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ABSTRACT: In this work, we study the impact of quantum entanglement on the two-point corre-
lation function and the associated primordial power spectrum of mean square vacuum fluctuation
in a bipartite quantum field theoretic system. The field theory that we consider is the effec-
tive theorry of axion field arising from Type IIB string theory compactified to four dimensions.
We compute the expression for the power spectrum of vacuum fluctuation in three different ap-
proaches, namely (1) field operator expansion (FOE) technique with the quantum entangled state,
(2) reduced density matrix (RDM) formalism with mixed quantum state and (3) the method of
non-entangled state (NES). For massless axion field, in all these three formalism, we reproduce, at
the leading order, the exact scale invariant power spectrum which is well known in the literature.
We observe that due to quantum entanglement, the sub-leading terms for these thee formalisms
are different. Thus, such correction terms break the degeneracy among the analysis of the FOE,
RDM and NES formalisms in the super-horizon limit. On the other hand, for massive axion field
we get a slight deviation from scale invariance and exactly quantify the spectral tilt of the power
spectrum in small scales. Apart from that, for massless and massive axion field, we find distin-
guishable features of the power spectrum for the FOE, RDM, and NES on the large scales, which
is the result of quantum entanglement. We also find that such large-scale effects are comparable
to or greater than the curvature radius of the de Sitter space. Most importantly, in near future
if experiments probe for early universe phenomena, one can detect such small quantum effects.
In such a scenario, it is possible to test the implications of quantum entanglement in primordial
cosmology.
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1 Introduction

The concept of quantum entanglement is one of the most interesting features that one can study
in the context of quantum mechanics. Using such idea one can study the instantaneous physical
implication of local measurements [1-3]. There are several applications in the framework of quan-
tum field theory in which the quantum entanglement play a significant role. For example, particle
creation (EPR Bell pair [4]) through the bubble nucleation procedure has been explained using the
idea of quantum entanglement where the quantum system is strongly correlated [5-8]. Also using
the concept of quantum entanglement in QFT one successfully explains many phenomena like
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Figure 1. Schematic diagram for the computation algorithm of long range effect of cosmological correlation
function from quantum entanglement of axion in de Sitter open hyperbolic chart.

entropy bounds, phase transitions, anomalies, confinement, thermalization and quantum critical
quenches, localization in quantum gravity and description of interior of black holes. Apart from
that quantum entanglement has huge application in the context of quantum information theory,
quantum cryptography and interferometry.

The von-Neumann entropy and Rényi entropy are the appropriate measures of quantum en-
tanglement the framework of condensed matter theory [9], in quantum information theory and in
theoretical high energy physics. The idea of entanglement entropy in the context of quantum field
theory is the best possible computational tool to quantify and study the nature of the long range
effects of quantum correlation. However, the computation of entanglement entropy for a specific
class of quantum field theories were not easy before the method proposed by Ryu and Takayanagi
[10]. In this work, the authors have computed the entanglement entropy for a strongly coupled
field theory set up with a gravity dual using the techniques of holography and the results are
remarkable as it is in agreement with various expectations from the quantum field theory side [11].

Following this success, Maldacena and Pimentel in ref. [12] further proposed an explicit tech-
nique to compute the entanglement entropy in the framework of quantum field theory of de Sitter
space with Bunch Davies quantum initial vacuum state '. It is important to note that, particularly
that the Green functions which verify a condition (commonly known as the Hadamard condition)
consisting to behave on the light-cone as in flat space for Bunch Davies or the Euclidean false
vacuum state. On the other hand, the Bunch Davies or the Euclidean false vacuum can also be
physically interpreted as being generated by an infinite time tracing operation from the condition
that the energy scale of the quantum mechanical fluctuations is much smaller than the character-
istic scale in cosmology, which is the Hubble scale. This quantum vacuum state possesses actually

Tt is important to note that, by the term Bunch-Davies vacuum here we actually pointing towards the well
known Euclidean vacuum state which is actually a false vacuum state in quantum field theory and commonly used
to fix the initial quantum condition of our universe in terms of quantum mechanical state or the wave function of
the universe.



no quanta at the limiting asymptotic past infinity. However, in the the framework of quantum
field theory of curved space time, there exist a huge class of quantum mechanical vacuum states
over the background De Sitter space time which are invariant under all the SO(1,4) isometries and
commonly known as the a-vacua. Here « is a real parameter which forms a real parameter family
of continuous numbers to describe the issometric classes of invariant quantum vacuum state in De
Sitter space. In a more technical sense, sometimes the a vacua is characterized as the squeezed
quantum vacuum state in the context of quantum field theory of curved space time. Also it is
important to note that, in the original version something called, «, 5 or Motta-Allen (MA) vacua
is appearing which is CPT violating and here an additional real parameter S is appearing in the
phases in the definition of the quantum mechanical vacuum state. This phase factor is responsible
for the CPT violation. Once we switch off this phase factor by fixing 8 = 0, the one can get back
the CPT symmetry preserving quantum vacuum state in the present context. The a vacua and
the Bunch Davies or Euclidean false vacuum are connected to each other via Bogoliubov trans-
formation. Specially @ = 0 case corresponds to the Bunch Davies or Euclidean vacuum state in
which the Hadamard condition in the Green’s functions is satisfied. Additionally, the point to
be noted here that, the Bunch-Davies or the Euclidean quantum vacuum state is actually repre-
senting a zero-particle quantum mechanical state which is observed by a geodesic observer, which
implies that, an observer who is in free fall in the expanding state is characterized by this vacuum
state. Because of this reason to explain the origin of quantum mechanical fluctuations appearing
in the context of cosmological perturbation theory in the inflationary models or during the particle
production phenomena the concept of Euclidean false quantum vacuum state is commonly used
in primordial cosmology literature. Here, the authors have studied the gravitational dual of the
quantum field theory of De Sitter space using holographic techniques in detail. Further in ref. [13]
the authors have extended this computation in the context of a vacua [14] in the same context.
In ref. [15] and [16] the computation of quantum entanglement entropy and the formation of EPR
Bell pair from stringy Axion ? were discussed with Bunch Davies and a vacua respectively.

Based on the physical set up used in our previous works [15] and [16], in this paper we have
studied the cosmological implications of quantum entanglement by focussing on the long range
effects of the two point correlation function computed from the mean square vacuum fluctuation
of stringy Axion field with Bunch Davies and o quantum states as initial choice of vacua . We
expect from this analysis that the signature and impact of quantum entanglement could be manifest
in the correlation function even beyond the Hubble horizon scale. Our expectation is mainly due
to the fact that de Sitter expansion of universe distinguish between a pair of Axions [19-22], known
as EPR Bell pair which is created within causally connected Hubble region. For this purpose, we
use three different techniques:

1. Field operator expansion (FOE) method with entangled state,
2. Reduced density matrix formalism (RDM) with mixed state and
3. Non-entangled state (NES) method.

Here one can ask the following sets of questions regarding the implementation of three different
techniques in the present context:

e Q1. Why we have used three different formalisms to compute the cosmological two point
correlation function?

2Here we want to point few works, refs. [17, 18], where the authors have studied quantum field theory of axion
fields and its relation with quantum entanglement.



e Q2. What is the correct physics they believe that happens in the setup of the space time?
e Q3. In those three formalisms, the physics is completely different. So which one is correct?

e Q4. We finally could only observe one possible observational consequence. So which one is
correct?

The appropriate answers to above mentioned questions are appended below point wise:

e Al. We have used three different formalisms to compute the cosmological two point correla-
tion function to check the explicit role of quantum mechanical entanglement in the primordial
cosmology. In these three formalisms the leading order expressions become same. But the
difference only can be found once we look into the small quantum corrections appearing in
these formalisms. If the signature of quantum entanglement will be detected in near future
in the observational probes of early universe, then one can explicitly rule out the possibility
of appearing of NES method in the context of quantum field theory of primordial cosmology.
On the other hand, if the signatures of quantum entanglement cannot be confirmed then one
can strongly rely on the result obtained in the NES method. Additionally it is important
to note that, these three frameworks provide us the quantum mechanical origin of quantum
field theory of early universe cosmology.

e A2 & A3. From the theoretical perspective these three different formalisms have their own
merit on the physical ground. If the quantum mechanical origin of the quantum correction
of the primordial fluctuation is coming from the non entangled state then NES formalism is
the only single option which can take care of the correct physics. On the other hand, if the
quantum mechanical origin of the quantum correction of the primordial fluctuation is coming
from the entangled mixed state then RDM formalism applicable to the subsystem is the
most promising option which supports correct physical explanation. The last option is FOE
formalism which is applicable when the quantum mechanical origin of the quantum correction
of the primordial fluctuation is guided by the total entangled state (not the subsystem) then
FOE formalism is useful to describe the correct physics.

o A4. Tt is very well known fact that at late time scale all the large scale structure is formed
due to long range persistent correlation originated from the primordial quantum mechanical
fluctuation in the early universe. This can only be consistently theoretically established by
using FOE and RDM formalisms which supports the concept of quantum entanglement in
early universe cosmology. Now RDM formalism is more theoretically consistent than the
FOE method as it is based on the quantum description of the reduced subsystem. Now as
far as the detection in the observation is concerned, if we can detect the quantum mechanical
origin of the sub leading quantum correction in near future probes then one can explicitly
very the explicit role of quantum entanglement, precisely test FOE or RDM formalism is
correct. If we cannot detect the role of quantum entanglement then NES formalism will
provide the correct physical explanation of the quantum origin of the sub leading correction
term in the two point primordial correlation function.

We implement the RDM formalism using the previous work done by Maldacena and Pimentel in
ref. [12] in the context of de Sitter cosmology. In our computation we have explicitly included the
effect of Stringy Axion in the small field regime and as a result we get perturbatively corrected
contributions in the expression for the power spectrum derived using FOE, RDM and NES for-
malisms. Such correction terms can be interpreted as quantum effects which are appearing from



the UV complete theory, such as a specific type of bipartite quantum field theory driven by axion.
We note that the axion field which is being considered here, is actually originating from Type
IIB string theory compactified on a Calabi-Yau three fold (CY?), in presence of a NS5 brane
sitting at the bottom of a long throat [23]. Most importantly, in the large wave number * limit
(small scale or small wave length approximation [24]) we have shown the results for the power
spectrum derived from these three formalism perfectly match with each other if we consider only
the leading order contribution. However, the results are different for these three formalisms if we
we include the contributions from next and next to next leading order. In a way one can say
that such additional small perturbative correction terms play a pivotal role to distinguish between
the FOE, RDM and NES formalisms. This is obviously an important information because using
the present observational data on early universe cosmology [25-28] one can further constrain the
present model and also test the appropriateness of these formalisms. Apart from this, for com-
pleteness, we have also analysed the behaviour of the power spectrum in the small wave number
limit (large scale or large wave length approximation). We find that all these three formalisms
yield distinctive results in terms of the momentum (quantum number) dependence of the power
spectrum in order by order. But the lack of observational data on this particular regime does not
allow us to test the appropriateness and correctness of the proposed methods. We hope that in
near future when the observational data for this regime will be available, our results can further
constrain the model and rule out two of the possibilities between the three formalisms discussed
here. We would like to mention here that in our computation of the power spectrum for mean
square vacuum fluctuation we have not considered the quantum fluctuation of the pseudo scalar
Axion field as a classical back ground field, the approach which is mostly used in the context of the
cosmological correlations from early universe. Instead , we have chosen the field operator of the
Axion field itself as quantum operator whose fluctuation with respect to a quantum mechanical
vacuum state (Bunch Davies and « vacua). Thus, in this paper, we have followed:

1. A complete quantum approach to compute the primordial power spectrum of mean square
vacuum fluctuation, which is not usually followed in the context of cosmology.

2. For the specific structure of the axion effective potential , we have computed the explicit
form of the corrections which are due to quantum effects.

3. For our calculation, we have used three different approaches at super horizon time scale hop-
ing that the quantum corrections, at small and large wave number limits when confronted
with observations, can select the most effective approach and the nature of quantum correc-
tions.. From the cosmological perspective we believe this is a very important step forward.

The plan of the paper is as follows: In section 2, we begin our discussion with the computation
of the wave function of the Axion field in a de Sitter hyperbolic open chart. For this purpose we have
discussed the details of the background de Sitter geometrical set up in subsection 2.1. Further in
subsection 2.2 and 2.3, we have solved the total wave function for Axion for Bunch Davies vacuum
and generalised - vacua respectively. Using these solutions we have derived the cosmological
power spectrum of mean square quantum vacuum fluctuation in section 3. In subsections 3.1.1
and 3.1.2 we have discussed the quantum vacuum fluctuation using field operator expansion (FOE)
formalism with entangled state for Axion. field. We have also derived the explicit form of the

3Here the wave number p mimics the role of SO(8,1) principal quantum number in the de Sitter hyperbolic
open chart which is continuous and lying within the range 0 < p < co. The other SO(3,1) quantum numbers m
(azimuthal) and [ (orbital) play no significant role in the final result as the expression for the power spectrum for
mean square vacuum fluctuation only depends on the quantum number p.



wave function in this formalism. This solution is used to derive the power spectrum by computing
the two point quantum correlation function from mean square vacuum fluctuation. In subsection
3.2.1and 3.2.2 we have discussed the quantum vacuum fluctuation using reduced density matrix
(RDM) formalism using mixed state for Axion field and we have derived the explicit form of the
reduced density matrix in the de Sitter hyperbolic open chart. Further, this result is used to derive
the power spectrum by computing the two point quantum correlation function from mean square
vacuum fluctuation in large and small wave number limits for both massless and massve Axion
fields. In subsection 3.3.1and 3.3.2 we have studied the quantum vacuum fluctuation using non
entangled state (NES) formalism for Axion field and have discussed the NES formalism in detail.
This result has been used to derive the power spectrum by computing the two point quantum
correlation function from mean square vacuum fluctuation. Finally, section 4 has been devoted
to summery and conclusion and future prospects . In Figure (1), we have presented a schematic
diagram for the computation algorithm of long range effect of cosmological correlation function
from quantum entanglement of axion in de Sitter open hyperbolic chart.

2 Wave function of axion in open chart

We briefly review here, for sake of completeness, the background geometry and the results for wave
function of the axion field.

2.1 Background geometry

We consider a time preserving space-like hypersurface S? in the open hyperbolic chart of the
de Sitter space.. As a result S? is divided into two sub regions-interior and exterior which are
identified by RI (=L)/ RII (=R). In terms of the Lorentzian signature an open chart in de Sitter
space is described by three different subregions :

= ig T itrL tr > 0/ty, >0

R(= RII)/L(=RI) :

N——
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where H = a/a is the Hubble parameter and d§)3 represents angular part of the metric on S2. Now
let us assume that the total Hilbert space of the local quantum mechanical system is described
by H, which can be written using bipartite decomposition in a direct product space as, H =
Hint ® HExT. Here HinT and Hext are the Hilbert space associated with interior and exterior
region and describe the localised modes in RI/ RII respectively.

In Figure (2) we have shown the schematic diagram for the geometrical construction and
underlying symmetries of the bipartite quantum field theoretic system of de Sitter hyperbolic
open chart. Corresponding Penrose diagrams are also drawn for completeness.

PE = —ITR/L rr >0/ rp, >0 (2.1)
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Figure 2. Schematic diagram for the geometrical construction and underlying symmetries of the bipartite
quantum field theoretic system of de Sitter hyperbolic open chart. Corresponding Penrose diagrams are
also drawn for completeness.

2.2 Wave function for Axion using Bunch Davies vacuum

Though our prime objective is to compute the cosmological correlation functions for axion field in
de Sitter space, we need the results for the wave function of the axion field in the just mentioned
geometrical set up. Note that he axion field under consideration is coming from RR sector of
Type IIB string theory compactified on CY?3 in presence of NS 5 brane [23, 30]. The effective
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Figure 3. Behaviour of the axion effective potential obtained from Type IIB String Theory with respect
to the dimensionless field value ¢/ f,, where f, is the axion decay constant.

action for the axion field is given by [23]:

1
Saa:ion = /d4$\/ -9 |:_2(6¢)2 =+ MS {¢ + bfa COoS (?) }:| ) (23)
a
where p? is the mass scale, f, is axion decay constant and the parameter b is defined as, b =
A‘é /13 fa. Here Ag depend on the string coupling g, slope parameter o and details of SUSY
breaking parameter. For ¢ << f,, effective potential for axion can be expressed as:

2

V(9) ~ i (bfa + ) — Tesiong?, (2:4)

where we introduce the effective mass of the axion as, mzmon = 13b/ fo = A‘é /f2. Here axion decay
constant follow a (conformal) time dependent profile, which is explicitly mentioned in refs. [19-21].
In Figure (3) we have explicitly presented the behaviour of the above axion potential with
respect to the dimensionless field value ¢/ f,.
Further using Eqn (2.3) the field equation of motion for the axion can be written as:
1 —_—

875 (a3(t)at) - WL2H3 + m?zxion ¢ = :uga (25)

1

a3(t)
where the scale factor a(t) in de Sitter open chart is given by, a(t) = sinh¢/H and H is the Hubble
parameter, which is in principle can be time-dependent. But in the global patch of De Sitter space,
it appears that the Hubble parameter H can be treated as approximately a constant throughout the
evolutionary time scale of our universe and the value is fixed at very high energy scale, 10'6 GeV at
which the inflation and cosmological particle production (in the present context axion production)
at very early universe are occurring. This value of the Hubble parameter is appearing from the
observational constraint from Planck 2018 on the tensor-to-scalar ratio, which is actually a very
important quantity in cosmology and determines the existence of primordial gravitational wave
fluctuations at the very early time scale of our universe.
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Figure 4. Schematic diagram for the computation algorithm of solving the wave function of our universe
in de Sitter hyperbolic open chart for stringy axion.

Additionally, it is important to note that, the Laplacian operator f§H37 which is defined in
the H3 geometry can be written as:

=~ 1
L2H3 -

1 1
. (si h2 . 2 9.
e Or (sinh®r 9,) + 7sin089 (sinf Op) + - 96¢ , (2.6)

which satisfy the following eigenvalue equation:

L253 Vi (1, 0,6) = — (1 + 2) Vot (7,0, 0). (2.7)

Here Yy (r, 8, ¢) represents orthonormal eigenfunctions which can be written in terms of a radial
and angular part as:

Dp+1+1) p —(1+1)
L(ip+1) +/sinhr P(zp,ﬁ) (coshr) Yim (6, ¢), (2.8)

where Y},,,(0, ¢) is the spherical harmonics. Consequently, the total solution of the equations of
motion can be written as:

B(t,r,0,6)= > Y [anQ (t,r,0,8) +ahVy(t,r,0 ¢>)] , (2.9)

o=%1Q=p,l,m

yplm(ra 07 ¢) =

Here the total solution Vg(t,7,0, ¢) for Bunch Davies vacuum can be expressed as:

VQ(ta T,9,¢) = CLElt)Xp,a(t>yplm<ra67¢> 1 Xp, U( )yplm(T,e,(b), (210)

sinh ¢



where X, ,(t) forms a complete set of positive frequency function. Also this can be written as a

sum of complementary (Xz(fz)r(t)) and particular integral (Xz(a C),(t)) part, as given by:

Xpo(t) = X\ () + x L) (2.11)

Explicitly the solution for the complementary part and the particular integral part can be expressed
as:

1 (e”p —io 67””') (ef"p — i 67””)

ip hin) — o . -
() (t) = 2sinh7p | T (v + % +ip) P(V,%)(COS R) T+ 1—ip) P(Vi%)(cos R) or o
Xp,o - (eﬂp — i e*im/) (efﬁp o 671‘771/) )

c i Y
hity) — ht for L
P(W%)(cos L) T+l —ip) P(W%)(cos L) or L,

2sinh7p | T (y + l + ip)
XP(t) = s1nh2tz Xpm (t) / dt X () ud (2.13)

where the parameter v is defined as:

axzon 9 ’LLSb 9 A4G
\A‘nm‘¢ffwf .

In Figure (4) we have given a schematic diagram for the computation algorithm of solving the
wave function of our universe in de Sitter hyperbolic open chart for stringy axion.

2.3 Wave function for Axion using o vacua

Here we use two subspaces in CPT invariant SO(1,4) isometric de Sitter space, which is identified
as RI and RII respectively. Use the result obtained for Bunch Davies vacuum, and performing a
Bogoliubov transformation the mode functions for the a-vacua can be expressed as:

mw¢A@ZZZLWWWMMW@MWM}mm

o==x1 =0 m=—1

where the a-vacua state are defined as:
dopim|a) = 0 Vo= (+1,-1);0<p<oo;l=0,---,00,m=—1l,-- ,+l. (2.16)

In this context, the a-vacua mode function ]:c(rzl)m can be expressed in terms of Bunch Davies mode
function Vypim (7, t, 6, ¢) using Bogoliubov transformation as:

.F(a) = [cosha Vopim (7, 1,6, ¢) + sinh « V*plm(r,t,G, gb)] ) (2.17)

oplm

Here Vopim (7, 1,6, ¢) is the Bunch Davies vacuum states, which is defined as:

Vaplm(ratﬂgaqb) — 3  Xpo ( )yplm(raea¢)' (218)

inht

After substituting Eq (2.17) and Eq (2.18) in Eq (2.15) we get the following expression for the
wave function:

D(r,t,0
(rt,0,¢) = sinh ¢ ==

— 10 —

p—1
/ dp Z Z Z [ opim cosh & xp o (%) +d2plm sinh « X;U(t)} Voim (1,0, 9), (2.19)



Finally, the solution of the time dependent part of the wave function can be recast as:

1 > L _
Yoall) = 2\ 37 [0 P10 P42 je iy [0 P L P Vo = £
¢=R,L p n=0""Pn \In
Complementary solution Particular solution
where we use the following shorthand notation:
pon —sinb e [ at x5, () PO (221)

Here we also use the shorthand notations P4, P%", for the Legendre polynomial. Also the coeffi-
cient functions (a7, 37) and (o ,, 47,,), normalization constants Ny, N, for the complementary
and particular part of the solution which are defined as:

4 sinh 7wp \/cosh mp — o sin v
VT D(v+ip+1)]
4 sinh 7p,, v/cosh wp,, — o sinmv

Npn) = : . 2.23
PO TR D (vtipe+3)| 22

N, = : (2.22)

3 Cosmological spectrum of quantum vacuum fluctuation

In this section, we present our computation of the spectrum of Bunch Davies vacuum and « vacua
fluctuation from two point correlation function . We will be discussing the computation of two
point correlation function and their associated cosmological spectra from three completely different
formalisms:-

1. Field operator expansion (FOE) method:
This method is useful for entangled quantum states with the wave function of the de Sitter
universe for Bunch Davies and most generalised a vacua. Technically this formalism is
based on the wave function x* which we will explicitly derive . The cosmological spectrum
is characterised by the two point correlation function and their associated power spectrum.
Using such entangled state in this formalism one can construct the usual density matrix for
Bunch Davies and most generalised a vacua.

2. Reduced density matrix (RDM) formalism:
This formalism is helpful for mixed quantum states and is useful for the construction of
reduced density matrix in a diagonalised representation of Bunch Davies and a vacua by
tracing over the all possible degrees of freedom from the region R. Technically the formalism
is based on the wave function ¥% which we explicitly derive.

3. Non entangled state (NES) formalism:
This formalism in presence of non entangled quantum state which deals with the construction
of wave function in the region L in which the total universe is described. Here we also use
Bunch Davies and most generalised « vacua in the region L. Technically this formalism is
based on the wave function ¢X which we explicitly derive in this paper.

We will now derive the expression for the mean square fluctuation considering both Bunch Davies
vacuum and « vacua using the results presented in the previous section. For this computation we
will follow the steps which are outlined below:

— 11 —

(2.20)



1. First of all, we trace out all contributions which belong to the R region. As a result the
required field operator is only defined in the L region. This method we use in FOE formalism
where the quantum states for L and R region are entangled with each other. On the other
hand, doing a partial trace over region R one can construct reduced density matrix which
leads to RDM formalism. Instead, if we use the non entangled quantum state and compute
the wave function solely in L region we will be lead to the NES formalism. Note that all of
these three methods are used to compute mean square vacuum fluctuation or more precisely
the quantum mechanical computation of two point correlation function for axion and the
associated power spectrum.

2. Instead of doing the computation in |L) basis we use a new basis |L'), obtained by applying
Bogoliubov transformation in |L). Consequently the field operators will act on |L/) and
the FOE method is developed in this transformed basis. On the other hand, as mentioned
earlier it will appear in the expression for the reduced density matrix to be used in the RDM
formalism. But in the NES formalism this transformation is not very useful since in this
case the total wave function is solely described by the quantum mechanical state appearing
in the L region and the corresponding Hilbert space is spanned by only |L) which forms a
complete basis.

3. Further, we will compute the expressions for the mean square quantum vacuum fluctuation
and the corresponding cosmological power spectrum after horizon exit using all the three
formalisms i.e. FOE, RDM and NES. We will finally consider two limiting situations : long
wave length and short wave length approximation for the computation of the power spectrum.

3.1 Quantum vacuum fluctuation using field operator expansion (FOE) (with entan-
gled state)

3.1.1 Wave function in field operator expansion (FOE)

Let us first compute the spectrum of vacuum fluctuation using field operator expansion (FOE). In
figure (5) we have presented a schematic diagram for the computation algorithm of field operator
expansion method for entangled state of axion in de Sitter hyperbolic open chart. To compute the
vacuum fluctuation using FOE, we focus only with the left region L as it is completely symmetric
to the right region R. We use the time dependent mode function for the left region L which we
have presented in section 2. Thus instead of getting a (4 x 4) square matrix (when both sectors
are considered) we have a (4 x 2) matrix which appears in the solution of the field equation as:

X! = T MGPT + > T (M) 5Py, (3.1)
p n=0 p,(n)
where the index J = 1,2 is appearing for the contribution from region L. To write down the total
solution in region L we define the following matrices:

of  ff oy o, Bin
M{7 - ) (M(n))j | ’ (3:2)
5 of T, Al
N XU(t) _ 7’5L _ pL,n
XI = ) PJ = _ 9 Pgl) = " I (3 3)
XO'* (t), fPL*’ PL n

- 12 —



Field operator expansion (FOE)
formalism for entangled state

v

v

Using this quantum state one

in L region of dS space

Solution of the total wave function of the universe

—> can construct density matrix and
entanglement entropy using von
Neumann measure in region L

v

Davies and generalised vacuum state configuration

Computation of mean square quantum vacuum fluctuation Large wavenumber
in ferms of two point correlation function using Bunch (short wavelength)

limit in super horizon

time scale

Small wavenumber (long wavelength)
limit in super horizon time scale

Result exactly matches with the cosmological
two point correlation function and the power
spectrum for massless and massive axion

Result is different compared to the cosmological
two point correlation function and the power
spectrum for massless and massive axion

Figure 5. Schematic diagram for the computation algorithm of field operator expansion method for entan-

gled state of axion in de Sitter hyperbolic open chart.

where 0 = +1, I =1,2,3,4 and J = 1,2. The Fourier mode of the field operator, which is also the
total solution of the field equation for axion (in presence of source contribution) can be expressed

as:

®(tr) = Q! = Qr |57 MEPT+3

smh tL smh tL

.
n=0 va(n)

(M) POl (3.4)

where the operator Q1 represent a set of creation and annihilation operators which are defined (in
section 2) for Bunch Davies vacuum (o = 0) and « vacua (a # 0) as:

ar = (ag, aT — + Z a(p)
Qr =
dr = (dmd = d(c +Zd

for Bunch Davies vacuum
(3.5)

for o vacua.

Here we have labeled the time coordinate t by t1, since we are considering the left region L only.
To explicitly write down the expression for the amplitude of the normalized power spectrum,
we start with the column matrix representation of the time dependent part of the solution of the

wave function, given by:

— [ xw AZPL + By PL* o0
X = - ~ E>
XU* (t) Bi*rPL + Ai*rPL* n=0

— 13 —

‘Aa (n) Nn +BU n ﬁl:
(n) L,(n)" (n) ’ (3.6)
BU*(n)P +"40*n L*

(n)




where the entries of the column matrix for the complementary and particular integral part of the
solution are given by the following expressions:

of, e"™P — jo eV

Af = =0 , 3.7
LUN, T UNGD (v ip b (38.7)
o —TP _ g efim/
Bl =L ;¢ , 3.8
LN T N ) o
ay, (n) e™Pn — jg eV
L = ——=0 , , (3.9)
L) Nop,n) Np, (T (V +tpn + %)
g — TP —imv
80—7(,’1) = L,(TL) = —0 € e (310)

Nop) T (v —ipn + 3)

N, and N, in the above equations are the normalization constants for the complementary part
p p(n) y
and particular integral part of the solution as defined section 2.

3.1.2 Two point correlation function

To compute the expression for the two point correlation function for the vacuum fluctuation let
us now concentrate on a single mode with fixed value of the SO(3, 1) quantum numbers p, [ and
m. As a result the mean square vacuum fluctuation of axion for any generalized arbitrary vacuum
state (|€2)) can be expressed as:

o) (0w 10 = o] (o], ) @ @

Further explicitly writing the expression for the mean square vacuum fluctuation of axion for
Bunch Davies vacuum we get the following simplified expressions:

(BD/0, () (9,7 (0)' [BD) = ——(BD [aﬂ ([cuﬂp,l,m,)t BD)

smh2
2 !
= o ) ’
s1nh2 Z X " P) 0 Sy
= PBD(p7 tL) 6(]9 -Dp ) 5”/ 5mm’7 (3-12)

where we define the amplitude of the normalized power spectrum of axion as:

3 =
p
Pep(p,tL) = 22 Pgp(p,tL) = 92 Smhg Z X7 (3.13)

Further using Eq (3.6) we compute the following expression, which is appearing in the expres-
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sion for the amplitude of the normalized power spectrum:

S =Y (7)) v - [(\AEP +|Bg ) PP + AgBy () + Ay (P

o==+1 o=+1
o‘* o * SL AL
+nz%{( 7AZ" ) + BLBY ())77 P
( 7B + Ag(n)sg*) PLPE,
+ (A;f( + AT B, ) ) P(H)PL*}

+§: f: {( WAL m) T BL ) f'ﬁ(m)) Pl Pl

n=0m=0
AL (1B Py Plany + AL BL oy PPl |- (314)
Using Eq (3.14), the amplitude of the normalized power spectrum of axion from Bunch Davies
vacuum can be expressed in all time scales of region L as:
3
Pep(p, L) = Z x|

27T2 smh2
3 H? — o~ ~r\ 2 ~ 2
- r_= [(|,4g|2 + |BE ) PRPY + AZBET (PR) + A BE (PM)

22 sinh? ¢y,
+ 2 { (ALAT ) + BB ) PRPES
n—0
+ (ALBE ) + AT, )BT ) PEPE
+ (AL BE + ALBL ) PP}

+ i i {( WAL m) T BL(n) LT(m)) Pl Pl

n=0m=0
o o % ~L SL 0'* Lk
+ AL, () BE ) Pl Plony AL ) B,y P Pl >H (3.15)
However, it is not easy to extract any information from Eqn (3.15) for cosmological predictions.
Hence, we consider the superhorizon time scales (fr, >> 1) of region L. In such a case, the

Legendre functions, appearing in the complementary part and the particular integral part of the
time dependent solution, can be approximated as :

23 (cosh tL)”_% I'(v)

Ph,P) = P (coshity) tr, >> 1 , 3.16
( ) _ (coshitn) tr >> 1 VAl (vFip+ 1) (319
1 1
273 (coshty)" 2 T'(v)
= Pi”’" htr) t 1 . 3.17
(P( ) P(n)) 1 (COS L) ﬁ) \/7—1_1_‘ (V:Fipn+ %) ( )

Consequently, in the superhorizon time scales (1, >> 1) of region L eqn (3.14) can be further
simplified as:

P

DY (;F)Ti? tn >>1 M(p,v) (coshtp)® ! (3.18)

o=+1 o=+1
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e~

where the time independent function M(p,v) is defined as:

—— 221/71 T 2 A? 2 +|Be 2 A7 Bo* Ao Bo
M(p,y):gr(y))XZ[G L"Ll‘)2+ L.Ll 2 L.L1 2
Ao YF Tt ) o)

(AUAO'* +BUBU*(n)) <Aa L(n +A£7(n)8£*>

o
+
nz% P(v—ip+3)T(v+ip,+3) T(v—ip+3)T(v—ip,+13)

( L(n AO’*BO’ n))
F(u+zpn+§)F(u+2p+%)

+i§:ﬂ ( WAL m) T BL ) BL(m ))

— FV*an+l)F(V+me+§)

_l’_

‘Ai,(n)BET(m) i L (n)B L ,(m)
T(v—ipy+ )T (v—ipm+3) T (vtip,+3)T (v+ipm+1)

As a result, in the superhorizon time scales (¢, >> 1) of region L the amplitude of the normalized
power spectrum of axion from Bunch Davies vacuum can be expressed as:
e 2 N 3

St >>1 2 (coshtp)® ™3 H2M(p,v). 2
2 ity 2 N2> Lo (eohin) M(p,v) (3.20)

PeD (D, 1) =

Here, it is important to note that in the superhorizon time scales (tr, >> 1) of region L if we
consider the massless case where we fix the mass parameter to be v = 3/2, then the time dependent
contribution can be approximated as:

ht 2v—1
M tL>>1 1. (3.21)
sty ), T

Consequently, in the superhorizon time scales of region L and for the massless axion case, the
amplitude of the normalized power spectrum of axion from Bunch Davies vacuum can be expressed
as:

p3 H2

3 —_ —
- &£ 7 oo |2 _ P _
Pep (P, t1,) = 277 P s E IX?|* tL, >> 1,v =3/2 53 H*M(p,v =3/2). (3.22)

o==+1

This implies that in the massless case, the amplitude of the vacuum fluctuation gets frozen with
respect to the time scale when the associated modes exit the horizon.

Further to infer the exact wave number dependence of the amplitude of the normalized power
spectrum from Bunch Davies vacuum we need to know the behaviour of the power spectrum at very
short wavelengths (p,p, >> 1). In this limit it is expected that the power spectrum should match
the result obtained for spatially flat universe. Note that in the short wave length approximation

the time independent function M(p >> 1,v) for any arbitrary mass parameter v can be expressed
as:

— 22(v—1) (F(l/))2 —

M(p>>1,v) = Tg(p >> 1), (3.23)

— 16 —
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where we have defined a new function G(p >> 1) in the short wave length limit as :

1+
(1+e72)? 4 Z( ) VT B20uap” ST ( (€727 4 e~ 2mpn) +e—27r(p+pn))
0 \/ 82944p

" Z Z (1 i W) (1 4 e—w(pm+pn)>2 ' (3.24)

3/2
=0 m=0 (PnPm) \/ L+ 82944p \/ 1+ 82944p

n=

The above equation implies that for very large p, p, >> 1 one can rewrite this as, G(p) ~ 1+ -+,
and all the --- terms can be considered as small correction terms. Also for the mass less case (v =

3/2) and in the short wave length approximation, the time independent function M(p,v = 3/2)
can be further simplified as:

P

Gp>>1)
2p3

M(p>>1,v=3/2) = (3.25)

Finally, in the superhorizon time scales (tr, >> 1) of region L, the amplitude of the normalized
power spectrum of axion from Bunch Davies vacuum in the short wave length limit can be expressed
as:

3

Pep(p >> 1,t, >> 1) = 2p7772 (cosh ty, )23 H2/\/l/(;)7/)
5 2
_ w-3 (H L) =
= (2coshty,) <27r> <F (g)> Gp>>1). (3.26)

Also for the massless case (v = 3/2) in the superhorizon time scales (1, >> 1) of region L the
amplitude of the normalized power spectrum of axion from Bunch Davies vacuum in the short
wave length limit can be simplified as:

Pep(p >> 1,t, >> 1) = 2%2 H*M(p>>1,v=3/2) = <2W> G(p>>1). (3.27)

Now, we generalize the above results for the two point correlation function and the associated

power spectrum for a vacua. For « vacua the mean square vacuum fluctuation of axion in the
short wave length limit can be expressed as:

(12m(ts) (0 (1)) o) = ) and] <[d1§<7] m)T o)

smh2
=Smh2 Z 1> 6(p—P) Sy 6y
=P(p>>1,a,t1) 6(p—p) O Oyt (3.28)
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Figure 6. Features of FOE power spectrum in large wave number region.

where we have defined the amplitude of the normalized power spectrum of axion in the short wave
length limit as:

3

P(p >> 17057tL) = 2p7ﬂ_2 P(p >> I,Oé,tL)

= Pgp(p >> 1,t1,) (cosh2a — sinh 2«)
= exp(—2a) Ppp(p >> 1,t1,). (3.29)
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In the above equation, Pep(p,t1,) is defined as:

3
PBD(p >> 1, tL)

Z X (3.30)

272 smh2

We carry out the same approximations as earlier and we note that in the superhorizon time scales
(tr, >> 1) of region L the amplitude of the normalized power spectrum of axion in the short wave
length limit from « vacua can be expressed as:

Plp>>1,a,t, >>1) = Pep(p >> 1,tr, >> 1) (cosh 2« — sinh 2a) = exp(—2a) Pp(p,tr, >> 1), (3.31)

where the normalized power spectrum in superhorizon scale for Bunch Davies vacuum Pgp(p >>
1,t1, >> 1) is defined in Equation (3.26). Here it is important to note that, with o = 0 then we
can reproduce the results obtained for Bunch Davies vacuum.

In figure (6(a)) and figure (6(b)) we have shown the behaviour of the power spectrum of the
mean square vacuum fluctuation computed from FOE formalism in the short wave length regime for
a =0 and a = 0.1 and for fixed values of the mass parameter v(= 3/2,2,5/2,3,7/2) respectively.
In both the cases we have found almost similar behaviour. Additionally, in figure (6(c)) we
have depicted the behaviour of the power spectrum with respect to the mass parameter v with
fixed values of the parameter a(= 0,0.1,0.2,0.3,0.4). It is clear from this figure that the power
spectrum shows two distinct behaviour in 1/2 < v < 1 and v > 1 region. For 1/2 < v < 1 region,
the amplitude of the normalized power spectrum decreases to a certain value but just after v =1
it increases.

On the other hand, to know the exact wavenumber dependence of the amplitude of the nor-
malised power spectrum from Bunch Davies vacuum in the long wavelength limit we need to
know the behaviour of the power spectrum at p,p, << 1. In this limit it is expected that the
power spectrum of axion match with the result obtained for spatially flat universe. Here the time

independent function M(p << 1,v) for any arbitrary mass parameter v can be expressed as:

M(p << 1,v) = 2D (F(”))Qg(ﬁ? 1), (3.32)

—_——

where we have defined a new function G(p << 1) in the long wave length limit as :

14 |F( )| {1—1—36_7@26 7rpn+2226 7(prtpm) }] (3.33)

(T (v+3 )) 17=0m=0

— T

v <<V=1ro e

e

This implies that for very small wave numbers p, p,, << 1, one can write, G(p << 1) ~ m 1+---],
2

where all the--- terms are small correction terms.
Also for the massless case (¥ = 3/2) and in the long wave length approximation, the time

independent function M(p << 1,v = 3/2) can further be simplified as:

—_~—

- _ Gp<<])

Mp<<1l,v=3/2) = 5 (3.34)

Finally, in the super horizon time scales (tr, >> 1) of region L the amplitude of the normal-
ized power spectrum of axion from Bunch Davies vacuum, in the long wave length limit, can be
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Figure 7. Features of FOE power spectrum in small wave number region.

expressed as:

3 —_ T —
Pep(p << 1,tp, >> 1) = % (coshtp,)? ™ H2M(p << 1,v)
= (2coshtp)* ™ (=) p* | —= 1 .
eosn ™ (31) 7 (5 &) g (3.35)
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and for the massless case (v = 3/2) this simplifies to:

Pep(p << 1,ty, >>1) = % HM(p << 1,v=3/2) = <2> 2 Gp << 1). (3.36)
T T
Here it is important to note that both of Eq (3.35) and Eq (3.36) are valid after horizon exit.
Next, we generalize the result for the two point correlation function and the associated power

spectrum for « vacua. For a vacua the mean square vacuum fluctuation of axion in the long wave
length limit can be expressed as:

(] @i (t1,) (cbpj;ﬂtL))T ) = Siijum\ dnd| ([d&v’]p,l/m,y o)

H? ~ 5 :
= — 7% 5(p — Oyt 01
S iy Ugﬂ X717 6(p =P ) Sy by,
= P(p<<1l,a,i5) 6(p—p) 81 Ol s (3.37)

where the amplitude of the normalized power spectrum of axion at long wave length limit is defined
as:

3

P(p << 1,0é,tL) = 2p77_‘_2 P(p << l,Oé,tL)
= Ppp(p,t1,) (cosh2a — sinh 2«)
= exp(—2a) Ppp(p << 1,t1,), (3.38)

with Ppp(p << 1,t1,) as defined earlier.
In the super horizon time scales (tf, >> 1) of region L the amplitude of the normalized power
spectrum of axion in the long wave length approximation from « vacua can be expressed as:

Plp << l,a,ty, >>1) = Pp(p << 1,1y, >> 1) (cosh 2« — sinh 2«)
= exp(—2a) Pep(p << 1,t1, >> 1), (3.39)

where Ppp(p << 1,tr, >> 1) is defined in Eq (3.35). It may be noted that, for « = 0 we get back
the results obtained for Bunch Davies vacuum.

In figure (7(a)) , figure (7(b)) and in figure (7(c)) we have shown the behaviour of the power
spectrum of the mean square vacuum fluctuation computed from FOE formalism in the small wave
number regime. The values of a and the values of the mass parameter v used here are same as
those taken for large wave number regime. As expected, the behaviour for the the two limiting
cases are distinct. However, the characteristics observed for v and v dependences for both the
cases are almost similar.

3.2 Quantum vacuum fluctuation using reduced density matrix (RDM) formalism
(with mixed state)

In this section, we study the features of the two point correlation function of the quantum vac-
uum fluctuations and the associated primordial power spectrum using the reduced density matrix
formalism. In figure (8) we have presented a schematic diagram for the computation algorithm of
reduced density matrix formalism for mixed quantum state of axion in de Sitter hyperbolic open
chart.
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Figure 8. Schematic diagram for the computation algorithm of reduced density matrix formalism for mixed

quantum state of axion in de Sitter hyperbolic open chart.

3.2.1 Reduced density matrix (RDM) formalism

We first write down the Fourier mode of the field operator, which is also the total solution of the

field equation for axion in presence of source contribution.

We start directly from the solution

obtained in Eqn (2.20) and rewrite it in terms of the following matrix equation:

I 1 IpJ = 1 I g
' = —MipT (M), P, (3.40)
Np ;Np,(n) )77 7 )

where for the complementary part of the solution we have defined the following matrices:

ag B Xo (1) P
My=| " L =TT P = . (3.41)
By ay X5 (1), P,
Similarly for the particular solution, we define the following matrices:
al R0 P
I an an
(M(n))J | , 73{;) = ) (3.42)
Bin  Ogn Pt

where o =+1, ¢g=R,Land I,J =1,2,3,4.
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The redefined normalization constant for the particular part of the solution Np,(n) can be
expressed as, Np ) = 2sinh7p, /Np,o (p2 —p%). Further using Eqn (3.40) the Bunch-Davies
mode function can be written as:

il o H oLy L I
sinh¢ X T Sinnt ™ /\/'pMJP +§va(n) (M(n))JP(n) ) (3.43)

where a; = (ay, al) represents a set of creation and annihilation operators.
We also define the following operators:

1

by = a(IC)MI, bJ(n) = ay()1)1) (M(n))J, (3.44)

where a(IC) = (a((,c), aff”) and ay()i )= (a((f ZL, aglf 2:[) are the set of creation and annihilation operators
which act on the complementary and particular part respectively. Thus, the operator contribution
for the total solution is:

ary = a(IC) —+ Zaglzzl)] , (3.45)
n=0
where by inverting Eqn (3.44) we have expressed:
(© _ 1y ® _ 1)/
af? = br (M) af) = ba (M) - (3.46)
The inverse matrices are defined as:
) 5 5,
_1n\I Yoq oq N\ Vogq,n oq,n
(M), = o) = , (3.47)
6;q ’Y;q 6:;q,n ﬁ;q,n

where c =+1,g=R,Land I,J =1,2,3,4.
For further computation, a-vacua are defined in terms of Bunch Davies vacuum state as:

1
la) = exp (tanha Z alag> |IBD). (3.48)
2 o=%1

It is to be noted that for a = 0 we get, |a = 0) = |0) = |BD). Moreover, we can also write the R
and L vacua as:

R) = R))+ D> R)pm L) =L+ > L)p)n (3.49)
n=0 n=0

with subscripts (¢) and (p) representing the complementary and particular part respectively.
Further assuming the bipartite Hilbert space (H, := Hr ® Hr,) one can also write the a-vacua
in terms of the R and L vacuum as:

1 1 1 = o
|y = exp (2 tanh o Z a:r,ag> exp | 5 Z mij bl b} +3 Z Zmij,n b;n b}’n (IR) ® |L)),

o==%1 ij=R,L i,j=R,L n=0

Bunch—Davies contribution

(3.50)
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where the matrices m;; and m;;, are defined for the complementary and particular part of the
solution obtained for Bunch Davies vacuum state. In other words by setting @ = 0 we get the
following expression for the Bunch Davies quantum state:

1
BD) =co (2 Y my e S St B, | (R e ), (3.51)

ij=R,L i,j=R,L n=0

Also the creation and annihilation operators for the R and L vacuum are defined in terms of new
b type of oscillators using Bogoliubov transformation as:

i = > {['ngb + 0%, q] +Z [7{1071 g + qanbgn}} Vo = +1, (3.52)

q=R,L
=3 {[v;gbzwngq]+Z[ﬁ;}nl‘>z,n+5qa,n5q,n}} Yo = 1. (3.53)
q=R,L n=0

Here 45, 0g0s Ygo,n and 5,10771 are the coefficient matrices. For our further computation we use the
definition of a-vacuum state (and Bunch Davies vacuum state), which is very useful to compute
long range cosmological correlation functions in de Sitter space. In the context of a-vacua the
creation and annihilation operators are defined in terms of the constituents of R or L vacuum
state as:

dy = Z { [(Coshoz Ygo — sinha dgo) by + (cosh v 6, — sinha 77, ) b‘”
¢=R,L

_l’_

(COSh « Z f’ng7n13q,n — sinh o Z 5qg’an7n>

n=0 n=0

o
(cosha Zéq(m yn — Sinha Z'_V;mng(;n)]} Vo = +1, (3.54)
n=0

dl = Z { [(cosha Yiy — sinh o 7)) bjl + (cosh v §gr — sinh @ y44) bq}
q=R,L

(cosha nyqgn gn — Sinha Z5q0n qn>
+ (cosha > bqonbgm — sinha Z'yq(,yanm)]} Vo = +1, (3.55)
n=0

n=0

where we use the definition of creation and annihilation operators in Bunch Davies vacuum as
mentioned in Eq (3.53) and Eq (3.52). In this computation it is important to note that, under
Bogoliubov transformation the original matrix v45, 0o, Ygo,n and 5(10,,1 used for Bunch Davies
vacuum transform ( for a-vacua) as:

Ygo — (cosha 4o —sinha 045), dg0 — (cosha §ge — sinh v 40 ) , (3.56)
Vgom — (Cosha Ngon — sinh a gqg,n) , ng,n — (cosha gqg,n — sinh f_ng’n) .
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Thus, after the Bogoliubov transformation, a-vacua state can be written in terms of R and L
vacua as:

1 . 1 <
o) = exp | 5 > i bf b§+§ > i bl B | (IR) @ L), (3.57)
i,j=R,L i,j=R,L n=0

Here m;; and ﬁzij,n represent the entries of the matrices corresponding to the complementary and
particular solution respectively and we will compute them by demanding d,|a) = 0, and keeping
only linear terms of creation operators. This directly yields the following:

[mij (cosh o vj, — sinh v §j,) + (coshav d;, —sinha 7;)] = 0, (3.58)
[(cosha MijnYjon — sinh a mij,ngjg’n) + (cosha 6F  —sinha ’ﬁmn)] =0vn. (3.59)

io,m

From these two equations, the matrices corresponding to the complementary and particular part
of the solution can be expressed as:

: _ . MRR  TMRL
mij = — (cosha 6, —sinha 7}, ) (cosha v —sinha 0) 7 = , (3.60)

MLR ~ MLL

- o MRR,n MRL,n
Mijn = — (cosha 67, , —sinha 7}, ) (cosha ¥ —sinha 6) = = . (3.61)

oj,n
MLR,;n  MLLn

Substituting the expressions for v, d, v, and §,, we finally obtain the entries of the mass matrices
for i,j = R, L as:

V2 e PT 73-”)

~ 10
m;; = e - 3.62
J \/cosh 2mp + cos 2mv (cosh2 o + sinh? o e*27T(p+w)) ( )
- 0 \/§ eipnﬂ' ’7;‘5’”7”)
mij,n = 62 2 N 2 - (3.63)
\/cosh 2mp,, + cos2mv (cosh o 4+ sinh” o 6*27’(17"*“/))
where we defined the 7 matrices as:
" e
¥ = ) 0| i ) ) | 300
Ter T Tor® Ton

and the corresponding entries of the 7 matrices are given by:

7}(&% = TIEII:) = [(cosh2 a + sinh? « 6_2””) — sinh 2« sinh? ™ e sec wy] CoS TV,
Tf({VL) = 'TIS;{) =i [cosh? a + sinh® o e *™ + sinh 2a cosmv e~ ™] sinh 7p,
Tél&n) = T[(‘;n) = [(cosh2 a + sinh? o 672””) — sinh 2« sinh? TPn e sec 771/] CoS TV,

TP({lﬁn) = Tég’n) =1 [cosh2 a + sinh? & e %™ 4 ginh 20 cos v e_””’] sinh 7p,,.
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For the massless (v = 3/2) axion case, we obtain the following simplified expressions:

7r 3/2)
i0 V2 e T
\/cosh 2mp — (cosh2 — sinh? a e=2mp)
\/§ e—pnﬂ' 7;;3/27”)

Miin = €7 3.70
o cosh 27p, — 1 (cosh2 a — sinh? « e‘27rpn) ( )

where we have defined the 7(3/2) matrices as:

(3.69)

mij =

(3/2) (3/2) (3/2,n) (3/2,n)
(3/2) _ Trr TRL T3/2m) _ Tar T (3.71)
j ? i . .
(3/2) 3/2 (3/2,n 3/2,n
T 82 /20

and the corresponding entries of the 7(/2) matrices are given by:

Tan? = T2 =0, (3.72)
TP = 73 — jsinh mp, (3.73)
Tr(fif "= A <o, (3.74)
T2 = 732 _ jsinh p,,. (3.75)

In the above analysis, we have considered small axion mass (> > 0) limiting situations with an
arbitrary parameter «, which corresponds to Bunch Davies vacuum state with the choice o = 0.
For completeness, we also consider the large axion mass (v?> < 0 where v — —i|v|) limiting
situation which is very important to study the imprints of quantum entanglement in cosmological
correlation functions. In this large axion mass limiting situation, we actually consider a specific
window of SO(1,3) principal quantum number, which is bounded within the range 0 < p < |v/|.
Consequently, the entries of the coefficient matrix m can be approximated as:

- cosh(|v| —p) 2 [cosh2a cosh? 7r|v| — sinh 2a:sinh? 7p + % sinh 27(v/|] (3.76)
MRR = , .
RR COSh(|V| _|_p) (627rp + 627r|u\) COSh2 a+ (627rp 4 627r\1/|) sinh2 o
p)
)

cosh

(lv] —p) 2 ¢ [(cosh2a + sinh 2a) cosh 7|v| 4 sinh 7|v|]
cosh(|v| +p

(e2mP + e2mvl) cosh? v + (2P + e2mvl) sinh? o

MRL = (3.77)
which for o = 0 yield a simplified expression for the m with Bunch Davies vacuum state. We note
that for general value of a and for large axion mass (v < 0 where v — —i|v|) , we always get real
value for mrgr and imaginary value for mgy. This is an important observation for our further
analysis.

From the perspective of cosmological observation in the superhorizon time scale, we again
consider two further limiting situations: (a) large wave number (p >> 1) or small wave length
limit and (b)small wave number (p << 1) or large wave length limit.

Using these two limiting situations we can simplify the expression for the entries of the coef-
ficient matrix m considering both small and large axion mass. We start with the expressions for
small axion mass limit in large wave number (p >> 1) approximation:

mij ~ 2 el? e=2pm ’7;5»’/) sech?a (3.78)
Mijn /2 et e 2pnm igy’”) sech?a (3.79)
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where we have defined the 7 matrices for p >> 1 limit as:

)  FW) Fvn)  F(wn)
Fo) _ Tar  Trr Flm) _ Trr” Tar
1] - . ) 1] .

W T T

(3.80)

and the corresponding entries of the 7 matrices for p >> 1 limit are given by the following

simplified expressions:

14 14 . — 2 ]- . —7
Tf({fi = ’TL(L) = [(cosh2 a+sinh?a e 2””) ~ 1 sinh 2a €2P™ ¢~ gec m/} cos T,

%f(&? - 7}4(;{) =1 [COShZ o+ sinh? o %™ 4 sinh 2a cos T e‘iwy] 2

~ ‘ )
T(Un TL(ER) = [(COShQ o + sinh? o 6_2mj) ~1 sinh 2« €?Pn7 ¢

- _ ‘ -
Tf(‘lﬁn) - TL(;in) =i [cosh? @ + sinh® o e"*™ + sinh 2a cosmv e ™) =

For massless (v = 3/2) axion, we get the following simplified expressions:

- 0 _ 3/2
mij = 2 et e=2pm 7;5 /) sech?a

ﬁ%‘j,n ~ 2 e g=2PnT 7;]-3/2 n) sech?o
where the 7®/2 matrices (for p >> 1) are given by:

(3/2) (3/2) (3/2,m)
7(3/2) _ T T 7?(3/2,”) _ T

(
g g ij =

(3/2) (3/2 (3/2,n
7—L/ 7—L/) 7—L/)

and the corresponding entries of the 73/2) matrices are given by :

T 6

Tl =T =5 ™
Tan " =T " =0,
7. (3/2,n) 71(%/2,71) _ % eTPn

On the other hand, for small axion mass and for large wave number (p << 1) we have:

6 \/> 2e7 P, z]
Vcos 27v (cosh? a + sinh® @ e—27)
—Fn T (I/,TL)
V2 e T T
V/cos 2mv (cosh2 a + sinh? e=2miv)

mij%e

= 0
Mijn =€
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e™P

(&

9

TPn

3/2
Tar,"

™ sec 7Tl/:| cos T,

)

(3.81)
(3.82)
(3.83)

(3.84)

(3.87)



where the 7 matrices are defined as:

+(v)  v) 7(v,n) (v,n)
o) _ [ Ter Ter oy _ | T TR (3.94)
! “0) ) | ? Hom) ) |
Ter - Tiw Ter”  hr
and the corresponding entries of the 7 matrices (for p << 1) are given by :
TRR = T(V) = [(cosh? o + sinh® a e~*™) — sinh 2 72p® €™ sec 7v/| cos v, (3.95)
’Télg = 7'(1') =1 [cosh2 o 4 sinh? o %™ 4 sinh 2o cos v e_“”’] D, (3.96)
T(V ) T(V ) [(cosh2 o + sinh? o e_%”’) — sinh 2a 72p2 7™ sec v cos v, (3.97)
’T ) T(V = [cosh2 o +sinh? o %™ 4 sinh 2a cos T e_“”’] TPn. (3.98)
For the case of massless (v = 3/2) axion, we get the following simplified expressions:
imi; ~ e V2 e TP (3.99)
ijn = €0 V3 P T (3.100)
with the 7 matrices defined as:
R T(3/2 T(3/2 A 7—3/2 n) 7—3/2n
7;;3/2) _ : 7;5,3/2@ — (3.101)
~(3/2 3/2) ~(3/2,n ~(3/2,n
e g g
and the corresponding entries of the 7 3/2) matrices (for p << 1) are given by:
TP = 792 — o, (3.102)
Ty /2 - 731 — imp, (3.103)
T /2 — 3z _ o, (3.104)
T /2 713/ 20— i (3.105)

For further analysis, it is convenient to change over to a suitable basis by tracing over all possible
contributions from R and L region. To achieve this we perform another Bogoliubov transformation
by introducing new sets of operators :

ér=abr+ b, fL=aby+7bh, Cra=Unbra+Vabh,, Crn=Usbrs+ Vbl (3.106)
satisfying the following conditions:
A2 =6 =1, a2 = 3P =1, (O = P =1, [Oa = [VaP=1.  (3.107)

jal* —[o

Using these operators we write the a-vacuum state in terms of new basis represented by the direct
product of R’ and L' vacuum state as:

) = [1 _ (w,sw? £3 e
n=0

1/2
’ '\ (@)
2)] exp (vﬁ%c Ly 0£n0£n> (IRY@ L))", (3.108)

n=0
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where 'y}(oa) and Fﬁ% are to be determined shortly. We note that the the relationship between the
new and the old basis is given by:

. ~1/2
(R)@ L) - (R) o L))" = [1 - (ww +ZIF§‘2\2>]

n=0

o0
o <—%§°‘) -3 e a *)
n=0

1
exp | 5 Z mzjb b + Z men mb;n (IR) ® |L))(3.109)

i,j=R,L i,j=R,L n=0

The commutation relations between the creation and annihilation operators corresponding to the
new sets of oscillators is taken as:

[ccﬂ =6y, [6,6]=0= [ ot T} , [Cncjm} = 51j6nm, [C‘i,n,c } 0= [CT ol } (3.110)

z ) j L,m " 3,m
These operations act on the o vacuum state in the following way:

érla) =Y efloy), erla) =+ éla), Craule) =T Cf la), Crale) =T Cf [a)3.111)

Further, one can express the new ¢ type annihilation operators in terms of the old b type annihi-
lation operators as:

- 5 q f ~ . s\ = qu V;q,
ar=bG=br| T Gy =t (G), =t | T | G12)
|7 Van  Ugn

Note that U, = diag (i, %),V, = diag (9,7), U, = diag (Un, (:]n) , 1:/(”1 = diag (Vn, \:/n> From
Equations (3.106) and (3.111), we obtain the following sets of homogeneous equations:

For complementary solution :

mRRi+ 0 — 1Y MRLY" = 0, (3.113)

mRRl + 0 — Y MRLT" =0, (3.114)

MRLE — T — YRR = 0, (3.115)

mRLl — 0@ — Y mRRT" =0, (3.116)

For particular solution :

ThRR nﬁ + ‘7 — F;angL n‘j' =0, mRRn 7 ‘:/ I(HszL nf/* =0, (3 117)
mRL’nUn }(DTZU; P}(%)LmRRmV; = 0, mRL nﬁ 15)772 ; ;SnszRnV = 0 (3 118)
Using the relations o* = o, 4" = 4, V" = {/ = (:]n, a2 — |82 = 1 and |Uy,|2 — |V,|? = 1 the



solutions of these equations can be written as:

1 _ -
A = ————[(1+ Jge|* + [gr|*

V2|iRy|
—2limrr|* — MEr (MRy)? — M&L(MRR)?) £ { (=1 = [Are]" - [ARR[!

1732
- - . _ . 2 -
Flinmn 4 i i)+ i )?)

) V2 [Cosh2 o + sinh? & e2™ + sinh 2cv cos TV ei””]
S A
(\/cosh 2mp + cos 2mv £ y/cosh 27p + cos 2mv + 2) (cosh2 a + sinh? o 6_2”(17—111))

1
a=g o = oo [ ke - ) £ (1 iy~ i) — o |

2MmRL

. V2

Z b
V/cosh 2mp + cos 2 4 /cosh 2mp + cos 2mv + 2

(3.119)

1
r@ — = (14 hre.* + [Frg|*
R [(1+ |mRLnl* + [MRR ]

72|mRR,n‘2 - m%{R,n(mEL,n)2 - m%L,n(mﬁR,n)z) + {(71 - ‘mRL,n|4 - |ThRR,n !

1
~ ~ ~ ~ ~ 2 ~ 2
im0+ e (e )?) A}

) V2 [(:osh2 o + sinh? a €™ + sinh 2a cos v €™ ]

(v/cosh2mp, + cos 2mv + \/cosh 2mp,, + cos 27y + 2) (cosh2 a + sinh? o e 2m(pn—iv))

1 2
— 0) _ = 2 =2 =2 ) _ 9
a=0 Fz(u)z T (14 mRL, — MRR.) £ \/(1 +MRL, — mRR,n) - 4mRL,n]

V2

~ 1 )
V/cosh 2mp,, + cos 2wv + y/cosh 27p,, + cos 27 + 2

where the components mrr = MmyL, MRL = MLR and MRR,n = MLLn, MRLy = MLR,n ale
defined in equations (3.62-68) for general a vacua. Also the components without tilde symbol
represent the contribution from « = 0, which is the Bunch Davies vacuum state.

Further, for the massless (v = 3/2) axion field we get the following simplified expressions:

@B/2) V2
P (v/cosh2mp — 1 + y/cosh 2mp + 1) (cosh2 a — sinh? o e=2mp)

— (0»3/2) ~ 1 \/5 3 121
2= T Z\/cosh 27p — 1 £ \/cosh2mp + 1’ (3.121)

P & V2
pm (v/cosh 27p,, — 1 + /cosh 27p, + 1) (Cosh2 a — sinh? o e~ 2mpn)
V2
- I ~ , 3.122
2= pn 0 \/cosh 27p,, — 1 £ y/cosh 27p, + 1 ( )

— 30 —

(3.120)



In the large axion mass (v < 0 where v — —i|v|) limit the two solutions for the 'y}(oa) and

Fz(ﬁzfor «a vacuum are given by:

7 &

~ ~ ~ ~ 2 ~
_ [(1 + |mRrL? — MRR) £ \/(1 + |mrL? — miR) — 4\mRL|2] : (3.123)
2|mRy|

1 - - N - 2 -
S [(1 + [MRLA|” — MRR,,) £ \/(1 + [mrL? — miR) — 4|mRL7n’2:| (3.124)
2|mRL, n

In this limit, we divide the total window of p into two regions, given by 0 < p < |v| and |v| <
p < Ac. In these regions of interest, the two solutions for 'y;,(,a) in presence of o vacuum can be

approximately written as:

(@ oFrlvl (1+ tan«) for 0.< p < |v]
e 3.125
h/p | e TP (1 —i—tana) (1 1 tan o e27r\y|) . o ( )
(1 + tan? o e=27P) or |v| <p < Ac/2T.
and
TV (1 + tan ) for 0 < p < |v|
il = (3.126)

e¥™n (1 +tana) (1 + tana ezﬂ”‘)
(1 + tan? o e—27Pn)

for |v| < p < Ac/2m.

Further, in the limit p >> 1 we get the following simplified results:

Q

2 [cosh2 o + sinh? o e2™ 4 sinh 20 cos T e“w] sech?a
i

<\/| cosh 27p| £ /| cosh 27p| + 4)

2
— (0) i 3.127
(0% Q ~ 1 s .

Tp \/| cosh 27p| £ /| cosh 27p| + 4 ( )

L

2 [cosh? o + sinh? & €™ + sinh 2a cos v €™ sech?a
@ ~ g
N
. <\/] cosh 27p,,| & /| cosh 27p,,| + 4>
a=0 TP ~i 2 : (3.128)
’ /| cosh 27p,,| £ /| cosh 27p, | + 4
For massless (v = 3/2) axion field this simplifies to :
’Y(a73/2) ~ i 2S€Ch20é
8 (\/\ cosh 27p| + /| cosh 27p| + 4)
2
_ 0,3/2) ~ 4
a=10 1 , 3.129
Tr \/| cosh 27p| £ /| cosh 27p| + 4 ( )
2sech?a
r(@3/2) ~ 4
n
8 (\/\ cosh 27p,,| & /| cosh 27p,,| + 4)
2
— 0,3/2) ~ 4

a=0 ~ 1 , 3.130
o /| cosh 27p,,| £ /| cosh 27p,| + 4 ( )
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On the other hand, in the limit p << 1 we get the following results:
() ) V2 [cosh2 a + sinh? & €™ + sinh 2 cos v e“”’]
~ 1 4
k (Vcos2mv + 1 + /cos 2mv + 3) (Cosh2 a + sinh? o e2miv)

P
_ O ~ ; V2
a=0 1 , 3.131
T Vcos2mv + 1 £ y/cos 2mv + 3 ( )
(@) ] V2 [cosh2 a + sinh? a €2 + sinh 20 cos v € ]
~ 1 :
pm (Vcos2mv +1 =+ /cos 2mv + 3) (cosh2 a + sinh? o e2miv)
V2
a=0 I ~; , 3.132
pm Vcos2mv + 1 £ y/cos 2mv + 3 ( )
which, for massless (v = 3/2) axion field , simplifies to:
1 1
(@3/2) ~ 4i— o= (0,3/2) o j— 3.133
Yp 7 0 Yp 7 ( )
(3.134)

1
r03/2) ~ 44—
? V2

1

73 2 ~ y —

and are very useful information for the computation of spectrum of vacuum fluctuation.
Further, the Fourier mode of the total compact solution in the region L in case of o vacua can

be re-expressed in terms of the oscillators defined in the new basis (¢,C) as well as the SO(1,3)

quantum numbers (p, [, m) as:
H rw H [1 75, &1 N,
m(tL) = ——— = | —(G! Y . (3.1
OLpim(fL) = G eVT = Gy Np(G )P +n:0Np7(n) (G(n))JP(”) (3.135)

RN
part of the solution the inverse matrix (G*l)ﬂ and (G(l))J are defined as:

— i - — |0 -V YBT (1)
G, - ST Pl I B -
QZJL*’T(tL)

where the total wave function 1[1% is a column matrix and for the complementary and particular

|
(4]
SN

When we trace out the degrees of freedom over the right part of the Hilbert space, we obtain
the following reduced density matrix for the left part of the Hilbert space :
(3.137)

(pL(@))pim = Trrla)(al,

where the o vacuum state is written in terms of ¢ type of oscillators as:

1/2 o
- ~ / /0 (@)
2)] exp [v;“) e+ ch, ol (R)erL)) ™, (3.138)

n=0

) ~ [1 _ (w,sw? £3 e
n=0
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Substituting Eq (3.138) in Eq (3.137), we get the expression for the reduced density matrix for
the left part of the Hilbert space:

—_—~—

o ()y2 &0 0 —
(pL(a))p,l,m = <)Z |7pa)|2k|k P, m><k pvlam| + ZZ 27’|n r;p, 1, m)(n T pvlvm|
1+fp k=0 p n=0r=0

~
Complementary part Particular part

(3.139)

where f;,a) is given by

. -1
K = (Zl ) > , (3.140)

n=0 1- ‘PZ(J?WP
and the states |k;p,l,m) and |n,r;p,l,m) are expressed in terms of the new quantum state |L')
as:

—— 1 / —— T e
lkipdm) = —Z= @) L), Inripylim) = —=(CL,) L), (3.141)

Note that for o = 0, we get back the result obtained for Bunch Davies vacuum.

3.2.2 Two point correlation function

In this subsection we explicitly compute the two point correlation function and its significant role
to obtain long range effect in the cosmological correlation using the generalised o and Bunch
Davies vacuum. For this purpose and using the expression for the reduced density matrix, derived
in the previous subsection, we first compute the mean square quantum vacuum fluctuation, which
is expressed for o vacua as:

—_——

Tre (pe(@)on(te)of(n)) = exp(=20) | (1= hfIP) 32 BP0 L mlon ()6 (iw) i, Lm. )
n=0

Complementary part

N2 ZZ| p7‘5|2r S r;p,l,m|¢L(tL)¢£(tL)|s,r;p,l,m > . (3142)

( )ToSo

In the above, we have used the shorthand notation ¢r,(t1,) = ¢rpm(t) for the field. Note that,
setting o = 0 in Eq (3.142) we get the result for the Bunch Davies vacuum which is given by:

~
Particular part

Try, (pL(a)¢L(tL)¢£(tL)) (BD) = (1 - |7]gO)|2> Z |7]§0)|2n<n’p7 lv m‘¢L(tL)¢£(tL)|n’p7lv m >
n=0

~
Complementary part

ZZ\ TO 2 (s, 75 p, L, mlew(tn) ol (tu)|s, 5 p, Lm ) . (3.143)

( (0))2r 0 5=0

Particular part
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Here |s,7;p,l,m ) is the Bunch Davies counterpart of the quantum state in the newly Bogoliubov
transformed basis and is obtained by simply setting o = 0 in the definition of the quantum state
introduced in terms of the new oscillators.

The contributions from the complementary and the particular part, as appearing in the right
hand side of Eq (3.142) for each n-particle state are found to be:

—— — H?> 1 _, ~ T /
. T . _ ~ \n [T 71T ~T 71T ~T\n
<n7p7l7m|¢L(tL)¢L(tL>‘n7p7l7m > - mgg‘ ’(CL) <CZ,¢T) (cij ) (CL) |L >
= H (2n+1) \1/~JL|2 (3.144)
 sinh? t1, T '
e t o7 H? 1,0 a6y (22047 (0 007\ T Aty
(5o mlon () o (tw)ls, rip Lom ) = o L(CE) (9K ) (0K ) (i)
2
_ 2 + 1) |JL2, 3.145
G (2 DK (3.145)
where 1;.11“ is given by :
i L (t) ELPY + F Pl < | &L myPE) + Fr ) PE:
k= | T = +3 RO W7 3146)
T Lx L * L% n=0 * »L * SLx

with the entries of the column matrix for the complementary and particular integral part of the
solution being:

&L = /\if (3.147)
0
Fu= 7 (3.148)
ELn) = T\ (3.149)
Nen)
.‘7.
T =~ o (3.150)

The normalization constants N, and N ) for the complementary part and particular integral
part of the solution is defined as:

2 n
Ne=4/2e 7 \/cosh 2mp + cos2mv, (3.151)
7T
2 _TPn
Nein) = —e 2 \/cosh 27p,, + cos2mv. (3.152)

The expression for (u,7) for complementary solution and ((}n, f/n) for particular solution are
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given by the following expressions:

For complementary part :

1- ’Yz(ia)mLR

1- 7;(0 )mLR

i = o= . (3.153)
\/ll — 3 mLR|? — [MRR)? \/\1 — 3 mLrf? — [mrR|?
7= TRR a=0 o= TRR . (3.154)
\/ll — ViRl — [RR 2 \/ll — ) migf? — [mrr|?
For particular part :
- 1T ] 11
U, = pnLR a=0 U= pn!LR ., (3.155)
\/ll — Iyimig|? - |irg|? \/ll — Tgnmig|? — [mrr/?
v, = LR a=Q V= e . (3.156)
\/Il ~ I{ir[? — [Rg \/\1 — Iphmig)? — [meg?
Results for generalised o vacua Results for Bunch Davies vacuum .
where the expression for (mpr, mrr) and (7},0‘) FJ(D )) for the complementary and particular part

of the solution are defined earlier in equations (3.62-68) and equations (3.119-120) respectively.
We have used Eq (3.113), Eq (3.114), Eq (3.115) and Eq (3.116) and also have imposed the
normalization conditions, ||? — ©|?> = 1 and |a|? — ©|? = 1. Note that the structural form of the
equations for & = 0 corresponding to Bunch Davies vacuum is exactly same as that of o vacua.
Only the significant changes appear when we explicitly consider the entries of (myr, mrr) and
(vps I'p,n) for the complementary and particular part of the solution.

Now, substituting Eq. (3.144) and Eq. (3.145) in Eq (3.142) we get the following simplified
expression for the mean square quantum vacuum fluctuation for o vacua as:

T (pu(@)on()oh(n)) = exp(~20) [ (1= ) )Zw P (20 +1)

Sh2

TV
Complementary part

+Smh2 W}T‘Q 222‘ :EJaT’)s|2r (2r +1)

(1) =

Particular part

= LZW;LF exp (—2a) Lt P . i 1+ (052
SiIlh2 tL T 1— | (a)’2 (a) 2 — - (a) ) )
T Ip s=0 (1 —|Tps|
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Setting o = 0 we get the expression for the Bunch Davies vacuum as :

(BD) smh2

Ty (pr(@on(t)el () = W2 (1= R P) D2 R P 20+ 1)
n=0

Complementary part

* sth o[ 2 ZZ ’Fprs|2T (2r+1).

(15 )TOSO

~
Particular part

0 oo 0
RS D AR L+ [T
T oainh2 0 2
sinh”f, 1— |2 (A7) 5= (1 mplp )

We note that, to derive this expression we have used the following identities:

i@n +1)] (a)‘Qn = L+ (Q)P (2 1)] (0) 2n _ L(O)‘Q
T ()2 [ (@))\2 J Z n+ ‘ 0) 2
" (1_ ‘) (1—%7 |2)

(e elNe o] o0 oo

(3.158)

(3.159)

(0)
SN er+)rl) = Z—l +IT5 ; o= ZZ 2r + 1)) P = Z—H ]y 5. (3.160)

s=0 r=0 (1—Fa | ) s=0 r=0 =0 (1_F1(7?2|2)

The expression for [¢)%|?, now comes out to be:

o2 = (%) % = [w LR PP 4 e, () e (P
+ Z { <8L€ + FLFL (n)) PLPLs
+ (ELFL ) + ErFL) PEPE,
+ (&L P+ ELFL ) PP}
+ Z Z {(5L (€L (m) + L)L, (m>) Pl Pl

n=0m=0

* »L pL * HLx*
L) FL () Pl Plon) - EL ) F L) Py Pl >H

(3.161)

Here also by fixing the parameter o = 0 one can get the expression for the square of the magnitude
of the wave function for Bunch Davies vacuum in the newly defined Bogliubov transformed basis.

Using Eq (3.161), the amplitude of the normalised power spectrum of axion from the gener-
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alised « vacua can be expressed in all time scales of region L as:

3
_ b T
P(p,a,tL) = 53 UL (PL(Q)¢L(tL)¢L(tL)>(a)

O %% exp (—2a) 1+ [ R |y i

e b e
P =
3 H?2 1+| (a)|2 1 © 1—|—|l_‘(a)|2

= % ———exp (—2q) ’yl(;a) 2 N

™ sinh7, L=l ()5 (1- )

[(|5L|2 FIRP) PP ¢ e R (PY) e (P)
+ Z { (608t + FuFi ) PAPES
+ (ELFL ) + S FL) PRPE)
+ (& P+ ELFL ) PE P}
+ nzomzo { (SL €Ly + FL () F (m )) PLPEY
m)

* sL AL * SLx SLx
+ EL,m)FL,m) Py Pim) T €L, (0 FL,m) Py P H : (3.162)

However, the above equation is very complicated to extract any physical information for further
cosmological predictions. For this reason we consider the superhorizon time scales (tr, >> 1) of
region L, in which the Legendre functions appearing in the complementary part and the particular
integral part of the time dependent solution can be approximated as the following simplified form:

1 1

<~ 9Y=3 (coshty,)” 2 T

(PL,PL*) = P¥0 (coshity) tp >>1 —— (coshr) - W) (3.163)
2 - Val (vFip+3)

23 (cosh tL)’F% I'(v)
Val (vFip, +1)

(P( ) P(n)> = Pi”;” (coshty,) t, >>1 (3.164)

Consequently, in the superhorizon time scales (t1, >> 1) of region L eqn (3.162) can be simplified
for as:

5P = (35) P >>1 Qlpany) (coshtg)® ! (3.165)
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where the time independent function Q(p, a, v) for generalised a vacua is defined as:
— 22v=1(T ELl? + | FLl? ELFf Ef A
Qpav) = CE)* | (& !L)2 A A
@ T (v+ip+3) ]| (T(v—ip+3)) (T (v+ip+3))
o0 (ng + FLFY, )
L,(n) L,(n)
+Z F(l/—z _'_7)11(11_’_2 l)
n—0 pT 3 Pn + 3
. (EuFi ) + €L P . (& L+ EL T )
F'(v—ip+ DT (v—ip.+3) Tw+ip+ )T (v+ip,+3)
+ZZ ( L(m)+fL(”)fL(m))
n=0m=0 V—an—l-l)r(l/—klpm—l—%)
EL, ()T L. (m EL (T Ly(m
+ Ol ) E— Lt L (3.166)
F(V—zpn+§)F(y—zpm+§) F(V+an+§)r(v+1pm+§)

As a result, in the superhorizon time scales (tf, >> 1) of region L the amplitude of the normalised
power spectrum of axion from generalised o vacua can be expressed as:

3 2 (a) )2 o ()2
P H TL2 L+ ]y | 1 1+ |Tps]
Plo.ostu) = 58 Gz VAl e (720) @ T ()2
— <fp ) 5=0 <1 — |[p,s |2>
3 2v—1 ()2 ) ()2
P cosh tg, — 1+ 1 14+ Tps
t, >> 1 ﬁ (112)t H2Q(pv V) €xp (720[) |71()a)|2 -+ 2 | b 5
=5 T sinh” ¢y, L—l|w | (f,SO‘)) 5=0 (1 - |F1(J(i9)‘2>

We note that in the superhorizon time scales (1, >> 1) of region L if we consider the massless case
by fixing the mass parameter v = 3/2, then the time dependent contribution can be approximated

as:
( (coshtg,)®

t, >>1 1. 3.168
sinh? tL ) 32 L ( )

From this we infer that for an arbitrary value of the parameter v we can write:
2v—1
cosht B
<(Slnhl2‘)t> tL >>1 (COShtL)2V 3 . (3169)
L ’

Consequently, in the super horizon time scales (1, >> 1) of region L considering the massless case
(v = 3/2) the amplitude of the normalised power spectrum of axion from generalised o vacua can
be expressed as:

¥ 2 ()12 o0 (@))2
" 1+ 1 1+ |05
Ploast) = 5 ke (-2 | G o
L — w7l <fp ) s=0 (1 — |Tpd |2>
r — 1+ )2 O
ty, >>1,v=3/2 H2Q(p,v = 3/2) exp (—2av) P »,

2m? 1— P2 ( ;“))2 ; (1 ~ yrz(,f;)y2>2
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Like the result in the case of field operator expansion method derived in the previous section, this
result also implies that in the massless case (v = 3/2) amplitude of the vacuum fluctuation gets
frozen with respect to the time scale when the associated modes exit horizon.

Further to know the exact wave number dependence of the amplitude of the normalised power
spectrum from generalised o vacua we need to know the behaviour of the power spectrum at
very short wavelengths (p,p, >> 1). In this limit it is expected that the power spectrum of
axion should match with the result obtained for spi‘gia/lly flat universe. In the short wave length

approximation the time independent function Q(p >> 1, a, v) for any arbitrary mass parameter v
can be expressed for generalised a vacua as:

Qp>>1,a,v) = Tg(p >>1) = M(p,v) Ve, (3.171)

P

where we have already defined the function G(p >> 1) in the earlier section. Here for very large

—_—~—

wave number p, p, >> 1 one can write, G(p >> 1) ~ 1+ ---, where all --- are small correction
terms. This also implies to the interesting fact that for large wavenumber limit and for any values
of the parameter «, the time independent function Q(p >> 1, «a, ) computed for generalised «
vacua exactly matches with the result obtained for Bunch Davies vacua in the earlier section i.e.

—~—

M(p >> 1,v). This means that the final result is independent of the choice of the parameter .
For the massless case (v = 3/2) in the short wave length approximation, the time independent

function Q(p >> 1, a, v = 3/2) can further be simplified to:

Qp>>1a,v=3/2) = g(’;;l) = M(p>>1Lv=3/2) Va (3.172)

Additionally, we note that the following important contribution appearing in the normalised power
spectrum for axion can be simplified, in the large wave number limit, as:

o0

(@)2 ()2 © \7!
1+ ”Yz(:a)] 1 . 14 Ips| . 2=ty 4 (Z 1) Va. (3.173)
T ) 2 ()

=0

Finally, in the super horizon time scales (t1, >> 1) of region L, the amplitude of the normalised
power spectrum of axion, in the short wave length approximation, can be expressed as:

p3 —_—

P(p >>1,a,tp >> 1) = — (coshtp)® ™ exp(—2a) H2Q(p >> 1,0, v)

= = (coshtp)® ™ exp(—2a) H*M(p >> 1,v)

2 2
= (2coshtg,)? 3 (Z_) (EE%) G(p>>1). (3.174)
2

For the massless case (v = 3/2), in the same scale and the same approximation, the above ampli-
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Large wave number dependence (p>>1) of power spectrum for ROM for a=0 Large wave number dependence (p>>1) of power spectrum for RDM for a=0.1
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(c) Mass parameter dependence of RDM power spectrum in p >> 1.

Figure 9. Features of RDM power spectrum in large wave number region.

tude takes the form:
3

Pp>>1,a,tp, >>1) = % exp (—2a) H*Q(p >> 1,a,v = 3/2)
3 —_ —
= 2p77r2 exp (—2a) H2M(p >> 1,v = 3/2)
H\? -
= <27T> exp (—2a) G(p >> 1). (3.175)

It is important to note that both of Eq (3.174) and Eq (3.175) are valid after horizon exit. From the
same results , we also observe that the normalised power spectrum from generalised « vacua,in the
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leading order, computed from reduced density matrix formalism is exactly same as that obtained
in the previous sub-section, computed using field operator expansion method.

For completeness, we present the result for the two point correlation function and the asso-
ciated power spectrum for Bunch Davies vacuum by fixing the parameter o = 0 in our previous
equations and they can be expressed as:

Pep(p >> 1,t, >> 1) = (coshtr,)? ™% H?Q(p>> 1,0 =0,v)

= (coshtp,)? ™ H2M(p >> 1,v)

2
— (2cosh )2 ~? <H>2 (F(u)> G(p>> 1), (3.176)

2m r (%)
For for the massless case (v = 3/2) this can be further simplified to:

Pep(p >> 1,t, >> 1) = Q(p>>1,a= 0 v=3/2)

M(p >> 1 v=3/2)

L 2
o

L 2

2

< ) (p >> 1). (3.177)

In figure (9(a)) and figure (9(b)) we have shown the behaviour of the power spectrum of the
mean square vacuum fluctuation computed from RDM formalism in the large wave number regime.
We have considered a = 0 and a = 0.1 and fixed values of the mass parameter v respectively.
Additionally, in figure (9(c)) we have depicted the behaviour of the power spectrum with respect
to the mass parameter v for fixed values of the parameter o = 0,0.1,0.2,0.3,0.4. From the figures,
we observe that the power spectrum shows two distinctive behaviour in 1/2 < v < 1 and v > 1
region. For 1/2 < v < 1 region the amplitude of the power spectrum decrease to a certain value
and just after v = 1 it increases. Also note that in large wave number regime, the power spectrum
obtained from RDM formalism behaves in the same as way as that obtained from FOE formalism
in the previous section.

On the other hand, to know the exact wave number dependence of the amplitude of the
normalised power spectrum from generalised « vacua in the long wave length approximation, we
need to know the behaviour of the power spectrum for p, p, << 1. In this regime we expect that
the power spectrum of axion should match with the result obtained for spatially flat universe. The

time independent function Q(p << 1, «,v) for the mass parameter v # 3/2 can be expressed for
generalised o vacua as:

Qp << Law) = — "W 67221y va, (3.178)
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e~

where the function G(p << 1) is defined for v # ¢/2 * as:

G(p<<1)

 2cos | T (v + 3P 11— 4 mer|? — [rg 2

irrf? + (1= k) e + (1= iR ) Ahe

x <14+ @
11—~ mLr|?
i P |1 =R ]2 — RR 2 1
(a) ~

0\ P L Thiiral? — [mmeal? 11— 75 mor |2
(1= ir) (1= Tdirn) + irriag..
4 (1 _ %@mm) Mg + (1 _ rgggmmm) -

+ (1 - Vg(;a)mLR> MRR,n + (1 - FI(,?Qﬁ”LLR,n> ThRR}

2
(!1 — i ? - !mRRP)

S PnPm
2.2 -

7
n=0m=0\ P (|1 - Fé?rszR,n

1

2 — \mRR,nP) <|1 — TR m|? — ImRR,m\Z)

m [(1 — Fé?;%mLR,n> (1 - F;?%mLR’m> + mRR,nmﬁR,m
p

+ (1 — Fl(,f“,zﬁlLR,n) TMRRm + (1 - Pz(ﬁ“)meR:") MRR,m

+ (1 . Pg},%mm,n) TMRR.m + (1 - rg}gmmvn) mRR,m]} (3.179)

Here for very small wave number p, p, << 1 one can write,

Glp<<1)~ — PR 2[1+...]’
2’COS7TV‘ ‘F (V—F@)‘ ylf’yp mLR] — \mRR|
where all --- are small correction terms. For Bunch Davies vacuum once we fix o = 0, we find

that the function G(p << 1) only depends on the mass parameter v for massive axion field.

On the contrary, for the case where v = n/2 (which also includes the massless situation

v = 3/2) the expression G(p << 1) diverges due to the overall factor 1/| cos mv|. But we can avoid
such unwanted divergent contributions by rewriting all the expressions for p, p, << 1 with v =n/2
that we have mentioned earlier. In such a situation for the massless case the time independent

functionQ(p <<T,E,/l/ = 3/2) can be further simplified as:

G(p<<1l,v=3/2)
2p3

Qlp << La,v=3/2) = Va, (3.180)

4Here q is any positive odd integer.
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e~

where the function G(p << 1) is defined for v = 3/2 as °:

1+ efmp e ™) XL (1+ e Pnp, e Pr7
Glp<<1l,v=3/2) =~ 1+( .gp - ) ( ~ Pn € )
2 |1+ e?rp e=Pm| ~ |1 + e?7p,, e=PnT|
o oo . .
1+ 10 —pnm) (1 4+ —160 —Pm T
£ [ e S sy
= — |1+ emp, e=Pr™| |1 £ e¥np,, e PmT|
Here for very small wave number p, p, << 1 with v # 3/2 and v = 3/2 one can write,
—_ T — 7T
Gp <<~ g1+,
where all - -- are small correction terms. For Bunch Davies vacuum we get the same result as the

function G(p << 1) for massless axion field (v = 3/2) is independent of the parameter «.

Moreover, it is important to note that the following contribution appearing in the normalised
power spectrum for massive (v # 3/2) and massless (v = 3/2) axion field can be simplified in the
small wave number limit as:

o/ R SR R B ¥+
2 2
1— P2 (f,S"‘)> = (1 - |r§,f?\2)

(\/cos 2mv+14+/cos 27r1/+3)2 (cosh2 a+sinh? o eQ"iV)2

. . . 12
p<<1 [cosh2 a+sinh? o e2i™ +sinh 2a cos T e””’]

~
~

+2

(\/COS 2mv+14+/cos 27ru+3)2 (cosh2 a+sinh? o 62””‘”)2

. : . 2
[cosh2 a+sinh? o €2i™ 4sinh 2a cos v e””’]

) ] 2
1 + \/i[cosh2 a+sinh? o €2 4sinh 2a cos T etV 1
(\/cos 2mv+14+/cos 27r1/+3) (cosh2 a+sinh? o 627”"’) s
- >
4
) ) 2
1 \/i[cosh2 a+sinh? o €27V 4sinh 2 cos T e“”’] s=0
(\/cos 2mv+14+/cos 27r1/+3) (cosh2 a+sinh? a 627”"/) -0

(\/cos 2mv+14+/cos 27r1/—|—3)2 ’cosh2 a+sinh? o €27 |2

’cosh2 a+sinh? o e2i™ fsinh 2« cos v e“”” +2
= 5 — Vo and v # 3/2,  (3.182)
(\/cos 2mv+14+/cos 27r1/+3) ’cosh2 a+sinh? a 627”‘1" 9
’cosh2 a+sinh? o €2¥7¥ 4sinh 2a cos v €iTV ’2
-1
L+ ™22 S o LU Sl L PR Y L
3/2 2 2 ~ 9
1- ”Yz()a / )\2 <f]()a,3/2)) s=0 (1 - \I‘;f“s"gm\?) 2 s=0
=1 Vaand v = 3/2. (3.183)

S5Here it is important to note the expression for the time dependent function G(p << 1) for v = ¢/2 (where q is any
positive odd integer) in all cases are same. The only difference is appearing in the expression for the power spectrum.
For v = 3/2 case the power spectrum is scale invariant exactly. But for the other values of v =1/2,5/2,7/2,--- the
power spectrum is not scale invariant and small deviation from the scale invariant feature can be observed easily.
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Thus, in the superhorizon time scales (¢, >> 1) of region L the amplitude of the normalised power
spectrum of axion from generalised « vacua in the small wave number limit can be expressed as:

3
Plp << La,ty, >>1) = % (coshtr)® ™3 exp (—20) H?Q(p << 1,a,v)
™

(\/cos 2mv+14+/cos 27TV+3)2 ’cosh2 a-+sinh? o 622”” |2 19
|

’cosh2 a+sinh? o €2¥7¥ 4sinh 2 cos Ty €8TV

X
(\/cos 2mv+14+/cos 27TV+3)2’COSh2 a+sinh? o le”'V|2 _ 9
’cosh2 a+sinh? o €2¥7¥ 4-sinh 2 cos Ty €8TV ’2
2
= (2coshtg,)* 3 (2> (F (3) ) G(p<<1)
7T (3)
(\/cos 2mv+14+/cos 27ru—|—3)2’cosh2 a+sinh? o 627”""2 19

cosh? a+sinh? o €27 4sinh 20 cos T ei™V
X | i - . (3.184)
(\/cos 2mv+14+/cos 27r1/+3) ’cosh2 a+sinh? a e27iv | 9

’cosh2 a+sinh? o €2¥7¥ 4sinh 2a cos T €IV ’

For the massless case (v = 3/2) in the superhorizon time scales (t, >> 1) of region L, the
amplitude of the normalised power spectrum of axion from generalised « vacua in the small wave
number limit can be simplified in the present context as:

p3 —_~—

Plp << l,a,ty >>1) = 3.3 OXP (—2a) H?Q(p << 1,a,v = 3/2)
H\? -
= (27r> exp (—2a) G(p << 1,v = 3/2). (3.185)

For Bunch Davies vacuum state ( a = 0), the mean square vacuum fluctuation of axion can be
expressed as:

3 —_——

Pep(p << 1,t, >> 1) = % (cosht)® ™ H2Q(p << 1,a = 0,v)
T

(Vcos 2y + 1 + /cos 2mv + 3)2 +2
X
(v/cos 2y + 1 + /cos 2mv + 3)2 -2

2 2
= (2coshtg,)? ™ <£r> <£E]§))> Gp<<1)
2

(v/cos2mv + 1 £ v/cos 2mv + 3)2 +2
X
(Vcos2mv + 1 =+ V/cos 2mv + 3)2 -2

(3.186)

Also for the massless case (v = 3/2) in the superhorizon time scales (f1, >> 1) of region L the
amplitude of the normalised power spectrum of axion from Bunch Davies vacuum in the small
wave number limit can be simplified as:

3 —_ ——
Pep(p << 1,ty, >>1) = % H?*Q(p << 1,a=0,v=3/2)
H 2
= <27r> G(p << 1,v=3/2). (3.187)

In figure (10(a)) and figure (10(c)) we have shown the behaviour of the power spectrum of the
mean square vacuum fluctuation computed from RDM formalism in the small wave number regime
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Small wave number depend (p<<1) of power spectrum for RDM for a=0 : Small wave qumber ‘ (p<<1) of power spectrum for BDM for a=0
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(e) Mass parameter dependence of RDM power spectrum in p << 1.

Figure 10. Features of RDM power spectrum in small wave number region.

for « = 0 and a = 0.1 and for fixed values of the mass parameter v = 1,2, 3, 3,4, 5 respectively.
Moreover, in figure (10(e)) we have presented the behaviour of the power spectrum with respect
to the mass parameter v with fixed values of the parameter « = 0,0.1,0.2,0.3,0.4. For the
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mass parameter dependence here we get distinctive feature for RDM formalism compared to FOE
formalism which we discussed in the last subsection and the NES formalism which we discuss in
the next subsection. From the plot, it is observed that for v = 1/2,3/2,5/2,7/2 we get distinctive
sharp peaks with constant and different magnitudes. On the other hand, in figure (10(b)) and
figure (10(d)) we have shown the behaviour of the power spectrum in the small wave number regime
for « = 0 and a = 0.1 with the fixed values of the mass parameter v = 1/2,3/2,5/2,7/2,9/2.
Here as the power spectrum is independent of the wave number, we get constant magnitude for
different values of the mass parameter v.

3.3 Quantum vacuum fluctuation with non entangled state (NES)

In this subsection, we describe the quantum vacuum fluctuation and its cosmological consequences
using non entangled state (NES) formalism. In this formalism we assume that the wave function
of the full de Sitter universe is described in the region L. So we do not use anyt information from
the region R. In figure (11) we have presented a schematic diagram for the computation algorithm
of NES formalism for non entangled quantum state of axion in de Sitter hyperbolic open chart.

Non entangled state (NES) formalism

y

v

' }—ppi von Neumann measure of
Solution of the total wave function of the universe entanglement entropy is
in L region of dS space zero for NES
Computation of mean square quantum vacuum | Large wavenumber
fluctuation in terms of two point correlation (short wavelength)

limit in super horizon
time scale

v

function using Bunch Davies and generalised
vacuum state configuration in region L

Small wavenumber (long wavelength)
limit in super horizon time scale

Result exactly matches at leading order with the
cosmological two point correlation function and the
power spectrum for massless and massive axion

Result is different compared to the cosmological
two point correlation function and the power
spectrum for massless and massive axion

Figure 11. Schematic diagram for the computation algorithm of NES formalism for non entangled quantum
state of axion in de Sitter hyperbolic open chart.
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3.3.1 Non entangled state (NES) formalism

In the region L the total wave function of the universe is described by the non entangled state
(NES) and for generalised o vacua it is given by:

i ez L[ P © PL(n)
i = +> 7 : (3.188)
oL b\ pL* n=0""b,(n) \ PL*(n)

where the normalisation factors Aj and ./\~/}),(n) are :

~ 2p
Ny = VP 3.189
"= Fatip)] (3.189)

\ / _ 2pn
Ny = Taso0T (3.190)

We can also express the total wave function of the universe in terms of the oscillator mode expansion
as given by:

- H
L yos
tL) = b (tr) + b (t . 191
" (1) Sinh iy ¢ (tL) n§0 7( n) (tL) (3.191)

3.3.2 Two point correlation function

Using the above wave function we can further derive the mean square vacuum fluctuation through
the following two point correlation function :

H2 TL2 /
<L|¢plm ' /‘L> = Sinh2 tL |¢ | exp (—2()[) 5(p -Pp )5ll/5mm/

= P(p, o, tL)d(p — P )0y 8yt (3.192)

where P(p, a, tr,) is the power spectrum for non entangled state involving generalised « vacua. We
can also define the normalised power spectrum for non entangled state as:

3 3 2
D p° H
L _Pp,a,t
27?2 (p, ) = 272 sinh? ¢y,

P(p,a,ty) = 16" |2 exp (—2a) . (3.193)

To quantify the normalised power spectrum for non entangled state, it is crcial to derive the
expression for the square of the magnitude of the total wave function of the universe in the region
L, which is given by:

" = ‘ N‘QPL*PL Z I Tn o NJ(n (PLyP" + PL*P(n>+Z N*N (PL*PL PLPEy)

1 N o
" z:: 2 NoimNi ) (P(LmP(Lm) + 7’<Lm>7’(Ln>> : (3.194)
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Further substituting the expressions for the normalisation factors, the above equation can be recast
as:

542 = 5oIr L+ i) PL*PL+Z D+ i)l = ipa)| (PPE + PEPE)

\ﬁ

+ Z 1T = I i) (%PL +PLPL, >)

n=0m=0

Consequently, the normalised power spectrum for non entangled state with generalised « vacua
can be written as:

3 2
_pr H 1 Ty : s L, Pl
Plrot) = 55— 2p[F(1+1p) 2pLp +n§ Oj IT(1 4 ip)||T(1 zpn)](P(n)P 4P P(n))

ﬁ

o0

+ Z ID(L = ip)|[D(L+ ipa)| (PG5 PE + PHPLy

> ( )

+ Z Z — ip)|[[T(1 + ipm) | (P(n)P( )+ P(Lm)P(Ln)) (3.196)
n=0m= O

However, to extract further physical information from Eqn (3.162) for cosmological predictions, we
consider the superhorizon time scales (g, >> 1) of region L. In this limit, the Legendre functions
as appearing in the complementary part and the particular integral part of the time dependent
solution can be approximated to the following simplified form:

23 (cosh tL)”_% '(v)

75L775L* = Pﬂp hty) tr, >>1 3.197
( ) I(COS L) L >>1 VL (v Fip+ 3) ( )
b1 sl
(Pl Ps) = P (coshiy) tr, >> 1 272 (coshin)  *11v) (3.198)
L A (v Fipa+ b

Thus, in the superhorizon time scales (ty, >> 1) of region L, eqn (3.195) can be further simplified
as:

6" tL >>1 K(p,a,v) (coshty)? (3.199)

where the time independent function K(p, o, v) for generalised « vacua is defined as:

22 rw)’ [ Ira+ip)?
™ 2p|l (l/+z’p+%) 2
+ Z ID(1 = ip)|[T(1 + ip)| + IT(1 +ip) [IT(L = ipy)|
= AP T(v—ip+ )T (v+ipa +3)

oo o0

I'il—= I'(1+2 I'l+:q I'(1—12
n—0 1m—0 4\/pnpm r (V —1Pn + §) r (V + 1pm + §)

K(p,a,v) =
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Also in the super horizon time scale (tr, >> 1) we get the following simplification in the
normalised power spectrum for non entangled state :

3 2
P H* -
p(pv «, tL) = D) sinh2 t, |¢L‘2 eXp (—20&)
3 2v—1
p°  (coshtr) 9 B
t, >>1 27 sl HK(p,v)exp (—2a). (3.201)

In this limit, for the massless case (v = 3/2), the time dependent contribution can be approximated
into the following simplified form:

( (coshtg,)?

— t, >>1 1. (3.202)
sinh” ty, v=3/2 _—

This implies that for an arbitrary value of the parameter v one can write:

((cosh U

tr, >>1 (coshtp)® 3. 3.203
sinh2 i > L ( L) ( )

Consequently, in the superhorizon time scales (fr, >> 1) of region L and for the massless case
(v = 3/2), the amplitude of the normalised power spectrum can be expressed as:

3 2
p H L2
Plp,a,ty) = — ——— e —2a
(prontn) =55 5 tL|¢ " exp (—2a)
3 —
tL>> 1,0 =3/2 2p—2 H2K(p, v = 3/2) exp (—2a) . (3.204)
> ™

Like our result derived in the previous section, this result also implies that for the massless case
(v = 3/2), the amplitude of the vacuum fluctuation gets frozen with respect to the time scale when
the associated modes exit horizon.

Further, to know the exact wavenumber dependence of the amplitude of the normalised power
spectrum from generalised « vacua, we need to know the behaviour of the power spectrum at very
short wavelengths (p,p, >> 1). In this limit, it is expected that the power spectrum of axion in
the non entangled case should match with the result obtained for spatially flat universe. The time

P

independent function K(p, v, ) in this limit and for arbitrary mass parameter v can be expressed
as:

o 22(1171) r 2 —
Kp>>1la,v) = p3(7r(y))?/{(p >>1) Va, (3.205)

where the function U(p >> 1) is defined as:

o0

Up>>1) = |1+ Z(i)QJriiﬂ . (3.206)

n=0m=0 (pnpm)

(NI

Quantumm correction factor for axion in short wave length limit

—_—~—

Thus, for very large wave number (p,p, >> 1), we can write, U(p) ~ 1 + ---, where all ---
are small correction terms. This also implies that for large wavenumber and for any value of
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Large wave number dependence (p>>1) of power spectrum for NES for a=0 Large wave number dependence (p>>1) of power spectrum for NES for a=0.1
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Figure 12. Features of NES power spectrum in large wave number region.

the mass parameter «, the time independent function U(p,a, ), computed with generalised «
vacua, matches with the result obtained for Bunch Davies vacua in the previous subsection at the

P

leading order in M(p,v). Also for the massless case (v = 3/2) the time independent function

K(p,a,v = 3/2) in the short wave length limit can further be simplified as:

Up>>1)

K(p >>T,_ZV:3/2) = o

Va. (3.207)

Finally, in the superhorizon time scales (tf, >> 1) of region L the amplitude of the normalised
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power spectrum of axion from generalised o vacua for non entangled state in short wave length
limit can be expressed as:

3 —_——

Plp>>1,a,tL, >>1) = 2]9? (coshtp,)® ™3 exp (—2a) H*K(p >> 1, a, 1)

2
— (2cosh tr,)? 3 <H>2 (F(”)> oxp (—20)U(p >> 1), (3.208)

) \r()

For the massless case (v = 3/2) in the superhorizon time scales (t, >> 1) of region L, the
amplitude of the normalised power spectrum in short wave length limit can be simplified to:

—_—

Plp>>1la,ty, >>1) = exp (—20) H*K(p >> 1,a,v = 3/2)

.
272

2
- (2}7{) exp (—2a)U(p >>1). (3.209)

Note that both the Eq (3.208) and Eq (3.216) are valid after horizon exit. From these results we
also observe that the power spectrum computed from non entangled state formalism is same, at
the leading order approximation, as that computed from the FOE and RDM formalism, computed
in earlier subsections. This is true in the large wavenumber limit of superhorizon time scale in
region L.

The result for the two point correlation function and the associated power spectrum for Bunch
Davies vacuum can be obtained by setting o = 0 in the above equation and is found to be:

3

Pep(p >> 1,t, >> 1) = gp?z (coshtr,)® ™ H?K(p >> 1,00 =0,v)

H\? (T, ——
= (2cosht)® ™% (= - 1). 3.210
oo (1) (F@,) Up>>1) (3:210)

For the massless case (v = 3/2) it reduces to:
p3
Pep(p >> 1,t, >> 1) = 97 H*K(p>>1,a=0,v=3/2)
H\? ——

= | — 1). 211
() uo>>1 (3.21)

In figure (12(a)) and figure (12(b)) we have presented the behaviour of the power spectrum
of the mean square vacuum fluctuation computed inNES formalism for the large wave number
regime. This is shown for « = 0 and a = 0.1 and for fixed values of the mass parameter v =
3/2,2,5/2,3,7/2 respectively. For both the values of a, we get almost similar behaviour. In
figure (12(c)) we have shown the behaviour of the power spectrum with respect to the mass
parameter v with fixed values of the parameter « = 0,0.1,0.2,0.3,0.4. Here for 1/2 < v < 1
region and v > 1 region mass parameter dependence show two distinctive features. In 1/2 < v < 1
region amplitude of the normalised power spectrum initially decrease and then just after v = 1
the amplitude of the power spectrum increase.

However, to examine the behaviour of the power spectrum in the long wavelength region and
in the superhorizon time scale (tf, >> 1), we take the limit p << 1. In the long wave length limit,
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the time independent function K(p, a, ) for any arbitrary mass parameter v can be expressed (for
« vacua) as:

— 22(v=1) (T 2
Kp<<l,a,v) = pfr(y))U(p <<1) Va, (3.212)

e

where the function U(p << 1) is given by:

— |I‘(I/—|— D
Up<<l) = |1+ (F( > { \/; 22 pnpm} . (3.213)

Quantum correction factor for axion in long wave length limit

For the massless case (v = 3/2), this can be further simplified to:

—_—

Up << 1)
2p

Kip<<l,a,v=3/2) = V. (3.214)

Moreover, in the superhorizon time scales (tf, >> 1) of region L, the amplitude of the nor-
malised power spectrum ( for a vacua ) for non entangled state (in the long wave length limit)
can be expressed as:

3 —
Plp << l,a,ty, >>1) = % (coshtp,)? ™ exp (—2a) H2K(p << 1,a,v)
2
= (2coshty)® 3 <> p® exp (—2a) (l;) U(p<<1). (3.215)

Also, for the massless case (v = 3/2), this reduces to:

3 —_——

Plp << la,ty, >>1) = QP— exp (—2a) H*K(p << 1,0, v = 3/2)

7T2
2 —~—
_ (;) P exp (=20)U(p << 1). (3.216)

The result for Bunch Davies vacuum is obtained by fixing o = 0 in above equation and is expressed
as:

3 —

Pep(p << 1,tp, >> 1) = 2]3? (CoshtL)Q”_?’ H?>K(p<<1l,a=0,v)
H\? I(v) .
— (2cosht )23 (L 2 v 1 21
oot (1) (F@) Up<<1)  (@217)

which for the massless case (v = 3/2) reduces to :

Pep(p << 1,t, >>1) = K(p << 1,a=0,v=23/2)

p— Jig
2w
— ( > Ulp << 1). (3.218)
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Feuatures FOE RDM NES
Wave Here we solve the Here we solve the Here we only solve the
function wave function in L region wave function in L and R region wave function in L region
of dS space. of dS space. of dS space.
Quantum Here we deal with Here we deal with Here we deal with
state entangled quantum state. mixed quantum state. non-entangled quantum state.
Quantum Power spectrum is Power spectrum is Power spectrum is
number only dependent on SO(1,3) only dependent on SO(1,3) only dependent on SO(1,3)
dependence quantum number p quantum number p quantum number p
and independent on I,m. and independent on 1,m. and independent on 1,m.
Time Analysis is performed on Analysis is performed on Analysis is performed on
scale superhorizon superhorizon superhorizon
for computation time scale. time scale. time scale.

Power Leading order term Leading order term Leading order term
spectrum is (%)2 exp(—2a) is (%)2 exp(—2a) is (%)2 exp(—2a)
spectrum and the next and the next and the next

at large order effects are different order effects are different order effects are different
wave from RDM and NES from FOE and NES from FOE and RDM
number for massless axion (v = 3/2). for massless axion (v = 3/2). for massless axion (v = 3/2).
Power Leading order term Leading order term Leading order term
spectrum is (%)2 p® exp(—20) is Ig—j exp(—2a) is (%)2 p? exp(—2a)
at small and the next and the next and the next
at small order effects are different order effects are different order effects are different
wave from RDM and NES from FOE and NES from FOE and RDM
number for massless axion (v = 3/2). for massless axion (v = 3/2). for massless axion (v = 3/2).

Table 1. Comparison between FOE, RDM and NES formalism for « vacua.
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Small wave number dependence (p<<1) of power spectrum for NES for a=0 Small wave number dependence (p<<1) of power spectrum for NES for a=0.1
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(c) Mass parameter dependence of NES power spectrum in p << 1.

Figure 13. Features of NES power spectrum in small wave number region.

In figure (13(a)) and figure (13(b)), we have shown the behaviour of the power spectrum of
the mean square vacuum fluctuation in NES formalism in the small wave number regime for a = 0
and a = 0.1 with fixed values of the mass parameter v = 3/2,2,5/2,3,7/2 respectively. Note
that in both the cases we find almost similar behaviour. Also, in figure (13(c)) we have shown
the behaviour of the power spectrum with respect to the mass parameter v with fixed values
of = 0,0.1,0.2,0.3,0.4. In this case we again observe two distinct regions of mass parameter
dependence.

We have explicitly presented the comparison among FOE, RDM and NES formalism for «
vacua in table (1). The same table is valid for Bunch Davis vacuum when o = 0. We have quoted
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the differences, among the findings from these formalism, for the primordial power spectrum from
mean square vacuum fluctuation at large and small scales.

4 Summary

To summarize, in this work, we have addressed the following issues:

e We have explicitly studied the power spectrum of mean squared vacuum fluctuation for
axion field using the concept of quantum entanglement in de Sitter space. The effective
action for the axion field, used here, has its origin from Type IIB String theory compactified
to four dimensions. . For our analysis, we have chosen two initial vacuum states i.e. Bunch
Davies and a generalised class of a vacua. The power spectrum of mean squared vacuum
fluctuation is computed using three distinctive formalisms: (1) Field operator expansion
(FOE), (2) Reduced density matrix (RDM) and (3) Non entangled state (NES). In all three
cases, the computation has been done starting with two open charts in hyperbolic manifold
of de Sitter space consisting of two regions: L and R. Though the starting point is same,
the construction of these three formalisms are different from each other and have their own
physical significance. Each of the formalism has been discussed in text of the papers and
some details of approximations for them are presented in the appendix. Similarities and
differences from each other are presented in a table.

e In case of FOE formalism we solve for the wave function in the region L and using this
solution we compute the general expression for the mean square vacuum fluctuation and
its quantum correction in terms of two point correlation function. The result is evaluated
at all momentum scales. We considered two limiting approximation in the characteristic
momentum scales, i.e. large wave number (small wave length in which the corresponding
scale is smaller than the curvature radius of the de Sitter hyperbolic open chart) regime and
small wave number (long wave length in which the corresponding scale is larger than the
curvature radius of the de Sitter hyperbolic open chart) regime. We have observed distinctive
features in the power spectrum of of mean squared vacuum fluctuation in these two different
regimes. In the large wave number (small wave length) regime we found that the leading order
result for the power spectrum is consistent with the known result for observed cosmological
correlation function in the super horizon time scale. The correction to the leading order result
that we computed for the power spectrum can be interpreted as the sub-leading effect in the
observed cosmological power spectrum. This is a strong information from the perspective of
cosmological observation since such effects, possibly due to quantum entanglement of states,
can play a big role to break the degeneracy of the observed cosmological power spectrum
in the small wave length regime. On the other hand, in the long wave length regime we
found that the power spectrum follows completely different momentum dependence in the
super horizon time scale. Since in this regime and in this time scale, at present, we lack
adequate observational data on power spectrum we are unable to comment on our result
with observation. But our result for the power spectrum in long wave length limit and super
horizon time scale can be used as a theoretical probe to study the physical implications and
its observational cosmological consequences in near future. Our result also implies that the
mean square vacuum fluctuation for axion field, in super horizon time scale, gets enhanced in
long wave length regime and freezes in the small wave length regime. We also observe that for
a massive axion, the power spectrum is nearly scale invariant in all momentum scales. On the
other hand, for massless axion we observe exact scale invariance only in large wave number
(small wave length) regime and for the Bunch Davies initial quantum state. For generalised
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« initial state, we find slight modification in the corresponding power spectrum of the mean
square vacuum fluctuation. The modification factor is proportional to exp(—2«) which is
valid for all values of the parameter . It also implies that for large value of the parameter
a we get additional exponential suppression for the power spectrum. This information can
be used to distinguish between the role of Bunch Davies vacuum (« = 0) and any « vacua
quantum initial state during analysis of observational data.

In RDM formalism, the wave function for the axion field is solved in L and R regions
of the de Sitter open chart. This solution has been used to compute the mean square
vacuum fluctuation and its quantum correction for both Bunch Davies and « vacuum state.
Corresponding results are evaluated at all momentum scales by partially tracing out all the
information from the region R. Like in the case of FOE, we considered the small and large
wavelength approximations in the characteristic momentum scales and found distinct features
in the corresponding power spectrum. In the small wave length regime again the leading order
result, in super horizon time scales matched with known result (same as FOE). However, the
sub-leading order result for the power spectrum is different from the result obtained from
FOE formalism which distinguishes the two approaches. Moreover, in the long wave length
regime the power spectrum has completely different momentum dependence compared to
FOE formalism. We also notice that the enhancement of mean square vacuum fluctuation
for axion field, in long wave length regime, is different (slower) in nature compared to FOE
formalism but the freezing in short wavelength regime is of same nature. The observation
on scale invariance of power spectrum in this formalism remains similar to that in FOE
formalism.

In the last formalism i.e.NES, the wave function of axion field is solved in the region L
of the de Sitter hyperbolic open chart. With the help of this solution, t we computed the
mean square vacuum fluctuation using Bunch Davies and « vacuum state configuration. The
corresponding result is evaluated at all momentum scales. Like the previous two cases, here
also we reverted to two limiting approximations i.e. large wave number (small wave length
) regime and small wave number (long wave length) regime. We again observed distinctive
behaviour in the power spectrum in these two different regimes. In the large wave number
(small wave length) regime, the leading order result for power spectrum matches with the
known result for observed cosmological correlation function just as the cases of FOE and
RDM formalism. However, the sub-leading order result s completely different FOE as well
as RDM formalism. Thus, it is the sub-leading terms which distinguish these formalisms
from each other and they can be confronted with future observational data. On the other
hand, in the small wave number (long wave length) regime, even the leading order result
for the power spectrum differs, in momentum dependence, compared to the result obtained
from FOE and RDM formalism. Also the nature of enhancement of the mean square vacuum
fluctuation in NES formalism is found to be different from that in FOE and RDM formalism
but the nature of freezing and the observation on scale invariance of power spectrum remains
same in all the three cases.

For completeness, we discuss the actual reason for the results obtained for the power spectra
from quantum entangled state as appearing in FOE formalism and the mixed state which is
used to construct the RDM formalism. To do so, we consider two subsystems, L and R using
which one can construct the quantum mechanical state vector of axion field as |¥)axion. In
our computation, these subsystems are defined in the region L and R respectively in the de
Sitter hyperbolic open chart. Now using this state vector of axion field we can define the
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density matrix as :
Paxion = |\Ijaxion> <\Ijaxion|a (4'1)

in both the subsystems, L. and R for FOE and RDM formalism and only the system L for
NES formalism. Using this density matrix we can express the expectation value (for the total
system) of a quantum mechanical operator Oaxion, applicable for FOE and RDM formalism,
as:

Tr (paxion ax10n> ZZ L R|\Ilax1on < axion’éaxi0n|LaR>

<\Ilaxi0n | Oaxion ‘ \Ilaxion>
= <Oaxi0n>~ (42)
This is an important observation as it is related to the measurement and quantification of any

physical cosmological observable in the quantum regime. But in the case of NES formalism
one can rewrite Eq (4.2) as :

Tr (paxion ax10n) ZZ L 1:{|\I’ax10n < axi0n|6axion|LaR>

= ZZZZ LaR’\Paxion> <qjaxion‘L/7R,><L R ‘Oaan‘L?R)

L R ' R

= ZZZZ(LvR’\Ijaxion> <‘Ijaxi0n‘L/7R,><L ‘Oax10n| >5RR/
L R ' R

= ZZZ(IMR‘\Paxionﬂqjaxion‘l‘,aRl><L ‘Oax10n’L>
L R 1/

= Tr (pEionOkcion ) (4.3)

where the operator oL .

oion Solely in the region L is defined by the following expression for
NES formalism:

(L', R |0 oL, R) = (L'|O%yion L) (R'|R)
<L |Oax10n’L>5RR/' (44)

Also in NES formalism the density matrix pgxion for the region L is described by the following
expression:

L
Paxion — Teraxion

=y Y L) <Z<L,R|\Ifaxion><\11axionlL',R/>> (L]
L 1/

R
= ZZ L) <Z W axion (L, R) W amn(L@R’)) (L], (4.5)

This implies that in NES formalism, the physical operator is solely described by the infor-
mation from the region L and consequently the expectation value of such operator satisfy
the following condition:

(Ouxion) = T (paxionOaxion ) = T (PhiionOssion ) = (Okion): (4.6)
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The above analysis can help us to explain the differences between the power spectra of mean
square vacuum fluctuation obtained from FOE, RDM and NES formalism on large scale (or
small wave number or large wave length regime). It clearly points towards the fact that in
FOE and RDM formalism the creation and annihilation operators for axion field includes new
set of creation and annihilation operators coming from the Bogoliubov transformation from
one quantum basis to the other. This means that the field operator in the FOE formalism
also involves these extra creation and annihilation operators even if the computation is being
performed on a particularly specified temporal slice defined in the region L of the Hilbert
space. On the other hand, after applying the partial trace over the degrees of freedom from
the region R, the mixed quantum state, using which we formulate the RDM formalism, is
prepared by the creation and annihilation operators in the region L of the Hilbert space.
Thus, in RDM formalism, the field operator is only defined in the region L and not in the
region R of the Hilbert space. This implies that the field operator defined before partially
tracing over the degrees of freedom from region R for FOE formalism is different from the
field operator in region L used in RDM formalism since for this case we have performed the
partial trace over the degrees of freedom in region R. Thus, any general quantum mechanical
operator defined in the framework of FOE is not same as that of RDM formalism.

Before we conclude, we point out that apart from the quantification of the mean square
vacuum fluctuation in the formalisms we discussed here, we have also computed the entan-
glement entropy using von Neumann measure and the Renyi entropy in our previous work
[15, 16].
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A Quantum correction to the power spectrum in FOE formalism

At the superhorizon time scales (1, >> 1) of region L one can write the amplitude of the
FOE power spectrum as:

—~—

S =Y (;?)Ti? tn >>1 M(p,v) (coshtp)® ! (A1)

o=+1 o=+1
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where the time independent function M(p, v) is defined as:
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AT, () B (m) N 7.(0) BT, (m)
F(v—ipp+3) 0 (v—ipm+3) T(v+ip,+3)T (v+ipm+3)

N (A.2)

A.1 For large wave number

Further to know the exact wave number dependence of the amplitude of the normalized power
spectrum from Bunch Davies vacuum we need to know the behaviour of the power spectrum
at very short wavelengths (p,p, >> 1). After taking this limit it is expected that the power
spectrum of axion match with the result obtained for spatially flat universe. In general for
an arbitrary value of the mass parameter v, we get the following approximated contributions
in the short wavelength limit (p, p, >> 1), which are explicitly appearing in the expression
for the amplitude of the normalized power spectrum from Bunch Davies vacuum:

‘.A ’2 p>>1 e TP
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Further, we apply Stirling’s formula to approximate Gamma functions for large wavenumbers
p, pn >> 1 to simplify the expression for the power spectrum:

. ) 1 1
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Consequently, we get the following simplified expressions in large wavenumber (p, p, >> 1)
limit:

o2
ot [T(v+ip+3)[" 203 (14 goipr

|BZ|?
SLC(w+ip+ )T o

(
AgBY (

Y TP Wl
(

: (A.20)

S Cv—ip+3)" 2

)
)

7) , (A.21)
)

Z A By, 5~ e (A.22)
. 1
=1 (O (v+ip+3)) 20° (1+ ggpzpr
a O *
> ALAL () - ! (A.23)
. 1 . 1 :
AL T —ip+3)T(v+ipn+3)  2p/23? \/1 + i \/1 + 829i4p%
g O * —
5 BLBL ) N e trieten) (A.24)
. . 1 .
A T(v—ip+ )T (v+ipn+3) 21’3/219?/2\/1 + s \/1 + st
3 ALBL () - e *mn (A.25)
. 1 . 1 '
= T (v—ip+3)T (v—ipn+3) 2p3/2pi/2\/1 + 829}14p4 \/1 + 829i4p%

— 60 —



AO’ BO’* 6_27.rp

Z ~ A.26)
: : i (
a:ilF(V—ZP+§)F(V—ZPn+§) 2p3/2p§/2\/1+m\/1+m
Aa* Ba e_gﬁp
27 (v+ip+ f) r (V+i +3) oz - — @&
o=+1 P 3 Pn 3 2p*/“pn \/ L+ 829447 \/ L+ 82944p1
Z ACI:*BE»(R) 6—27Tpn (A 28)
- 1 - 1 ~ .
=T (v+ip+3)T (v+ipn +3) 2p3/2p2/2\/1 + 78294114104 \/1 + 7829414%
AC[r,,(n)AiT(m) 1 A.29
ZI‘(V—Z‘p + DT (vtipm+3) " o2 iy 1 iy 1 (429
o=+1 nt2 mo2 Pm Pn \/ + 82944p1 \/ + 82944p3
g O * —
> BL o BLim) . e it (A.30)
. 1 .
T (v—ipa+3)T (v+ipm+3) 200 il \ 1+ st /1 + st
AU i om) e~ (Pntpm) A31
ZF(V—i + ) (V i +1)N 3/2_3/2 1 1 (A.31)
o==+1 Pn Pm T 35 2pm”pn \/ 1+ 82944p2, \/ L+ 82944p3
A"* i (m) e~ (Pn+pm) A.39
ZF(V—!-Z' +f) (1/ ) +1)N 3/2 3/2 1 1 (A-32)
o=+1 P Pm T 3 2pm" P \/ L+ 82944pZ, \/ 1+ 82944p1

—~—

As aresult, in the short wave length approximation the time independent function M(p >> 1,v)
for any arbitrary mass parameter v can be expressed as:

M(p>>1,v) = WG(}) >> 1), (A.33)

where we define a new function G(p >> 1) in the short wave length limit as given by:
— 1
G(p) = 7
(1 + 82944p4>

(1+672ﬂ'p)2 ( > \/TAM;) <1+2 27rp+6727rpn) _i_e*Qﬂ(erpn))
V1+ soinr

D9 U sl

3/2
7=0m=0 (PnPm) \/ L+ 82944p \/ L+ 82944p

(1 + e—“@mﬂ’n))Q . (A34)

A.2 For small wave number

Similarly to know the exact wavenumber dependence of the amplitude of the normalised
power spectrum from Bunch Davies vacuum in the long wavelength limit we need to know
the behaviour of the power spectrum for p,p, << 1. In this limit it is expected that the
power spectrum of axion should match with the result obtained for spatially flat universe. In
general for an arbitrary value of the mass parameter v, we get the following approximated
contributions in the long wavelength limit (p, p, << 1), which are explicitly appearing in the
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expression for the amplitude of the normalised power spectrum from Bunch Davies vacuum:
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As a result, the time independent function M(p << 1,v) for any arbitrary mass parameter
v can be expressed as:

M(p << 1,v) = Wg@? 1), (A.49)

—_~—

where we define a new function G(p << 1) in the long wave length limit as given by:
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B Quantum correction to the power spectrum in RDM formalism

At the super horizon time scales (1, >> 1) of region L one can write the amplitude of the
RDM power spectrum as:

—_—

5% = (@%)W% t, >>1 Q(p,a,v) (coshtr)? ! (B.1)

where the time independent function Q(p, a, v) for generalised a vacua is defined as:
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B.1 For large wave number

Further to know the exact wave number dependence of the amplitude of the normalised
power spectrum from generalised a vacua we need to know the behaviour of the power
spectrum at very short wavelengths (p,p, >> 1). After taking this limit it is expected that
the power spectrum of axion should match with the result obtained for spatially flat universe.
In general for an arbitrary value of the mass parameter v, we get the following approximated
contributions in the short wavelength limit (p, p, >> 1), which are explicitly appearing in
the expression for the amplitude of the normalised power spectrum from generalised a vacua:
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Further, we apply Stirling’s formula to approximate Gamma functions for large wavenumbers
P, Prn >> 1 to simplify the expression for the power spectrum:
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Consequently, we get the following simplified expressions for large wavenumber p,p, >> 1
limit in the case of generalised « vacua:
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As aresult, in the short wave length approximation the time independent function Q(p >> 1, a, v)
for any arbitrary mass parameter v can be expressed for generalised « vacua as:

o 2(r—1) 2 o
Q(p>>1,a,v) = 2})3(:@))9(17 >>1)=M(p,v) Ve, (B.33)

P

where we have already defined the function G(p >> 1) in the earlier section of the Appendix.

B.2 For small wave number

Similarly to know the exact wave number dependence of the amplitude of the normalised
power spectrum from generalised « vacua in the long wave length approximation we need
to know the behaviour of the power spectrum at p,p, << 1. After taking this limit it
is expected that the power spectrum of axion should match with the result obtained for
spatially flat universe. In general for an arbitrary value of the mass parameter v, we get the
following approximated contributions in the in the long wave length approximation, which
are explicitly appearing in the expression for the amplitude of the normalised power spectrum
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where all the entries of the right hand side of the above expressions for p,p, << 1 are
explicitly computed earlier in this paper.
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As a result, the time independent function Q(p << 1,a, v) for the mass parameter v # ¢/2
(where ¢ is any half integer) can be expressed for generalised a vacua as:
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where the function G(p << 1) is defined for v # 3/2 as:
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On the other hand, if we set v = ¢/2 (including the massless case for v = 3/2) in the previous
expressions obtained for general v then due to the presence of the overall factor 1/|cos v/
the final expression for the power spectrum in small wave number limit diverges. This is
very obvious from the obtained expressions but one can be able to avoid such unwanted
divergent contributions very easily. To serve this purpose let us rewrite all the expressions
for p,p, << 1 with v = ¢/2 that we have mentioned earlier:

€0 Pt T (B.50)
Pyl |
2
7Ll _ 'R o (B.51)
T (v+ip+3)|
€3
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(T (v—ip+3))
SN i Pt (B.53)
(C(v+ip+3))
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P

Also for the massless case (v = 3/2) the time independent function Q(p << 1,,v = 3/2)
can be further simplified as:

Gp<<1l,v=23/2)
2p3

Va, (B.64)

Qlp << l,a,v =3/2) =

e~

where the function G(p << 1) is defined for v = 3/2 as:
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C Quantum correction to the power spectrum in NES formalism

At the superhorizon time scales (tr, >> 1) of region L the amplitude of the NES power
spectrum can be expressed as:

6% tL, >>1 K(p,a,v)(coshty)® ™ (C.1)

where the time independent function KC(p, o, v) for generalised o vacua is defined as:

221 (I'(v))” " ID(1 +ip)|?
T 2p|T (1/ +ip + %) |2
N i IT(1 —ap)[[T' (X + ipn)| + [T (X +ip)|[T'(1 — ipn)|
A4/ppn T (v —ip+3) T (v +ipn + 3)
o= [T(1 = ipp)||IT(1 + ipm)| + [T(1 + ipy) |[|IT(1 — ipp
+ZZ|( )T _)! |1( )!I( : I (C.2)
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K(p,a,v) =

n=0

n=0 m=0
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C.1 For large wave number

Further, to know the exact wave number dependence of the amplitude of the normalised
power spectrum from generalised a vacua we need to know the behaviour of the power
spectrum at very short wavelengths (p,p, >> 1). After taking this limit it is expected
that the power spectrum of axion in the non entangled case should match with the result
obtained for spatially flat universe. In general for an arbitrary value of the mass parameter v,
we get the following approximated contributions in the short wavelength limit (p, p, >> 1),
which are explicitly appearing in the expression for the amplitude of the normalised power
spectrum from generalised « vacua:

U4 e 1 .
2pll (v+ip+3) | 2p
LA = p)[IPA +ipp)| + LA +p)|[T(1 —ipp)| pop>>1 1 (C.4)
4yppn T (v —ip+3) T (v +ipn + 3) 2(ppn)?
IT(1 —ipn)||IT(1 + ipm)| + |T(1 + ipn)||T(1 = ipm)| prpm>>1 1
N — (C.5)
4y/Bubm T (v = ipn+ 3) T (v + ipm + 3) 2(pnpm)?

As a result, the time independent function K(p, a,v) in the short wave length limit for any
arbitrary mass parameter v can be expressed for generalised o vacua as:

o 22(1/71) r 2 —
Kp>>1la,v) = pg(ﬂ(y))l/{(p >>1) Va, (C.6)

where the function U(p >> 1) is defined as:

Up>= 1) = 1+z( ) ) P ©7)
n=0m=0 pnpm)2
Here for very large wave number p,p, >> 1 one can write, ZQ?;) ~ 14 ---, where all ---

are small correction terms. This also implies to the nice fact that for large wave number
limit for any values of the parameter « the time independent function U(p, o, v) computed
for generalised « vacua is exactly matches with the result obtained for Bunch Davies vacua

in the earlier section at the leading order in M(p,v).

Also for the massless case (v = 3/2) the time independent function K(p, ,v = 3/2) in the
short wave length limit can be further simplified as:

—~—

Up>>1)
2p3

Kp>>1a,v=3/2) = Va. (C.8)

C.2 For small wave number

Similarly to see the behaviour of the power spectrum in the long wavelength region in the
super horizon time scale (tg, >> 1) we take the limit p << 1 and further expand the expres-
sion for the power spectrum in p. In general for an arbitrary value of the mass parameter v,
we get the following approximated contributions in the long wavelength limit (p,p, << 1),
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which are explicitly appearing in the expression for the amplitude of the normalised power
spectrum from generalised « vacua:

Qs+ e 1
— 5~ oo T (C.9)
2pll (v+ip+ %) | 2pl (v + %) |
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As a result, in the long wave length limit the time independent function KC(p, o, v) for any
arbitrary mass parameter v can be expressed for generalised o vacua as:

92(v—=1) (T 2
Kp<<l,a,v) = Z)fr(l/))lx{(p << 1) Va, (C.12)

—~—

where the function U(p << 1) is defined in the long wave length limit as:

o~ v l 2 o0 (o] (o]
Up << 1) = H(W) {Z\/Z+ZZ pipm} . (C.13)
n=0

n=0m=0

Also for the massless case (v = 3/2) the time independent function K(p, o, v = 3/2) can be
further simplified as:

e

—— U(p << 1)

Kp<<l,a,v=3/2) = o Va. (C.14)
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