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1 Introduction and summary

During the last years we have been experiencing a significant growth in understanding the
mathematical concepts leading to recursion relations for scattering amplitudes in quantum
field and string theory. A multitude of languages and approaches is available for various
quantum field theories, see for instance [4-11] and references therein. Recent progress on
string amplitudes in turn was driven by disentangling their polarization degrees of freedom
from moduli-space integrals over punctured worldsheets and finding separate recursions
for both types of building blocks. The low-energy expansion of string amplitudes exposed
by such recursions at tree and loop level contains a wealth of information on relations
between gauge theories and gravity, string dualities and counterterms including their non-
renormalization theorems. For the moduli-space integrals in open-string tree-level ampli-
tudes, a recursion based on the Knizhnik-Zamolodchikov equation was already identified
in ref. [12] based on refs. [13, 14] and later complemented by other methods put forward
in refs. [15, 16].

The problem of finding a one-loop (or genus-one) analogue of the open-string tree-level
recursions was long-standing. A first mathematical challenge was to thoroughly understand
iterated integrals on the elliptic curve and their associated special values, elliptic multiple
zeta values [17-20]. Then, the cooperation of mathematicians and physicists was instru-
mental to investigate and understand the relation of those iterated integrals to one-loop
open-string amplitudes and their differential equations [21-23]. The closed-string counter-
parts of these genus-one integrals lead to an intriguing system of non-holomorphic modular
forms [24, 25] that inspired mathematical research lines including refs. [26-30].

These structural considerations paved the way for two recent methods [1, 3] to system-
atically evaluate the integrals over punctures on the boundary of a genus-one surface order
by order in the inverse string tension o’. These integrals to be referred to as genus-one
configuration-space integrals' form the backbone of one-loop open-string amplitudes. Both
algorithms rely on differential equations of Knizhnik-Zamolodchikov-Bernard(KZB) type
on a genus-one surface with boundaries.

e In ref. [1], a KZB-type differential equation with respect to the modular parameter 7,
which encodes the geometry of genus-one surfaces, was established. Acting on a vec-
tor of generating functions for one-loop configuration-space integrals, the T-derivative
can be expressed as a linear operator that mixes the components in different vector
entries. In particular, this exposes finite-dimensional conjectural matrix representa-
tions of a special derivation algebra with corresponding generators €. Using Picard
iteration, the equation can be solved starting from a particular value which is conve-
niently chosen as the limit 7 — 700 where the genus-one configuration-space integrals
degenerate to their genus-zero counterparts with two additional legs.

e In ref. [3], a KZB-type differential equation with respect to the position of an aux-
iliary point zg was identified. Facilitating a vector of configuration-space integrals

"We distinguish moduli-space integrals over both the punctures z; and the modular parameter T of a
genus-one surface from the configuration-space integrals over the z; which are still functions of 7.



with the auxiliary point (genus-one Selberg integrals), a solution can be obtained
using the KZB associator: it relates two regularized boundary values, which emerge
when sending the auxiliary point to the poles of the differential equation in two
distinct ways. At one boundary value one obtains the one-loop configuration-space
integrals, while at the other boundary one recovers again genus-zero configuration-
space integrals with two additional legs. The main players in the construction are
infinite-dimensional matrix representations of an algebra with generators xj, which
can be cut off to finite size when calculating up to a certain order in the o/-expansion
of the string amplitudes.

The two algorithms relate open-string tree-level and one-loop amplitudes in the same way:
both are capable of determining the m-point configuration-space integrals at genus one
from (n+2)-point configuration-space integrals at genus zero. On the contrary, the repre-
sentations of the KZB equations and underlying algebra generators are quite distinct. The
relation between the two approaches can be best understood and investigated by consid-
ering a formalism combining the advantages of each of the previous methods: the central
object to be considered in this article is a length-n! vector of generating functions for pla-
nar n-point one-loop configuration-space integrals to be denoted by Z; ,, with an auxiliary
point zg: in particular

a) we will find an all-multiplicity expression for the r-derivative of Zg,, in order to
connect with the approach in ref. [1]. This will be an equation of the form

271—187— Za,n = (Dg,n({ek}) +B(7)-,n({x.7})) 6-77’1,7 k = 0747678?"'7 ..7 = ]‘? 27 37"‘ ?
(1.1)

where the operators Dfj,, and B, are n!xn! matrices with entries proportional to .

b) we will rewrite the formalism of ref. [3] in terms of the vector of generating series
Z; ,,, leading to finite-size matrix representations and an all-multiplicity expression
for the zq-derivative of Zg ,, of the form

02 Ly = Xgn({2k}) Zg, k=0,1,2,..., (1.2)

where X(, is a nlxn! matrix proportional to o/ as well. The constituents zj, are
related to the braid matrices that govern the genus-zero counterparts of Zg,, [31].

Hence, the generating functions Zj ,, of genus-one configuration-space integrals to be intro-
duced in this work furnish integral representations for solutions to the elliptic KZB system.
Having two differential equations (1.1) and (1.2) at our disposal, we can demand commu-
tativity of the two derivatives. This implies consistency conditions for the two classes of
algebra generators involved. We have checked on a case-by-case basis that our realizations
of the generators satisfy these relations.

In section 2 we are going to provide the mathematical and physical setting: we will
discuss genus-zero and genus-one configuration-space integrals contributing to tree-level
and one-loop open-string scattering amplitudes, respectively. This will set our conventions



and incorporate a review of general properties of configuration-space integrals, iterated
integrals and (elliptic) multiple zeta values. Section 3 is devoted to the discussion of
several types of differential equations allowing for recursive solutions: in subsection 3.1 we
review the genus-zero recursion from ref. [12] and bring it into the context of the later
genus-one results. In subsections 3.2 and 3.3 we discuss the 7-based and zy-based genus-
one recursions from ref. [1] and ref. [3], respectively. The central object to be discussed in
section 4 is the vector of configuration-space integrals Z; ,, with an auxiliary point. After
introducing the vector, we will perform the two steps a) and b) lined out above, resulting in
an all-multiplicity representation of the elliptic KZB system on the twice-punctured torus.
By considering the regularized boundary values for the elliptic KZB system, we will relate
the different approaches in section 5, before we conclude in section 6.

2 Open-string scattering amplitudes and configuration-space integrals

In this review section we will introduce several mathematical objects and concepts necessary
for the description of open-string scattering amplitudes at genus zero and genus one. Rather
than providing yet another thorough and detailed introduction, we will just mention and
collect the key concepts here and provide numerous links to elaborate discussions.

The structure of scattering amplitudes in open-string theories can be most easily cap-
tured and understood when disentangling the results from evaluation of a conformal world-
sheet correlator: the latter depends on the external polarizations through a kinematical part
which we will separate from the moduli-space integrals that encode string corrections to
field-theory amplitudes through their series expansion in o’. Moduli-space integrals are
dimensionless as they depend on dimensionless Mandelstam variables

Sivig. in = — 0 (kiy + ki + -+ kg, )2, 1<ip<n, (2.1)

where n denotes the number of external particles. Their integrands are calculated as con-
formal correlators of vertex positions z; on Riemann surfaces, whose genus refers to the
loop order in question. In the next two subsections, we are going to collect the basic for-
malism for the integration over open-string punctures at genus zero and one: tree level
and one loop, respectively. Since we do not perform the integral over the modular param-
eter 7 of genus-one surfaces in this work, the integrals over the z; will be referred to as
configuration-space integrals in contradistinction to the full moduli-space integrals entering
one-loop string amplitudes.

The Mandelstam variables defined above in eq. (2.1) are going to take a role as (com-
plex) parameters in the configuration-space integrals to be considered in this article. Natu-
rally, the convergence behavior of those integrals depends on the values of the Mandelstam
variables. Convergent integrals are obtained, when the Mandelstam variables are taken
to satisfy the conditions listed below, though one can analytically continue to different
regions. The conditions are formulated in terms of Mandelstam variables whose indices are
related to consecutive insertion points on the disk or cylinder boundary.

e For genus-zero configuration-space integrals, the issue of convergence was discussed
at various places, see e.g. refs. [32, 33]: tree-level configuration-space integrals con-



verge, if
Re(siyiy..i,) < 0 for all consecutive labels i1, 42, ..., 4., (2.2)

unless s;,4,..4, vanishes by momentum conservation.

e For the augmented genus-one configuration-space integrals Z ,,, we relax momentum
conservation and consider all the s;; with 7 < j as independent. Still, the above
condition (2.2) for convergence carries over to the genus-one configuration-space in-
tegrals, where the notion of consecutive insertion points is adapted to an auxiliary
puncture zg between z, and z;. The associated auxiliary Mandelstam invariant sg;
is furthermore taken to obey

Re(siyiy..i.) < Re(so1) < 0 for all consecutive labels (iy,42,...,4) # (0,1), (2.3)

which is no restriction in the applications to one-loop open-string amplitudes since sg1
will drop out from the final results. In the context of one-loop open-string amplitudes,
integrals of the type in Z ,, are analytically continued from their region of convergence
to physically sensible situations. The resulting singularities in the form of poles and
branch cuts have been for example explored in a closed-string context in ref. [34].

2.1 Tree level: genus zero

Calculating open-string amplitudes at tree level amounts to the evaluation of configuration-
space integrals on a genus-zero surface with boundary. The corresponding genus-zero
Green’s function is a plain logarithm

Gyj* = log |2i;] = G(05 |45]) (2.4)
of the distance
Zij = 2 T Zj (2.5)

of two insertion points. The notation G refers to the iterated integrals defined in eq. (2.10)
below. In the configuration-space integrals, the Green’s function appears in terms of the
genus-zero Koba-Nielsen factor

KNge, e (= 3 sughe) = [T lel ™. (2.6)

1<i<j<n 1<i<j<n

All configuration-space integrals for the calculation of open-string scattering amplitudes at
tree level can be expressed as linear combinations of the integrals [35-37]

dzp---dz KNtee
Z%(ay,a9,. .., ap|1,2,...,0) = / n 12..n 9.7
n ( 1, 42, ) n| ) 4y ) ) VOISLQ(R) Z12223"'2n—1n2n1’ ( )
—00<2q <...<Zap <00
where the labels ai,...,a, fix a certain succession of the insertion points on the

disk boundary. An independent cyclic ordering selects the permutation of the inverse



212223 * ** Zn—1n2n1, the so-called Parke-Taylor factor. For a given multiplicity and par-
ticular choice of the labels a; in the first slot, the collection of all integrals obtained for
all permutations of the ordering 1,2,...,n in the second slot is not independent: inte-
grals over different Parke-Taylor factors are related by partial fraction and integration by
parts [35, 36]. A convenient basis choice, which we are going to use throughout this article,
consists of fixing the position of three of the labels in the Parke-Taylor factor, for example

Ztree = (Z,tlree(al, az,...,an|l, o, n,n—l)) for o € P(2,3,...,n—2). (2.8)

For the choice of fixing the SLy(R) redundancy via (z1, z,—1, 2n) = (0, 1,00) and the order-
ing to (ay,asg,...,a,) = (1,2,...,n), the integrals are explicitly given by
[hicicjon— 2l ™9

Zree(1,2,...,n|l,0,n,n—1) = — / dzg -+ -dzp_o .
R1o(2)%a(2)0(3) " " Ro(n—3),0(n—2)

0<29<...<zp—2<1

(2.9)

The dimension, that is, the length of the basis vector Z"® for a fixed integration domain,
is (n—3)!, which is precisely the number predicted by twisted cohomology and BCJ rela-
tions [38]. The basis dimension follows from results in twisted de Rham theory [39], which
have been interpreted in a string-theory context recently [31, 40].

After taking its kinematic poles into account [33, 36, 41], a Z-integral as defined in
eq. (2.7) above is calculated by expanding the Koba-Nielsen-factor in o/ (cf. eq. (2.1)) and
then evaluating each iterated integral separately. In particular, each of the Z-integrals can
be expressed in terms of iterated integrals (multiple polylogarithms)?

le
21— a1

G(ay,az,...,a,;2) :/ G(ag,...,ar;21) (2.10)
0

with a; € {0,1} as well as G(;z) = 1 and z € C\ {0, 1}. For tree-level open-string integrals,
the outermost integration variable, e.g. one of the insertion points, can always be chosen
to equal one by fixing the volume of SLo(R) in eq. (2.7). Thus we will have to evaluate
integrals of type (2.10) at z = 1. Fortunately, all integrals appearing can be related to
well-known representations of multiple zeta values (MZVs) using the identity:

Gz, = 3 ki ™ k= (=1)"G(0,0,...,0,1,0,0,...,0,1,...,0,0,...,0,1;1).

0<k1<...<ky

Ny Nr—1 ni

(2.11)

The integrals defined in eq. (2.10) exhibit endpoint divergences if a, = 0 or a; = z.
Therefore, they will have to be regularized, which implies corresponding regularizations
for MZVs and may have an echo in the kinematic poles of the Z-integrals defined in
eq. (2.7). Throughout this article, we will always assume to work with regularized iterated
integrals. For instance, the multiple polylogarithms G(1,...;1) and G(...,0;1) in (2.10)

2Qur conventions for multiple polylogarithms agree with refs. [42, 43].
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Figure 1. Torus with A- and B-cycle (red and blue) and their images as boundaries of the
fundamental domain. The green line marks the additional cut necessary to obtain the cylinder and
Moebius-strip worldsheets for the open string as the parallelogram below if 7 € {R and 7 € iR + %,
respectively.

will be shuffle-regularized based on G(0;1) = G(1;1) = 0 which assigns regularized values
to divergent MZVs (2.11) with n, = 1 such as (; = 0 [44].

As an example, let us state the first couple of orders of the series expansion of a typical
integral Ztree:

7z (1,2,3,4,5/2,1,4,3,5)

1 545 815
= +G(l-—-—-—
512534 S12  S34

S45(834 + S45)  S15(s12 + S15)
— (3 +
S12 S34

— 2893 — S19 — 834> + O(SZQJ) . (212)

The analogous expressions for arbitrary orders in the o’-expansion of n-point disk integrals
can for instance be generated from the Drinfeld associator [12, 45] or Berends-Giele re-
cursions [15].> The Berends-Giele method in ref. [15] applies to Z-integrals with arbitrary
pairs of permutations Z(ay,...,a|b1,...,b,) whose decomposition in the (n—3)! bases
expanded in [12, 45] can be generated from the techniques in ref. [52].

2.2 One-loop level: genus one

The calculation of one-loop open-string amplitudes requires consideration of configuration-

space integrals on a genus-one surface with boundary. The latter can be constructed by

starting from a genus-one Riemann surface (an elliptic curve or torus) whose geometry is

usually parametrized by a modular parameter 7 € C with Im7 > 0. The two homology

cycles of the torus can be mapped to the boundaries of the fundamental domain of a lattice

Z + 77, where T is the ratio of the respective lengths of the B- and A-cycle (see figure 1).
Frequently, the modular parameter is used in an exponentiated version,

g = 2T (2.13)

which appears in the Fourier expansions of the 7 — 741 periodic functions to be used below.

3Explicit results at n < 7 points can be downloaded from ref. [46], and explicit all-multiplicity expressions
up to and including o’” can be generated from the code available to download from ref. [47]. Earlier work
on a'-expansions at n < 7 points including [16, 48-51] took advantage of connections with hypergeometric
functions.
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Figure 2. Insertion points for open-string configuration-space integrals on the cylinder can reside
either on one boundary only (planar case, left panel) or be located at both cylinder boundaries
(non-planar case, right panel). Following the parametrizations in [53, 54], the cylinder is obtained
from a torus with purely imaginary value for 7.

One-loop open-string amplitudes receive contributions from worldsheets of cylinder and
Meoeebius-strip topology which can be obtained from a torus through involutions described
for instance in ref. [53]. The cylinder worldsheet with two boundaries at Im z = 0 and
Imz = %ImT then arises from cutting the torus in two parts. When all insertion points z;
are located at one boundary only, the resulting situation is called planar, while insertion
points on two boundaries lead to non-planar integrals [54] (see figure 2).

The frameworks of elliptic multiple zeta values (eMZVs) [19] and elliptic polyloga-
rithms [17, 18] allow to systematically perform the integrals over open-string punctures
order by order in o [21]. For this purpose, the genus-one Green’s function for planar
open-string integrals is written as

Gl =T (3 l=isl [7) —w(1,007), (2.14)

see ref. [22] for their non-planar counterpart.* The corresponding Koba-Nielsen factor is
given by

KNiy , =exp < - Z Sz'jgiTj) ) (2.15)
1<i<j<n
in direct analogy with (2.6) at genus zero. The elliptic iterated integrals I'( ;!\ ; z|7) encoding
the z-dependence of the genus-one Green’s function (2.14) are generally defined by”
z
Tk ke ko)) :/ dey fD (21 — ayJr)T(R2 = B 2 |) (2.16)

al ag ar az -+ Qr
0

with I'(; z|7) = 1 and z € R. In the same way as MZVs can be obtained as special values
of iterated integrals on a genus-zero Riemann surface, see (2.11), one can relate Enriquez’
A-cycle eMZVs® as special values of the elliptic iterated integrals defined in eq. (2.16):

w(ki, kg, .. k|T) = T(Fr Fron Mg 7). (2.17)

4For integration cycles with insertion points on two boundaries, one can as well define a suitable version
of eMZVs, which is called twisted eMZVs [22] and described and explored in ref. [55].
appearing in f*)(z|7), the iterated integrals (2.16) by

Im 2
Im T

themselves are not homotopy-invariant but can be lifted to homotopy-invariant iterated integrals by the
methods of [18] (also see section 3.1 of ref. [21]).

Changing the integration path in eq. (2.17) to (0,7) in the place of (0, 1) gives rise to B-cycle eMZVs [19]
whose properties have for instance been discussed in refs. [56-58].

5Because of the non-holomorphic terms ~



The integration kernels f*)(z|7) in (2.16) are generated by a doubly-periodic version
of a Kronecker-Eisenstein series [18, 59],

Im 2\ 6'(0[7)0 Z+"7\T k=L ()
z,n|T) = exp | 2min ) " (=T 2.18
Oz, nl7) ( nr ) OG00) 2 M, (21)

where 6 is the odd Jacobi theta function and 6'(0|7) its derivative in the first argument.
The double-periodicities of the series and the integration kernels are

Qz,nr) = Qe41n|r) = Qz+rnlr), [P lr) = [P +1lr) = P atrir). (2.19)

Given the simple pole of 1) (z|7) = 9, log 0(z|7) + 2mii22 at z € Z + 7Z, the integrals in
eq. (2.16) and thus eMZVs exhibit endpoint divergences analogous to those in the tree-level
scenario. Throughout this work, we will employ shuffle-regularization based on the pre-
scription in section 2.2.1 of [21] which assigns the following g-expansion to the constituents

of the Green’s function (2.14),

w(1,0/7) = —¥ +2 f: %, (2.20)

(2mk
T(};2|7) = log(1 — ™) —imz + 2 Z — cos(2nkz)g" , z€eR. (2.21)

From this g-expansion, the asymptotic behaviour for 0 < z < 1 can be read off: the limit
z — 0 yields the logarithmic divergence

L({;2|7) = log(—2miz) + O(z) (2.22)
while for z — 1
[(§;2|7) =log(—2mi(1—2)) + O(1 — z) . (2.23)

Apart from the constant f(©(z|7) = 1 and f()(z|r) with a simple pole, the Kronecker-
Eisenstein series (2.18) generates an infinity of kernels f(*Z2)(z|r) that do not have any
poles in z. Hence, the genus-one case involves an infinite number of differentials instead of
the differential %’ referring to finitely many z; in the genus-zero scenario. Partial fraction,
omnipresent for manipulating products of % in genus-zero integrands, is now replaced by
the so-called Fay identity [60]

2k, M| T) 2k, Mol T) = Qzis Matm|7) 2215, M6|T) + Q2855 Natm|7) (252, Ma|T) - (2.24)

The three partial derivatives of the Kronecker-Eisenstein series (2.18) are related through
the mixed heat equation

2mi0- (2, n|T) = 0.0,Q(2,n|T), zeR. (2.25)



2.2.1 Z"-integrals at genus one

In analogy to the genus-zero integrals Z™® defined in eq. (2.7), let us now define a suitable
class of genus-one integrals for open-string amplitudes of the bosonic and type I theories [1],

ZT(1,a9,...,ap]1,2,...,n) = / dzg---dz, KNI,
0:z1<za2<...<zan<1
X Q12(n23..0)Q223(M3...0) - - - Q10 () (2.26)
where we will always fix translation invariance by setting z; = 0. When writing a
Kronecker-Eisenstein series where the first argument is of the form z;;, we use the shorthand
notation
Q(zij,nlT) = Qij(n) (2.27)
as well as
Mijk =1 + 05+ .o+ (2.28)

both of which will prove very handy below. Similar to the genus-zero case, the labels
1,a9,...,ay in the first slot refer to an integration domain. We have adapted (2.26) to
planar genus-one integrals (cf. eq. (2)), where (1,asg,...,ay) specifies a cyclic ordering of
insertion points on a single cylinder boundary.”

As a genus-one analogue of the so-called Parke-Taylor factor (z12--- zn,lmznl)_l in
eq. (2.7), the labels in the second slot of eq. (2.26) indicate products of the form

FEV g ) f W) (). (2.29)

The absence of a factor f(k")

n1  to close the cycle is reminiscent of Parke-Taylor factors in

an SLo-frame with z, — oo, where they reduce to open chains like (212223 - - zn_gvn_l)_l
as in eq. (2.9). Instead of individual products (2.29), the integrands in (2.26) involve their
generating series (2.18) where the combinations Z;L:Z n; of expansion variables are chosen

for later convenience.

As a major advantage of the generating-series approach, the relations between different
permutations of (2.26) take a simple form: by analogy with the genus-zero case, a basis of
integrands can be found by taking the genus-one analogue of partial fraction® into account,
the Fay identity (2.24).

"The integration domain in the non-planar situation is encoded by one cyclic ordering for both cylinder
boundaries which can for instance be addressed by two-line labels Z; (21028 [1,2,... n) as in [1].

8The genus-one analogue of integration-by-parts relations among Parke-Taylor factors in (2.7) does not
relate permutations of the products (2.29) for generic choices of k;. Instead, integration by parts at genus
one will play an important role in later sections to find differential equations for various Koba-Nielsen

integrals.
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While the Fay identities among the products in (2.29) shift the overall weight k1 + ko
between the two factors,

ko .
f(’fl)(t _ :B)f(kQ)(t) - _(_1)k1f(k1+1€2)($) + Z <k‘1 —jl + ]) f(k2—j) (l‘)f(k1+j)(t —2)

j=0
k1 .
.S (kz —jl + J) (= 1)k fU=0) () ko) () (2.30)

Jj=0

their series in (2.26) are simply related via eq. (2.24). After performing a simultaneous
expansion of (2.26) in o’ and n;, specific string integrals corresponding to particular inte-
grands in eq. (2.29) can be retrieved by isolating suitable coefficients.

2.2.2 Graphical notation

All configuration-space integrals for string amplitudes appearing in this article exhibit the
following features: they have a Koba-Nielsen-factor and a collection of integration kernels,
which are labeled by (at least) the difference of two vertex positions: z;;. Furthermore,
there are vertex positions z;, which are integrated over, and others, which remain unin-
tegrated. For the discussion to follow, it is useful to define a graphical representation for
the corresponding integrands, extending the graphical notation of ref. [45] to genus one:
we are going to represent each occurring label as a vertex and each integration kernel as a
directed edge

S o—ie—ei, Q) =i e—e, (2.31)

respectively.

In this graphical notation, both SLs-fixed Parke-Taylor factors (cf. eq. (2.7)) and the
integrals ZT with fixed cyclic symmetry at genus one (cf. eq. (2.26)) exhibit a chain struc-
ture. As will be elaborated on below, partial-fraction relations and their one-loop analogue,
the Fay relation (2.24), allow to reduce tree-structures to chain-structures. The Fay iden-
tity (2.24), for example, takes the following graphical form

i . i b . i Na A
1 \v/ J 7 T’ J 2 ’7 J
Mo M — Nad Nab 2.32
k k + k ( )

which is — not surprisingly — equivalent to the graphical representation of partial fraction
(here: (Zkizkj)_l = (zjizkj)_l + (Zijzk,;)_l):

i\l{j:ivjjj?j. 0.33)

The graphical representation of Kronecker-Eisenstein integrands described above will play
a major role in the calculations of section 4.
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2.2.3 eMZVs versus iterated Eisenstein integrals

For the A-cycle eMZVs (2.17), another representation as iterated integrals of holomorphic
Eisenstein series is available which exposes their relations over QMZV, (27i)~1]. While
eMZVs have been defined in eq. (2.17) in terms of special values of iterated integrals,
which featured repeated integration in insertion points z;, it is possible to write them in
terms of 7-iterated integrals. This is possible, because T-derivatives and z-derivatives of
their integration kernels are related by the mixed-heat equation (2.25). Further details in
converting the integrals into each other including integration constants at 7 — i0o can
be found in ref. [20]. Here we would like to limit our attention to writing down the basic
definitions and properties of two types of iterated Eisenstein integrals, which will be made
use of below [20],

7(k17 k?v v 7kT|Q)

1
= I / dlog ¢/ (k1 - kr1ld) G, (q)
0<q’'<q
1
= )y / dlog g1 G, (q1) dlogge Gp,(g2) ... dloggr G, (¢r)  (2-34)

0<q1<g2<...<qr<q

and for k1 #0

Yo(k1, k2, ... krlq)

1
=12 / dlogq" vo(k1,- .., k—1lq") G}, (¢)
0<q’'<q
1
= an?y / dlogqi G, (q1) dloggs Gy, (g2) ... dlogg, Gy, (g;), (2.35)

0<q1<q2<...<qr<q

where v(|¢) = 70(|g) = 1 and the number r of integrations will be referred to as the length

of either v and . The integration kernels are holomorphic Eisenstein series’
1
G =-1, G = —, G =0for keN 2.36
o(7) (= 3 e G =0 (236)
(m,n)#(0,0)

or their modifications G° with the constant term 2(s;, removed for k # 0,
Go(r) =1, G3(7) = Go(7) = 2(op, GYpq =0 for k €N, (2.37)

respectively. We will interchangeably refer to the arguments of Gy, GY and related objects
as T or q.

9The case of G2 requires the Eisenstein summation prescription

N M
am,n = lim lim E E Amn -
N—o00 M—oc0

m,n€’ n=—N m=—M
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For both of the iterated Eisenstein integrals defined in egs. (2.34) and (2.35) as well as
for the eMZVs defined in eq. (2.17), shuffle relations follow from the iterative definitions
immediately:

w(ny,ng,...,n|T)w(my, ma, ..., mg|T w((nl,ng, cooynp) W (my,ma, ... ,ms)\T) ,

)
'7(711,712, s 7nT|Q) 7(k17k2> .. 7]€s|Q) 7((’”’17”21 cee 7nT) L (klvk% .. ,k3)|Q) 5
70(”1)”27 s ,nr|(1) 70(k17k27 .. 7k;S|Q) = ’Y()((TZl,TLQ, . '7n1”) L (k17k27 s 7ks)|Q) : (238)

Regularized objects such as v(0|7) = 5 obtained by the tangential-base-point prescrip-
tion [61] preserve such shuffle relations. Further identities implied by Fay relations as well
as the precise relation between the spaces spanned by the respective iterated integrals have

been investigated and spelt out in refs. [20, 62, 63].

2.2.4 Two-point example

In order to wrap up this section, let us provide an example of a genus-one Z-integral (2.26)
and express the leading orders of its expansion in o’ and 7 = 12 in two of the languages
above:

1
25(1,2‘1,2)2/ dZQKN‘{2QlQ(7])
0

1 5 (w(0,0,2|T)  5(, 3 (w(0,0,3,0/7) 4(, (s 4
= 77[1+812< 5 + 15 + 879 18 3 w(0,0,1,0|7) + 19 + O(s1)

0,0,4]7) 13
+n{2(2 +512w(0,3|7) + 51, <3 Cow(0,0,2|7) — ud 5 I7) + 154) + 0(5?2)}

+n? {—2 Cy+s12 (w(O, 5|7) —2¢5w(0, 3|r)) + 0(@)} +0(°)

1
= L1 (2 = 300 ) + 58 (52 4206 7004.0.000) - 1000(6,0,010) ) + O]

26, +3smna(tla) + % (-5~ 186, 70(4,000) + 1030(6.000) ) + Ol
+1° | <2412 (~6 G 70(4la) + 50 (6la) ) + O(sT)| + O(r°) (2:30)

it does contain MZVs as well as eMZVs, which are still a function of the modular parameter

7. This will be crucial for the constructions to be reviewed and discussed below.

3 Differential equations for one-loop open-string integrals

In the last section, Z-integrals for tree-level and one-loop open-string amplitudes have
been introduced. Most importantly, these integrals can be expressed in terms of iterated
integrals G and I' over punctures z; (cf. egs. (2.10) and (2.16)), which — if evaluated at
special points — lead to MZVs and eMZVs, respectively (cf. egs. (2.11), (2.17) and (2.35)).

For iterated integrals with a particular class of differential forms, it is straightforward
to infer differential equations - for example does eq. (2.34) immediately imply

2mi0; y(k1, k2, ..., krlq) = — Gg, (q) v(k1, k2, . .., kr—1]q) (3.1)
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while eq. (2.16) leads to

BT (K ko krozlr) = fR) (2 —aq|T)D(B2 00 ke 7). (3.2)
Starting from those simple equations, one can consider differential equations for complete
Z-integrals. In particular, we will study augmented variants of Z-integrals where an addi-
tional unintegrated puncture zg serves as a differentiation variable. This will require the
evaluation of the action of derivatives on the integrands and in particular on the Koba-
Nielsen factor. Suitable manipulations, partial fraction and integration by parts for Zte®
integrals as well as Fay identities and integration by parts for the one-loop integrals Z;,
allow to frame differential equations as matrix equations, acting on a vector Zp,sis whose
elements form a (sometimes conjectural) basis of Z-type integrals and their augmented
versions to be defined below:

d Zpasis = Z Vi T(Dz) Zysis - (3'3)
7

Here v; are suitable differential forms in the alphabet for the iterated integrals that occur
in the o/-expansion of the respective Z-integral, whereas r(D;) denotes a particular square
matrix representation of the coefficients of v;, tailored to the basis choice. The most crucial
point of the game is the following: for all Z-type integrals we are going to consider, the
representations r(D;) turn out to be linear in the parameters s;;, and thus in ¢/, entering
the Koba-Nielsen factors in eqgs. (2.6) and (2.15). This will allow to solve the differential
equation of the above form order by order in o/, leading to the o’-expansion of the Z-
integrals. Note that the linear appearance of o/ in the above r(D;) is analogous to the
e-form of differential equations for Feynman integrals, see e.g. [64, 65], with o' taking the
role of the dimensional-regularization parameter e.

Considering the integrals Z**® defined in eq. (2.7), the final result, i.e. the o/-expansion,
will contain numbers exclusively. In turn, a differential equation with respect to a variable
which disappears during the evaluation of the iterated integral, is not very useful. The
solution to this problem has been spelt out in both mathematics [13, 14] and physics [12, 45]
literature: one can introduce an additional auxiliary insertion point zp and establish a
differential equation with respect to zp for a basis vector of augmented integrals Zg's’.
For the integrals Z at genus one, a similar augmentation can be introduced leading to
augmented one-loop integrals Zg,, whose constituents will be reviewed in subsection 3.3
and whose differential equations in section 4 are a central result of this work. However,
since the result in eq. (2.39) does still depend on the modular parameter 7, one can readily
use 7 as a variable for differentiation when considering a vector Z; of one-loop integrals
eq. (2.26) without zo.

By the choice of differential forms v; on the right-hand side of eq. (3.3), the re-
sulting system of differential equations is of Fuchsian type. Even more, on closer in-
spection one will find the equations to be of Knizhnik-Zamolodchikov(KZ) or Knizhnik-
Zamolodchikov-Bernard type for ngff and Z ,,, respectively, whose solution theory is well
known [13, 14, 66-70]. By solving these differential equations along with suitable boundary
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conditions, one can then evaluate Z-integrals Z!'* and Z7 at tree level and one loop order
by order in o’.

Moreover, the matrix representations r(D;) we will encounter are linear in the Mandel-
stam variables s;; each of which comes with a parameter o/ (cf. eq. (2.1)). Hence, one can
obtain solutions to all Z-type integrals in eq. (3.3) in terms of regularized iterated integrals,
where the number of integrations is correlated with the power of /. A major advantage
of this concept is that the series expansion in o follows from simple matrix algebra for
the r(D;). Once the initial value for some limit of the differentiation variable is known, no
integral has to be solved and the recursive nature of the solution algorithms allows to infer
all higher-multiplicity Z-integrals at tree level and one loop from the knowledge of a single
trivial tree-level three-point Z-integral.

In the following subsections, we are going to review the main structural points of three
languages and corresponding algorithms: the zp-language at genus zero in subsection 3.1
and 7- and zp-languages at genus one in subsections 3.2 and 3.3. For each one, there is a
basis of (augmented) Z-type integrals, a differential equation of type (3.3) with suitable
matrix representations and boundary values, which together allow to solve the differential
equation recursively.

3.1 zp-language at genus zero

The simplest instance of the algorithm described above is the recursive formalism for the
evaluation of tree-level configuration-space integrals Z°®. It has been put forward in
refs. [12, 45] and is based on refs. [13, 14]. At n = 4,5 points, the augmented versions of
tree-level integrals eq. (2.7) with an extra marked point zp are given by

20 -1
Zgrie:/ dzg 20| %12 1—29| 52| 200| %02 <Z1_21> , (z1,23) =(0,1) (3.4)
’ 0 Z39

0<22<23<20 Jj=2

(s1222)

3 (s122)

Zgw = [ (TLaslal bl o)l | (225500
(s122)

(s12)

see the references for higher-multiplicity generalizations. One can write down a differential
equation with two types of poles:

Ttree e ,r.tree e
oy = (D) T e 5.5)
’ 20 zo— 1 ’

10This property is often referred to as uniform transcendentality and a common theme of the o/-expansion
of configuration-space integrals in string amplitudes, see e.g. refs. [1, 3, 12, 14, 16, 71, 72], and the e-expansion
of dimensionally regularized Feynman integrals [64, 65, 73-75].
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The above differential equation is of KZ-type and can be solved by considering regularized
boundary values

Ctree — ] 1— r(t)rff(a)ztree
i (1-z0) Oz
Ctree — lim (zO) r(t)rff(eo)zgrge (36)
Zo—)o ’

which are connected by the Drinfeld associator [66, 67]
Cirze — r(t)rze(q)(e()’ 61))Ctree. (37)

The Drinfeld associator can be expanded in terms of shuffle-regularized MZVs with (; =
0 [76],

Fu—1, ko—1_ ki1
(eo, e1) g E e’ e1... e’ e1eq’ €1k ko, ke

w>0ky,....kyw>1
=1- Qg[eo, 61] — Cg ([60, [60, 61]] — [[60, 61], 61]) + ..., (38)

wherel! 7€ (e;e;) = 1o (e;)ried(e;) and r'e (eit-e5) = rife(ei)+rie(e;). As discussed in

ref. [12], the vector C{’s® can be shown to contain the integrals Z\"*{ defined in eq. (2.7) for
the (n—1)-point amphtude, while Cﬁrﬁf contains integrals Z!re® for the n-point amplitude.
In this formalism, the size of the matrix representations r{'c(e;) is (n—2)!.

In order to calculate for example the four-point disk integral, one would use the dif-

ferential equation

e (OB (D)
8 Zree: 12 523 02 Zree‘ 3'9

In the kinematic limit sp; — 0 employed for the recursions of ref. [12], one can read off

tree 512 523 tree 0 O
— = — .1

by matching eq. (3.9) with eq. (3.5), and the regularized boundary values turn out to be

Ctree _ (f() dzo |Z2’ 812’1 22‘ 823212 >
1,4 )

Ctree _ <8121> (3 11)
0’4 — 0 . .

The first entry of C'f?f may be recognized as the SLo-fixed disk integral
—Z$°(1,2,3,4]1,2,4, 3) viaeq. (2.9), and the more subtle computation of the second entry
* will not be needed here. The first entry of C(t)fie combines the kinematic poles 5{21 from the

"Below, we will consider further representations 7, 70, and r&n of certain Lie algebra generators.
Any such representation r of generators x; will be assumed to form an algebra homomorphism such that
r(xsxzj) = r(x:)r(z;) and r(z; + ;) = r(xs) + r(z;).
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integration region 29 — 0 in eq. (3.4) with the three-point integral Z{¢(1,2,3|1,2,3) = 1
at its residue. With the leading orders of the Drinfeld associator in eq. (3.8) and the matrix
representations in eq. (3.10), one is indeed led to the known four-point o/-expansion at tree
level in the first component of the vector C{§:

1
/0 Az [2a] 1212552275 = (CY%)1 ]z

1 tree
S1o [TO,n ( (607 61))] 1,1‘80170
1
~ o (2523 — (3523(512+523) + O(s;) . (3.12)

Similarly, the (n—3)! bases (2.8) of n-point disk integrals can be retrieved from the first
(n—3)! entries of the (n—2)!-~component vectors C{'5’.

3.2 r-language at genus one

In this subsection, we are going to review the differential equation of a vector Z7, of genus-
one Z-integrals eq. (2.26) without augmentation through an extra puncture. The basis of
these Kronecker-Eisenstein-type integrals w.r.t. Fay relations and integration by parts is
(n—1)! dimensional and spanned by [1]

Z] = 7 (In]1,p(2,3,...,n)) . (3.13)

The permutations p € S,,—1 of {2,3,...,n} act on both the punctures z; and the expansion
variables 7; in the factors of Q;_1;(n;..»|7) in eq. (2.26). The ordering I, = 1,2,...,n in
the first slot refers to a fixed planar integration domain 0 = 21 < 290 < ... < z, < 1 on the
A-cycle of the torus (see figure 1). We will usually sort the permutations in lexicographic
order, e.g.

Zg(]lg|1,2,3)> | (3.14)

b =277(1,2]1,2 7, =
2 2( ) | ) )7 3 (Zg(]lg|1,3,2)

The (n—1)!-component vector eq. (3.13) was conjectured to generate an integral basis for
arbitrary massless one-loop open-string amplitudes [1] as supported by its closure under
T-derivatives to be reviewed below.

3.2.1 Differential equation

Based on the mixed heat equation (2.25) and the differential equation of the Koba-Nielsen

factor

omid KNy =~ Y si(f) +2G)KN], . (3.15)

1<i<j<n
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one can perform the 7-derivative at the level of the integrand in eq. (2.26), see eq. (2.29)
for the shorthand fz-(f). The z;-derivatives of the €;_1 ;(n;..n) generated by the mixed heat
equation can be integrated by parts to act on
n
T 1 T
0, KNIy = — Z Sijfz’(j)Kle..n' (3.16)

j=1

J#
Finally, the combination of figz) and fi(jl) due to the Koba-Nielsen derivatives can be rewrit-
ten via

(O + 9¢)Qu2(n)Q21(8) = (p(n) — (£))2(n =€) (3.17)

such that the integrand of the 7-derivative only depends on z; via Kronecker-Eisenstein
series. Moreover, repeated use of the Fay identity (2.26) allows to rearrange their first
arguments such that the 7-derivatives are expressed in terms of the (n—1)! components in
q. (3.13).
As a result, the vector of genus-one Z-integrals in eq. (3.13) obeys the linear and
homogeneous differential equation [1]

2mid, ZT = DIZT (3.18)

with an (n—1)!x(n—1)! matrix D]. The entries of the latter are linear in o’ by the Man-
delstam invariants in the Koba-Nielsen derivatives in egs. (3.15), (3.16) and may comprise
second derivatives in 7); from an expansion of eq. (3.17) around £ = 0. Most importantly,
the matrix D] solely depends on 7 via holomorphic Eisenstein series eq. (2.36) and can
therefore be uniquely decomposed into

o0
D} = (1—k) Gr(r) rnlex), (3.19)
k=0
where Gg = —1 has been introduced for the 7-independent piece. The appearance of the

Gy, can be traced back to the expansion of the Weierstral p-function in eq. (3.17),

(e 9]

1
o(n|7) = —2+Zk D2 Gr(r). (3.20)
k=4

The (n—1)!x(n—1)! matrices r,(ex) are still linear in ', comprise second derivatives in
n; at k = 0 and are conjectured to furnish matrix representations of Tsunogai’s deriva-
tion algebra [77]. By the appearance of these derivations in the 7-derivative of the KZB
associator [68-70], their commutator relations encode the combinations of iterated Eisen-
stein integrals eq. (2.34) that occur among eMZVs [20]. The relations in the derivation
algebra have been studied in [20, 78, 79] and were checked to be preserved by the r,(e)
in eq. (3.19) for a wide range of n and k. An all-multiplicity proposal for r,(e;) (with a
detailed derivation in [80]) can be found in section 4 of [1], and its explicit form is encoded
in the later eq. (4.25).

Note that the matrix D] does not depend on the choice of planar or non-planar inte-
gration cycle, i.e. it takes a universal form for any I,, — aj,as,...,a, in eq. (3.13).
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3.2.2 Solution via Picard iteration

Given that the matrix D] in eq. (3.18) is linear in o/, the o/-expansion of the entire Z7
can be conveniently organized by iterative use of
> 1 T ’ /
7, =7,°+ o /ioo dr' D} Z7 . (3.21)
Picard iteration of eq. (3.21) leads to a perturbative solution to eq. (3.18) with matrix
products of order (/)¢ in the £’th term of

00 1 L T Tl Te—1 .
Z, =) <> / dn/ dT2.../ dry D7 ... DI2DIVZI>® . (3.22)
=0 2mi 100 100 100

By the decomposition (3.19) of the D,/ into holomorphic Eisenstein series, all the integrals
in eq. (3.22) line up with the definition of vy(ki,...,k¢|q) in eq. (2.34). Hence, the entire
7-dependence in the o/-expansion of Z7 enters via iterated Eisenstein integrals, and their
coefficients are governed by matrix products 7y, (€g, €k, ) = rn(€x; )rn(€xy) [1],

00 14
Z; - Z Z <H(kj_l))q/(khk’%"'>k€|Q)rn(€ke --~€k2€k1)zfzoo. (3.23)

(=0 k1,ko,..., ¢ j=1
4,6,8,...

The choice of summation range for the k; already incorporates the vanishing of r,(e;) at
odd k and k = 2 for any n > 2. Generating functions of torus integrals in closed-string one-
loop amplitudes obey differential equations similar to eq. (3.19) [80] which can be solved
via combinations of derivations similar to eq. (3.23) [72].

3.2.3 Initial value at the cusp

In order to extract the complete o/-expansion of Z7 from eq. (3.23), it remains to analyze
the initial values Z‘® at the cusp. Given that the torus worldsheet degenerates to a nodal
Riemann sphere as 7 — ioo, the initial data at n points is expressible in terms of genus-zero
integrals with two extra points, i.e. combinations of (n+2)-point disk integrals eq. (2.7)
in the open-string case. At n = 2 points, for instance, the genus-one Z-integral (2.39)
degenerates to
F(l—Slz)
T (1-2)]*
where the I'-functions stem from a kinematic limit so3 — —*32 of the Veneziano amplitude
_Lr(l—slg)r(l—s%)
s12 ['(1—s12—523)

7Z5°(1,21,2) = 7 cot(mn) (3.24)

Z°(1,2,3,4[1,2,4,3) =

(3.25)

and yield the following a’-expansion
F(l—slg)
T (-2p) )

The n-dependent factor  cot(mn) in eq. (3.24) stems from the 7 — ico limit of Q9(n). The
detailed relation between egs. (3.24) and (3.25) involving a trigonometric factor sin (5 s12)

19 , o, 1

3
16051262 T ES?2g2C3 + E5?2C5 +0(s%,). (3.26)

1 1
=1+ 15%2@ + ?’?253 +

from contour deformations can be found in sections 3.4 and 5 of the first reference in ref. [1].
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3.2.4 Two-point example

In the two-point instance of the above setup, the target vector has a single component
Z3(1,2|1,2) and the operator DJ in the differential equation (3.18) is the following scalar
instead of a matrix

: T T 7T T 1
2mi0;Z5(1,2|1,2) = D375 (1,2[1,2), 2 = 512 (2673 —pnlT) — 2C2> . (3.27)

The decomposition (3.19) into holomorphic Eisenstein series allows to read off conjectural
scalar representations of the derivation algebra

1 1
7'2(60) = S12 <’I72 + QCQ — 283,) s T‘Q(Ek) = 8127]1672, k) Z 4 even, (328)

which obey multiplicity-specific relations such as [ra(es),72(€6)] = 0 that no longer hold
at n > 3 points. With the initial value (3.24) involving a four-point disk integral, the
two-point instance of the Picard iteration (3.23) is given by

F(l*Slg)
(1))

0 l
% Z Z . <H(kj_1)>’7<k17k27 oy kel@)ra(er, - . ery€en, )mcot(mn) .

Z5(1,2]1,2) = (3.29)

Based on the expansions (3.26) and 7 cot(mn) = % =232, Copn* L, one arrives at the
leading orders in o’ and 7 spelt out in eq. (2.39).

3.3 zp-language at genus one

In this subsection, we are going to sketch the formalism introduced in ref. [3]. The formalism
is the genus-one generalization of the tree-level recursion discussed in subsection 3.1: it
utilizes an auxiliary point zg such that

0=z <2< <z, <z <l. (3.30)

In the reference, the differential equation and thus the recursion was formulated for an
infinitely long vector of genus-one n-point Selberg integrals, which are defined in terms of
a Selberg seed

SE(T) :SE[}(Z%Z?M'“?ZH?ZO?T) = H €xXp (_Smrz]) P Fz] :F((l),|ZZJ| |’7') (331)
0<i<j<n

with z; = 0 which agrees with an (n+1)-point Koba-Nielsen factor (2.15) upon multipli-
cation by e®012..n@(L0IT) " The Selberg seed (3.31) serves as starting point for the recursive

definition!?

2
SE[ k. - k2] Y= [ dzy k0 QB[ Re-rs e k2] ) (3.32)
n | dg, ... in l+15---3y2n,20) = ) Z20J0i, Pn | ig_y, .., in |\BO R+ -5 Zns 20 .

120n the locus of the purely real integration paths considered here and in ref. [3], the integration kernels
g™ in the reference equal f here. Furthermore, in the reference the auxiliary point is called zp and
the insertion points are labeled differently, close to the notation and the notion of admissible integrals in
ref. [39].
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with £ =2,3,...,n as well as 2,41 = 29 and
ig €{0,1,0+1,0+2,...,n}, (3.33)
where the shorthand notation for the integration kernels fi(f) was defined in eq. (2.29).

3.3.1 Differential equation and boundary values

The differential equation of the (infinitely long) vector of Selberg integrals

Iny ooy 12

SE (z0]7) = (SE[’% - ’?2}(20)> for ke > 0, ig € {0,1,6+1,0+2,...,n} (3.34)

can formally be brought into the KZB form
Dzg SE(20|7) = Z o1 7"0n ) SE(20|7) | (3.35)

where the representations r&n of zj, are block-(off-)diagonal and proportional to /. Similar
to the tree-level scenario described in subsection 3.1, one now considers the two regularized
boundary values

CY (1) = lim (—2mizg) "0 SE(z|7) (3.36)

which turn out to contain n-point one-loop integrals Z7 in C¥, and (n+2)-point tree-level
integrals Ztre§ in C¥ 'n- As shown in the next subsection, these two boundary values can
be related to each other, such that knowing C 0., from the tree-level recursion described
above, allows to infer the o/-expansion of all one-loop Selberg integrals and thus — as will
be elaborated on below — all integrals Z7.

3.3.2 The elliptic KZB associator

As argued in section 3.3 of [3] for a general solution of the elliptic KZB equation of the
form (3.35), the regularized boundary values COEJZ and C}En are related according to

CY, = i, (@7 (21))Ch (3.37)
by the elliptic KZB associator [81]

k) = Z Z Ty Ty ...:L‘kww(k?w,...,kiQ,k1|’7')

w>0 k1,k2,....kw>0

1
=1+ 20 — 2Qw2 + sxox0 — [0, 21]w(0, 1|7) — Co{w0, 22}

2
+ [ml,xg](w(o, 3|7) — 2¢ow(0, 1]7’)) — [xo, z3] w(0, 3|7)
+ Ca(—{zwo, w4} + Sxoxe — 224) + - - - . (3.38)
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Since the matrices r&n(xk) are proportional to , the associator eq. (3.37) yields the o’-

expansion of C]ﬁn. Furthermore, by the lower triangular block structure of the matrices
r&n (zx) with & > 2, only finitely many terms of r&n(qﬂ) contribute to each order of .

Instead of reviewing the formalism in detail here, we will rephrase and discuss it in
the next section: therein we are going to replace the infinite-dimensional vector S®(zg)
by a finite-dimensional vector Zg,, of integrals Zj, that serve as a generating series of
Selberg integrals (see appendix D for details). These vectors Zg,, augment the vectors Zj,
of section 3.2 by an auxiliary point zg. The detailed discussion of the differential equation
and boundary values will be performed for vectors Zg,,. While being already closer to
the formalism to be spelt out in subsection 4.2 below, rewriting in terms of the generating
series Z;,, renders the representation of the matrices x;. finite-dimensional.

3.3.3 Two-point example

The two-point example elaborated in [3] can be summarized as follows: the genus-one
Selberg integrals (3.32) for n = 2 are

20
Sg[%} (20) = / dZQ Sg 2(7}222) N Sg = exp (—812F12 — 801F01 — Sogroz) s (3.39)
0

where ka > 0 and i3 € {0,1}. Note that not all of these integrals are independent: due
to the triviality of f(©) =1 for ks = 0 and integration by parts for ko = 1, there are the
relations

SE[8] o) =5[] ), SE[3] (o) = =228 [1] o). (3.40)

502
The corresponding vector of independent integrals
719
8%
S5 (z0) = | SB

El2
S9'|

T r
=N
L L

==
L | ) I
—~ —~ —~ —~
N
o

)
)

20) (3.41)
)

satisfies the differential equation (3.35) with the block-off-diagonal matrices

0—812 0 0 ... 0 0 00...
0 O S02 S02 - -- 502 0 00...
rg2(x0): 00 0 0...0, 7-52(1«2): 0 —s1200... [ ... (3.42)

0 0 0 0o ... 0 —81200...
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and the block-diagonal one

—s01 O 0 0
0 —S5012 0 0 e
7'5372 («751) = 0 0 —s01—5S02 S02 . . (343)
0 0 S12 —S501—S12 - ..

On the one hand, the only non-vanishing entry of the boundary value COEQ is proportional
to the tree-level Veneziano amplitude (3.25)

0
_L F(lfslg)r(lfsoz)
C()E,Q _ S12 F(16812_802) (344)

with the two independent four-point, tree-level Mandelstam variables s12 and sgg associated
to the punctures 0, 22,1 and the well-known gamma function I". On the other hand, the
first entry of C]13,2 is proportional to the simplest two-point, one-loop configuration-space
integral with Mandelstam variable §15 = s12 + Sg2

(fol dZQ exp(—§12F21)>

011372 — (3.45)
that occurs at the n~!-order of eq. (2.39). Therefore, due to the block-off-diagonality of
r(]i2(xk) for k > 2, the three 4 x 4 submatrices shown in egs. (3.42) and (3.43) of TEQ(JUQ),
7“(];3,2(1“1) and 7'10372(332) are sufficient to calculate the first entry fol dzg exp(—5§12T'21) of C]13,2
up to the second order in o' using the associator equation (3.37), which results in the
expansion

1
~ 1 T'(1—s12)T(1 = s02) r
d —G1oll91) = —— o7
/0 z9 exp(—512T21) PP N P —— [7“0,2( )}172

=1 — (s124s02)w(1,0|7) + (s12+502)°w (L, 1,0|7) + O(s3;) . (3.46)

Upon multiplication by e(512+502)@(1.0I7) " this agrees with the leading orders of eq. (2.39)

since w(1,1,0/7) — 2w(1,0/7)? = 3w(0,0,2|r) + % [20]. The two-point associator only
contributes through its entry [7“5372((1)7)] | o because the only non-zero entry of C(];:Q occurs
in the second line of eq. (3.44) and the desired one-loop integral occurs in the first line of

CT, in eq. (3.45).

4 Differential equations for the integrals Zg’n

In order to link the two formalisms described in subsections 3.2 and 3.3 above, we will
now introduce genus-one integrals Zg , augmented by an auxiliary insertion position zo.
In particular, we will evaluate their derivatives with respect to both zy and the modular
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parameter 7 in closed form. While the integrals Z7, contain all genus-one Selberg inte-
grals'® from subsection 3.3 in their expansion with respect to the variables 7, they differ
from the integrals Z7 used in subsection 3.2 only by the inclusion of an auxiliary point zp:
they are ideal to bridge the gap between the different languages, in particular between the
KZB-type differential equations in zg and 7.

4.1 Integrals with auxiliary point

In order to augment the space spanned by the integrals Z" defined in eq. (2.26), we intro-
duce an auxiliary point zy, which is, however, not integrated over. Thus, we will consider
integrals associated to the configuration space of the twice-punctured torus, with punc-
tures z; = 0 and 2. In order to compactly write down a conjectural'* basis Z§ , of such
integrals, let us define a chain of Kronecker-Eisenstein series by

©"(1,2,...,p) = Q2(123..p)223(103..p) - - - Lp—1p(1p) » (4.1)

SOT(al) =1,
and ¢7 (a1, az,. .., ap) is obtained from simultaneous permutations of z; — z,, and 7; — 1q,.
The individual factors of Kronecker-Eisenstein series in such a chain ¢7(a1,aq,...,ap)

accumulate their n-variables from right to left and, thus, the chain is said to begin at a, and
end at a;. Chains of Kronecker-Eisenstein series will turn out to be a very versatile tool in
the description of integrals Z{ n» and already the Z"-integrals (2.26) without augmentation
feature ¢"(1,2,...,n) in the integrand.

Using the notation in eq. (4.1), the vector of the n! basis integrals is given by

Y12...n0

oo (1,2,.,m)
p[QOT(l’ 2., n_l)QOT(O’ TL)]
pleT(1,2,...,n—2)p"(0,n,n—1)]

X )
p[(pT(17 2)¢T(O7 n, n_17 cey 3)]
ple™(0,n,n—1,...,2)]
where we keep on setting z; = 0, and the permutations p € P(2,3,...,n) acting on the

integrand are again lexicographically ordered. The original Koba-Nielsen-factor eq. (2.15)

13Strictly speaking, the Z3.» in this section and the Z7, in eq. (2.26) are genus-one Selberg integrals as
well since their definition is not tied to the admissibility condition [39]. Still, we will only refer to the
integrals SE in section 3.3 subject to the admissibility condition as Selberg integrals.

1 Also in presence of the augmentation by zo, Koba-Nielsen-type integrals over cycles of fi(f)—functions

l(gl)f2<§2>f§’f3) are expected to be expressible in terms of chain integrands as in eq. (2.29) and

such as f
the nj-expansion of eq. (4.3). Since we do not present a proof of this claim here, the Zg, below are a
congectural basis of augmented Koba-Nielsen integrals (with supporting evidence from their closure under
zo- and T-derivatives). We will not repeat the word ,,conjectural” when referring to the Zg, as a basis

later on.
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is extended by additional variables so; with j =1,2,...,n as in eq. (3.31),

KNgip. n = exp < - Z SijQ,-Z—) ; (4.4)

0<i<j<n

and we use the following shorthand notation for the integration domain,
Y12..n0 = {22,23,...,Zn €R|0: 1 <zp<zz<...<z< Zo}. (4.5)

The basis integrals in the components can be denoted by

Ziu((LAL0.8) = [ dmda . de KNG " (LAWTO.B). (10
Y12...n0
where A = (a1,az,...,ap) and B = (b1, ba,...,b,) are disjoint sequences without repeti-

tions such that AUB = {2,3,...,n}. For simplicity, we denote Z7, ((1, A4), (0)) = Z7 (1, A)
for an empty sequence B and similarly Z7, ((1), (0, B)) = Zj (0, B) for A = @. This no-
tation directly exhibits the chain structure of the products of Kronecker-Eisenstein series:
the dictionary of section 2.2.2 assigns two rooted chains — trees without branching points
and root vertices 0 and 1 — to the integrals (4.6) with non-empty A, B.

Similar to the Z7-integrals (3.13) without augmentation, we are studying the fixed
planar integration domain (4.5) for any choice of A, B throughout this section. Accordingly,
the two elements (1, A), (0, B) of notation in eq. (4.6) both refer to the integrand, and we
suppress a separate slot Zg, (-[(1, A), (0, B)) specifying the integration domain to avoid
cluttering. Nevertheless, the differential equations to be derived below are universal to
all integration domains 0 = 21 < 2,(2) < ... < Zy(n) < 20 < 1 with any permutation
o€ P(2,3,...,n).

Not surprisingly, the augmented integrals (4.3) can also be obtained from the (n+1)-
point basis Z7, , ; in eq. (3.13) by the following formal operations: dropping the integration
over the last puncture, identifying 2,11 — 2o according to the integration domain I,
and peeling off a factor of Q1. The latter can be enforced to appear in each component
of Z;_H]ZZE:;QS by expanding the permutations p[¢”(1,2,...,n,0)] in the integrand in a
basis of " (...,0,1,...) via Fay relations.'” These operations resemble the construction of
fibration bases for configuration-space integrals at genus zero [31].

4.1.1 Further integrals from Fay identities

The main ingredients to the integrals in the basis (4.6) are chains, which can conveniently
be associated with a chain graph using the dictionary from section 2.2.2, for example'¢ of

15The augmented integrals Z( - at two points are for instance obtained by starting from the inte-
grands Q12(n20)Q20(no) and Q10(n20)Q02(n2) of Z3|23270 and rewriting the former as Q10(n0)Q12(n2) —
Q10(120)Q02(n2).  After peeling off the factors of Q19(no) and Q10(n20), one is left with the integrands
Q12(n2) and Qo2(n2) in the first and second component of eq. (4.3) at n = 2, respectively.

6For notational simplicity, in graphs we use the convention Nasas...ap = Nazs.. p and similarly for other
sums of n-variables associated to sequences of the form (a2, as,...ap).
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the form

un

©"(1,2,3,4) = Q12(1234) Q23(M34)Q34(ma) = |4 . (4.7)

11234

1

Multiplying chains corresponds to combining chain graphs. Whenever the same label ap-
pears in two different chains, the Fay identity (2.24) can be used to link the chains and
produce tree graphs. In fact, repeated use of Fay identities implies various identities shown
and proven in appendix A satisfied by products of chains ¢”. Such identities among chains
are not only useful for the translation to basis integrals, but also for expressing differential
equations satisfied by these basis integrals in closed form in subsections 4.2 and 4.3 below.
For each disconnected pair of tree graphs, the associated product of Kronecker-Eisenstein
series can be represented as a linear combination of the integrals in eq. (4.6), resulting in
integrals of the form

/ dzy - don KNGry o Qo (62)23(E8) - () - (4.8)
'712“.710

Since the indices i, € {0,...,n}, it # k of the ;,1(&) in the integrand are related
to the basis (4.3) via Fay identities with graphical form eq. (2.32), the associated edges
between vertices i;, and k form tree graphs. The counting of vertices and edges only admits
one or two connected components, and the vertices 0,1 cannot be in the same connected
component. Moreover, each vertex k # 0,1 has only one outgoing edge, while the vertices
k = 0,1 have none.

The precise form of the variables &, in eq. (4.8) can be deduced from the graph: for the
edge pointing away from the vertex k, the associated & is a combination of 1y, 7n3,..., 0,
obtained by accumulating (adding) all 7;-labels from edges higher in the tree pointing
towards the vertex k. In other words, { for a given edge is the sum of all the n; of
those vertices j which become disconnected from 0 or 1 through deletion of the edge under
consideration.

As detailed in appendix D the integrals eq. (4.8) with suitable restrictions on the i
generate the Selberg integrals eq. (3.32) upon expansion in the . From this observation
as well as the aforementioned formal relation between the n! bases Z,, and Z7, |, one can
already anticipate the potential of the augmented Z7-integrals eq. (4.3) to relate the two
approaches of refs. [1, 3] to genus-one o/-expansions.

4.1.2 Five-point example

A typical example for (4.8) at n =5 is the integral

/ dzg - - dzs KNGy 5 Q12(n234) Q23(n3) Q24(04) Qo5 (15) , (4.9)
Y123450
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which is represented by the following diagram:

3 4
J13 /14

2 5
Qi2(n234) Q23(13) Q2a(na) Qos(ns) = 1234 I’% ; (4.10)
1 0

where the n-variables with multiple indices have been defined in eq. (2.28). In parallel
to the Fay identities for genus-one Z-integrals, one can apply Fay identities to rewrite
eq. (4.9) as

/ dzg - das KNoy 5 Q12(n234) Q23(13) Q24(14) Q05(75)

Y123450

= / dzg -+ dzs KNGy 5 Q12(1234) Q23 (134) 234 (14) Q05 (15)
Y123450

+ / dzg -+ - dzs KNGy 5 Q12(1234) Q24 (1134) Qa3(113) Q05 (1)5)
123450

= 755((1,2,3,4),(0,5)) + Z55((1,2,4,3),(0,5)), (4.11)

which is based on the following application of the graphical Fay identity (2.32):

4 3
N4 UE]
3 4 3 4
{13 /4 7134 734
2 5 2 5 2 5
7234 Iﬁs = 7234 Iﬁs + 1234 Iﬁs . (4.12)
1 0 1 0 1 0

4.2 zp-derivative of Zan

Here, we will rewrite the differential equation of subsection 3.3 in the language of integrals
Z( n» which will be the main players in section 5. The genus-one Selberg integrals (3.32)
with an auxiliary point used in ref. [3] can be obtained by the methods described in ap-
pendix D.1.

Starting from the basis choice for the n-point integrals Z , in eq. (4.3), we will now
demonstrate that the zo-derivatives 9o Z( ,,((1, A), (0, B)), where we denote dy = 05, are
expressible in terms of the basis integrals Zgj,. In the nl-component vector notation of
eq. (4.3), we will derive a differential equation of the form

00 2, = X0, Zj)

0,n

(4.13)

where the entries of the n!xn! matrix X(n are linear in s;;, comprise first derivatives in
the n; and will be explicitly determined at any n. Moreover, the sole zo- and T-dependence
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of X{, occurs via fé’f) = ) (201|7), i.e. one can uniquely identify zy- and 7-independent
n!xn! matrices o n(zy) that cast (4.13) into the form

DL, = fo ron(er) 20, - (4.14)
k=0

Hence, the main result of this section to be derived below is that the n!-component vector
Z;,, of augmented Z7-integrals satisfies an elliptic KZB equation in the auxiliary punc-
ture zg.

4.2.1 Deriving the n-point formula

The first step in calculating dp Zj ,, is to use 9, fl(Jl) = =0, fz(jl) and integration by parts
such that all the partial derivatives only act on the Koba-Nielsen factor, followed by an
application of eq. (3.16) with an extra point zg

n
1
0: KNGy =~ > sisfi KNG, .. (4.15)
=0
J#i

Using the notation A = (a1,a2,...,a,) and B = (b1, ba,...,b,) for the disjoint sequences
with AU B = {2,3,...,n} and additionally denoting ag = 1, by = 0, this amounts to

12..n0 4=2

n a
21 410.8) = [ T[ds | Y 0,KNG | (1,417 0.5)
2 j=0

n p q
_L Hdzl-KNglngZG%bj éi?bﬁpf(l,A)@T(o,B)).

12...n0 j—9 k=0 j=0
(4.16)

The second step of the calculation consists of rewriting the term in parenthesis using the
Fay identity (2.24) and the chain identities (A.6) to (A.14). The rewriting process is
cumbersome, but can be cast into an elegant form using a couple of additional notations
and tools. The complete derivation can be found in appendix B and the result is the
following: for a sequence C = (c1,¢2,...,Cn), a sum of n-variables is denoted by

=1

then, the n-variables

o = —1NB, nm = —"na (4.18)

are assigned to the unintegrated punctures zg and z; = 1. Thus, defining the decomposition
of a sequence C' into subsequences Cj;

C = (Cl, «e 3 61,6, Ci41 - .-, Cj—1,C5,Cj41 -« .,Cm), (4.19)
———

Ci,j=Cij
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with
Cji =g for j > 1, Cl,m-i—l =C, éz‘j = (Cj_l, Cj—2,--- ,Ci) , (4.20)

where a tilde denotes the reversal of a sequence, the following closed formula can be derived
as shown in appendix B.2:

Zon((1,

q
540,81 +Zsak,(OB)aﬁak 28(17,4)757-&7% Zyn((1,4),(0,B))

k=1
P q ko J o
DD sy D> ()T ()
k=1 j=1 =1 =1
Zom ((1, Ay w (ag, (Aig W Aggrpr1) w (bj, Brjw Bj+1,q+1))) ; (0, Bu))
q k

J
153) SN 3) S I a I
k=1

=1 l=

—_

7j=1
Zg)-,n( 1, A1), (0, By w (bj, (Bj w Bji1g41) W (akvfii,kLUAkJrl,erl))))

1)1 (0B, 411) Zim ((LA w (b, By j w Bj+17q+1)> , (0, Bu))

k ZQOI nAi7P+1)Z(7)—7n ((17 All) ) (07 Buw (aka A’ZliJi‘ (81 Ak+1,p+1)>) .

(4.21)

2

TTM@ mMQ

Moreover, s(1,4),(0,B); Sax,(0,8) a1d S(1,4) p, denote sums of Mandelstam invariants according
to the following general definition for sequences P = (p1,p2,...,p) and Q = (q1,92, - - -, Gm)

I m
spg = Z Z Spig; - (4.22)

i=1 j=1

Upon writing the partial differential equation (4.21) for the vector of integrals Zg,, in
matrix form, we arrive at the central result (4.13) previewed above. The entries of the
matrix X¢, are determined by the linear combinations in eq. (4.21), and expanding the

Kronecker-Eisenstein series therein in terms of the functions fo(lf), we arrive at the elliptic
KZB equation (4.14) satisfied by the n!-component vector Zg,, of augmented Z7-integrals.
This generalizes the KZB-type eq. (3.35) for the genus-one Selberg integrals to their gen-
erating series Z ,,

The matrices 79, (zy) in eq. (4.14) are independent of zy and 7, and one can see from
eq. (4.21) that they are linear in the Mandelstam variables s;; and of homogeneity degree
k—1 in the variables n;. The matrix r¢,(zo) additionally involves first derivatives in 7;
that are counted as homogeneity degree —1.
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4.2.2 Alternative form in terms of the S-map

The zp-derivative in eq. (4.21) can be compactly rewritten using the so-called S-map de-

fined by

q

¢ (Slaraz ... ap,bibz ... bg]) = Z Z(—l)i_jer_lSaibj

i=1 j=1

X 4,07((a1a2 Qi1 Wapap—q ... ai+1), a;, bj, (bj_lbj_g . bl L bj+1bj+2 . bq)) . (4.23)

The S-map (4.23) has been firstly studied in ref. [82] to rewrite BCJ relations [38] and can
therefore be used to bring integration-by-parts relations among disk integrals (2.7) into
the form

Z,tlree(al, ooy an|S[P,Ql,n) =0 (4.24)

with arbitrary disjoint sequences P, @ such that P UQ = {1,2,...,n—1}. In a genus-
one context, the S-map featured in the n-point proposal for the 7-derivatives of Z7-
integrals (2.26) in ref. [1],

2mi0; Z) (1,]1,2,...,n)

1 — 1 & 5
= <2 Zshf)?h -+ 5 Z Sij (8771.—87“) — 2C2 812__n> Z;(Hn”, 2, “e ,n)
=2 2<i<y
n

=S A1t A7) ZE (LA S[12. i1, i(i41) . n)) (4.25)
=2

which was rigorously derived in ref. [80].
As will be derived in appendix B.3, an alternative form of eq. (4.21) is given by the
following formula,

90Z5,,((1, A), (0, B))

k=1

+2901 7731 q+1 ZOn((O Bll) (S[(l’A)’Bl#I-H]))

=1

q

( 1,A),(0,B) f01 +Zsak,OB Nay, ZS 1,A) banb Zg,n((laA)a(OvB))
7=1

q

»

Zﬂm “04111) 8.0 (1, A1), (S[(0, B), Arpaa])) (4.26)

where e.g. (recall that by = 0)

p q
0" (S[(0,B), A pt1]) Z Z(—l)qfﬁk*lsak,bj " (Boj W Bjy1,g41, b5, ap, A W A1 pt1) -
k=l j=0
(4.27)

The individual terms in the shuffle ¢7(Bgy; w...) do not necessarily have the label
0 in the first entry of the chain and thereby involve integrands outside the basis of
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Z§,((1,A4),(0,B)) in eq. (4.6). Hence, it remains to apply combinations of Fay identi-
ties in the Kleiss-Kuijf form [83, 84]

Za—,n((P) L, Q)v (07 B)) = (_1)|P|Z(7]—,n((1) ]3 L Q)? (07 B)) ’
Z5,((1,4), (P,0,Q)) = (=1)"125,,((1, 4), (0, Pw Q) (4.28)
in order to manifest the n! entries of Z{, on the right-hand side of eq. (4.26), where |P|

denotes the number of labels in P. The combination of eqs. (4.28) and (4.26) encodes
all-multiplicity expressions for the matrix X{, in eq. (4.13).

4.2.3 Two-point example

The simplest example can be found at two points, where the basis vector (4.3) of augmented
Z"-integrals is given by

0 Q2(n) Z52(1,2)
0o = dzo KNJ = (92 : (4.29)
02 /o o1 (902(77) Z§5(0,2)
The partial differential equation (4.13) follows from the closed formula (4.21) or its refor-
mulation in section 4.2.2. Both approaches yield

(1)
- S01 + S02) f 5020 502§2 -
O0Zjo = (so1 7+ 502) o 02t o2 01((1)77) 0,2 (4.30)
812901(77) —(801 +812)f01 — 8128,7

and expose the matrix X, in the notation of eq. (4.13). The expansion Xj, =

Yoreo fé]f)rojg(ack) leads to the elliptic KZB equation (4.14), where the matrices 79 2(zk)
are given by

7’0,2(950) = (—502877 —302/77> )

s12/n  s120y

roo(z1) = (-(801 + 502) 502 ) ’

$12 —(s01 + 512)
-1 k—1
roa(zy) =0 ( 0 =) 802) ) k>2. (4.31)
512 0
4.2.4 Three-point example
The three-point basis vector (4.3)
912(7723)Q23(n3) 28,3(17 2’ 3)
Q13(123)Q32(12) Z§5(1,3,2)
%0 i Q Q Zf4((1,2),(0,3
o / d23/ A2y KN 10, 12(n2)Q03(n3) | _ oT,s(( );(0,3)) (4.32)
’ 0 0 Q13(773)§2(]2(772) ZO,S((L 3)7 (07 2))
Q03(123)232(12) Z§ 5(0,3,2)
Q02(123)223(n3) Z§5(0,2,3)
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obeys the following differential equation according to eqs. (4.21) and (4.26),

(1)
_5028772 _5038773 _50,123f01

(1)
—5020n, —5030n; —50,123 o1

- . —(502—1—523)8,,2—&—(813—1—523)87,3—503,12f(§})
0o Zy 3 = |diag 1)
—(803+523)Ons +(S12+523) Ony —S02,13 [51
51200, +5130, — 1,023 1)
i 8123n2+8133n3—81,023f(§}>
0 0 —503Q10(n3) 0 5038210(723) —502Q10(123)
0 0 0 —502010(n2)  —s03Q10(n23) 502210(723)
(s13+523)Q01(n3) 531001 (N3) 0 0 — (so2+s23) Quo(n2)  —502Q10(1n2)
$21Q01(n2)  (s12+523)Q01(72) 0 0 —s0310(n3)  — (so3+s23) Q10(n3)
—s12Q01(m23)  $13Q01(M23)  512Q01(72) 0 0 0
s12Q01(123)  —s13Q01(723) 0 513001 (n3) 0 0

(4.33)

T
Z03

’

see eq. (4.22) for the sp g notation in the first line. By matching with the general form (4.14)
of the elliptic KZB equation, one can read off the following 6 x 6 matrices 79 3(zg):

0 0 —s03 s03 _ s02
n3 mn23 n23
—50287;2—80387;3 0 0 0 —3S02 _ so3 502
n2 m23 n23
—S02 8772 _3038713
(s02+523)On, +(s13+523)0 e U G
. —(s02 n3 03 n2 02
ro,3(z0) = diag 2 o+ . (4.34)
—(803+523)Ons +(s12+823)Ony s12 siatsaz g __s03 __ so3+tsag
n2 n2 n3 N3
5120n,+5130n; s s s
_s12 s13 s12
5120n, 451300, m23  M23 M2 0 0 0
s12 _s13 () s13 0 0
n23 mn23 n3
—50,123 0 503 0 —503 802
0 —50,123 0 502 503 —502
S13+823  S13 —S03,12 0 So2+S23  So2
ro,3(z1) = (4.35)
S12 S12+823 0 —S02,13  S03  So03+S23
—S12 513 S12 0 —5023,1 0
S12 —S13 0 $13 0 —5023,1

0 0 s03(—m3)" 1 0 —s503(—7m23)" 7! so2(—1m23)" !

0 0 0 so2(=1m2)F 71 so3(—m3)F —502(—123)" 7
ro.s(zx) (813+S23)77§71 81377!;71 0 0 (s02+8523)(—12)* 71 s02(—n2)F !
0,3\Tk) — ;

’ k-1 k— _ _
51275 (s12-+s23)m5 " 0 0 s03(—=13)" 1 (s03+s23)(—m3)F !
—s12m55 ' sy | s127 0 0 0
81277];;1 —813’/]5371 0 81377];71 0 0
(4.36)
where k > 2.
4.3 r7-derivative of Z] ,
b

As we will show in this section, the n! basis Zg,, in eq. (4.3) also closes under 7-derivatives.
Similar to the homogeneous first-order equation (4.13) in 2o, the 7-derivative of Zg,, will
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be cast into the form
27”;67' ZS, - (DO n + BO n) 0,n» (437)

where the explicit form of the n!xn! matrices D, , B, will be determined below. We
have grouped the matrices according to the 7- and zp-dependence which is solely carried

by fé]f) and Eisenstein series Gy,

00
Dg’n: T’Qn 6() —i—Zl k Gkron(ek)
k=4

(e 9]

B, = (k=1)f5 r0n(br). (4.38)

k=2
where the entries of Dy ,,, Bf ,, and therefore all the 70,n(bk), T0.n(€x) are again linear in s;;.
By construction, the n!xn! matrices 79 ,(bx), ron(€x) no longer depend on zp and 7. The
appearance of fé]f) in the differential equation in 7 is shared by the operator eq. (4.14)
in the 2y derivative, and we will see from two perspectives that the accompanying n!xn!
matrices are related by
TO,n(bk) = Tom(xk,l) y k 2 2. (439)
Note that the additional zero in the subscript distinguishes the n!xn! matrices 7, (ex) in
eq. (4.38) from the (n—1)!x(n—1)! matrices 7, (k) in the differential equation (3.19) of the
Z"-integrals without augmentation.

4.3.1 Deriving the n-point formula

The evaluation of the 7-derivative 2mid; Z{ . ((1, A), (0, B)) with A = (a1, az,...,ap) and
B = (b1,ba,...,b,) follows the same steps as the zo-derivative in section 4.2. While the
details are shown in appendix C, we give an overview in the following paragraphs.

First, the mixed heat equation (2.25) and integration by parts can be used to find an
expression where all the derivatives only act on the Koba-Nielsen factor. Then, for the
zj-derivatives eq. (4.15) and for the 7-derivative the equation

om0 KNGy = — > si(f5) +20)KNG, L, (4.40)
0<i<j<n

can be applied, which leads to the expression

2mi0; Z ,((1, A), (0, B))

= —/ dzg ... dz, KN, <2 Caso1.np" (1,A)¢" (0, B)
Y12...n0

p k-1

+ Zzsak,a] ( Akt (877% - jzlanaJ) + fcgi)aJ> ©"(1,A)¢"(0, B)

kl]O

¢ ke
S (£, (On, = 052000, ) + £, ) @7 (1, A)g" (0, B)
k=1 57=0
q
Y sans, (féi?bj <9k215 a ejzlamj) - f;ff)ak) @T(l,A)sﬁT(O,B)) ;o (441)

k=0 j=0

hS]
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where the step function 6;>1 is taken to be 1 for j > 1 and zero for j = 0. From
this equation similar identities as for the zg-derivative, mainly based on the Fay iden-
tity of Kronecker-Eisenstein series, lead to the following expression involving the S-map in
egs. (4.27) and (4.28)
2mid; Zg ,((1, A), (0, B))
1« 1 2
= (2 Z(SOj-i-Slj)a%j +3 Z $i(On;—0n,)? — 2Cas01..m — S(l,A),(o,B)fé1)>
j=2 2<i<j<n
x Z5n((1,4), (0, B))
q
3 (U 081,04) 26, (0, Bu), (SI(1L, 4), Bigsa])
I=1
— p(nB,,.1) 25 ((1, A), (S[(0, B1y), Bz,q+1]))>
P
+ 3 (U (a0 8, (1, Aw), (S0, B), Avyea])
=1

= 0(14,,11) 2 ((0, B), (S[(L, A1), Az,p+1]))) , (4.42)
where
QF (£€) = £0:Q01(£€) . (4.43)

When all the S-maps in eq. (4.42) are expanded in terms of Z7,((1, P), (0,Q)), the
result takes the closed form

2mi0- Z§ (1, A), (0, B))

l — 1
= <2 Z(SOj+31j)a727j t3 Z $ij (On, =0y, ) — 2C2801..0 — 3(1,A),(0,B)f(§%)>

j=2 2<i<j<n
x Z§ (1, 4), (0, B))
q k—1 k
- Z Z Sby,b; Z p(nBl,q+1)(_l)k_l
k=1 j=0 I=j+1
X Zg,n ((17 )7 (07 Bl,j? bj? Bj,l L (bk7 Bl,k (81 Bk+1,q+1)))
p k—1 k
=22 saay ) 9an,) DY
k=1j=0 I=j+1

X Z§ ((1, Ay jyaj, Ajyw (ag, Ay w Ak+1,p+1)) (0, B))

q k J
+ Z Z Sak,bj Z Z(_l)kJrjiiilQE’)_l (nBl,qul)
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q

ko J
+ZZS%%ZZ D0 (<14, )

k=1 j=1 i=1 I=1

=1
X ZS,n< (1, A1), (0731 bj, (Bij W Bjy1411) W (akaAi,kLUAkH,pH))))

+ Z«Sw Z D8 0,y ) Z ((LALLI (bj, By LUBj+1,q+1)) ,(U,Bu))

+ Z Say,0 Z —NA; p+1)Z0 n ((17 Al%) ) (Oa Bu (aka Ai,k L Ak+1,p+1))) .

(4.44)

Note that the all-multiplicity formulee (4.42) and (4.44) for 7-derivatives strongly resem-
ble egs. (4.26) and (4.21) for zp-derivatives, respectively. The only differences concern
the diagonal term (the coefficients of Z{, ((1, A), (0, B)) on the right-hand sides), the 7;-
derivatives Qf; (B, ,,,), Qo1 (=14, p+1) instead of Qo1(nB, ;) Qo1(—n4,p+1), respectively,
and the additional appearance of Weierstral p-functions in the 7-derivatives.

The closed formula (4.44) or (4.42) along with eq. (4.28) lead to the matrix equa-
tion (4.37) for the basis vector eq. (4.3), i.e. determine the entries of the n!xn! matrices
D§ ., Bj,,- With the expansion of the Kronecker-Eisenstein series and p-functions in the

7-derivatives in terms of félf) and G, we can read off the explicit form of the matrices
r0,n(br) and 79 ,,(€x) defined by eq. (4.38),

o0 oo
21id; L7, = ( 70.n(€0) +Z (1—k) Gr ron(er) + > (k=1)f3; ron(bk)> Z3, . (4.45)
=4 k=2

The 7, (bx) and 79 ,(€;) are all linear in s;; and independent of zy and 7. Moreover, their
instances at k > 2 are both homogeneous polynomials of degree £—2 in the 7n;, whereas
r0,n(€0) is & combination of 2{28012”,7“’/);2 and 3,2“. As previewed in eq. (4.39), one can
confirm from eq. (4.44) or eq. (4.42) that all the 7, (by) with k > 2 agree with the operators
ron(g—1) in the zo-derivative eq. (4.14). An alternative derivation of eq. (4.39) will be
given in section 4.4.

4.3.2 Two-point example

According to eqgs. (4.42) and (4.44), the 7-derivative of the n = 2 example eq. (4.29) is
given by

. 1
2mi0; 2672 = <2(802 + 812)872] — 2(28012> 2672

—s129(n) — (s01 + s02) £ —50207201(—1) - 44
+ @ | Zog - (4.46)
120,801 (1) —s026(1) — (s01 + 512) fo;
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Upon comparison with (4.45), one can read off the 7o 2(ex) matrices
1
2

T0,2(€0) =

S12 8 1
122020 (2C28012 — (802 + 812)373> Lax2,
S12 802 2
o [s12 0
roz(er) =02 ( 0 > ’
502

and rg2(by) matrices

k>4,

—(s01 + s02) 802
b = e
ro2(b2) ( 512 —(s01 + s12) rop(®1).

o[ 0 (=1)F2s
TO,Q(bk’) = nk ? (812 ( )0 02) = TO,Q(xk—l)v k > 37

in agreement with the 7 2(zx—_1) in eq. (4.31).

4.3.3 Three-point example

(4.47)

(4.48)

For the six-component vector Zj 5 in eq. (4.32), the 7-derivative resulting from eqgs. (4.42)

and (4.44) is spelt out in appendix C.3.
eq. (C.22) with eq. (4.45) are given by

The 793(-) matrices obtained by matching

1 1 1
2 2 2
r0,3(€0) = (2C280123 - 5(8024-812)3772 — 5(8034-813)57,3 - 5823(3772—3773) Texe
S12 4 s13tsa3  S13 813 503 0 __ 503 502
2 2 2 2 2 2
23 3 n3 23 M3 23 23
Wy pmimim o g 0 i
2 23 23 M2 2 23 M23
(513+s23) 513 s12 4 osg (so2+s23) s02
I E— 3 3 p) I E— p)
+ UL 3 75 Uk Up Up)
512 (s12+523) 0 % + 502 503 (s03+s23) ’
3 3 n o0 n3 n3
—22 o B g spylubm) g sp
M23 M23 P 23 2 2 23
s12 _s13 0 s13 so3 _ sz sg2 | (S03+s23)
2 p) p) p) 2 2 p)
M23 23 3 3 23 23 3
(4.49)

k—2 k—2
. 512 + (S13+S23
ros(er) = dlag{ ( st (S15sa)g

k—2 k—2 k—2 k—
5127~ — 512793 513153 - + (S12+523)75

<812n§_2 + 50352 0 )
0 )

k—2 k-2
§13M3 ~ 4 80275

k—2 k—2
503795 ~ + (So2+523)15
k—2 k—2
$0373 ~ — S037)23

k—2 k—2
S$1373 ~ — S137)p3 )
2 I

S0y~ — So21b3
as well as the ro3(xp_1) in eqgs. (4.35) and (4.36),

70,3(bx) = 10,3(Th—-1) » k>2.

(4.51)
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4.4 Elliptic KZB system on the twice-punctured torus

In the previous subsections, the two partial differential equations (4.14) and (4.45) satisfied
by the vector Zg ,, defined in eq. (4.3) have been identified. Together, they form the system
of differential equations

o0
k
0 Z5 = > for rom(@n) Z5
k=0

2rid, 2§, = <—r07n(60) + 3 (1-k) Grrom(er) + > (k—1) fé]f)rom(bk)) T (452)
k=4 k=2

which is an elliptic KZB system on the moduli space of the twice-punctured torus, with
(fixed) puncture z; = 0 and (variable) puncture zy [68]. While we have considered the
two differential equations separately so far, in this section properties of the corresponding
matrices 79 n(2k), 70n(bg) and 7o, (€x) are determined employing the interplay of both
differential equations. In order to investigate these commutation relations, an unspecified
system is considered, which has the same structure

0015 = Y foV T
k=0

2mi0, I = {—60 + 3 (1-k)Grep, + Z(k—l)fé’f)bk} T (4.53)

k=4 k=2
where unspecified representations of braid matrices x, derivations €, and further genera-
tors by, act on an abstract solution Zj. The commutativity of the mixed second derivatives
(Schwarz integrability condition)

8. (210, I3 ZaZO 0 (k—1)b, 17

+ {—60 + Z(l—k‘)erk +3 fé’f)(k:—l)bk} R
k=2 /=0

210y (02,13 ) Z2ma F g 17
k=0

+3 féf)a:g{—eg + 3 (1-k)Grer + > fé’f)(k—l)bk}zg (4.54)
=0 k=4 k=2

imposes various constraints on the zj, €, b, which will serve as cross-checks for the n!xn!
representations g (-) encoded in eqgs. (4.26) and (4.42). By the components 27ri87fé]f) =
kO, fok—i_1 of the mixed heat equation (2.25) for real zp1, the commutator

o

[2miy, 02,5 = > (k=1)0:0 3y (w51 — i) T
k=2
+Zf01 { xg,E() +Z 1 k Gk .Z‘g,ek +Z k 1 f01 [wg,bk]}IT
k=4 =2

(4.55)
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has to vanish. In particular, the first line of eq. (4.55) has to vanish separately,

by = T, k>2, (4.56)

k+1)

since the derivatives 0,, fél can be rewritten as [80]7

n n— n k)
e f5r) = =15 150 + (n+ 1) £ = Gafiy ™Y ZG it n>1  (4.57)

and generate terms ~ Gg = Gy — = that do not occur in the second line of eq. (4.55). By
repeating these arguments for the KZB system (4.52) obeyed by the n!-component vector

0 In eq. (4.3), we arrive at eq. (4.39) independent of the explicit form of 7o, (by) and
ro.n (k) obtained in sections 4.2 and 4.3.

Hence, the leftover integrability constraints after imposing eq. (4.56) are

= =115 w0 wnoa] = O fo oo el + D f5) S (1-k) Gz, e
k=2 {=0 (=0 k=4

53 BRDE  ag e ) ) (4.58)

1<a<bd
In order to infer relations among the commutators, the products fé?) éi’“ and f; (a+1) Ol{)
0 (kA%Z

in the second line have to be rewritten in terms of the combinations Gy f;," or f5; "’ in the

first line. The required identities valid for a+b > 2 are generated by the &- and n-expansion
of eq. (3.17),

b+1 a+1
bfsy e - 1

_ (b—a)(a+b+1). (atbi1)
(a+1)!(b+1)! 7O

a b
+Z<aﬁ;k> (k=1) G ST =% <a+b_k> (k—1) Gy fOTH7R 0 (4.59)

a—1
k=4 k=4

— (=1)*(a+b) Gatp1 +a Gas1 0a23f(§l1)) —bGpp1 0b23f(§?)

Since the step functions 6.>3 in the second line are taken to be 1 for ¢ > 3 and zero for
¢ < 2, the aforementioned Gg does not occur in eq. (4.58) or eq. (4.59). After rewriting the
second line of eq. (4.58) via eq. (4.59), the coefficients of Gy, féf) and fé’fM) have to vanish

'"The simplest examples of eq. (4.57) are
Oofor) = —foi o’ + 2057 = Gay Ox 5 = —foi fi7 + 3557 — Cafey
while the simplest examples of eq. (4.59) below are

1 3 2 2 4 1 4 2 3 5 1
(V@) _ f@ ) _oph) _gqy gy @) @) 60) _ 5500 g
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separately, and one can read off identities like

[z0,€0] =0, [0, €4] = —[x1, 2] ,

[z1,€0] =0, [z1, €4] = —[z1, 73],

[w2, €0] = [0, 1], (22, €4] = —[21, w4] — [w2, 23],

[x3, €0] = 2[x0, T2 , [0, €6] = —[x1, 24] + [T2, T3], (4.60)
[4, €0] = 3[xo, 3] + 2[x1, 22] [1, €] = —[x1, 5],

[x5, €0] = 4[x0, 4] + B[x1, 23], [2, €6] = —[x1, z6] — [22, 5],

[6, €0] = Blxo, 5] + 9[x1, 24] + B[z2, 3], [0, €8] = —[x1, w6] + [22, T5] — [73, 24],

and more generally (with ¢ > 1 and k > 4)

16/2] -1 .
[2¢, €0] = Z <€>(£_1_2‘7)[%W—1—j]

= \i/ G+
k/2—1
[wo,ex] = D (=1, @1 (4.61)
j=1
-1

/—1
[Sl?g, Ek] = - ( . > [$j+1,l'k+g_j_2] .
=0~/

By iterating the first relation, the adjoint action ade,(-) = [€o, | turns out to be nilpotent
when acting on zy,

adl (z,) =0, (>1, (4.62)

for instance [eo, [€0, z2]] = 0. This follows from the fact that eq. (4.61) relates [zy, €] to
[Ta, 2] With a+b = £—1, so the k™ adjoint action adfo (z¢) yields nested commutators of
TaysTagy -+ Tay,, With Zfill a; = {—k. After k = (-1 steps, only x¢g and z; are left
in the nested commutators which are both annihilated by the ¢*" application of ade,, see
eq. (4.60).

By repeating the above arguments for the KZB system (4.52) obeyed by the n!-
component vector Zj , in eq. (4.3), the commutator relations (4.61) are found to be pre-
served under zp — 710, (zx) and € — ron(ex), for instance [ron(xo),70.n(€0)] = 0 and
(£>1, k>4)

-1
[ron(ze), rom(en)] = = (E_.1> [ro,n (1), Ton (Thte—j—2)] - (4.63)

=0\ 7
As a consistency check of the results for 0, Z;,, and 0: Zj ,,, we have confirmed validity

of the above relations for [ro,(z¢),70n(€x)] for numerous configurations of (n, ¢, k).
The nilpotency property (4.62) is known to also hold for Tsunogai’s derivations [77],

ad®1(ey) = 0. (4.64)

The Z™-integrals (3.13) without augmentation introduce conjectural (n—1)!x (n—1)! matrix
representations 7,(e;) through their differential equations (3.19) which have been tested
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to preserve eq. (4.64) for a wide range of k and n [1]. For the analogous n!xn! matrices
Ton(€r) seen in the KZB system (4.52) of the augmented Zg,,, we conjecture that they
furnish another representation of the derivation algebra. This conjecture not only applies
to eq. (4.64),

conjecture : adff;j(eo) (ron(er)) =0, (4.65)

but also to the additional depth-two relations in the derivation algebra besides
eq. (4.64) [20, 78, 79] such as

0 = [e10, €4] — 3[es, €6 ,
0= 2[614, 64] — 7[612, 66] + 11[610, 68] . (466)

Given that the Schwarz integrability condition (4.55) does not allow to derive constraints for
commutators [eg, €], we have supported our conjecture through numerous successful case-
by-case tests using the representations 79 ,(ex) only. However, the depth-three relations in
the derivation algebra starting from

0= 80[612, [64, 60]] + 16[64, [612, 60“ — 250[610, [66, EDH
— 125]eg, [€10, €0]] + 280]es, [€s, €0]] — 462[e4, [€4, €8]] — 1725[eq, [€6, €4]] (4.67)

do not seem to carry over to the ron(ex), e.g. eq. (4.67) with € — ron(ex) is already
violated at n = 2. Instead, eq. (4.67) and some of its higher-weight analogues [20, 79] have
been checked to hold upon assigning

70,n(€0) : k=0,

% = 4.68
¢ { ron(€x) +ron(TE—1) : k>4. ( )

The deformation in the second line resonates with the additional appearance of by = xj_1
in the augmented differential eq. (4.52) with respect to 7 compared to the non-augmented
one in eq. (3.18). As we will see in eq. (5.69), the combination rg,(ex) + 70.n(zk—1) in
eq. (4.68) appears naturally when relating the representations 7o ,(ex) and r,(ex) of the
derivations. Note that depth-two relations such as eq. (4.66) were tested to hold for both
assignments eq. (4.68) and e, — 70, (€).

4.5 Total differential of Z( , integrals

In summary of the differential equations in sections 4.2, 4.3 and as a way of manifesting
the Schwarz integrability conditions, we will now spell out the total differential of the Z( -
integrals (4.6), to bring the differential of Z{,, into the form (3.3). After eliminating the
70.n(bg), the total differential d = dz¢0,, + d70, following from the KZB system (4.52)
takes the form

dr dr

dzan = {dZQ TO,n(-TJO) — 71 T‘o’n(eo)

o S (k=1) Grrom(er) + > o To,n(%'k)} Zg,

k=4 k=1

2mi

(4.69)
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where the characteristic combinations

kdr f(k+1

vy = dao fiy) + 5 - (4.70)

in the last term of eq. (4.69) agree with the closed one-forms wg?) in eq. (3.15) of [85] since

20,21 € R. The same one-forms 1/1(()’;) in eq. (4.70) appear when the zp- and 7-deriva-
tives (4.26) and (4.42) are combined to the following explicit form of the total differential:

dZ&n((L 27 37 tee 7p)7 <07n7 n_la s 7p+1))

n p
= {dZO |: Z 5j,123...p877j - Z 5j,0n(n1)...p+1877j:|

Jj=p+1 j=2
dr
tom 27 [2 Z(SOJ+SIJ)8 3 Z $ij (O, — (97,]) 2<23012...n:|
Jj=2 2<z<]

- 512...p,On(n—l)...(p—l—l)QzZ)((ﬁ) }Zg,n((lv 2,3,... 7p)’ (07 n,n—1,... ,p+1))

dr ) k))
+ . + (=m (4
Z { < 773(3+1) 27”772( Z i (+1)..

G (j41)-..p
X Zo,n((la 2,...,7—-1),(S[0on(n-1)... (p—l—l),](j—i—l) ...p]))

dr . y

= 5 90(+1)..p) 20, (0, m,n=1, o p1), (S[A2. (1), 5 (G+1) - -p]))}
- dzg dr > b1

+ {( — 5 + Ni(i—1)..p+1) W )

jzp; MiG=1)eptt 2T i ; o "
X Z3n((0,m, .. j+1), (S[A2...p, i (j=1) ... p+1]))

dr o
= 5 9iG-1).p+1) 20 (L2, op), (S[0n 4L, (1) - -p+1]))} ‘ (4.71)

In the third and sixth line from below, we have used that

dr dz dr
05 (77)% + Qo1 (£n)dzo = iTO —

oo
i * gin)’“wé’? - (4.72)
The fact that the fokio) on the right-hand side of eq. (4.71) combine to w(()];) manifests
the equality of the operators 79, (by) and ro,(2k—1) in the KZB system (4.52). Based on
the total differential eq. (4.69), the formalism of [85] can be used to obtain the coaction
of the augmented Z7-integrals, also see section 7.2 of [1] for the coaction of plain Z7-
integrals (2.26).

5 Identification and translation

While zo- and 7-derivatives of the integrals Zg , have been discussed in full generality in
the previous section, let us now compare the two resulting approaches by investigating
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their boundary conditions, limits and solutions, respectively. As a guiding principle, we
will explore how the representations r, and T&n of the algebra generators'® ¢, and zj in
egs. (3.19) and (3.35), respectively, are related to each other and to the representations
ro.n(€x) in eqgs. (4.14) and (4.37) above.

5.1 Overview

Boundary values Cj,, and C7,, of Zg, for the limits zo — 0 and 29 — 1, respectively,
are particularly important since they allow for an explicit expansion of the integrals Z] in
o' using the elliptic KZB associator. Simultaneously, it is those boundary values, which
finally allow to find the link between the matrices 7, (eg), rgjn(xk), ron(€x) and 7o, (xg).

Due to the poles of féi) at zo = 0 and zp = 1 in the differential equation (4.14), these
limits are singular. The regularization leading to the corresponding non-vanishing finite
values will be derived and related to the genus-zero and genus-one Z-integrals Z® and
Z], respectively, in this section.

The boundary values Cg,, and CT ,, to be considered here are the finite-length cousins
of the infinitely long boundary vectors CEH and CEn in eq. (3.36) for the genus-one Selberg
integrals. The main results to be derived below are the expressions

68012 nw(l, 0|7’)UBCJ Ztree (51)

T _
0,n — n+2»

P CY, = etorw0nzr (5.2)

in terms of bases of genus-zero integrals Z}/$% in eq. (2.9) and genus-one integrals Z7 in
eq. (2.26). The entries of the n! x (n—1)! matrices UP®? and (n—1)! x n! matrices P* are
rational functions of the s;; with 0<i<j<n and will be defined in the discussions around
egs. (5.15) and (5.42), respectively.

Based on the associator relation

C1 = ron (27(21)) Co (5.3)

adapted to the n!xn! matrices 79 ,(x;) constructed in section 4.2, egs. (5.1) and (5.2)
connect the genus-one integrals Z7 with their genus-zero counterparts foi%,

77 = _6(80124..n—801)w(170\7)p;-' To.n (O (1)) UBCJ Ztree (5.4)

Using the expansion of the elliptic KZB associator [81],

rom (D7(26) =D D> Ton(@hy -k, )0 (ks - EalT), (5.5)
W>0 k1. ko >0
each term in the expansion of the genus-one integrals in o’ and n; can be obtained via
elementary operations. Eq. (5.4) is the generating-function reformulation of the method
in [3], where the matrices ro,(z)) are now finite dimensional.

The application of the formalism to integrals Z7 with kinematic poles (i.e. factors of
fi(jl) in the integrand) have not been investigated in ref. [3]. However, when doing so using
the method of ref. [3], the matrices P allow to project on the desired configuration-space
integrals in the same way as they do in the language using generating functions in the
current paper.

18Sometimes these generators are referred to as letters and their respective entirety as alphabets.
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5.2 Lower boundary value Cj , in the z-language
In this subsection, we will derive the expression (5.1) for the lower boundary value Cj,,
which is defined as the regularized limit

0n = lim (—2772'20)_7"0’”(”31) Z;
ZO*}O

n - (5.6)
The vector Zj,, has been introduced in eq. (4.3), and rq (1) is the representation of the

letter z1 appearing in the KZB equation (4.14) along with the singular féi). Here we are
going to derive the main mechanism necessary for evaluating eq. (5.6).

5.2.1 Recovering Parke-Taylor integrals

Let us start by examining the limiting behaviour of the Koba-Nielsen factor: following
the reasoning of ref. [3] and using eq. (2.22), we find by the change of variables z; = zpx;
and recalling that 0 < z; < zg for 1 < i < n, that the Koba-Nielsen factor degenerates as
follows in the limit zg — O:

n

KN{ ,, = (_27-(-7:2,0)_5012.4.7165012...nw(170|7) H x;isij H(l_xk) 30k+0( 5012 n+1)

1<i<j<n k=2
— (_27[-1'2:0)75012“.7165012.A.nw(170|T)KNtireen+2 + O( —5012.. n+1) (5.7)
We have identified
LTp+1 = Lo = 1 y 3j,n+1 = Soj (5.8)

and KN{5° ., is the (n+2)-point tree-level Koba-Nielsen factor (2.6) with the fixed vari-
ables

(21, Tn+1, Tnt2) = (0,1,00). (5.9)
The asymptotics of the functions f®*)(z|7) with z approaching zero from the positive
real line
1 .
-+ 0(z2) ifk=1,
FW ey = 4=+ O (5.10)
o) otherwise ,

determine the asymptotic behaviour of the Kronecker-FEisenstein series for z — 0
1
Qz,n|T) = St 0). (5.11)

Using this equation, the integrand in the augmented genus-one Z-integrals in eq. (4.6)
without the Koba-Nielsen factor degenerates to the tree-level integrand

hdez (1, A)p de[ 1 ﬁ ! ][ ! ﬁ 1 ]
forsae k‘P k 1_xb17" ’

xal) t=2 xatflyat —92 xbrfl:b'r

(5.12)
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where the limit is performed at fixed x; in 2z, = zpx;, and A = (a1,a2,...,ap), B =
(b1,b2,...,by) are again disjoint sequences without repetitions such that A U B
{2,3,...,n}. Note that only the contribution from the simple poles of the Kronecker-
Eisenstein series in eq. (5.11) survives the change of variables dz; = zy dz; followed by the
limit zp — 0 in the product eq. (5.12).

Combining egs. (5.7) and (5.12), we find that the asymptotic behaviour of the aug-
mented Z7-integrals eq. (4.6) yields genus-zero integrals (2.7) of Parke-Taylor type,

lim (—2miz0)™'> Z5 (1, A), (0, B))

20—0

= —(—1)|B‘65012“'”“(1’0'7)Z;Lrﬁeg(ﬂmrz|1,A,TH—Q,B,’H-H), (5.13)

with the identification eq. (5.8) of Mandelstam invariants and |B| = ¢ denoting the number
of labels in B. The integrals Zf"%$ have been identified by matching eq. (5.12) with their
expression (2.9) in the SLo-frame eq. (5.9). In particular, eq. (5.13) at B = @ specializes to

zloigo(—zmo)sm-nZg,n(L A) = —efor2enLOIM) Zlree ([ 011 A n42,n41),  (5.14)
for A = (a9, as,...,a,) a permutation of (2,3,...,n). Therefore, the first (n—1)! entries
of the vector Zf, degenerate to the BCJ basis ZtS = Zie5(Iyy2|l,0,n42,n+1), o €
P(2,3,...,n) of (n+2)-point genus-zero integrals at fixed integration domain I, o,
cf. eq. (2.8). The remaining Parke-Taylor orderings in eq. (5.13) descending
from Z7,((1,A),(0,B)) at B # @ can be reduced to the (n—1)! basis integrals
Z8%8 (In42|1, A,n4+2,n+1) in eq. (5.14) via BCJ relations [38]. Their unique decompo-

sition into an (n—1)! BCJ basis defines the entries of the following n!x (n—1)! matrix UB
indexed by permutations p € S,,_1:
Z??—ﬁ%(]ln—‘rﬂla p(27 37 e an)a n+27 7’L+1)
_Z:Lr—ﬁ%(ﬂn—&-Q‘l? 0(27 37 R n_1)7 7’L+2, p(n)v TL+1)
Ztree (]I +2|17 p(27 37 ceey n_2)7 n+27 p(n_17 n)7 7’L+1)
e — UBCI gtree (5.15)

(1) 255 (Insa1, p(2), 742, p(3, ..., m), nt1)
_(_1)nZ;LI:‘,Ez'32(]In+2|17 TL+2, :0(27 37 <o 7n)7 n+1)

Given the order of the Zf, ((1, A), (0, B)) integrals in the Zg ,-vector eq. (4.3), the degen-
eration (5.13) and the BCJ basis decomposition (5.15) yield

z0—0 *

tree
lim (—2mizg)*012-n Zan — _es012..nw(1,0/7) ( n+2> — _680124..nw(170\T)U7]?CJ Z:;_?_% . (5.16)

In the second step, we have used that the upper block of size (n—1)!x(n—1)! in UB®/ is
the identity matrix.
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5.2.2 The maximal r¢,(z1) eigenvalue

In order to derive our earlier claim eq. (5.1) for the lower boundary value, we will show
how the finite value lim,,,o(—2miz0)*°* Zg,, in eq. (5.16) emerges from the regularized
boundary value Cj ,, in eq. (5.6). The key observation to be demonstrated below is that
the matrix ro,(z1) in the exponent of eq. (5.6) can be set to its eigenvalue —sp12.., when
acting on the zo — 0 asymptotics of Zg,. With the asymptotic result (5.16), the task is
therefore to show that

(=2mizg) o (EFVUBCT — (_ogizg)s0rz.nyBCS (5.17)

UBCT acts on.

which will turn out to be independent on the BCJ basis vector Z9% that
Our proof of eq. (5.17) is based on the continuity of (2mizg)*012-"2mi0, Z,, at zo = 0
due to the absence of singular terms in eq. (4.45). We can therefore equate the two orders

of performing the limit zy5 — 0 and the 7-derivative.

e On the one hand, eq. (5.16) can be differentiated with respect to 7 after taking the
zp — 0 limit, which only acts via 27i0-w(1,0|7) = G2 —2(2 and yields

2midy lim (=2miz) "' " Z,, = s012..n (G2 ~22) e012.n(LOIN [7BCT Ztree (5 18)

e On the other hand, exchanging the limit and the partial derivative in eq. (5.18) leads
— according to eq. (4.45) — to the identity

lim (—2mizg)**'*"2mi0: 4,

20—0
0o
= (—Toyn(eo) -Gy TO,n(ml) + Z(l_k) G (TO,TL(ek) + TO,n(xk—l))>
k=4
x 012w (1L0IT) [y BC Zires, (5.19)

where we have used that ¢ ,(by) = ron(zk—1) (cf. eq. (4.56)) and that for £ > 2 (and
20 € R in case of k = 2)
- (k) _
lim fi) =~ Gy (5.20)
Since the derivative (2mizg)®12-"27i0; Zj ,, is continuous at 2o = 0, egs. (5.18) and (5.19)
have to agree. Comparing the coefficients of G in the two equations leads to the eigenvalue

equations:

TO,n(iﬂl)UECJ = —501...nU5’CJ,
ron(e0) U = 2Gas01. nUp (5.21)
(ron(er) + ron(zr_1)) UPY =0, k>4,

UBCJ are eigenvectors of rq,(x1) and 7o, (eo)

These equations imply that the columns of
for the eigenvalues —sg12. ., and 2(28012..n, respectively. This proves the lemma (5.17) and
ultimately the main claim (5.1) of this subsection. Moreover, we see that the representa-
tions 79, (€0) and 7o (1) as well as 7, (ex) and 7o, (xk—1) for K =4,6,... acting on UBcs

and thus, on the lower boundary value, are equivalent up to constant factors.
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5.2.3 Two-point example

Let us approve the above findings on the two-point example Z , from eq. (4.29). The finite
part at zp = 0 according to eq. (5.13) and sa3 = Sg2 is given by

lim (—27izg)*12 Z7 , = eor2(107) ( (5.22)

Z()HO
— 68012w(1,0\7) é F(1—512)I‘(1_502)
1 F(1—812—502)

_Zztlree(]h‘l’ 2) 47 3)
Ziree (41, 4,2,3)

502

which can be rewritten using the following BCJ matrix in eq. (5.16)

1
lim (—2miz0)2 2§, = —efor2w(LOIM) [BCI Ztree 11 9 4 3y UPC) = (_m) . (5.23)
502

The eigenvalue equations (5.21) can immediately be checked using the explicit form of the
r0,2(+) in eqgs. (4.31) and (4.47). In particular,

ro2(x1)U3 " = —s012U5"% (5.24)
together with eq. (5.23) lead to

Cf, = lim (—2mizg) "02(®1) Z7
’ z0—0 ’

— _esouw(l,O\T) U?CJZZree(]L;“, 2,4, 3)

1
_ 65012W(170|T) < 6 ) F(l—SIQ)F(l—SOQ) ) (525)

1 F(1—812—802)

502

Note that the other two eigenvalue equations of (5.21) are also straightforwardly checked
via egs. (4.31) and (4.47).

5.2.4 Three-point example

At three points, the explicit form of Zg 5 can be found in eq. (4.32), and its finite part at
29 = 0 is determined as follows by eq. (5.13):

—Ztree (51, 2,3, 5,4)
—Ztree(I5]1, 3,2, 5, 4)
lim (—27izg) 0128 Zf 5 = es0123w(1,0l7) Z5e(I5]1,2,5,3,4)
00 ’ Ztree(I5]1, 3, 5,2, 4)
—Zree(T5]1, 5,2, 3, 4)
—Ztree(I5]1, 5, 3,2, 4)

(5.26)
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BCJ

BCJ relations among five-point disk integrals give rise to the following matrix U5 in

eq. (5.15),
1 0
0 1
_ (s13+s23) _s13
BCJ 503 503
Us ™ = _s12 _(siztsa) | (5.27)
502 502
s12(s03+s13+s23)  (s12—s03)s13
5035023 5035023
s12(s13—s02)  s13(so2+s12+523)
5025023 5025023

which can be checked to obey the eigenvalue equations (5.21) using the expressions for
r0,3(-) from sections 4.2.4 and 4.3.3. By egs. (5.15) and (5.26), we arrive at

Cj 5 = lim (—2mizg) 0@ Z7
2 200 :

— _680123w(1,0|7) U?])BCJ (

Zgree(]l5’17273,5,4)) (5 28)

Ziree (151, 3,2, 5, 4)

,
1,n

5.3 Upper boundary value C] , in the zp-language

In order to derive the claim (5.2) for the upper boundary value C7,, one will have to
evaluate

C7,, = lim (—2mi(1—z)) "on) Z7

zo—1

(5.29)

s

Similar to the procedure in the last subsection, we will evaluate the limit zg — 1 separately
for the Koba-Nielsen part and the remainder of the integrand, before commenting on the
action of the matrix representation rq, in the exponent of the regulating factor.

5.3.1 Recovering genus-one integrands

Following the same steps as in ref. [3], the Koba-Nielsen factor degenerates for zp — 1

along the unit interval as follows:

KNoi2. » = (—27Ti(1—20))_801GSOW(LO'T)KNIQ...M%' + 0((1_Z0)—so1+1) : (5.30)

where

KNT (5.31)

1<i<j<n

2...n’§ij =
is the n-point Koba-Nielsen factor with shifted Mandelstam invariants 5;; with i < j

5. s15 +s0; ifi=1,
ij = .
Sij otherwise .

given by

(5.32)
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The Kronecker-Eisenstein chains in the integrand of Zf ,((1,A), (0, B)) are regular for
20 — 1l since 0 ¢ A and 1 ¢ B, and, using the periodicity (2.19) of the Kronecker-Eisenstein
series and the shuffle identity (A.8), given by

lim ¢7(1,A)¢"(0,B) =" (1,AwB). (5.33)

zo—1

In addition to the higher-order terms in eq. (5.30), there is another subtlety in taking
the limit lim,, 1 Z( ,((1, 4), (0, B)): as discussed in appendix E, further subleading terms
will appear at certain orders in (1—zp) *1*2 for some A composed of further s;; with
Re(A) > 0. They originate from the difference between the integration domain fozo en-
tering the definition of Z7, ((1,4), (0, B)) and the larger integration domain fol of the
integrals Z7. On the one hand, the interval (zp,1) distinguishing the integration domains
of Z§,((1,A), (0, B)) and Z becomes arbitrarily small as 2o — 1. On the other hand, the
poles of ¢7(1, A)¢" (0, B) lead to n—1 subleading contributions to the integral over (zp,1)
due to the merging of k+2 punctures zp < zp_py11 < - < 2z, < 1 =z for 0 <k <n
as zop — 1. Still, these subleading contributions scale as (—2mi(1—zg)) ™ *01 (n=k+1)..n where
according to eq. (2.3) the exponent has a real part larger than — Re(sg1). For the boundary
value C7 ,, in (5.29), these finite terms only pose a problem in an eigenspace of —rg,(z1)
where the associated eigenvalue has a real part larger than — Re(sp1). By multiplication
with (—27i(1—zp))*! and taking the limit zy — 1, the lowest order contribution can be
isolated. The corresponding non-vanishing value is determined by combining eqs. (5.30)
and (5.33):

lim (—27i(1—20))*" Z ,((1, A), (0, B)) = e* 0 Z7(L |1 (Aw B))s,, - (5.34)

zo—1

The right-hand side involves the genus-one integrals (2.26) with the shifted Mandelstam
variables 5;; from eq. (5.32) in the Koba-Nielsen factor. The special cases of eq. (5.34) with
B = @ yield a particularly simple form for the first (n—1)! components of,

zo—1 *

VARPS
lim (—27i(1—20))* Z7,,, = e*or(1.017) ( n |5”> , (5.35)

where Z] defined in eq. (3.13) comprises (n—1)! basis integrals Z] (I,|1, A). Also the
remaining components of eq. (5.34) fall into this basis: evaluating the shuffles on the right-
hand side of eq. (5.34) defines a n! x (n—1)! matrix UY with entries in {0, 1}

Z7(In]1, p(2,3,...,n))
Z7(In1, [p(2,3,...,n—2) w p(n—1,n)))

—ULZr (5.36)
Z7 (In]1, [p(2) w p(n, .. ., 3)])
Z3 (Ia[1, p(n, ..., 3,2))
such that
lim (—27i(1—20))*" 27 ,, = e 0N yezr |5 . (5.37)

zo—1

48 —



Note that the shuffle decomposition (5.36) of genus-one integrals in the context of the
boundary value CT, is the analogue of the BCJ decomposition (5.15) relevant for the
genus-zero integrals in C{ ,,. In particular, both n!x(n—1)! matrices UBC and UY feature
a unit matrix within their upper (n—1)! x (n—1)! block.

5.3.2 The minimal 7 ,(z1) eigenvalue

What remains to be discussed here is the regulating factor: similar to the previous subsec-
tion, it turns out that the finite value in eq. (5.37) emerges from the regularized boundary

value C7,,. However, recovering the genus-one Z"-integrals is more subtle than the tree-

T

0.n> since the validity of eq. (5.34), i.e. the absence of rest terms, relies

level integrals from C
on the exponent sg; of the regulating factor (—2mi(1—z2p))** and would generally fail if
there were further contributions s;;. Therefore, one has to make sure that the dominating
eigenvalue of ro (1) in CT,, cf. eq. (5.29), is —so1, i.e. the eigenvalue with the minimal
real part as opposed to the eigenvalue —sg12., with maximal real part in the calcula-
tion (5.17). This can be achieved by employing a projection to the eigenspace of —sg; as
follows: interchanging limit and 7-derivative of (—2mi(1—20))°** Zg,, using the continuity
of the latter leads again on the one hand according to egs. (3.18) and (5.35) to

2710y lim (—27i(1—29))% Z{ ,,
zo—1 ’

= 27id et O yL Z7 | (5.38)

— esolW(l,OlT)UT”L" (— (7“”(60)‘51.]. + 2(2801) + 501 Go + Z(l—k) Gy Tn(ek)fglj) Z:l ’gij .
k=4

On the other hand, we find similar to the calculation in eq. (5.19)
lim (—27mi(1—2p))*' 270, Zg,,, (5.39)
zo—1 ’

— sow(1,07) <—T0,n(60) — Goropn(z1) + Z(l—k‘) G (ro.n(€x) + 7’07n(561€_1))> UrZ7 ‘gij ,
k=4

such that comparing the coefficients of Gy leads to the matrix equations
ro,n(21)Uy = —s01Uy
TOJL(EO)U;;-I = U;%u (Tn(€0)|§ij + 2C2501) s (5'40)
(ron(er) + rom(@e-1)) Uy = Up'rn(er)ls,; , k=4,
While the second and third equations show the action of the representations rgy(€x),

which will be
discussed in more detail in subsection 5.4.3, we shall next elaborate on the first one.

ron(xk) and 7,(ex) on the vector space spanned by the columns of Uy,
5.3.3 Projecting to the ry,(z) eigenspace of the minimal eigenvalue
The first eigenvalue equation (5.40) determines the first (n—1)! column vectors of the n!xn!

basis transformation U,, diagonalizing the matrix ro,(z1):

ron(21) = Uy diag(—s01, - - -y =801, -, —801..ms - - - s —S01..0) Uy * 5 (5.41)
(n=1)! (n—1)!
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with

LU

U, = (U}'; U}?CJ) . Ul = (P”) , (5.42)

where the last (n—1)! column vectors of U,, are determined by the first eigenvalue equation
in eq. (5.21). The (n—1)! x n! matrix Py defined by eq. (5.42) is composed of the dual
vectors of Uy, such that

PEUY =10, 1y (5.43)

This equation and the eigenvalue decomposition (5.41) imply that the matrix PY acts
on the regularizing factor (—2mi(1—zg)) "1 in C7,, by projecting to the eigenspace
associated with the eigenvalue —sq1,

PU(—2mi(1—20)) "0 @) = (—27i(1—2)) 01 P (5.44)

Combining this with eq. (5.35) shows that the boundary value CT, can be projected to
the (n—1)l-vector Z] of genus-one Z-integrals by left-multiplication with PX'"

P Cin = o (om0l P 24,
— es01w(1,0]7) zr |§ij , (5.45)

which finishes the proof of eq. (5.2).

5.3.4 Two-point example

Let us explicitly determine the upper boundary value C7, and the associated matrices
Uy', P for the two-point example. The finite part in eq. (5.35) for Zg, is given by

20
lim (—2mi(1—20))° Z§ 5 = lim e*01@(1.0/7) / dzg e~ 502902751290, @12(")) (14 O(1—2))

z0—1 ’ zo—1 0 02 (77)
1
= esOlw(LOlT)/ dzg e (5027F512)0, Q12(n)
0 Q12(n)
— 6801w(1:0|T)U5“ Z3 s, (5.46)

where §19 = sp2 + $12, and the symmetry Q(1—z2,7n|7) = Q(—22,7n|7) determines

U — G) | (5.47)

The integral Z3 = Z3(I1|1,2) is given by the two-point, genus-one integral

1
3 = / dzg e 129205 (n) . (5.48)
0
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The three eigenvalue equations (5.40) can be easily verified using the expressions (3.28) for
the scalar derivations 72(ex)|s,; as well as eqs. (4.31) and (4.47) for 7o 2(7x) and ro2(ex),
respectively. In particular, we have

ro2(x1)Uy = —s01Uy (5.49)

and can diagonalize rp2(x1) via

ro2(x1) = (‘(501 + s02) 502 )

512 —(s01 + s512)
o T B O e W (5.50)
1 _% 0  —s012/ So2 + s12 \so2 —so02 ) )
H,_/
Us C@;l

By isolating the first row of U, ! as prescribed by eq. (5.42), one can read off

1
) — ( ) 9.51
2 T S T 510 S12 S02 (5.51)

and, hence,
Py CT 4 = lim (—27mi(1—29))*' P5" Zg ,
? zo—1 ’

_ ,501w(1,0|7) pwrrw gt
= es01w(L0I7) pupyw 77

— 6501“}(170|T) Z72—

‘gu
5, - (5.52)

5.3.5 Three-point example

In the three-point case n = 3, the eigenvalue decomposition (5.41) leads to the matrix

10-22 ¢ 1 0
S12
01 0 -5 0 1
513
11 —3s02 1 _ (s13+s23) _ 813
812 $03 503
U3 = 1 1 1 _s03 __S12 _(812+823) (553)
S13 502 502
01 0 1 s12(s03+513+523) (s12—s03)s13
5035023 5035023
10 1 0 s12(s13—s02) s13(so2+s12+523)
5025023 5025023

of eigenvectors of g 3(z1), written out in eq. (4.35). The first two columns of Us correspond
to the eigenvalue —sg; and furnish the matrix U§' such that
lim (—2mi(1—20))* Zf 5 = e zz) . (5.54)
zo—1 ’ Y
while the last two columns reproduce the matrix UP? in eq. (5.27) and are the eigenvectors
to —sp123. The projection P§' given by the first two rows of U, ! takes the form

1 s12(s02+s12+813+523) 502513
Sp2+s sp2+s T
P — (s02+s12) (s02+s12) (5‘55)
(so2+S03+S12+8S13+523) __ 503812 s13(s03+s12+513+523) o
(so3+s13) (so3+s13)
503512 502513 803812 502(502+503+512+523)
© (so2+s12) (so2+s12) (so2+s12) (so2+s12)
503812 sg2s13  S03(so2+s03+s13+523) 502813
* (s03+s13) (s03+s13) (so3+s13) (so3+s13)
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5.4 Applying the languages: two solution strategies for Ci ,

The system of differential equations (4.52) for Z{,, contains the fundamental equation (3.18)
for Z7 as well as the elliptic KZB equation (3.35) for SE(z9|7). As a consequence, both
corresponding solution strategies can be applied to calculate the integrals Z” appearing in
the regularized boundary value C7,, given in eq. (5.45). The corresponding calculations
presented in the following two subsections are applications of the methods developed in
refs. [1, 3] and reviewed in subsection 3.2 and subsection 3.3 which builds upon the analysis
of G ,,, C1,, in the previous subsections.

5.4.1 The elliptic KZB associator

Having the elliptic KZB equation (4.14) at hand, analogously to the discussion in sub-
section 3.3 the regularized boundary values identified in eqs. (5.17) and (5.45) are related
according to the associator equation (5.3) by the elliptic KZB associator ®7 defined in
eq. (3.38). Applying the projection P from eq. (5.42) and rearranging factors leads to the
associator equation for the genus-one Z-integrals

Z:L |§ij — _6(8012“%*501)&0(1,0\7)Prl.Lu Tom (@T(xk)) U}?CJ Zatzri% ) (556)

The associator equation (5.56) is the backbone in calculating the o/-expansions of Z] from
differential equations in zp. It relates the n-point, genus-one integrals Z] containing the
planar, one-loop configuration-space integrals with (arbitrary) Mandelstam variables 3;;
for 1<i<j<n to the (n+2)-point, tree-level Z-integrals Zgie?: the elliptic KZB associator
can be represented by the generating series of eMZVs with the letters being the matrices
70.n(x) appearing in the elliptic KZB equation of Zg,, [81]

o (D7) =D > Ton(@hy -k ) (ks Fa 7). (5.57)

w>0 k1 ,...,kw >0

The matrices r{,(z)) are proportional to s;; and therefore to o/ (cf. eq. (2.1)), such that
eq. (5.57) is simply the o'-expansion of ®7. When plugged into the associator equa-

tion (5.56), it yields the o/-expansion of the genus-one integrals Z; from the o/-expansion

tree

of the genus-zero integrals Z, 5. To obtain the o/-expansion of Z], up to the order o],

a,max>?
words 7, (T, - . Tk, ) up to the maximal word length 0 < w < wyax with

Wmax = O;,max - Og,e:ﬁn (558)
have to be included, where
Oppmin = 1 =7 (5.59)

is the minimal order in o of fofreg However, the actual genus-one configuration-space

integrals appearing in one-loop open-string amplitudes are the coefficients of the n-variables
from the integrals Z;,. Since the matrices r{, (xx,) are homogeneous in these variables of
degree k;—1 > —1, a configuration-space integral which is given by an n-degree k > 1—n
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coefficient of Zj, receives at most non-trivial contributions from words r{ ,, (zx, . .. zx,,) With
word length 0 < w < wpax satisfying

w=(k1+-+kw) — k. (5.60)

To summarize, in order to calculate the o/-expansion of an n-point, genus-one configuration-

space integral appearing as an 7n-coefficient'® of degree k of Z7 up to the order 0g, max OBy
the finitely many words r¢ ,, (zg, ... 7k, ) with
0<w<0pmax+n—1, w=(k1+-+ky) —k (5.61)

contribute to the corresponding n-coefficients of the elliptic KZB associator (5.57) and, thus,
have to be included in the associator eq. (5.56). Upon rewriting the eMZVs in eq. (5.57)
in terms of iterated Eisenstein integrals [20], we have checked eq. (5.56) to reproduce the
o’-expansion generated by eq. (3.23) for a wide range of orders in o’ and ;.

Note that the results of eq. (5.56) for the integrals Zj, |5, relevant to one-loop open-
string amplitudes no longer depend on sg1, which is why the conditions (2.3) on its real
part do not pose any restrictions on the physical applications.

5.4.2 Two-point example

Let us investigate the two-point working example. From eqgs. (3.25) and (5.23), the tree-
level integrals are known to be given by

1
—_— F(l—slg)r(l—SQQ)
UBCJ Ztree — S12 , 5.62
2 4 1 F(1—812—302) ( )

S02

while the matrices rg2(xy) are spelled out in eq. (4.31). The projection Py is given in
eq. (5.51), such that upon combining these quantities the associator eq. (5.56) for the
two-point integral Z3 in eq. (5.48) takes the form

1
1 =\ D(1—s12)(1—sp2)
T — (502+512)w(1,0|7)7< ) o7 12 12 0 .
2 |s12 ¢ Sp2+S12 512 502 T0’2( (xk)) 1 F(1_312_302)

(5.63)

502

Let us extract the configuration-space integral for the two-point, one-loop integral

1
= / dzge~(ot=1200h — 77| | | (5.64)
0

512 ‘T]

on the left-hand side of eq. (5.63) and calculate its o/-expansion up to order o}, .. = 2.

Since according to eq. (5.62) the minimal order of the tree-level integral is of, ,;, = —1,

words 7( ,,(Tk, - .. Tk, ) with word length 0 < w < 3 have to be considered. However, the

19See ref. [1] for details on the extraction of the appropriate n-coefficient from a Z-integral Z7.
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condition (5.61) only selects the words which are explicitly written down in the following
to contribute non-trivially:

ro2 (®7(xr)) = ro2(x0) w(0|7) + ro.2([x1, w0])w (0, 1|7)
+ ro,2 (2zoxo + Tozox2) w(0,0,2|7) + 70 2(X0L2T0)W(0, 2, 0|T)
+ ro2 (z12120 + oz121) W(0, 1, 1|7) + 70 2 (212021 )W (1, 0, 1|7) + on°, sfj)
=19 2(x0) + 70,2([Z1, Z0])w(0, 1|T)

+ 70,2 ([0, [0, x2]]) w(0,0,2|7) — ro2(xow2w0)(2

+ ro2 ([x1, [21, 20]]) <152C2 + %w((), 1]7)2 + %w(O, 0, 2|7’)>

+ 0", s5) .- (5.65)

Therefore, denoting the words written down above and the corresponding higher-order
terms O(sf‘j) which give the order ™! of the elliptic KZB associator by 7.2 (®7 (zx)) |,-1,
we obtain the equation for the configuration-space integral

1
1 G100 F(l—slg)r(l—SOQ)

7 — (s02ts12)w(1,0]7) ( ) o o

2= S02 + S12 s12 502 ) 102 (97(21) |y 1 I'(1-s12—502)

502

=1+ %(302-1-812)2@2 —127(4,0]q)) + O(s};) (5.66)

in agreement with eq. (2.39) and [1].

5.4.3 Two organization schemes for o/-expansions

The other expansion method for the genus-one Z-integrals Z; put forward in ref. [1] is
reviewed in subsection 3.2 and consists of solving the differential eq. (3.18) in 7 by Picard
iteration. The resulting o/-expansion (3.23) is organized in terms of iterated Eisenstein
integrals and (n—1)!x(n—1)! matrix representations r,(€x) and furnishes an alternative to
the expanded form of eq. (5.56) in terms of eMZVs and n! x n! matrix representations
ron(xk). The equivalence of egs. (3.23) and (5.56), i.e.

[es) l
>N (H(kj—1)>7(k1,k2, okl Q) rn(er, - - - €nyer, ) ZEX
j=1

=0 k1.kg,....kyp
=0,4,6,8,...

:_6(5012...n—so1)w(170|7)Z Z w(ki, ko, ... k|T) (5.67)
w=0 k1 ,....kw>0

L BCJ pt
X Pl ron(Thy -+ Thoxi ) Uy " Ly,

is not obvious from the first glance at these types of series but guaranteed by the arguments
in refs. [1, 3] and the previous sections. The initial value Z> on the left-hand side is related
to Zi°% on the right-hand side by an s;;- and 7; dependent (n—1)!x (n—1)! matrix described
in ref. [1], see eq. (3.24) for the two-point example.

The discussion of the previous subsections yields a streamlined way of showing directly
that both sides of eq. (5.67) obey the same differential equation in 7. The differential
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eq. (3.18) (with §;; in the place of s;;) holds for the left-hand side by construction, and the
analogous equation for Py CT, = esow(0IT) Z7 | ; on the right-hand side can be inferred
from properties of the augmented Z-integrals: according to the calculation (5.39), this
differential equation for Py C,, can be written as

2mid, Py CT,, = lim (—27i(1—20))"" P,'27i0: Zg,,

zo—1

= P;;u (—Tojn(eo) — Goy ""O,n(l‘l) + Z(l—k‘) Gy (TO,n(Ek) + TO,n(l‘k—l))> U,,l'll'I
k=4

% e —s01w(1,0|7) Z‘r ’S” ’ (5.68)

where the identities (5.40) together with eq. (5.43) can be used to relate the matrix repre-
sentations of different sizes

Pyro n(21 WUy = _301]1( DIx(n—1)!>»
P ron(e0)Uy’ = (Tn(€0)| -+ 2Cas01) (5.69)
Py (ron(ex) + ron(rp-1)) Uy —Tn(fk)| k>4.

As a consequence, eq. (5.45) can be simplified to

2mid, (e*1 w0 Z7 |5 ) = 2mig, PH CT (5.70)

= (— (Tn(€0)|§¢j + 2 C2 801) + 591 Go + Z(l—k‘) Gy Tn(ek)|'§ij> 6501w(1 0|T) Z’T ‘SZ] ’
k=4

which is equivalent to eq. (3.18) for the Mandelstam variables §;; defined in eq. (5.32) after
employing
2mi0;w(1,0(7) = Go —2(2. (5.71)

This concludes the direct proof that both sides of eq. (5.67) obey the same differential
equation in 7. A direct comparison of the respective initial values as 7 — ioo may be
challenging, but the consistency in this limit is guaranteed since both sides have been
derived in refs. [1, 3] and the previous sections. Note that the combination g, (ex) +
ron(g—1) in the third line of eq. (5.69) also arises when adapting depth-three relations
eq. (4.67) in the derivation algebra to the twice punctured torus.

6 Conclusion

In refs. [1, 3] two different constructions for the a/-expansion of configuration-space integrals
in one-loop open-string amplitudes have been put forward. In both references the (elliptic)
multiple zeta values in the o'-expansions are derived from different types of differential
equations. Here we have connected these two approaches within a more general framework
and, in particular, shown that

e both approaches and the definitions therein can be traced back to one class of iterated
integrals, called augmented (genus-one) Z-integrals, a vector of n-point basis integrals
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0.n 1 defined in eq. (4.3). Besides the usual fixed puncture z; = 0 on the torus
C/(Z+77Z) appearing in the definition of the genus-one Z-integrals of ref. [1], the
integrals Zg,, are augmented by a second unintegrated puncture 29 with z; = 0 <
zp < 1 as in ref. [3]. Thus — apart from Mandelstam invariants s;; — the augmented
integrals depend on two parameters: the modular parameter 7 of the torus and the
additional puncture zg.

e differentiation of Zg,, with respect to the two parameters 7 and z¢ leads to a ho-
mogeneous linear system of two partial differential equations — an elliptic KZB
system (4.52) on the twice-punctured torus

e the genus-one Selberg integrals from ref. [3] are linear combinations of the components
of the augmented Z-integrals Zg ,,; they can be recovered according to the discussion
in appendix D.

e the genus-one Z-integrals from ref. [1] — and hence the configuration-space integrals
in n-point, planar, one-loop open-string amplitudes — are recovered as regularized
boundary values of the augmented integrals in Z,, as zp — 1. Correspondingly, the
two differential equations in the system (4.52) can be solved independently for the
string integrals in the limit of zg — 1 via integration w.r.t. 7 or zg. The respec-
tive initial values at 7 — ioco and zp — 0 are reduced to (n+2)-point genus-zero
integrals whose o’-expansion in terms of multiple zeta values is known from several
all-multiplicity methods, see e.g. [12, 15, 36, 45]. As summarized in subsection 5.4,
this yields the two approaches in refs. [1, 3] to calculate the o’-expansion of one-
loop open-string amplitudes in terms of (elliptic) multiple zeta values and iterated
FEisenstein integrals.

e calculating the o/-expansion using the integrals Z; ,, involves elementary operations
only: differentiation in formal expansion variables 7; and matrix algebra, with the
matrices being determined by the elliptic KZB system (4.52). The entries of the cor-
responding n!xn! matrix representation determine the coefficients in the o/-expansion
and are explicitly given for an arbitrary number of points n in eqgs. (4.21) and (4.44).

e the (n—1)!x(n—1)! matrix representation in the differential equation in ref. [1] is
reproduced from the matrices appearing in the elliptic KZB system (4.52) according
to eq. (5.69).

e the operators appearing in an elliptic KZB system of the form (4.52) satisfy the
commutation relations (4.61) which serve as consistency checks for our explicit matrix
representations.

Our construction of particular integral representations Zg,, for the solution of an elliptic
KZB system on the twice-punctured curve leads to the question as how it may be em-
bedded into the existing Mathematics literature about similar systems. In particular, its
connection to ref. [68] and the representation of the algebra generators therein appearing
in the differential equations as nested commutators, should be clarified.
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A Kronecker-Eisenstein chain identities

In this appendix, we prove various identities used for chains (4.1) of Kronecker-Eisenstein
series in the proofs of the n-point formulae for the zy- and 7-derivatives of the augmented
Z-integrals in appendix B and appendix C, respectively. Some of these identities involve
chains with shifts or replacements in certain n-variables. For a replacement of 7,, by £ (or
a shift by & — nq,, respectively), this will be denoted as follows,

k p
¢’ (a1, az, ... vap)|77ak—>£ = H Qa;_yai (naiaiu--.ap +&- nak) H Qa;_1a; (naiai+l-~~ap) )
=2 i=k+1

(A1)

where we recall the shorthand €;;(n) = Q(z;,n|7). Moreover, we generally assign an -
variable to the first index of a chain ¢ (a1, ag, . . . , ap) such that the overall sum vanishes, i.e.

Moy = ~Maz =+~ Nay » (A.2)

which is in agreement with eq. (4.18) for the chains ¢7 (1, A) and ¢" (0, B).

Throughout this and the following section, we accompany the crucial identities by
the graphical notation for chains of Kronecker-Eisenstein series in order to facilitate the
readability of the proofs for the n-point zg- and 7-derivatives. Let us briefly recall the
corresponding definitions and conventions from subsection 2.2.2:

e A Kronecker-Eisenstein series §2;;(n) is represented by a directed edge with weight 7
from vertex j to vertex @

Qujln) =i oo (A.3)

e A chain of Kronecker-Eisenstein series ¢ (A) labeled by the sequence A =
(a1,a2,...,ap) is represented by a chain of directed edges connecting the correspond-
ing vertices a; and a;y1. If the n-variable 74,. 4, of the factor Q4; , 4, (ﬁai.‘.ap) is not
explicitly depicted as a weight of the edge and unless stated otherwise, it is deter-
mined by the vertices pointing to the vertex 7 through a chain of arrows: each vertex
j which has an edge pointing in the direction of ¢ (possibly via further directed edges
pointing towards ) contributes a term 7;, such that the edge pointing away from i
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is given by the corresponding sum

ap,

P ai p
I Gip = H Qai—laai(naiai+l---ap) ) (A'4)
=2 =2

Ai—1

P (A) = I =

ai 7

where we use the convention 7g,4,.;...a, = Naiiv. p for sums of n-variables associated
to a sequence (a;, @jy1,...,ap) in graphs. It should always be clear from the context
whether edges without weights refer to the genus-zero notation or the genus-one
notation where the weights are only implicit. In particular, in this and the next
section, we exclusively discuss the genus-one case.

e The same accumulation of the 7n-variables is used for directed tree graphs, if it is
not denoted explicitly: the weight of the edge pointing away from the vertex i is the
sum of all the n-variables associated to the edges pointing towards ¢ via a chain of
Kronecker-Eisenstein series. For example

3 4 3 4
713 /T4
2 2
D12(n234)223(13)Q24(N4) = s = . (A.5)
1 1

The following identities, which are proven in appendix A.l, are particularly useful:
for finite, disjoint sequences A = (a1,...,ap), B = (b1,...,by), C = (c1,...,¢m) and
D = (dy,...,d;) as well as distinct labels r,rg,r; not contained in any of the sequences
A, B,C, D, we find

e the concatenation of two chains with shifted n-variables of the first chain

SOT (A, T)‘T]rﬁ‘nrJrnB QOT(Ta B) = LPT(Aa T, B) ) (AG)
1.e.
e b
T : bg
Iny- + 1B
. ap b1
> i b, T
Inai...p e+
® Gi—1 o bs ¢ Up
: = (A.7)
» a2 by » a2
IWG‘QS.“]J + 1+ 1B I
a1 r ay
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e the shuffle product of two chains ending at the same point r

l.e.

@ (r, A)

az.

o' (r,B)=¢"(r,AwB),

e b, ape e by,

: by a2: : b

b1 ai b1
w

e the shuffle product of two chains beginning at the same point r

SOT<C’ 7") |17,~—>77A @’ (D7 T) ‘m—>77r+773 =

where according to eq. (A.2) 1., =

e the reflection property

—NA = TNea,...hem and Nd, =

AB + na 7]B+7]r

T T
o' (rya1,...,ap) = (=1)P¢" (ap,...,a1,7),
1.e.
e dp e dp
: az : az
= (1
al ai
T T
where again by our convention 7, = —ng = —1qa;..q,-

e and the shifting of two labels g and r1 next to each other

SOT(T(]a Aa 1, B)

p+1

=2

p+1'LT

(10, a1, a9, ...
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7a’i—1)§0T(r07 T1, (apa ap—17 ey

" (CwD, "”)’m—>m+?7A+nB )

—Nr —NB — 77d2,...,

ai)LLIB),

(A.8)

(A.10)

d;» 1.€.

(A.11)

(A.12)

(A.13)

(A.14)



i.e.
bge

(A.15)

b1

7“1{ p+1

SR DY
a1:

!

A.1 Shuffle and concatenation identities

The first identity is the concatenation (A.6) of two chains, where one has a shifted n-variable

@’ (Av 7‘) ’777'_>77r+7]B ©" (7‘, B) =" (A’ Ty B) . (A16)
For A = @ or B = @, this relation is trivial due to eq. (4.2), while for A = (a1,...,ap), B =
(b1,...bg) # @, it follows from the definitions (4.1) and (A.6)

SDT(Av T) ’777'_”77""1‘773 907- (T, B)
= Qay.a;(na +0r +18,7) - Qay .0, (Nay + 1 + 18, 7)Qay (1 + 103, 7)
X QTJH (TIBa T)Qb17b2 (nb27-“7bq’ T) ce quflybq (anﬂ—)
= ¢ (A1, B). (A.17)
The second identity is the shuffle relation (A.8), which can be proven by induction in

the length of the sequence A (and by the symmetry in A and B). Thus, let us assume
that A = @ or B = @, then it is trivially satisfied according to the definition (4.2), i.e.
¢"(r) = 1. For A = (a1) and B = (b1), we simply find the Fay identity (2.24) for the
Kronecker-Eisenstein series

= Qr.ay (May) Qr by (M)

= Qa1 (May,b1)ar by (M1) + Ly (May b1 )1 a1 (May)

=@ (r,a1,b1) + ¢ (r,b1,a1)

=@ (raiwby). (A.18)

SDT (T7 al)SOT (7", bl)

Now, let us assume that it holds for (ag,...,a,) and B = (b1,...,b,), as well as for
A = (a1,...,ap) and (be,...,b;) and use the Fay identity for the induction step to show
the identity for A and B

@ (r, A)p"(r, B) = ©" (A)" (B)¢" (1, a1) |0, »na®” (7:01) ny,
=" (A)e"(B) (¢ (r,a1,b1) + " (r,b1,a1)) [0y s, —=nams
= ¢ (a1, a2,...,ap)@"(r, a1, B)ln,, s + @7 (1,01, A)lpy 0" (b1, b2, - . by)
= @' (1,01) |pgy —na+np P’ (a1, a2, .., ap)9" (a1, B)
+ 07 (r, b1) [y, —np4na®” (01,02, ..., bg) " (b1, A)
=¢"(r,a1,(az,...,ap) wB) + " (r,b1, Aw (ba, ..., by))
=¢"(r,AwB), (A.19)

where we have used the concatenation property in the intermediate step.
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The next identity (A.10),

SOT(CJ r) |777-—>77A SOT (D7 T)"’]?'_>777'+77B

_ T
= @ (C WD, )|y tnatnsme, —=—na—ney,...cm My =115y, (A.20)

,,,,,,,,,,

is similar to the one before, but we have to be more careful with the shifts in the n-variables.
For C = @ or D = @, it is trivial. Thus, let C = (¢1,...,¢y) and D = (dy,...,d;) with
m,l # 0. For m =1 = 1, it is simply the Fay identity. For m,l > 2, we can iteratively
apply the Fay identity:

" (C,1)|n,=na®" (D7) g4

= (1, Cme1, Cms ) s @ (A1 - o di—1, diy )|y —mp4mp

=" (C1s s Cm—15Cm) Iner, s tem+1a " (@155 A1y €m) ey =notns @7 (€ Tl —ne4na+0s
+¢"(c1, .- -5 Cm, dl)"’ldl—y’]ASOT(dl? eyl dl)’ndl_”ml'f"ﬂr‘F"]ngT(dl? ) lne—me4nasnz

=@ ((c1,-- -y em—1) WD, e, T)|n, > +natns
+ @ (Cw(di,...,di—1),di, 7). —n,4n4+n5

=@ (CwD,r) |y, tnatns (A.21)

where according to eq. (A.2), 7, = =14 — Neo,....om a0 g, = =1 — DB — Ndy,...d,
In a similar inductive proof of the reflection property (A.12),

o' (r,a1,...,ap) = (=1)P¢" (ap,...,a1,7), (A.22)

with 1, = —n4, the p = 1 case simply reduces to the antisymmetry property of the
Kronecker-Eisenstein series,

" (r,a1) = Qr.ay (Nay,7) = _Qa1,r(_77a1a7') = —¢"(a1,7). (A.23)

The inductive step is done by concatenation

o' (r,a1, ..., ap—1,ap) = " (r,ai,... ,ap—l)’napflanapil,apr(ap_hap)
= (_1)p71¢7-(ap_17 . 7a17r)‘777':_77a1 ..... aPSOT(ap—hap)
= (=1)P¢"(ap, ap—l)’nap_lﬁ—nap ¢ (ap-1,- .., a1, r)|77r:_77a1 ..... ap
= (_1)pSOT(ap> ap—1, ‘7a177ﬂ)‘7]r:77]a1 ..... ap * (A'24)
To finish, let us proof the identity (A.14),
p+1 ' ~
07 (ro, A,r1, B) = > (=1)PP 07 (rg, Avi)gT (ro, 71, Aipa w B), (A.25)
i=1
for A = (ay,a2,...,a,) and B = (b1, b, ..., b,), where we already make use of the notation

in eq. (4.19) for subsequences. It is trivially satisfied for A = @, thus, let us assume that
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it holds for A = (ay,...,a,) and show it for A® = (ag, A) = (ap, a1, ..., a,). We do this in
two steps. First, the following combinatorial identity is proven

p+1
Z(—l)i(am A wA; e = —(A4,a0). (A.26)

i=1

It is trivially satisfied for A = @ and for A = (a1), it takes the form

(=1)(ao) w (a1) + (ao,a1) = —(a1, ao) - (A.27)

The induction step can be obtained using the recursive definition of the shuffle product

p+1 p+1 P

> (1) (a0, Ari) w Ai iy = Z Hao, (AriwA;py1)) + Y (=1 (ap, (ag, Ariw A;p))

i=1

i=1
p+1 )
—(ao, A +Z (a0, (AriwAipi1)) — (4, a0)
= —(ag, A) = > (=1)"Yao, (a1, Az; w A p11)) — (4, ag)
=2
= _(a07 A) + (a()v A) - (‘ZLGO)
= —(4,a9). (A.28)

Second, we use concatenation and the induction step to write
SOT(T()v ao, Aa 1, B)

= Qg ,a0(Mag + M4 +nry +1B)0" (a0, A, 71, B)
p+1

— Qoo (lag + 14 + 1y +18) (=17 707 (a0, Avi)” (ag, 1, Aiprr wB)  (A.29)
=1

and apply the Fay identity

Qrg.a0 (nao +nA -+, + nB)an,m (nai,-..,ap + 1 +1B)
= Qrg.a0 (Mag,....ai_1 ) Lro,m (nam---@p + Ny +1B)
= Qo (Mao + 14 + ey + 773)97’1,&0 (77041‘,-~~704p + e +1B) (A.30)

to obtain

(pT(T(]: ao, Aa 1, B)

p+1
= Qrg.a0(Mag + M4 + 1y +1B) Z(—l)pﬂﬂﬁ(ao, A1)e" (ao,r1, Aipr1 W B)
=1
p1 | ]
= (1P (ro, a0, A1i)¢" (10,71, Aipr1 W B)
=1
pt1 | )
— Qg (Mag + 1A + 0 +18) D_ (1P 07 (r1, a0, A1) (r1, Aipy1 w B)
=1
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p+1
= (=17 (ro, a0, Avi)@" (0, 71, Aipr1 W B)

i=1
p+1 | )

— Qg (May + 1A+ 1y +18) D (=P 07 (r1, (a0, Ari) w Ay iy w B)
=1

p+2

=D (F1)PFT (ro, AY) " (ro, 71, ATy w B)
i=2

+ (_1)p+1Q7’077’1 (77&0 +na+ Mry + WB)WT(TL (A7 aO) L B)
p+2 )
— Z 1)PH27007 (g, AY) 7 (10,71, AY g W B) (A.31)

where we have used eq. (A.26) for the second equality from below. Thus, if the iden-
tity (A.14) holds for A, it also holds for the longer sequence A° = (ag, A), as shown by the
calculation above, which proves its general validity by induction.

B Derivation of the n-point zy-derivative

In this section, we derive the n-point formula for the zg-derivative. The starting point is

eq. (4.16),

P4 n
1
0025, ((1, A), => > / []d= KNG, (sak,bj ik?bjwf(la )7 (0, B)) . (B.1)
k=0 j=0"7 i=2
where A = (ai,...,ap) and B = (b1, ..., b,) are disjoint sequences without repetitions such

that AU B ={2,3,...,n}, and the proof is split into three parts. Moreover, we will write
~ in the place of y12. o for the integration domain (4.5) throughout the appendices. First,
we derive some preliminary identities which will be useful to rewrite the term

Si2 @7 (1, A)g7(0, B) = (D, (€)™ (1, A7 (0, B)) Jeo (B.2)
Using these identities, we then give the proof of the closed formula (4.21).
Throughout this section, we accompany the crucial identities by the graphical notation
for chains of Kronecker-Eisenstein series in order to facilitate the readability of the proofs
for the n-point zg- and 7-derivatives.

B.1 Preliminary identities

Instead of only investigating the term (B.2) with the factor fcgi)bj, we consider the corre-
sponding generating series and, thus, the product of chains
ape ® by
£

L

(12. . b2

Qak,bj (f)gOT(l, A)(pT(O, B) — Nazs.. p Mbas.. 4 . (Bg)
ai bl
na B
1 0
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In particular, we will use the following identities: for k,j # 0, i.e. ap # 1 = ap and
bj # 0 = by,
Q1,05 (M) ay, 0, (§) 0,6, (1)
= (0 (M0 — €)1, (&) = W, 0, (N0 — E)Qp; (M) Qop, (1)
= Q0. (0 — &) (Qup, (16 + £)Q01 (1) + 21,0(§)Q0p, (15 + €))
— Dy 0 (M0 =€) (Q1,0(1a)Q0,3, (10 + M) + Q1p, (N0 + 75)Q01(m))
= (0, (M0 — b, (s + &) — Do,y 0, (M0 — E)Q1p, (M + M) Qo1(1p)
+ 0, (M0 = §)21,0(6)Q0p; (16 + &) — ;a0 (M0 — §)21,0(Ma) 20,6, (Ma + M)
= M0, (N0 + 1) Qay,p,; (76 + £) Q01 (1)

+ 0, (M0 = §)21,0(6)Q0p; (16 + &) — D 0, (M — §)21,0(Ma) 20,6, (Ma + M)
+ 1ay, (N0 — E)1,0(€)Q0,p; (1 + &) — U ay, (N0 — €)21,0(1a)R0,, (11 + 7b)
= Q01(M) a5 (Ma + 1) a5, (M + &) + Qo1 (=10) Q0,5 (M0 + 1), ay, (M — £)
+ Q1.0(6)Qa, (10 — §)Q0,p, (6 +€) (B.4)
which can be depicted as
ak § b; akib—<£—0 b; ako—£>—o b; ak b;
Na Mo = Nab —+ Nab -+ Na U2 s (B5)
1 I I 0 1 ) LI 0 1e—1 1y 1 ¢ 0
while for k£ # 0 and j =0
01,0, (10)a;,,0(§) = Qo1(=1a) 0,0, (M — &) + Q1,0(§) 1,0, (M2 =€), (B.6)

depicted by

ag Ak ag
£ Na — &
Ta Na _€
1%0 - 1:l0 t 1I—~0’ (B.7)
—Ta §

and for k =0and j #0
Q1,6 (£)Q0,6; () = Qo1 (1M6) 1,6, (7 + &) + Q1,0(§) Q0,6 (76 + ) (B.8)

bj bj
Uy m + 5 m+ €
1 /o[ + 1 0 ) (B.9)

The procedure to rewrite the 2, p. in eq. B 2) is the following: ﬁrst we move the indices
ar, and bj in ¢7(1, A)¢7(0, B) next to 1 and 0, respectively, by means of eq. (A.14), which
yields for k # 0

©"(1,A) = 7(1 Al g, Qg A1 pr1)

i.e.

= Z k ' T 1 Alz) T(laakvleivkLUAkJrl:erl)

= Z 1)o7 (1, Avi) @ (ar, A e w A1 p1)Qa, (14, p41) (B.10)
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i.e.

ap,
are
: ea;, edp
e k . e Qi—1 @ Ak+1
= > (=D , (B.11)
ai i=1 al
1 1
and for j # 0
©"(0,B) = ¢"(0, B1,j,bj, Bj+1,4+1)
J
= (=1)77'7(0, Bu)¢" (0, by, Bij w Bjy1441)
=1
j . ~
= (=1)7'%7(0, Bu)g” (bj, Bij w Bj11,411)Q00,(18,,,1) » (B.12)
=1
i.e.
by e
b' N
72 eb, e
b
_ (B.13)
b1
0

As a consequence, for k,j # 0

Qak,b]‘ (5)907(17 A)SOT(Oa B)

J
= ) ()M, AT (ks Agk w Agyrpi)#T (0, Bu)geT (b, By w Bjytgia)

i=1 [=1
Ql,ak (nAi,p-i-l)Qak,bj <€)Qo,b]‘ (nBLq_H) ’ (B14)
ie.
ape e by
S

as by

Nazs...p Mb2s...q —
ai b1

na nB
1 0
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fork#0, =0

Qay 0(E)e" (1, A7 (0, B)

k
Z )T (1, Ava) @ (ar, A w Apr1,p11) @7 (0, B) 0y (14;,p+1)2a,,0(6)  (B.16)

l.e.

, (B.17)

and for k=0, j#0

Qa0 ()" (1, )™ (0, B)

J
Z 1)/l (1, A)™ (0, Bi) @ (bj, Brj w Bjs1,g41) 0, (§)Q0p; (1B,,,,) . (B.18)

i.e.

(B.19)

Moy 4

At this point, we can apply the identity (B.4) in (B.14), (B.6) in (B.16) and (B.8) in (B.18)
to the triangles or squares formed by the vertices 1, 0, a; and/or b; in the corresponding
graphs, which leads to two (for k = 0 or j = 0) or three distinct sums. For k,j # 0,
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we obtain

(QOI(nBl,q+1)QLak (n4; p+1 + nBl,q+1)Qak,b]’ (nBl,q+1 +§)
+ Q01(=4;,p+1)Q06; (M4, p+1 + 1By 411 ) ;00 (N4 pr1 — )

+ 921,0(6) 1,0, (M4, pr1 — §)Q0p; (0B, 4, + §)> , (B.20)

i.e.

ape e b,

® a; e Up

k J e A;—1 : QAp—1 : k41
Mas...p L D) D G ) st \\m/
. /

ax by i=1 1=1 are k
nA nB \
1 0 1

eb; e

nbl...q+£ Na; ,—&
p—<+——0 0 .

G b; age——L ¢ b;  ag b; b1 ; b1 @b
X Nai..p Ty 4 + Nag. » TN 4 + Nai...p Moy 4 v (821)
1] e—e0( ] e—eo( 1 0 bj ' by
Moy g —Ta;.p §
0

The last sum, with the factor 210(§)21,q, (14, p+1—§)Q0p, (1B, 41 +E), can be rewritten in

terms of the original chains, using egs. (B.10) and (B.12) in the reverse direction, leaving
a shift of F¢ in the variables 7,, and n;;, respectively,

j
DO (=D)L, AT (ak, Aig w Agrp41)97 (0, Bu)¢ (b, Brj w Bjyigin)
=1 [=1

Ql,O(E)QLak (77A¢,p+1 - g)QO,bj (77Bl,q+1 + 5)

= Q10()¢" (L Aoy, —sna, 2" (0, B) Ly, -y +¢ - (B.22)

The remaining two sums in eq. (B.20) can either be written in terms of products of two
chains, the first starting at 1 and the second at 0. This will yield the closed formula for
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the derivatives of Z . Or, they can be expressed in terms of the S-map. Both formule
are derived in the next two subsections.

To summarize, we have so far for k, j # 0 the identity

Qak,b]’ (5)907(17 A)SOT(()? B) = Ql,o(g)()oT(l: A) |77ak4>77ak *{@T(Ov B) ’771,]- = +£

+ O (DML AT (g, Avk w Ak pr1)$7 (0, Bu)gT (b, Brjw By g41)

~

Qo (nBz,qH)Ql,ak (nAi,p+1 B g1 )Qak,bj (nBl,qul +£)

+ 901(_77Ai,p+1)907bj (nAi,P+1 + nBl,q+1)ij,ak (nAi,p+1 - 5)) ) (B23)

i.e.

ape

as
al
1
X , (B.24)
fork#0, j=0
Qay,0(§)¢"™ (1, 4)¢™(0, B) = Q10()¢" (1, Ay, —na,—e" (0, B)
k
+ ) (D1, Aw)e (ak, Ak w Ak 1,p11)@7 (0, B)01 (=14, 1) Q0,0 (N4, o1 — 6
=1
(B.25)
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i.e.
* ap

a,,, ; Ap+1

Nagy1..p
ak ® b, ® b
Nay. p—&

® k1 ® b2

® a1 b1 i=1

na—¢§

and for k=0, j#0

()97 (1, A" (0, B) = 2 0(€) " (1 A)p (0. By, —on, +¢

J
+ ) (1) T (1, A)pT (0, Bu)@ (bj, Brj w Bjt1,g41)Q01 (08,0, ) s, (18,0 +£) -
=1
(B.27)

l.e.

B.2 Closed formula

The closed-form expression (4.21) is obtained from egs. (B.23) to (B.27) by multiple appli-
cations of the shuffle identity (A.8) and the concatenation (A.6).
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For k,j # 0, the first sum in eq. (B.23) is given by

J
Z D=0 (1, AT (an, Aig W Apr,p41)9" (0, B¢ (b, Brj w Bjyi g1)
11l=1

Qo1 (nBl,tﬁ—l)QLak (77141‘,}7-5-1 + 77Bl,q+l)Qakv (7731 a+1 T §)
E o J

M»

.
Il

Z k+j_i_l901(n31,q+1)()07(07 Bll)@T(laAli)

s (NAsp+1 + 0B, 4 1) (ks Ai g W A1 p+1)97 (ag, by, By j Bj+1,q+1)|77bj Sy, +E
J

> (=101 (0,4, @7 (0, BT (1, Ayy)
=1 =1

" (1, an, (A W Ag 1 pr1) W

2
)
-y

(05, Brj W Bjt1,g+1)) ey, —snay, ~Emn, —mo; +

k J
e Z Z(_l)k“’]—l—lQOl (,,,lBl’q<~>1)<)07'(07 Bll)

i=1 [=1

@7 (1, Avy w (ag, (Aig W Ay pr) W (b, Brj W Bjst,q1)) a6, —m, +¢ - (B:29)

and similarly for the second sum

ko J
SO (DT, AT (aks Ak w Agr1p40)¢7 (0, Bu)e™ (b, Brjw By g41)
i=1 [=1

+ Qo1 (*77Ai,p+1)90,bj (77A¢,P+1 + NBj,q+1 )Qb]‘,ak (77Ai,p+1 - 5)

k J
= Z Z DR 001 (4,00 )T (1, A)
=1 [=1

7 (0, Buyw (bj, (Brjw Bjy1g1) W (ak, Ajge w A1 pe1))) ey 1~ -, +6 - (B.30)

The sum in eq. (B.25) for k£ # 0, j = 0 can be rewritten as

k
D (DR T (1, AT (ak, Aig w A1 pr1)#” (0, B)Q01 (=14, p11)R0,a, (14 511 — &)
k . ~
= (=101 (=4, p11) @7 (1, A1) 07 (0, ar, Ao w Ag 1 1) e, —sma, 27 (0, B)

k
= (=D Q01 (=14, p+1)9" (1, A1i)” (0, Bw (ag, Ai e w A1 p1))lny, s, —¢  (B.31)

@
Il
—

and, similarly, the one in eq. (B.27) for k =0, j # 0 as follows

J
> (=177 (1, A)™ (0, Bu)@ (b, Brj w Bji1,g11)Q01 (08, ) b, (18,41 + )
=1

J
=D (=17 0151, )97 (0, Bi)e™ (L Aw (b, Bijw Biiagen)) oy, s, 46 (B32)
=1
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Plugging egs. (B.29) and (B.30) into eq. (B.23), we can conclude that for k,j # 0
Qay b, ()" (1, A)p™(0, B) = Q1.0(§)@" (1, A) e, s, 62" (0, By, -y, +¢

+ Zk: zj:(—l)kﬂ;iflﬂm(TIBl,qH)SOT(Oa By)
1, A w (ag, (A g w A1 p1) W (by, By w Bijt1.q+1)) a0y €, —m,; +€

+ Zk: i(—l)kﬂ_i_lﬁoﬂ—mi,p“)907(1, Ai)

i

7 (0, By w (bj, (Brj w Bjy1g1) W (an, Aige W Ars1p11)) oy €, s, +6 - (B-33)
the corresponding graphical equation is obtained from eq. (B.24) by simply folding back
any branch fork to a sum of single chains using the shuffle product, while all the n-variables

and the corresponding shifts +¢ stay the same (and will not be depicted in the following
equation for notational simplicity)

e dp ® by

are ® by b it ¢ br

: : Nagy1..p Mojt1..q
ak°—<§—° b ak b,

: Nag.. p—§ UTPRES
asg : ba ' ak—1 : bj—1 kg

Nazs.. p Moas..q  — _1)kt+i—il
a1 b1 > a1 : b1 ! ; ;( )

nA nB na—§& s +§
1 0 1 0

3
ea; edp, eb, el ea;, edp eb;, e

, (B.34)

Moy, .4

and similarly using eq. (B.31) in eq. (B.25) yields for £k #0, j =0
Qay,0(§)¢" (1, 4)¢™(0, B) = Q10()¢" (1, A)ln,, —na, —e" (0, B)

k
+ > (=DM 01 (=na,p+1) @7 (1, AL (0, B (ag, Aj e w Agi1p41)) ey -5y —¢ 5 (B-35)
i=1

which is also obtained from the graphs in eq. (B.26) by folding back any branches to a
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single chain using the shuffle product

e dp

ap9 ® ki1

77ak+1...p

ak ® b ® b
Nay,. ., —§

o Ap—1 - bg

and eq. (B.27) in eq. (B.32) for k=0, j #0

14, (¢ (1, A (0. B) = Q1 0(€)¢ (1L, A)g7 (0. By, o ¢
J
(1711 (15, (0. Bu) " (1, Aw (b, Bujw By 1))l —m <6 (B37)
=1

i.e. eq. (B.28) folded back

e b ® b1

Mojt1..q

I3 Mo;.. .4

(B.38)

The above formule (B.33) to (B.37) yield the closed expressions for the partial deriva-

tives of Z7,,((1, A), (0, B)), since they contain two chains beginning at zero and one. For

the zp-derivative, we can continue from eq. (B.1) using the fact that f éi?bd is the order zero

€%-term of Qq, ., (€), see eq. (B.2). Thus, eqs. (B.33) to (B.37) can be applied to extract
the ¢%-term in

p q
aUZOn((l A),(0,B)) = Zzsak,bj /Hdzl KNZ)—I...n<Qak,bj(€)‘PT(17A)QPT(O’ B))’éo'

k=0 j=0 7 i=2
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The non-trivial extraction of the ¢%-term occurs in the term proportional to Q;(¢) in
egs. (B.33) to (B.37), i.e. Q1,0(§)¢" (1, A)¢7 (0, B) with some shifts in the n-variables, and
can be treated using the expansion

Qu0(6) = ; + 18+ o) (B.40)

in £ of the single factors to project out differential operators from the chains. The extraction
in the remaining terms can be done by (expanding factors of the form €;;(n + ¢) around &
and) simply setting & = 0. For a single factor of the Kronecker-Eisenstein series, we find
for k #£0

(21006, 1. (May, —&)) leo
= (3104 0©) (o sn ) = 600 B ) +00) ) s

= <<1>+a,7 ) Qay_1,arNay,) - (B.41)

For a whole product, i.e. a chain, this procedure exactly reproduces the product rule due
to the cross-terms and leads to

(Ql,O(f)SOT(L A) |77ak—>77ak —5‘%’7(07 B) ’77bj =1 +£> ‘EO
— (63 + 00y = O, ) (1, A)7(0, B) (B.42)

for k, 7 # 0. Putting everything together, one indeed arrives at the closed formula eq. (4.21)
for 923 ,,((1, A), (0, B)).

B.3 S-map formula

Alternatively, the derivatives of Z{, ((1, A), (0, B)) can be expressed in terms of the S-map
as in eq. (4.26). For this purpose, we proceed from eq. (B.23) for k, j # 0 again using the
shuffle identity (A.8) and the reflection property (A.12), but slightly differently than in the
previous subsection: we want to keep a factor of Qg p. (15, .., + &) OF Qb 0, (N4, pr1 — &)
as a bridge between the chains of A and B. For the first sum in eq. (B.23), the calculation
amounts to

J

ZZ D071, A (ak, Aig W A1 pi1) @ (0, Bu)@ (b, Brjw Bjy1g11)
=1 [=1

QOl (77Bl q+1)Ql a (77141',174—1 + B g+1 )Qak, (77Bl 41 + E)

- Z 1) ™01 (15, py (O Bu)¢" (ar, bj, Brj L”Bj+1,q+1)|nb]-—>nbj+€

2 (L Alui)Qluak (77141',174-1 + nBl,q+1)(PT(ak7 Ai,k)QPT (akv Ak+1,p+1)

Il
M- =2

(=101 (15, ,41)¢7 (0, Bu)¢™ (ar, bj, Brj W Bj1g1)lny, —>m, +¢
l

Il
—

(1, A1) (1, ak, Aik)|na, Ay B ©" (ak, Akpt1p+1)
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J
Z “Q01(18,11)#7 (0, Bu) @ (an, bj, Bij w Byt g+1)ln, -y, +¢

¥ (1, A1k, ax) |77ak_)77Ak,p+1+77Bl’q+1 " (Ak+1,p+1, k) |77ak—>—nAk+1’p+1

|
M~

(=P 701 (0, .1 )" (0, Bu)@" (ar, by, Brj w Bji1,g41) -

N
Il
—

@™ ((1, Ay ) w Ak+1,p+1> a’k)‘nak—’Tiak+77Bl’q+l

I
M~

(—1)P*71001 (0, 41 )" (0, Byy)
1

P (L Avge) W ARt 1,15 s bgs Brg W Bjt,g41) lnay sy, €, —m, +6 - (B.43)

where we applied the shuffle identity (A.8) and eq. (A.14) in the reverse direction in the

first and third equality, respectively. The same calculation leads to a similar result for the
second sum in eq. (B.23)

I
—

J
ZZ DFHIGT (1, Av) @™ (ak, Aig W Agga par)@” (0, Bu)@™ (b, Bij w By 441)
=1 1=1

QOI(_UAi7p+1)QO,bj (77141'7174‘1 + nBl,q+1)ij»ak (77Ai7p+1 —¢)

I

(=1) 7T 71001 (=, pr1) " (1, A1)
1

7

7 ((0, B1,j) W Bji1,q+1, bjy s Aik W Akt 1 p1) g~ —ans, >, +6 - (B.44)
Similarly, we find for the sum in (B.25) for £k #0, j =0
k
Z(—l)k%sf(l, A1) (ar, Ai g W Ai1,p41) 9" (0, B)Q01 (=14, p+1)$20,05 (N4; p+1 — §)
=1
k
Z DIE0T(B, 0,1, A1) lng—smot Aspy1 7 (05 @y Aik W Akt 51|y~ —
N

Z q+k ‘ T O 1 Ali)SOT(B707akv Ai,k iy Ak-‘y—l,p—l—l)‘nak%nak—f,noﬁno-‘rf

Z D101 (—na, pra) @7 (1, Ari)

¥ (B 0, ai, A W At p41) o, 10, —€m—smo+e (B.45)
and for the sum in eq. (B.27) with k=0, j #0

]~

(_1)j_l(p7(1’ A)@T(Ov Bll)(:OT(bj’ Bl,j L Bj+1,q+1)901 (nBl,q+1)Ql,bj (nBz,q+1 + 5)
1

~

J
y ) )
> D01 (8,097 (0, Bu)eT (A, 1,05, Buj w Bi g g —sm -, -, + -
=1

(B.46)
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Thus, the identity (B.23), valid for k,j # 0 can be rewritten as follows

Qu ()0 (1 AT (0, B) = Q. 0(E)¢7 (1, Al oy~ (0. B, 5

J
+ Z(—l)p+l_k+]_l901(UBz,qH)SOT(O, By)
=1

AS)

. . ~
(1, Al,k:) L Ak+1,p+17 ag, bja By jw Bj+1,q+1)|nak—>n% =& =M +E

k
+ Z(—l)ﬁl_ﬁk_zﬁm(—77Ai,p+1)80T(1, A1)

=1
@7 ((0, B1,j) W Bjiy1,g+15 55 @y Aik W Akt pt1) lnay —may, €, +6 - (B.47)

Graphically this equation is obtained from eq. (B.24) by absorbing the sum over i into the
second term and the sum over j into the third term, to connect the vertices a; with a;_;
and b; with b;_1, respectively, leading to

e Up b,

are ® b Okt bjt1

Mawir p My g
a’“é_‘g—é b, Gk bj

Nay.. ,—§ Moy &
a2 bo ag—1 bj—1

Nazs...p Moos..q —
ai by a by

un nB na —& e +§&
1 0 1 0

3

edy eb; eb

X « Ak—1 . Ak+1 ‘ bj+1 : bj71 [ b1
S prl—krj—l A\ -
+ Z(_l) aiq  an Mg b

j ':bl
1@ L0

(B.48)
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Similarly, the identity (B.25) for k # 0, 7 = 0 is given by

Qak,O(g)SOT(l’ A)@T(Ov B) = Ql,O(&)SDT(l) A) ”7% —May, —§90T(07 B)

k
+ Z(—l)q—’—k_ZQOl(_nAi,p—l-l)(PT(la Ali)SDT (37 0, ag, Ai,k L Ak+1,p+1)|nak —May, —EM0—>M0+E »
=1
(B.49)
i.e. obtained from eq. (B.26) by reverting the chain ¢" (0, B)
e ap
ap, ; Ap+1
Nagt1...p
Ak . bq e a; e dp . bq
nak...p_f
® (k1 A by ® by

and eq. (B.27) for k=0, j # 0 by

Q4 ()7 (1, A" (0, B) = Qu0(E)™ (1, A" (0, By, o 1
J
T Z(_DpJﬁilQOl (nBl,q+1)90T(O7 Bu)e" (A, 1, bj, By j w Bj+1711+1)’771ﬁ771*5777bj =1 +E
=1

(B.51)

i.e.

(B.52)
Note that these three identities indeed all have a factor of Qak,bj, which is the backbone in
the formulation in terms of the S-map. This can be seen by summing these identities over
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al0<k<pand 0<j<q

P g
Z Sak,b Qak,b (é-) T<17A)SOT(O7B)
k=0 5=0
P g
Z Z Sai b, .0(E) @7 (1, A) iy, sy, 627 (0, By, —my, +¢
k=0 5=0
P g J 4
+ Z Z Say,b; Z(_l)pikJrjilQOl(nBl,q-H)907(07 Bll)
k=0 j=1 =1
¢ (Aok w Ap41,p+1, 0k, by, By j w B]+1’Q+1)|77ak—>77ak &M, —mp &
P g k
FYOD  sany D (=DTIFIQ (<na, pra)e" (1, Av)
k=1 j=0 i=1
©" (Bo,j W Bj+1,4+1, by, ak, Aij W Ak+17p+1)|77ak_)77ak =&y =y +E
P g
ZZSak,bjﬂl,O(g)SDT(17A)SOT(OaB) \nakﬁnakfﬁ,nbj%nbﬁ&
k=0 7=0
q LA .
+2901(7731,q+1 (0, Bu) ZZ D kﬂilsak’bj
=1 k=0 j=I

i _
7 (Aoe W Ay 1p1, @, bjs B W Bj1,41) lnay 1y —amn, -, +€

p p q
+ Q01 (—napr) T (L A) YD (=17 s )

i=1 k=i j=0
T N _
@7 (Boj W Bjt1,g+1, 05, ak, Aik W Akt1 p11) ey, —5na, €, —mo, +6 (B.53)

Comparing with eq. (4.23), we see that the second and third sum explicitly involve the
definition of the S-map, except for the shift ¢ in the variables n,, and np,.

In order to obtain the S-map representation of the zp-derivative eq. (B.39) we sim-
ply need to extract the &Y part of eq. (B.53), where we immediately recover the S-map
formula (4.26).

C Derivation of the n-point 7-derivative

In this section, we determine the action of 27id; on the integrals Z7, in eq. (4.6) to
derive the corresponding formulae (4.42) and (4.44). The techniques in this appendix
generalize those in [1, 80], where the 7-derivatives of Z7-integrals without augmentation
were studied.?’ First, we recall that the 7-derivative of the Koba-Nielsen factor is given by
eq. (4.40). Second, the action (up to integration by parts) on a chain

=2

m m
H ch 1,i 7701 Cm) ) nCimCm = Z an ) (Cl)
j=t

20Sce in particular section 4 and appendix A of the first reference in ref. [1] as well as section 4 and
appendix E of ref. [80].
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with C' = (c1,¢,...,¢m) can be expressed using the mixed heat equation
2mi0-2ij(n) = 0i0pSYi(n) = —0;0,82:;(n) (C.2)
for real z;, z; as follows:

270" (C)

H Cj—1,¢5 770] em ) 2007 Qe 1cz(7701 em)
i=2 j=2

] i
m

m

cj 1,Cj "76] Cm)acianci...cmgci—hci(ncimcm)
2

2
JF#i

Ao, — 91'23577%_1)

3

famE

-3

1=2

ch—l ,Cj (770]' ..Cm )acz QCi—l sCi (Uci...cm )

/N

N
LN

J
J

(anc Z>3677 ) cj 1,Cj 776] em) (8CiQCi,C¢+1(770¢...cm) + ch',cz'ﬂ(??q...cm)aci)

|
.MS

~
||
N

ﬁ
ﬁ

I

~
||
N

(anc l>3a77 ) CJ 1,C5 7701 Cm) (_aciJrlQCi,ciﬂ (7702'.--Cm) + Qci70i+1 (HCi..-cm)aCi)

I

<877Ci —9@3@7 )ﬁ cj 1,65 770] Cm. (i ack)

k=i

<<3nci - 9i23877ci_1) @T(C)> (Z a%) : (C.3)
k=1

We again use a step function ;> which is taken to be 1 for j > k and zero for j < k.
Therefore, denoting (1, A) = (ag, a1, ...,ap) and (0, B) = (bo, b1, ...,by) we find

2

1

Il

[|
N

1

2midr (KNgy. " (1, A)¢" (0, B))
= - Z Sij (f + 2<2> KNgl...n(PT(lv A)SOT(O> B)

0<i<j<n
p p
Z (Z aakKNgln) @T(Oa B) (aﬁai - 91’2287]%71) 907—(17*’4)
=1 \k=t
q q
3 (Z 00 KNG, ) o7(1,4) (8, — bi22y, ) ¢7(0.B)
i=1 \k=
== Y s (A7 4+26) KNGy, (1,A)e7 (0, B)
0<i<j<n
p i—1
—KN§; Z Z Z Say,a; ‘lk ay + Z Z Say.b; akv
i=1 k=1 j=0 k=1 j=0
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x 7 (0,B) (87)% — 91228%1_71) ¢ (1, A)

q q i—1 q p
— KNgy..p Z Z Z Sbk’bjflg:,)bj + Z Z Sbk’ajfé:?aj

i=1 \ k=i j=0 k=i j=0
X QDT(LA) (877171- - ‘9i22anbi_1> QDT(O’ B)
== Y sy () 26) KNGLp" (1, A)e (0, B)

0<i<j<n

p k-1 k k
T 1

KNG [ D0 saeay fie, D +ZZ anbi oy 2

k=1 j=0 i=j+1 k=1 4=0 i=1
(0, B) (95, — 02205, ) #7(1,A)
L 0 ot 0 1
1 1

~ KNG | Do shn Fih, Z 2D Sheay Foa, D

k=1 j=0 i=j+1 k=15=0 i=1

x @7 (1, A) (8%_ - 9i22877bi_1) ©"(0,B)
== Y sy () 26) KNGLe" (1, A) (0, B)

0<i<j<n
p k-1

KNG | DY e S0, (O, — 052100,) | 7 (1 A)27(0, B)
k=1 35=0
q k—1

~ KNG [ D0 snn forh, (O, — 052100, ) | €7(1,A)27(0, B)
k=1 ;=0
P q

— KNG (DD Sary éi?bj (9%:213% - jZlanb].) ©"(1,4)¢7(0, B)
k=0 j=0

= —S01.. n2€2KN01 n(p (17 ) (0 B)

A
p
— KNgy_p, Zsak a; ( gyt ( Mag, 0j>10n, ) + féi?a) ¢ (1, A)¢" (0, B)
k=1 j=0
q k—1

— KNG 0D S0ty (Fiary (Om, — 05210n, ) + £i2h, ) ¢7 (1, A7 (0, B)

k= 1; 0 (
—KN§; Zsak’ <

k=0 j=0

<9k>1<9n 9j213n,,j) - féi?b» ©"(1,A)e"(0,B),
(C.4)

which implies eq. (4.41). As for eq. (B.1) in the calculation of the zp-derivative, this
equation is the starting point to determine the 7-derivative of Z7, ((1, A), (0, B)). In the
following two subsections, we give the corresponding formula in terms of the S-map and a
closed expression.
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C.1 S-map formula

Let us start with deriving the S-map formula, continuing from eq. (C.4) similar to the
calculation of the zp-derivative. In order to rewrite the last sum, the operator in front of
the product ¢” (1, A)¢" (0, B) is expressed as follows

(féi?bj <9k215nak - szlamj) - fb(f)ak) ¢" (1, A)p™(0, B)
= <0k21a77ak - 9j21877bj - 8{) Qak,bj (5)907(17 A)‘PT(Oa B)‘go ’ (05)

such that eq. (B.53) can be used again. Due to the shifts F¢ in the variables n,, — & and
mb; + &, the additional differential operator dy, — 0

M,

factor Qp; in eq. (B.53). For the first sum in eq. (B.53), this amounts to projecting out a

— O¢ acts only non-trivially on the

second derivative in analogy to eq. (B.41), since for k # 0

(O = O, = ) (21008 (10, = )

— (—512 + 534 0(5))

2
X <Qak_1,ak (nak) - ganak Qak_l,ak (77%) + 5872](% Qak_l,ak (nak) + O(€)>

50

50
1
= (fé%) - 2673(%) Qakfl,ak (nak)a (CG)

and more generally

(9@1&7% — 0510, — 35) <Ql7o(€)¢7(1,A)\naﬁnakfgsf((), B)\nbﬁnbﬁg) o

1 2
_ <fé§> =5 (92100, 0210, > & (1, )7 (0, B). (1)

Thus, if we apply (0x>10y,, — 9]-218%]_ — J¢) on the first sum in eq. (B.53), its &%-part is
given by

p q
Z Z Sag,b; (91621877% - 9]’2137717]- - a§> Q106" (1, 4)¢7(0, B)|"7ak —Nag, —EMb; =M +E
k=0 j—=0

p

q

2 1 § E 2 T T

= S(l,A),(O,B)f(gl) - 5 Say,bj <9k216 ap, szlanbj) ¥ (17"4)90 (073)7 (08)
k=0 j—=0
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such that the identity (B.53) implies

p
Z Sar.b; (aib (ekzlanak—ejzlanbj) fzf%) ¢"(1,A)¢™(0, B)

k=0 5=0
1
2

l

q

2
Z Z Sap.b; (9k>13n 93’2137;,,].) - S(I,A),(O,B)fé?)) " (1, A)p™ (0, B)

0 5=0

p
L=
q
01 (nBl,q+1 )SOT(Ov Bll)wT(S[(la A)a Bl,q-l-l])
1
p
>l
i=1

1=

- —n4;p+1)¢" (1, A1) (S[(0, B), Arg11]) (C.9)

where
Q5 (£€) = £0:Q01(£) - (C.10)

The second and third sum in eq. (C.4) can be calculated similarly. We find for example

p k-1
S suas (£, (Onay = 052100, ) + 12, ) 7 (1, A)7(0, B)
k=1 3=0
’ p k-1
B) Z Say,a; ( ( Nay, 9j213naj + 85) Qak,aj (5)907-(17‘4)) ‘50 ] (C.11)
k=1 j=0

where using eq. (A.14) gives

Qaya;(6)@" (1, A)

= Qay0; ()" (Ao gt 1) lny—na, 07 (@55 Ajia ko ks Agr pi1)
k

= Qa0 ()9 (Aos1) Iy, D (CD 07 (@, Ajn )97 (a7, ak, A W Apir i)
I=j+1
k
= (AO?]+1)’77]_>77AJ ptl Z (_1)k_l‘PT(aj7Aj+1,l)
I=j+1
X Qak,(l]‘ (g)Qaj,ak (nAl,p“ )SOT (akH Al,k‘ L Ak)-‘rl,p—i—l) . (012)
With the identity [18, 19]
(On + 9¢) ()2 (n) = (p(n) — ©(§)) Ljk(n — &) (C.13)
and extracting its £° contribution
1
(0, + 0050 oo = ( 9(0) = 502 ) ia(o) (©14)
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we can continue to find

((n, — 52100, +26) Qu, (07 (1, 4)) Bigle
k

= (AOJ‘FI)‘U]%"]AJPJrl Z (_1>k_lS0T(0/j,Aj+1’l>
l=j+1

( (877% + ag) Qaya; (6)a;,as (77Al,p+1))

k

D DN Co e  CIRTEN)

l=j+1

NS A w Ap1,p41)

(AO,jJrl ) |77] —NA

<p(77141,p+1) - 82

5 77%) Qajar (M4,,40) @7 (@hy Al W A pi1)

—% <(9nak - 0]'21877@-)2 pr(1,4)

k=l T
- Z 914141 (1) 707 (Ao 1) Iny—na

I—j—1 i
Jp+1 (_1) ! QOT(AJ'—H,la aj) ’naj ——nA
I=j5+1

L
@7 (aj, ag, A W A pi1)
1 2
= —5 (677% —0;>10 a_) ¢ (1, A)

k—j—1 i i
+ Z 90,0 ) (1) 70T (Ao w Ajyn s 4 gy A W A pia)

(C.15)
l=j+1

where we have used the reflection property (A.12) and again the identity (A.14) in the

reverse direction, to pull out the appropriate second derivative for the second last equality.
Thus, we finally obtain

( <87,% — 05210, + 35) Qaya; ()" (1, A))

k

+ > a0 (DTG (Ao w Aji g, 4, ak, Ak w Ag g pi) (C.16)
I=j+1

1 2
o0~ T2 (%k — ejzl%j> o7 (1,A)

Therefore, plugging the above identity into the sum (C.11) yields
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Sapias (£ (Ony = 032100, ) + 12,,) &7 (1, A7 (0, B)
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Say,a; Z @ N4, p+1
=j+
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l

bl
M= 11
3
<.
Il
[en}

o
—

1 2 T T
2 (677% — 0;>10 aj) Sap,a; P (1, 4)¢™(0, B)

914,197 (0, B)g" (S[(1, A1), Arpa]) -
1

Analogously, the third term in the sum in eq. (C.4) is

E

-1

k=137

ko

-1

Il
o

J

M- 1= L

+ p(nBl,p+1)¢T(17A)(pT(S[(OaBl,l)yBl,p+1]) ;

~

1

1 2 T T
3 (anbk - ejzlanbj) Stb; " (1, A)e (0, B)

q
DD suw, ( i, (%k —~ 0j21a77bj> + fli,)b]-) ¢"(1, A)7 (0, B)

(C.17)

(C.18)

which was the last term missing, such that the whole eq. (C.4) is expressed in terms of
the S-map leading to eq. (4.42). This formula is similar to the S-map formula (4.26) for
the zp-derivative: the differences are the diagonal terms, i.e. the first sum proportional

to Z,((1,A),(0,B

)), the derivatives le(n3l7q+1), Qo1 (=14, p4+1) instead of Qo1(1B, 415

Qo1(—n4, p+1), respectively, and the appearance of the terms including the Weierstraf§ -
function.

C.2 Closed formula

Similarly, we obtain a closed formula for the 7-derivative continuing from eq. (C.4). The
last sum can be rewritten using the results in egs. (B.33) to (B.37) from the zo-derivative

p q
DD sawty (féi?bj (szlan% - 9j213nbj> £, ) v7(1,4)¢7(0, B)

k=0 j
1 & 2
52D Sah, (9k>1&7 91>13m7) = 5(1,4),(0,8) fo1
k=0 j=0
P q kK J
Zzsahb]ZZ(* k+] i— ZQJr (T]Bz q+1) T(OaBll)
k=0 j=0 i=1 I=1

X @7 (1, Ariw (ag, (Aige W Aps1,p01) W (b, Brj W Bji1,g+1)))

J
- Z Z Say,b; Z( 1)k+]7171951(—77Ai,p+1)<PT(1, Ayy)

1
x @7 (0, By w (b, (Byj w Bjt,g41) W (ak, Aj g W App1pi1))) -
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The second sum can be expressed from eq. (C.12) using a similar calculation as in eq. (C.15)
as follows:

( <8,7ak — 9j21(917a], + ag) Qaya; (9" (1, A))

50
k
¢T(A07j+1)’7lj_>77Ajyp+l Z (_1)kil¢T(Aj,l)
I=j+1
( <677ak + 85) Qak,aj (g)Qaj,ak (77Al7p+1)> go@T(ak’ Al,k L Ak+1,p+1)
k
= (A(],]+1)|7]J—)77A] 1 Z (_1)k_l(pT(A],l)
I=j+1

1 ~
(@(nAz,pH) - 2873%) Qaj,ak (?7Az,p+1 )QOT(aka Al,k L Ak+l,p+1)

=5 (on -0 ) 700

k—l T
+ Z 004, ) (=D 7 (A0 41 b, s,
l=j+1

=5 (on -0 ) 700

(g A g w (ag, A W A pe))

+ Z ©(na,,0) (DT (1, Ay ag, A w (ag, Ak W Ay pin)) s (C.20)
l=j+1

while the third sum in eq. (C.4) is given by

T 1 2 T
(9, = 052100, +0¢) s, 67 (0. B)) |, = =5 (90, —5210n,) &7 (0. B)
k ~
+ ) 9B, ) (=1 107(0, B, by, Bigag w bk, Brk w Big,g41)) - (C.21)
I=j+1

Altogether, this leads to the closed expression of the 7-derivative as given in eq. (4.44).
Note that as for the S-map formula, the only difference compared to the closed
zo-derivative (4.21) are the diagonal terms (first sum), the derivatives Qg (NBy.gi1)s
Q01 (=14, p+1) instead of Qo (nBLqH), Qo1(—n4, p+1), respectively, and the appearance of
the terms including the Weierstrafl p-function (the second and third sum).

C.3 Three-point example

This appendix complements the discussion of the three-point 7-derivative in section 4.3.3
by expressing 0r Z 5 in terms of Weierstrall p-functions and Kronecker-Eisenstein series.
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The 7-derivative following from egs. (4.42) and (4.44) is given by

. 1 1 1
2mi0; Zp g = <2(802 + 512)07, + 5(803 + 513)07, + 5823(@72—&73)2 - 2C280123> Z)
o diy diy diz
— diag(s0,123, 50,123, 503,12, S02,13, S023,1, 5023,1) fo1’ L3+ | dby d3y dig | ZG 3,
d3y d3y d3s
(C.22)

where dj; denote 2x2 blocks: while the diagonal blocks depend on 72,73 via Weierstraf3
functions,

+ [ —s120(n23) — (s13+523)0(n3) s13[p(123) — p(n3)]
1 s12[p(123) — p(12)] —s130(123) — (s12+823)90(12) )

_— —s120(n2) — So3p(n3) 0
22 = < 0 —s139(n3) — 802@(?72)) ’ (€29

[ —s03p(n23) — (so2+s23)0(n2) s02[p(n23) — p(n2)]
5 s03[9(123) — 9 (13)] —502(1123) — (s03+523)9(n3) |

the off-diagonal ones involve the derivatives (4.43) of the Kronecker-Eisenstein series

r [ 50321 (=13) 0
. 0 s02€;(—n2) )

T _ —S03 S02
dig = Q01(—7723) ( > )

503 —502
o _ [ (s13+823)Q1(m3) 51392, (n3) (C.24)
& s12Q51(m2)  (s124523)Q5 (m2) |

o (s02+523)1 (—m2) 50290 (—72)
% 503001 (—7m3)  (s03+523)Q0,(—1m3) |’

S12 —S13

g — (512951(?72) 0 )
32 — :

0 s1380; (13)

- —S12 813
d3 = Q83(7723) ( > )

Based on (C.22) and the n-expansions of (C.23) and (C.24), one arrives at the expressions
for ro 3(er) and 79 3(bg) given in section 4.3.3.

D Recovering genus-one Selberg integrals

In this appendix, we relate the language used in section 4 to the genus-one Selberg inte-
grals (3.32) employed in ref. [3].
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D.1 Recovering genus-one Selberg integrals

Let us begin with defining the generating series of genus-one Selberg integrals with expan-
sion variables &;:

19 13 ... in

5|88 6] = / deg - dzn KNGy, Qia2(62)Q3(65) - - Qi (6n)
0<22<23<...<2n<20
D DI o N I (COF
ko,....kn>0

(D.1)

where the iy satisfy the admissibility condition (3.33), i.e. iy € {0,1,¢+1,¢+2,...,n}. The
integrals 77, are related to the augmented Z-integrals Z, by Fay identities.

This connection can be understood from the graphical approach in section 4.1 since
the integrand Q;,2(&2) ... Q;, (&) of eq. (D.1) with admissible i, agrees precisely with the
one in eq. (4.8). Once the & are identified as suitable linear combinations of 72,13, ..., 7,
to be denoted by Ny (7> One can use Fay identities to expand

T3, | "0 "0 O | =3l Z5,((1,A), (0, B)) (D.2)
AB

with coefficients mfl 5 € Z, and the sum runs over all disjoint sequences A = (a1, as, ..., ap)
and B = (b, ba, ..., by) such that AUB = {2,3,...,n}. The linear combinations & = e,y
are fixed from the discussion in section 4.1.1: the labels i = (i2,13,...,1y) of the integrand
Qi,2(&2) .- - Qi n(&) in eq. (D.1) define a graph which in turn identifies £ = N, With
a linear combination of 72,73, ..., n, through the weights of its edges as explained below
eq. (4.8).

In the same way as the Z{, ((1, A), (0, B)) are gathered in the n!-component vector
0.n 10 eq. (4.3), we introduce an n!-component vector of admissible integrals eq. (D.1),

5= (T&n[”c2<f> e @ ”CWD for ig € {0,1,0+1,0+2,...,n}. (D.3)

72 13 ... ip
In this setting, eq. (D.2) defines an n!xn! transformation matrix M, with integer entries,
om = Mn Zj,, . (D.4)

This basis transformation relates the component integrals of the augmented Z-integrals to
the genus-one Selberg integrals by means of eq. (D.1).

D.1.1 Two-point example

Let us illustrate the above definitions and the calculation of the transformation matrix M,
on the two- and three-point examples. In the two-point case, the two integrals are

20
Ton [%} = /0 dz KNp982ip2(E2) (D.5)
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whose &s-variable is identified with 7o for both of i3 = 0,1. The two vector components
then trivially agree with Z7,(1,2) and Z( 4(0,2), respectively,

T52[£2] 10
= T = Z3, . (D.6)
T&Z[%] 01

D.1.2 Three-point example

In the case of n = 3, the generating series eq. (D.1) specializes to

20 z3
15[25] = [ aa9ia(e) [ ol KNG s, (D.7)

and features six components (iz,i3) € {0,1,3} x {0,1} compatible with the admissi-
bility condition. Those with (i2,i3) € {(3,1),(3,0),(0,1),(1,0)} immediately yield the
Kronecker-Eisenstein series seen in a component of the Z{ ;-vector eq. (4.32) which settles
the respective identifications of &2, &3 with the n;-variables:

T5a| % "] = Z64(1,3,2),
Tga| % "] = Z54(0,3,2),
Tia| B0 | = 204(1,3),(0,2)),

T3a] % | = Z54((1,2), 0,3). (D3)

The remaining entries of eq. (D.7) with (i2,i3) = (1,1) and (i2,43) = (0, 0) yield Kronecker-
Eisenstein series Q12(£2)213(&3) and Q02(£2)Q03(€3), respectively. Their expansion in terms
of entries of Zf 5((1, A), (0, B)) via Fay relations uniquely selects & = 72 and &3 = n3,

T5a [ 1] = 265(1,2,3) + Z35(1,3,2) (D.9)

T({S{%Q %3:| = 26,3(072a3> + 26—73(07372) ) (DlO)

such that the full basis transformation is given by

Tos| 77|
JHJ?W?] 110000
R 010000
T30 001000
03 = L : = Z 5 . (D.11)
: 7 [ s 000100]| "
03[0 1
- 000010
T5a| % | 000011
T55|%0 |
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D.2 Recovering the representation of z, ,,

In ref. [3], it was shown that the differential equation of the vector of all admissible genus-
one Selberg integrals (3.32) of a certain weight w = ko + k3 + - -+ + ky, i.e.

ko + kg4 ky=w
sk = (SE|kn ko f ? D.12
n’w(ZO|7-) ( |:7/n7 ey 02 :| (ZO)> o { ZE S {07 17 €+17 ’€+27 . 7n} ( )

satisfies a differential equation of the form

w—+1
o S ZO‘T Z f 1 TO n :Uk w Ew+17k('zo’7—) ) (Dls)

where the matrices 'rgjn(xk,w) are linear in the Mandelstam variables and play a crucial
role in the associator construction proposed therein. These matrices are the finite, non-
vanishing blocks of the matrices r&n(xk) in eq. (3.35). In this subsection, we show how
these matrices can be related to the matrices o ,(x) in the KZB equation (4.14).
The basis transformation (D.4) along with eq. (4.14) imply that the vector of integrals
0. satisfies the KZB equation

n = Z S0 Mo (i) My, "7, - (D.14)

On the one hand, according to the definition (D.1) the vector T(,, can be expressed as a
linear combination of vectors SE (zg|7) as follows

T _ ,S01..nw(1,0|T kot tkn cka—1 kn—1
O,n_em ( |) Z (_1) {2 gk

Eo,....on >0
X (SE[’:: o I;;}(ZQ)) for i, € {0,1,0+1,0+2,...,n}
— 6801mnw(1:0|7) Z(_]_)mew ngw(zo‘T) , (D15)
w=0

where M, ,, is a matrix of homogeneous degree w+1—n in the variables . The entries
of M, ., are engineered to reproduce the linear combination of the length-n! vector of
admissible genus-one Selberg integrals in the first line of eq. (D.15) for a certain sequence
(ko ..., kn):

Mo SE o) = Y g (SB[ 2] e0) (D.16)
K, ki >0

for ip € {0,1,041,0+42,...,n}.

Thus, we obtain

80T}, = eor-nw (107 Z Z ) IS My () My M SE o (20]7) (D.17)
k=0 w=0
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On the other hand, the derivative dyTy,, can also be calculated using eq. (D.13), which

leads to
OTG,, = et N " (1) M, 80 ST, (20]7)
w=0
[e'e) w—+1 L
— eS01..nw(1,0]7) Z(_l)an,w Z f(§1)rg,n(xk,w) Sg7w+1_k(20‘7_) (D.18)
w=0 k=0

oo
— ¢501..nw(1,0/7) Z Z (_1)wf(§]1€)Mn,wT]03,n(iUk,w) Sg,w+1fk(20‘7—)
k=0 w>max(0,k—1)

[e.e] o0
- 1 ok
— 501w (L0] )Z Z(_l)v+k 1f(§1)(1 _ 6U,06k,0)Mn7v+k—lr(}in(xlc,v—i-k—l) SE7U(ZO|7') ’
k=0 v=0

where we have used the change of variables v = w+1—k. Comparing this with eq. (D.17)
and using the independence of fé’f) and Sg7w(z0|7') for different k£ and w, respectively, we
can conclude that for any k,w > 0

MnTO,n($k)M7:1Mn,w = (_1)]671(1 - 5w,05k,0)Mn,w+k717’(})37n(xk,erkfl) . (Dlg)

This equation expresses the relation between the matrices 79 ,(x) from section 4.2 and
the submatrices rgjn(ack,w) of rgjn(xk) appearing in the KZB equation in ref. [3].

D.2.1 Two-point example

Let us illustrate and check the formula (D.19) for the two-point example and the block-
matrices given in egs. (3.42) and (3.43). The latter encode the matrices T(}in(l'k’w) for
k=0,1 at weight w =10

7’&2(1’0,0) = —512, 7’&2(331,0) = —501, (D.20)
for k =0,1,2 at weight w =1
7“52(560,1) = (802 802) ; r&(:cl,l) = —Sp12, Tg,g(l“zl) = 802 (D.21)

and for k = 1,2 at weight w = 2

7“(1;3,2(961,2) _ (‘(301 + 502) 502 )) 7 r&(mw) _ (—812> . (D.22)

S12 —(s01 + s12 —S12

Moreover, comparing the first four entries of the two-point vector S¥(zg) in eq. (3.41) with
the defining eq. (D.12) of its constant-weight subvectors Sgw(zoh), we find that

S5

S5

(20)

. (D.23
(20) (D-23)

SSo(z0lr) = S5[¢](20) S5 (z0lr) = SF[1](20), SFalz0lr) =

OoN =N
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According to eq. (D.16), for n = 2 the matrices My ,, are defined by the equation

E
n

Y
SE1 | (20)

Ma S5 (20]7) = €71 (D.24)

and, thus, for w = 0,1, 2 they are given by

4 (1 1 10
Mg =n~" <1> s Moy = <_512> » Mao=n (O 1) : (D.25)
S02

Now, we have all we need to check eq. (D.19) for some configurations of £ and w. We
begin with (k,w) = (0,0) and ro2(xy) (for £ = 0,1,2) from eq. (4.31), which leads to the

equation
0 —802677 —802/’/7 -1 1 0
Moo = = D.26
70,2(x0) Ma, <0>®(812/Ti 5120, U 0] (D.26)

which is indeed satisfied since (8, +n~1)n~! = 0. For (k,w) = (0,1) the right-hand side of
eq. (D.19) is not vanishing and the full equation takes the form

—5020, —5 1 (1
7'072(.T0)M2’1 = —MZQT’EQ(xQ,O) = < 02%n 02/77) (_512> =7 1 <1> S12, (D27)

s12/1  s120n o

while for (k,w) = (0, 2)

_ E —s020n —s02/n 10y (-1
ro2(20) Moz = =Maaroa(wo) < ( s12/1  $120, )n (0 1)\ (802 802) '
(D.28)

The lowest-weight configurations for k = 1 are (k,w) = (1,0) leading to

—(so1+s S (1 4 (1
ro2(21)Map = Maorgo(z1,0) < ( (s01-+s02) o )77 ! ( ) =—n! < ) 501 5

S12 —(s01+512)

and (k,w) = (1,1) such that

— —|—802) S02 1 1
ron (1) Moy = Mo rEo(211) & [ 0501 —_ 5012 -
0,2(71) Mz 2,1 0,2( 1,1) ( S19 —(s01+512) __ 812 __s19 | ©012

$02 S02

(D.30)
Finally, (k,w) = (1,2) yields the equation
T'O’Q(ZCl)MQ,Q = MQ’QT]OE‘:Q(.TLQ) (D.31)

WhiCh hOldS by T072($1) = T&Q(.’Elg) and M272 = T]]lgxz.
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For k = 2, we can check the following two configurations with the explicit examples
given above: the weight-zero case (k,w) = (2,0)

0 —s 4 (1 1
7”072(1,‘2)M270 = —M2,1T&2(3:271) =N (S 002> n 1 (1> = — ( 512> S02 (D.32)
12 -

502

and weight one (k,w) = (2,1)

0 —s 1 10 —S
roa(ra) Moy = —Maarg5(22,2) < 1 o2 s1p | =N 2. (D.33)
S12 0 T 01 —S12

Thus, we have explicitly approved eq. (D.19) for the lowest-weight configurations involving
the objects (D.20) to (D.22) and (D.25) at two points.

E Subleading terms in CT

In this section, we address the claim above eq. (5.34). We argue that subleading terms
appear in the limit 20 — 1 of Z ,((1, 4), (0, B)) and estimate their order in 1—2¢ by first
giving the two-point example and afterwards generalizing to n points.

E.1 Two-point example

As seen in eq. (5.30), the integrand of
ZO T T T
2501, = [ de ety (E.1)
0

has a leading singularity of order (1—z¢) %! as zp — 1:
678019'617302982*8129172912(77)

= (—2mi(1—2p)) 0150110 e =512012.0) ) () + O((1—20) 50171 (E.2)

This singularity appears due to the merging of the punctures zg — 1 =2 0 = z;. However,
in order to calculate the limit zyp — 1 of the integral, we can not simply set zg = 1 in
eq. (E.1), which can be deduced using the following integral decomposition

1 1
2&2(172) :/0 dzo 6_301g51—302982—8129172912(77)/dZZ 6—801961—802982—512Q1T2Q12(77)_ (E.3)
Z

0

Thus, taking zp — 1 involves a subleading term given by the latter integral above, where

~

the three punctures zp < 22 < 1 = z; merge. Similar to the estimate (5.7) for the lower
boundary value, this leads to a term of order (1—z) %012,

1
/ dzg e~ 501961750296 =512912 () 1o () = O((—2mi(1—20)) ~5012), (E.4)

20

as can for instance be checked through a change of variables 1—z9 = x5(1—2¢) with z €
(0,1). Altogether, we find the estimate that for zg — 1

Z55(1,2) = (=2mi(1—20)) ™MD 775, + O((1-20) 1+, (1-20)7™12) . (E.5)
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Therefore, if we follow the assumption (2.3), which implies Re(sp12) < Re(sp1) < 0, one
can extract the finite value

lim (—27i(1—20))*0 Z§ 5(1,2) = e*r 0 77| (E.6)

zo—1

which reproduces the first component of eq. (5.46).

E.2 n-point generalization

The above argument can be applied to the n-point case by generalizing eq. (E.3) to the
decomposition of the integration domain of the Z7 integrals without augmentations

n—1

{ZQ, 23,...,2n €ER | 0=21<2<23<... << 1} = v12..n0 U ( U 712...k,0,k+1...n> (E7)
k=1

with the following generalization of the integration domain 712, 0 in eq. (4.5):

Y12..k,0,k+1..n = {ZQ,Zg,...,Zn S R‘O =21<22<2z3< ... <z <z < zk+1<...<zn<1}.
(E.8)
These domains vi2. %,0k+1..n With £ = 1,2,...,n—1 cause the zp — 1 limit of Zhp to

deviate from the non-augmented Z; at arguments 3;; in eq. (5.32), see e.g. the second term
in eq. (E.3) at n = 2. The scaling behaviour of v12_ 0 k+1..n integrals in the limit 2y — 1
can be conveniently extracted by substituting 29 = 1—wg and z; = 1—w; for j = k+1,...,n
followed by the rescaling w; = wox;, see eq. (E.4) for the two-point result. For a generic
function F' of zo, z3,...,2, in the integrand, this amounts to parametrizing the merging
of n—k+2 consecutive punctures zp < zg41 < --- < 2 < 1 = 2z in the limit 29 — 1 or
wo — 0 via

/dZQ...dZnF(ZQ,...,Zn)— / dzy ... dz /dzk+1...dan(z2,...,zn)

Y12...k,0,k+1...n 0<z2<...<2 <20 20<2k+1<...<zn<1
(E.9)
n—=k
= wy / dzo ... dz / drgiq ... day F(ze, ..., 2k, 1—Tk w0, - . ., I—zpw0) .
0<2z2<...<2 <20 O0<zn<..<zp41<1

The integrands F' relevant to Zg,, involve the augmented Koba-Nielsen factor which scales
as wasoukﬂ)“‘" = (1—zp) #01+1..n in this limit. This can be seen by repeating the analysis
of the zp — 0 limit in eq. (5.7) with wy = 1—2zp in the place of zy and employing the
arguments seen on the right-hand side of eq. (E.9). Then, as for the two-point example, the
condition (2.3), such that Re(sgi(x+1)..n) < Re(so1) < 0, ensures that eq. (E.9) vanishes
for Kk = 1,2,...,n—1 if the zp — 1 limit is taken in presence of the regulating factor
(—2mi(1—20))°** in front of Z7 ,((1, A), (0, B)) in eq. (5.34). Hence, the wy MY scaling
of the Koba-Nielsen factor entering the F' in eq. (E.9) implies our claim (5.34) for the
regularized limit defining CT ,,.

~ 92—



E.3 Further comments on subleading terms

n—=k :

Note that the additional scaling ~ w( ™" in eq. (E.9) by integer powers does not affect the

derivation of eq. (5.34) based on the scaling of the Koba-Nielsen factor: the prefactor wy™ k
is either compensated by the ;; in some of the vector components of Z7,,((1, 4), (0, B)), or
it may suppress the contribution of vi2. k.0k+1..n to eq. (E.7) in other vector components.
At n = 3 points, for instance, the integrand of Z7; in eq. (4.32) involves Kronecker-
Eisenstein series with the following scaling as zg — 1 in the domains ~vigo3 and 1203

of eq. (E.8):

Q12(n23)Q23(n3) (w3zaz32) ™
Q13(n23)232(n2) (w3zgzes) ™t
D12(12)Q03(03) | 201 2 / (whwa(w3—1))~"
dzo dzg KNG - w dzo dzs KNJ
[ tents N | o S T (wag(e-1)
oz Q03(123)232(12) s (whwaz(x3—1)) "
Qo2(123)223(13) (whwz2(we—1)) "
(E.l())
Q12(123)Q23(n3) Q12(123)Q23(n3)
Q13(123)232(n2) (woz3) 1 Q32(n2)
12(12)Q03(n3) 2021 / / (wo(z3—1)) " Q12(n2)
dzo dz3 KNJ dz9 | dzs KNj
/ 2SO0 4 (n3) Q0a(2) ? PUTOI L (a3) 102 (2)
e Q03(1723)232(12) (wo(x3—1)) "1 Q32(n2)
Q02(723)Q23(n3) Qo2(n23)Q23(n3)
In the first case of 1023, i.e. eq. (E.9) at k = 1, the Kronecker-Eisenstein series in all the
six vector entries have a singular term that scales as w 2 and compensates the prefactor
from wg’_k. In the second case of 71203, i.e. eq. (E.9) at k = 2, only the middle four

vector components feature a Kronecker-Eisenstein series with most singular term w L

Accordingly, the first and last vector entry are suppressed by one additional power of wq
as wg — 0.

Still, this example illustrates that the analysis of vector entries with additional sup-
pression by powers of wy does not play any role for the above conclusion: all components
of eq. (E.9) vanish when the limit wg — 0 is performed in presence of the regulating factor
(—2mi(1—zp))®oL.
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