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IRREDUCIBLE REPRESENTATIONS OF THE GROUP OF
UNIPOTENT MATRICES OF ORDER 4 OVER INTEGERS

IULIYA BELOSHAPKA

ABSTRACT. We study a coarse moduli space of irreducible representations
of the group of unipotent matrices of order 4 over the ring of integers which
have finite weight. All such representations are known to be monomial
(see [2]). To describe a coarse moduli space of such representations, we
need to study pairs of subgroups and their characters, which induce non-
isomorphic irreducible representations. We obtain a full classification of
such pairs and, respectively, a coarse moduli space.

1. INTRODUCTION

Moduli spaces of irreducible representations of finitely generated nilpotent
groups are supposed to be used in questions related to L-functions of varieties
over finite fields (see [10]). It does not seem reasonable to study such moduli
spaces in full generality, so one should restrict the class of all irreducible ob-
jects. Brown in [6] introduced the notion of a finite weight representation. A
representation 7 of a group G has finite weight if there is a subgroup H C G
and a character x of H such that the vector space Homp (x, 7|y) is non-zero
and finite-dimensional. A representation 7 is called monomial, if there exist
a subgroup H C G and a character Y : H — C* such that 7 ~ ind%(x).
In the plenary lecture at ICM 2010, Parshin conjectured that irreducible rep-
resentations of finitely generated nilpotent groups are monomial if and only
if they have finite weight (see [I0, § 5.4(i)] for details). The conjecture was
proven in a joint work with Gorchinskiy [2]. This allows us to approach the
moduli problem of irreducible representations 7 which have finite weight, since
they always correspond to certain pairs (H, x) such that 7 ~ indg(x).

Parshin and Arnal have studied in detail the case of the Heisenberg group
over the integers [I]. For this group, they constructed a parameter space
(i.e., a coarse moduli space) of complex irreducible representations which have
finite weight. It turns out that the parameter space consists of two parts,
corresponding to finite-dimensional irreducible representations and infinite-
dimensional ones. The first one is a countable disjoint union of copies of
C* x C*. The second one, in turn, is a countable disjoint union of elliptic

fibrations over C* \ S* and components which do not have a complex variety
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structure (see [10], [9] for details). The question was also studied in the case
of mixed real and integer coefficients, which was motivated by the theory of
two-dimensional local fields [3].

The construction looks similar to Kirillov’s orbit method [8] for connected
real or complex nilpotent Lie groups. Attempts to extend Kirillov’s method
to p-adic nilpotent groups were made in [7]. Also, there exists an analogue of
Kirillov’s character formula for the discrete Heisenberg group.

Our main result is the construction of a coarse moduli space of irreducible
representations of the group of unipotent 4 x 4 matrices over integers which
have finite weight (see Theorem and Table . We denote this group
by G. In other words, we provide a full classification of pairs (H, x) such that
corresponding representations ind%(y) are irreducible.

THEOREM. There is a one-to-one correspondence between the following
spaces:
1. The union of the total spaces of the following bundles: X; 1 — =1 1,
Xo0 — Eap, Xog — Zo1, Xi2 — E12, Xog — a2, and X33 — E3.
2. A coarse moduli space of irreducible representations for the group
of unipotent matrices of order 4 with integer entries which have finite
weight.

A map from X, ;, = Z, , to the set of irreducible monomial rep-
resentations is defined as follows:

(H,x) — indf(x).

First steps towards the moduli space problem were made in [4]. The coarse
moduli space has a natural iterated structure of a bundle over the set of cer-
tain subgroups H C G (see Theorem [10.1). It turns out that the number
of isomorphism classes of irreducible finite weight representations of discrete
nilpotent groups increases very rapidly, while a nilpotency class increments
only by one. Namely, for the Heisenberg group over the integers, there are
only two substantially different cases of weight pairs (H, x) which correspond
to irreducible monomial representations. In turn, there are over 50 differ-
ent cases for the group GG, which makes our classification quite technical and
lengthy. The developed techniques may be used for further generalizations to
finitely generated nilpotent groups of higher nilpotency classes.

The paper is organized as follows. In Section 2, we provide results which
concern an arbitrary finitely generated nilpotent group, some of which are
well known. In Subsection 2.1 we collect well-known formulas for endomor-

phisms of finitely induced representations, based on Frobenius reciprocity and
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Mackey’s formula. Also, we introduce a notion of an irreducible weight pair.
In Subsection 2.2 we recall a result from [2] which relates ireducibility and
Schur irreducibility of finitely induced representations. In Subsection 2.3 we
prove a result which concerns irreducible weight pairs with abelian subgroups
of finitely generated torsion-free nilpotent groups. In Subsection 2.4 we recall
a criterion from [2] for irreducible weight pairs to be equivalent. We also prove
there a result which concerns equivalent weight pairs with subgroups which
have the same radical subgroup. In Subsection 2.5 we recall a definition of
ranks of finitely generated nilpotent groups.

All the other sections concern the group of unipotent matrices of order 4
over the ring of integers.

In Section 3 we list the ranks of subgroups which may appear for this group
and which provide irreducible monomial representations. The next six sections
are organised in a similar way as we are dealing with six possible cases of ranks
of subgroups. In each of those sections first we describe generators of subgroups
of given ranks, and then we obtain the conditions on a character of a subgroup
that the weight pair is irreducible. After that, we study equivalent irreducible
weight pairs such that a subgroup is the same, but characters are different.
Then we find all irreducible weight pairs which are equivalent to a given one
such that subgroups in those pairs are different.

Section 10 sums up all the possible cases of ranks of subgroups in a classifi-
cation theorem, which is the main result of the paper.

2. PRELIMINARIES

We recall some well-known facts. Let GG be an arbitrary group, and H be a
subgroup of a group G. We use notation from [2].

2.1. Endomorphisms of finitely induced representations.

Definition 2.1. Let S(H) C G be the set of all elements g € G such that the
index of H9 N H in H is finite.

Let x : H — C* be a character of a subgroup H.

Proposition 2.2. There is a canonical isomorphism of vector spaces
Endg (ind%(x) ~ @  Hompsrn (Xlusnu, x?|nonm) -
gEH\S(H)/H
Proposition motivates the following definition.
Definition 2.3. Let S(H,x) C G be the set of all elements g € S(H) such

that

Hompong (X’HgﬂHa Xg’HgﬂH) 70,
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or, equivalently,
X|aong = X monm-

As an immediate corollary from the Proposition 2.2} we obtain a canonical
isomorphism of vector spaces

Endg (indg(x)) ~ @ C.

H\S(H,x)/H

Definition 2.4. An irreducible weight pairis a pair (H, x) such that H C G is
a subgroup, Yy is a character of H, and indfl(x) is an irreducible representation.

Remark 2.5. Unfortunately, this definition is in a way an abuse of notation. In
the paper [2] an irreducible pair was defined as a pair (H, p), where H C G is
a subgroup and p is a (non-zero) finite-dimensional irreducible representation
of H.

2.2. Irreducibility vs. Schur irreducibility. We recall that a representa-
tion 7 is called Schur-irreducible if Endg(m) = C.

We also recall that a generalization of Schur’s lemma to countable groups
holds true. Namely, any countably dimensional irreducible representation over
C of an arbitrary group is Schur-irreducible (see, e.g., [3, Claim 2.11]).

Remark 2.6. For an irreducible weight pair (H, ), the centralizer Co(H) =
{9 € G| [g,h] = 1 forany h € H} is a subgroup of H, and, in particular,
the center Z((G) is contained in H.

Proof. Clearly, Cq(H) C S(H,x). For an irreducible weight pair (H, ), it
follows from Schur’s lemma that Endg(7w) = C, and then S(H, x) = H. O

Now let G be a finitely generated nilpotent group.

We will essentially use the following theorem. It allows us to replace irre-
ducibility of representations with Schur-irreducibility, which is much easier to

check.

Theorem 2.7. [2, Theorem 3.14] Let H be a subgroup of a finitely generated
nilpotent group G. Let p be an irreducible complex representation of H such
that the finitely induced representation ind{(p) satisfies Endg (indf(p)) = C.

Then the representation ind$(p) is irreducible.

We will use this theorem for p = x, a one-dimensional representation of H.
Remark 2.8. Under the conditions of Theorem , a representation ind% (p)
is irreducible if and only if S(H, x) = H.
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2.3. Irreducible weight pairs with abelian subgroups. Let us denote by

Definition 2.9. Let H* be the smallest subgroup of G with the following
properties: H* contains H and if an element g € G satisfies ¢' € H* for some
positive integer i, then g € H*.

A subgroup H is called isolated if H = H*.

For elements g, h € G we will denote a conjugated element hgh~! by g".

Proposition 2.10. Let G be a finitely generated torsion-free nilpotent group,
such that torsion of (G/vx(G)) is trivial for every k. Let H C G be an abelian
subgroup of G. If H form an irreducible weight pair (H, x) for some character
x : H — C*, then H is isolated.

To prove the proposition, we need the following simple lemma:

Lemma 2.11. Let g, h be elements of G such that k is the mazimal number
that [h,g] € v(G). Then there is a homomorphism v : (g) — G/vk+1(G),
which maps ¢ to [h, g'].

Proof. Follows directly from the formula
[h, g'g’) = [h, 1k, ') = [h. g')[h, ¢*)1g", [, ¢7]],
since [¢%, [h, ¢7]] is in yu1(G). O
Now we can prove the Proposition [2.10]

Proof. Assume the opposite, then there exists an element g € H* \ H. That
is ¢" € H for some integer n. Since Cg(H) = H, there exists an element
h € H such that g does not commute with h. Since G is nilpotent, there
exists k such that [h, g] € 7(G), and [h, g] ¢ 7k+1(G). Note that £ > 1. By
Lemma there is a homomorphism ¢ : (g) — V(G)/7k+1(G), but since
the torsion of v, (G)/vk+1(G) is trivial, ¢ is injective. Since g" € H, it follows
that [h, g"] = ¥(¢") = 1. But g™ # 1, because g # 1, and G is torsion-free. It
contradicts injectivity of 1.

U

2.4. Isomorphic finitely induced representations. We have the following
criterion of isomorphism of irreducible monomial representations.

Definition 2.12. We say that pairs (Hj, x1) and (Hs, x2) are equivalent
if ind% (x1) ~ ind§, (x2). We denote it as follows: (Hy, x1) ~ (Hz, X2).

Proposition 2.13. [2, Proposition 4.10] Let (Hy,x1) and (Ha, x2) be two
wrreducible weight pairs. Then they are equivalent if and only if there exists an
element g € G such that (H3)? = H{ and X1|ggnm, = X3|agnm, -

5



Let Y be the set of irreducible weight pairs. Let 3 be the set of all subgroups
H C G for which there exists a character y : H — C* such that a pair (H, x)
belongs to Y. One has a natural surjective map ¥ — X..

Let us denote by ~; the equivalence , restricted on fibers of the map
Y — X. We denote the quotient by this equivalence by Zy = Y/ ~, where
Yy is a fiber of Y over a subgroup H € 3. We denote by Z the bundle over ¥
with fibres Zy over a subgroup H € X.

Let us denote by W the set of equivalence classes of irreducible weight pairs
such that (Hy, x1) and (Ha, x2) belong to the same class if the pairs are equiv-
alent, and H{ = Hj. Let us denote this equivalence by ~,. This equivalence
relation on Y naturally descends to the set of subgroups . Subgroups Hj,
H, € ¥ belong to the same equivalence class if H; = H;. Let us denote the

quotient og ¥ by this equivalence by ©. There is a natural surjective map
W — ©.

Corollary 2.14. We have the following commutative diagram:

Y y 7 —C 5 W
|
Y —=X > ©

Definition 2.15. A weight pair (H', ') extends a weight pair (H, x) if H is
a subgroup of H' and x'|g = x.

Proposition 2.16. Let G be a finitely generated nilpotent group. Then for ev-
ery representative of equivalent weight pairs (H, x) € W the set of equivalence
classes of weight pairs o' ((H,x)) in Z is finite.

Proof. Let (H, x) be an element of W. Let us prove that there are finitely many
equivalence classes of weight pairs (H', x') € Z such that (H’, x') ~ (H, x) and
H™* = H".
Since G is finitely generated nilpotent group, G is Noetherian. Then every
subgroup H C G is finitely generated. Let H = <h1, cee hk>. Since H™* = H*,
’l’Ll n

k
there exist certain n; € N, m; € Z such that H' = <h{"1 AU > For any
element h € H there are finitely many g € G such that g" = h for some integer
r, since for any subgroup H its index in H* is finite. Thus, for h;, 1 <1 < k,
1

there are finitely many integer valued tuples (m{, e ,mi) such that hl-m{ eG
for all indices i,j. Let us fix a tuple (mj,...,my) from this finite set. Let
us assume that there exist infinitely many natural valued tuples (nf,...,n})
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. iy
such that a subgroup H' = <h{n1 e h,;n’“> belongs to ¥, and there exists a
character X’ of H' that (H',x’) € Z and (H',x') ~ (H, X).

We call two tuples (ni,...,n;) and (n},...,n]) comparable if n; < nJ for
all indices 1 <1 <k, or n} > n{ for all indices 1 <! < k. We claim that in an
infinite set of natural valued tuples there always exist two comparable tuples.
Indeed, for any given tuple (n},...,n}) let us find a tuple (n?,...,n%) which is
incomparable with (ni,...,n}). It means that there exists at least one (but not
all) index 1 <[ < k such that n? < n} and other indices 1 < r < k that n? >
nl. Let us construct the next tuple which is incomparable with the first one
and the second one. Then there exists an index 1 < s < k which correspond to
the value of the third tuple which is strictly smaller than corresponding value
of the second tuple. This index s either coincides with [ or does not. The
set of different natural numbers ny,...,n; such that ny < nl,... . ngy < nlis
finite. If [ # s then there exists an index with strictly smaller value than of
the first tuple, and we choose it from the finite set of values. If [ = s and the
corresponding value of the third tuple (n?,...,n?) coincide in [ = s with the
value of the second tuple, that is n} < n} = nb, then we proceed by induction
on k. Since for this case the value in [ = s is fixed, we are now dealing with
tuples of (k—1) size. It is easy to check that for &k = 2 the claim is true : there

is no infinite set of incomparable natural valued tuples of the form (n],n),

hence the base of induction is valid.

Thus, in our infinite set of tuples (nf, ... ,n‘,i) which correspond to sub-
i j
"M 'S . .
groups <h{“1 U >, there exist two comparable tuples (ni,...,n;) and

i i
"k

ol —k
(ni,...,ni). Let us denote them by H; = (h{"*,....h)*) and H; =
"] s

<h{"1 U > Then there exist characters y; of H; and x; of H; such that
weight pairs (H;, x;) and (H;, x;) are in Z, and (H;, x;) ~ (H;,x;). Without
loss of generality let (ni,...,n%) < (n),...,n.), then the weight pair (H;, x;)
extends the weight pair (H;, x;). It contradicts the fact that both of them are
irreducible weight pairs. Then the set of tuples is finite, and correspondingly,
the set of weight pairs (H',x’) € Z such that (H',x’) ~ (H,x) and H* = H*
is also finite.

U

For a given weight pair (H, x) € Y, if the quotient G/Ng(H*) is non-trivial,
then it is infinite. For any element g € G\ Ng(H*) the weight pair (HY, x7) is
irreducible and equivalent to the pair (H, x). Since conjugation on irreducible

weight pairs by elements of G commutes with the mapping to a ~,-equivalent
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weight pair, we can take the consequent quotients of Y by these equivalences.
We denote by X the quotient of Y by this equivalences.

The latter equivalence relation naturally descends to the set of subgroups .
Subgroups Hi, Hy € ¥ belong to the same equivalence class if there exists an
element g € G such that (H})? = H;. We denote by = the quotient by this
equivalence of ©. There is a natural surjective map X — =.

Thus, we have the following commutative diagram:

Y s 7 — 2 s W s X
| A A |
A,y s O s =

2.5. Ranks of finitely generated nilpotent groups.

Definition 2.17. Let G be a finitely generated nilpotent group. For a
given subgroup H C G we inductively define rk,(G) := rk(H/H N [G, G]),
rki1 (H) == rk((H N %(G))/(H N 7i41(G))).

Remark 2.18. If (Hy, x1) and (Ha, x2) are equivalent irreducible weight pairs,
then I'kl(Hl) = I'kz(HQ) for all 4.

Proof. It Hf = H; then the ranks are clearly equal since ranks do not change
if one restricts to a subgroup of a finite index.

Let (HY)? = H; for some non-trivial g € G. Let hy,..., h, generate the
quotient (Hy N 7(G))/(H1 N %41(G)). Since ((hY,....h9) N ~(G))/(Hy N
Yi+1(G)) coincides with the quotient ((h1, ..., h,) NY(G))/(HiNvis1(G)), we
have I‘kZ<H1) = I‘kZ(H2> for all i.

OJ

3. CLASSIFICATION OF IRREDUCIBLE WEIGHT PAIRS

Let GG be the group of upper triangular matrices of the fourth order with
integer entries. We will classify all irreducible weight pairs (H, x) such that
HCAdG.

Proposition 3.1. [(i)] The ranks of subgroups of the group G can be the
following: (0,0), (0,1), (0,2), (1,0), (1,1), (1,2), (2,0), (2,1), (2,2) and
(3,2).

[(i1)] If H € X, then ranks of H can be the following: (1,1), (2,0), (2,1),
(1,2), (2.2) and (3,2).

Proof. [(1)] If tki(H) = 3, then there are two generators of H in H N
|G, G|/Z(G), so rke(H) = 2. Thus, cases (3,0) and (3, 1) are not possible.
8



[(ii)] It is easy to check that for any g € G the centralizer
Calg) 2 {9,Z(G)). For an irreducible weight pair (H,x) we have

=

S(H,x) = H, and by Remark for g € H a subgroup (g,Z(G)) C H.
Then there are always more than two generators in H. Thus, the cases (0,0),
(0,1), and (1,0) are not possible. The case of (0,2) ranks is also not possible

since the centralizer C(H) coincides with the following subgroup of G:

1 0 Z Z
01 7Z Z

001 0}’

00 0 1

which is bigger than H. Then there exists a weight pair (H’, x’) which extends
the pair (H,x). It contradicts the condition S(H,x) = H. O

Let us denote by %,, ,, the restriction of X to the set of subgroups H C G
such that rky(H) = 7, tko(H) = ro. The set ¥ is a disjoint union of sets
2 re- Let us denote corresponding bundles Y, Z restricted to ¥, ,, by Y,
Zy, ry, and similarly the bundle X, ,, — =, ,,.

1,729

In this subsection we describe consecutively the set %, ,,, bundles Y, ,,,
iy, and X, ., — =, ., for all possible ranks of subgroups of the set X for
the group G.

We denote by i the union of groups of roots from unity.
4. THE CASE OF rky(H) =1, rko(H) = 1.
Let us define sets S, S, S3, S35, .54, N1, and N».

b—
S—{(a,d f,be) € Z° | GeD (2=

,a,d, f) =1, n=GCD(a, f)},
Sy ={(a,d, f,be) €Z5 | a#0, d#0, f#0} N S,
Sy ={(a,d, f,be) €Z° |a=0,d#0, f#0} N S,
Ss={(a,d, f,b,e) €Z° | a#0, d#0, f=0} N S,
Sy={(a,d, f,be) €Z° |a#0,d=0, f#0} N S,

Ny ={(a,d, f,be) €Z° | a#0,d=0, f=0, b=1} N S,
9



NQZ{(&,d,f,b,€)€Z5|a:0, dZO, f7é0, 621} nS.

Proposition 4.1. There is a canonical bijection ¢ from S; U Sy U S3 U Sy U
N1 U Ny to Xy141. It maps a tuple (a,d, f,b,e) to a subgroup H, generated by
the following matrices

1 a b 0 10 20 1 001
01 d e 010 1L 0100
h1_001f’h2_001o’0_001o’
0001 00 0 1 0001
where n = GCD(a, f). Moreover, for every H € ¥y 1, a subgroup H is abelian.

We can extend the bijection ¢ to the map from
(C)? < {C" \ poo} = {t,2 € (C")*, A ¢ pioc}
to Y11, m, which is defined as follows:
t=x(h1), z=x(h2), A=x(C).

Proof. The proof goes as follows. First, we prove that if H € X¥;, then a
subgroup H is abelian, and it is generated by hq, he, C' in the form given in
Proposition 4.1l Then we obtain conditions for generators hy, hy that the
corresponding subgroup H can form an irreducible weight pair with some
character y. Then we study characters xi,x2 : H — C* which correspond
to equivalent irreducible weight pairs (H, x1) and (H, x2). Finally, we obtain
conditions for a character x that (H,y) is an irreducible weight pair.

Since rky(H) = r1ko(H) = 1, we have one generator h; such that
(h1)/([G,G) N H) is not trivial. Let us denote by hy a generator such that
(h2)/(IG,G) N H) is trivial and ({h2) N [G,G])/Z(G) is not trivial. By Re-
mark the center Z (@) is contained in H, hence we can choose generators
hy and hy such that (hi) N Z(G) and (hs) N Z(G) are trivial.

If the commutator [hy, hs], which is contained in the center of G, is not
trivial, then x([h1, ha]) = x(C)" =1 for some integer N. But if x(C) is a root
of unity, then rko(Cq(H)) = 2, since in this case both elements

1 0 ki O 1 00 0
01 0 O 01 0 ke
00 1 0}” 001 0
00 0 1 0 00 1

are contained in H for some integers k; and ko. By Remark [2.6] the centralizer
Ce(H) C H, thus x(C) is not a root of unity.
Hence, generators hq, ho commute, and H is abelian. Then it follows from

Lemma .10 that H = H*.
10



Put

1 a b 0
01 d e
h1_001f
0001

If a = f =0, then rko(Cs(H)) = 2, but the centralizer Co(H) C H by
Remark 2.6l Then either a or f are non-zero.
Since generators hy, hy commute, we obtain that h% is equal to

1 0 a O
010 f
0010
0 0 01

for some integer k. If a and f are coprime then hy coincides with this element.
If not, then since a subgroup H is isolated, it has to contain all its roots. Hence

hy =

cCo O -
oo~ o
o~ O3ls
— O3~ O

where n = GCD(a, f). Let us denote by (a, f’) the proportional coprime
tuple (2, %)

Now we will obtain conditions for a subgroup H to be an isolated subgroup.
In order to do that we will study tuples (a,d, f,b,e) which correspond to
generators of subgroups H such that H C H*.

Let g € H*\ H. That means that there are such natural 71 > 1 and integer
ro, T3 that g™ = hi2h5®. Let

1 a z3~ 0
_ (o1 ad e
= lo 01 7
000 1
That means that
1 TlN Tlg—f-#dd/ 0
0 1 rid ré+ 2=l Ed |
0 0 1 rf
0 0 0 1

11



1 79a 19b+ %ad 0 1 0 3 0
0 1 rod roe + Wfd " 01 0 rgff
0 0 1 rof 00 1 0
0 O 0 1 0 0 O 1
It implies that

ria roa ria a”’

7’16{ = T’Qd and 7"1d~ = l?"l d” s

rif raf rif I’

where (a”,d”, f") is a coprime tuple which is proportional to (a,d, f).

Then 71l = ron for some integer [. Let us notice that if n = 1 then it is easy
to observe that g is an element of H.

If GCD(I,n) is greater than 1, then we may divide the equality r1l = ron by
GCD(l,n) and obtain the new equality I’ = ron’ with GCD(I',n’) = 1. After
that, we can replace a tuple (I,n) with a proportional coprime tuple (I, n').
Since modulo this replacement it does not change the proof, we proceed with
the case when GCD(l,n) = 1.

We have r; = nr and ry = Ir for some integer 7.

From ¢" = h?hy® we obtain

le) n 7”1(7'12— 1) l2a”d" _ Tgb 4 7”2(?"22— 1>n2a”d" + 7’3@,,
-1 -1
ré + 1 (7’12 >l2f”d” — rpe + 7"2(7’2 )n2f//d// + Tgf/.
Then
- —1 -1
rib — rab = (—742(7“22 )k - —“(“2 JPkd’ + ry)d,
-1 —1
PiE = rae = (—7"2(7“22 Vprkg = O D g

Let us denote the expression (%n%d” — %l%d”—l—rg) by M. Then
M can be an arbitrary integer since r3 can be an arbitrary integer. Now we
need to obtain the condition for the system of equations

r(nb—1b) = Md',
r(né —le) = Mf'.

to be solvable in b, é € Z2, where integers M, r, and [ are coprime with n, and
integers b, e, n,ad’, f’ are fixed.
12



The system is solvable if and only if
I(bf' —ea') = n(bf' — éd').

Since n and [ are coprime, the condition above is equivalent to the following
one: (bf’ —ea') is divisible by n. Then (bf' —éa’) = Im for some integer m and
since a’ and f’ are coprime, there always exist integers b and é which satisfy
the equation.

Finally, we can see that a subgroup H is isolated if and only if H € ¢(S).

Now for every H € ¥, 1, we will describe the fiber Y; 1. z. We need to check
that Y; 1, g parametrizes all characters x of H which correspond to irreducible
weight pairs (H, x).

(). T HeXii\(o(N1) U d(Na) U ¢(S2) U ¢(S3)) then the quotient
Ng(H)/H is generated by

1 d 0 0 1000
10 1.0 0 (01 01
=10 01 —f|> 27 (o0 1 0
00 0 1 0001
The action of g; and g, on a character y is as follows:
(4.2) X (hr) = X ()X (h) AY 04T 391 (hy) = x(ha) N>,

and

X% (h1) = x(h)A™,  x*(h2) = x(ha).
We can see that if x(C') = X is not a root of unity, then the action above is
free, which means that S(H, x) = H for a corresponding weight pair (H, x).
If H € ¢(S5), then the generator g, is replaced by

1 010
10100
2= 10 010
00 01
The action is as follows:
(4-3) Xgl(hl) = X(hl)X(h2)d>\f/b, Xgl(hz) = X(h2),
and
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X7 (h1) = X(hl))‘fa X% (ha) = x(ho).

Again, we can see that if xy(C') = A is not a root of unity, then the action
above is free, which means that S(H, x) = H.

(ii). If H € (¢(N1) U ¢(Ny)), then it is easy to check that Ng(H) = G.
Without loss of generality let us consider the case of a subgroup H with f =
d = 0. The other one with a = d = 0 is treated similarly. Since H is isolated,
its generators h; and hy may be chosen as follows:

1 a 00 1010
010 e 0100
h1—0010’h2—0010
000 1 000 1

Then the quotient Ng(H)/H is generated by
1000 1000
o110 010 1
S=1oo 10| 2710010
000 1 000 1

and

100 0

o100

93=10 0 1 1

000 1

The action of g, go and g3 on characters is as follows:

X (ha) = x(ha)x(h2)™  x#(h2) = x(h2),
(4.4) X (h1) = x(h)x(C)™%,  x*(he) = x(ha),
X2 (h1) = x(h1),  x*(h2) = x(ha)x(C)~".

Again, we can see that if x(C') = X is not a root of unity, then the action
above is free, which means that S(H,x) = H and corresponding representa-
tions are irreducible.

O

Let us consider the following action: z — z\", n € Z.

If A is a root of unity, then the quotient of z € C* by this action is confor-
mally equivalent to C*.

In a case that \ is not in S1, then the quotient by this action is an elliptic
curve, which we denote by F\, = <(C*//\”, n e Z>.

In a case that A € ST\ 110, we denote the corresponding quotient by Py (not
separable).

14



Let both A and z be not roots of unity. =~ We denote by T,, =
(C*/A™ 2" ny,ny € Z*) (not separable).

Let us denote by Zf’l);H ={{t,2 € (C*)*, X\ ¢ o}/ ~}, by Zﬁ)H ={{z €
C*, M ¢ po}/ ~} and by Zl(ll)H = {\ ¢ oo}, where ~ is defined in [2.12

Corollary 4.5. If H € ¢(S1), then the fiber Z1 1.y of Zy 1 over a subgroup H
has iterated structure of a bundle, namely:

3 2 1
Zf,l);H — Zf,l);H — Zil);H'

We describe fibers of this bundle consecutively in coordinates (t,z,\).

{Taaresmsrra o} {Byurr \ oo}, {€7\ 5} U
{Tzd)\a’e+f’b+a’f’d7 a} 5 {P>\2a’f’ \Moo} ) {Sl \//Joo} U
{EAGCD(a’e+f’b+a/f/d,a)}7 {,uoo}, {C*\Sl} U {P)\GCD(GI€+f/b+ll/f/d:a)}7 {Moo}a {Sl\:uoo};

If H € ¢(5,), then the fibers Zﬁ)H — Zl(?l);H — Zfll)H over H are canoni-
cally bijective to:

{Toapmops} >, {C\NS}, {C\ S} U {TLapmns} s {5\ oo}, {C\ S} U
{Eyacounn} » {boo} s {C\SY} U {Taymns} > {C\ piso} 5 {S"\ oo} U
{P)\GCD(f’b,f)} ) {ﬂoo} ) {Sl\uoo};

If H € ¢(S3), then the fibers Zﬁ)H — ZSI);H — Z&);H over H are canoni-
cally bijective to:

{Toayarepa} s {C\S"}, {CN\ S} U {Thapwre na} » {8" \ bt} {C7\ S} U
{Eronwem} s {tioo} s {C\S} U {Toapre o} 5 {C \ pise} , {57\ ptoo} U
{PAGCD(a’e,G)} s Aboo} {Sl \ Moo}

If H € ¢(S,), then the fibers ZF’BH — Zﬁ)H — Zfll)H over H are canoni-
cally bijective to:

{Esconwerma} s {Byr}, {CN\S"}U{Poenwersan} s {Pyaws} s {8 oo}

If H € ¢(Ny), then the fibers Zﬁ)H — Zﬁ)H — Z&)H over H are canoni-
cally bijective to:

{Tza)\“}7 {EA\Moo}7 {C*\Sl} U {E)\}’ {p“oo}7 {C*\Sl} U
{Tza)\“}v {P/\\Moo}’ {Sl\:uoi%} U {P)\}a {“00}7 {Sl\uoo}'



If H € ¢(N3), then the fibers Zﬁ)H — Zﬁ)H — Zfll)H over H are canoni-
cally bijective to:

{Tn} s B\ oo} {C\ S} U {E}, i}, {CT\ ST} U

{Tzf,)\f} ) {P/\\,uoo} ) {Sl \,uoo} U {P)\} ) {[]Joo} ) {Sl \:uoo}
Proof. Follows directly from formulas of the action of Ng(H)/H on a character

x of H above (equations . O

Lemma 4.6. If H € ¥11 \ (6(N1) U ¢(Na)), then the following subgroups
Hy € ¥y, are equivalent to H,:

Hy, = ¢((a,d, f,b+df,e — da)) for an arbitrary integer d.

Fibers Z1 1.1y, Z1.1; 1, over subgroups Hy, Hy can be canonically identified.
Proof. Since H, = HY for H; € ¥;, as proved in Proposition we need
to consider only subgroups Hs such that (H)? = Hy and X1|ugnm, = X5|ugnm,
for some element g € G.

If H = ¢((a,d, f,b,e)) € ¥11\ (¢(N1) U ¢(Nz)), then Hy is not normal
and the quotient G/Ng(H,) is generated by

1 000

lo1 10

971001 0

0001
Then it is easy to compute the parameters of conjugated subgroups:
Hy, = ¢((a,d, f,b+df,e—da)). If we denote non-central generators of Hy by
hi1, ha, then characters of the subgroups are related as follows: y2(h1) = x¥(h1),
x2(h2) = x1(h2) and x2(C) = x1(C). It gives a canonical identification of

fibers Z1 1. 1,, Z1.1, u, over subgroups H; and Hs.
O

5. THE CASE OF rk;(H) =2, rky(H) = 0.

Let us define a set
S ={(a,bye, f,0,e)€Z a4+ fb=0,a#0, f#0, |GCD(a,b,e)] =1, |GCD(f,¥,e)| =1}.

Lemma 5.1. There is a canonical bijection ¢ from S to Xog. It maps a tuple
(a,b,e, f',b,€) to a subgroup H, generated by the following matrices

1 ab 0 10V 0 1 001
01 0 e 01 0 ¢ 01 00
h1—0010’h2—001f”c_0010
0001 000 1 0001
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Moreover, for every H € ¥a,, a subgroup H is abelian.
We can extend the bijection ¢ to the map from

(C)? ¥ {C" \ pio} = {(t, 5, A) | A ¢ pioc}
to Y50, 4(a), Which is defined as follows:

= X(hl)v §= X(h2)7 A= X(O)

Proof. The proof goes as follows. First, we prove that if H € ¥y, then H
is generated by hq, hy, C' in the form above. After that, we prove that H is
abelian. After that, we obtain conditions for hq, hy that the corresponding
subgroup H is isolated. Then we study characters xi,x2 : H — C* which
correspond to equivalent irreducible weight pairs (H, x1) and (H, x2). Finally,
we obtain conditions for a character x that (H, x) is an irreducible weight pair.

Let us denote by hy, he two generators of H/H N [G,G|. Since rko(H) = 0,
it follows that the commutator [hy, he] is in the center of G. If x(C) is a
root of unity, then we can extend a weight pair (H,x) to (H’,x’) with the
rank rko(H’) = 2. Hence if x(C) is a root of unity, the pair (H,x) is not
irreducible. Then x(C') is not a root of unity, and h; and hy commute. Then
generators h; and hy have the following form:

Labo 10V 0
010 e 010 ¢
m=loo 10| 2=loo 1y
0001 000 1

such that ae’+ f’b = 0. The last condition follows from the equality [hy, ho] = 1.
Since H is abelian, then by Lemma it is isolated.
The conditions for generators h; and ho that H is isolated are easy to

compute in this case. They are the following ones: GCD(a,b,e) = 1 and
GCD(f",V,¢e) = 1.

Now for every H € Yy, we need to describe the fiber Y5 . .
For all subgroups H € ¥, , the quotient Ng(H)/H is generated by

1010 1000
o100 o101
=100 10| 27100 10

000 1 000 1

The action of g1, g2 on a character y is as follows:

@)

X (h1) = x(h)N', X9 (ha) = x(h2)

X% (h) = x(h1),  x%(ha) = x(h2)A™".
17
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We can see that the action above is free if x(C') = X is not a root of unity,

which means that corresponding representations are irreducible.
O

Let us denote by Zfd}}{ ={{t € C*, A ¢ ux}/ ~}, by 22(,26;2}{ = {{s €
C*, M ¢ po}/ ~} and by ZS&H = {\ ¢ i}, where ~ is defined in [2.12

Corollary 5.3. If H € Xy, then the fiber Zyo. u of Zay over a subgroup H
has the following iterated structure of a bundle, namely:

2,1 1 2,2 1
Zé,[);}{ — Zé,(z;H ) Zé,O;}I — Z2(,O);H‘

We describe fibers of these bundles consecutively in coordinates (t, s, \).

{Ex} . {Bx}, {C\S' U APy} (P}, {57\ oo}

Proof. Follows directly from Ng(H)/H action on a character y of H above

(equations [5.2)). O

Lemma 5.4. If H, € Yy, then the following subgroups Hy € X9 are equiv-
alent to Hy: B . B

Hy = ¢((a,b—ad,e, f,V, e + f'd)) for an arbitrary integer d.

Fibers Zao. 1y, Za0; 1, over subgroups Hy, Hy can be canonically identified.

Proof. Since H; = H;, by Proposition we need to study only such sub-
groups H, that there exists an element g € G such that (Hy)? = H; and
Xilugnm = X3lagnm, - If Hi € Xap, then the quotient G/Ng(H,) is generated
by

1000
o110
9710 0 1 0

000 1

Then it is easy to observe that conjugated subgroups are
o((a, b — a d, e, f', U, ¢ + f CZ)) If we denote non-central gen-
erators of Hy by hy, hs, ‘then the characters of the subgroups are related
as follows: xa(h1) = x{(h1), X2(h2) = x{(h2) and x2(C) = xi(C). It
gives a canonical identification of fibers Zs . #,, Z20. n, over subgroups H;

and Hs. OJ
18



6. THE CASE OF rky(H) = 2, rky(H) = 1.

Let us define sets Sy, .S5.
S1={(a,e,d,e')€Z*|a+#0,d#0and |GCD(a,e)| = 1, |GCD(d, )| = 1}.
Sy ={(a,e,d,e') € Z*|a#0, d# 0and |GCD(a,e)| = ki, |GCD(d’,€")| = ka, |kiks| > 1}.

Lemma 6.1. There is a canonical bijection ¢ from Sy U Sy to Xa. It maps
a tuple (a,e,d’,€') to a subgroup H, generated by the following matrices

1 a 00 100 0 1001
01 0 e 01 d ¢ 0100
I = 0010 , he= 00 1 0} C= 0010
0001 00 0 1 0001

If H € ¢(Sy), then we can extend the bijection ¢ to the map from

(C)? % pny X {C \ oo} = {(t,r,2,0) | 2°¥X% =1 and A ¢ poo}
to Yo, which is defined as follows:

t=x(h), r=x(ha), z=x(hs), A=x(C).
If H S #(S2), we  can  extend the  bijection ¢
to  the map  from (C*)? x uxy x {C* \ s} =

ae m

{(t,r,2,\) | 22X = 1, the minimal natural m that hm R = 1
equals |kika|, and X\ & pio} to Yo i, g, which is defined as above.

Proof. The proof goes as follows. First, we prove that if H € X5, then its
generators may be chosen in the form given in Lemma [6.1 Then we study
characters x1, x2 : H — C* which correspond to equivalent irreducible weight
pairs (H, x1) and (H, x2). After that, we obtain conditions for a character x
that (H, x) is an irreducible weight pair.

Let us denote the two generators of H/HN[G, G| by hy, hy. If x(C') is a root
of unity, then we need to extend the weight pair (H,y) to the pair (H',x)
with the rank rko(H’) = 2. Hence x(C) is not a root of unity. Let us denote
by hs the generator of H N [G,G]/Z(G). Let us first consider generators hy
and hy in the following (general) form:

1 a b 0 1 ad bV 0
01 d e 01 d ¢
=10 o 1 f o he =10 0 f!
000 1 00 0 1

If d = d = 0, then the commutator [hi, ho| is in the center of the group

G. But then [hy, hs] and [hg, h3] can not both be unity, hence x(C) is a root
19



of unity, which contradicts the earlier statement. Then either d or d’ is not
zero. Hence, the commutator [hy, ho] = h5C™ for some integers k,n. Then
x(hs)®x(C)* =1 (in particular, if ¢’ = 0 we obtain that x(hs3) is a root of
unity). Besides, [h1, hs] = [ho, h3] = 1, otherwise [hy, h] and [hs, hs] are in the
center of the group G, and x(C) is a root of unity. Then the generator hz has
to be proportional to [hy, hyl, that is, to the element

1 0 —a 0
01 0 f
00 1 0
00 0 1

From [hy, hs] = [ha, hs] = 1 we obtain that either f = f' =0 or a =a' = 0.
Let us consider the case of f = f’ = 0 (the other one is treated similarly, if
we put integer parameters f = a, b =e, b’ = ¢€). Since [hy, ho] = hEC™, the
generator hg has the following form:

1 00 0
01 0 0
hs=10 0 1 0
00 0 1
But the element
1 010
01 00
0010
0 0 01

belongs to C(H). Then by Remark [2.6] it coincides with hs.
So we can have generators h; and hy in the following form (dividing h; and
hy by hY and hY correspondingly):

1 a 00 100 0
01 0 e 01 d ¢
h1_0010’h2—0010
0001 00 0 1

A subgroup H in this case is not necessarily isolated. Namely, it is not
isolated if |GCD(a,e)| > 1 or |GCD(d,¢)| > 1.

Now for each H € Y3, we describe the fiber Y5 1. g.

For all subgroups H € ¥, the quotient Ng(H)/H is generated by
20
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The action of g on a character x is as follows:

(6.2) X/ (h1) = x(h)A™ X(h2) = x(h2), x?(hs) = x(hs).
If |GCD(a e)| = ki, |GCD(d,e¢)| = ko, |kiksl > 1, and

m2
(hg)kle X(C)Fik2 ks = 1 for an integer m, then the elements h., g and h,?
belong to C(H) \ H. It contradicts irreducibility of corresponding induced
representation.
Thus, we can see that given the conditions for a character y of H formulated
in Lemma|6.1], the action above is free. Then corresponding representations
are irreducible. U

Let us denote by Z2211}1 HEN) [t e C AN ¢ uot/ ~}, by Z2111H {re

C}, by Zy7y = {{(z.\) | 2 € C*, A ¢ o}/ ~} and by Z557) = {\ ¢ o},
where ~ is defined in 212

Corollary 6.3. If H € X3, then the fiber Zy1.m of Zs1 over a subgroup H
has iterated structure of a bundle, namely:

2,1 1,2 1,1 2,2 1,2
Zé,l;%—[ - Zé,l;}-l ’ ZQ(,l;}I ) Zél 3’-[ - Z2( 1;3‘[‘

We describe fibers of these bundles consecutively in coordinates (t,r,z,\):

{E/\“}J Cr y Mad {(C*\Sl} U {P)\a} ) C y Mad {Sl\/fl’oo}

Proof. Follows directly from Ng(H)/H action on a character y of a subgroup

H above (equations [6.2).
We obtain the value of z = ()\*“e')ﬁ from 204 )¢ = 1. OJ

Lemma 6.4. If H1 € X1, then the following subgmups are equivalent to Hy:
Hy = ¢((a,e,d' e —d'f)) for an arbitrary integer f.
If H, € gb(Sg), then there is also a finite set of subgroups which are F'-
equivalent to H;.
Fibers Zs 1, 1, and Zs 1, g, over equivalent subgroups may be identified canon-
cally.
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Proof. First, by Proposition [2.16](i)] we consider G/Ng(H;) action on H;.
The quotient G/Ng(H7) is generated by

1000
o100
9710 0 1 1

0001

It is easy to compute that conjugated subgroups are ¢((a,e,d’, e’ —d'f ). Let
us denote generators of Hy, which generate H/ (H2 NG, G) by hi, hy, and
we denote by hs the element which generates (H2N|[G, G]) /Z ( ). Then char-

acters of the subgroups are related as follows: Xz(hl) =X (hl), XQ(;LQ) =

X1<h2> x2(hs) = xJ (hs), and x,(C) = x1(C). It gives a canonical identifica-
tion of fibers Zs 1.y, and Zs 1, g, over subgroups H; and H.

If Hy € ¢(Ss), then H; is not isolated. By Proposition [2.16](ii)] we need to
consider also equivalent irreducible weight pairs (Hy,x1) and (Hs, x2) such
that H; = H; and H; # H,. Clearly, we can only possibly extract roots from
generators h; and ho,. The condition pod yae'  — (which here stands for
X1([h1, ho]) = 1) holds as well for H, since hg = hs, x1(hs) = xa2(hs) = z and
X1(C) = x2(C) = A. Let us denote GCD(a,e) = k; and GCD(d',¢’) = k.
Then for every divisor m; of ki, a subgroup ¢((ml, e, ,d'my,e'my)) with a

character xy defined by xi(h1) = Xg(hl) , X1(he)™ = X(hg) is F-equivalent

to Hy. Similarly, a subgroup ¢((ams, ems, fb—;, ni—;)) with a character y, defined

by xi1(h1)™ = X(ill), X1(h2) = X(ilz)mQ is F-equivalent to H;.
[

7. THE CASE OF rki(H) =1, rky(H) = 2.

Let us define sets S1, S5, S3, and A.
Sy ={(a,d, f,be,t/, )€ Z |a#0, f#0, € #0, 6 #0, b <|V], le| < ||},
Sy ={(a,d, f,b,e,0/,e) €L a#0,d#0, f=0,¢#0,0=1,b=0, |e| < |¢| },
Ss = {(a,d, f,b,e,t/,¢') € Z|a=0,d#0, f#0,V #0,¢ =1, |b| <[], e =0},

A={(a,d, f,be,t,)e€Z |a=f=0,d=1,b=0,e=0 =1, ¢ =1}
Let N = GCD(|a€¢'|, |fV']).
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Lemma 7.1. There is a canonical bijection ¢ from S; U Sy U S3 U A
to X12. It maps a tuple (a,d, f,b,e,V,¢") to a subgroup H, generated by the
following matrices

1 a b 0 1000 0 100 0 10
01 d e 01 00 01 0 ¢ 01
001f’h2*001o’h3*0010’0*00
00 01 0 0 01 000 1 00
If H € ¢(S1) U ¢(S2) U ¢(S3), we can extend the bijection ¢ to the map
from

C x {C" \ pioo} X {C"\ e} x {un} = {(t, 2,0, N) | 2, w ¢ poo, A¥ =1}

to Y12, m, which is defined as follows:

t=x(h1), z=x(ha), w=x(hg), A= x(C).

If H € ¢(A), then H is abelian (and there is only one such a subgroup). We
can extend the bijection ¢ to the map from

C X H{C \ oo} X {C \ pioo} X C = {(t, z,w,A) | 2, w & pioc} U
C'xC"'xC" x{C"\ oo} ={(t, z2,w, A) | A & 1o}

to Y1 2. m, which is defined as above.

Proof. The proof goes as follows. We consider cases of non-abelian subgroups
and the abelian subgroup separately. We study characters xi,x2 : H — C*
which correspond to equivalent irreducible weight pairs (H, x1) and (H, x2).
Then we obtain conditions for a character x that (H, x) is an irreducible weight
pair, and we compute the fiber Y; o. y over a subgroup H.

Clearly, a subgroup H with ranks rki(H) = 1, rky(H) = 2 can be generated
as follows:

1 ab o0 100V 0 1 000
01 d e 01 0O 01 0 ¢
h1_001f’h2—0010’h3—0010
0001 000 1 000 1

We have x([h1, ha]) = x(C)Y = 1 and x([h1, hs]) = x(C)* = 1. From
irreducibility criterion S(H, x) = H we conclude that ', ¢’ have to be minimal
natural numbers satisfying the condition x(C)/*" = x(C)*" =1 (otherwise we
can extend the weight pair). Obviously, integers &' and e’ have to be non-zero
and |b], |e| may be chosen to be smaller than |b'|, |¢/|. If f =0, then b’ =0
from the condition S(H,x) = H, and hence b = 0 (similarly for a = 0 we have
e=0).

(i). First, let us consider the case of a subgroup H € 312\ ¢(A). Then either

a # 0, or f# 0, and hence, x(C) is a root of unity. Let us consider the first
23
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case with a # 0 (the other one with f # 0 is treated similarly). If d = 0 then
the weight pair may be extended to the one with ranks rk;(H) = rko(H) = 2.
Hence, d is non-zero.

In this case, the quotient Ng(H)/H is generated by

1000 100 0
lo1 a0 ~lo 10 0
=10 o 10|l #27loo01 7]

000 1 000 1

where d’' in ¢; is such a minimal natural number that ad’ is divisible by 4" and
fd' is divisible by €', and f’ in ¢, is a minimal natural number that f’d is
divisible by €.

In this case a subgroup H is not necessarily isolated.

Generators g1, go act on a character y as follows:

X7 () = x(h)x(ha)™ % x(hs) ™,

X7 (h2) = x(h2), X7 (h3) = x(h3)

and

X (h) = x(ha)x(hs) ™7 3 (C) ',

X% (ha) = x(ha)X(C)™"7", x%(hs) = x(hs).
From irreducibility criterion S(H,x) = H we obtain that neither x(hs) nor

X(h3) is a root of unity, otherwise we can extend the weight pair (H,x) to
the weight pair (H',x") with rky(H’) = rko(H') = 2. If these conditions are
satisfied, then the action above is free, and corresponding representations are
irreducible.

(ii). Now let us consider the case of the abelian subgroup H € ¢(A) (all
the other cases were proven to correspond to non-abelian subgroups). Since
[h1, he] = [h1, hs] = 1, we have a = f = 0 for a generator h; in the following
form:

1 a b 0
01 d e
001 f
0 001

From Lemma [2.10] it follows that since H is abelian, it is isolated. Hence,

generators of H have the following form:
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1000 1010 1000
0110 0100 0101
h1_0010’h2_0010’h3_0010
000 1 000 1 000 1

Since Ng(H) = G, the quotient Ng(H)/H is generated by

1100 1000

o100 o100

=100 10| 27| o011

000 1 000 1

Then g; and g9 act on a character y as follows:

X (h) = x(h1)x(ha), X' (h2) = x(h2), X" (hs) = x(h3)A

and
X%2(h1) = x(h)x(hs)™",  xP(ha) = x(h2)X™", X% (hs) = x(hs).

Then from irreducibility criterion S(H,x) = H we obtain that x(hs), x(h3)
or x(C) is not a root of unity. If these conditions are satisfied, then the action
above is free, and corresponding representations are irreducible.

O

Let us denote by ZfQQ)H ={{(t,z,w,\) | t € C*, z,w € {C*\ poo}?, MV =

1}/ ~} by Zia g = {(zw. ) | 2w € {C°\ p}?, AV = 1}, where ~ is
defined in 2.12
Let us denote by Z£,22),ab;H ={{(t,z,w,\) |t € C*, zorwor A ¢ ux}/ ~},

by Zg’ab;H ={(z,w,\) | zor wor A\ ¢ e}, where ~ is defined in [2.12

Corollary 7.2. If H € ¥, 5\ ¢(A), then the fiber Z1 9.y of Z1 2 over a subgroup

H has the following iterated structure of a bundle, namely:
2 1
Z£,2);H - ZiQ);H‘

We describe fibers of this bundle consecutively in coordinates (t,z,w, \).
T ad’! LJ

26w el w%)\bf’ ’ {C*\'uoo}7 {C*\ NJOO}’ {H’N}’

If H € ¢(A), then the fiber Z1 5. i of Z1 2 over a subgroup H has the following
iterated structure of a bundle, namely:

(2) (1)
2y s abtr — 213 ab 1
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We describe fibers of this bundle consecutively in coordinates (t,z,w, \).
Tew s {Ex\ b}, {Ex\ b}, {C"\ S} U

Tow s {Px\ s} 5 {P2\ fico} {Sl\:uoo} U
{E:}, {Bx\ foo} » {EXx N oo}, {C\S"F U
{E.}, AP\ \ hoo} s {PxNpise} 5 {S"\ o} U
{Eu} . {BAN ko) s {Bx\ oo}, {C\ S} U
{Eo} AP0 psc} s {PA\ oo} {S"\ oo} U
{C}, {BAN oo} » {ExN oo}, {C*\ S} U
{C*} ) {PAmMoo} ) {PAmMoo} ) {Sl\:uoo} U
{Tow} s {C" \ oo} s {C" \ o} s {fioc} U
{Tow} s {C \ oo} 5 {C\ o} 5 {ftoo}-

Proof. Follows directly from Ng(H)/H action on a character y of H above.
O

Lemma 7.3. If H € 15\ ¢(A), then there are only subgroups, which are
F-equivalent to H (finitely many subgroups).

If H € ¢(A), then the corresponding subgroup is abelian and normal, and it
15 not equivalent to any other subgroups.

Fibers Z 9, 1, and Zy 9, g, over equivalent subgroups Hy and Hy may be iden-
tified canonically.

Proof. Let us consider Hy € ¥15 \ ¢(A).
Since Ng(H;) = G, by Proposition 2.16](ii)] we consider only equivalent
irreducible weight pairs (Hy, x1) and (Hs, x2) with H = Hy and H, # H,.
We can only possibly extract roots from generators hy, ho, and hz. Then if
there is an element g; € G\ H; such that g = hy, then by Proposition M[(u)]
for any divisor m; of k; there exists a finite set of exponents of generators ho
and hg such that S(Hs, x2) = Hs. Since 9127/ = hy and g5 = hs, where

g2 =

S O =
oo = O
O = O =
_— o O O

0

then for any divisor my of b’ and any divisor ms of €/, there also exists a finite
set of corresponding exponents. We omit concrete expressions of parameters
of equivalent weight pairs for their cumbersomeness (but they are easy to
compute).
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Since a,d, f, U, €' are fixed, once we fixed the exponents of generators of
H, there are only parameters b < [b'| and e < |¢/| , which yet can produce
equivalent irreducible weight pairs. Let us consider Hy = ¢((a,d, f,0,0,,¢'))

e

with a character y, defined by ys(hi) = X1(h1)X1(h2)_b%X1(h3)_? and
X1((ha, h3,C)) = x2((ha, hs, C)). Then Hi = Hj and xi1|m,nm = X2
All such irreducible weight pairs are F-equivalent.

If H € ¢(A), then the corresponding subgroup H is normal and abelian.
Hence, H is isolated, and by Proposition the weight pair (H,x) can not
be equivalent to any irreducible weight pair with a different subgroup H,.

H{NHy-

O

8. THE CASE OF rky(H) =2, rko(H) = 2.

Let us define sets Sy, .55, 53 and Sjy.
Sy ={(a, f,be,d,f b, b e)eZ®|a#0,d#£0, f'#0, f#0, 0" #0, " #0,
d'f e, daid, (b <[V, le] < e[, [V'] < [b"], €| <"},
Sy ={(a, f,b,e,d, f,V, 0" )L |a#0,d#0, f=f =0 ¢ #0,1 =1,
b=0=0, le| <[e"], [e] <e"[},
Ss = {(a, f,b,e,d, f b, b e)eZ®|a=0,d#0, f'#0, f=0,¢" =1, #0,
e=¢ =0, [b] <|b"], [b] <[b"[},
Sy={(a, f,b,e,d, f,0,e b e)eZ0 a0, ff#0,d =0,V #0,
" #0, [b] <[V, le] < [e"], [b'| < V"], [e] < [e"[}.

Let N = GCD(fV", f'b",ae”). Let us denote by C,,, the following curve:
{w%z%)\“e'J“bf/_b/f =1|zwe (C) zorw ¢ jse, \V =1}, Let
us denote by C, . sing the following manifold: {w,z € C,, such that z €
foo and w € {S'\ us} }. Let Ny be a minimal natural number such that if

2\ = 1, then 2™ = 1. Let N3 be a minimal natural number such that if

W N = 1, then w™s = 1.

Lemma 8.1. There is a canonical bijection ¢ from S; U Sy U S3 U Sy to
Yoo. It maps a tuple (a, f,b,e,d, f',0 € b ") to a subgroup H, generated
by the following matrices

1 ab 0 100V 0
01 0 e 01 d €
h1_001f’h2_001f"
0001 000 1
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1 00 0 100 1 00 1
01 0 0 010 ¢ 0100
h3_oo1o’h4_oo1o’0_0010
00 0 1 000 1 0001

If H € ¢(S1), we can extend the bijection ¢ to the map from

—df -

C"xC*" x Cuyp x uny =A{(t,s,z,w,\) | w L T Nae+O Y E 1, A€ un}
to Ys0. g, which is defined as follows:
t=x(h), s=x(ha), z=x(hs), w=x(hs), A=x(C).
If H € ¢(S2), we can extend the bijection ¢ to the map from

—d'a

C* x C" X pn, X {C"\ oo } X fraer = {(t, 8,2z, w0, \) | 2777

R

to Yoo, i, which is defined as above.
If H € ¢(S3), we can extend the bijection ¢ to the map from

—d'f

C*XC* < {C"\ proo } X g X ppyr = {(t, 8,2, w0, A) | w™”

\OFVF 1, A€ g}

to Yoo, i, which is defined as above.
If H € ¢(S4), we can extend the bijection ¢ to the map from

C*'XC" X {C\ pioo} X C* x uy ={(t,8,2,w,\) | 2 or w & oo, X\ E un}
to Yoo i, which is defined as above.

Proof. The proof goes as follows. We consider separately cases of
H € (¢(S1) U ¢(S) U ¢(Ss)) and the case of H € ¢(Ss). Then we
study characters x1, x2 : H — C* which correspond to equivalent irreducible
weight pairs (H, x1) and (H, x2). Then we obtain conditions for a character x
that (H,x) is an irreducible weight pair, and we compute the fiber Y5 5. 5.

(1). If H € ¢(S1), ¢(S2) or ¢(S;), then all cases of such subgroups are
treated similarly, and without loss of generality we consider the case of a
subgroup H € ¢(S51).

If H € ¢(S1), then a subgroup H can be generated as follows:

1l ab 0 100 0
01 0 e 01 d ¢
h1_001f’h2—001f"
0001 000 1
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1 00 0 1 00
01 0 0 01 0 ¢
=1oo 1 0] MTloo1 o0
00 0 1 000 1
Since [hy, hy] = h3'hj2C™ for some integers mi,ng,ng, we obtain that
df i € and da i V. Clearly we can generate H with parameters of

generators satisfying |b] < |b7|, |e| < |e”], [b'| < [b"], |€/| < |€"|.
We have
(8.2) X([hi; ho]) = wert L T \ad fad f+ae +bf ] _ 1,
X([he hsl) = A =1, x([ha, ha]) = A" =1,
X([hz, hS]) = )\_f/b// _ 1
Since d'f: €”, d'a b and NCCPUSN" = \ae” — 1 we have A\~ad/—od'/" = 1,
Then

(8.3)
N[, ha) = w it o5 o T e S S g VS

The quotient Ng(H)/H is generated by

o O
o = O

0
B 0
9= 1

— -, O O

000

where f is the minimal natural number such that fd’ is divisible by e”.
The generator g acts on a character y as follows:

X (ha) = x(h)A™ x9(ha) = x(ha)x(ha) =7 A~V

and
X (hs) = x(ha) AT x9(ha) = x(ha).

Then from irreducibility criterion S(H,x) = H we obtain that the
central character y(C) is a root of unity of order N, where N =
GCD(f'b",ae", fb") = 1.

From the equation [8.3) we obtain conditions for w and z defining N, and
Njs. If both z and w are roots of unity, then the weight pair extends to the
one with rky(H) = 3. Then for all three cases of ¢(S1), ¢(S2) and ¢(S3) we
have Zy 9.1 C {C* X C* X 1o X {C*\ ploo} X pio} (concrete formulas are in
Lemma [7.1| formulation).

(ii). If H € ¢(S,), then a subgroup H may be generated as follows:
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1 a b 0 100 0
010 e 010 ¢
h1_0010’h2_001f"
0001 00 0 1
1 0 0 0 100 0
01 0 0 01 0 ¢
h3—0010’h4_0010
00 0 1 000 1

Then we have

X([h1, ho]) = X2+ =1,
X([h17h4]> = )‘aeﬁ = 17

X([ha, hs]) = A" = 1.
The quotient Ng(H)/H is generated by

g:

o O O
o O = O
[l S )
—__ o O

where d is the minimal natural number such that da is divisible by 4" and df’
is divisible by e”.
The generator g acts on a character y as follows:

f'd
- ell

X(h1) = x(ha)x(hs) ", x7(ha) = x(ha)x(ha)

and

X (h3) = x(h3),  x?(ha) = x(ha).

Then from irreducibility criterion S(H, x) = H we obtain that the central
character x(C) is a root of unity of order N, which was defined earlier.

If both z and w are roots of unity, then the weight pair extends to the
one with rky(H) = 3. Thus, if H € ¢(S4), then Zo 5 is bijective to
{C* x C* x {C* \pioo} XC* x un} =A{(t,s,z,w,\) | zor w & oo, X\ € pin}.

U
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Let us fienote by 22(22)H =  {{ts,zw ) | t, s €
(C*)2, | w%z$)\a€'+bf’—b’f — 1, A € uy}/ ~} and by Z§12);H
{(z,w, \) |w%”fz$)\“e'+bf/_b'f =1, X\ € un}, where ~ is defined in [2.12]

Corollary 8.4. If H € ¢(S1), then the fiber Zy 9.y of Zao over a subgroup H
has iterated structure of a bundle, namely:

(2 (1)
ZQ,Q);H — Zys. 1

We describe fibers of this bundle consecutively in coordinates (t, s, z,w, \):

* *
C 7Eﬁpcz,w;/JJNUC 7Pﬁ70z,w,singa,uN;

w ell w ell

If H € ¢(Ss), then the fibers 22(,22);H — Z§12)H over H are canonically bijec-
tie to:

C* ) E # y MNg {C*\Sl} y Hae” U C*7 P # y MNy {Sl\ll’oo} y Hae's

If H € ¢(Ss), then the fibers Z2(,22);H — Zélz)H over H are canonically bijec-
tive to:

E g, €, {C\S} pny s pyr U P ay , € {S" \hoo} s by s pagrs
If H € ¢(S4), then the fibers Z2(22)H — Z§12)H over H are canonically bijec-
tive to:

E gy By ACNS'Y{CNSY iy UP gy By, (8"} (CAS'} . i U

zb

E g, , P af {C*\S’l}7 {Sl\ﬂoo}a MNUPZ% , P a7 {Sl\,uoo}7 {Sl\ﬂoo}7 pun U

z bl

C*7E#>Moov{(j*\sl}vlul\fUE%vC*’{C*\Sl}aVJOO>MNU
C*vpgauma{sl\uoo}aﬂNUpz%7C*7{Sl\Mm}aumaﬂN-

Proof. Follows directly from Ng(H)/H action on a character y of H above.
U

Lemma 8.5. If H € X9, then there are only subgroups, which are F'-
equivalent to H (finitely many subgroups).
Fibers Zs 9. i, and Zs . g, over equivalent subgroups Hy and Hy may be iden-
tified canonically.
31



Proof. Since Ng(HY) = G, by Proposition [2.16[(ii)] we need to consider only
equivalent irreducible weight pairs (Hs, x2) such that Hf = Hy and H; # H,.
Values of a character x; in this case have to satisfy the following conditions:

17

Af‘/b// _ AJt‘b// _ Aae _ ]—’

—d'y —d / ’
w e o N\ Y =

Let us denote GCD(f'b", fb",ae”) by N.

We can only possibly extract roots from generators hy, ho, hz, and hy. If
there is g; € G'\ H; such that ¢/ = hy, or g, € G\ Hy such that g5* = hy, then
by Proposition 2.16](ii)] for any divisor my of ki or ms of ks, there exists a
finite set of exponents of other generators such that S(Hs, x2) = Hs. Similarly,
for any divisor ms of &’ and any divisor my of €/, there also exists a finite set
of corresponding exponents. We omit concrete expressions of parameters of
equivalent irreducible weight pairs due to their cumbersomeness.

Since a, f,d', f',b",e" are fixed, once we fixed the exponents of generators of
Hy, there are only parameters b,0’ < |b"| and e, e’ < |¢”| which can be varied
to produce equivalent irreducible weight pairs. Since we have

—d’f —d’ / ! /
w b//a)\ae +bf b f — 1’

the expression ae’ + bf’ — ' f can not be changed modulo N, since i\N = 1.
Thus, if we replace b0 < |b’| and e, e’ < || by b,/ < |b’| and é,¢' < |e”|
such that

(a€ +bf —Vf) = (ae +bf — ¥ f)(mod N),
then there exists a corresponding character xs of a corresponding subgroup
H, such that x1|g,nm, = Xo|m,nm,- All such weight pairs are also F-equivalent

to the weight pair (Hy, x1) -
U

9. THE CASE OF rki(H) =3, rko(H) = 2.

Let S = {(a,bye,d V., f", 1/, " W' ") € T | a # 0, d # 0, [ #
0’ b/// # O’ e/// # O’ |b| < |b///|’ |€| < |€///|’ |b/| < |b///|’ |e/| < |€///|’ |b//| <
|b///" ‘6//’ < ‘6,//’}.

Let us denote GCD(f"b", ae” + bf”,ae) by N3, and let AV = 1. Let N,

be a minimal natural number such that 2™ = 1, if 25 A% =1, Let N; be

.. e 4T e
a minimal natural number such that w™? = 1, if w7 \'/" = 1.
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Lemma 9.1. There is a canonical bijection ¢ from S to X3o. It maps a tuple
(a,b,e,d' 0 e, f" 0" e b" ") to a subgroup H, generated by the following
matrices

1 a b 0 100V 0 100 0

010 e 01 d ¢ 01 0 ¢
h1_0010’h2_0010’h3_oo1f"’

0001 00 0 1 00 0 1

10 v 0 100 0 1001

01 0 0 01 0 ¢ 0100
h4_0010’h5_0010’c_0010

00 0 1 000 1 0001
If H € ¢(S), we can extend the bijection ¢ to the map from

C* X C* X C* X pup, X piny, X fing = {(t, 7,8, 2,0, A) | 2 € pn,, W E fin,, A E ln,}
to Ys 0. i, which is defined as follows:

t=x(h1), r=x(h2), s=x(hs), z=x(ha), w=x(hs), A=x(C).
Proof. It H € X35, then H may be generated as follows:

1 abo 1 0¥V 0 1 0¥
010 e 01 d ¢ 01 0 ¢
h1_0010’h2_0010’h3_001f’
0001 000 1 00 0 1
1 0 v 0 100 0
01 0 0 01 0 e
hi=1o0 1 0l m=loo1 o
00 0 1 000 1

Then we have
X[, hal) = 27 A = x(hy)™ = 1,
A(lha, ha]) = w NI = ()™ = 1.
We also have x(C)N* = A3 = 1, because
X([h, hg]) = A7 8" = 1,
X([hg, ha]) = A" =1

and
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x([hi, hs)) = A7%" = 1.

In this case, the quotient Ng(H)/H is clearly finite, and since Ni, Ny and N3
are chosen to be minimal natural numbers such that M = w™? = A" = 1, the
action of Ng(H)/H on characters is free. Hence, S(H, x) = H, and the cor-
responding representations are irreducible and finite-dimensional. Let us note
that this case is the only one of finite-dimensional irreducible representations,

all the others (cases 1 — 5) refer to the infinite-dimensional ones.
U

Corollary 9.2. If H € X3, then the fiber Zso. g over H is canonically bijec-
tive to:

C* x C" x C* X iy X Ny X JUN;-

Proof. Since in this case Ng(H)/H is finite, its action on a character x does
not change a conformal class of Y3 9. 1. ]

Lemma 9.3. If H € X35, then there are only subgroups, which are F-
equivalent to H (finitely many subgroups).

Fibers Zs . i, and Zs 9. g, over equivalent subgroups Hy and Hy may be iden-
tified canonically.

Proof. If Hy € Y35, then Hf = G. By Proposition [2.16](ii)] we need to
consider only equivalent irreducible weight pairs (Ha, x2) such that Hf = H}
and H; # H,.

Conditions for characters in this case are the following ones:

aNii 17 " 111
)\f b — )9 +bf — e — 17

we N =1 and 2N = 1.
Let us denote GCD(f"b"”, ae” + bf", ae’) by Nj.

We can possibly extract roots from generators hy, hs, hz, hy, and hs. If
there is g1 € G\ H; such that g]fl = hq, or g € G\ H; such that g’f = ho, or
gs € G\ Hy such that g5* = hs, then by Proposition M[(u)] for any divisor
my of ki or mo of ko or ms of k3, there exists a finite set of exponents of other
generators such that S(Hs, x2) = Hs. Similarly, for any divisor my of v and
any divisor my of €, there also exists a finite set of corresponding exponents.

Since a,d’, f”,b" " are fixed, once we fixed the exponents of generators of
Hjy, there are only parameters b, b, 0" < |[b"”| and e, €', " < || which can be
varied to produce equivalent irreducible weight pairs. Since we have

d' " 1 —d'a . 7 "
wam AN =1 and 2z AN =1 and ¢ T =1,
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the expressions b f”, —ae’ and ae” + bf"” can not be changed modulo N3, since
ANs = 1. So if we replace b, b,V < [V and e, ¢, e” < |€”| by b, V., b" < |b"]
and é,¢/,e” < |e"”| such that expressions above are unchanged modulo N,
then there exists a corresponding character xs of a corresponding subgroup
H, such that x1|g,nm, = Xo|Hnm,- All such weight pairs are also F-equivalent
to the weight pair (Hi, x1)-

O

10. THE MAIN RESULT

Thus, we have finally obtained:

Theorem 10.1. There is a one-to-one correspondence between the following
spaces:

1. The union of the total spaces of the following bundles: X113 — Ei1,
Xoo — S0, Xog — Z21, Xi2 — 12, Xog = S, and X3p — Z3.

2. A coarse moduli space of irreducible representations for the group of unipo-
tent matrices of order 4 with integer entries which have finite weight.

A map from X, ;, = 2,0, to the set of irreducible monomial representa-
tions is defined as follows:

(H,x) — indf(x).

The fibers of these bundles are given in Corollaries [4.5] 5.3} [6.3] [7.2] [8.4],
and Lemmas 4.6, [5.4] 6.4 B.5] 0.3} The definition of the bundle X, ,, —
Er . 18 given in

The fibers of the bundle Zyy, ;k, — 2k, 1k, are given in Table [I| below (see
the corresponding definition in .
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TABLE 1. Fibers of the bundle Z, 1k, — 2k, rks

rky | rke | Subset t ro|s z w A

1 1 925(51) Tzd)\a/e+,f/b+a/.f/d a E)\2a/f/ \ Hoo Cr \ Sl
1 1 ¢(Sl) Tzd)\u’e+f’b+a’f’d a P)\Zu’f’ \ Moo Sl \ Moo
I |1 |o(S) Eycepr et s/ora /a0 Hoo C\ s
1 1 925(51) P)\GCD(a/e+,f’b+a/,f/d,a) Moo St \ Moo
1 1 gb(Sl) Tzd/\a/s+f/b+a’f’d @ E)\2a’f’ \ Moo C* \ St
1 1 ®(S1) Tayaretsioralsia g Pyzaryr \ oo S \ Moo
1 1 925(51) E}\GCD(a/e-&-f/b-&-a/f/d«,a) Hoo C \ St
1 1 o(S1) Pycop(aret fiotar fra,a) Hoo S*\ foo
1 1 ¢(SQ) Tzd)\u’e+f’b+a’f’d a E)\2a/f/ \ Moo C* \ Sl
1 1 #(52) T ayaretrivralsia. o Pyaarsr \ oo S\ boo
L |1 | o(Ss) Eyceparet /ora /a0 Hoo C\ s
1 1 925(52) P)\GCD(a’e+f’b+u/f/d,a) Moo St \ Moo
1 1 ¢(Sg) Tzd/\a’e+f’b+a’f’d @ E)\2a’f’ \ Moo C* \ St
1 1 QZ5(SQ) T’Zd/\a/e+f’b+a’f’d7 a P/\Qa’f’ \/vLoo Sl \Mm
1 1 925(52) E/\GCD(a/e+f/b+a’f’d,a) Hoo Cr \ St
1 1 ®(S2) Pyacpare foral /a0 Hoo ST\ foo
T [1 | ¢(S;) Toarale ra C*\ ST C\ S
T [T [4(5) Toayare o ST oo Cr\ s
T [T [4(5) Tayare ra C*\ fioo ST\ fioo
1 1 qb(Sg) E/\GCD<a’e,a) Hoo C- \ St
1 1 gb(Sg) P)\GCD(a’e,a) Moo St \ Moo
1 1 ®(Sy) E\cepiaresfro.a) Eysargr C\ St
L |1 | o(Sy) Pycop(aet sb,a) Proary ST\ peo
I [T [é(M) .o pa B\ i C\ s
T [T | o) Toa o Py \ oo S*\ Hoo
T [T [4(V) E\ oo C*\ s
1 |1 [o(V) Py floo S\ foo
1 1 ¢(N2) Tzf)\f E)\ \ Hoo C \ Sl
L |1 | o(IVy) Toras Py\ froo S\ foo
L [1 [6(N) | B i c\ S
1 |1 [o(No) Py Hoo S\ foo
2 0 Yoo E/\f/ Eya C* \Sl
2 [0 [Xap Py Pha ST\ foo
2 1 a1 Eya C* Mad’ C*\ S!
2 |1 | Xy, Phe C* Pad' ST fios
L2 180 \o(A) | T sy sar ra C'\ oo [ C"\ pioo | v




1]2 (b(A) Tz,w EA \ Moo E)\ \ Moo C \ St
12 ¢(A) | Thw Py\ too | Pa\ floo | PA\ floo
1[2]¢(4) | E. Ex\ fioo | Bx\ floo | C*\ ST
112 ¢(A) | E. PA\UOO PA\UO@ Sl\,uoo
112 (b(A) Ew E,\ N Moo E,\ N Moo C* \ Sl
1]2]6(A) | E, PyNipioo | PxNipioo | ST\ foo
112 qb(A) (C* EAﬂ,uoo EAﬂ,uoo (C*\Sl
1]2]¢(A) |C* PyNpiso | PxNipise | ST\ fhoo
1|2 ¢(A> Tow Cc \ foo | C \ Hoo | Hoo
L2 oA) |T.w C\ fioo | C*\ ploo | Moo
2|2 ¢(Sl) Cr E d'f Cz,w Cz,w UN
22 ¢(Sl> C* P L”f" Cz,w,sing Cz,w,sing UN
22| ¢9(5) | C* E ;| C.u Cw UN
212 ¢(Sl> C P Llf Cz,w,smg Cz,w,smg HUN
212 ¢(52) C* E # N, C* \ Sl Hae!!
212 ¢(S2) C P af KN, St \:uoo Hae”
2121 0(5) | E v C C\SY | g [opbr
212 9(5) | P L C ST\ ftoo | ping Ko
212[6(S) [ E 40 E 4 [C\S' [C\S" |uw
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