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ABSTRACT
A connection between the super-Arrhenius behavior of dynamical properties and the correlated dynamics for supercooled liquids is examined
for a well known glass forming binary Lennard-Jones mixture and its repulsive counterpart, the Weeks–Chandler–Andersen potential, over a
range of densities. When considering short time nonergodic trajectory segments of a longer ergodic trajectory, we observe that, independent of
the potentials and densities, the apparent diffusivity follows Arrhenius behavior until low temperatures. Comparing the two potentials, where
the ergodic diffusivities are known to be rather different, we find that the short-time nonergodic part is similar throughout the temperature
range. By including a correlation factor in the nonergodic diffusivity, a rescaled value is calculated, which provides a reasonable estimate of
the true ergodic diffusivity. The true diffusion coefficient and the correction factor collapse to a master plot for all densities at any given time
interval. Hence, our results confirm a strong connection between fragility and dynamical correlation.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0015091., s

I. INTRODUCTION
Liquids can enter a metastable supercooled state on fast cooling.

The viscosity and relaxation time increase rapidly, but the struc-
ture of the supercooled state appears to be unaltered with respect
to the high temperature liquid state.1 Thus, the origin of the sluggish
dynamics still remains an open question. At higher temperatures,
the dynamical observable properties (X), such as viscosity, diffusion
coefficient, and relaxation time, follow Arrhenius behavior, where
X∝ exp(±E/T) for a constant E, which is interpreted as an activation
energy. However, below the onset temperature of glassy dynam-
ics, the dynamical properties may follow super-Arrhenius behav-
ior. The Vogel–Fulcher–Tammann (VFT) equation commonly fits
the behavior quite well at low temperatures,2–4 where X ∝ exp(±E/
(T − Tg)), with Tg being the glass transition temperature where
the system is eventually arrested in a non-crystalline jammed state.
Alternative fits without singularities can also be used.5–7

Based on the rate of slowdown of the dynamical properties,
supercooled liquids are categorized into two classes as “strong”
and “fragile.”8,9 These properties follow Arrhenius behavior until

a much lower temperature for the “strong” liquids, whereas they
deviate faster for “fragile” liquids. Network-forming glass formers,
such as silica and germanium oxides, are usually strong materi-
als, while systems such as orthoterphenyl and Lennard-Jones (LJ)
binary mixtures at high densities are often classed as fragile glass
formers.10–13

As for any system, the dynamics of supercooled liquids become
increasingly heterogeneous on a finite observation time scale at
lower temperatures, both experimentally and in computer simula-
tions.14–17 The structural relaxation time follows a non-exponential
two-step decay on cooling the liquid.1 There have been extensive
studies to connect the longer α-relaxation time scale to the dynam-
ical heterogeneity of the system.18–20 The positive value of non-
Gaussian parameter α2 = 3⟨Δr4

(t)⟩
5⟨Δr2(t)⟩2 − 1 at low temperatures reflects

the dynamical heterogeneity, which goes to zero at long time scales
for an ergodic trajectory.21 The ergodic self-diffusion coefficient is
usually obtained from the Einstein relationship in the t → ∞ limit
for the supercooled state, and it may exhibit super-Arrhenius behav-
ior at low temperatures. The temperature dependence of dynamic
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observables, such as the structural relaxation time and the dif-
fusion coefficient, is often interpreted via the Adam–Gibbs rela-
tionship,22 which involves a configurational entropy of some sort.
Rabani et al. estimated a residence time scale for cage rattling and
connected that to the non-exponential decay.23 The cage-breaking
time scale has been connected to the super-Arrhenius behavior.24

Doliwa and Heuer defined the superstructure of the landscape in
terms of metabasins, which were associated with longer time scale
dynamics.25,26 Although many theories of the glass transition con-
sider long time structural relaxation, Ngai et al. have shown that this
observable originates from its precursor short time β-relaxation.27

More recently, the dynamical heterogeneity has also been connected
to the shorter time β-relaxation of the system.28,29 The importance of
the short time dynamics to the growing length scales and the hetero-
geneity has been established in experiments and simulations.30 The
present approach provides a different perspective from treatments
based on the energy landscape, where the dynamics are coarse-
grained in terms of transitions between local minima. The correla-
tion effect we analyze here in terms of explicit dynamics is consistent
with the need to consider productive cage-breaking rearrangements
in analyzing the overall diffusion.12,13,24,31 Atoms must change their
local environment in terms of the surrounding nearest-neighbors
to achieve diffusion, but some case-breaking processes are rapidly
reversed. Hence, negative correlation also manifests itself when dif-
fusion is broken down into transitions between local minima on the
potential energy landscape.

In previous work,5,32 we calculated a time-dependent diffusion
constant for a nonergodic subset of an ergodic trajectory and found
that even for a fragile system, it followed Arrhenius behavior. We
observed that this short time diffusion constant can be connected
to the true super-Arrhenius behavior by accounting for a negative
correction factor, which depends on the average angle between the
steps in successive time intervals. The value of the negative cor-
rection increases on lowering the temperature, thus establishing a
connection between the negative correlation and the dynamics. The
correlation is also found to be important for a strong glass forming
liquid, such as SiO2.13 The number of available diffusive pathways
appears to decrease at lower temperatures.24

There have been extensive studies comparing systems based
on the Lennard-Jones (LJ) potential and its repulsive counterpart,
the Weeks–Chandler–Andersen (WCA) form.33–36 The dynami-
cal properties of the two systems are distinct, but they appear to
have similar structures.33 Furthermore, it has been established that
the difference in dynamical properties can be connected to the
entropy.36–39 Recently, based on a machine learned softness field, a
structure–dynamics correlation has been quantified.40 It was shown
that the LJ system is more fragile than WCA at low densities.34,41

However, as the density increases, both the dynamical and thermo-
dynamic properties are comparable for LJ and WCA systems, and
the fragilities are similar at higher densities.41 LJ systems obey a
density–temperature scaling over a wide range of densities, which
breaks down for WCA at low densities.35,42

In the present contribution, we calculate the short time noner-
godic diffusion coefficients5,32 for LJ and WCA systems at various
densities. We observe that for both of them, the nonergodic diffu-
sion coefficient overestimates the actual diffusion constant, without
the negative correction factor. However, on including this factor,
super-Arrhenius behavior is recovered. A comparison between the

dynamical properties of LJ and WCA systems at lower densities indi-
cates that, even though the two systems behave differently at long
time scales, they behave similarly at short time scales. However, at
higher densities, they behave similarly throughout the observable
time range. The long time diffusion coefficient and the negative cor-
relation are found to follow a master curve for both systems at all the
densities considered and all the time windows.

This paper is organized as follows: The simulation details are
given in Sec. II. In Sec. III, we present our results. Section IV contains
a brief conclusion.

II. SIMULATION DETAILS
We performed molecular dynamics (MD) simulations of a

256-particle binary mixture of 204 A and 52 B atoms, interacting
according to the LJ potential and its repulsive counterpart (WCA)
in a periodically repeated cell.43,44 The interatomic pair potential
between species α and β, with α, β = A, B, Uαβ(r) is described by
a shifted and truncated LJ potential,

Uαβ(r) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

U(LJ)
αβ (r; σαβ, ϵαβ) −U(LJ)

αβ (r
(c)
αβ ; σαβ, ϵαβ), r ≤ r(c)αβ

0, r > r(c)αβ ,
(1)

where U(LJ)
αβ (r; σαβ, ϵαβ) = 4ϵαβ[(σαβ/r)12−(σαβ/r)6] and r(c)αβ is equal

to the position of the minimum of U(LJ)
αβ for the WCA systems.

Length, temperature, and time are given in units of σAA, kBT/ϵAA,
and τ = √(mAσ2

AA/ϵAA), respectively. Here, we have simulated
the Kob–Andersen model43 with interaction parameters σAA = 1.0,
σAB = 0.8, σBB = 0.88, ϵAA = 1, ϵAB = 1.5, ϵBB = 0.5, and
mA = mB = 1.0. We performed MD simulations in the canoni-
cal ensemble (NVT) for a Nosé–Hoover thermostat with integra-
tion time step 0.005τ using LAMMPS.45 The time constants for the
Nosé–Hoover thermostat are taken to be 100 time steps. We have
studied the systems at densities ρ from 1.2, 1.4, and 1.6 for both LJ
and WCA potentials.

III. RESULTS
At high temperatures, supercooled liquids generally follow

Arrhenius behavior, which can change to super-Arrhenius behavior
on cooling. To understand the origin of this transition for different
glass forming liquids, we follow the analysis in previous work5,32 and
define a non-ergodic diffusion constant D(τ, T). A similar time win-
dow analysis for the Kolmogorov entropy to quantify information
loss in the chaotic dynamics has been reported earlier.46,47 The actual
diffusion coefficient, D(T), is calculated using the Einstein relation-
ship in the ergodic limit. The nonergodic diffusion constant D(τ, T)
is calculated over shorter, nonergodic time intervals, τ, and we con-
sider the average value over an ergodic trajectory. The true diffusion
coefficient D(T) is recovered when the interval τ is large enough.
D(T) is calculated as

D(T) = lim
t→∞

1
6t
⟨Δri(t)2⟩, (2)
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where ⟨⋅⟩ denotes the ensemble average over atom i. If the total tra-
jectory is divided into m shorter time intervals, τ, then we define the
diffusion constant for time scale τ as5,32

D(τ,T) ≡ lim
t→∞

1
6t
⟨Δri(t, τ)2⟩, (3)

where the mean squared displacement Δri(t, τ)2 = ∑m
j=1 Δri(j)2

with mτ = t, and the displacement of particle i in time interval j is
Δri(j) = ri(jτ) − ri(jτ − τ).

For smaller values of τ, the diffusion coefficient is generally
overestimated because the correlation between different time inter-
vals is neglected in the above expression. The true squared displace-
ment can be written in terms of the displacements in successive time
windows Δri(j) as

Δri(t)2 =
m

∑
j=1

Δri(j)2 + 2∑
j<k

Δri(j) ⋅ Δri(k)

=
m

∑
j=1

Δri(j)2 + 2∑
j<k

Δri(j)Δri(k) cos θj,k(i). (4)

Here, θjk(i) is the angle between the displacement vectors for atom i
in intervals j and k, andΔri(j) represents the magnitude ofΔri(j). The
second term in Eq. (4) is neglected to calculate D(τ, T) in Eq. (3), but
we will see that the correlation term cos θj ,k(i) is essential to calculate
the true diffusion constant if τ is small.

In Fig. 1, we plot D(τ, T) for the LJ and WCA systems at ρ = 1.2.
At this density, LJ is more fragile than WCA.18,36 As τ increases, we

recover the true long time diffusion coefficients for both systems.
The figure shows that the super-Arrhenius behavior reappears at
larger values of τ. At high temperatures, for both systems, ergodic-
ity is achieved even with small τ values, suggesting that the strength
of the correlation decreases at higher temperatures. However, at
low temperatures and small τ, the approximation significantly over-
estimates the diffusion constant because correlation is neglected.
We have calculated D(τ, T) for different densities and find similar
behavior (see the supplementary material).

To understand the effect of the negative correction as a function
of temperature, we examine the correlation factor, which depends on
the average angle between steps [second term of Eq. (4)]. Since the
correction is important at low temperatures, D(τ, T) is an overesti-
mate at lower temperatures for both systems (Fig. 1). To investigate
this effect, we plot the average of cos θj ,k over atoms and over the
trajectory (Fig. 2) as a function of n, where k = j + n, for a partic-
ular time window τ = 100. We find that the mean cos θj ,k ≈ 0 for
n > 1, which indicates that the directions are uncorrelated at larger
intervals. However, for the adjacent interval, the displacements are
negatively correlated up to a time threshold, and the magnitude
of the negative correction increases on lowering the temperature.
The existence of negative correlation was demonstrated in earlier
studies,5,25,32,48 in agreement with the present work. This behav-
ior is independent of the nature of the potential or the density. A
vanishing correction term is consistent with a random walk, where
the angle and magnitude of the displacements are independent and
separable. The magnitudes of the negative corrections for different
densities are given in the supplementary material.

FIG. 1. The time-dependent diffusion
coefficients D(τ, T) for LJ and WCA sys-
tems at ρ = 1.2. We have calculated D(τ,
T) for different time windows τ = 50, 100,
200, 500, 1000, and 5000 MD steps with
each time step dt = 0.005 in reduced
units. We observe at τ = 5000 that D(τ,
T) is practically converged to the true dif-
fusion constant calculated using Eq. (2).
For both systems, at high temperatures,
D(τ, T) is a reasonable estimate, but
at lower temperatures with shorter time
windows, it is significantly too large.

FIG. 2. cos θj , j +n averaged over atoms
and over the trajectory for different tem-
peratures at τ = 100. The plot shows that
the direction of motion for non-adjacent
time intervals is essentially uncorrelated
above a certain time threshold. For both
the LJ and WCA systems, the average
decreases on lowering the temperature.
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FIG. 3. cos θj , j +n averaged over atoms
and over the trajectory increases with
decreasing τ. This result suggests that
the negative correlation is mostly impor-
tant for shorter time windows. For longer
windows, D(τ, T) is already in good
agreement with the actual relaxation time
of the system. The error bars associated
with the mean of the average ⟨cos θj , j +n⟩
are shown in the figure.

To measure the time scale for which the negative correction
survives, we compare the correlation term for different time inter-
vals. We plot ⟨cos θj ,j+1⟩, averaged over atoms and the trajectory, for
both systems at a fixed temperature, T = 0.70, as shown in Fig. 3. The
magnitude of ⟨cos θj ,j+1⟩ increases with decreasing τ and decreasing
temperature. We set the error bar of our calculation as 2σ, where σ is
the standard deviation. The small positive values for ⟨cos θj ,j+1⟩ with
n > 1 are simply statistical noise. We observe that the anticorrelation
factor between short time windows is significant, so incorporation
of this term is necessary to estimate D(T). However, for larger time
windows, the magnitude of the anticorrelation term decreases, and
consequently, D(τ, T) is a better estimate of true diffusion con-
stant. We also observe that the values are higher for the LJ system
compared to WCA when compared at a given temperature, which
indicates that the negative correction is more important for LJ. This
result is consistent with earlier observations that diffusion in the LJ
system is slower compared to its repulsive counterpart at ρ = 1.2.33

In Fig. 3, we find that the correction function for n = 1 is negative
up to a certain time threshold and eventually decays to zero when
calculated for long time windows. To quantify this effect, we have
plotted ⟨cos θj ,j+1⟩ as a function of the number of MD steps in Fig. 4.
It is clear that the correction goes to zero within the error bar as time
increases. Here, the error bars are defined in the same way as for
Fig. 3. For low temperatures, the correction survives to longer times,

while at higher temperatures, the function decorrelates in shorter
time windows. The time scale associated with the decorrelation,
where ⟨cos θj ,j+1⟩ ≈ 0, increases at lower temperatures and is closely
connected to the α-relaxation time/caging of the system. In the inset
of Figs. 4(a) and 4(b), we plot the mean square displacement as a
function of temperature, which decreases at lower temperatures. The
time scale associated with decorrelation of ⟨cos θj ,j+1⟩ and the mag-
nitude of the function ⟨cos θj ,j+1⟩ in any chosen time window both
increase on lowering the temperature. These effects are essentially
connected to the growing time scale and length scale, respectively,
on vitrification.

To estimate an approximate mean field-like diffusion, we
assume thatm in Eq. (4) is large, and the magnitude of displacements
in the adjacent steps is similar, so that only the average behavior of
cos θjk is important, giving32

⟨Δr2(t)⟩ ≈
m

∑
j=1
⟨Δri(j)2⟩(1 + 2⟨cos θj,j+1⟩). (5)

This approximation is valid in a mean field limit, where we assume
that the displacement for every atom in every interval has the same
magnitude. This simplification allows us to derive a new expres-
sion for the diffusion coefficient, D∗(τ, T), where super-Arrhenius

FIG. 4. ⟨cos θj , j +1⟩ and the mean squared displacement (msd) at ρ = 1.2 for different values of the time window (τ) and for a range of temperatures. At high temperatures,
the function goes to zero for fewer time steps, whereas the lower temperature requires more time to decorrelate. Comparing the mean squared displacement (msd) in the
inset figures suggests that the time scale for decorrelation of ⟨cos θj , j +1⟩ is connected to the caging time scale.
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FIG. 5. The mean-field type approximation D∗(τ, T) for the WCA system at ρ = 1.2
for different values of the time window (τ). Inset: D(τ, T) for the same temperature
range.

behavior is recovered for different time intervals using the mean
correction term5,32

D∗(τ,T) = D(τ,T)(1 + 2⟨cos θj,j+1⟩). (6)

In Fig. 5, we plot the nonergodic diffusion coefficients D∗(τ, T)
and D(τ, T) (inset) for WCA systems at a density of 1.2. The plot
shows that with addition of the correction term, the rescaled diffu-
sion coefficient D∗(τ, T) follows super-Arrhenius behavior from a
smaller value of τ. The sensitivity to τ decreases significantly on cor-
recting the expression, so D∗(τ, T) can provide a reasonable estimate
of the true diffusion coefficient for shorter trajectories. However, the
corrected diffusion constant is still too large for the smaller time win-
dows, presumably because of the initial mean field assumption. As
the negative correlation extends beyond adjacent steps for the small
time windows (Fig. 3), we have also considered including higher
order terms. However, although inclusion of higher order terms
slightly improves the diffusion coefficient, the prediction is still far
from the true value. Hence, we confirm that the mean field assump-
tion is indeed not correct for very short time windows. We have
estimated the mean diffusion coefficients for a range of densities for
both the LJ and WCA systems (see the supplementary material). The
overall results suggest that the incorporation of the negative correc-
tion is essential to recover super-Arrhenius behavior, independent
of the density or the interatomic potential.

The attractive interaction is sometimes treated as a perturba-
tion in liquid state theory.49 However, in the last decade, it has
been established that the dynamical properties of models with purely
repulsive interactions are less sluggish and heterogeneous compared
to the full potential.33,50 The slowdown of the dynamical properties
has been connected to the many-body correlations present in the
system,51 although it has also recently been connected to the two-
body structural properties.41,52 To investigate the role of fragility
in the correction dynamics, we compare the diffusion coefficient
D(τ, T) for the LJ and WCA systems at two distinct τ values and
different densities. In Fig. 1, we can see that for the smaller value of
τ, the short time diffusion coefficient overestimates the actual dif-
fusion constant, which is recovered for larger τ values. This result
holds at higher densities for both systems, independent of the choice
of time interval. In Fig. 6, we see that, at lower densities, even though
the long-time diffusion coefficients are different for both systems,
they exhibit similar behavior at smaller τ. This result confirms that
the models appear similar only if we ignore the negative correction
term, suggesting that the difference in fragility is subsumed in the
correction factor.

To quantify our observations, we plot the magnitude of the
second term of Eq. (4) at n = 1, since it is essentially zero oth-
erwise. Interestingly, in Fig. 7, we observe that, as for the diffu-
sion coefficient, the correction factor decreases with temperature
and the rate of decrease qualitatively follows the same trend as
the fragility. At higher densities, the magnitudes are close through-
out the state points studied in the present work. This result is in
good agreement with earlier studies, where at higher densities, the
structures and dynamical properties were observed to behave sim-
ilarly.41,52 The similar behavior of the temperature dependence of
the correlation term and fragility has been quantified by plotting
the long time diffusion coefficients and ⟨cos θj ,j+1⟩ in Fig. 8. We
observe a data collapse for the LJ and WCA systems at different
densities, suggesting that the temperature dependences of the two
quantities are strongly connected. Although our present study does
not provide any analytical functional relationship, we see that the
master plot holds for all the observation time windows. We have
plotted D(T) and ⟨cos θj ,j+1⟩ at three different time windows for
illustration. Our results show that for each system, density and
observation time window, the temperature dependence of the dif-
fusion coefficient always tracks the rate of change in the correlation
function.

FIG. 6. The difference in fragility for LJ
and WCA systems at ρ = 1.2 and 1.6 is
examined for two time intervals, τ = 10
and τ = 5000, by considering ln D(τ, T).
The principal difference in D(τ, T) arises
at a low density for the larger τ value.
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FIG. 7. The magnitude of ⟨cos θj , j +1⟩
increases on lowering the temperature
for two selected densities. The temper-
ature dependence of the anti-correlation
factor follows a similar trend to the
fragility.

FIG. 8. The true diffusion coefficient as a function of ⟨cos θj , j +1⟩ for three selected time windows. We observe a master plot for both systems at all the densities, which
suggests a quantitative relationship between the diffusion coefficient and the correction function.

IV. CONCLUSION
To investigate fragility and correlated dynamics, we have exam-

ined a binary Lennard-Jones system and its repulsive counterpart,
WCA, over a range of densities. At lower temperatures, where both
models follow super-Arrhenius behavior, we can estimate a noner-
godic diffusion coefficient for short time windows, which exhibits
Arrhenius-like behavior for both systems. For larger time windows,
ergodicity is approached, and we recover the true super-Arrhenius
behavior. The magnitude of the anti-correlation factor increases on
lowering the temperature, suggesting that it is more important on
supercooling. On combining the anti-correlation factor with the
nonergodic diffusion coefficient, a mean field value is estimated,32

which is much closer to the true diffusion coefficient for both sys-
tems. This approach might be useful in future work to approximate
the diffusion coefficients of ultrastable glasses in the deep super-
cooled region using a nonergodic trajectory.53–55 At lower densities,
LJ and WCA have different fragilities. However, on short time scales,
the nonergodic diffusion coefficients are similar, which supports the
suggestion that the difference in fragility mainly originates from the
correlation correction factor. The temperature dependence of the
magnitude of the correction factor qualitatively behaves in a sim-
ilar way to the fragility. At higher densities, LJ and WCA behave
similarly in terms of both short and long time dynamics. The tem-
perature dependence of the correction factor is also similar at higher
densities. The correction factor reveals that the displacements are

negatively correlated. The negative correction is directly manifested
in the increased effective activation energy at lower temperatures for
both models. The data collapse for both systems at different time
windows strongly suggests a quantitative relationship between the
rate of change of the negative correlation with temperature and the
fragility.

SUPPLEMENTARY MATERIAL

See the supplementary material for the time-dependent diffu-
sion coefficients D(τ, T) and the approximate diffusion coefficients
D∗(τ, T) for LJ and WCA systems at ρ = 1.2, 1.4, and 1.6. We have
also provided the behavior of the average correlation term for the
two systems at all the densities studied in the present work.
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