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Abstract. We prove that the growth rate of an endomorphism of a finitely generated nil-
potent group is equal to the growth rate of the induced endomorphism on its abelianiza-
tion, generalizing the corresponding result for an automorphism in [T. Koberda, Entropy
of automorphisms, homology and the intrinsic polynomial structure of nilpotent groups,
in: In the Tradition of Ahlfors—Bers. VI, Contemp. Math. 590, American Mathematical
Society, Providence (2013), 87-99].

1 Introduction

In the present paper, we study purely algebraic notions of growth rate and entropy
for an endomorphism of a finitely generated group.

Let r be a finitely generated group with a system S = {sy,...,s,} of genera-
tors. Let ¢: 1 — 7 be an endomorphism. For any y € m, let L(y, S) be the length
of the shortest word in the letters S U S~! which represents y. Then the growth
rate of ¢ is defined [2] to be

GR(¢) := sup{limsup L(qbk(y),S)l/k |y € n}.

k—o00

For each k > 0, we put
Li(@.8) = max{L(@"(s1). S) | i = 1.....n}.
It is known for example from [2, Proposition 1] that

GR(g) = lim Li(g, S)Vk = inf{Ly (g, Sk,
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and the algebraic entropy of ¢ is by definition /,5(¢) := log GR(¢). The growth
rate and hence the algebraic entropy of ¢ are well-defined, i.e., independent of
the choice of a set of generators [7, p. 114]. It is immediate from the definition
that the growth rate and the algebraic entropy for an endomorphism of a group
are invariants of conjugacy of group endomorphisms. Furthermore, for any inner
automorphism 7y, by yo, we have GR(7,,¢) = GR(¢) and Iy (7 ) = haiz(¢)
([7, Proposition 3.1.10]).

Consider a continuous map f on a compact connected manifold M, and con-
sider a homomorphism ¢ induced by f of the group of covering transformations
on the universal cover of M. Then the topological entropy hp( f') is defined. We
refer to [7] for background. Several authors, among them R. Bowen in [2] and
A. Katok in [8], have proved that the topological entropy /() of f is at least
as large as the algebraic entropy /,15(¢) = hae(f) of ¢ or f.

The problem of determining the growth rate of a group endomorphism, initiated
by R. Bowen in [2], is now an area of active research (see detailed description in [5,
10] and references therein). For known properties of the growth of automorphisms
of free groups, we refer to [1,12, 13].

The purpose of this paper is first to study the growth rate of an endomorphism
on a finitely generated nilpotent group. In [10, Theorem 1.2], it was proven that the
growth rate of an automorphism of a finitely generated nilpotent group is equal to
the growth rate of the induced automorphism on its abelianization. Our main result
is a generalization of this result of [10] from automorphisms to endomorphisms,
using completely different arguments. In Section 2, we recall some known results
about the growth rate of a group endomorphism, sometimes correcting them. In
Section 3, we refine the calculation in [2] of the growth rate for an endomorphism
of a finitely generated torsion-free nilpotent group and prove that the growth rate
is an algebraic integer.

Let r be a finitely generated torsion-free nilpotent group, and let G be its Mal-
cev completion. Let ¢ be an endomorphism of 7. Then ¢ extends uniquely to
a Lie group homomorphism D of G, called the Malcev completion of ¢. We call
its differential D, the linearization of ¢. The main results are the following.

Theorem 3.3. Let ¢p: w1 — 1w be an endomorphism on a finitely generated torsion-
free nilpotent group 7. Let G be the Malcev completion of 7. Then the lineariza-
tion Dy: & — & of ¢ can be expressed as a lower triangular block matrix with
diagonal blocks {D;} so that

GR(¢) = max{sp(D;)'//}.
J=

In particular, GR(¢) is an algebraic integer.
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Theorem 3.7. Let ¢: w1 — 1w be an endomorphism on a finitely generated torsion-
free nilpotent group w with Malcev completion D. Then

GR(¢) = GR(¢up).

where Q. 7w/ [, 7] — 7/[m, 7] be the endomorphism induced by ¢. Hence we
have GR(¢) = sp(D1) < sp(Dx).

2 Preliminaries

We shall assume in this article that all groups are finitely generated unless other-
wise specified. For a given endomorphism ¢: 7 — m, if 7/ is a ¢-invariant sub-
group of 7, we denote by ¢’ = ¢ |+ the restriction of ¢ to x’. If, in addition, 7’
is a normal subgroup, we denote by 43 the endomorphism on /7 induced by ¢.
Then the following are known; see for example [2, 5].

« GR(¢*) = GR(¢)¥ for k > 0.
* GR(¢) < GR(¢).
* GR(¢) < max{GR(¢'), GR(¢)}.

e Let ¢: Z" — Z" be an endomorphism yielding an integer matrix D. Then we
have GR(¢) = sp(D), the maximum of the absolute values of the eigenvalues
of D.

Let S’ be a finite set of generators for 7/, and let S be a finite set of generators
for the quotient group 7/7’. Then it is possible to extend S’ to a finite set S of
generators for 7 so that S is projected onto S under the projection 7 — 7/7’. For
any y € 7/, itis true that L(y, S') > L(y, S).

Consider the concentric balls B(n) ={y € = | L(y,S) < n}foralln > 0, and
the distortion function of 7’ in = which is defined as

AT, (n) ;== max{L(y.S") | y € ' N B(n)}.

The notion of distortion of a subgroup was first introduced by M. Gromov in [6].
We refer to [3] for our discussion. For two functions f, g:N — N, we say that
f < g if there exists ¢ > 0 such that such that f(n) < cg(cn) for all n > 0. We
say that two functions are equivalent, written f ~ g, if f < g and g <X f. The
subgroup 7" of 7 is undistorted if A, (n) ~ n. The following facts about distor-
tion can be found in [3].

* If 7/ is infinite, then it is true that n < A7, (n).

o If [ : '] < oo, then 7’ is undistorted in 7.
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Assume A7, (n) < n. By definition, there exists ¢ > 0 such that A7, (n) < c?n
foralln > 0. Forany y € 7/, letn = L(y, S). Then

L(y,S") < AT, (n) < c*n = 2L(y,S).
Thus L(y,S) < c2L(y,S) for all y € n’. This inequality implies that, for all
k >0,
Li(@.8) = max{L(@" (). ") | vi € 8"}
< 2 max{L(¢"“ (7). 5) | vi € 8’} < PLx($.9),
and so GR(¢') < GR(¢). Consequently, we have the following lemma.
Lemma 2.1 ([5, Corollary 3.1]). Let ¢ be an endomorphism of 7. If ' is a ¢-in-

variant undistorted subgroup in 7, then GR(¢’) < GR(¢); hence if, in addition,
7' is a normal subgroup of 7, then GR(¢)) = max{GR(¢"), GR(¢)}.

Proof. Since ' is undistorted in 7, we have from the definition that AT, (n) < n.
Now the proof follows from the above observation.

Remark 2.2. Note also the following.

e If 7/ is of finite index in 7, then 7’ is undistorted, and hence GR(¢’) < GR(¢).
Example 2.4 shows that the inequality can be strict. Thus [2, Proposition 1 (3)]
(see also [5, Theorem 3.1]) is not correct.

* If GR(¢) < GR(¢'), then 7’ is distorted, and 7’ is not of finite index in 7.

Lemma 2.3. Let ¢ be an endomorphism of 7. If GR(¢) < 1, then GR(¢) = 0 and
¢ is an eventually trivial endomorphism, and vice versa.

Proof. Let p = GR(¢), and lete = 1 — p > 0. Since limy o0 L (¢, S)1/™ = p,
there exists N > 0 such that, for all m > N, we have L, (¢, S)l/’" —p<e;

Lin(¢, )™ <1 = Lu(¢.S) <1 = Lu(¢,S) =0

because L, (¢, S) is a nonnegative integer. This implies that p = 0 and the endo-
morphism ¢¥ is trivial or ¢ is eventually trivial. The converse is obvious. |

Example 2.4. Let 7 = Z x Z, with generators o and $ such that 82 = 1. Con-
sider an endomorphism ¢ of & defined by ¢(«) = 1 and ¢(8) = B. Observing
that
Ln(¢.S) = max{L(¢" (). S). L(¢"(B). S)}
=max{L(1,S),L(B,S)} = max{0,1} =1,
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we have GR(¢) = 1. Similarly, we have GR(¢|z) = 0 and GR(¢|z,) = 1. Notice
further that Z, is a distorted subgroup of 7 because A% (n) = 1 for all n.

Lemma 2.5. Let ¢ be an endomorphism of 7.
(1) If &’ is a ¢-invariant finite subgroup of 7, then GR(¢’) < GR(¢).

(2) If; in addition, 7' is a normal subgroup of , then
GR(¢) = max{GR(¢"). GR($)}.

and GR(¢) = GR(¢A>) if and only if ¢ is eventually trivial 0r<}3 is not eventu-
ally trivial.

Proof. 1f the ¢-invariant subgroup 7’ of 7 is finite, then we can show easily
that GR(¢’) is either O or 1 by taking a system of generators S’ = 7’ for n’.
We will show that GR(¢’) < GR(¢). We may assume that GR(¢") = 1. This im-
plies that there is an element x € 7/ such that ¢ (x) # 1 for all n > 0. Consider-
ing any system of generators for 7 which contains x, we can see right away that
GR(¢) = 1 = GR(¢").

Assume that 7/ is normal in 7. If GR(¢’) = 0, then clearly GR(¢) = GR(¢)).
On the other hand, if GR(¢’) = 1, then GR(¢)) = GR(¢) if and only if GR(¢) > 1
if and only if qAS is not eventually trivial by Lemma 2.3. o

Remark 2.6. However, the above lemma is not true when =’ is infinite; see Exam-
ple 2.7. Note further that if GR(¢) < GR(¢’), then 7’ is infinite.

The following is a well-known example about subgroup distortion.

Example 2.7. Let = be the Baumslag—Solitar group
B(1,n) = (a,b|a ‘ba =b"), n>1.

Then S = {a, b} is a generating set for 7. Let 7’ = (b), and let S’ = {b}. We
observe that the subgroup 7’ of 7 is distorted. In fact, since b = a=*ba* for
all k > 0, we have that L(™,S’) = nk and L™ ,S) = 2k + 1. If ¢ is an
endomorphism of 7 given by ¢(b) = b" and ¢(a) = a, then we can see that
GR(¢') = n and GR(¢) = 1.

Example 2.4 shows that [2, Proposition 1 (3)] is not correct in general, but it is
almost true in the sense of Theorem 2.8. By modifying the argument of the proof
of [5, Theorem 3.1], we have the following theorem.
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Theorem 2.8. Let ¢ be an endomorphism of 7, and let w' be a ¢-invariant, finite-
index subgroup of .

(1) If ¢’ is not an eventually trivial endomorphism, then GR(¢) = GR(¢’).

(2) If ¢ is an eventually trivial endomorphism of 7', then
GR(¢) =0 and GR(¢p) =0orl.
Moreover, GR(¢) = 0 if and only if ¢ is an eventually trivial endomorphism

of m.

Consequently, the equality GR(¢) = GR(¢") holds except only for the case when
¢’ is eventually trivial and ¢ is not eventually trivial. If this is the case, then
GR(¢') = 0 and GR(¢) = 1.

Proof. Let S’ = {y1,...,v:} be a set of generators of 7’. Let u = [ : =’]. Then
we have 7 = §1r/ U--- U Sy’ sothat S = {y1,...,¥s,681,...,08,} generates 7.
Forany j = 1,...,u, there exists a unique k; such that ¢(8;) € &; 7. We denote

p= lfinja;iu{L(wj,S’) | $(8;) = S, wj € 8, '}

Assume p = 0. Then ¢(8;) = (Skj forall j =1,...,u.Foreach j =1,...,u,
we write ¢ (8;) = §;,,. Hence it follows that L(¢™(5;),S) = 0 or 1 according
to whether 6;,, = 1 or §;,, # 1.

Suppose that there is N > 0 such that ¢N(5j) =1forall j =1,...,u and
hence L(¢™(8;), S) = 0 forallm > N. Since 7’ is undistorted in 7, there exists
some ¢ > 0 such that

L(y,S"y<c?-L(y,S) forally e n'.
It is clear that
L(,S)<L(,S") forallyex'.

Thus
Liu(¢',S") <c? Li(9,S),

Lin(¢,S) = max{L(@" (yi). S)} < Lm(¢".S).
This implies that GR(¢") = GR(¢).
Suppose on the contrary, for any m > 0, there is some j such that ¢ (§;) # 1.
Then max{L(¢"(5;),S)} = 1. Hence
Lm(¢.S) = max{L(@" (yi). S), L(¢"(5;). )}
= max{L(¢" (i), S), 1} < max{L, (¢, S),1}.
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This implies that GR(¢") < GR(¢) < max{GR(¢’), 1}. Since ¢ is not eventually
trivial, Lemma 2.3 implies that GR(¢’) > 1, and hence GR(¢) = GR(¢’).

Next we assume that p > 1. For each j = 1,...,u, we write ¢(;) = 6;, wy
for some j; and wy € 7’. Then

¢"(8)) = 8, wmB(Wm—1) -+ " (w1).
and thus
L(¢m(8,/)’ S) <1+ p+ le(q')/? S/) =+ PL2(¢,7 S/) + e+ me—1(¢,v S,)

Let L = GR(¢'). By the assumption of our proposition, L > 1. Let € > 0 be
given. Since
lim Ly (¢',S")/™ =L,
m—00

there is some N > 0 such that if m > N, then L, (¢’, S") < (L + €)™. Choose
g1,...,gN > Osuchthat L;(¢', S") < ¢q;(L + €)' fori =1,...,N.Put

q = max{qy,....qn,1} > 1.
Then L, (¢’, S") < q(L + €)™ for all m > 1. Hence we have

L(¢™(8).S) <14 p+ pq(L +¢€) + pg(L +€)* + -+ pq(L + €)™
(L+e)"—1

<1 _—
e s

Since pq # 0, this implies that

lim '(/max{L(qsm(aj), SY <L +e.
Since 7’ is undistorted in 7, there exists some ¢ > 0 such that
Lm(¢'.S") = mlax{L(¢’m()/i), S’}
< ¢® - max{L(@" (vi). S). L(@" (). )} = *Lm(#. S).
and hence we obtain
L = GR(¢') < GR(¢) =

VLn(p,S)<L+e€

for all € > 0. Consequently, GR(¢) = GR(¢").
Suppose that ¢’ is an eventually trivial endomorphism of /. Then it is clear
that GR(¢’) = 0. Consider a set S = {y1,...,¥:,81,..., 6y} of generators for 7

lim
m—00
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as above. For any m > 0, we observe that ¢ (y;) = 1 and ¢"(§;) = &, wm for
some j, € {1,...,u} and w,, in a finite subset of 7’. This implies that the se-
quence {L,,(¢,S)} is bounded. Because L, (¢, S) =0 or > 1, it follows that
GR(¢) = 0 or 1 respectively.

When GR(¢) = 0, Lemma 2.3 says that ¢ is an eventually trivial endomor-
phism. Next we consider the case when GR(¢) = 1. From the definition, we can
choose N > 0 so that, form > N, we have 1/2™ < L, (¢, S), which implies that
Ly(¢p,S) > 1 because L, (¢, S) is an integer. Therefore, for each m > N, we
can choose y € § such that " (y) # 1. This shows that ¢ is not eventually trivial
even though ¢’ is eventually trivial. O

Before leaving this section, we observe the following elementary fact.

Proposition 2.9. Let ¢ be an endomorphism of w with a finite set S of generators.
Let

GRi(¢) = lim L(¢"(s:),$)""*
foreach s; € S. Then GR(¢) = max{GR;(¢) | s; € S}.

Proof. Since L(¢p¥(s;).S) < Li (¢, S), it follows that GR; (¢) < GR(¢). Assume
GR;(¢) < GR(¢) for all s; € S. Thus there exists K > 0 such that if k > K
and s5; € S, then L(¢*(s;), S)'/k < GR(¢). Because S is finite, it follows that
L (¢, S)l/k < GR(¢) for all k > K. However, since

lim Li(d. )% = lim Li(¢.S)V¥ = inf Ly(¢.5)"/*,
Jim k(®.S) Jim, k(®.S) Aot k(®.S)

we obtain a contradiction: GR(¢) = infx> g Li (¢, SHVE < GR(¢). ]

3 Finitely generated nilpotent groups
Consider the lower central series of a finitely generated group 7,
T =71 D7y D=+,

where 7; = [m, ;1] is the j-fold commutator subgroup y; (7) of 7. The endo-
morphism ¢: 7 — m induces endomorphisms
¢jn; = mwj, ¢jmw/n; — w/mj, (ISJ'ZJTJ'/JTJ'+1 — 7 [Tj41.

Then it is known from [2] that GR(¢p) > GR(¢;)// for all j > 1. The group 7 is
called nilpotent if m; = 1 for some j. When 7, # 1but m.11 = 1, we say that it
is c-step.
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Lemma 3.1 ([2, Proposition 2]). If r is c-step nilpotent, then
GR(¢) = max{GR(¢c), GR(¢c)"/}.

If v is nilpotent, then . ‘
GR(¢) = max{GR($)"//}.

Recall, for example from [10, Proposition 3.1], that a finitely generated nil-
potent group 7 is virtually torsion-free. Thus there exists a finite-index, torsion-
free, normal subgroup I' of 7. Following the proof of [11, Lemma 3.1], we can
see that there exists a fully invariant subgroup A C I' of 7 which is of finite index.
Therefore, any endomorphism ¢: 7 — 7 restricts to an endomorphism ¢’: A — A.
By Theorem 2.8, we may consider only the case when ¢ is not eventually trivial,
and hence we may assume that GR(¢) = GR(¢'). Consequently, for the computa-
tion of GR(¢), we may assume that 7 is a finitely generated torsion-free nilpotent
group.

Consider the lower central series of a finitely generated torsion-free c-step nil-
potent group 7,

T=m, Wiy =[nmn)], we#1 and 74 =1
Foreach j = 1,...,c, we consider the isolator of 7; in 7,
V= Y i={xen| x* e m; for some k > 1}.

Then it is known that /7 is a characteristic subgroup of = with [/7; : 7;] finite.
Furthermore, \/7;/7; is precisely the set of all torsion elements in the nilpotent
group 7w/7;, and /7;//Tj+1 = Z* for some integer k; > 0. Hence we obtain
the adapted central series [4, p. 3]

T =/ DJap DD e D JSret1 = 1.

The following lemma plays a crucial role in our study of growth rates for endo-
morphisms of finitely generated nilpotent groups.

Lemma 3.2 ([15, Lemma 3.7]). Let  be a finitely generated c-step nilpotent group
with lower central series 1 = w1 D 13 D ++- D e D Me4+1 = 1. Then there are
finite sets Tj = {zj1,...,Tjx;} C 7; such that

(1) if pj:mj — mj/mj41 denotes the projection, then p;(T}) is an independent
set of generators for the finitely generated abelian group mw; /741,

(2) if j > 1, then every Ty is of the form [t1;, Tj_1 4],

(3) Ty generates m.
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Let G be the Malcev completion of a finitely generated torsion-free nilpotent
group 7, and let ¢ be an endomorphism of 7. Then ¢ extends uniquely to a Lie
group homomorphism D of G, called the Malcev completion of ¢. We call its
differential D the linearization of ¢.

Theorem 3.3. Let ¢p: w1 — 7w be an endomorphism on a finitely generated torsion-
free nilpotent group . Let G be the Malcev completion of w. Then the lineariza-
tion Dy: & — & of ¢ can be expressed as a lower triangular block matrix with
diagonal blocks {D;} so that

GR($) = max{sp(D;)"//}.
Jz

In particular, GR(¢) is an algebraic integer.

Proof. Let  be a finitely generated torsion-free c-step nilpotent group with the
adapted central series

T =1 D2 DD e D JSey1 = 1.

Letq;: /7j — /m;/+/7j+1 denote the projection. We choose {77, ..., T¢} asin
Lemma 3.2. Since m, is a fully invariant, finite-index subgroup of /7>, it induces
a short exact sequence

| = Jma/72 = 71 /72 — 71/ /72 = /71 /72 — L.

Since /7> /> is finite, it follows that /71/ /72 = Z¥1 can be regarded as the
free part of the finitely generated abelian group 7y /7,. Hence we can choose
S1 C T such that p1(S7) is an independent set of free generators of \/m1/ /72
and p1 (T — S1) is an independent set of torsion generators of 7 /75.

Next we consider the short exact sequence

| — m3/m3 — Jma/mw3 — w2/ /73 — 1.

Since 5 /73 C /72 /73, we obtain the following commutative diagram between
exact sequences:

] — JT3/ 73 — /)3 — S/ /73 ~ 7k 5

I I [

1 — (N Jm3)/75 —> ma/ms —> ma/(m2 N J73) —— L.

=1y /T3/ /73
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where all vertical maps are inclusions of finite index. So we can choose S, C T»
such that p,(S>) is an independent set of free generators of the free abelian group
(w2 - /m3)/ /73 and pa(T> — S7) is an independent set of torsion generators of
7y /m3. Note that Sy C mp C /7. Because the right-most vertical inclusion is
of finite index, we can choose Sy C /@2 such that ¢»(S>) is an independent set
of free generators of ,/m>/./m3, and for each o, € S», there are unique £, > 1
and unique 724« € S, such that 0262 = 724« modulo /3. We remark also that
#S, = #S,.
Continuing in this way, we obtain {S1,...,Sc} C {T1, ..., T¢} such that

S; CT;, #S; =#S;,

* p;(S;) is an independent set of free generators of ; /7; 1,

p; (T; — S;) is an independent set of torsion generators of 7; /7; 1,

q;(Sj) is an independent set of free generators of /7 / /741,
* foreach o; € S; C /m;, there exist unique £; > 1 and 74 € S; such that

z.
0j"/ = tjx mod /7j41.

The adapted central series of 7 allows us to choose a preferred basis a of ;
we can choose a to be {Sy, ..., S.} so that it generates 7 and 7 can be embedded
as a lattice of a connected, simply connected nilpotent Lie group G, the Malcev
completion of 7. Its Lie algebra & has a linear basis loga = {log Sy, ...,logS.}.
From 0;% = t;, mod /7; 11, we have

¢ log(07) = log(0;%) = log(zjx) mod y;+1(). (B)

This implies that {log S1, ..., log S} is also a linear basis of &
Let ¢: 1 — 7 be an endomorphism. Then ¢ induces endomorphisms

bjm; =i, Gpim/mp = w/n, Gy w1 — T/
and
TR E TN T JANE TR JANE TR
PN /N1 = N[V
Moreover, any endomorphism ¢ on 7 extends uniquely to a Lie group endomor-
phism D on G, the Malcev completion of ¢. With respect to the preferred ba-

sis loga of the Lie algebra & of G, we can express the linearization D, of ¢ as
a lower triangular block matrix; each diagonal block D; is an integer matrix repre-

senting the endomorphism ¢;: /7; //7j 41 = VAT NN = 7k . For
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details, we refer to [9] for example. When the new basis {log S1,...,log S¢} is
used instead of loga, the integer entries of block matrices D; will be changed
to rational entries because of identities (B), but the eigenvalues of D; will be
unchanged. This means that, whenever the eigenvalues of D, are concerned, we
may assume that 7; /7j 41 is torsion-free, or 7; = /7;. Consequently, we may
assume that GR(¢;) = GR(¢;). Since /77, //7j+1 = Z*/, by taking the tensor
product with R, it is known that GR(@;) = sp(D;). Thus GR(¢;) = sp(D;). Now
the theorem follows from Lemma 3.1. o

Remark 3.4. From Theorem 3.3, it follows that the growth rate of any endomor-
phism on a finitely generated torsion-free nilpotent group is an algebraic integer.
The question of determining groups for which the growth rate of a group endo-
morphism is an algebraic number was raised by R. Bowen in [2, p. 27].

Example 3.5. Let Nil be the 3-dimensional Heisenberg group. That is,

I x z
Nil = 01 y x,y,z€R
0 0 1
Consider the subgroups Iy, k € N, of Nil,
L
1 n %
Iy = 01 m||mntelZ
0 0 1

These are lattices of Nil, and every lattice of Nil is isomorphic to some I'y. Let

100 110 10 7
ar=|01 1], a=]01 0|, az=|(0 1 O
00 1 00 1 00 1

Then S = {a,a»,as} is a generating set of [y satisfying
[a1.a2] = a3 . [a1.a3] = [az.a3] = 1,
and in fact,

L

, L
m | = al'ayas3.
1

S O =
S =
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Let
w =Ty =(a1,az2,a3 | [a1,az] = a3_k, lai,as3] = [az,a3] =1).
Let 7/ = (a3) and S” = {a3}. Since (a3_k)”2 = [a'f,a}], we have
L((@7%). 8"y =kn®> and L((a3%)"".S) = 4n.

Hence
L((@3%).8") > L((a5%)". 5)

for all n with n > 4/k. It follows that 7’ is distorted.
Consider any endomorphism ¢: 7 — . Then ¢ must be of the form

P(ar) = a’ln“a;n”af, P(az) = arlnlza;nzzag, P(asz) = a;ﬂu?ﬂzz—mlzmzl‘

We will compute GR(¢). The lower central series of 7 is 7 = 71 D 75 = (a¥)

and its adapted central series is 7w = 71 D /72 = (a3). We observe that

5

Ty ={ay,az,a3} and T, = {aé‘}
are sets satisfying the conditions of Lemma 3.2. Then we can see that
S1 = {al,az} cTi, S= {aé‘} cT, and S; = {al,az}, S, = {a3}.

Furthermore, {S1,S»} = {a1,az,as} is a preferred basis for 7z. The linearization
of ¢ with respect to this preferred basis has two integer blocks D1 and D,, where

mip miz
oo |: i| . Do =[miimaz —miama1] = [det(Dq)].
ma1 nMa22

By Theorem 3.3, we have GR(¢) = max{sp(D1),sp(D2)"/2}. Let u, v be the
eigenvalues of Dj. Then

GR(¢) = max{|ul, [v]. v[uv]} = max{|u], [v]} = sp(D1).
In fact, we show in Theorem 3.7 that it is always the case that GR(¢) = sp(D).

We consider another example in which we obtain much information about lin-
earizations of endomorphisms, and then we obtain an idea of proving the next
result, Theorem 3.7.
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Example 3.6. Consider a 2-step torsion-free nilpotent group 7 generated by
71,72, 73,012,013
satisfying the relations
[t1, 2] = 012, [11, 73] = 013, [12, 13] = 0750753,
[ti,0jk] = [012,013] = 1.

Since 15 = (012,013) = Z? and /72 = (71, T2, T3) = Z3, it follows that the set
{T1,T>} = {11, 12, 13, 012, 013} satisfies the conditions of Lemma 3.2 and forms
a preferred basis of our group 7. Let ¢ be an endomorphism of 7. A direct com-
putation shows that if

d(ti) = rld”rgz" t§i3" mod 75,

i.e., if the first block of the linearization of ¢ is

din diz dis
Dy = |dy dy drz|,

d31 diz dz3

then, with 023 = [12, 73], we have

_ M3z _M>3 M3
¢(012) =01570137 053 7,

_ M3y M>» Mi>
$(013) = 01,7°013770y3 7,

M M M
B (023) = 01231 013210231 1’

where M;; denote the (7, j)-minor of D. These yield a matrix

Ms3 M3y M3 5
K=|My3s My My |=/\"(Dv),
Mz M M

the second exterior power of Dy. On the other hand, since 023 = 074075, we have

_ M3z _M>3 M3z _ _M3z3+mM3 _M>3+nM3

P(o12) = 01,7013 0,37 =07, 013 ) (3.1
_ Mz My Mz . _Msx+mMiz _Mx+nMio

$(013) = 01,7°0137°053 " =07y 013 ; (3.2)

$(023) = P (012)" ¢p(013)"

M3 My My _ _Msi+mMyy Mz +nMy
=012 0137 03 =0y 013 : (3.3)
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From (3.1) and (3.2), the second block of the linearization of ¢ is

M M
D2:|: 33 +mMi3

M3y + mMi,
Mys +nMi3 .

My +nMis

Plugging (3.1) and (3.2) into (3.3), we have

M31 M33 M32
My | =m| Masz | +n| My | when (m,n) # (0,0),
| M11 | M3 Mi> (3.4)
C o
S - whenm =n = 0.

When (m,n) # (0,0), because of (3.4), K is column equivalent to the matrix K’
with the zero third column, and then, by doing some row operations on K’, we can
see that K’ is row equivalent to the matrix K, where

M3z +mMiz M3z +mMi» 0

M3z Ms; 0

Mz M, O
Thus the second block D5 of the linearization D is a block submatrix of K”. This
is obtained by removing the row and column of K’ that are determined by (3.3)
or by the relation [z, 73] = 0]5075. Note also that K, K" and K" have the same
eigenvalues which are 0 and the eigenvalues of D. When (m,n) = (0, 0), because
of (3.4), we have

Ms3 M32§ 0
K=| M3z My 0
Mi3z Mz My

Thus D3 of Dy is a block submatrix of K, and K has M7; and the eigenvalues
of D5 as its eigenvalues.

On the other hand, if w1, 2, ;3 are the eigenvalues of D1, as K = /\Z(Dl),
the eigenvalues of K are u;u; (i < j). Consequently, we have

sp(D1) = max {Jpuil} = max{v/lpip; 1} = sp(K) = sp(D2)"/2.

This proves that GR(¢) = sp(Dy).
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The following result was proved in [10] when ¢ is an automorphism using the
intrinsic polynomial structure of nilpotent groups. We will now improve [10, The-
orem 1.2] from automorphisms to endomorphisms by using completely different
arguments.

Theorem 3.7. Let ¢p: w1 — 7w be an endomorphism on a finitely generated torsion-
free nilpotent group  with Malcev completion D. Then

GR(9) = GR(¢ap).

where Qup: 7w/ [m, 7] — 7w/[m, 7] be the endomorphism induced by ¢. Hence we
have GR(¢) = sp(D1) < sp(Dx).

Proof. Let m be c-step and choose a family of finite sets {77, ..., T.} satisfying
the conditions of Lemma 3.2. As was observed in the proof of Theorem 3.3, we can
choose {S1,...,S¢} such that each S; C T; C m; projects onto free generators of
7j/mj+1 and a preferred basis {Sy,...,S¢} of m so that each block matrix D;
of the linearization D of ¢ which is determined by log S; may be assumed to be
determined by log S .

Indeed, for each j with 1 < j < ¢, we write S; = {7j1,..., ‘L’jkj} C Tj; then,
if j > 1, every t;, is of the form [r1;, ;1 ¢]. For 1 < j <¢,if

d(tjp) = rdlj@ -‘-rd'gie modulo 7;
jt) = i1 jk; j+1

then the jth block of the linearization Dy of ¢ is

J J

diy - dlkj
Dj=1 : :
J J

dk11 dkjkj

In order to compare first the eigenvalues of D with those of D5, we use the fol-
lowing new notation: D; = [di,l/‘] = [dij). 0ij = [t1;, tyj]forall 1 <i < j <k;y.
Then 0;; = rzil € S, for some £, or o;; is a word of elements in Szil modulo 3
(see the presentation of 7 in Example 3.6). Let S = {0;; | 1 <i < j < k1}; then
we may assume that S, C S. Further, S5 differs from S except possibly by o;;’s,
words of elements in 52:IEl modulo 73 (note in Example 3.6 that S, = {012, 013}
and § = {012,013,075075}).

Now we can express ¢ (0;;) as follows:

Mg MU M
0“13 ...o’lkl ”‘O—kl—l,kl

i

N M3
¢(0ij) =04, I modulo 73 P)
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for some integers Mll,jfl. We denote by K the (k21) X (kzl) matrix [My75],
1,2 1,3 k1—1,k;
M1,2 M1,2 M1,2
M5 M5 - My
K — L L 3
1,2 1,3 k1—1,k;
Mkl—l,kl Mkl—l,kl e Mkl—l,kl
. i,j i,J i,j i, t
Wewﬂlrefertothecolumnvector(Ml’z,M1,3,...,Mlgkl,...,Mkl_ljkl) of K

as the (7, j)-column of K. Note the following.
(i) Forany o0;; € S, M;,fg is unique for which 0,4 € S>.
(ii) If 0;; € § — S, then 0;; is a word w of elements in S2jEl modulo 3. If
w # 1 modulo 3, the (7, j)-column of K is an integer combination of

(P, q)-columns of K corresponding to the elements 0,4 appearing in the
word w. If w = 1, then M} = 0 for which 0,4 € S>.

(iii) The right-hand side of the expression (P) can be rewritten in terms of only
the elements of S using the words 0;; = w(opq). This yields the second
block D>.

Since 0;; = [t1;, T1/], taking ¢ on both sides, we have (see [5, Lemma 4.1] or
[14, p.93, Lemma 4.1])

iJ oagiid i ij
OM1.20M1.3 oMk o Mi -1k
12 13 1k k1—1,k;
_r.dii di,.i _dij dicy.j
_[-L—ll ...-[lkl 111 ...-Clk] ]

= l_[ n[tfll;l 7 T1d;/] — l_[ 1_[[‘[117’ qu]dp,idq.j
p 4q P q

= H opgt T TP modulo 3.
1<p<q=<k:

This shows that K is the second exterior power of Dy, i.e., K = /\Z(Dl). Hence,
if n; (1 <i < k) are the eigenvalues of the matrix D1, then pu;u; (i < j) are
the eigenvalues of K.

From part (ii) of the above remarks, we see that K is column equivalent to the
matrix K’ with zero (i, j)-column for which o0;; = w(op4) # 1 modulo 73. We
rearrange the elements of S sothat S = S, U (S — S3) = S, U S21 U S22, where
521 ={0ij €S — Sz | 0ij = 1}and S3 = {0jj € S — S2 | 0;; # 1}. Rearranging
S to S U (S — S>), we have



962 A. Fel’shtyn, J. H. Jo and J. B. Lee

The effect of part (iii) on K and hence on K’ is doing some row operations using
the (i, j)-rows in the last block of K’ for which 0;; = w(0p4) # 1 modulo 3.
By rearranging S further to S, U S} U S, we have

Dy 00
K~ K'=| % 0
* * 0

The middle block column is determined by the fact that if 0;; = w = 1, then
M) = 0 for which 0,q € Ss.

Consequently, the second block D5 of Dy is a block submatrix of K" which is
obtained by removing the rows and columns associated to S — . Note also that
K, K’ and K" have the same eigenvalues which contain the eigenvalues of D».
This observation shows that

sp(D1) = max{|p;|} > max{ /i f;} = sp(K)"/? > sp(D2)'/2.

For the next inductive step, we recall that every element of S3(C 73) is of the
form [zy4,0;;], where i < j. Taking ¢, we have

lre o) = [Tt [ opgider %]
1<p<q=<ki

r
= 1_[ 1_[ [Tlr , Opq]dr.e(dn.idq,j —dp.jdq.i) modulo 4.

I 1=p<q=k;
This expression is unique except possibly for the exponents of the elements

[T1r. 0pg] = 1 modulo 4.

This produces the matrix K = D1 ® /\2 D, . Firstif [t1,,0pq] = w(S3) # 1 mod-
ulo 14, by doing some column operations and then by doing some row operations,
we obtain a matrix K”, which can be regarded as a lower triangular block ma-
trix. Finally, we remove the columns and rows from K” which are associated with
the elements [71,, 0p¢] = w(S3) modulo 4. This gives rise to the third block D3
of D. Hence sp(D3) < sp(D1)>. Continuing in this way, we may assume that the
Jjthblock D; of Dy is obtained from (®);_, D1) ® A? D1 so that

sp(D1) > sp(D;)'V .

Consequently, GR(¢) = max{sp(Dj)l/j} =sp(D1) = GR(¢wp) < sp(Dx). O
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