermitian structure and we
assume A is unitary. This formula combined with (2.2) on 1-forms, gives

dia =d*a —(A,a) = d*a — g7 Aja;. (2.3)

Here o € C®°(U; T*U ® C™) and we emphasise that the formula (2.3) holds now
in any local trivialisation of E |y = U xC™, with possibly non-standard Hermitian
structure. Therefore, for all E-valued 1-forms u and unitary A, we have the local
expression

didau =d*du —2(A,du) +d*A-u— (A, Au). (2.4)

2.3. Fixing gauges. In many mathematical problems and physical situations
there exist certain degrees of freedom called gauges. More specifically, in our
case a gauge is an automorphism of a vector bundle (preserves its structure); then
the gauges act on the affine space of connections on this vector bundle by pullback.
Here, we make a few remarks about the possible gauges one could use.

Example 2.2 (an electromagnetic correspondence). In physics we use the elec-
tromagnetic four-potential to describe the electromagnetic field. This potential
can be naturally identified (via musical isomorphism, the inverse of {f) with a con-
nection 1-form A on the unitary trivial line bundle over the space-time R* in the
Minkowski metric, so that the actual electromagnetic field is given by the cur-
vature F' = dA, which is a tensor consisting of six components; the Maxwell’s
equations then reduce to d*dA = 0 (see (2.1)).

There are several gauges that have proved to work well in practise, i.e. that
fit well into other mathematical formalism in applications. One of them is the
Coulomb gauge, which for a connection matrix on a vector bundle, locally asks
that> d*A = 0. The existence of such gauges is proved by Uhlenbeck [31] for
vector bundles over unit balls (see also [10]) under a smallness condition on the
L? norm of the curvature (for specific values of p), which locally on a manifold we
can always assume if we shrink the neighbourhood sufficiently and then dilate to
the unit ball. Most importantly, in such a gauge the Yang—Mills connections satisfy
an elliptic partial differential equation with the principal, second order term equal
to (dd* + d*d) x Id, which is clearly elliptic.

Another slightly related gauge is the temporal gauge, which we will also make
use of—in this gauge, one of the components of the connection vanishes locally
(we usually distinguish this variable as “time”). That is, given a local coordinate

5 This is equivalent to V o A = 0 in the case of R3 considered in the previous paragraph.
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system (x1,...,X,—1,¢) = (x,t) defined for + = 0 and a connection matrix
A = A;dx' + A,dt, we may solve

F
%—t(x, 1)+ A;(x,t)F(x,t) =0 and F(x,0)=1d

parametrically smoothly depending on x (the parallel transport equation). Then
by definition near t = 0, we have A’ = F*(A) = F~'dF + F~'AF satisfying
A}, = 0. In this way we may prove Lemma 6.2 in [6], which we state for
convenience, since it will get used frequently throughout the paper.

Lemma 2.3. Let A and B be two unitary connections on a Hermitian vector bun-
dle E over M. Consider the tubular neighbourhood 0M x [0, €) of the boundary
for some € > 0 and denote the normal distance coordinate ( from oM ) by t. Then
B is gauge equivalent to a unitary connection B’ via an automorphism F of E
such that F|ap = 1d and (B' — A)() = 0 in the neighbourhood dM x [0, 8) of
the boundary, for some § > 0.

In particular, if E = M x C™ we have gauges F and G for A and B
respectively with F sy = Glayr = 1d, such that A = F*A and B' = G*B
satisfy A/(%) = B/(a%) = 0 near the boundary.

In the situation of this Yang—Mills problem, we would like to use the gauge
given by Lemma 2.3 in combination with Lemma 4.1, because the latter one is
intimately tied with the DN map (1.1) and allows us to make use of the information
packed in the equality A4 = A p for two connections A and B.

3. Boundary determination for a connection and a matrix potential

In this section, we prove that if we put the connection in a suitable gauge and
“normalise” the metric appropriately, we may determine the full Taylor series at
the boundary of a connection 4, metric g and matrix potential Q from the DN map
on a vector bundle with m > 1. The case of m = 1 was already considered in [11]
(Section 8) and we generalise the result proved there. The approach is based on
constructing a factorisation of the operator djd4 + Q modulo smoothing, from
which we deduce that Ag 4 ¢ is a pseudodifferential operator of order one whose
full symbol determines the mentioned Taylor series.

3.1. PDOs on vector bundles. Before going into proofs, let us briefly lay out
some of the notation that goes into pseudodifferential operators on vector bundles
over manifolds (see [21, 30, 29] for more details). The local symbol calculus
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developed for scalar operators carries over to the case of vector bundles, as can be
seen from the above references.

So given X C R” open, k,I € IN and m € R, we have the left symbol
classes (and more generally, (x, y)-dependant symbols) S (X;C*) of [ by k
matrices, whose entries are symbols in S™ (X )—this symbol class yields a map
A: CR(X, CF) — C*®(X, ) via the formula

Au(x) = 2m)™" // S (v, Epu(y)dydt.

We say A belongs to the class W™ (X ; C'*) and is PDO of order m; we also say A4
is classical if its symbol is a sum of positive homogeneous symbols.

Then given a Riemannian manifold M and vector bundles £ and F over M,
we say that a linear map A: Cg°(M; E) — C°°(M; F) is a PDO of order m if for
all charts and trivialisations of £ and F over this chart, the induced map in the
local chart is in W"*. We write A € W™ (M ; E, F) for the space of PDOs of order m
and define the space of smoothing operators V™°(M; E, F) = N,,W"(M; E, F);
we will abbreviate V™ (X; E) := W"(X; E, E). Such an operator extends by
duality to a map A: &'(X, E) — D'(X, F) (the transpose ’ A is defined by taking
the transpose of the symbol a and swapping x and y).

When M is closed, it is standard that A € W maps the Sobolev space of
sections in H® to H*™™.

Care should be taken when considering the composition calculus, since com-
mutation properties of matrices jumps into play. More precisely, we have the fol-
lowing composition formula (see the proof of Theorem 4.3 in [30]), which com-
putes the symbol ¢ modulo S~ of the composition C = A o B of two matrix
valued pseudodifferential operators A (k by /) and B (I by r) with symbols a and b,
respectively:

1
c(x,6) ~ ) —dga(x, ) DIb(x, €). 3.1)

o

Finally, we remark that the globally defined principal symbol of a PDO A €
U"(M; E, F) is a well-defined element of the quotient

om(A) € S™(M;Hom(x*(E), 7*(F)))/S™ (M ; Hom(x*(E), 7*(F))),

where m: T*M — M denotes the projection, 7* is the pullback and Hom is the
homomorphism bundle.
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Remark 3.1. One of the things that fails to hold for matrix pseudodifferential
operators and holds for scalar ones, is that commutation decreases degree of the
operator by one. However, the following formula still holds if ¢ denotes the symbol
of C = [A, B] (commutator bracket) and a € S™(X; Clz), b e S™(X; Clz) are
the symbols of A, B, respectively:

(3. 8) = [a, (e, £) + . B)(x. &) modulo ™2,

where {a,b}(x.£) = Y 7_; (Lo 0b _ 9b da) denotes the matrix valued Poisson

0&; dx/  0&; dx/
bracket.

3.2. Boundary determination. We are now ready for the main proofs—we as-
sume that (M, g) is a compact n-dimensional manifold with non-empty boundary
N = 0M and E = M x C™ a Hermitian vector bundle with a unitary connection
A and Q an m x m matrix whose entries are smooth functions. We will use the
notation £4,0 = djd4 + Q for the associated operator.

We will be working in semigeodesic coordinates near dM and we denote by
x" the normal coordinate and by x" = (x!, x2,...x""!) the local coordinates in
dM . Furthermore, we have in these coordinates that g = }_, 5 8ap (x)dx*dxP +
(dx™)?; also, in what follows the summation convention will be used to sum
over repeated indices and when using Greek indices « and f§, the summation
will always be assumed to go over 1,...,n — 1. We use the notation D,;, =
—id,; = —i%j and |g| = det(g;;) = det (gqp). We start by proving an analogue
of Lemma 8.6 in [11] and Proposition 1.1 in [22].

Lemma 3.2. Let us assume A satisfies condition (3.12). There exists a C™*"™-
valued pseudodifferential operator B(x, Dy) of order one on oM, depending
smoothly on x" € [0, T] for some T > 0, such that the following factorisation
holds:

dfds+ Q = (Dyn x Id+iE(x) x Id =i B(x, Dx/))(Dyn x 1d +iB(x, Dy’))
(3.2)

modulo smoothing, where E(x) = —% 2% (x)xn 8ap(X).
Proof. First of all, we have that
* jk du * Jjk
(dyda+ Q)u = Ag(u) —2g A‘ifi)c—k + (d*Au —g’"AjAgu + Qu, (3.3)
where A = A;dx’. Furthermore,

Ag = D2, +iEDyn + Q1 + Q2,
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where

01(x,Dy) = —z(l g% (x)05e log |g|(x) + Bxag"‘ﬁ(X))
and

02(x, Dyx') = §*P Dya D s

We denote the symbols of Q; and Q> by ¢; and g, respectively and define
G=(d*A) - g"‘ﬂAaAﬂ + Q. Thus by using (3.3), we can rewrite (3.2) as

B2 — EB +i[Dxn x1d, Bl = Q1 xId + Q5 x 1d—2g*# 4,0 s + G
modulo smoothing. Moreover, by taking symbols we obtain
1
> — 8Dy — Eb + b — g1 x 1d—g> x 1 +2igP 4ekg — G =0 (3.4)
=
modulo $~%°, where b is the symbol of B and we have used (3.1) and Remark 3.1.
Let us put b(x,&") = >, bj(x,§"), where b; is homogeneous of order j in &

J
We may then determine b; inductively, starting from degree two in (3.4),

(b1)* = q2 (3.5)

so we may set by = —,/g> x Id (this sign will be important later) and g, =
gP §u&p. Next,

bo = 5 wnby — Eby —q1 x 1d +2ig% A5 + Verby - Vby),  (3.6)
Kb Dbk
?;'/ x'UIK|—j

bot = s (8unbo — Ebo — G + Y 21, 3.7)
2\/(1 ( e, K )

Jj+k=IK|
1 Bf,b DK
bm-1 = Oxnbm — Ebm + Y (3.8)
2 ( m<j,k<1, )
Jj+k=|K|+m

where the last equation holds for all m < —1. Therefore we obtain » € S! and
hence B € W! as well, such that (3.2) holds. O

We have established the existence of the factorisation (3.2) and now it is time
to use it to prove facts about the DN map. The following claim is analogous to
Proposition 1.2 in [22]—the main difference is that now we are using matrix
valued pseudodifferential operators, so we need to make sure that appropriate
generalisations hold.
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Proposition 3.3. The DN map Ag 4,0 is a C™* " -valued pseudodifferential oper-
ator of order one on 0M and satisfies Ag 4,0 = —B|yp modulo smoothing.

Proof. Assume without loss of generality that A satisfies condition (3.12) (see
the paragraph after this Proposition). Let us take f € H 2 (0M;C™) and u €
D’(M; C™) that solves the Dirichlet problem L4, ou = 0 with u|sps = f. Then
by Lemma 3.2 we obtain the following equivalent local system:

(Dxn xId+iB)u = v with u|xn=¢ = f, 3.9
(Dyn x Id+iE xId—iB)v = h € C®([0, T] x R*~'; C™), (3.10)
for some T > 0 and a local coordinate system x’ = (x!,...,x""!) at OM.

By (3.10) and Remark 1.2 from Treves [30], we may furthermore assume that
u € C%([0, T]; D'(R"1; C¢™)).

Then writing t = T — x", we may view the equation (3.10) as backwards
generalised heat equation:

d;v— (B —E xId)v = —ih

and by standard elliptic interior regularity we obtain that u is smooth and hence,
so is v|yn=7. Since the principal symbol of B is negative, by Lemma A.6 it
satisfies Condition A.4 (the basic hypothesis of a well-posed heat equation—see
Appendix A for more details) and so the solution operator for this equation is
smoothing by Theorem 1.2 in Chapter 3 of [30]. Thus v € C*®([0, T]xR"~1; C™).

Letus set Rf := v|gpr—the above argument shows R is a smoothing operator
and also Dynulgyy = —iBulgye + Rf. Therefore dynulgpys = Bulgy modulo
smoothing, which proves the claim. O

The final step in this procedure is to express the Taylor series of g, A, g in terms
of the symbols {b; | j < 1} that we obtained in Proposition 3.3. However, before
proving such a result, we need to “normalise” the metric and the connection—
here we refer to our Lemma 2.3 and to Lemma 2.1 (b) from [19]: there exists an
automorphism F of E such that F|3;; = Id and a positive function ¢ on M, with
clapg = 1 and dyclgpyr = O (v is the outer normal) such that A = F*(A) and
g = ¢ g satisfy:

07, (Zapdxn §%P)(x',0) =0 for j > 1, (3.11)
Ap(xX', %) =0, (3.12)

where by (x, ") we have denoted the g-boundary normal coordinates and Jen
denotes dz»; (3.12) holds for all sufficiently small X", i.e. in a neighbourhood of
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the boundary. Also notice that the condition (3.11) is equivalent to L%I:I losg =0
for j > 1, as stated in [19]; here N = 5xn, £ is the Lie derivative and H is
the mean curvature of the hypersurfaces given by setting x” equal to constant.
Then by the invariance property of the DN map, we have Ag 4,0 = A; ;5 for
Qc =c"F Ag(c™"F)xIdand O = ¢(F'QF + Q) = ¢(F*(Q) + 0.). We
will call a triple {g, A, Q} that satisfies conditions (3.11) and (3.12) normalised.
Moreover, we will use the notation f; ~ f, to denote that f; and f> have the
same Taylor series (as in [11]).

Theorem 3.4. Assume M satisfies dimM = n > 3 and the triple {g, A, Q} is
normalised. Let W C OM open, with a local coordinate system {x',...  x"~1}
and let {b; | j < 1} denote the full symbol of B (see Lemma 3.2) in these
coordinates. At any point p € W, the full Taylor series of g, A and Q can be
determined by the symbols {b;j} by an explicit formula.

In particular, if Ag, 4,,0, = Agz,Az,Q2 and we assume that {g;, A;, Q;} are
normalisedfori = 1,2, then g1 ~ g, A1 >~ Az and Q1 ~ Q,. Moreover,
zf Agr.41.01 = Ngray.0 and g1 >~ g» on all of OM, then we also have
Ay ~ Ay and 01 ~ OQ,, for A, F(A)andQ, FX(Q;) fori = 1,2;
here F; are automorphisms of E satisfying Filap = 1d and such that A; satisfy
condition (3.12) fori =1, 2.

Proof. Since we have

Oxn 8ap = _(gapax" gpy)gyﬂ

it suffices to determine the inverse matrix g*# and its normal derivatives. By the
formula (3.5), we have that b? = —gP €a&p determines 2B lom.
If we write w = TP E | and use the notation

k% = 3,n g% — (g,50,mg7%)g"
then we may rewrite (3.6) as follows:
1
by = ig“ﬁAaa)ﬂ - Zk”‘ﬂa)aa)ﬂ x Id +T0(gaﬂ)’

where Ty depends only on g*# |33, which is already explicitly determined.
Thus, by plugging in £, we may recover A, and k®?; it is not hard to see that

kaﬂgtxﬂ = (2 - ”)ax” gaﬂgozﬂ
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and we may therefore write
1
dxng®? =k + 2—(kpygpy)g“ﬂ. (3.13)
—n

In the next step we will use the notation
1
j%B — Zaxnktxﬁ + ngtﬂ'

Then we may rewrite (3.7) as
1
2./92

where T; is an expression that depends only on g"‘ﬁ, O g"‘ﬁ and A, which have
already been explicitly determined. Therefore, we may recover [*# and d.n Aq.
Now, inductively we may prove the formula

by (ig% (3un Ag)wp — 1®P wowp) + T1 (g%, 0,1 g | Ay),

L\ B alm—1] Iml;ap
by = (2@) (ig® 0™ " Agwp — 319 wywp)
+ Tm—l(gaﬂ, L) alxnz_llgaﬂ’ AOU LA} alxnzlAOt’ Q’ LR a_l;/';'ll—‘rllQ)

for m < —1, where T},—; only depends on the quantities in the bracket. Therefore,
by induction we may explicitly determine 8i,,l B and 8i,, Ay forall j > 0.
Finally, we claim that we may inductively recover 8')’;2 g% and 8')’;,7 Q for any
J = 0; let us also denote S; = gup Bin g% . For the base case j = 0, notice that
xn (gapdxn %) = 0, which implies that Sy = —9xn gepdxn g%P, i.e. we know S,.
Therefore, since we know /%, we may also explicitly determine %8326,, g% x
Id+Qg® =: P& This implies

1
P(‘)Xﬂgaﬂ =n-1)0 + 152

from which we easily infer the knowledge of Q and hence also of 32, g%b.

For the inductive step, we may do something very similar: we have that for
Jj = 1, the quantity Pj“ﬂ = %3‘)’; g 4 (3, 0)g* is determined, since the
condition 8£,,+1(ga3 9.1 g*®) = 0 determines S;i+2 by previously reconstructed

quantities. Then by the formula

; 1
B,'aﬁgaﬂ =(n— l)ain 0+ ZSj+2
we may determine 8i,, Q and thus, 85;:[2 g as well. This completes the proof of
the induction and of the theorem, since two formal expansions of the same operator
in terms of classical symbols that agree modulo S ~*°, must also be congruent. [
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Let us emphasise that a key role in the above generalisations to the vector case
is played by the fact that the operator d;d4 + Q has a principal symbol that is a
scalar multiple of identity; the necessary algebra then unveils in much the same
way as in the scalar case. A couple of remarks are in place.

Remark 3.5 (Boundary determination for surfaces). There are a few reasons to
exclude the case dim M = 2 in Theorem 3.4. To start with, after the proof of
Proposition 1.3 in [22], the authors (considering the case E = M x C, A = 0 and
QO = 0) remark that all the symbols of B satisfy b; = 0 for j < 0 (easily checked
for by by direct computation and for the rest by induction); in other words, if we

choose by = —&;+/g11, the factorisation (3.2) becomes a factorisation into honest
differential operators where B = —/g!! D1, which is in compliance with the

additional conformal symmetry of the Calder6n problem for surfaces. Secondly,
the equation (3.13) clearly fails to hold when n = 2—in that case k!! = 0 clearly
so there is no extra information from this expression. However, when we introduce
a connection and a potential, one can show that (choose b; = —§&; \/gT again)

bo =i+/g! Ay,

zélb—l = 8x2A1—(8x1 \/gll)Al— Q

Ve

Thus, the DN map determines the values of g;; and A; at the boundary (recall

that A, = 0 in a neighbourhood of the boundary). Therefore, we may also
determine 0,241 — \/% from the expression for h_; and so if 9 = 0, we

determine the normal derivative of order one d,2 A;—we will need this fact for a
later application. If we go on to compute b_,, we see that it suffices to determine
0,2811|om to compute derivatives 8i ,A1lan of all orders j > 2; however, again,
we know we cannot possibly determine d,2g11|5as due to the additional conformal
symmetry of the problem in two dimensions.

Remark 3.6 (Local boundary determination). If we assume that ' C M is
open and Ag, 4,,0,(f)Ir = Ag,.4,,0,(f)|r for all f € Co(I') and that the
corresponding quantities are normalised, then by the local nature of the above
argument in Theorem 3.4, we have that g|r ~ g2|r, A2|r >~ Az|r and Qq|r ~

0slr.

We end this chapter with an observation that what we proved so far may be
translated to the setting of an arbitrary vector bundle £ over M, rather than just
the trivial one.
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Remark 3.7 (the case of E topologically non-trivial). Firstly, observe that the fac-
torisation (3.2) and so Lemma 3.2 generalises to this case—the construction that
is performed there is independent of the fact that A, = 0, by standard arguments
of construction of global PDOs. So we obtain a first order PDO B acting on sec-
tions and the local calculations in Lemma 3.2 (equations (3.6)—(3.8)) carry over
in the trivialisation where A, = 0. Therefore, by the proof of Proposition 3.3, we
have Ay 4,0 = —B|jm modulo smoothing.

Our main result of the chapter, Theorem 3.4, remains valid in the following
form. By Lemma 2.3 we may assume that (4 — B)(52) = 0 in a neighbourhood
of the boundary. For a coordinate chart W C dM and some given trivialisation of
E|w, we may extend this trivialisation to a neighbourhood W x [0, €) of W in M.
Again, by the proof of Lemma 2.3 we may change the trivialisation by a gauge
transformation such that A, = B, = 0 locally. Then the extraction of the Taylor
series from the full symbol of B works the same as before and we have the full jet
of (A — B) € Q'(M;End E) vanishing at the boundary.

Remarks 3.5 and 3.6 clearly generalise to this setting.

4. Recovering a Yang—Mills connection for m = 1

In this section we consider the main conjecture in the special case of Yang—Mills
connections. We prove Theorem 1.1 for line bundles in the smooth category.
In the proofs, we introduce a new technique that we call “drilling,” based on
the degenerate unique continuation principles for elliptic systems—heuristically,
the idea is to gauge transform a pair of connections using suitable gauges to a
pair of connections that are singular over a countable union of hypersurfaces and
apply the degenerate UCP possibly infinitely many times to “drill through” the
hypersurfaces.

We fix a Yang—Mills connection A on the Hermitian vector bundle £ =
M x C™ (with the standard metric) over a compact Riemannian manifold (M, g)
with boundary. Let us extend the connection A to a “new connection” on the
endomorphism bundle End E = M x C™ by simply asking that d;F =
dF + AF globally, where A is the matrix of one forms with values in End(C"*™)
induced by A by multiplication on the left; it is easy to check this is a unitary
connection. Note that d ; does not satisfy the usual Leibnitz rule such does the
usual connection Dy F = dF + [A, F] on the endomorphism bundle.

Recall that the DN maps associated to the vector bundle £ and operators £y4
and Lp are equal if and only if they agree for the induced operators £ ; and £ 5
on the endomorphism bundle. Here and throughout the chapter, we will use the
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same notation d4 = d + A for both covariant derivatives d4 and d ;, which will
hopefully be clear from context. The complex bilinear form on matrix valued 1-
forms (&, B) = g"/ a; B; is obtained by extending the usual inner product on forms.

We start by writing down a simple, but key lemma that will yield the right
gauge in our situation.

Lemma 4.1. Let U C R” open with a Riemannian metric gy. Assume F: E' =
(U xC" W)y - E = (U x C™, h) is an invertible bundle map covering the
identity, preserving Hermitian structures h and I, i.e. F*h = h'. Let A be a
unitary connection (with respectto h) on E and put A’ = F*(A). Then F satisfies
didsF = 0ifand only if d*A'" = Qo(x, A’), where Qyq is smooth of order zero
and quadratic in A', given by Qo (x, A") = (A’, A'). If in addition A is Yang—Mills,
then A’ satisfies an elliptic non-linear equation with diagonal principal part.

Proof. By using that dy = F~'d4F and similarly d}, = F~'d}F (see Sec-
tion 2.2), note that djd4 F = 0 is equivalent to the following:

FF'd;FF'd4F =0 < Fd} dy(ld) = 0
= dyA =0
= d*A =, 4)

by expanding the d/’{,/ dy operator by (2.4). Here * denotes the adjoint with
respect to the pulled back structure, i.e. A’. If A is additionally Yang—Mills,
then by gauge invariance of Yang—Mills equations and adding (D4)* Fyr = 0
todd*A" = d(Qo(x, A’)) we get an elliptic system with principal part equal to
dd* +d*d. O

By standard elliptic theory and the fact that ker(d j d4) = {0}, we know that we
may solve dfd4F = 0in H'(M; C"™ ™) uniquely for any boundary condition in
H? (0M; C"™*™) (see Appendix A in [5]). Therefore, at least near the boundary,
we know that A’ exists if F|ys is smooth non-singular and that it satisfies the
equation d* A" = Qo(x, A). Thus we may obtain the following result.

Theorem 4.2. Consider two unitary, Yang—Mills connections A and B on E =
M x C™, equipped with standard Hermitian structure, and assume Ay = Ap
on the whole dM. Then there exists a neighbourhood U of the boundary and a
bundle isomorphism H for the restricted bundle E|y with H |3y = Id such that
H*B = A on U. Moreover, we have H to be a unitary automorphism.
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Proof. By the construction above, we obtain smooth gauge equivalences F and G,
which satisfy dfdq F = 0 and d3dp G = Orespectively, with boundary conditions
Flapmr = Glap = 1d. This is non-singular near the boundary and the connections
A" = F*(A) and B’ = G*(B) satisfy the equations

d*A' = Qo(x.A) and d*B' = Qo(x.B). 4.1)

Now we can also expand the equations (Dy/)*Fys = 0 = (Dp/)* Fp’ (note that
A’ and B’ are now Yang-Mills with respect to the fibrewise inner product pulled
back by F and G respectively, rather than the standard inner product):

(d*d + P)A'=0 and (d*d + P)B' =0,
where P is a first order, non-linear operator arising from the equality
(d*d + P)A = (—1)"t' x« Dy * Fy,

where x is the Hodge star extended to bundle valued forms. Therefore by simply
applying the operator d to (4.1) and adding to the Yang—Mills equations, we obtain
an elliptic system of equations, with diagonal principal part

AA = (dd* +d*d)A' = Q,(x, A, VA, 4.2)

where Q; is a smooth term of first order, polynomial in A" and VA’, given
explicitly by the expression and using notation from Section 2.2,

O1(x, A, VA" ) =d((A', A")) —d* (A" A A)

4.3)
+ (=D)" * [A", xdA'] + (—=1)" * [A, x(A" A A))].

In order to use uniqueness of solutions to such equations, we need some bound-
ary conditions—this is where we use the DN map hypothesis. Without loss of
generality, assume that the normal components of connections A and B near the
boundary vanish (see Lemma 2.3).

Thus from equality of the DN maps, we have W lasr = 0. By subtracting
the initial equations for F and G, we get

A(F — G) — 2(A,dF) + 2(B,dG) + (d*A)F — (d*B)G — (A, AF) + (B, BG)
=0,
(4.4)

and the point is that we have A(F — G) equal to lower order terms, where we are
fixing the semi-geodesic boundary coordinates (x, ¢) with ¢ denoting the direction
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of the normal—this is because we already know that (4 — B) = O(¢t*°), if n > 3,
by the boundary determination result Theorem 3.4, and (F — G) = O(t?). Thus
when expanding the Laplacian, we are left with only aat_22 factor, which then allows
us to conclude inductively (F — G) = O(¢*°) by repeated differentiation.

If n = 2, notice that by Remark 3.5 we have (4 — B) = O(t?); by (4.4) we
have (F — G) = O(t?) and thus we have also that (4’ — B’) = O(t?). Therefore
by the elliptic equation (4.2), the analogous counterpart of it for B’ and repeated
differentiation we obtain (A’ — B’) = O(t*°).

Therefore, we are left with two connections A” and B’ which satisfy an elliptic
equation and have the same full Taylor series at the boundary—by the unique
continuation property for elliptic systems with diagonal principal part (see e.g.
Theorem 3.5.2. in [16]), we conclude A’ = B’ in U and hence if we put
H =GF!wehave H*A= BonU.

Finally, if A and B are unitary, we have that (locally, in a unitary trivialisation)
H*(A) = B implies by definition that

dH = HB—AH and d(H*)=-BH" + H*A,
by the unitary property of connection matrices—combining the two, we have

d(HH*) = [HH*, A]

where [-,-] is the commutator. This first order system has a unique solution,
which is given by HH* = 1d, as H|sy = Id and thus H is unitary whenever
H*(A) = B. O

The next step is to go inside the manifold from the boundary. Namely, the
main problem lies in the fact that F can be singular on a large set, stopping our
argument of unique continuation. However, at least in the scalar case, we may
get over this, by essentially knowing facts about zero sets of solutions to elliptic
systems of equations. We need to recall the following definition:

Definition 4.3. A subset of a smooth manifold is called countably k-rectifiable it
it is contained in a countable union of smooth k-dimensional submanifolds.

The result we will need is essentially proved in [3], Theorem 2, for the scalar
case; the vector case we will need follows in a straightforward manner from its
method of proof. We outline it here for completeness.
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Lemma 4.4. Let (My, go) be a smooth n-dimensional, connected Riemannian
manifold. Let L: C®°(My, R') — C®(My, R?) be a differential operator on vector
functions for | a positive integer, such that

Lu(x) = Au(x) + R(x,u(x), du(x)),

where A is the metric Laplacian, R is a smooth function with values in R'.
Moreover, we assume that R respects the zero section, i.e. R(x,0,0) = 0.

Now assume u # 0 is a solution to Lu = 0. Let us denote N(u) = u~'(0) the
zero set and by Neyit(u) = N(u) N {x | du(x) = 0} the critical zero set. Then we
claim that N(u) is countably (n—1)-rectifiable and moreover, Nt (1) is countably
(n — 2)-rectifiable.

Proof. Consider the vector bundle £y = @j (AT*My ® R! ) of vector valued
differential forms. It is a well known fact that the operator d +§ is a Dirac operator
on the bundle of differential forms with respect to the Riemannian inner product
(it respects the Clifford relations), where § is the codifferential. Moreover, we have
that (d + §)®> = d§ + 8§d = A on differential forms. Let us consider the operator

V(Za),-) = R(x,wp, 1) — w1,

where w; is the component of w in ANT*My @ R.. Clearly V' is smooth and
respects the zero section.

Thus, if Lu = 0,thenw = u + du € C*®(M; Ey) solves (d + 5 + V)(w) = 0.
The first order operator D = d + § + V is a Dirac operator acting on sections
of Ey, so the Corollary 1 of [3] applies (the strong unique continuation property
holds for a Dirac operator, i.e. we cannot have a non-zero solution vanishing to an
infinite order at a point). Thus we get the result for the N (#) = N(w).

Finally, since D has the SUCP, we know that N(u) consists of points where u
vanishes to finite order and hence the Lemma 3 from [3] applies. |

We are now ready to prove the main theorem.

Proof of Theorem 1.1. We divide the proof into several steps.

Step 1: local determination. Firstly, gauge transform both A and B such that the
normal component of the connection near the boundary is zero (apply Lemma 2.3).
Consider the gauge constructed in Theorem 4.2, i.e. djdsa f = 0 and dgdpg = 0
with the following boundary conditions: f|sar = gloams, flv = glv = 1and f, g
have compact support at the boundary contained in I". Here V C V C T is some
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non-empty, connected, open subset of I'.¢ Let us define 7 = f on the comple-
ment of the closed set N(g) = g~'(0). We furthermore split the zero set into the
critical set Nerit(g) = N(g) N {x € M | dg(x) = 0} and its complement in N(g),
S =N(g) N{x e M [dg(x) # 0.

Now we consider the connections A’ = f*(A) and B’ = g*(B) near the
set V, where we know f and g are non-zero, so these connections are well
defined. Following the recipe from before, by boundary determination and unique
continuation we know that in a neighbourhood of V in M, we have A’ = B’ and
thus on this set we also have B = h*(A) or equivalently

dh = (B — A)h 4.5)

Notice that B = h*(A) holds in the connected component R of V in the set
M \ N(g) N M \ N(f). Notice also that d(|#[?) = 0 on this component by
using (4.5), since A and B are unitary, so || is constant and hence bounded on
this set. This implies that the zero sets of f and g agree as we approach the
boundary of R. The problem now is how to go further inside the interior of the
manifold and go past the zero sets of f and g. We will do this by a procedure we
call “drilling holes.”

Step 2: the drilling argument. Let us describe this procedure. Firstly, we have
that the zero set of g lying in the interior of M is contained in a countable
union of codimension 1 submanifolds by Lemma 4.4; denote these manifolds
by M;, M,,.... Consider the following situation: we are given a point p such
that we have g(p) = 0 and dg(p) # 0 and moreover, we have g~!(0) locally a
hypersurface of codimension one (in this case the rank of dg is equal to one). By
going to a tubular neighbourhood of g~ (0) near p, we may assume we are in the
setting where g = 0 in a neighbourhood of zero in the hyperplane R"~! and the
metric satisfies g;, = 8;, fori = 1,2, ... ,n in this coordinate system. Moreover,
assume that we know dh = h(B — A) or equivalently, that f*(A4) = g*(B), in the
region where {x, > 0}. Our goal is to extend this equality to the lower part of the
space.

Let us just remark that, in general, the zero set of g can be of codimension
one or two, depending on the rank of dg; however, if dg # 0 we anyway know
that at least one of d(Im g) # 0 and d(Re g) # 0 holds, so the zero set is locally
contained in (Im g)~1(0) and (Re g)~1(0), at least one of which is a codimension
one submanifold. It can of course happen that the zero of g contains an (n — 1)-
dimensional submanifold, see Figure 1 below for such an example (more precisely,

6 We will actually see later that it is enough to have any f and g non-zero and equal at the
boundary.
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u in this example gives the real part of such a solution, with the imaginary part
equal to zero).

By Taylor’s theorem we have that f = x, f; and g = x,g; locally near 0.
Furthermore, g; # 0 in a neighbourhood of 0 by the assumption and hence f; # 0
as |h| is a non-zero constant in the upper space. We want to consider A’ = f*(A)
as before, however f can be zero now and thus A’ not well defined (singular), so
we will consider something very similar, i.e. A” = x, A4’ and B” = x, B’

d
A" =dx, + x,,i + x, A, (4.6)
i
" dgl
B" =dx,, + x,—— + x, B. 4.7)
&1

Now both of these are well defined and the degeneracies have cancelled with x;,.
Let us rewrite the gauge equations for A” (note that A’ is Yang—Mills with respect
to pullback inner product by f*) as follows:

x2d*d(A") + xn(tyx,dA” — d*(dx, A A")) + (—24" + 2A40dx,) =0, (4.8)
xnd*(A") + Al —|A"> =0, (4.9)

where A, is the dx, component of the 1-form A”. After applying d to the second
equation and multiplying with x,, we get the form

x2dd*(A") + xu(d* A" Adx, + d(A)) —d(A”]?)) = 0. (4.10)

Now after adding the equation (4.8) to the equation (4.10) we get a degenerate
elliptic second order non-linear equation, which has a diagonal principal part x2 A
and every first order term multiplied with x,. Notice also A” = B” for x, > 0, so
A" — B” = O(x2°) on the hyperplane x,, = 0.

By Corollary (11) in [24], we deduce that there exists a unique continuation
principle for such equations and hence we obtain A” = B” in the lower space, by
continuing from the hyperplane. More precisely, we may rewrite these non-linear
equations for A” and B” in the form

x2AA" = w(x, A", VA") and x2AB” =w(x,B",VB"),

where w is a smooth function in its entries. Therefore, after subtracting these two
and writing C” = B” — A”, we may obtain
x2AC" = w(x, B",VB") —w(x, A", VA")
— hl(.x,A//, B//, VA//, VB//)c// + h2(.x,A//, B//, VA//, VB//)Vc//
4.11)
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by Taylor expanding the w with respect to C”; here &, and h, are smooth in their
entries and act linearly on C” and VC”, respectively. Thus, after fixing 4; and
hy as known functions, we may think of (4.11) as a linear system of equations (of
real dimension 2n) in C” and thus results from [24] apply.

Moreover, we have that 1 = g carries smoothly over the hyperplane and
therefore we have dh = (B — A)h by subtracting equations (4.6) and (4.7), on the
other side of the hyperplane. Furthermore, using the relation d(|/2|*) = 0 obtained
from the gauge equation, we immediately get that | /| is constant and thus, non-zero
so we may write B = h*(A).

Finally, by using Lemma 4.4 we deduce that B = h*(A) on the whole
connected component (call it R") in M \ N(g) of the points in the lower space
in the previously considered chart and therefore, that / is non-zero on R’ and that
the boundary of R’ are the points where (could be empty) g = 0. This ends the
procedure.

Step 3: drilling at boundary points. Observe that we may perform this procedure
at the boundary for a dense set of points p € @ = I' N N(g) to extend /& such
that h*(A) = B near these points with # = 1 on the boundary. In more detail,
the set {p € Q | dg(p) = Oordf(p) = 0} is small, in the sense that its
complement is dense, by Lemma 4.4. On this set, near a point p, we may use
semi-geodesic coordinates and write f = x, f; and g = x,g; as before; then

= g extends 4 smoothly and 4 = 1 on boundary, since the DN maps agree.
The boundary determination result applied to quantities A” and B” defined in (4.6)
and (4.7) and the degenerate unique continuation result of Mazzeo now applies to

equations (4.8) and (4.10), to uniquely extend from dM, as before.

Step 4: drilling along a curve. We may now drill the holes and extend /4 together
with the relation A*(4) = B, starting from the component of V', where we
may use boundary determination. The idea is that drilling the holes connects
path components over the possibly disconnecting set N(g). Let us now give an
argument that what we are left with (after drilling the holes) is path connected.

Let us denote the complement of the zero set T = M \ N(g); obviously
M\ (UM;) C T and T open. Let xo € M° be a point in the open neighbourhood
of V where B = h*(A) and y be any point in 7. Consider any path y: [0, 1] - M
with y(0) = x¢ and y(1) = y. We will construct a path y’ from xg to y, lying in
T, by slightly perturbing the path y, such that y and y’ are arbitrarily close. Let
d be the usual complete metric in the space C°°([0, 1], M) of smooth paths with
fixed endpoints x¢ and y (see Remark A.1 in the appendix).

By standard differential topology (see [15]), there exists an arbitrarily close
path y; to y (with the same endpoints), such that y; intersects M; transversally in
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a finite number of points Py, ..., Px. There are two possibilities for these points,
starting e.g. with P = Py:

(1) there exists a sequence of points p; € My, fori = 1,2,..., convergingto P,
such that g(p;) # 0 for all i;

(2) we have g = 0 in a neighbourhood of P in M; and a sequence of points
qi € My converging to P, such that dg(g;) # 0.

In the first case, we may slightly perturb y;, such that it goes through one of
the points p; and is sufficiently close in the metric d. These are complementary
conditions, so if the first item does not hold, then the second one does: in that case,
we may still perturb y; to go through one of the points ¢;, by the above argument
of drilling holes. Notice that each of the points p; or ¢; has a neighbourhood in M,
through which we can perturb the curve and therefore, there exists an € > 0, such
that if we move our curve by a distance less than ¢ in the d-metric, the resulting
curve will go through this neighbourhood.

Now inductively, we may perform the same procedure forall j = 1,2,... ,k
and, each time, taking the perturbations small enough such that it does not interfere
with the previously done work—what we obtain is y;, which is sufficiently close to
y1 and which does not hit M;, minus the deleted holes. Thus we obtain a Cauchy
sequence of curves y1,y5,... such that y/ does not hit My, M>, ... , M;, minus
the deleted holes. Since the space of curves is complete, we obtain a limiting
curve y; — ', which lies completely in 7 together with the drilled holes and
furthermore satisfies d(y,y’) < & for some pre-fixed § > 0. In particular, this
implies that the lengths of the curves are close, i.e. |I[(y) — [(y’)] < § for some
8’ > 0 (here [ denotes the length of the curve in the underlying Riemannian
manifold). Let us denote the union of all of the drilled holes, i.e. neighbourhoods
of some of the points ¢; in the item (2) above, by T;,.

Step 5: drilling in a dense set. Moreover, we may repeat the above argument for
all paths y, now between any two points in 7—denote the set of new drilled holes
by S, . Then we redefine T as

T:=TU (VLEéTy) U (yLejgsy)

Here the first union runs over all of the curves y starting at xo and ending at
y € M°\N(g):

Q= {y:[0,1] — M° | y(0) = xo and y(1) = y € M° \ N(g)}.
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The second one is over all paths y’ between points in M° \ N(g):
Q' = {y":0,1] — M° | y(0). y(1) € M° \ N(g)}.

It is easy to see that T C M ° is open and connected and furthermore, it satisfies
the property that for any curve y between any two points x, y € T, there exists a
sequence of curves y, between x and y, lying wholly in 7', such that d(y,,y) — 0
as n — oo. Also, we have B = h*(A) on T by the argument of drilling holes.

Step 6: extending the gauge h from T to M. Let us denote by d; the inherited
metric of T as a subspace of M and by d, the metric in the Riemannian manifold
(T, g|r). Therefore, as a result of the above construction, we may claim the
following about these metrics:”

d>(x,y) = inf{l(y) | vy a piecewise smooth path from x to y lying in 7'}
=di(x,y).
Notice also that we have, by the Fundamental Theorem of Calculus, if y is a path

from x to y lying in T":

1
[h(x) —h(y)| = ‘/dhy(t)()?(t))dt‘

1
/‘ Vhyaw. vy
0

st/|Vhﬂnu~|yangdz
0

1
_c/wm@m=CJ@)
0

by Cauchy—Schwarz, where V# is the gradient of 4 and C is a uniform bound on
dh (which follows from the global relation dh = (B — A)h in T and uniform
bounds on %, A and B). If we take the infimum over all such curves y, we obtain
the inequality |i(x) —h(y)| < Cda(x,y) = Cd;(x, y) and therefore obtain that /
is Lipschitz and so uniformly continuous over 7'.

7 We just proved that the inherited subspace metric on 7 C M and the path metric as a
submanifold of a Riemannian manifold are Lipschitz equivalent with Lipschitz constant equal
to 1.
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Therefore, i can be extended continuously® to the whole of M and by induc-
tively differentiating the relation dh = (B — A)h, we moreover have that all partial
derivatives of /& can be continuously extended. That these continuous extensions
of derivatives are actual derivatives of the extension of / is proved in Lemma A.2
in the Appendix; see also Remark A.3 in the Appendix for the extension to the
boundary. This proves #*(A) = B on the whole of M with & smooth and that
h|r = 1; h also unitary. This finishes the proof. O

Remark 4.5 (topological remarks). One can see that the complement of the
disconnecting set N(g) can indeed have non-trivial topology; this justifies the use
of our argument of drilling holes. For simplicity, we will consider real harmonic
functions g with Ag = 0 in the open unit disk. Firstly, one may observe that there
are two types of points in N(g): the critical and the non-critical ones. The non-
critical ones are simple: they are locally contained in an analytic curve, whereas
the critical ones are isolated (since they are exactly the set of points where /" = 0,
where f holomorphic and u = Re (f)) and are locally zero sets of harmonic
polynomials, i.e. zero sets of Re ((z — P)™), where m > 2 an integer. Thus at
these critical points, N(g) is a union of m analytic curves meeting at P at equal
angles. Also, there are no loops in N(g), due to the uniqueness of the Dirichlet
problem and analytic continuation. Therefore, if g has an analytic extension to the
closed disk, there are finitely many components in the complement of N(g), but
if no such extension exists and g is zero at infinitely many points at the boundary,
then we may expect infinitely many components. This is because for each such
vanishing, non-critical point of g at the boundary we have an “end” coming inside
the disk, which returns to the boundary at some other point, by the analysis above.
See Figure 1 for a concrete example and [33, 8] for further analysis.

Remark 4.6. Notice that the only two implications we were using in Theorem 1.1
from the equality of the DN maps for A and B, were:

(1) by boundary determination, the connections A and B have the same full jets
at the boundary in suitable gauges;

(2) there exist two non-zero solutions f and g to djda f = dgdpg = 0, such
that f|opr = glom and 9, f|r = 9, ¢|r for a non-empty open I' C IM.

We then showed that the quotient % is the gauge between A and B.

8 Here we are using the elementary fact that a uniformly continuous function can be uniquely
continuously extended to the closure of its domain.
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Figure 1. In blue: the zero set of the harmonic function with boundary value equal to
f(0) = 0-sin % on the unit disc, where 6 € (—, ) is the angular coordinate. In orange:
the unit circle. The accumulation point is (1, 0).

Remark 4.7 (alternative boundary extension). A different approach to extension
of the gauge to the boundary, by using the partial differential equations that it
satisfies (that is H 'dH + H™'AH = B), can be found in Proposition 4.7
from [18]. There, the authors take A and B to a gauge with no normal component
(as in Lemma 2.3), so that the new gauge H' is independent of the normal variable
from the equation it satisfies and can clearly be extended smoothly. Note that the
same proof works in the non-unitary case.

By a careful analysis of the proof of Theorem 1.1, we have the following result.

Proposition 4.8. Conclusions of Theorem 1.1 hold in the case of general GL(1, C)
Yang—Mills connections.

Proof. We use the same notation as in the original proof. The first issue is that
we do not know that d(|h|?) = 0 any more, so a priori f and g need not have the
same zero set. We address this as follows.

By gauge transforming A4 and B locally near a zero set hypersurface g1 (0) of
g (or £71(0) for f), we may assume that the dx,, components of A and B vanish
and B = h*(A) in {x, > 0}. Then by Remark 4.7, we see that 4 is independent of
X, and so extends in a non-singular way beyond {x, = 0}—thus % also extends in
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a smooth and non-zero way. From that point, we may apply the earlier argument
in the same way.

By drilling along paths as before, we are left with #:7 — C such that
h*(A) = B (h is nowhere zero) and h|r = 1, where T is dense, connected
and open and moreover, T satisfies the property that given a curve y in M with
endpoints in 7', there exist arbitrarily close curves to y with the same endpoints,
lying wholly in 7. Notice that dh = (B — A)h on T implies dA = dB by
density, which by the proof of Theorem 7.3. from [6] immediately proves the
claim. Alternatively, we will extend % to a gauge on M° by proving uniform
bounds on /# on compact subsets of M °.

Take a point p € M° \ T. Note that we have in T

dh = (B — A)h.

So if we take a small ball U around p, we have a logarithm f in U, by solving
df = B — A (such an f exists as dA = dB). Then by uniqueness we have
h = c-e’ foraconstantc, as UNT is connected. So & extends smoothly on U and
by density, we have 7*(A) = B on U. So h extends to M °, such that h*(A) = B.
We are left to observe that Remark 4.7 extends 4 smoothly to M. O

5. Recovering a Yang—Mills connection for m > 1 via geometric analysis

In this section, we prove Theorem 1.2 for rank m > 1 bundles in the analytic
category; the analytic assumption is technical—the main obstacle to solving for
rank m > 1 in the smooth case is the possibility that the zero set of det F for F
satisfying d fd4 F = 0 could potentially be large. For this, it suffices to prove that
the determinant does not vanish to an infinite order (if non-trivial) at any point,
since by some general theory the zero set is then contained in an (n — 1)-rectifiable
set [3]. However, due to the recent work of the author [7] we have strong evidence
and some counterexamples to even the weak unique continuation principle. These
counterexample seem not to be generic, so we hope that this method can still be
pursued.

In addition to this, we would like to point out that it is no longer true that the
critical zero set of det F is (n — 2)-rectifiable, as in the case m = 1; a class of
counterexamples is given by F = ({; ?), where we have that N(det F) =

Neit( £2) contains the set where f vanishes (since d(f?) = 2fdf). Therefore
if f vanishes on an (n — 1)-dimensional set, then the critical set is also (n — 1)-
dimensional. One such example is given by M = R? and f(x,y) = x which
vanishes along the y-axis and solves Ar2(x) = 0.
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Therefore, here we consider the case of analytic functions and generalise the
proof of Theorem 1.1. Analytic functions satisfy the SUCP by definition and in
addition, the zero set is given by a countable union of analytic submanifolds of
codimension one. This can easily be seen by considering the order of vanishing
at a point and by observing that locally, every point in the zero set is contained
in (0%h)~1(0), where & is the analytic function and « is a multi-index such that
V(0%h) # 0.

Note that if A and g are analytic, one has F satisfying djd4F = 0, which
is an elliptic system with analytic coefficients and thus by a classical result of
Morrey [25] its entries are analytic. Therefore, the determinant is analytic also
and thus cannot vanish to the infinite order at a single point, if it is non-trivial.
Unless otherwise stated, for the rest of the section (M, g) is a compact analytic (in
the interior) Riemannian n-manifold with boundary. We first prove a result about
the zero set of the determinant of a matrix solution where A is Yang—Mills and
not necessarily analytic.

Lemma 5.1. Let E = M x C™ a Hermitian vector bundle and A a unitary Yang—
Mills connection on E. Then any solution F: M — C™ ™ to djdsF = 0 with
det F non-zero has N(det F) to be (n — 1)-rectifiable. Moreover, det F satisfies
the strong unique continuation property.

Proof. This is a local result, so assume we have a point p € M° in the interior
and take a small coordinate ball B" (¢) around p, such that || A|;n/2(pn )y is small
enough; by a dilation we may also assume B” is the unit ball and we also have
| Al Ln/2¢pny stays the same as for the smaller ball, by a computation. By a result
of Uhlenbeck [31], we have a gauge automorphism X: B” — U(m) that takes A to
A" = X*(A) with d*(A") = 0. In this particular gauge, the Yang—Mills equations
become elliptic and therefore, A’ is analytic.

Similarly, since djdq F = 0, wehave d,dy F' = 0, where F’ = X1 F—thus
F’ is also analytic. Moreover, det F’ det X = det F and so N(det F) = N(det F’)
on B", as X is always invertible; since det F’ is analytic, we obtain the first part
of the result.

Finally, from the relation det F’ det X = det F and the fact that det X is non-
zero on B”, we immediately get that det ' vanishes up to order & if and only if
det F’ vanishes up to order k—thus det F satisfies the SUCP, as det F’ does. [

This means that on M° we have N(det G) C | J; M; for M; a countable family
of analytic submanifolds of codimension one, where G solves d;dpG = 0 and
represents the gauge we used in the previous section. Notice that G*(B) then
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satisfies an elliptic system (as before), but with analytic coefficients—therefore
G*(B) is also analytic, but only on the set where G is invertible.

To overcome this, we use the method of proof of the m = 1 case, Theorem 1.1,
and the main difference is that now we will be able to use analyticity to uniquely
continue the solution when drilling hyperplanes, whereas before we relied on the
unique continuation property of elliptic equations.

Proof of Theorem 1.2. Assume we have the gauges F and G that solve djdsq F =
0 and d;dpG = 0 with F|yn = Glanr, supp(Flaar) = supp(Glaa) C T and
equal to identity on an open, non-empty subset V of I'. Then F*(4) = G*(B)
in the neighbourhood U of V in the manifold, as in Theorem 4.2, by unique
continuation; equivalently, we have H*(4) = B where H = FG™!. We also
have that H is unitary.

We may suppose that N(detG) C |J; M; for M; analytic submanifolds of
codimension one, by Lemma 5.1. Let us now prepare the terrain for drilling the
holes—consider a point p in M; for some i and assume det G = 0 near p in M;,
such that the following property holds:

37 (detG
VYUEtG) ) forj=0.1.... k-1 (5.1)
ax;)
in a neighbourhood of p in M;, for some k; we also ask that ‘l’knge,r;G)( p) # 0.

Here we are using the analytic chart given by coordinates on M; near p and the
X, coordinate given by following the normal geodesics (which is also analytic).
We make the standing assumption that F and G are invertible for x, > 0 in this
coordinate system and that F*(A4) = G*(B) in the same set.

This means that near p, by Taylor’s theorem we have detG = X,’f g1 for some
g1 that satisfies g1(p) # O—therefore locally at p, N(det G) is contained in M;.
Since H is unitary for x, > 0, we have H = FG™! = % is bounded on

n&l

this set and therefore F adjG = x’,f H, for some smooth H; near p—we get
H = % locally, which means that H extends smoothly to the other side of M; in
the proximity of p. Moreover, as H unitary we have |det H| = 1 at p and so H
is invertible near p.

To use the real-analyticity, we must transform A and B such that they are locally
analytic—we do this by constructing the Coulomb gauge automorphisms (unitary)
X and Y locally near p suchthat A" = X*(A) and B’ = Y *(B) and moreover, that
d*(A") = d*(B’) = 0 (by the proof of Lemma 5.1). Then A" and B’ are analytic
as in the previous lemma and moreover, we have F' = X"!F and G’ = Y~!G
satistying dj,ds F' = 0 and dj,dp'G" = O—therefore F’ and G’ are analytic, as
well.
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Thus we may write H' = X 'FG~'Y and by rewriting H*(A) = B (by
assumption) we get H*(A’) = B’ for x, > 0 in a neighbourhood of p. Let
us now observe that H’ also smoothly (analytically) extends over the hyperplane

M;—this is because, by Taylor expanding det (Y ~1G) = %€ we get
H =X1F. M
g'xy

where g’ = 5L is analytic, so g’ # 0 near p. However, we know H' is bounded
near p, since H, X and Y are. Thus X~'F - adj (Y "'G) = F'-adjG’ = x*H"
for some analytic H”, by looking at the expansion of F’adj (G’)—in conclusion,
H = gf/ is also invertible at p as H, X and
Y are.

Finally, it is easy now to see that (H')*(A’) = B’, since both sides are analytic
near p and (H')*(4’) = B’ for x, > 0; equivalently H*(A) = B near p.
This ends the drilling argument and we may repeat the part of the argument of
Theorem 1.1 which perturbs the curve by an arbitrarily small amount so that it
goes through the holes.

Let us briefly describe the analogous procedure from Theorem 1.1. Take a
base point xo € U N M° and consider a path y lying in the interior, from x,
to some point y € M°. We perturb y such that it intersects M; transversally at
Py, .-+ Py (k can be zero). At Pq, consider the tubular neighbourhood (analytic)
given by following geodesics perpendicular to M;. If there exists a sequence of
points p; € M, that converges to P; and detG # 0 at every p;, we may perturb
y slightly and get it to pass through one of the points p;. Otherwise, inductively,
since det G satisfies the SUCP by Lemma 5.1, there exists a positive integer k£ such
that % = 0for 0 <i < k — 1 in a neighbourhood of P; and there exists a

sequence of points p; € M, that converge to P; and i (detG) # O at each p;. This
leaves us in the setting (5.1) from the previous paragraph suitable for drilling the
holes—inductively, we perturb y such that it intersects the M; in the drilled holes.

Thus we obtain a smooth (analytic in the interior) extension of H = FG~! to
the whole of M, such that H*(A) = B and H|y = Id.

To get the wanted gauge with H|r = Id, we will need a slightly different
argument, because we do not know if det F' and det G vanish to infinite order
at the boundary, as we did not assume analyticity up to the boundary. We will
construct a sequence of matrix functions H; such that H*(A) = B and use
a compactness argument to take the limit. Consider nested open sets V;, with
0#£ViSViGVaG VoG ... G T with the property |J; V; = I'. Construct

appropriate F; and G; supported in I', such that F;|y, = G;|y, = Id, solving
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didsF; = 0 and dgdpG; = 0 and setting H; = F,-Gl._l—by the argument
above H(A) = B and H;|y, = Id. Now the important property that the gauges
satisfy is that they are unitary, hence bounded and they satisfy dH; = H; B— AH;
so that dH; are uniformly bounded. By inductively differentiating this relation,
we get that all derivatives of H; are uniformly bounded on M. By the Arzela-
Ascoli theorem (or the Heine-Borel property of C°°(M)) we get a convergent
subsequence with a limit H € C*°(M;U(m)), H|r = Id and H*(A) = B. This
finishes the proof. O

Remark 5.2. If we found a smooth solution F to djds4F = 0 with det F' not
vanishing to infinite order at any point and proved that the unique continuation
property from a hyperplane holds for degenerate elliptic systems, with degenera-
cies of the form x2K A, x Id +xX F; + Fy, where Fy and F, are zero and first order
matrix operators, respectively and for all k positive integers—then we would be
able to prove uniqueness in the m > 1 case in the smooth category, by follow-
ing the proofs of theorems 1.1 and 1.2. Note that the SUCP property of det F is
analysed in more detail in [7].

6. The case of arbitrary bundles via Runge approximation

Here we cover the case of topologically non-trivial vector bundles, by using a
suitable version of Runge approximation to construct the gauges which are non-
singular along a curve. The idea is to show that the connections have the same
holonomy, hence they are equivalent. This proof uses more information from the
DN map than do the proofs in previous two sections, since it relies on Runge
approximation (see Appendix B).

We assume E is a Hermitian vector bundle of rank m over a compact n-
dimensional manifold (M, g) with boundary, equipped with a unitary connection
A. Furthermore, let I' C dM be a non-empty open set. We denote £ = d;dy.

Lemma 6.1. Let K C M° be an embedding of a closed interval I. Then there exist

smooth harmonic sections (with respect to L) s1, ... ,Sm with supp(si|ap) C T
fori =1,2,...,m and such that
span {s1(x),...,Sm(x)} = E(x) (6.1)

for x € K.
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Proof. Let T be atubular neighbourhood of K embeddedin M°. ThenT =~ I xB
(B is the (n — 1)-dimensional unit ball). We consider a smaller tube 7’ contained
in T such that K C d7’; we smooth out 7" a little bit, keeping K on its boundary.

Since E|r = T’ x C™ is trivial, we may solve the Dirichlet problem

Lri=0 inT/, (6.2)
rilorr = ei, (6.3)
fori = 1,2,...,m and e; € C™ the i-th coordinate vector. Fix ¢ > 0. Then by

Corollary B.2, we get a family of smooth solutions s; € C*®(M; E) solving

Ls; =0 in M, (6.4)
supp(si|apr) C T, (6.5)
||Sl' — T ”CO(T’) < E&. (66)

If we take e small enough, then span{s;(x),...,sn(x)} = E(x) for x € K, by the
construction. This finishes the proof. O

In order to apply the previous lemma to a curve at the boundary, we need to
slightly extend our domain, with keeping the assumptions about the DN maps.
The idea is similar to Lemma 4.2. in [28].

Let us first introduce an auxiliary construction of extending a manifold, a
vector bundle and other parameters. Let p € dM and p:U — ¢(U) C R" a
chart in the upper half-space. Take a small half-disk D in the lower half-space
and glue it smoothly to M in the chart to obtain a smooth Riemannian manifold
M=M Up D, where b is a gluing map. Then, trivialise E|y = U x C™ and
write U = U | J ¢ D. Over U, we have the trivial bundle U x C™ and over M we
have E; we may glue the two bundles smoothly by using the trivialisation over U.
Additionally, we may extend an arbitrary connection to E in a unitary way.

Similarly, if we assume E’ is another vector bundle over M, such that the
identification E’|r = E|r at the boundary holds, then by taking p € T above, we
may actually claim that the identification E' lp = E |p holds. This is true since
locally in the trivialisations E|y =~ U x C" =~ E’|y we may always pick the
trivialising maps that agree on I' N U. Whenever we have this setting, call the new
partial boundary T' = T U aD \ (D N dM)°.
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Lemma 6.2. Assume also that E’ a Hermitian vector bundle over M is equipped
with a unitary connection B such that E|lr = E'|r and A4(f)|lr = As(f)|r
forall f € Cg°(I'; E). Then in a suitable gauge and for any point p € T', we
may extend the bundles E and E’ to E and E’ as in the previous paragraph, and
equip them with unitary connections A and B, such that A v = A4, B | = B and
A=BinM\ M.

Then we also have that A 7(f)|z = Az(f)|g forall f € C(T; E).

Proof. For the first claim, the only things that needs additional justification is the
choice of A and B. By Theorem 3.4 and Remark 3.7, we know in some gauge we
have A and B having the same jets on I'. So in the construction from the previous
paragraph, we have (A — B) = O(t*) in the trivialisations U x C™, where ¢ is
the normal distance to the boundary. Thus there exist unitary extensions A and B
that agree in M \ M.

For the second claim, note that £ ;7 = d}d 7 does not have zero as a Dirichlet

eigenvalue and so the DN maps are always well defined. Let i € H' (M:;E)bea
unique solution to £ zu = 0 with u|, 7 € j2¢; (T'; E) (see the Appendix B for this
notation).

Then u := 1i|s satisfies L4u = 0 and by the assumption on the DN maps, there
is vg € H'(M; E) such that Lpvg = 0, u|sar = volaar and® Nyu|r = Npvg|r.
Therefore, there exists ¢ € Hg (M; E) such that

vo=u—+¢ (6.7)

and Ng¢|r = 0. Thus ¢ admits an extension to H Y(M: E) by zero, denoted by
the same letter. We introduce
vi=U+g (6.8)

sothati € H'(M; E),? = voin M and ¥ = & in M\ M. Now forw € H' (M E)
with w|y 7 € H 3 (I"; E) we have, where the subscript denotes the domain where
we take the dual pairing

Ngv,w)yi; = (Lt w) i = (Lpve, w)y + (L g, w)M\M (6.9)
= (LAu,w)M—i-(Lgft,w)ﬂ\M (6.10)
= (Lgu.w) g = Nzt )y (6.11)

Here we used that Nqu|r = Npuvg|r, the definition of the DN map giving
(LBvo, w)yr = (Npvo, w)yp and similarly for A, support assumptions on w at

9 Here we denote the covariant normal derivative by N u := d4(u)(v)|onr.
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the boundary and A=Bin M \ M. Therefore, £ 50 = 0 and we also have

<
N}

U+ @) iz = tlysz (6.12)
N30z, (6.13)

+
S

1y

N |

)
1
Il

by the properties of ¢ and w. Therefore, the Cauchy data sets of £ 7 and £ 5 agree
on I" and since these are graphs of the DN maps, we finish the proof. |

With these two Lemmas behind our back, we are ready to prove the main
theorem of the section.

Proof of Theorem 1.3. Assume firstn > 3 and let p € I". By Lemma 6.2, we may
extend M near p to a Riemannian manifold M by gluing a small disk D. Note
that D is equal to the closure of M \ M. We also extend the Hermitian bundles £
and E' to E and E’ respectively, such that E Ip = E' |p. Furthermore, we extend
unitary connections A and B to A and B respectively, such that A = B on D.
Then A 7(f)lz = Az(f)|g forall f € C§°(T'; E) by the same Lemma.

We want to prove that the two connections A and B have the same holonomy
at p, which would yield they are equivalent; we construct the isomorphism be-
tween E and E’ along the way. We fix an embedded smooth closed curve y,
centred at p. Fix a small ¢ > 0 such that the ¢ neighbourhood of p in dM, denoted
by U, is contained in D N T'. The curve y is approximated in C! norm by the
embedded curves y,: [0,2] — M, such that y.(0) = y.(2) = p, y.(1) = p1 € U,
y¢(0,1) € M° and y.[1,2] C U,. Thus it suffices to prove the holonomies of A
and B along y, agree. We relabel y, by y and denote y; := V0,11, Y2 := VI[1,2]-

For y, it is easy to see that the holonomies agree, as A = B on dM by
assumption.

For y;, we need a density argument of Runge-type. By Lemma 6.1, there
are smooth twisted-harmonic with respect to A sections s; € C®(M:E) for
i=1,...,m,ie. Lzs; = 0and we also have supp (s;|,7) C I'. Furthermore, we
also ask that

span{sy(x),...,8m(x)} = E(x) (6.14)

for x € y;.
Then we construct twisted-harmonic sections with respect to B by solving the
Dirichlet problem, such that
Lgri =0, (6.15)
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Therefore, we have that s; = r; on D, since by the assumption on DN maps and
A=BonD
Ngsi = Ngri. (6.17)
So by unique continuation, we have the claim.
Consider § > 0 small enough such that the §-tubular neighbourhood 7" around
y1 intersects M inside U,. Then E|p = E’|7 = T x C™ since T contractible.
We introduce the m x m matrices of sections over 7'

F =(s1(x),50x),...,5m(x)) and G = (ri(x),r2(x),...,rm(x)). (6.18)

Then we have £ ;F = 0 and £ 5G = 0 by extending the action diagonally. Take
& small enough such that over T we have F' non-singular, by (6.14).

As in the proofs of Theorems 1.1 and 1.2, and also Lemma 4.1, we introduce
the auxiliary connection A’ over T':

A= F*A (6.19)

In the vicinity of p, we may also analogously introduce B’ = G*B as G is non-
singular. Then by the unique continuation principle, since A’ and B’ satisfy elliptic
equations by Lemma 4.1, we have B’ = A’ in a neighbourhood V of p inside T.
In other words, after introducing H = FG™!, we have

A =B < H*A=B (6.20)

in V. But since A and B are Hermitian, this implies that H is unitary on V.

Assume there is a point ¢ € T N dV such that there is a sequence of points
qr € V with g — g and detG(qx) — 0 = detG(q) as n — oo. Then as H is
unitary, we have as n — oo

| det G(gx)| = | det F(gx)| —> O. (6.21)

But this contradicts the fact that det F # 0 on the compact set 7. Thus det G # 0
on T and so the connection B’ = G*B is defined over the set 7', so by unique
continuation H*4 = B in T. Therefore, since F = G on U,, H = Id on the
same set and A and B have the same holonomy.

Note that the same argument gives that the parallel transport matrices for A
and B are equal over any embedded curve starting at a point p € I' and endpoint
p1 € T (we extend the manifold and the bundles by gluing two balls in this case).
We may apply this if I" has several connected components.

Now the usual argument, given in the proof of Theorem 7.3. [6] gives us
that the parallel transport H of Id from p in the bundle of homomorphisms
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Hom(E’, E) with the auxiliary connection VH°™  given by VH™y := V, u —uVp
foru € C*°(M;Hom(E’, E)), is independent of the path and gives us the desired
automorphism. It is clear that H is non-singular and unitary from the first order
PDE it satisfies.

For n = 2, the loop y at p could have self-intersections, due to codimension
reasons. To treat this case, we first note that the discussion above carries over to the
case of loops without self-intersections, i.e. we have P4 = P8 along embedded
loops (here P denotes parallel transport). Then Lemma 6.3 applies to identify
holonomies of A and B and we conclude the proof in the same way as for n > 3.

O

We now prove a simple geometric lemma, that we used in the proof of the
previous theorem in the case of surfaces.

Lemma 6.3. Let X be a smooth compact surface with boundary and E a vector
bundle over X equipped with two connections A and B. Let p € ¥ and assume
PA = PB for all embedded simple closed curves at p (here by P we denote parallel
transport). Then PA = P8 along any loop, i.e. A and B have the same holonomy
at p.

Proof. Let y:[0,1] — M be a loop at p. By differential topology [15] we may
assume y is embedded except at most finitely many points, where it self-intersects
transversely. Let the number of self-intersections be k. We inductively prove that
P4 = P8 by induction on k. The case k = 0 holds true by assumption.

We now prove the inductive step and assume the claim holds for up to &
self-intersections. Let y(¢9) = y(t1) = g with 11 > top > 0 minimal, i.e. the
first intersection. Denote y1 = ¥l[o.0]: V2 = Vl[to,y] a0d ¥3 = ¥|[,,17 and
corresponding parallel transports by P, P, and P3. By the inductive hypothesis,

pi.pd = pB.pB (6.22)
PL-@) P =2 @) PF (6.23)

But by substituting the first equation above into the second (on both sides) and
inverting, we get

pA = pd.pd.pd —pB.pB . pB _ B (6.24)

This concludes the proof of induction and of the lemma. O
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6.1. The non-unitary case. Finally, we prove a version of the previous theorem
in the more general case when the connections are non-unitary. Note that crucially,
when either the gauge F from Lemma 2.3 constructed by solving djd4F = 0 is
unitary or if the connection is unitary, then A" = F* A satisfies an elliptic system
with coeflicients independent of the gauge F. This enables us to apply the UCP
in the main theorem in the either the case of unitary connections or when we can
construct unitary gauges. Also, we can handle connections on line bundles, since
the Yang—Mills equation there is locally simply d*d A = 0 and is independent of
the Hermitian structure.

In this section, we prove the analogue of Proposition 4.8.

Proposition 6.4. Conclusions of Theorem 1.3 hold in the case of general GL(1, C)
Yang—Mills connections (i.e. in the m = 1 case).

Proof. We follow the proof of Theorem 1.3 and only point out the main differ-
ences; this is similar in spirit to the proof of Proposition 4.8.

We take a point p € I', extend the domain near this point, assume we have
curves y; and y, as before and we form the tube T around y;, such that the
functions F and G over the trivialisation E|p = TxC = E’| satisfy L4 F =0 =
LpG and F |7 is non-singular. Then by the UCP we have F*A = A’ = B’ = G*B
inside an open, connected set, containing a neighbourhood of {0} x B, where we
identify 7' = [0, 1] x B with B the (n — 1)-dimensional unit ball. Here we crucially
use that m = 1, so that A" and B’ satisfy the same equation.

We want to prove that G |7 is non-singular too, but we cannot use (6.21). Note
that on V

H*A=H 'dH + A= B. (6.25)
This implies the following two easy facts, again on V:
dA—dB =0 and dH = H-(B— A). (6.26)

The first fact follows from taking traces of H*F4 = Fp (F4 and Fp denote the
curvature) and the second from (6.25). Consider

s:=sup{t €[0,1]| G #00n|0,¢) x B}. (6.27)

Clearly s > 0 and we want to prove s = 1. Take U := [0,s) x B C T and assume
there is a point ¢ € dU with G(q) = 0, or equivalently H(g) = oo.



Calder6n problem for Yang—Mills connections 503

But as U is simply-connected and (6.26) holds, we find a smooth f on U with
df = B —A. (6.28)

Then H = e/ up to constant, so by assumption f(g) = co. But by (6.28) and the
Mean value theorem, we get f uniformly bounded on U, contradiction.

Thus A" = B’ on T and the holonomies of A and B along y are equal, which
concludes the proof. |

Remark 6.5. If we proved existence of a unitary gauge F near closed curves
in the interior, we would be able to prove the main theorem for non-unitary
connections. Note that these gauge exist locally, similar to the fact that Coulomb
gauges exist with value in any compact Lie group (see [31]). It might be sufficient
to approximate a unitary gauge constructed locally using Runge approximation
theorem, but we did not pursue this approach here.

Appendices

A. The space of smooth curves and an extension lemma

We need the metric space of smooth curves in the proof of our main theorem—
here are some properties.

Remark A.1. We are using the standard metric on the space C*°([0, 1]; R) in-

k
duced by the seminorms || f [lx = sup,¢[o,1] |% | Then a choice of the metric on
this space is

ity =S ok IS — gl
=22 7

k=0
and it is a standard fact that this space is a Fréchet space with the same topology
as the weak topology given by the seminorms. Furthermore, this also induces a
Fréchet metric to the space C*°([0, 1]; R™) = &L, C>°([0, 1]: R) for all m € IN.
Moreover, we may consider the space C*°([0, 1]; M) for any compact Riemannian
manifold (M, g) by isometrically embedding M into a Euclidean space R for
some N, as a closed subspace of C*([0, 1], RY).

Now we prove the following lemma for the continuity of / in the interior and
on the boundary of the manifold.
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Lemma A.2. Let Q C R” be a domain and E C Q a closed subset. Assume
also that for any two points x,y € Q \ E and any smooth path y in Q2 between x
and y, there exist smooth paths y; from x to y, lying in Q \ E, fori = 1,2,...,
that converge to y in the metric space C*°([0, 1]; R"). Let f:Q \ E — C be a
smooth function, such that 0* f extend contlnuously to Q2 for all multi-indices «.
Then there exists a unique smooth extension f Q — Cwith f lovE = f.

Proof. This is a local claim, so we will consider an extension near a point x € E.
We will prove that the continuous extension f of f to Q is differentiable with
the derivative given by the continuous extension /# of df to Q. By inductively
repeating the argument for all d* f for multi-indices «, it clearly suffices to prove
this.

Consider the point y = x + de;, where § > 0 is small enough so that the
straight line path y between x and y lies in Q. Since Q \ F is dense in 2, we
may choose points x’, y’ € Q\ E that are close to x, y, respectively. Consider the
path y’ obtained by smoothing out the straight line path from x’ to x, y and the
straight line path from y to y’. By the hypothesis, there exists a sequence of paths
yn with endpoints at x” and y’, lying entirely in Q \ E that converge to y’ in the
path metric.

We will consider the integrals along the curves y,,: after possibly reparametris-
ing, we may assume that y,, are parametrised by arc-length—we can always do this
for n sufficiently large, as y has a nowhere zero derivative. Therefore, we may in-
tegrate h(y,) to get that, by the Fundamental Theorem of Calculus

f@@—f@5=/dUOWUD=/hmJ

Here, we think of % as given by the vector of partial derivatives of f. By uniform
convergence of the curves, we immediately get that

701 = 6 = [ 1w — [ 067
J

and therefore, if we take x’ — x and y’ — y (we can do this as Q \ E is dense
in ), we get

x4 8er) — f(x)
8

)
1
::E/hmﬂm@odz—»hx@o
0
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as § — 0. Therefore, the partial derivative in the e; direction exists and similarly,
all other partials exist and are equal to the components of 4. This finishes the
proof. |

Remark A.3. If we are given a smooth function f in the interior of a domain
@ C R” with smooth boundary, such that all derivatives d* f extend continuously
to the boundary, it is well known that there exists a smooth extension f to R”,
such that f |o@ = f. This remark, together with the above lemma, are used in the
proof of the smooth extension of / over the singular set in Theorem 1.1.

Finally, we would like to recall the well-posedness conditions under which the
solution operator to a generalised heat equation is smoothing. One set of such
conditions is given by (1.5)—(1.7) on page 134 in Treves [30]—we state them
here for completeness. Let X be a manifold of dimension n and ¢ a variable
in the real line R; we will consider vector functions with values in the finite
dimensional space H = C™. Let A(¢) be a pseudodifferential operator of order k
with values in L(H) = C™™ depending smoothly on ¢ € [0, T); this means that
in a local chart 2 C X we have the symbol of A(¢) modulo S~ being a smooth
function ag(x,1,£):[0, T) — S¥(Q:; L(H)). We consider the following equation
in X x [0, T), where U valued in H:

dU

T A()oU =0 modulo ST,

The set of conditions for this equation to be well posed is the following.

Condition A.4 (well-posedness of the heat equation). For every local chart
Q C X, thereis a symbol a(x, ¢, £) depending smoothly on ¢ € [0, T') and defining
a pseudodifferential operator Ag(¢) congruent to A(¢) modulo regularising oper-
ators in €2, such that for every compact K C Q x [0, T') there is a compact subset
K’ of the open half-plane C_ = {z € C | Re(z) < 0} such that

_awtd) g g
(1+1€2)7

is a bijection for all (x,7) € K,§ e R"andz € C\ K.

(A.1)

One remark is in place after this condition.

Remark A.5. In fact, the symbol of the Laplace operator in the ordinary heat
equation does not immediately satisfy Condition A.4 for a well-posed (gener-
alised) heat equation—if one plugs —|£|?> (m = 1) into (A.1), we have that the
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zero set spreads such that we have Re(z) € (—1,0) and Im(z) = 0, which is cer-
tainly not contained in a compact subset of C_ = {Re(z) < 0}; the trick is to add
a factor of e~1€” which does not change the class of the symbol modulo §™°, as
we will see in the proof of the Lemma below.

Using the idea in the above remark, we prove that the operator we use in
Proposition 3.3 satisfies Condition A.4.

Lemma A.6. The C™™-valued pseudodifferential operator A = B — E x 1d
(defined in Lemma 3.2) satisfies Condition A.4.

a) = —\/CE = — Zgaﬂ‘i‘_aéﬂ
V o,B

the principal symbol of 4 (E has degree zero). If K C [0, T] x R"~! compact,
then there exist positive C;, C, and ¢ such that

Proof. Denote by

clE] < lar(x.1.6) < C1(1 + [E2)2,
lao(x,1,6)| < C,

for all (x,7) € K and £ € R*™!, by definition of symbols and the fact that g®# is
positive definite. Thus we can rewrite:

- Id

2 x1d Y LX o (- + &1) xld-—2 _ (A2)
(1+1§P)2 (1+1§P)2 (1+[¢17)2

and if this expression is singular, we ought to have

2
|aol _ Zmz 4 «/% :
1+ €] (1+ |£]2)2

B )2, (A.3)

2
= m?|s|? +m2(r + ——
(141572

where z = r + is. If we had |£]| large enough and r > —e for some small € > 0,
the left hand side of (A.3) would be small and the right hand side of it would be
bigger than s? + (r + $) (up to a constant). Therefore for |§| > K for some K,
(A.2) will be non-singular for r > —e.

Notice that in the condition we have the freedom of adding a smoothing
factor—this will take care of the singular behaviour for |¢| in a compact set. We
will add a factor of Ce 1> x Id € S~ for some C > 0 to remedy this. First
of all, notice that the above argument remains the same with the same |£|, if we
consider the symbol /g2 x Id +ao + Ce P « 1d.
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Furthermore, we have the left hand side of (A.3) bounded for all £ uniformly,
whereas the right hand side is bigger (up to a constant) than (Ce~ ¢ [ €)? for
r > —e, large enough C and |¢| < K. Clearly this inequality fails to hold for large
C and this finishes the proof. O

B. Runge approximation

In this section, we give an argument that approximates a given function on an
embedded curve in the interior of a compact manifold with boundary, by solutions
to an elliptic equation which are compactly supported at a prescribed open set at
the boundary. The results can be easily generalised to arbitrary elliptic operators
with diagonal principal part and smooth coefficients.

For this, we will need a unique continuation result and some well-posedness
for elliptic boundary value problems in negative Sobolev spaces. We recall some
definitions first.

Let (M, g) be a compact smooth Riemannian manifold with boundary, £ a
smooth Hermitian vector bundle equipped with a smooth unitary connection A
and let ' C dM be an open set. We denote the twisted Laplacian acting on
sections C*°(M; E) by L = djds. We recall that by the usual theory (see the
Appendix in [5] for details) that the problem

Lu=0, ulpy=f

is uniquely solvable for f € H 3 (M ; E) and yields a solution u € H'(M; E).
The covariant normal derivative is defined weakly as dq(u)(v) € H -3 (0M; E),
by its action on H? (M; E).

We proceed to define the Sobolev spaces, for s > 0,

HS(T; E) := closure of {g € H*(M: E) | suppg C I'} in H*(IM; E).

Then the dual of this space is given by (H*(T'; E)) = H™(T'; E) (see [27] and
references therein).

Now assume M; is a smooth submanifold (zero codimension) with smooth
boundary, compactly contained in M°. We define the following spaces of solu-

tions, for s > 3:

Si:={ue H (M, E) | Lu =0} C H"3(My; E), (B.1)
X := closure of S; in Hs_%(Ml; E), (B.2)
S:i=1{ue HTI(ME) | Lu =0, ulapy € H(T; E). (B.3)
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Moreover, we define the restriction map for s > %:

A:HS(T:E) — X C H"2(My; E), (B.4)
g — ulm, p, (B.5)

where u € HS*2 (M; E) is the unique solution to Lu = 0 with u|gys = g. Then
the dual map A’ to A satisfies

A':(HS "2 (My; E)) —s H™(T: E), (B.6)
h > da(w)(v)|r, (B.7)

where the prime denotes the topological dual and w € H —s+3 (M; E) is given by
solving the Dirichlet problem

Lrw = (B.8)

h inM,
0 inM\ M,

with w = 0 on oM . Note that
_1
(H3(My: E)Y ¢ H"6"3)(My: E) = (H) 2(Mi: E)).

Here we note that the well-posedness theory of (B.8) is not trivial and follows
from Proposition B.3, by noting that the right hand side of (B.8) is compactly
supported in the interior of M and so lies in the allowed space of inhomogeneities
E-6=2)(M; E) defined around the lines of (B.17). These technicalities are post-
poned for later to simplify exposition.

The mapping property (B.6) follows from

(Ag. M r2my;m) = W, L5W) 24,8y = (&, da(W) (V) 200m:E) (B.9)

where the last equality follows from Stokes’ theorem. We are ready to make a state-
ment, with notation as above; the proof mimics the proof of Theorem 1 in [27],
but it was well known before—see e.g. the work of Browder [4], Theorem 3.22.
The idea is to reduce the statement by duality to a unique continuation principle.

We first prove the theorem, granted technical ingredients proven in Proposi-
tion B.3.

Theorem B.1. Assume M \ M, is connected and s > % Foranye > 0, h € Sy,
there exists u € S such that

Ih —ulm, IIHS_%(MI;E) <e (B.10)
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Proof. It suffices to prove that the range of A is dense in X. So by Hahn-Banach,
it suffices to prove that for any linear functional 7 on H =3 (M;; E) with

T(Ag) =0 (B.11)

forall g € H*(T'; E), then Tv = O forall v € S. By duality, every such T is given
byanh € H=6=2)(My; E) via T(-) = (-, h); .

So, assume (Ag,h);2 = 0forall g € HS(T'; E); we want to prove (v,h) =0
forallv e S.Ifw e H—+3 (M ; E) satisfies equation (B.8), then by (B.9) we get

(g, da(w)(V) 20m:6) = 0 (B.12)

forall g € H*(T; E). Thus dg(w)(v)|r = 0.
Therefore, w solves
L*w =0,
wlam =0, (B.13)
da(w)(v)|r = 0.
Then, by the regularity properties given in Proposition B.3 (b), we have that
w € C* in a neighbourhood of a slightly smaller domain of I"; by the UCP for
local data for £ we get that w = 0 in the same domain. Moreover, we get w = 0 on
the whole of M \ M;. Therefore, h = £L*(w|pr,) and wspr, = da(w)(v)|oar, = 0.
Finally, if v € S;, then

(.M 2By = (075*(W|M1))L2(M1;E) = (Lv,wlm)r2uy;ey = 0. (B.14)
which finishes the proof. O

We record a simple corollary to this Theorem; this result is similar to Theorem
3.22. and 3.23. [4], but the proof is different. The interested reader should consult
also the other work of Browder.

Corollary B.2. Let ¢ > 0. Then for every v € S; N C®°(M;; E), there exists
u € C®(M: E) with supp (u|ypr) C T such that

v —ulm lcom, ) < & (B.15)

Proof. By the Sobolev embedding theorem, W*-? (M ; E)© continuously embeds
into C°(M ; E) for Sobolev indices satisfying kp > n.

Therefore if we take s > max {21, 2}, then by Theorem B.1 and the fact that
Cs°(I') C H*(I'; E) we prove the claim. O

10 Here we denote by W#-7(M; E) the L?-based Sobolev space with k € R derivatives.
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We gather all the results we have used in this section about well-posedness in
negative Sobolev spaces and unique continuation in one Proposition. There are
similarities with Lemma B.2. [19].

We first introduce the spaces for which we can allow inhomogeneity. Follow-
ing [23], Chapter 2, for each r > 0 we introduce

D"M;E)y={u|uec H"(M;E), Luec B2 (M;E)} (B.16)

and equip it with the graph norm; it is a Hilbert space. Then by Theorem 6.4
of [23], C®(M: E) is dense in D" (M; E) for all r > 0 with r — 3 ¢ Z and
D™ (M; E) C H"(M; E) continuously by definition.

We are left to define the E spaces—for natural numbers s, these are locally
modelled on Q2 C R" with smooth boundary as

ES(Q;C™) = {u € L>(Q;C™) | p D% € L2(2;C™), |a| <5},  (B.17)

where p is a smooth boundary defining function (positive in the interior, vanishing
at 0Q) and we set the corresponding norm of u to be the sum of L? norms of
p'* Dy, giving a Hilbert space. For positive real s, these spaces are defined by
interpolation (see [23] for details) and for s > 0, we define the negative ones as
ETS(Q;C™) = (ES(Q; C™)).
The generalisations of these spaces to manifolds are given in the usual manner.
We also record Theorem 6.5. [23] about traces. It says that the maps

Ti:ur—ulgy and To:u+—> da(u)(v)|om
extend continuously from C%° (M ; E) to maps

Ty:D"(M;E) — H " 2(M;E) and T»:D"(M:E) — H""3(M;E).

(B.18)
Proposition B.3. (a) Fors < 0, the Dirichlet problem

Lu=feB2(M:;E), (B.19)

uloyy = g € H* "2 (M E) (B.20)

has a unique solution u € D5 (M ; E), where the restriction u|yp is interpreted in
the sense of equation (B.18).

) Ifg e HS_%(M; E) is C* near a point p € 0M and f = 0 near p, then
u is also C* near p.

Proof. Part (a) follows from Theorem 6.7. from [23]. Part (b) follows from the
proof of Lemma B.2. (b) [19] generalised to systems. |



(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

[10]

(1]

[12]

[13]

[14]

Calder6n problem for Yang—Mills connections 511
References

M. F. Atiyah and R. Bott, The Yang—Mills equations over Riemann surfaces. Phi-
los. Trans. Roy. Soc. London Ser. A 308 (1983), no. 1505, 523-615. MR 0702806
Zbl 0509.14014

G. Bal and F. Monard, Inverse anisotropic conductivity from power densities in
dimension n > 3. Comm. Partial Differential Equations 38 (2013), no. 7, 1183-1207.
MR 3169742 Zbl 1314.35210

C. Bir, Zero sets of solutions to semilinear elliptic systems of first order. Invent.
Math. 138 (1999), no. 1, 183-202. MR 1714341 Zbl 0942.35064

F. E. Browder, Functional analysis and partial differential equations. II. Math.
Ann. 145 (1962), 81-226. MR 0136857 Zbl 0103.31602

M. Ceki¢, The Calderon problem for connections. Ph.D. thesis. University of Cam-
bridge, Cambridge, 2017.

M. Cekié, The Calderdn problem for connections. Comm. Partial Differential Equa-
tions 42 (2017), no. 11, 1781-1836. MR 3764927 Zbl 1382.35333

M. Cekié, Harmonic determinants and unique continuation. Preprint, 2018.
arXiv:1803.09182 [math.AP]

L. De Carli and S. M. Hudson, Geometric remarks on the level curves of har-
monic functions. Bull. Lond. Math. Soc. 42 (2010), no. 1, 83-95. MR 2586969
Zbl 1184.35092

S. K. Donaldson, Gauge Theory: Mathematical Applications. In J.-P. Francoise,
G. Naber, asd T. S. Tsun (eds.), Encyclopedia of mathematical physics. Elsevier, Am-
sterdam, 2006, 468—481.

S. K. Donaldson and P. B. Kronheimer, The geometry of four-manifolds. Oxford Math-
ematical Monographs. Oxford Science Publications. The Clarendon Press, Oxford
University Press, New York, 1990. MR 1079726 Zbl 0820.57002

D. Dos Santos Ferreira, C. Kenig, M. Salo, and G. Uhlmann, Limiting Carleman
weights and anisotropic inverse problems. Invent. Math. 178 (2009), no. 1, 119-171.
MR 2534094 Zbl 1181.35327

D. Dos Santos Ferreira, C. Kenig, J. Sjostrand, and G. Uhlmann, Determining a
magnetic Schrodinger operator from partial Cauchy data. Comm. Math. Phys. 271
(2007), no. 2, 467-488. MR 2287913 Zbl 1148.35096

G. Eskin, Global uniqueness in the inverse scattering problem for the Schrodinger
operator with external Yang—Mills potentials. Comm. Math. Phys. 222 (2001), no. 3,
503-531. MR 1888087 Zbl 0999.35066

C. Guillarmou and A. S4 Barreto, Inverse problems for Einstein manifolds. Inverse
Probl. Imaging 3 (2009), no. 1, 1-15. MR 2558301 Zbl 1229.58025


http://www.ams.org/mathscinet-getitem?mr=0702806
http://zbmath.org/?q=an:0509.14014
http://www.ams.org/mathscinet-getitem?mr=3169742
http://zbmath.org/?q=an:1314.35210
http://www.ams.org/mathscinet-getitem?mr=1714341
http://zbmath.org/?q=an:0942.35064
http://www.ams.org/mathscinet-getitem?mr=0136857
http://zbmath.org/?q=an:0103.31602
http://www.ams.org/mathscinet-getitem?mr=3764927
http://zbmath.org/?q=an:1382.35333
http://arxiv.org/abs/1803.09182
http://www.ams.org/mathscinet-getitem?mr=2586969
http://zbmath.org/?q=an:1184.35092
http://www.ams.org/mathscinet-getitem?mr=1079726
http://zbmath.org/?q=an:0820.57002
http://www.ams.org/mathscinet-getitem?mr=2534094
http://zbmath.org/?q=an:1181.35327
http://www.ams.org/mathscinet-getitem?mr=2287913
http://zbmath.org/?q=an:1148.35096
http://www.ams.org/mathscinet-getitem?mr=1888087
http://zbmath.org/?q=an:0999.35066
http://www.ams.org/mathscinet-getitem?mr=2558301
http://zbmath.org/?q=an:1229.58025

512 M. Ceki¢

[15] M. W. Hirsch, Differential topology. Corrected reprint of the 1976 original. Graduate
Texts in Mathematics, 33. Springer-Verlag, New York, 1994. MR 1336822
Zbl 0356.57001

[16] V. Isakov, Inverse problems for partial differential equations. Applied Mathematical
Sciences, 127. Springer-Verlag, New York, 1998. MR 1482521 Zbl 0908.35134

[17] S. Kobayashi and K. Nomizu, Foundations of differential geometry. Vol 1. Inter-
science Publishers, a division of John Wiley & Sons, New York and London, 1963.
MR 0152974 Zbl 0119.37502

[18] Y. Kurylev, L. Oksanen, and G. P. Paternatin, Inverse problems for the connection
Laplacian. J. Differential Geom. 110 (2018), no. 3, 457-494. MR 3880231
Zbl 1415.53024

[19] M. Lassas, T. Liimatainen, and M. Salo, The Calderén problem for the conformal
Laplacian. Preprint, 2016. arXiv:1612.07939 [math.AP]

[20] M. Lassas, M. Taylor, and G. Uhlmann, The Dirichlet-to-Neumann map for com-
plete Riemannian manifolds with boundary. Comm. Anal. Geom. 11 (2003), no. 2,
207-221. MR 2014876 Zbl 1077.58012

[21] H. B. Lawson, Jr., and M-L. Michelsohn, Spin geometry. Princeton Mathematical
Series, 38. Princeton University Press, Princeton, N.J., 1989. MR 1031992
Zbl 0688.57001

[22] J. M. Lee and G. Uhlmann, Determining anisotropic real-analytic conductivities by
boundary measurements. Comm. Pure Appl. Math. 42 (1989), no. 8, 1097-1112.
MR 1029119 Zbl 0702.35036

[23] J. L. Lions and E. Magenes, Non-homogeneous boundary value problems and appli-
cations. Vol. 1. Translated from the French by P. Kenneth. Die Grundlehren der math-
ematischen Wissenschaften, 181. Springer-Verlag, Berlin etc., 1972. MR 0350177
Zbl 0223.35039

[24] R. Mazzeo, Unique continuation at infinity and embedded eigenvalues for asymptot-
ically hyperbolic manifolds. Amer. J. Math. 113 (1991), no. 1, 25-45. MR 1087800
Zbl 0725.58044

[25] C.B.Morrey, Jr., On the analyticity of the solutions of analytic non-linear elliptic sys-
tems of partial differential equations. I. Analyticity in the interior. Amer. J. Math. 80
(1958), 198-218. MR 0106336 Zbl 0081.09402

[26] G. Nakamura and G. Uhlmann, A layer stripping algorithm in elastic impedance to-
mography. In G. Chavent, G. Papanicolaou, P. Sacks, and W. W. Symes (eds.), Inverse
problems in wave propagation. Papers from the workshop held at the University of
Minnesota, Minneapolis, MN, March 6-17, 1995. The IMA Volumes in Mathematics
and its Applications, 90. Springer-Verlag, New York, 1997, 375-384. MR 1491682
Zbl 0883.35132

[27] A. Riiland and M. Salo, Quantitative Runge approximation and inverse problems. Int.
Math. Res. Not. IMRN 2019, no. 20, 6216-6234. MR 4031236 Zbl 07144215


http://www.ams.org/mathscinet-getitem?mr=1336822
http://zbmath.org/?q=an:0356.57001
http://www.ams.org/mathscinet-getitem?mr=1482521
http://zbmath.org/?q=an:0908.35134
http://www.ams.org/mathscinet-getitem?mr=0152974
http://zbmath.org/?q=an:0119.37502
http://www.ams.org/mathscinet-getitem?mr=3880231
http://zbmath.org/?q=an:1415.53024
http://arxiv.org/abs/1612.07939
http://www.ams.org/mathscinet-getitem?mr=2014876
http://zbmath.org/?q=an:1077.58012
http://www.ams.org/mathscinet-getitem?mr=1031992
http://zbmath.org/?q=an:0688.57001
http://www.ams.org/mathscinet-getitem?mr=1029119
http://zbmath.org/?q=an:0702.35036
http://www.ams.org/mathscinet-getitem?mr=0350177
http://zbmath.org/?q=an:0223.35039
http://www.ams.org/mathscinet-getitem?mr=1087800
http://zbmath.org/?q=an:0725.58044
http://www.ams.org/mathscinet-getitem?mr=0106336
http://zbmath.org/?q=an:0081.09402
http://www.ams.org/mathscinet-getitem?mr=1491682
http://zbmath.org/?q=an:0883.35132
http://www.ams.org/mathscinet-getitem?mr=4031236
http://zbmath.org/?q=an:07144215

Calder6n problem for Yang—Mills connections 513

[28] M. Salo, Inverse problems for nonsmooth first order perturbations of the Laplacian.
Ann. Acad. Sci. Fenn. Math. Diss. 139 (2004), 67 pp. MR 2105191 Zbl 1059.35175

[29] M. A. Shubin, Pseudodifferential operators and spectral theory. Second edition.
Translated from the 1978 Russian original by S. I. Andersson. Springer-Verlag, Berlin,
2001. MR 1852334 Zbl 0980.35180

[30] F. Treves, Introduction to pseudodifferential and Fourier integral operators.
Vol. 1. Pseudodifferential operators. The University Series in Mathematics. Plenum
Press, New York and London, 1980. Vol. 2. Fourier integral operators. Ibid. 1980.
MR 0597144 (1) MR 0597145 (2) Zbl 0453.47027

[31] K. K. Uhlenbeck, Connections with L bounds on curvature. Comm. Math. Phys. 83
(1982), no. 1, 31-42. MR 0648356 Zbl 0499.58019

[32] G. Uhlmann, Developments in inverse problems since Calderén’s foundational paper.
In M. Christ, C. E. Kenig, and C. Sadosky (eds.), Harmonic analysis and partial dif-
ferential equations. Essays in honor of A. P. Calderén. Papers from the International
Conference held at the University of Chicago, Chicago, IL, February 1996. Chicago
Lectures in Mathematics. University of Chicago Press, Chicago, IL, 1999, 295-345.
MR 1743870 Zbl 0963.35203

[33] R. A. Walker, Problems in harmonic function theory. Honors Theses 1998, Paper 492,

33 pp.
http://pdfs.semanticscholar.org/c2b4/7e483b7943dc7cae753c897celbalbefOf27.pdf

Received June 13, 2018

Mihajlo Cekié, Max-Planck Institute for Mathematics, Vivatsgasse 7, 53111, Bonn,
Germany

e-mail: m.cekic@mpim-bonn.mpg.de


http://www.ams.org/mathscinet-getitem?mr=2105191
http://zbmath.org/?q=an:1059.35175
http://www.ams.org/mathscinet-getitem?mr=1852334
http://zbmath.org/?q=an:0980.35180
http://www.ams.org/mathscinet-getitem?mr=0597144
http://www.ams.org/mathscinet-getitem?mr=0597145
http://zbmath.org/?q=an:0453.47027
http://www.ams.org/mathscinet-getitem?mr=0648356
http://zbmath.org/?q=an:0499.58019
http://www.ams.org/mathscinet-getitem?mr=1743870
http://zbmath.org/?q=an:0963.35203
http://pdfs.semanticscholar.org/c2b4/7e483b7943dc7cae753c897ce1ba1bcf0f27.pdf
mailto:m.cekic@mpim-bonn.mpg.de

	Introduction
	Acknowledgements
	Preliminaries
	Boundary determination for a connection and a matrix potential
	Recovering a Yang–Mills connection for m = 1
	Recovering a Yang–Mills connection for m > 1 via geometric analysis
	The case of arbitrary bundles via Runge approximation
	Appendices
	The space of smooth curves and an extension lemma
	Runge approximation

	References

