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We discuss Floquet engineering of dissipative molecular systems through periodic driving of an infrared-active
vibrational transition, either directly or via a cavity mode. Following a polaron quantum Langevin equations
approach, we derive correlation functions and stationary quantities showing strongly modified optical response
of the infrared-dressed molecule. The coherent excitation of molecular vibrational modes, in combination
with the modulation of electronic degrees of freedom due to vibronic coupling can lead to both enhanced
vibronic coherence as well as control over vibrational sideband amplitudes. The additional coupling to an
infrared cavity allows for the controlled suppression of undesired sidebands, an effect stemming from the
Purcell enhancement of vibrational relaxation rates.

I. INTRODUCTION

Over the last years, coherent manipulation of quantum
systems by means of (strong) periodic driving has been
used to enable controlled engineering of matter states,
from the single to the many-body level1,2. In particular,
recently, the coherent excitation of phononic modes has
been shown as a possibility to modify the properties of
materials by steering them into non-equilibrium states.
This includes dynamical control of electron-phonon
coupling3,4 and superconductivity5–7, topological phase
transitions8, and the control of real or synthetic magnetic
fields9–12. Some of the experimental techniques rely
on the excitation of phonon modes through acoustic
modulation. Alternatively, the coupling to infrared-active
vibrational modes provides another way to drive and
modulate vibrational degrees of freedom. In confined
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FIG. 1. Infrared-dressed molecule. An infrared-active molecule
is vibrationally dressed by the interaction with a quantized
cavity field (coded in red). A weak optical probe field (coded
in blue) can then detect the changes of the externally con-
trolled vibronic dynamics by recording the absorption spec-
trum. The simultaneous coherent absorption of optical and
infrared photons can in consequence modify the characteristics
of the transition from the ground to the excited potential
landscapes.

a)Electronic mail: Michael.Reitz@mpl.mpg.de
b)Electronic mail: Claudiu.Genes@mpl.mpg.de

electromagnetic environments such as cavities and plas-
monic nanostructures, the collective vibrational strong
coupling of molecular ensembles to infrared modes leads
to the occurence of vibrational polaritons and therefore
modifies the vibrational dynamics13–17. This has been
e.g. shown to reveal enhanced Raman scattering18 or
changes of chemical reaction kinetics19–22. The coupling
of vibrational modes to plasmonic resonators has also
been used to increase spectroscopic sensitivity through
surface-enhanced infrared absorption23,24.

While Floquet engineering (i.e., the dressing of matter
with oscillating fields) has been extensively studied at
the level of unitary, pure Hamiltonian evolution, such
as realized in well-isolated systems like cold atoms in
optical lattices25–27, its application to dissipative, open
quantum systems is much less explored (for exceptions
see e.g. Refs.28–31). Although isolated molecules would,
in principle, represent almost coherent quantum optical
systems, in practice, their coupling to condensed matter
environments like crystals or solvents leads to strong
decoherence. The main decoherence mechanisms are a
temperature-dependent electronic dephasing stemming
from higher-order electron-phonon coupling32,33 as well
as vibrational relaxation due to coupling of the localized
molecular vibrational modes (vibrons) to the surrounding
thermal bath of phonons34,35.

We consider here the case of infrared-dressed molecules,
where the vibronic coupling is modified by periodic
driving of vibrational transitions achieved either directly
by the application of a laser, or indirectly by coupling
to a quantized driven electromagnetic mode of a cavity
(see Fig. 1). The immediate effect is the modification of
the standard Franck-Condon physics as the transition
matrix elements for optical absorption from electronic
ground to excited state are largely impacted by the
coherent infrared drive. The main mechanism is the
competition between coherent processes, such as the
simultaneous absorption of probe and drive photons and
the standard path of direct optical photon absorption.
For a proper treatment of dissipative dynamics we follow
a quantum Langevin equations approach for the polaron
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operator (i.e., a vibrationally dressed electronic dipole
operator). This allows the inclusion of all coherent
and incoherent effects at the level of the equations of
motion for system operators. By formally integrating the
dynamics, we analytically estimate two-time correlations
and derive stationary quantities aimed at qualitatively
and quantitatively characterizing the modified response
of the dressed molecule to weak probe optical fields.

A remarkable result is the strong modification of
vibronic sidebands which, under external infrared
driving, can exhibit both enhanced amplitudes and
reduced linewidths. The improved lifetime stems from
a competition between vibrational relaxation and gain
from coherent optical and vibrational processes. We show
that the effect can lead to improved vibronic coherence.
The embedding within an infrared, cavity-confined
electromagnetic mode brings an enhancement of the
interaction by a factor proportional to the cavity
finesse. Moreover, an infrared cooling effect can increase
the vibrational relaxation in a wide bandwidth, thus
effectively reducing undesired scattering. This can be
understood as a cavity Purcell effect at the level of the
vibrational relaxation damping rate.

II. THEORY AND METHODS

We consider a molecule with electronic ground |g〉 and
excited |e〉 states, separated by an energy difference ω0

(we set ~ = 1) and define the Pauli raising σ† = |e〉 〈g|
and lowering σ = |g〉 〈e| operators. As shown in Fig. 1, we
only consider the harmonic approximation of the ground
and excited potential landscape along a single nuclear
coordinate (shown in a simplified model in Fig. 2(a) as
a bond stretching for a diatomic molecule). We define a

dimensionless nuclear coordinate q = (b+ b†)/
√

2, where
the bosonic creation and annihilation operators satisfy
[b, b†] = 1. We will furthermore assume identical frequen-
cies ν of the potential energy surfaces for both electronic
orbitals. We proceed by describing the open system dy-
namics including both coherent and incoherent effects in
terms of a master equation. We then analyze the modifi-
cation of the standard Franck-Condon physics, stemming
from the modulation of the system’s energy levels induced
by the infrared driving. Finally, we introduce the tran-
sition from the master equation to quantum Langevin
equations, approach which allows for the derivation of
analytical results.

II.a. Hamiltonian description & master equation approach

Expanding to lowest order around the minimum of
the ground state potential energy surface, the mismatch
between the equilibrium positions Qge of the ground and
excited states gives rise to the vibronic coupling and the
dynamics of the molecular system is encompassed in the

Holstein-Hamiltonian36

H = (ω0 + λ2ν)σ†σ + νb†b− λν(b† + b)σ†σ. (1)

The dimensionless vibronic coupling strength λ is given by
λ = µνQgeqzpm (λ2 is called the Huang-Rhys factor and
is typically on the order of ∼ 0.01− 1). The parameter
µ is the reduced mass of the relative motion degree of
freedom and qzpm =

√
1/(2µν) is the zero-point motion

of the vibrational wavepacket.
An external infrared field E(q, t) can couple to the molec-

ular vibrations via the displacement-dependent molecu-
lar dipole operator µ(q). In the dipolar approximation
E(q, t) ≈ E(t), the Hamiltonian describing the coupling
is given by HIR(t) = −µ(q) · E(t). A first order Taylor
expansion around the equilibrium positions of the nu-
clei (subscript “0”); 〈µ(q)〉 = 〈µ〉0 + (∂ 〈µ〉 /∂q)0 q then
gives rise to a coupling between the nuclear displacement
and the electric field. To engineer an infrared-dressed
molecule, we consider a strong classical drive of the molec-
ular vibrational mode with amplitude ηd and frequency
ωd expressed in Hamiltonian form as

Hd = ηd cos(ωdt)(b
† + b). (2)

Simultaneously, we consider a weak optical field probing
the electronic transition at some variable laser frequency
ωp and small amplitude ηp modelled as a standard drive
Hamiltonian Hp = iηp(σ

†e−iωpt − σeiωpt).
Dissipative processes are included as standard Lind-

blad terms characterized by a collapse operator acting
at a given loss rate. For example, radiative spontaneous
emission of the electronic excited state can be cast in
Lindblad form by Lγσ[ρ] = γ(2σρσ† − {σ†σ, ρ}) where
ρ is the density operator and the collapse operators σ
describes de-excitation of the electronic excited state
at rate γ. Pure dephasing of the electronic transition
with rate γφ = γφ(T ) can be included by the Lindblad
term Lγφ

σ†σ
[ρ] with collapse operator σ†σ. The latter is a

strongly temperature-dependent term (∝ T 2 at low tem-
peratures) which is close to zero at cryogenic temperatures
(T . 4 K) where experiments observe lifetime-limited zero-
phonon line (ZPL) transitions37,38. While the effect of
temperature is included as a dephasing of the electronic
transition, thermal occupation of the vibrational modes
can commonly be neglected even at elevated temperatures
since molecular vibrations typically lie at high terahertz
frequencies (i.e., we assume kBT/(~ν) � 1). However,
analytical treatments have shown methods to include
thermal effects as non-zero occupancy of the vibrational
mode34. Finally, a master equation can be written to
describe the open system dynamics

ρ̇(t) = i[ρ(t),H+Hd +Hp] + L[ρ(t)], (3)

which generally provides numerical support but less pos-
sibilities for analytical calculations.
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FIG. 2. Floquet quasienergies & transitions. (a) A single nuclear coordinate (represented as the relative motion of a diatomic
molecule) is driven with amplitude ηd and frequency ωd. The optical transition is probed by a weak field with amplitude ηp and
frequency ωp. The molecule is embedded in a dephasive environment leading to a temperature-dependent broadening with rate
γφ. Additional losses are radiative (γ) and vibrational relaxation (Γ). (b) Quasienergy scheme of an infrared-dressed molecule
in the case of ωd = ν. Additionally to the usual vibronic sidebands (grey dashed lines) with transition strengths given by a

Poissonian distribution e−λ
2

λ2n/n!, one obtains a set of driving-induced quasienergies at ω0 +mωd with transition strengths
proportional to Bessel functions squared Jm (2ληd/ωd)

2. Vibrational relaxation is indicated by wiggly lines. (c) Bessel functions
Jm(x)2 determining the intensities of the driving-induced sidebands.

II.b. Floquet states and transition strengths

The Holstein Hamiltonian can be diagonalized via a
level-dependent polaron transformation U† = |g〉 〈g| +
D† |e〉 〈e| with the standard displacement operator D =

e−i
√

2λp = eλ(b†−b). In the polaron-displaced basis, the
Holstein Hamiltonian becomes H̃ = U†HU = ω0σ

†σ+νb†b
and has simple eigenvectors |g;n〉 and |e;n〉. The eigen-
vectors in the bare, original basis can be found by invert-
ing the polaron transformation |g;n〉 and D |e;n〉. The
polaron-transformed probe Hamiltonian is then expressed
as H̃p = iηp(σ

†D†e−iωpt−σDeiωpt). We can now look for
selection rules applying to processes such as stimulated
emission and absorption induced by the external optical
drive. To this end we focus on absorption (as emission is
similar) by assuming an initial state |g; 0〉 in the displaced
basis and asking for the probability of exciting the system
to state |e;n〉. This is easily computed to lead to

Pabs(n) = | 〈e;n|σ†D† |g; 0〉 |2 = e−λ
2 λ2n

n!
, (4)

which is the expected Poissonian distribution leading to
the Franck-Condon principle for molecular transitions.

For dissipative radiative processes, we notice that the
Lindblad collapse operator is also transformed to the
polaron one σD such that spontaneous emission follows
the same Poissionian distribution in taking the electronic
state from |e; 0〉 to |g;n〉.

The periodic driving can change this physics drastically.
The drive Hamiltonian in the polaron picture becomes

H̃d = ηd cos(ωdt)(b
† + b+ 2λσ†σ). (5)

The effect on the electronic transition is a periodic
modulation of the excited state energy with ω̃0(t) =
ω0 + 2ληd cos(ωdt). Let us now perform a transforma-
tion into an interaction picture with the following unitary

operator Uint = eiσ
†σ

∫ t
0
dt′ω̃0(t′)+iνb†bt. Moreover we also

expand the displacement operator D† in terms of anni-
hilation and creation operators in order to reveal the
fundamental processes involved in the absorption and
emission of optical photons. We also introduce Jm(x)
as Bessel functions of the first kind and the probe beam
detuning ∆p = ωp − ω0. We can then find the following
expression for the probe Hamiltonian in the displaced
interaction picture

H̃int
p = iηpe

−λ2/2

σ† ∞∑
k,`=0

(−λ)kλ`

`! k!

(
b†eiνt

)k (
be−iνt

)` ∞∑
m=−∞

Jm
(

2ληd
ωd

)
eimωdte−i∆pt − h.c.

 . (6)

Additionally, one is still left with a term H̃d =
ηd cos(ωdt)(b

†eiνt + be−iνt) which can drive transitions
between vibrational states and becomes very important
for ωd ≈ ν. Let us first understand the above expression
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on the simplified case of ηd = 0 where we expect the
usual selection rules for Franck-Condon physics. In this
case, only the term with m = 0 contributes and operator
combinations of the kind σ†(b†)kb` have time dependence
ei[∆p−(k−`)ν]t. Imposing resonance allows to find the tran-
sition strength for different processes. For example, the
transition from |g; 0〉 to |e;n〉 can only be achieved by
k = n and ` = 0. The resonance condition then asks that
the laser frequency is ωp = ω0 + nν and the strength is

proportional to e−λ
2/2λn/

√
n! as expected.

For ηd 6= 0, the driving induced a set of additional
resonances at ωp = ω0 + mωd where m = 0,±1,±2, . . . .
In the vicinity of these resonances, the Hamiltonian in
Eq. (6) can be transformed back into a time-independent
frame

H̃m=− (∆p−mωd)σ†σ + νb†b (7)

+iηp

(
σ†D†Jm

(
2ληd
ωd

)
−h.c.

)
,

with the driving-induced Floquet quasienergies of the elec-
tronic excited state ω0 +mωd. In the Jablonski scheme in
Fig 2(b) we illustrate the energy levels and corresponding
transitions for resonant driving ωd = ν. In this case,
some of the Floquet states |e;m〉 become degenerate to
the vibrational states |e;n〉 (m ≥ 0). The selection rules
for the modified transition probabilities Pabs(n) are then
given by ` = 0, n = k +m and the transition probability
can be summed up to

Pabs(n) =e−λ
2

n∑
m=−∞

λ2(n−m)

(n−m)!
Jm

(
2ληd
ωd

)2

. (8)

In the Floquet picture, each of the above terms corre-
sponds to the absorption of a photon from the ground
state |g; 0〉 to |e;n−m〉 (m ∈ [−∞, n]) in combination
with the simultaneous dressing by |m| infrared photons.
The term corresponding to n = m in the above sum with

probability e−λ
2Jn(2ληd/ωd)

2 describes a transition on
the zero-phonon line in combination with the absorption
of n infrared photons. In the following sections we will
show that this term can become dominant and can be used
to modify the vibronic linewidths and coherences since
the zero-phonon line is not affected by the vibrational
relaxation Γ.

II.c. Langevin equations of motion

The aforementioned master equation can be mapped
onto a stochastic Heisenberg-Langevin equation39–41. Ex-
plicitly, for a Lindblad term Lγcc [ρ] with collapse operator
c and decay rate γc, the equation of motion for any oper-
ator O becomes

Ȯ = i[H,O]− [O, c†]
{
γcc−

√
2γccin

}
+ (9)

+
{
γcc
† −

√
2γcc

†
in

}
[O, c†],

where each decay process is associated with a zero-
averaged stochastic input noise operator cin with delta

correlations in time 〈cin(t)c†in(t′)〉 = δ(t − t′). Addition-
ally, the vibrational relaxation of the molecule with rate Γ
due to the coupling of the vibron to a (harmonic) bath of
phonons is included as a Brownian noise dissipation model
(for details see below) which cannot be expressed as a sim-
ple master equation in Lindblad form34,42. We note that
for simplicity, for the numerical simulations presented in
this work, we use a Lindblad decay model for the vibra-
tion with Lindblad term LΓ

b [ρ] which becomes identical to
the Brownian noise model in the limit of λ2Γ� γ41. We
note that the vibron also undergoes spontaneous emission
due to its coupling to the electromagnetic vacuum which
we will however neglect since this radiative emission is
much slower than the vibrational relaxation43.

In a frame rotating at the probe frequency ωp, under
the assumption of weak probe fields ηp � γ and therefore
〈σ†σ〉 � 1, the simplified quantum Langevin equations
of motion for the mechanical degrees of freedom ({q, p})
as well as for the polaron operator σ̃ := σD† are given by
(see Appendix for derivation and full equations of motion)

q̇ = νp, (10a)

ṗ = −2Γp− νp−
√

2ηd cos(ωdt) + ξ(t), (10b)

˙̃σ = −(γ̃ − i∆p)σ̃ − 2iληd cos(ωdt)σ̃ + Σ̃in, (10c)

where γ̃ = γ + γφ. Here, we defined the input affecting
the electronic transition as

Σ̃in =
[
ηp +

√
2γσin +

√
2γφ

(
(σ†σ)inσ − σ(σ†σ)in

)]
D†,
(11)

with correlations of the zero-average electronic noise

operators given by 〈σin(t)σ†in(t′)〉 = δ(t − t′) and
〈(σ†σ)in(t)(σ†σ)in(t′)〉 = δ(t−t′). From Eq. (10c) one can
see that, as previously discussed, the driving of the vibra-
tional mode also leads to an effective modulation of the
electronic transition frequency ω̃0 = ω0 + 2ληd cos(ωdt).
The correlations of the zero-average Brownian noise
stochastic force ξ(t) affecting the momentum of the vibra-
tional mode are given by

〈ξ(t)ξ(t′)〉 =
1

2π

∫ ∞
−∞

dωe−iω(t−t′)Sth(ω), (12)

with the colored thermal spectrum Sth(ω) =
2Γω [coth(~ω/(kBT )) + 1] /ν. For kBT/(~ν) � 1,
the thermal spectrum becomes asymmetric and can
be approximated by Sth(ω) = 4Γω/νθ(ω) (θ(ω) is the
Heaviside function). To calculate correlations of the
vibrational mode, one can generally proceed with a
Fourier analysis and make use of the fact that the
noise is always δ-correlated in the frequency domain
〈ξ(ω)ξ(ω′)〉 = Sth(ω)δ(ω + ω′). After formal integration
of Eq. (10c), one can obtain a solution for the electronic
coherence 〈σ(t)〉. The expression for the population of
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the electronic excited state 〈σ†σ〉 in the long-time limit
is then given by

〈σ†σ〉 (t) = 2ηp

∫ t

−∞
dt′e−2γ(t−t′)< 〈σ(t′)〉 . (13)

In the following section we show that this expression be-
comes stationary under some assumptions and can then
be interpreted as the steady-state absorption spectrum.
We start by describing how the driving of the vibrations
modifies the molecular absorption spectrum. Driving close
to resonance ωd ≈ ν will steer the vibron into a coherent
state and will lead to a non-zero steady state occupation of
the vibrational mode |β|2 := 〈b†b〉 = (ηd/2)2/

(
Γ2 + ∆2

d

)
with the detuning ∆d = ωd−ν and β = (ηd/2)/ (Γ− i∆d).
For the calculation of the absorption spectrum, one
has to evaluate the displacement correlation function
〈D(t)D†(t′)〉 which is non-stationary due to the driving
of the vibrational mode. The calculation of 〈D(t)D†(t′)〉
requires the momentum correlation function 〈p(t)p(t′)〉
(full expression specified in Appendix) whose stationary
part for a given time ordering t ≥ t′ equates to

〈p(t)p(t′)〉st =
e−(Γ+iν)(t−t′)

2
+ |β|2 cos(ωd(t− t′)), (14)

where the first part describes the free evolution of the
vibrational mode and the second part describes the modi-
fication due to the driving. The displacement correlation
function (see Appendix for derivation) can then be evalu-
ated as

〈D(t)D†(t′)〉=e−λ
2

eλ
2exp[−(Γ+iν)(t−t′)]e−i

√
2λ〈p(t)−p(t′)〉,

(15)

with 〈p(t)〉 =
(
β∗eiωdt + βe−iωdt

)
/
√

2 the time-
dependent momentum expectation value.

III. RESULTS

We proceed by analysing the response of an infrared
driven molecule to a weak optical probe and show the
possibility of controlling the linewidth of vibrational side-
bands. We then analyze the increase in coherence for the
dipole transition stemming from the reduction in vibra-
tional relaxation rates. Finally, we show that indirect
driving through an infrared cavity can exhibit narrow iso-
lated sidebands via the cavity Purcell effect of vibrational
relaxation rates.

III.a. Sideband control via Floquet engineering

While the ground-excited coherence 〈σ(t)〉 is generally
not stationary, under the assumption of γ � ωd, the
excited state population (i.e., the absorption spectrum)
〈σ†σ〉 =: S(∆p) becomes time-independent and expresses

as

S(∆p)=
η2
p

γ

∞∑
n=0

m,`=−∞

sλn(γ̃+nΓ)Jm
(

2ληd
ωd

)2

J` (2λ|β|)2

(γ̃ + nΓ)2 + (∆p−nν −(m+`)ωd)2
,

(16)

In addition to the usual vibronic sidebands weighted by

a Poissonian distribution sλn = e−λ
2

λ2n/n! at frequencies
nν (n ∈ N0) and linewidths γ̃ + nΓ, the driving induces
a series of Lorentzian sidebands weighted by Bessel func-
tions of the first kind Jm (2ληd/ωd)

2
at multiples of the

driving frequency mωd (m ∈ Z) and a series of sidebands
weighted by Bessel functions J`(2λ|β|)2, also at multiples
of the driving frequency `ωd (` ∈ Z). While the former
stems, as previously discussed, from the shaking of the
electronic transition and is discussed in more detail be-
low, the latter accounts for the finite occupation of the
vibrational mode and comes into play in case of resonant
driving of the vibron, i.e., if ωd ≈ ν. In Fig. 3(a) we plot
the absorption spectrum S(∆p) in the limit of γ̃ � Γ
and zero dephasing for both resonant and off-resonant
driving of the vibron, revealing a set of narrow addi-
tional sidebands which can increase the absorption of the
molecule by orders of magnitude. The narrow sidebands
stem from transitions on the zero-phonon line in combina-
tion with the simultaneous absorption of infrared photons
(see Fig. 3(c) for possible processes contributing to first
vibronic sideband). Dephasing of the zero-phonon line
transition (see Fig. 3(b)) increases the width and reduces
the height of these driving-induced sidebands. For γ̃ � Γ,
the intensity of the zero-phonon line (S(∆p = 0)) can be
approximated by (n = m = ` = 0, assuming all other
combinations nν + (`+m)ωd = 0 to be much smaller)

IZPL =
η2
p

γγ̃
e−λ

2

J0

(
2ληd
ωd

)2

J0 (2λ|β|)2
. (17)

For small arguments of the Bessel functions, the effective
Franck-Condon factor describing the oscillator strength of
the zero-phonon line transition can be approximated by
exp
[
−λ2(1 + 2|β|2 + 2η2

d/ω
2
d)
]
. Assuming a narrow zero-

phonon linewidth γ̃ � Γ, the main contribution of the in-
frared drive in Eq. (16) stems from n = 0 and the intensity
of the driving-induced sideband Id at e.g. ∆p = ν (normal-
ized by the intensity of the bare vibronic sideband Ib) can
be approximated by Id/Ib ≈ η2

d/(4γ̃Γ) (J1(x)2 ≈ (x/2)2

for x � 1), i.e., it increases with the driving amplitude
ηd and is mitigated by dephasing γφ and vibrational re-
laxation Γ.

An interesting special case is given if one consid-
ers off-resonant driving of the vibration (e.g., ωd < ν)
and consequently |β|2 ≈ 0. The vibrational mode of
the molecule then essentially undergoes free evolution:
ṗ = −2Γp − νp + ξ, and the displacement correlation
function becomes stationary and reads

〈D(t)D†(t′)〉 = e−λ
2

eλ
2exp[−(Γ+iν)(t−t′)]. (18)



6

−3 −2 −1 0 1 2 3
∆p/ν

10−7

10−5

10−3

S
(∆

p
)

γφ = 5γ

ηd = Γ (res.)
ηd = Γ (off.-res.)
ηd = 0

−3 −2 −1 0 1 2 3
∆p/ν

10−7

10−5

10−3
S

(∆
p
)

γφ = 0

ηd = Γ (res.)
ηd = Γ (off.-res.)
ηd = 0 1

S
(∆

p
)

1

S
(∆

p
)

ZPL

FIG. 3. Absorption spectrum & sideband control. (a) Modification of molecular absorption spectrum (logarithmic scale) by
means of off-resonant driving (blue, ωd = 0.5ν, |β|2 ≈ 0), and resonant driving (red, ωd = ν, |β|2 = 1/4) in the low-temperature
(zero dephasing) regime for λ = 0.2. The inset shows a zoom-in on the first vibronic sideband at ∆p = ν. Other parameters:
Γ = 0.1ν = 50γ, γ = 5 · 10−3ν, ηp = 10−2γ. (b) Absorption spectrum for the same parameters as in (a) but finite dephasing
γφ = 5γ. (c) Floquet contributions to first vibronic sideband ∆p = ν in the case of resonant driving ωd = ν: pure vibronic
transition (left arrow, m = 0) and transitions due to dressing with infrared field (m 6= 0). For λ2 � 1, the transitions with
negative m and n ≥ 2 are extremely unlikely due to small Franck-Condon overlap. Additional transitions can stem from non-zero
vibrational occupation (` 6= 0).

In this case, the only effect of the drive is the modulation of
the electronic transition frequency ω̃0 = ω0+2ληd cos(ωdt)
and the absorption spectrum simplifies to

S(∆p) =
η2
p

γ

∞∑
n=0

m=−∞

sλn(γ̃+nΓ)Jm
(

2ληd
ωd

)2
(γ̃ + nΓ)2 + (∆p−nν −mωd)2

. (19)

The intensities of the driving-induced sidebands are
now only determined by the vibronic coupling strength
λ as well as by the ratio between driving amplitude
and driving frequency ηd/ωd. Similar terms appear
for frequency-modulated pure two-level systems such
as atoms or superconducting qubits44,45. Interestingly,
the Bessel functions become zero at some values (e.g.,
J0(z)2 ≈ 0 for z ≈ 2.41, see Fig. 2(c)) which can be
used to decouple specific sidebands completely from the
driving field. The corresponding Floquet states |e;m〉
are then dark, a phenomenon also known as coherent
destruction of tunneling (CDT)46.

III.b. Modification of vibronic coherence

In principle, due to their strong internal vibronic cou-
pling (the dimensionless coupling λ can be on the order of
unity), molecules could be utilized as ideal quantum opto-
mechanical systems already in the strong coupling regime,
where light can be mapped onto motion (via the electronic
degree of freedom) and vice versa47–50. This is however
hampered by the quick vibrational relaxation process Γ
that reduces the vibrational coherence and leads to low
mechanical Q-factors Q = ν/Γ for the opto-vibrational
interaction. The detrimental effect can be mitigated by
the continuous driving of vibrations leading to narrower
transitions more robust with respect to losses (as illus-
trated in Fig. 3(a,b)). One can quantify this increased

robustness by defining a measure of coherence for the
electronic part in terms of the standard Pauli operators
as

C(t) =

√
〈σx〉2 + 〈σy〉2, (20)

which can be expressed in terms of raising and lowering
operators as C(t) = | 〈σ(t)〉 | + | 〈σ†(t)〉 | = 2| 〈σ(t)〉 |51.
For the driven system, we can define the time-averaged
coherence at times t� 1/γ̃

C̄ = lim
T→∞

1

T

∫ t+T

t

dt′C(t′), (21)

which is illustrated in Fig. 4(a). In Fig. 4(b) we plot the
time-averaged coherence at the first vibronic sideband
(∆p = ν) for different driving strengths as a function
of dephasing γφ. We can see that driving can greatly
enhance the coherence of the sidebands for γ̃ � Γ, i.e.,
if the zero-phonon linewidth is narrow compared to the
linewidth of the vibronic sidebands γ̃ + nΓ (we focus on
the first vibronic sideband n = 1). If γ̃ becomes on the
order of Γ, the sideband-coherence of the driven system
gets close to that of the undriven system. From the time
evolution of 〈σ(t)〉, one can estimate the driving-induced
contributions (additional to n = 1) to the coherence of the
first vibronic sideband for ωd = ν at large times t� 1/γ̃
as

〈σ(t)〉d =
ηp
γ̃
e−λ

2

eiνt (22)

×
[
J1

(
2ληd
ωd

)
J0(2λ|β|)+J0

(
2ληd
ωd

)
J1(2λ|β|)

]
,

which has to be compared with the bare vibronic contri-
bution of

〈σ〉b = ηpe
−λ2 λ2

γ̃ + Γ
J0

(
2ληd
ωd

)
J0 (2λ|β|) . (23)
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FIG. 4. Sideband coherence. (a) Coherence C(t) of the first
vibronic sideband at ∆p = ν with and without (resonant)
driving of the vibrational mode. The black dashed lines shows
the time-averaged coherences C̄. Parameters: γφ = 2γ, Γ =
50γ, λ = 0.2, ηp = 0.1γ. (b) Effect of dephasing on C̄ at the
first vibronic sideband ∆p = ν for different driving strengths
for the same parameters as in (a), except that now γφ is
varied. The dashed vertical line shows the magnitude of Γ. (c)
Processes contributing to the generation of coherence in the
first vibronic sideband: direct transition (grey), transition via
electronic Floquet state (red) and transition due to absorption
of a vibrational quantum (green). (d) Total coherence C̄ of the
first sideband normalized to the bare vibronic coherence C̄b as
a function of the driving strength ηd for different strength of
dephasing.

The respective processes are illustrated in Fig. 4(c), show-
ing either a direct transition (with γ̃ + Γ) or a transition
on the zero-phonon line (with γ̃) in combination with
the absorption of an infrared photon. In Figure 4(d) we
plot the coherence C̄/C̄b (normalized by the coherence of
the undriven system C̄b) of the first vibronic sideband
as a function of the driving strength, revealing a largely
linear dependence between the coherence and the driving
strength (J1(x) ≈ x/2 for small x).

III.c. Purcell-induced suppression of sidebands

We now turn to the situation depicted in Fig. 1 and con-
sider a molecule coupled to a confined quantized electro-
magnetic in the infrared. The molecule is only indirectly
coupled to a laser drive that feeds the cavity field with
an amplitude ηcd =

√
2Pκ/(~ωd) (P is the laser power)

and frequency ωd. The coupling to the quantized cavity
mode is described by the Hamiltonian

Hcav = g(a† + a)(b† + b). (24)

The coupling is given by g = εc ·εmE0(∂ 〈µ〉 /∂q)0qzpm

with the zero point field amplitude E0 =
√
~ωc/(2ε0V) (V

is the mode volume, ε0 is the vacuum permittivity). Here,
the unit vectors εc and εm account for the polarizations
of electric field and molecular dipole, respectively. The
dynamics of the system can be followed at the level of
quantum Langevin equations for mechanical and optical
degrees of freedom as well as for the polaron operator σ̃
which read

q̇ = νp, (25a)

ṗ = −2Γp− νq −
√

2g(a† + a) + ξ(t), (25b)

ȧ = −(κ+ iωc)a− i
√

2gq +
√

2κain+ηcd cos(ωdt), (25c)

˙̃σ = −(γ̃ − i∆p)σ̃ − 2iλg(a† + a)σ̃ + Σ̃in, (25d)

where the coupling to the cavity field again leads to a
shift of the polaronic transition frequency.

Assuming resonant driving ωc = ωd, we can identify a
first advantage of using the cavity as an increase in the
driving strength brought on by the cavity finesse. This
can be seen by an elimination of the cavity field to find
an effective equation for the polaron operator

˙̃σ = −(γ̃ − i∆p)σ̃ − 2iλg
ηcd
κ

cos(ωdt)σ̃ + Σ̃in, (26)

similar to Eq. (10) but with a modified drive strength.
Similarly to the case of direct driving, the periodic
modulation of the electronic transition frequency ω̃0 =
ω0 + 2λgηcd cos(ωdt)/κ leads to sidebands proportional

to Jm
(

2λgηcd
κωd

)2

. However, at a difference to the direct

driving case, the free space coupling ηd has now been
replaced by a cavity enhanced strength gηcd/κ. To esti-
mate the gain in this approach, let us assume a free space
propagating infrared laser beam with transverse area S
and amplitude E such that P = ε0cE2S/2. If the molecule
were to be under direct laser illumination, the free space
Rabi frequency could be written as ηd = µE/~. In the
cavity, using κ = πc/(LF) (F is the cavity finesse and L

the cavity length) and estimating g = µ/~
√
~ωc/(2ε0LS)

we can then estimate the ratio (gηcd/κ)/ηd =
√
F/(2π).

A first advantage of using a cavity is therefore insured
when employing a high-finesse resonator, providing an
enhancement proportional to

√
F of all previously men-

tioned effects.
The second advantage presented by the cavity is an

effective Purcell increase of the vibrational relaxation
rate when large cooperativities Ccav = g2/(κΓ) > 1 are
employed. To illustrate this effect, we follow a standard
optomechanical approach52,53, where we incorporate the
effect of the infrared field onto the vibrations as an ad-
ditional cooling bath. This can be seen in the frequency
space as an optical force p(ω) = εm(ω)[ξ(ω) + FIR(ω)]

(with FIR(ω) = −
√

2g[a†(ω) + a(ω)]) added to the intrin-
sic Brownian noise term ξ(ω). The bare susceptibility
term εm(ω) = iω/(ω2 + 2iΓω− ν2) describes the response
of the vibron to the surrounding bath of oscillators. The
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additional effect of the optical bath is to give rise to a
modified mechanical susceptibility

(eeff
m )−1(ω) = [ε−1

m + 2g2 ν

ω
(εc(ω)− ε∗c(−ω))], (27)

by introducing the effect of the cavity via its susceptibiity
εc(ω) = 1/[i(ωc − ω) + κ]. This is the standard picture
of sideband cooling where an effective optical damping
rate can be computed (evaluated at ω = ν)

Γopt =
g2κ

κ2 + (ωd − ν)2
− g2κ

κ2 + (ωd + ν)2
. (28)

The resolved sideband condition requiring ωd = ν and
κ � ν gives rise to a simple expression for the opti-
cally induced cooling rate Γopt = g2/κ. Adding this
expression to the bare vibrational damping rate we obtain
Γeff = Γ + Γopt = Γ(1 + Ccav). This reveals this effect
as stemming from a Purcell modification of the damping
rate owing to coupling to a lossy cavity.

Going towards the strong coupling regime, Fig. 5(a)
illustrates the effective mechanical susceptibility as a func-
tion of g, revealing a mode splitting at the onset of strong
coupling g > κ. To calculate the cavity-modified ab-
sorption spectrum, one then has to again evaluate the
momentum correlation function 〈p(t)p(t′)〉 which can be
obtained similarly to the free space case by calculating the
correlations in frequency domain and then transforming
back to the time domain. The stationary part of the
momentum correlation function (full expression specified
in Appendix) in the weak coupling regime is given by

〈p(t)p(t′)〉st =
e−(Γ̃+iν)(t−t′)

2
+ |βc|2 cos(ωd(t− t′)),

(29)

with the cavity-induced vibrational occupation |βc|2 =
g2(ηcd)

2|εeff
m (ωd)|2|εc(ωd)2|. After integrating Eq. (26) and

calculating 〈σ(t)〉, the absorption spectrum (assuming
weak coupling g < κ) for γ � ωd can be expressed as

S(∆p)= (30)

η2
p

γ

∞∑
n=0

m,`=−∞

sλn(γ̃+nΓ̃)Jm(z)2J` (2λ|βc|)2

(γ̃+nΓ̃)2 + (∆p−nν −(m+`)ωd)2
.

with z = 2λgηcd/(κωd). In the case of complete resonance
ωd = ωc = ν, one can approximate |βc|2 ≈ [gηcd/(2κΓ)]2.
The previously discussed Purcell effect is clearly illus-
trated in the optical spectrum in Fig. 5(b) which shows
a a leveling of the floor around the driven vibrational
sideband at ∆p = ν. For increasing values of the coopera-
tivity the amplitude of the sidebands is increasing (owing
to the increase in g) while at the same time, absorption
outside this narrow interval is strongly suppressed.

IV. CONCLUSIONS AND OUTLOOK

The optical properties of infrared active molecules can
be strongly modified by direct coherent drive of vibra-

ν − 4κ ν ν + 4κ

ω/κ

0

1

2

3

g
/κ

|εeff
m (ω)|2 (a.u.)

0.0

0.5

1.0

−3 −2 −1 0 1 2 3
∆p/ν

10−7

10−5

10−3

S
(∆

p
)
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g = κ/3
g = κ/2

1

S
(∆

p
)

FIG. 5. Cavity-modified absorption. (a) Effective mechanical
susceptibility as a function of g and ω for Γ = κ. For g > κ,
the susceptibility shows a mode splitting of approximately 2g.
(b) Cavity-modified optical absorption spectrum for different
values of g in the weak coupling regime. Parameters: λ = 0.2,
Γ = 100γ, κ = 600γ = 6Γ, γφ = 0, ηcd = 0.8κ, ηp = 0.1γ.

tional transitions. We have introduced an analytical treat-
ment to these processes based on an open system approach
using quantum Langevin equations. Two main results
of the paper are that both amplitudes and linewidths of
particular vibrational sidebands can be externally tuned
by tuning the strength and frequency of the infrared drive.
These effects can find applications in improving the vi-
bronic coherence, i.e. creating vibronic transitions robust
with respect to vibrational relaxation. Moreover, the
additional drive through an infrared cavity resonant to vi-
brational transitions can benefit from the cavity-induced
Purcell effect and lead to the suppression of undesired
broad vibronic sidebands. While the current investiga-
tions are restricted to the level of one molecule, future
endeavors will see the extension of these calculations to
the level of collective coupling of a mesoscopic molecular
ensemble to an infrared cavity. Our formalism could also
be applied to the near field energy transfer between two
molecules (the so-called Förster resonance energy trans-
fer) where one could make use of the sideband control
to increase the spectral overlap and therefore also the
energy transfer rate between molecules. Similar ideas
have already been discussed for the modulation of purely
electronic degrees of freedom54,55.
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SUPPLEMENTARY MATERIAL

See Supplementary Material for more detailed deriva-
tions of the results in the main text.
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Appendix A: Free space driving: Full equations of motion

For a single vibrational mode periodically driven by Hd = ηd cos(ωdt)(b
† + b), the full equations of motion for

mechanical and electronic degrees of freedom are given by

q̇ = νp, (A1a)

ṗ = −2Γp− νp−
√

2ηd cos(ωdt)−
√

2λνσ†σ + ξ(t), (A1b)

σ̇ = −(γ̃ − i∆p + iλ2ν)σ + i
√

2λqσ + ηp(1− 2σ†σ) +
√

2γσin(1− 2σ†σ) +
√

2γφ
(
(σ†σ)inσ − σ(σ†σ)in

)
,

with γ̃ = γ + γφ. Using that the equation of motion for the displacement operator is given by56

Ḋ† = i
√

2λD†
∫ 1

0

dse−is
√

2λpṗ(t)eis
√

2λp (A2)

= −2
√

2iΓλD†p− λiν
√

2D†q + iνλ2D† + 2iνλ2D†σ†σ − 2iληd cos(ωdt)D† +
√

2iλD†ξ,

under the assumptions of weak probe fields (ηp � γ and therefore 〈σ†σ〉 � 1), the equations of motion for mechanical

degrees of freedom and polaron operator ˙̃σ = σ̇D† + σḊ† can be simplified to41

q̇ = νp, (A3a)

ṗ = −2Γp− νp−
√

2ηd cos(ωdt) + ξ(t), (A3b)

˙̃σ = −(γ̃ − i∆p)σ̃ − 2iληd cos(ωdt)σ̃ + ηpD† +
√

2γσ̃in +
√

2γφ
(
(σ†σ)inσ − σ(σ†σ)in

)
]D†, (A3c)

where we made use of the commutation relations [p,D†] = 0, [q,D†] = −
√

2λD†. Additionally, the population of the
electronic state evolves according to

d(σ†σ)

dt
= −2γσ†σ + 2ηp<{σ(t)}+

√
2γ
[
σ†σin + σ†inσ

]
. (A4)

The formal solution of the time evolution of the dipole operator (initial condition at −∞) is given by:

〈σ(t)〉 = ηp

∫ t

−∞
dt′e−(γ̃−i∆p)(t−t′)e−2iληd

∫ t
t′ ds cos(ωds) 〈D(t)D†(t′)〉 = (A5)

= ηp

∫ t

−∞
dt′e−(γ̃−i∆p)(t−t′)e−2iληd[sin(ωdt)−sin(ωdt

′)]/ωd 〈D(t)D†(t′)〉 .

1. Off-resonant driving

Let us first consider a very off-resonant drive of the vibrations (e.g., ωd � ν) such that the vibrational mode itself
is not excited and remains in the ground state. The only effect is then the modulation of the electronic transition
frequency and one can then assume free evolution of the vibrations ṗ = −2Γp− νp+ ξ(t). The displacement correlation
function for times t ≥ t′ is then given by (at zero temperature)

〈D(t)D†(t′)〉 = 〈e−i
√

2λp(t)ei
√

2λp(t′)〉 = 〈e−i
√

2λ(p(t)−p(t′))〉 eλ
2[p(t),p(t′)] (A6)

= 〈
∑
m

(−i
√

2λ)2m

(2m)!
(p(t)− p(t′))2m〉 eλ

2[p(t),p(t′)] = e−λ
2〈(p(t)−p(t′))2〉eλ

2〈[p(t),p(t′)]〉 =

= e−λ
2(〈p(t)2〉+〈p(t′)2〉−2〈p(t)p(t′)〉) = e−2λ2(〈p2〉−〈p(t)p(t′)〉) = e−λ

2

eλ
2e−(Γ+iν)(t−t′)

,

where we made use of the Isserlis theorem ((2m)!/(2mm!) partitions in the sum) and used that the momentum variance
is stationary 〈p2〉 = 〈p(t′)2〉 = 〈p(t)2〉 = 1/2. With this one can calculate the integral in Eq. (A5) by means of the
Jacobi-Anger expansion eiz sin Φ =

∑∞
m=−∞ Jm(z)eimΦ (Jm(z) are the Bessel functions of the first kind)

〈σ(t)〉 = ηpe
−λ2

e−2iληd sin(ωdt)/ωd

∫ t

−∞
dt′e−(γ̃−i∆p)(t−t′)

∞∑
n=0

λ2n

n!
e−n(Γ+iν)(t−t′)

∞∑
m=−∞

Jm
(

2ληd
ωd

)
eimωdt

′
= (A7)

= ηpe
−λ2

∞∑
n=0

∞∑
m=−∞

λ2n

n!

Jm
(

2ληd
ωd

)
e−iηd sin(ωdt)/ωdeimωdt

(γ̃ + nΓ)− i(∆p − nν −mωd)
.
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While the dipole moment is non-stationary, the excited-state population becomes stationary and one finds

〈σ†σ(t)〉 = 2ηp<
[∫ t

−∞
dt′e−2γ(t−t′) 〈σ(t′)〉

]
= (A8)

= 2η2
p<

 ∞∑
n=0

∞∑
m=−∞

∞∑
`=−∞

λ2n

n!

e−i(`−m)ωdt

2γ − i(`−m)ωd

Jm
(

2ληd
ωd

)
J`
(

2ληd
ωd

)
(γ̃ + nΓ)− i(∆p − nν −mωd)

 =

=
η2
p

γ

∞∑
n=0

∞∑
m=−∞

λ2n

n!

(γ̃ + nΓ)Jm
(

2ληd
ωd

)2

(γ̃ + nΓ)2 + (∆p − nν −mωd)2
,

where for γ � ωd one can approximate
∑∞
`=−∞

e−i(`−m)ωdt

2γ−i(`−m)ωd
f` ≈

∑∞
`=−∞ 1/(2γ)δm`f` = 1/(2γ)fm.

2. Resonant driving

In the case of resonant driving ωd ≈ ν, the vibrations will be driven into a coherent state with average vibron

occupancy given by 〈b†b〉 = |β|2 = (ηd/2)2

Γ2+(ωd−ν)2 and 〈p(t)〉 6= 0. The displacement correlation function then becomes

non-stationary and is given by (again applying the Isserlis theorem)

〈D(t)D†(t′)〉 = 〈e−i
√

2λp(t)ei
√

2λp(t′)〉 = 〈e−i
√

2λ(p(t)−p(t′))〉 eλ
2[p(t),p(t′)] (A9)

= 〈
∑
m

(−i
√

2λ)2m

(2m)!
(P (t, t′)− 〈P (t, t′)〉)2m〉 eλ

2[p(t),p(t′)]e−i
√

2λ〈P (t,t′)〉

= e−λ
2〈(P (t,t′)−〈P (t,t′)〉)2〉eλ

2〈[p(t),p(t′)]〉e−i
√

2λ〈P (t,t′)〉 = e−λ
2

eλ
2e−Γ+iν(t−t′)

e−i
√

2λ〈P (t,t′)〉.

where we denoted P (t, t′) = p(t)− p(t′), made use of the fact that the variance of coherent states is identical to vacuum

states 〈p(t)2〉 − 〈p(t)〉2 = 1
2 and used furthermore that the momentum correlation function is given by (for derivation

see Appendix B below)

〈p(t)p(t′)〉 =
1

2

(
β∗β∗eiωd(t+t′) + ββe−iωd(t+t′) + 2|β|2 cos (ωd(t− t′)) + e−(Γ+iν)(t−t′)

)
, (A10)

with β = (ηd/2)/ [Γ− i(ωd − ν)]. Using that 〈p(t)〉 =
(
β∗eiωdt + βe−iωdt

)
/
√

2, on resonance this becomes (β ≈ β∗)

〈D(t)D†(t′)〉 = e−λ
2

eλ
2e−Γ+iν(t−t′)

e−2iλ|β|(cos(ωdt)−cos(ωdt
′)). (A11)

The dipole moment can then be expressed as

〈σ(t)〉 = ηp

∫ t

−∞
dt′e−(γ̃−i∆p)(t−t′)e−2iληd[sin(ωdt)−sin(ωdt

′)]/ωde−λ
2

eλ
2e−Γ+iν(t−t′)

e−2iλ|β|(cos(ωdt)−cos(ωdt
′)) (A12)

= ηpe
−λ2

∞∑
n=0

∞∑
m,`=−∞

λ2n

n!

Jm
(

2ληd
ωd

)
i`J` (2λ|β|) ei(m+`)ωdt

(γ̃ + nΓ)− i(∆− nν −mωd − `ωd)
e−2iληd sin(ωdt)/ωde−2iλ|β| cos(ωdt).

The steady-state population 〈σ†σ〉 in the limit γ � ωd can then be calculated as

〈σ†σ(t)〉 = 2η2
pe
−λ2

∞∑
n=0

∞∑
m,`,h,k=0

ei(m+`+h−k)ωdt

2γ − i(k −m− `− h)ωd
<

 i
`ihJm

(
2ληd
ωd

)
Jk
(

2ληd
ωd

)
J` (2λ|β|)Jh (−2λ|β|)

(γ̃ + nΓ)− i(∆− nν −mωd − `ωd)


(A13)

≈
η2
p

γ
e−λ

2
∞∑
n=0

∞∑
m,`,k=−∞

<

 i
k−mJm

(
2ληd
ωd

)
Jk
(

2ληd
ωd

)
J` (2λ|β|)Jk−m−` (−2λ|β|)

(γ̃ + nΓ)− i(∆− nν −mωd − `ωd)


=
η2
p

γ
e−λ

2
∞∑
n=0

∞∑
m,`=−∞

λ2n

n!

(γ̃ + nΓ)Jm
(

2ληd
ωd

)2

J` (2λ|β|)2

(γ̃ + nΓ)2 + (∆p − nν − (m+ `)ωd)2
.
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Appendix B: Momentum correlation function

For the calculation of the momentum correlation function it is convenient to go to Fourier space (using the definition
O(ω) = F {O(t)} = 1√

2π

∫∞
−∞ dtO(t)eiωt):

p(ω) = εm(ω)
[
ξ(ω) + ηd

√
π (δ(ω + ωd) + δ(ω − ωd))

]
, (B1)

with the mechanical susceptibility εm(ω) = iω
ω2+2iΓω−ν2 . The momentum correlation function is then given by the inverse

transform 〈p(t)p(t′)〉 = 1
2π

∫∞
−∞ dω

∫∞
−∞ dω′e−iωte−iω

′t′ 〈p(ω)p(ω′)〉 which for Γ� ν can be estimated as (averages over

single noise terms vanish and εm(−ω) = ε∗m(ω)):

〈p(t)p(t′)〉 =
η2
d

2

[
e−(Γ+iν)(t−t′) + 2|εm(ωd)|2 cos(ωd(t− t′)) + εm(ωd)

2e−iωd(t+t′) + ε∗m(ωd)
2eiωd(t+t′)

]
. (B2)

Approximating εm(ωd) ≈ 1
2

1
Γ−i(ωd−ν) this can be expressed as

〈p(t)p(t′)〉 =
1

2

[
e−(Γ+iν)(t−t′) + 2|β|2 cos (ωd(t− t′)) + ββe−iωd(t+t′) + β∗β∗eiωd(t+t′)

]
. (B3)

Furthermore, one can easily obtain

〈p(t)〉 =
1√
2π

∫ ∞
−∞

dωe−iωt 〈p(ω)〉 =
1√
2

(
β∗eiωdt + βe−iωdt

)
. (B4)

Appendix C: Cavity dynamics

We consider a driven IR-cavity with driving amplitude ηd (frequency ωd) and a free space “probe”-beam with
amplitude ηp. The dynamics of the cavity-electron-vibron system is then encompassed in the following four equations
for vibrational mode operators, cavity mode and polaron operator σ̃:

q̇ = νp, (C1)

ṗ = −2Γp− νq −
√

2g(a† + a) + ξ(t), (C2)

ȧ = − (κ+ iωc) a− i
√

2gq +
√

2κain + ηcd cos(ωdt), (C3)

˙̃σ = −(γ̃ − i∆p)σ̃ − 2iλg(a† + a)σ̃ + Σ̃in, (C4)

Similar to the free space driving case, the coupling to the cavity leads to a periodic modulation of the electronic
transition frequency ω̃0 = ω0 + 2λg

[
a†(t) + a(t)

]
. This can be approximated by eliminating the cavity mode (assuming

ωd ≈ ωc)

˙̃σ = −(γ̃ − i∆p)σ̃ − 2iλg
ηcd
κ

cos(ωdt)σ̃ + Σ̃in, (C5)

which is formally identical to the free space case in Eq. (A3c). For the calculation of the absorption spectrum, we
again require the expectation value and correlation functions of the momentum quadrature which will be modified
compared to the free space case due to coupling to the cavity. To this end, we will follow a standard optomechanical
approach52. In frequency space, the equations of motion read

−iωq(ω) = νp(ω), (C6)

−iωp(ω) = −2Γp(ω)− νq(ω)−
√

2g
[
a†(ω) + a(ω)

]
+ ξ(ω), (C7)

−iωa(ω) = − (κ+ iωc) a(ω)− i
√

2gq(ω) +
√

2κain(ω) +
√

2π
ηd
2

[δ(ω − ωd) + δ(ω + ωd)] , (C8)

−iωa†(ω) = − (κ− iωc) a(ω) + i
√

2gq(ω) +
√

2κa†in(ω) +
√

2π
ηd
2

[δ(ω + ωd) + δ(ω − ωd)] . (C9)

Plugging the first equation into the second one, we can express

p(ω) = εm (ω)
[
ξ(ω)−

√
2g
(
a†(ω) + a(ω)

)]
=: εm(ω) [ξ(ω) + FIR(ω)] , (C10)
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with the force of the infrared field FIR(ω) = −
√

2g
[
a†(ω) + a(ω)

]
and the mechanical susceptibility εm(ω) = iω/(ω2 +

2iΓω − ν2). The equations for the cavity field operators can be expressed as

a(ω) = εc(ω)

[√
2κain − i

√
2gq +

√
2π
ηcd
2

(δ(ω − ωd) + δ(ω + ωd))

]
, (C11)

a†(ω) = ε∗c(−ω)

[√
2κa†in + i

√
2gq +

√
2π
ηcd
2

(δ(ω + ωd) + δ(ω − ωd))
]
, (C12)

with the susceptibility of the infrared cavity field εc(ω) = 1
i(ωc−ω)+κ . Defining the effective mechanical susceptibility

[εeff
m ]−1(ω) =

[
ε−1
m + 2g2 ν

ω (εc(ω)− ε∗c(−ω))
]
, we can express

p(ω)=εeff
m (ω)

[
ξ(ω)−2εc(ω)

√
κgain−2ε∗c(−ω)

√
κga†in − εc(ω)

√
πgηd (δ(ω−ωd)+δ(ω+ωd))−ε∗c(−ω)

√
πgηd (δ(ω+ωd)+δ(ω−ωd))

]
.

(C13)

The effective mechanical susceptibility εeff
m can be expressed as:

(εeff
m )−1(ω) =

ω2 + 2iΓω − ν2

iω
+ 2g2 ν

ω

[
κ

κ2 + (ωc − ω)2
− κ

κ2 + (ωc + ω)2

]
(C14)

+ 2g2 ν

ω
i

[
(ω − ωc)

κ2 + (ωc − ω)2
− (ω + ωc)

κ2 + (ωc + ω)2

]
.

From this, we can define an effective modified decay rate and frequency shift

Γ̃(ω) = Γ + g2 ν

ω

[
κ

κ2 + (ωc − ω)2
− κ

κ2 + (ωc + ω)2

]
, (C15)

ν̃2(ω) = ν

[
ν + 2g2

(
(ω − ωc)

κ2 + (ωc − ω)2
− (ω + ωc)

κ2 + (ωc + ω)2

)]
. (C16)

The absolute value squared of the effective mechanical susceptibility can then be written as

|(εeff
m )(ω)|2 =

ω2

(ν̃2(ω)− ω2)2 + 4Γ̃(ω)2ω2
. (C17)

In the weak coupling regime g < κ, the effective mechanical susceptibility for ωc = ν becomes

|(εeff
m )(ω)|2 =

ω2

(ν2 − ω2)2 + 4Γ̃2ω2
, (C18)

so the only effect is the modification of the decay rate Γ̃.

1. Calculation of momentum correlation function (weak coupling regime)

For the calculation of the cavity-modified absorption spectrum one again requires the momentum correlation function.
In frequency space, the momentum correlation function without the drive terms then becomes (using that all noise

correlations except 〈ξ(ω)ξ(ω′)〉 and 〈ain(ω)a†in(ω′)〉 are zero):

〈p(ω)p(ω′)〉 = εeff
m (ω)εeff

m (ω′)[Sth(ω)δ(ω + ω′) + SIR(ω)δ(ω + ω′)]. (C19)

where we defined the infrared spectrum SIR(ω) = 4κg2|εc(ω)|2. The momentum correlation function in time domain is
then given by the Fourier transform

〈p(t)p(t′)〉 =
1

2π

∫ ∞
−∞

dωe−iωt
∫ ∞
−∞

dω′e−iω
′t′ 〈p(ω)p(ω′)〉 . (C20)
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Additionally to the two terms in Eq. (C19), there are 16 terms stemming from the driving of the cavity mode. For
those terms we obtain (using that εeff

m (−ω) = εeff
m (ω)∗ and neglecting off-resonant terms εc(−ωd) and ε∗c(−ωd)):

〈p(t)p(t′)〉drive =
g2η2

d

2

[
e−iωd(t+t′)εeff

m (ωd)
2εc(ωd)

2 + 2 cos(ωd(t− t′))|εeff
m (ωd)|2|εc(ωd)|2 + eiωd(t+t′)(εeff,∗

m (ωd))
2ε∗c(ωd)

2
]
.

(C21)

Similar to the free space driving, one finds that the momentum correlation function is not stationary. For the two terms
independent of the drive, the first term is the effective mechanical susceptibility weighted by the thermal spectrum:

〈p(t)p(t′)〉th =
1

2π

∫ ∞
−∞

dωe−iω(t−t′)|εeff
m (ω)|2Sth(ω) =

1

2π

∫ ∞
−∞

dωe−iω(t−t′)|εeff
m (ω)|2 2Γω

ν

[
coth

(
βω

2

)
+ 1

]
. (C22)

In the following we will focus on the case of zero temperature. The integral in this case picks only positive frequency
components and can then be approximated by

〈p(t)p(t′)〉th =
1

2π

∫ ∞
0

dωe−iω(t−t′)|εeff
m (ω)|2 4Γω

ν
. (C23)

The second term describes the effect of the infrared field

〈p(t)p(t′)〉IR =
1

2π

∫ ∞
−∞

dωe−iω(t−t′)|εeff
m (ω)|2SIR(ω) =

1

2π

∫ ∞
−∞

dωe−iω(t−t′)|εeff
m (ω)|2 4g2κ

κ2 + (ωc − ω)2
(C24)

≈ 1

2π

∫ ∞
0

dωe−iω(t−t′)|εeff
m (ω)|2 4g2κ

κ2 + (ωc − ω)2
,

where the last step assumes κ� ωc. In the following we will calculate 〈p(t)p(t′)〉IR and 〈p(t)p(t′)〉th (for ωc ≈ ν). We
will approximate the expressions under the integral with Lorentzians by expanding around the resonances and only
keeping the leading order terms of the expansion. In the weak coupling regime, we can expand around ω = ν + δ:

〈p(t)p(t′)〉th =
1

2π
e−iν(t−t′)

∫ ∞
−∞

dδe−iδ(t−t
′) Γ

Γ̃

Γ̃

δ2 + Γ̃2
= (C25)

=
Γ

2Γ̃
e−(Γ̃+iν)(t−t′).

〈p(t)p(t′)〉IR =
1

2π
e−iν(t−t′)

∫ ∞
−∞

dδe−iδ(t−t
′) g

2

κΓ̃

Γ̃

δ2 + Γ̃2
= (C26)

= C
Γ

2Γ̃
e−(Γ̃+iν)(t−t′),

with C = g2

κΓ . All together this just gives Γ
2Γ̃

(1 + C)e−(Γ̃+iν)(t−t′) = 1
2e
−(Γ̃+iν)(t−t′), i.e., the only effect is the

modification of the spectral linewidth of Γ. For ν 6= ωc, the generalized cooperativity can be expressed as as

C(ω) = g2κ/Γ
κ2+(ω−ωc)2 . The total momentum correlation function is then given by

〈p(t)p(t′)〉 = 〈p(t)p(t′)〉drive + 〈p(t)p(t′)〉th + 〈p(t)p(t′)〉IR . (C27)

2. Cavity-modified absorption spectrum

The cavity-modified ground-excited electronic coherence is given by a formal integration of Eq. (C5)

〈σ(t)〉 = ηp

∫ t

−∞
dt′e−(γ−i∆p)(t−t′)e−2iλgηd[sin(ωdt)−sin(ωdt

′)]/(ωdκ) 〈D(t)D†(t′)〉 . (C28)

The steady-state population can then be calculated analogously to Appendix A which yields

〈σ†σ〉 =
η2
p

γ

∞∑
n=0

∞∑
m,`=−∞

λ2n

n!

fFC(γ̃ +nΓ̃)Jm
(

2λgηcd
κωd

)2

J` (2λ|βc|)2

(γ̃ +nΓ̃)2 + (∆p−nν −(m+ `)ωd)2
, (C29)

with the cavity-modified vibrational occupation |βc|2 = g2η2
d|εeff

m (ωd)|2|εc(ωd)2|. For resonant driving of the cavity

ωd = ωc, this can be approximated by |βc|2 = g2

κ2

(ηcd/2)2

Γ̃2+(ωd−ν)2
.
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