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CLASSICAL SYSTEM THEORY REVISITED FOR TURNPIKE IN
STANDARD STATE SPACE SYSTEMS AND IMPULSE
CONTROLLABLE DESCRIPTOR SYSTEMS

JAN HEILAND* AND ENRIQUE ZUAZUAf

Abstract. The concept of turnpike connects the solution of long but finite time horizon optimal
control problems with steady state optimal controls. A key ingredient of the analysis of the turnpike
is the linear quadratic regulator problem and the convergence of the solution of the associated
differential Riccati equation as the terminal time approaches infinity. This convergence has been
investigated in linear systems theory in the 1980s. We extend classical system theoretic results for
the investigation of turnpike properties of standard state space systems and descriptor systems. We
present conditions for turnpike in the nondetectable case and for impulse controllable descriptor
systems. For the latter, in line with the theory for standard linear systems, we establish existence
and convergence of solutions to a generalized differential Riccati equation.
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1. Introduction. The notion of turnpike has been used in economics since long
and in control theory (see, e.g., the textbook [33]) since with an increasing interest in
the last decade. Turnpike denotes the property of the control and the solution to a
finite time optimization problem to be close to the optimal values for the associated
steady state problem most of the time.

The backbone of most turnpike results for time autonomous systems is the turn-
pike for a relevant linear quadratic regulator (LQR) optimization problem. And the
turnpike of the LQR problem is intimately linked to the decay of the solution to the
associated generalized differential Riccati equation towards the stabilizing solution of
an algebraic Riccati equation; see e.g. [28, Lem. 2.6].

In the first part of this manuscript, we use classical mathematical systems the-
oretic results as presented by Callier, Willems, and Winkin [7] to show the turnpike
property of the LQR problem. For that we extend the results to the affine linear
optimal control problem using an explicit formula of the state transition matrices of
the closed loop system. Having connected the system theoretic toolbox to the inves-
tigation of turnpike behaviors, we can immediately provide new general results for
cases where the system is not detectable which is a current research issue; see [30].

In the second part of the paper, we derive turnpike properties of linear quadratic
optimal control problems that are constrained by descriptor systems. Descriptor
systems are also commonly referred to as differential algebraic equations (DAEs). To
our best knowledge turnpike for DAEs has not been addressed so far.

In analogy with the standard LQR case, we will link the asymptotic behavior of
an associated differential Riccati equation to the turnpike property.
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Early considerations on Riccati equations for DAEs were made in [14] by ex-
amining LQ-regulators for singularly perturbed ordinary differential equations. An
extensive investigation and fundamental results for the finite time LQR problem for
DAEs has been provided by Bender and Laub [4] who expanded also on the work of
Cobb [8] and Pandolfi [26].

Bender and Laub defined several equivalent relevant Riccati equations in standard
state space form; see [4, Sec. IV]. A generalized Riccati equation which, in particular,
can be stated in the original system coefficients is not addressed in [4] apart from
noting that the most obvious symmetric formulation is not well suited. We also men-
tion the extension of the work by [4] to endpoint constraints [34]. The nonsymmetric
differential Riccati that is formulated in the original coordinate system and that also
a main subject of this paper has been treated in [12]. There the relation the LQR
problem for descriptor system has been discussed and the existence of solutions under
general conditions has been shown. Before, this nonsymmetric differential generalized
Riccati equation has been considered in [21], where necessary conditions for existence
of solutions in general and sufficient conditions for some special cases were derived.

The related nonsymmetric generalized algebraic Riccati has been investigated in
[13] and applied in the context of model reduction for infinite time-horizon control
systems in [25].

Apart from this branch, the literature on the DAE LQR optimization problem on
finite time horizons has been enriched with results on suitable reformulations of the
optimality conditions [16], on particularly structured cases [2, 11], and on the problem
with time-varying coefficients [18, 20, 22]. In the course of the investigations, several
formulations of generalized differential Riccati equations have been proposed; see the
discussion in [22].

This work contributes to the theory on Riccati equations for descriptor systems
in the following respects. We show that under the conditions used in [4, 12] and
an additional definiteness condition on the optimization problem, the solution of the
nonsymmetric generalized differential Riccati equations has a distinguished structure
and converges to the stabilizing solution of the associated algebraic Riccati equation.
This structure also implies that the provided optimal feedback gains make the closed-
loop system impulse-free so that they are a best choice according to a conjecture
stated in [4, Sec. VII].

With the convergence of the gains and the closed-loop being impulse free, we
then can show that the DAE constrained LQ optimization problem has the turnpike
property.

The line of arguments and results in this paper are as follows. In Section 2,
we introduce the linear quadratic regulator (LQR) problem for standard state space
systems, the notion of turnpike, and classical results on the asymptotic behavior of the
solutions and the controls that immediately imply well known turnpike results. Next,
in Section 3, we derive explicit formulas for the solutions to the affine LQR problem,
i.e. the LQR problem with nonzero target states. Then the arguments of the first
section can be applied to conclude turnpike properties also in this case. In the second
part of the paper, we consider the LQR problem with DAE constraints. Therefore,
we introduce the relevant concepts in Section 4 and prove existence and asymptotic
decay of solutions of the generalized differential Riccati equation in Section 5. Finally,
we can prove turnpike properties of the affine LQR problem with DAE constraints
in Section 6. We conclude the paper with summarising remarks and an overview of
related open research questions.
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2. Basic Notations, Notions and Results for the Linear Quadratic Reg-
ulator Problem. We consider the finite time horizon linear quadratic optimization
problem.

Problem 2.1 (Finite horizon optimal control problem). For coefficients A €
R™ " B € R™™ C € R¥*" and F € R**™, for an initial value zq € R", for target
outputs 7. € R*¥ and y. € R’ and a terminal time ¢; > 0, consider the optimization
of the cost functional

1 [ 1 )
5/0 [C2(s) — yell” + lu(s)||* ds + §HFI(t1) = yel? — min

subject to

z(t) = Az(t) + Bu(t), xz(0) = xo.
Problem 2.2 (Steady state optimal control problem). Consider

I?

|Cx — yel + [Jul® ds — min

subject to

0 = Az + Bu.
If y. = 0 and y. = 0, then we will refer to Problems 2.1 and 2.2 as homogeneous
LQR problems, otherwise as affine LQR problems.

DEFINITION 2.3. The finite time optimal control problem has the turnpike prop-
erty, if for some constant vectors xs and us it holds that

() — z5]| < const(el™ M} 4 eI=AL1=D})

and

lu(t) — us]| < const(el =M 4 eI=AE=D}

for t <ty and for positive constants const and A independent of t1.

Remark 2.4. Throughout this manuscript, the notation const will be used to de-
note a generic constant value that is independent of ¢ and ¢; but unspecified otherwise.

The turnpike property refers to the phenomenon that the solution to the finite
time horizon problem is close to some steady state (x4, us) most of the time. Typically,
this steady state is the solution to the associated steady state optimal control problem.
However, as it will turn out in the consideration of differential algebraic equations
below, the notion of an associated steady state problem might be not well-posed.

Assumption 2.5. We assume that A, B, and C' in Problems 2.1 and 2.2 are such
that the algebraic Riccati equation

(2.1) A* X+ XA-XBB*X+C"C=0
has a stabilizing solution P; € R™*" which means that the eigenvalues of
A+ = A — BB*P+

all have negative real part.
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Remark 2.6. Assumption 2.5 requires that (A, B) are stabilizable. Detectability
of (C,A) is not required, since Py may exist in the case where detectability is not
given, see, e.g., [24, 15].

Note that A4 is invertible.
LEMMA 2.7. Under Assumption 2.5, the solution to the steady state optimal con-

trol problem is given as

rs=(A— BB*P.)"'BB*(A* — P,BB*)"'C*y,

—1 * A —k vk
= A" BB*"A"C"y.
and
us = —B*Pyxs — B*ws,
where
ws = A7 C™ye.
Proof. One can confirm directly that xs and us fulfill the first order necessary
optimality conditions for Problem 2.2. d

The turnpike property is intimately linked to the convergence of the solution P to
the differential Riccati equation towards the stabilizing solution P, of the associated
algebraic Riccati equation. In fact, this convergence appears as a necessary condition
for turnpike in linear quadratic systems in the fundamental work by Porreta and
Zuazua [28, Cor. 2.7]. On the other hand, basic system theoretic investigations of the
convergence of P towards Pj, as presented in [7], resulted in the formula

lzn(t) — e 2| < const et etr =0},

with A < 0 being the spectral abscissa of A and where x, is the solution to Problem
2.1 with . = 0 and g, = 0; cp. [7, Thm. 4]. Since el*4+}z goes to zero exponentially
with rate A and since s = 0 for the homogeneous problem with y. = 0, from (2), one
can directly infer turnpike for the homogeneous case:

|zn(t) — 0| < [|an(t) — et ag|| 4 [lettA+ |
(2.2) < const MM} 4 congt (M
< const(etA 1=} 4 1AL

Below, we will extend this result from [7] to the inhomogeneous case. Therefore,
we recall the following well-known link between the solution to the finite time optimal
control problem and the differential Riccati equation combined with a feedforward
term that accounts for the inhomogeneities.

THEOREM 2.8 (Ch. 3.1 of [23]). The solution to Problem 2.1 is given as (x,u)
where
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where P is the unique solution to the differential Riccati equation (DRE)
(2.3) — P(t)=A*P(t) + P(t)A— P(t)BB*P(t) + C*C, P(t,) = F*F,
where w s the solution to
(2.4) () = (A" — P{)BB () — C'ye, wlt) = —F y,
and where x solves
z(t) = (A— BB*P(t))z(t) — BB*w(t), x(0)= xo.

In what follows we will use the abbreviation S = F*F.

Note that in Theorem 2.8 that characterizes the optimal controls for finite times,
stability does not play a role so that the coefficients (A4, B, C) and F can be arbitrary.
In order to link to the steady state, however, we will require Assumption 2.5 to hold.
In this case, namely if P, exists, the following quantities are well-defined; see (see [7,
Lem. 1, Lem. 5)):

1. The closed loop reachability Gramian

(2.5) w ::/ etsA+ BBrelsAtt ds |
0
2. the closed loop reachability Gramian on [0, 7]
(2.6) W(r) :/ etsA+I BB* 34t} qs = W — el A+dpelnat)
0

3. as well as the sliding terminal condition.

(2.7) S(r) = (S = PO+ W(r)(S — Py)] ™!

For the latter, the following Lemma is relevant:

_ Lemma 2.9 ([7], Lem. 5). Let Assumption 2.5 hold and consider W, W(r), and
S as defined in (2.5), (2.6), and (2.7). If [I4+W (S — Py)] is invertible, then 7 — S(7)

is a decreasing function and for any T > 0, meaning that
S — Py =8(0)>5(r) > S(c0) = [T+ W(S — Py)] %
Moreover, for the spectral norm it holds that

K(8) = sup IS(r)]| = max{||S — Pyll, [|S(c0)1}.

Remark 2.10. For the spectral norm of the Gramians it holds that
W@l < W]l

The condition that [I + W (S — P, )] is invertible, was shown to be necessary and
sufficient for the convergence of P(t) — Py as t; — o0; see [7, Thm. 2]. For what
follows we will assume that this condition holds.
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Assumption 2.11. Let Assumption 2.5 hold and consider W, W(r), and S as
defined in (2.5). Then F, as it defines the terminal constraint in Problem 2.1, is such
with S = F*F the matrix

[+ W(s - Py

is invertible.

Remark 2.12. Most literature on turnpike properties of optimal control problems
assume that (C, A) is detectable, which is a sufficient condition for Assumption 2.11.
However, the undetectable subspace for (C, A) can be compensated for if the nullspace
of the terminal constraint F' only has the trivial intersection with it, which provides
a necessary and sufficient condition for the convergence of P(t) towards Py ; see [7,
Thm. 2].

We illustrate the implications of Remark 2.12 in a numerical example.
Consider the optimal control problem Problem 4.1 with ¢; = 10, y. = 0, and
yYe = 1 and with the coefficients

2 0 1
(2.8) A_{O _J, B_H, C=[0 V3],
borrowed from an example in [24, pp. 31]. Here, (4, B) is controllable and, thus, sta-
bilizable, while (C, A) is not detectable. Still, a stabilizing solution to the associated
algebraic Riccati equation (2.1) exists.

Then, as implied by the conditions laid out in Remark 2.12, the solution to the
differential Riccati equation that starts in F*F converges to the stabilizing solution
if, and only, the nullspace of F' and the space that is not detected by (C, A) — which
in this case is spanned by [1 O} " _ intersect only trivially.

Accordingly, with the choice F' = C', the solution of the differential Riccati equa-

tion converges to {8 ﬂ which is a symmetric positive definite solution to the ARE

that, however, is not stabilizing. Then, also the associated optimal state x does
not satisfy the turnpike property as it can be seen from the logarithmic plot of the
components of |z| in Figure 1.

Vice versa, with the choice of F' = [\/§ O], Assumption 2.11 holds, the solution
to the DRE converges to a stabilizing solution of the ARE, the optimal state x satisfies
the turnpike estimate; cp. the second column of Figure 1.

3. Explicit Formulas for the Optimal States and Controls of the Affine
Problem. In this section, we use an explicit formula of the state transition matrices
to derive formulas for the solution to the finite time optimal control problem.

LEMMA 3.1. Under Assumption 2.5, the fundamental solution matriz U to
U=(A-BB*P)U, Ut) =1,
where P solves the DRE with P(t1) = S is given as
(3.1) U(t) = el-(ti—)AL} (1—[w - e{(trt)AHWe{(trt)Ai}](p+ - 9)).

Proof. This formula has been used in the literature in a more or less explicit way.
A direct derivation is provided [3, Proof of Thm. 3.4]. O
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The case of F' = (" The case of F' 1L C"

DRE solution components DRE solution components

3 ]
6 —
2 4
2 —
1 —
0 —
0 T T T -2 T T
0 5 10 0 5 10
t t
State (log of |z]) State (log of |x|)
107 _
1071 _
1
10 10—3 —
1075 ! T T T 1075 L T T T
0 5 10 0 5 10
t t
Output (Fz,Cz) Output (Fz,Cz)
1.5
1 —
1 —
O —
0.5 1
14
O ! T T T T T T
0 5 10 0 5 10
t t

Fic. 1. Example simulation results of the optimal control problem Problem 2.1 with coefficients
as in (2.8), with the initial value (0) = [1 1]* and choices of the endpoint constraint F that illustrate
the sufficiency and necessity of Assumption 2.11 for the turnpike property as in Definition 2.3.

COROLLARY 3.2 (Of Lemma 3.1). Given initial conditions «, 8 and an inhomo-
geneity f. With U as in (3.1), the state transition for the forward evolution of

#(t) = (A— BB*P(t))z + f(t), a(to) =«
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18 given as

x(t) :U(t)U(to)*1a+/ U)U(s) f(s)ds

to

and the backwards propagation of, say,

—y(t) = (A" = P()BB")y(t) + f(t), y(to)=p
s given as
y(t) =U ()" U(to)"8 - t Ut)""U(s)" f(s)ds.

Before we apply the formulas to the evolution of the optimal state, we introduce
a number of relations and simplifications. We write

U(t) = el =D T L Wty — t)(S — Py))

and

U)™ = el T L Wty —t)(S — Py))

using that P4, .S, and W are symmetric.
Moreover, with the help of the identity

T+ +7) " =T +7) I =7 +7:) 7]
=T+~ — (I +3)vs(I +75)7*
=TI+ +7:) = (I + 77 +7:) 7"
=T+ [y — (L +7s)""
=I—1[y _'Vt](I‘F'VS)_lv

we compute

U)U(s)™t = el==D4H (1T L W(t, — 1) (S — Py))x
(I4+W(t, —s)(S — Py)) telti=94+}
=l TTOAT T — (W (ty — 8) = W(ty — 1)]S(t1 — 5)]elr=)4+}
— el=(ti=0)A+} [1- ett=DA (1 — 5)el(ti=DAL G4, — s)] ellti=s)A+}
— =944} gy — )elti-D43} g, — g)el(i-9)44)

and

(3.2)
Ut)*U(s)* = elti—1)A%L} [I _ g(tl _ t)e{(t1—S)A+}W(S _ t)e{(tl_S)Ai}}e{_(tl_S)Ai}
— l(s—0)AL} _ e{(tl—t)Ai}g(tl _ t)e{(tl—S)AJr}W(s —t)

with the definition of W and S as in (2.5) and (2.7).
For the case that s = t;, we have

Ut) T Ut)* =l - St — )W (1 — t)].
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Now we can express the feedforward w as defined in (2.4) via

with

(3.3) wp (t) = —el=OA T — Sty — YW (1 — £)]F e

which is the feedforward induced by the nonzero terminal constraint y. and the part
wp that belongs to the inhomogeneity induced by y.. With the help of expression
(3.2) for U(t)~*U(s)*, we calculate

(3.4)
t
wp(t) :/ el=DALY s 0y,

ty

t
_/ A=A Gty — 1)l =4 (s — 1) ds C*y,

t1

:Al*[l _ e{(tl—t)Ai}]O*yc

t
_ =043 g, — t)/ el =)A (5 — 1) ds ™,

t1

:AI*[I _ 6{(t17t)A1}]C*yc

t
— LD gy, — t)/ A=A [ _ A=Ayl (s-D43)) g5 oy,

ty

A7 [L - Ay,

t
DA Gy, — t)/ =) A by _ ol =0A (=041 45 Oy,

=A7*C*y. — e{(“‘”Ai}(;yc
— el DA Gy — ) [ATIW — AT el DA Oy,
— A=A G4 g [_e{(tlft)A+}WAJ—r*+
el =D (=043} g—+] %y,
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For the optimal solution x, we can derive the formula

(3.5)
2(8) =U 0 U(0)z0 —/0 U)U(s)~ BB w(s) ds

=xp(t) — / [el=A4} (¢ — 5)elti=D43 §(1) — 5)el =4+ BB w(s) ds
0
t
=xp(t / elt=944 BB*u(s) ds +
/ Wit — 5)elt=DA13 3 (1, — 6)el=94) BBryy(s) ds

zp(t) — Li[w] + Lofw],

where I; and I» denote the integrals, respectively.
We anticipate that all terms that include et®1=7)4+} will be estimated as going
to zero as t; — 0o. Accordingly, the only substantial contribution of w to z will be

given by I; and the constant part in (3.4):

t
—L[A*C*y.] = —/ e{(t_s)A+}BB*AI*C*yC ds
0

_ A;lBB*A;*C*yC _ A;le{tA+}O*yc
=1z, — e{tAJr}A__;,_lc*yc,

which is the solution to the steady state optimization problem (cp. Lemma 2.7) plus

a term that decays to 0 as t — oo.
For the part —el(t1=0A4L 0y, of wp we calculate

t
—11[—6{@14”1}0*%]:/ l(1=944) ppr (=47} oy g
0

t
_ / A(t=9)41) pprlt-941) (g {(ti-DAL) vy
0

= W (t)el =04 Oy,

which because of the uniform boundedness of W (t) decays to zero exponentially as
t1 — oo.

For the remaining part of w, in (3.4), we note that, by the stability of A,
eltr, 1) = [[[ATH[1 = el =AW 4 el [ — el =043 A7

is bounded independently of t; and ¢ < ¢;. With that we can estimate the remaining
contribution of w, to I; as

t
/0 lel =043 BBrel =43 ds ettt =04 (S)eltr, IC™yell,

which, again, is a term that decays as t; — oo.
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The contribution by I (wp) (cp. (3.3) and (3.5)) reads

t
/ elt=94} BB yy, (s) ds
0

t
= —/ elt=9)44t pRrella=s)AZT _ §(ty — )W (t; — s)] ds F*ye
0

t
=— / elt=94+} pRrl(t=9) ALY A =DAL T _ S(t) — )W (ty — 5)] ds F*ye
0

t
:_/ A(t=9)41) pprl(t=9A41) g o{(i-DAL) pry
0

t
+/ elt=9413 pp*elt=9)A A =OA33 G(t) — )W (t) — 5) ds F*ye.
0

With the uniform boundedness of 7 — S(7), W(7) (cp. Lemma 2.9 and Remark 2.10)
we get the estimate

t
I / A=944} BBy, (5) ds |
0

<[W@)lflet =241+ S {15t = 1YW (ts = T)[DIFye

<r<t

<[WIIL + K (S) W el el 0N =: const el =0,

Finally, we note that the integrants of I equal the integrants of I; up to the factor
W (t —5)eltr=9433 S (4 — 5) which is uniformly bounded by K (S)||W||[|e{(t+=0A4%} |,
Accordingly, the contribution of Ir(w) can be estimated by the contributions of Iy
times a factor that includes et~} but is independent of ¢ and ¢; otherwise.

We collect the above calculations in the following lemmas:

LEMMA 3.3. Let Assumptions 2.5 and 2.11 hold. Then the solution x to the finite
time optimal control problem Problem 2.1 is given as

x(t) = xp(t) + x5 — e{tA”’A_T_lC'*yC +g(t,t1)

where xp solves Problem 2.1 for y. = 0 and y. = 0, where x, is the solution to the

steady state optimal control problem Problem 2.2, and where g(t,t1) can be estimated
like

llg(t,t1)]] < constel(tr=HA}

where A < 0 is the spectral abscissa of A4.

COROLLARY 3.4 (of Lemma 3.3). With x as in Lemma 3.5, the optimal input u
for Problem 2.1 is given as

Lemma 3.3 directly implies the turnpike property for the solutions to Problem
2.1; cp. Definition 2.3.

THEOREM 3.5. Under Assumptions 2.5 and 2.11, for the solutions (x,u) to Prob-
lem 2.1 and (x5, us) to 2.2 it holds that

() — zs]| < const(el?} 4 lr=A}y
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and
lu(t) — us|| < const(elM 4 elr=HA}y

for a constant const > 0 independent of t1 and A < 0 being the spectral abscissa of
Ag.

Proof. By Lemma 3.3, we have that

() = 25| < len(t) + a5 — AT Cye + g, 1) — |
< lzn (@)l + et AT Coyel + g (¢, )]
< const (el 4 el(ti=HA}),

For the input we recall that by Theorem 2.8 the optimal input is given as wu(t) =
—B*(P(t)z(t) + w(t)), where P is the solution to the differential Riccati equation
(2.3) and w solves (2.4). With P(t) = Py + Pa(t) and with the formulas (3.3) and
(3.4) for w we find that

u(t) = —B*Poa(t) — B*Pax(t) — B*A%.C*ye — B*gu(t,t),

where g, (¢,t1) collects all reminder terms of w and which is readily estimated by the
decay of el =943} With uy, = —B*Pya, — B* A% C*y. (see Lemma 2.7), we directly
estimate
Ju(t) —usll = || = B* Py (x(t) — zs) — B* Py,
— B*AL.C"y. — B*Pax(t) — B*guw(t, t1) — us|
(3.6) S|IB*Py(x(t) — zs) || + | B"Pa(t)x(t)[| + [ B"guw(t, 1) ||
S IB*Pi|lllz() — x| + [ B* [ Pa @l (lzs ]l + ll2(2) — 2sl))+
1B llgw (£, t1) |

from where the turnpike estimate follows directly by the turnpike estimate for z(t)—xs,
the exponential decay of g, (t,t1) with ¢; — oo, and the exponential decay of Pa (t)
as t; — oo, see [7, Thm. 3]. O

4. Linear Quadratic Optimal Control for Descriptor Systems. We now
consider optimal control problems with differential algebraic equations (DAE) of the
form

(4.1) Ex(t) = Az(t) + Bu(t), Ex(0) = Exo.
as constraints. If the coefficient £ is not invertible, then the equation (4.1) will be

made of differential and algebraic equations for x, hence the name DAE.

Problem 4.1 (Finite horizon optimal control problem). For coefficients A, £ €
R™ " B R™™ C e RF*" and F € R™, for an initial value zy € R, for target
outputs 7. € RF and y. € R’ and a terminal time ¢; > 0, consider

1 [h 1 ,
5 / [Ca(s) = yel® + u(s)* ds + 5[ Fa(tr) = ye|* — min

subject to the DAE (4.1).
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For DAEs, the steady state optimal control problem is not simply obtained via
considering solutions to 0 = Ax + Bu as this does not respect the nature of the dy-
namical and algebraic parts at all. Below, we will show that under certain conditions,
the solutions to the finite time optimal control problem tend exponentially towards a
turnpike. Once this turnpike is determined, we will get back to the question of what
is the corresponding steady state optimal control problem.

Problem 4.1 is a convex problem with affine linear constraints, which implies that
if a candidate solution satisfies first order necessary optimality conditions, then it is
an optimal solution.

For y. = 0 and y. = 0, the formal first order necessary conditions [19] for 4.1
read
(4.2)

A - W I Bl N B O B U

and define the optimal control as u(t) = —B*p(t).

Remark 4.2. The optimality conditions (4.2) are called formal, because they are
formally derived through a variation of the original problem formulation. However,
it is known that the optimal control problem can have a solution while the formal
optimality conditions do not have a solution [19]. Thus, one should either use an
equivalent reformulation of the optimal control problem (as proposed in [19]) or make
sure that the formal optimality conditions are solvable [11].

One can confirm directly that, if P solves the generalized differential Riccati
equation (gDRE)
(4.3) —EP=AP+PA-PBBP+CC=0, EP(t)=FF,

then the ansatz p = Pz decouples the optimality conditions (4.2) and defines a solu-
tion.

As in the ODE case, we will consider stabilizing solutions of an associated gener-
alized algebraic Riccati equation (gARE)

(4.4) A X+ X" A-X*"BB*X +C*C=0, &X=X"¢.
Next, we provide the basic nomenclature and fundamental results for DAEs with

inputs and outputs.

DEFINITION 4.3. A matriz pair (€, A) or a matriz pencil s€ — A is called regular,
if there exists an s € C such that s€ — A is invertible.

To introduce stability concepts we refer to the following lemma which is a direct
consequence of the canonical form that can be derived for regular DAEs; see [17,
Thm. 1.2.7].

LEMMA 4.4. If (€, A) is reqular, then the associated DAE is equivalent to the
decoupled system

I 0 d Tsss | J 0 Tsss Bsss
@ b a0 el e
where J and N are square matrices in Jordan canonical form and where N is nilpotent
which means that there exists a v € N such that N¥ = 0.
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The part with the state zsss is called the slow subsystem or the finite dynamics
and the part of xgg is called the fast subsystem.

DEFINITION 4.5 (Finite dynamics stability). Let (€,.4) be regular.

1. The DAFE (4.1) with coefficients (€, A) is called finite dynamics stable if its
slow subsystem is stable, i.e., if all eigenvalues of J in the associated canonical
form (4.5) have negative real part.

2. The triple (£,A,B) is called finite dynamics stabilizable, if there erists a
feedback matriz K such that (£, A — BK) is finite dynamics stable.

For equivalent algebraic characterizations and for the duality with detectability, see
[9, Ch. 3-1.2].
From the solution formula ([17, Lem. 1.2.8]) for the fast subsystem

v—1 ;
i d'
(4.6) i () = — ;:1 N*Bres - ut)

one finds that an initial condition for s that does not equal the expression of (4.6)
at t = 0 generates impulses in the solution; cp. [9, Eqn. (2-2.9)]. If any such impulse
can be compensated by an input that is piecewise v — 1-times differentiable, then the
system is called impulse controllable. To circumvent the technicalities that come with
distributions and to express impulse controllability in terms of the original coeflicients
(&, A, B), we will use an equivalent algebraic characterization; see [9, Thm. 2-2.3].

DEFINITION 4.6. Let (£,.A) be reqular. The DAE (4.1) with coefficients (€, A, B)
is called impulse controllable, if

E 0 0

rank{A £ B

] =n+ranké&.

A matrix pencil s€ — A is called impulse-free if no impulses occur in the DAE solu-
tion regardless of the initial value. This means that it is trivially impulse controllable.
In line with Definition 4.6, this can be characterized as follows

DEFINITION 4.7. Let (£, A) be regular. The DAE (4.1) with coefficients (€, A) is
called impulse-free, if

rank{ ] =n+ranké&.

E 0
A &

Remark 4.8. As for standard systems, the notions of finite time detectability and
impulse observability of a DAE with output matrix C can be defined by duality, i.e.,
via the finite time stability and impulse controllability of (£*, A*,C*); see [9, Thm.
2-4.1].

For semi-explicit impulse-free systems, finite-dynamics stability can be character-
ized as follows:

LEMMA 4.9. Let
( I 0 All AlQ )
O 0 ’ A21 A22

be a regular impulse-free matriz pair. Then it is finite dynamics stable if, and only

Zf; All - A12A;21A12 is stable.
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Proof. By the index 1 assumption it follows that Ass is invertible. From the
equality

|:I —A12A221:| |:—SI—|—A11 A12:| [ 1 0:| .

0 I Aoy Aogo —A521A21 I
—sI + Ay — A12A521A21 0
0 I’
we find that
I 0] [An Al . . I 0] [A; —ApRA Ay O
({O 0] , [Am A22}) is equivalent to ([O 0] , [ 0 I )

from where we deduce that the slow subsystem is stable if, and only if, the matrix
All — A12A;21A21 is stable. 0

Next, we state the underlying assumptions for our analysis and some immediate
consequences.

Assumption 4.10. The coefficients &, A, B, and C in Problem 4.1 and (4.1) are
such
1. that the pair (£,.A) is regular and
2. that the gARE (4.4) has a stabilizing solution Py, i.e., the pair

(€, Ay) = (6, A BB"P4)

is regular, impulse-free, and finite dynamics stable.

Assumption implies that the system (€,.A, B) is finite dynamics stabilizable and
impulse controllable. We will show below, that impulse observability of (£, A, B) is a
necessary condition for existence of a stabilizing Riccati solution Py. As for the ODE
case, (finite time) detectability is not necessary for the existence of P, ; cp. Remark
2.6.

For existence of solutions to the necessary optimality conditions (4.2) in general,
we make the following assumption

Assumption 4.11. The matrices £ and F in Problem 4.1 are compatible in the
sense that

range F* C rangeE*.

Looking at the terminal condition £*p(t;) = F*Fx(t1), one can find that Assump-
tion 4.11 is necessary for existence of solutions to the optimality conditions (4.2). Also
it is an implicit assumption made in [4, cp. Equation (1)] and the base for more gen-
eral results (see, e.g., [18, Thm. 13]). Still it is not a necessary condition for existence
of optimal solutions; cp. Remark 4.2.

In order to simplify the formulas, we further assume that £ has a semi-explicit
structure:

Assumption 4.12. The matrix £ € R™™ in (4.1) is of the form

(4.7) €= B 8]

where I € R%? is the identity matrix.
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Remark 4.13. In theory, this assumption is not restrictive since a regular trans-
formation of the system can always provide such a form of £. In practice, to actually
solve the Riccati equations, this semi-explicit realization of the state equations might
be helpful. In this sense we point out that for many applications, this assumption
readily holds or can be achieved in a computationally feasible way.

Remark 4.14. Assumption 4.12 and the symmetry constraint £*P; = P& imply
that P, is a block lower-triangular matrix, i.e.

Piyi 0
4.8 P, = ;
(48) " {P+;21 P+;2]

with Py.1 being symmetric, i.e. P} ; = P;.1. Moreover, Assumptions 4.12 and 4.11
together imply that

(4.9) F*F = {Sl 0]

0 0"

Remark 4.15. For £ in semi-explicit form, several concepts can be made more
explicit. Let

(4.10) A [j; j;ﬂ . B- [gj L and C=[C .
then (&, .4, B,C) are impulse controllable or impulse observable if, and only if]

(4.11) [Aw B or [Ay C]

have full rank, respectively. And (€, .4) is impulse-free if, and only if, Ags is invertible.

The following lemma relates the associated Hamiltonian matrix pencil to the
existence of stabilizing solutions of the generalized algebraic Riccati equation (4.4).
Although it is the direct extension of the standard state space result, it has not been
stated explicitly so far.

LEMMA 4.16. Let (€, .A) be regular. The gARE (4.4) has a stabilizing solution if,
and only if, (€, A, B) is finite dynamics stabilizable and the matriz pencil

—sE+ A —BB*
H(S) - |: _C*C —SE* _ .A*:|
is reqular, impulse-free, and has no finite eigenvalues on the imaginary axis.

Proof. The necessity is stated and proved in the first lines of the proof of [13,
Lem. 1]. The sufficiency follows by the arguments of [25, Sec. 3] as follows. With &
in semi-explicit form, the absence of impulses in H(s) implies that

{ Ao _BQB§:|

a
—-C5C, A3

is invertible so that (£, .4, B,C) must be impulse controllable and impulse observable;
cp. (4.11). Thus, the condition of [25, Thm. 3.2] are fulfilled up to the finite dynamics
observability of (£,.4,C). Still, one can apply [25, Lem. 3.10] since the needed in-
vertibility is guaranteed by H(s) having no finite modes on the imaginary axis which
implies that [C* .A*] has full rank (see [24, Thm. 4]) as it is needed in the proof of
[25, Lem. 3.8]. Thus, existence of the relevant stabilizing solution, which is denoted
by Y in [25], follows as laid out in [25, Sec. 3.2].
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5. Existence and Asymptotic Behavior of Structured Solutions to the
Differential Riccati Solution. In this section, we establish the existence of a partic-
ularly structured solution to the generalized differential Riccati equation gDRE (4.3)
under the assumption that the associated algebraic Riccati equation gARE (2.1) has
a stabilizing solution.

We start with adding another assumption that will be shown to be a sufficient
criterion for existence of solutions to the (gDRE) (4.3) and that we will justify by
considering its necessity for particular cases.

Assumption 5.1. Let Assumptions 4.10 and 4.12 hold and let (£,.4,C) and the
stabilizing solution P to the gARE (4.4) be partitioned as in (4.8) and (4.10). Then
with the Py.» block of P and with Ky := A%, — P;.2B2Bj5 being regular (cp. [13,
Lem. 1]):

(5.1) CyCy — (CfCa+ A3 Prio) Ky *BaB3 Ky ' (C5Cy + Py As) > 0.

Remark 5.2. We note that the Py.o block of Py is not uniquely defined, it only
has to fulfill the quadratic equation

(5.2) A§2P22 + P2*2A22 — P2*2BQB;P22 + C;CQ =0

and the condition that A3, — Pj,B2Bs is regular. See [13, Lem. 1] or the solution
representation provided in [25, Lem. 3.10] for the semi-explicit £. Also, cp. the
nonuniqueness of the feedback law provided in [12, Eqn. (3.43)].

Before we state global existence of solutions to the generalized differential Ric-
cati equations, we show that Assumption 5.1 generalizes the general assumption of a
positive definite cost functional for problems that are impulse-free.

For that we consider a system that is impulse free and that, without loss of
generality, can be assumed in the form of

(53) 5:{5 8] A:{AO“ _OI] B:{gj, and C=[C; C].

Like for every system with (£,.A) impulse free, the optimal control problem Prob-
lem 4.1 with system (5.3) as constraint is equivalent to a standard LQR problem. In
this case, if the state x = (x1,x2) is partioned accordingly, one can express x2 as
x9 = Byu and finds that the cost functional is positive definite if, and only if,

CfCl — CTCQBQB;C;Cl 2 0 or I-— CQBQB;C; 2 0

which is equivalent to the largest singular vector of CoBs being less than one, i.e.
d(C2B2) < 1. Thus, for systems in the form (5.3), the condition (C2Bz2) < 1 is
necessary to be in line with the standard theory (cp. [35, Eqn. (14.2)] or [23, Rem.
3.4]).

LEMMA 5.3. Consider a system (€, A, B,C) in the form of (5.3). If 5(C2Bs) < 1,
then there exists a Pao that solves (5.2), such that A%y — Py, B2 B3 is reqular and such
that (5.1) holds.

Proof. For a system in the form of (5.3), i.e. Aoy = —I, by standard theory,
the Riccati equation (5.2) has a symmetric positive definite or positive semi-definite



18 J. HEILAND AND E. ZUAZUA

solution P such that —I — Py By Bj is stable and, thus, invertible. With Ag; = 0,
condition (5.1) reads

C{Cy — CyCy(—1 — B2B3Py) ' ByB5 (=1 — Py BaBy) " 'C5C1 > 0
or
(5.4) I —Cy(I + BoB3Py) ' BoB (I + Py ByB3)'Cy > 0.

With the identity (I+ BoBj Ps) !By = Bo(I+ B3Py By) 1, with P, > 0 which implies
that all eigenvalues of I + B P> By are larger than one. Accordingly, all eigenvalues of
(I + B3 PyBs)~! are smaller than one. Since for symmetric positive definite matrices,
the eigenvalues coincide with the singular values and since & has all the properties of
a norm, we can estimate

5(02(1 + BzBéPz)_lBg) = 5(0232(1 + BgB%Pg)_l)
< G(CoBo)a((I + BaBsPo) 1) < 6(CaBs) < 1

from where we conclude (5.4). O
By Lemma 5.3, for impulse-free systems, validity of Assumption 5.1 is implied by
the assumption that the underlying cost functional is positive definite.

THEOREM 5.4. Consider the DAE (4.1) and the optimal control problem Problem
4.1. Assume that £ is semi-explicit and that F is compatible (Assumptions 4.12 and
4.11). Assume that (€, A) is reqular and that a stabilizing solution to the gARE exists
(Assumption /.10). Let Assumption 5.1 hold. Then the gDRE (4.3) has a solution
P fort <t.

Proof. Since E*P(t) is symmetric and E*P(t;) = F*F is symmetric, it holds that
E*P(t) is symmetric or, due to the semi-explicit form of £, that

P 0
P e
{le Pz]

with P;(t) being symmetric. With this block triangular structure and the partition
of the coefficients (A, B,C) as in (4.10), the gDRE (4.3) can be written in terms of
the following four coupled matrix valued equations:

—P; = A} Py + A3 Poy + PLAy + P Ay
— PiByBYP, — Py1BsBY Py — PLB1ByPs; — P31 B2 B3 Py + C1Cy,

5.5a)  Pi(t1) =S,
0=A1,P + A5 Poy + Py Aoy — Py BaBT Py — Py By By Poy + C5Ch,
5.5¢) 0= PiAj2+ PjiAse + A5 Py — P/ B1 B3Py — Py BB Py 4+ C7 Co,
0= A5Ps+ Py Asy — Py BB Py + C5Cs.
Note that (5.5¢) is the transpose of and, thus, equivalent to (5.5b).

Since (5.5d) does not differ from the left-lower block of the gARE (4.4), Assump-

tion 4.10 implies the existence of a (constant) matrix (function) P, that solves (5.5d)
such that

K2 = A§2 — P;BgBik



CLASSICAL SYSTEM THEORIE AND TURNPIKE FOR DESCRIPTOR SYSTEMS 19

is invertible. Accordingly, the matrix valued function Ps; is defined by virtue of (5.5¢)
or (5.5b) as

(5.6) Py (t) = —K3 (A}, Pi(t) + P3 Ay — Py Bo By Py(t) + C5Ch)

and existence of P relies on the existence of a Riccati solution to (5.5a) which, with

Py expressed in terms of a linear relation with P; and a constant term as in (5.6),
reads

(57) _PIZA*Pl‘FPlA_PlRPl_FQNv Pl(tl):‘gv
where
A=Ay — (Ao — BiB3 Py) Ky " Agy + Bi B3 K5 ' (PyAgy + C5Ch)
By
~B3Ky ' (P; BaBj — Arz)
Q:=CiC1 = (CCs + A3 P2)K, *By By K5 ' (C5C1 + Py Ag).

=}

1= [B1 —(BiB3P, — A})K; *Bo]

With R > 0, for arbitrary S > 0, global existence of the unique solution to (5.7)
is ensured (cp. [1, Thm. 4.1.6]), if also @ is positive semi-definite which it is by
Assumption 5.1 and with the choice P, = Py.». O

For this solution to the gDRE, in analogy to the standard ODE case [7], we can
show the exponential decay towards the gARE solution.

To prepare the arguments, we consider the associated Hamiltonian boundary
value problem
(5.8)

T R [ AN A

with V4 (t), Va(t) € R™%, where d is the size of identity block in € (cp. Assumption
4.12) and where the initial conditions already anticipate the semi-explicit form of £.

With P, solving the gARE (4.4) and being partitioned as in (4.8), we can make
use of the transformation

Goy [ L O][sE+A BB I 0] _ [-s&+Ay  —BB*
' P I|| —c'C  —s& —A||Py I]T 0 —sEF — A%

to write (5.8) as
(5.10)

[‘3 f]%[&]—ﬁr __lﬁ*] M svl(tl)—m, mul)—[sl‘opﬂ],

Wl TRERl

In line with the semi explicit structure of £, we further differentiate

Vi1

A -1 A -12] * |:BlB* BlB*:| [Vl] V12

A1) A, = |4t Awazl o ppe (DB S L
(5.11) * {A+;21 At ByBY ByB; Va Vo
Va2
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With this partitioning and with the swap of the third and second line and column,
respectively, the system reads

I 000 Vi Ayq —BiBf Ay, —BiB3]| [V

0 I 0 0fd |V 0 A, 0 A [V
(5.12) 0 0 0 0|dt|Viz| [Apr —BeBi Ape —BaBj| |Viz|’

00 0 0 Vao 0 —Afy, 0 —A, | [V

Vit(t)) =1, Vai(t1) =S — Py1.

Since Ay is of index 1, the block A is invertible so that with the relation

FN/H] _ (At —3235} - {A+;21 —32311 [Yu}
Vas L 0 _Aj-;2 0 _A*-'r;lz Vo
(5.13) __[Av —Aisz%%‘AITz} {A —BzBi‘] [V]
L 0 _A+;2 0 _A*+;12 Var
_[AThAv —ALLBeBi + A+;lszB§A+f2Ai;u] [YM]
L 0 AJ—r;*ZAj-;m Var

we get the reduced system
(5.14)
I 0] d {Vir| _
0 I|dt|Va]
{A+;1 — Ap2ATHA s —[Br — Avip AT Bo)[B1 — A+;12A+;1232]*} [Yll}

0 —(A3 — AL ATHAL 1) Va1

‘/il(tl) = Ia %l(tl) = S_P_;,_;l.

as it can be derived by means of the explicit representation of the Schur complement

g . {A+;12 —3135] [A+;2 —3235]1 [A+;21 —BzBT] _

0 _Aj-;21 0 _Aj-;2 0 _Aj-;12
Apa2AT A o1 ApaATLBaBs AT AN 1y — ApneATL BoBY — BlB;AI—BAj—;lQ}
0 _Ai;21A:L;*2A1;12 I

In what follows, we will use the abbreviations
A = A+;1 — A+;12AJ:;12A+;21 and B = [Bl — A+;12A:L;12B2].

THEOREM b5.5. Consider the gDRE (4.3) with £ semi-explicit as in Assumptions
4.12 and let F be compatible as in Assumption J.11. Let the coefficients (A, B,C) be
partitioned as in (4.10) in accordance with €. Let Assumption 4.10 hold, let P4 be
the stabilizing solution to the gARE (4.4), and let Ay := A — BB*Py be partitioned

as in (5.11). Let Assumption 5.1 hold and let P be the solution to the gDRE (4.3).
Then system (5.10) has a unique solution

Vi1

- |
Va Va1
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with Vi1(t) being invertible for t < t; and such that for Pa(t) :== P(t) — Py it holds
that

_[Paa®) 0] [ Psa®® 0

Palt) = [PAA;;l(t) 0] B [‘AJrTzAAi;l?PA;l(t) O}
_ [ V)Vt O}
—ATLAL LV V () 0

(5.15)

Proof. By Assumption 2.5 and Theorem 5.4 the existence of P is ensured for ¢ <
t1. A direct computation that realizes the transformation of (5.9) for the associated
Riccati equation reveals that Pa solves the generalized difference Riccati equation
(cp. [7, p. 994)), i.e.

—E*Pa = A Pa + PAAL — PABB*Pa, E'Palty) = F*F — Py

Since the second block column of Pa is zero — as it follows directly from Pa =P — P4
—and A4 is invertible, equation (4.3) implies that the left-lower block of Pa is given
as —A5A% 15 Pa1(t) and that Pa;p is the solution to the Riccati equation

—PA;l = A*PAJ + PAJA — PA;léB*PA;l, Paa(ty) =5 — P

which in particular means that this Riccati equation has a global solution for ¢ < t;
despite the possibly indefinite initial condition.

From the existence of the Riccati solution Pa.;, we can infer the invertibility of
V11(t) from the relation

~Vi1(t) = (A= BB*Pag())Vi1(t), Var(t) =1,

which is a consequence of Radon’s Lemma (see, e.g, [1, Thm. 4.1.1]).

Uniqueness follows from V71 and 1721 being solutions to an ordinary linear differ-
ential equation, namely (5.14).

Thus, Pa as defined in (5.15) is well-defined.

Following the lines of a proof for a standard result for ODEs [6, 180 Theorem],
we directly confirm that it Pa solves the generalized difference Riccati equation (4.3).

For that we find that the summands of the left upper block of —&*Px which are
given as

d

—EVleﬁl = Vo Vit + Ve Vi 'V Vit

and which, by means of the equations for Vo and Vi; in (5.12) with V12 and Vag
resolved via (5.13), rewrite as

) -1 _ * * —% * —1
—VaVi = (A+;1V21 - A+;21A+;2A+;12V21)V11
_ * * — *
= (A+;1 - A+;21A+;2A+;12)PA;1
_ * * — *
= A+;1PA;1 + A+;21A+;2A+;12PA;21



22 J. HEILAND AND E. ZUAZUA

and
Vo Vi 'V Vit =
=V Vi1 ([A4a — Ap2 AL A1V
— [Br — Ap12AT L Bo)[Br — Ay aa AL Bo Var ) Vi
= PaalApn — AppAT LA 0]
— Paa[B1 — A+;12AI}2B2][B1 - A+;12AI;12B2]*PA;1
= PrnjaAin + PAgAvn
— PaaB1BYPa;y — Paa Bi1B5Pao1 — PA.g1 BaBy Paji — PAg1 BaB5 Paca,

sum up to the left upper block of

AiPA + PZA.,_ - PKBB*PA.

By the zero pattern of P, the other blocks of P{BB*Pa are zero, whereas the other
possibly nonzero blocks of A% Pa and PX.A; sum up to zero, respectively, because of
how the blocks of Pa are related. Thus,

—~E*Pa = A% Pa + PXA; — PABB*Pa
is fulfilled. Finally, by the structure of £, F, and, Pa, the initial condition E*Pa (t1) =
F*F — E*P4 reduces to Pa,1(t1) = S — P41 which is fulfilled as Va1 (¢1)Vi1(t1) =
‘/21(t1) =5 P+;1.
From Theorem 5.5, we can directly deduce necessary conditions for the conver-

gence of P(t) towards P4 as t; — oo; cp. Lemma 2.9 for the standard ODE case.

COROLLARY 5.6 (of Theorem 5.5). The left upper block Pa.1 of Pa as defined
in (5.15) satisfies the relation

a

(5.16) Pag(t) = elt=DA T (1) — p)elti-04)
where

(5.17) S(r) = (S = Pra)ll + W(r)(S — Pya)] ™"
with

W(r) 1:/ A BB*elsA™Y g5
0

being well-defined. Moreover, Pa.1(t) — 0 exponentially as t1 — oo, if, and only if,
I+ W(S - P+;1)

is nonsingular, where

W= lim W(r).

T—00

Proof. Relation (5.16) and (5.17) follow from the variation of constants formular
applied to (5.14) that gives

Vai(t) = el =435 p )
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and

_ t o .
T (t) = e{(t—t1>A}(I+/ (=4 BB el-(-AY g4 (5 - P,,))

ty

and the invertibility of V1;(¢). By stability of A (cp. Lemma 4.9) well posedness of
the improper integral that defines W is ensured, and the equivalence of Paa(t) =0
and invertibility of I + W (S — P4.1) follows by [7, Lem. 3]. O

The condition for the convergence motivates the following assumption:

Assumption 5.7. Consider Problem 4.1, let Assumption 4.10 hold and let £ be
semi-explicit as in Assumption 4.12 and A4 and BB* be partitioned as in (5.11) and
let F be compatible with £ as in Assumption 4.11. The matrix

I+W(S~Ppy)

is nonsingular, where
w ::/ et BBrelsA™) g5
0

is the closed loop finite dynamics reachability Gramian and where S is the left upper
block of F*F; cp. (4.9).

Another outcome of the existence of this structured solution to the gDRE is that
the corresponding closed loop system does not generate impulses. Since, the closed
loop system is time varying, the definition of impulse freeness (Def. 4.7 does not apply.
Instead, we use the concept of strangeness freeness [17] that is closely connected to
and has the same implications as impulse freeness.

COROLLARY 5.8 (of Theorem 5.5). The closed loop system

Ex(t) = (A —BB*P(t)z(t), Ez(0)=Exo,
is strangeness free.

Proof. By the particular structure of Pa, it follows that the left lower block
of A— BB*P(t) = A — BB*(P;y + Pa) equals the left lower block of A;, namely
Ao, Since Ay, is invertible, the DAE defined by the (time-dependent) coefficients
(€, A — BB*P) is strangeness free; cp. [17, Thm. 3.17]. O

With this assumption, we can show the turnpike property of the homogeneous
optimal control problem with DAE constraints with respect to the zero state and zero
control action.

THEOREM 5.9. Under the assumptions of Theorem 5.5 and under Assumption
5.7, the optimal control problem Problem /.1 with y. = 0 and y. = 0 has a solution
(z,u) which fulfills the estimate

()] < const(elt?h 4 l(t1=t)7})
and
|u(t)|| < const(elt?} 4 elt1=t)a})

with const independent of t1 and where & < 0 is the spectral abscissa of A.
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Proof. With (V11, V1o, Vo, ‘722) solving (5.10), with the relation (5.13), and with
V11(t) being invertible, we have that

1 Vi I 0
wo| _ | Vi2| -1 _ s osiz| (Vi (-
]'51 - ‘~/21 Vll (to).fo - 0 I |:‘/21:| ‘/11 (to).fo
D2 | Vao 0 s2
[ I 0
ATLA —ATLByBf + ATLByBE AT A* 1%
_ | Agede: 1D by + A baby AL LAY 40| | V1 Vi l(to)x
= 0 T ‘/21 11 0)40-
0 ATH AL

defines the solution to (5.10), and, in particular, the optimal state as in (5.8). Multi-
plication of the first row gives that

Vip ()= (t) = Vig ' (to)x(to)

so that, with Pa,; = Vgﬂ/ﬁl (cp. Thm. 5.5), we get the following formula for the
optimal state

{Tl(t)] _ { Vi1 (t)Vai(to) a1 (to)
(1) AfpAraan (t) — [ATBeBY + AT Ba B3 AL A% 1o] Pan (D (1) ]

Then the turnpike property for z; follows by the arguments for the ODE case [7,
Thm. 4] as follows: From

21(t) — M| < constelt1A} el (=3},

cp. [7, Eqn. (63)], we conclude with ett1A} < 1 independent of ¢;, A being stable,
and an application of the triangle inequality as in (2.2) that

lz1(8)] < COnst(e{(tlft)X} + e{ti})-

The same type of estimate for x5 follows from the turnpike of x; since Pa.; is bounded
by Corollary 5.6.

The turnpike estimate for u(t) = —BB*P(t)z(t) = —BB*Px(t) — BB*Pa(t)z(t)
follows as in (3.6). O

We summarize and comment on the assumptions and the results of this chapter
on the optimal control of the linear descriptor system (4.1) with a quadratic costfunc-
tional defined in Problem 4.1.
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Assumptions:

1. Without loss of generality: £ is semi-explicit (Assumption 4.12).

2. To enable existence of solutions to the first order optimality condi-
tions (4.2): Compatibility of F and £ (Assumption 4.11).

3. In line with the basic assumption for the ODE case: Existence of
a stabilizing solution to the generalized algebraic Riccati equation
(4.4) including regularity of the matrix pair (Assumption 4.10).

4. To ensure existence of global solutions to the reduced closed loop
Riceati equation (5.7): A spectral condition on the coefficients (As-
sumption 5.1).

5. In line with the relevant condition in the ODE case: Compatibility
of the terminal constraint S, the solution to the gARE (4.4), and the
relevant reachability Gramian (Assumption 5.7).

Certainly, Assumption 5.1 is somewhat unpleasant and, because of its dependency
on P, not readily confirmed or discarded for a given system. Nonetheless, it generalizes
the standard assumption for ODE systems that ensures the definiteness of the cost
functional in the presence of cross terms in the costs or a feedthrough term in the
system.

With these assumptions, the following results have been derived:

Summary of results:

1. Existence of solutions to the generalized differential Riccati equation
(Theorem 5.4).

2. Representation of the difference P(t)—P; that implies that the closed
loop system is impulse free (Theorem 5.5 and Corollary 5.8).

3. Convergence of P(t) — P, as t; — oo and turnpike property of the
homogeneous optimal control problem with DAE constraints (Corol-
lary 5.6 and Theorem 5.9).

6. The Affine DAE LQR Problem. In this section, we study the optimal
control problem with nonzero target states y. and y. and get back to the question of
what the steady-state optimal control problem is for a descriptor system.

Similarly to the ODE case, the feedthrough w is defined via

—Ew = (A" —=P*(t)BBYw—C"ye, E'w(t1) =—F Yo,
which we rewrite as
=& = AL w — PA()BB*w — C*ye, E w(t1) = —F ye.

We partition the variables and coefficients

_w] .ot . [Fr
w_{ ] c_[cg], and]—"_[o]

in accordance with £, A4, BB*, and Pa, as in (4.7), (5.11), and (5.15), respectively,
and write

g AL Paa(t) —Paa(t)Apa2A7L] [BiBf BaoB:
Ar — PA()BB* = { it 4;21] _ [ ; ; 124440 L L
+ = Pa0) bz Al 0 0 BBy B2B;
_ {A;l — Pan(t)BB; Ayl - PA;l(t)BBS] |
Ai;lQ Ai;Q
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In what follows, we will omit the time dependency of Pa. With the relation

(6.1) wy = —ALH AL w1 + ALLC5y,

we can eliminate ws from the equations and consider only

(6.2) — 1y = (A* = Paa(t)BB*)wi — C*ye + Paa(t) BB3 AT5C5ye,

with the abbreviations

A= A+;1—A+;12AI32A+;21, B:= Bl—A+;12AI}2B2, and C := Cl—CQAI;leJr;Ql

as they have been used before.
By the same procedure, we derive the expressions for the parts of the optimal
state as

(6.3) To = —A_T_;12A+;21.’L'1 + A;}zBQB*(PA;lz’El + wl) + AI}QBQB;A_T_ECQ?JC
and
(64) .’,tl = (A — BB*PA;l(t)).Il - BB*wl - BB;AJ_FTQOQyC

The preceding derivations show that if the Riccati solution exists, then the op-
timal states x = (x1,x2) decouple such that x; reads like a solution to an optimal
control problem with ODE constraints, and z9 is in a direct algebraic relation with
1. Accordingly, we can state the turnpike property for Problem 4.1 with similar
arguments as for the standard LQR case.

THEOREM 6.1. Consider the optimal control problem Problem 4.1 with the costs
defined through t1, C, F, and target states y. and ye, and subject to the DAE (4.1)
with coefficients (€, A, B).

Assume that € is semi-explicit, that (€,A) is regqular, and that the gARE (4.4)
has a stabilizing solution Py (Assumptions 4.10 and 4.12).

Assume that F is compatible with £ so that with Assumptions 5.1 the gDRE (4.3)
has a solution P with Pa =P — P+ as in (5.15).

Assume that the relevant part of F is compatible with the relevant part of P+ such
that Assumption 5.7 is fulfilled.

Then the optimal control has a solution (z,u) with x and u satisfying the estimates

| 2(t) — 24| < const(elM) 4 l(ti=DA}
and
l[u(t) — us|| < const(el? 4 lti=DA}

with const independent of t; and where A < 0 is the spectral abscissa of A and

(65) Ts = —1 -1 Is;l_* A —* 1 * N —% vk
— AL oA 21T + A+;2B2(B ATrCr + BQA+;202)3J<:

with x5y = (A"'BB*A~*C + fl_lBBgA:L:‘QCg)yc and

(6.6) ug = —B*Pyay, — B* AT C*y. — ByALLC3y..
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Proof. We consider equations (6.2) and (6.4) for the parts wy and x;, respectively.
As laid out in the proof of Theorem 5.5, the part Pa solves the differential Riccati
equation

—Pa. = A*Payy + Pay A — PaaBB*Paay, Paa(t) =51 — Pya

and exists for all ¢ < ¢;. Thus, Lemma 3.1 applies and provides the formulas for the
relevant fundamental solution as

U(t) = et~ (=04} (I—[W - A=A el -0A"(p, | S1)).
As for the ODE case, we conclude that the feedthrough can be written as
(6.7) wy(t) = A7*C*ye + g(t, 1)

with a remainder term g(t,¢;) that is dominated by e{(1=94}; cp. (3.3) and (3.4).
The only difference to the ODE case lies in the additional term Pa;; (t)BA;fQCg‘yc to
wy as defined (6.7) which, however, can be included in the estimates by the decaying
behavior of Pa;; as it is ensured by Assumption 5.7 and Corollary 5.6. And again,
that part of z; that cannot be bounded by et('=1)7} where & is the spectral abscissa
of A, is given by the integral operator I; (cp. (3.5)) applied to the constant parts in
the right-hand side of (6.4). Thus, the turnpike for z; is given by the constant part
of

t e — — — —
—~ / =4 (BB* A~ C*y, + BB3 A; 5Cayc) ds
0
= (I — "N A BB * A C*y. + BBy AT Chye].

which is as in the first component of (6.5). The turnpike for x2 as in the second com-
ponent of (6.5) follows from formula (6.3) in combination with the decaying behavior
of Pa, and the estimate for wq given in (6.7).

With the formulas (6.7) and (6.1) for w; and ws, the optimal writes as

u(t) = —=B*(Pz(t) + w(t))
= —B*Prx(t) — B*Pa(t)z(t) — Biwi(t) — Biwa(t)
= —B*Po(2(t) — x5) — B*Paa(t)z1(t) — B*g(t, t1)
- B*AT*C*y. — B3 AL 505y — B Pras
= —B*P,(2(t) — x5) — B*Paa(t)z1(t) — B*g(t, 1) + us

from where the estimate (6.6) for u(t) — us follows with the same arguments as for
(3.6). O

Now that the turnpike for the linear-quadratic optimization problem with DAE
constraints has been determined, we return to the question of what the associated
steady state problem is. For that we observe that with p, := Pz, 4+ ws and w, being
the time constant parts of w and ws and us as defined in Theorem 6.1, the triple
(zs,ps,us) is a critical point of the Lagrange function

L, pyu) = 21C — gl + SlJull? + p* (Az + Bu)
2 2
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as it can be confirmed by considering the gradient of £ with respect to z, p, and u
and the ansatz us = —B*p, and ps = Pixs + ws. Still, in general, the turnpike is not
that solution that arises from

1 1
—|ICx — y.||*> + =||u||> = min, subject to Az + Bu =0
2 2

as this does not the respect the particular feedback structure us = —BB*Pzs that
makes the left-lower block of A — BB*P, regular.

7. Conclusion and Discussion. The presented results show that classical sys-
tem theoretic results well apply to prove turnpike properties for LQR problems con-
straint by standard linear state space systems. Under the assumption of impulse
controllability, a descriptor system can be controlled such that it is basically an ODE
with an additional but well separated algebraic part so that similar arguments can be
used to confer turnpike properties of LQR problems with DAE constraints.

In line with the literature on turnpike in control systems, natural extensions of
the presented results could consider periodic orbits as turnpikes (as in [32]), PDE
formulations (as in, e.g., [10]), or particular nonlinear phenomena (as in [27, 31]) for
the differential algebraic case.

As for the theory of control of DAEs, an immediate strengthening of the results
could be achieved by removing the assumption on impulse controllability. A more
general framework will also consider indefinite cost functionals and suitable replace-
ments for the Riccati equations, as they are used recent works on singular feedback
control [5] or infinite time horizon problems [29].

Another issue, in particular in view of numerical realizations, is the nonuniqueness
of P, that, from an optimistic point of view, could be exploited for the design of
optimal feedback laws; cp. also [12]. A general open research issue is the development
of numerical schemes for the solution of the generalized algebraic and differential
Riccati equations.
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