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THE BOUNDED HEIGHT CONJECTURE FOR SEMIABELIAN
VARIETIES

LARS KUHNE

ABSTRACT. The Bounded Height Conjecture of Bombieri, Masser, and Zannier states that
for any sufficiently generic algebraic subvariety of a semiabelian Q-variety G there is an
upper bound on the Weil height of the points contained in its intersection with the union of
all algebraic subgroups having (at most) complementary dimension in G. This conjecture
has been shown by Habegger in the case where G is either a multiplicative torus or an abelian
variety. However, there are new obstructions to his approach if G is a general semiabelian
variety. In particular, the lack of Poincaré reducibility means that quotients of a given
semiabelian variety are intricate to describe. To overcome this, we study directly certain
families of line bundles on G. This allows us to demonstrate the conjecture for general
semiabelian varieties.

A generalization of the classical Manin-Mumford conjecture is the following theorem, which
was proven by Raynaud [51], [52] for abelian varieties, by Laurent [39] for algebraic tori, and
by Hindry [26] in general. We recall that a semiabelian variety G over a field k is a connected
smooth algebraic k-group that is the extension of an abelian variety by a torus.

Theorem 1. Let G be a semiabelian variety over Q with torsion points Tor(G) C G(Q). For
any algebraic subvariety X of G, there are finitely many connected algebraic subgroups G; of
G and finitely many torsion points x; € Tor(G) such that \J;_, (G + x;) is the Zariski closure
of X NTor(G).

More recently, another type of intersections in semiabelian varieties has been widely stud-
ied. These intersections are with algebraic subgroups instead of torsion points. Of course,
investigating the intersection of X with a single such subgroup is a dreary task. However, very
interesting phenomena appear when intersecting X C G with the countable union GI! of all
algebraic subgroups having codimension > s for some fixed integer s.

Since the pioneering work of Bombieri, Masser, and Zannier [5] in this direction, two choices
of s are of paramount importance. If s = dim(X) + 1, an algebraic subgroup H C G of
codimension > s usually does not meet X at all. The intersection X NG*) may nevertheless be
dense in the Zariski topology — even in generic cases. If X is not contained in a proper algebraic
subgroup of G, conjectures of Pink [50] and Zilber [68] imply that this never happens. Such
statements about “unlikely intersections” are still unsettled problems, on which the reader
finds a comprehensive overview in [67]. This article treats the other important and related
case where s = dim(X). In this case, a generic subgroup H C G of codimension > s intersects
X already in finitely many points, and X N GI4™(X)] can be dense with respect to the Zariski
topology of X. The gist of the Bounded Height Conjecture (BHC) stated below is that the
Weil height of the Q-points in X N GI4™(X)] should be nevertheless bounded from above.

In order to state this conjecture, we have to introduce some additional notions to tackle also
non-generic cases. A closed irreducible subvariety Y C G is called s-anomalous if there exists
a connected algebraic subgroup H C G satisfying

(1) max{0, s — codimg(H)} < dim(Y")
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and a point y € Y(Q) such that Y € H + y (i.e., Y is contained in a translate of H). In
this situation, we say that Y is associated with H. By X () we mean the union of all positive
dimensional closed irreducible s-anomalous subvarieties contained in X. It is a corollary of
Kirby’s work [30] that X ) (resp. X \ X(*)) is a Zariski closed (resp. Zariski open) subset of X
(cf. [12, Proposition 2.6]). In addition, a proof allowing to determine X (*) effectively was given
by Bombieri, Masser, and Zannier [6] for tori and carried over to abelian varieties by Rémond
[55].

Let now G be a semiabelian variety over Q and X a closed irreducible subvariety of G. To
be able to work with heights, we choose a compactification G of G (i.e., an open immersion
G < G such that G is proper). Let L be a line bundle on G of G. Finally, let hy: G(Q) — R
be a Weil height associated with L. We can now state the

Bounded Height Conjecture (BHC). The height hy, is bounded from above on the set
(X \ X(@m00)@) 0 GHml(g).

This conjecture was first proposed by Bombieri, Masser, and Zannier [6] in the case where
G is an algebraic torus. Even before this, they had provided a proof if G is an algebraic torus
and X is a curve [5]. The extension of their conjecture from tori to semiabelian varieties is
merely formal and can be found in Habegger’s article [23], where a proof of the BHC for abelian
varieties is given. It is also envisaged in [I2] Théoréme 1.4]. This extension is in fact natural
as semiabelian varieties have proven to be the right object for many standard conjectures
in diophantine geometry (e.g. Manin-Mumford, Mordell-Lang, Bogomolov). In addition, they
appear naturally as Jacobians of semistable curves (cf. [8] Example 9.2.8]) like abelian varieties
do for smooth curves so that they still retain a connection with the original study of rational
points on curves. We also mention intermediate results in the direction of the BHC given by
Bombieri, Masser, and Zannier [7], Maurin [42] 43], Viada [59], and Zannier [66]. Finally, let
us indicate that the conjecture becomes quite generally false if dim(X) is replaced with any
s < dim(X).

In parallel to his work on the BHC for abelian varieties, Habegger [24] obtained a complete
proof of the conjecture for tori. Regarding the general case of the BHC, no further progress
was made since his two breakthrough articles [23] [24]. In fact, several additional problems
precluded further generalizations up to now. These problems originate from the “mixed”
nature of semiabelian varieties (i.e., the additional structures induced by the non-triviality of
the extension constituting the semiabelian variety). The aim of this article is to solve these
problems. Its main result, Theorem [2] below, yields the BHC in general. In line with [23],
we actually prove a stronger version of the BHC here. To announce it, we introduce certain
“height cones”; for each subset ¥ C G(Q) and each real number ¢ > 0, we define such a height
cone by setting

(2) C(B,hp,e)={reG@Q)|TFaecX,beGQ):z=a+band hy(b) <emax{l,hr(a)}}.

Theorem 2. Let G be a semiabelian variety and G a compactification endowed with an ample
line bundle L. Furthermore, let X be a closed subvariety of G. In addition, assume that G, G,
L, and X are defined over Q. Let hy, be a Weil height associated with L. For each integer s,
there exists some € > 0 such that hy, is bounded from above on (X \ X ) (@Q)NC(GENQ), hy,e).

The above Theorem [2]is proven in the course of Section[fl We sketch the proof to compare
our approach with the one of Habegger from [23],[24]. However, not all new obstructions are yet
present in this case (see Section [§land the more involved Example B2 in particular). Ignoring
some preliminary reductions (Section [1]), the proof consists of three major steps, which we
outline successively in the following.

In the first step (Section [[2)), we pass from algebraic subgroups H to a family of Q-
line bundles parameterized by bounded subsets K in a (subcone of a) finite-dimensional Q-
vector space Vg. This means that with each point ¢ € Vg is associated an element of
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Picg(Gg) = Pic(Gy) ®z Q for some compactification Gy of G, which usually depends itself on
¢. Subsequently, we use the boundedness of K to approximate its members by finitely many
Q-line bundles on various compactifications of G (Lemma [25]). In order to reduce book-keeping
to a minimum while still presenting the main new ideas, we let E be an elliptic curve and as-
sume for now that G is the extension of E? by a 2-dimensional torus G2,. Even more, we
consider only 2-dimensional subgroups H C G2 that are extensions of E by a 1-dimensional
torus G,,,.

To start with, we replace the subgroups H C G?! under consideration by their associated
quotients 7y : G — G’ = G/H. A point z € G(Q) lies on a subgroup H if and only if it is
contained in the kernel of 7. One can choose compactifications G, G of G, G’, an algebraic
map 7y : G — G extending mg, and an ample line bundle L’ on G such that z € ker(mgr)
implies

(3) has, () = 0

where ﬁﬂ; r : G(Q) — R is the Néron-Tate height associated with the line bundle 75 L (see
Section Bl for this notion).

Let us first consider exclusively the case where G is the trivial extension G2, x E2. All
quotients of G are then likewise trivial extensions; this allows us to restrict to surjective ho-
momorphisms ¢ : G — G’ = G, X E. Any such homomorphism extends to an algebraic map

©: Gm — G =P! x E for some “graph” compactification Gm of G (see Construction

[M). Fixing once and for all an ample line bundle L’ on G, each ¢ € V = Hom(G, G’) yields a
line bundle ¢*L/ S PiC(Gm
with each quasi-homomorphism

¢ € Vp = Homg (G, G') = Hom(G, G') @z Q;

). Homogenity allows us to associate also a Q-line bundle E*L'

to be precise, we have ¢ L' € PicQ(Gm) = Pic(Gm) ®z Q with n being a denomi-
nator of ¢ (i.e., n is an integer such that n - ¢ € Hom(G, G")). In this way, we obtain a Q-line
bundle for each point of V. Let V° C V be the subset of “surjective” quasi-homomorphisms
(i.e., those elements ¢ € Homg(G, G’) for which there exists an integer n > 1 such that n - ¢
is a surjective homomorphism G — G').

For our purposes, some manipulation of homomorphisms (cf. Lemma 24)) allows to further
restrict to a bounded subset K C V° such that the distance between K and V' \ V° (with
respect to any linear norm on V') is strictly positive. This allows us to eventually arrange
for the following assertion, which corresponds to our Lemmas and For each § > 0,

there exist finitely many “surjective” quasi-homomorphisms ¢1,...,¢x € V° and a constant
¢(8) > 0 such that, for every » € H C G1?/(Q) with H as above, we have
4) hig,y-1(2) < Shi(z) + c(8)

for some k € {1,...,K}. Comparing this inequality with (B]), we notice that passing to a
finite family of Q-line bundles worsens the bound but that the dependence on h 1(x) can be
curbed by choosing 0 sufficiently small. So far, this is just Habegger’s argument as in [23] [24],
although the focus in his work is more on Homg (G, G') than on the associated Q-line bundles
on compactifications of G.

Every split semi-abelian variety can be essentially treated in this way, relying solely on quasi-
homomorphisms. For general extensions G € Ext'(E?, G2,), however, a shift to Q-line bundles
instead of quasi-homomorphism becomes essential. Indeed, the quotients of such a semiabelian
variety G regularly fall into infinitely many different isogeny classes; compare the footnote
on p. for the simpler case Extl(E, G2,). This means that a basic premise of Habegger’s
approach is not satisfied for general extensions. In fact, repeating the above procedure does
not lead to finitely many line bundles. Consequently, it does not yield an inequality like (@)
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with a uniform constant ¢(4). To circumvent this problem, we define suitable Q-line bundles
directly on G. These should generalize pullbacks of line bundles along quasi-homomorphisms.
There are some indications on how to write down such line bundles. First, it is a well-
known fact that a homomorphism ¢ between semiabelian varieties is describable in terms of the
induced homomorphism ¢, between their maximal subtori and the induced homomorphism
©ab between their underlying abelian varieties (see Lemma [Il). In the situation above, it is
hence natural to consider a family of Q-line bundles parameterized by the Q-vector space

Vo = Homg(G2,,G,,) x Homg(FE?, E),

though not every pair (¢tor, Pab) € V comes from an actual quasi-homomorphism between
semiabelian varieties. Second, a result of Knop and Lange [33, Theorem 2.1] states that
linearized line bundles on compactifications of G retain a “product-like” shape even if G is a
non-trivial extension and there is no section G — G2, of the inclusion G2, < G.

The already mentioned results of Section [2] (especially Construction[d) allow us to define for

each (pior, Pab) In
V = Hom(G?,,G,,) x Hom(E? E)

a compactification Gm of G, which only depends on (the graph of) ¢ior : G2, — Gy, and

a Q-line bundle L,,,. o..) on Gm. For each homomorphism ¢ : G — G’ with restriction

otor : G2, — G, to maximal subtori, there furthermore exists an extension % : Go——— — e

I'(ptor)
such that L' = L(,,,, 4.,) for some ample line bundle L on G . The line bundles Ligiorom)
play a prominent role in our proof, generalizing the pullbacks g*L’ from the split case G =
G2, x E%. Surprisingly, there is neither need for a homomorphism ¢ : G — G’ nor for a
semiabelian variety G’ to define them. Naturally, some checking is necessary to guarantee that
they simulate pullbacks along homomorphisms sufficiently well (see e.g. Lemmas [I0] [1] and
12).

For the next two steps of the proof, we can revert to the general case of Theorem[2l In the
second step of the proof (Section [[3]), we establish two concurring height bounds similar to
[23 24]. However, the non-homogenity of the canonical height on semiabelian varieties, which
decomposes into a linear and a quadratic part, is yet another problem. A sensible choice of line
bundles is needed to counterbalance this in the height estimates (cf. the proof of Lemma [20]).
The first of the two said height bounds is similar to [{@). The second opposing height bound is a
consequence of Siu’s numerical bigness criterion ([58 Corollary 1.2]). To apply Siu’s criterion,
we need to estimate two types of intersection numbers related to the line bundles Ly, . o..)

and the Zariski closure of X in G~ (Lemma [28). Subject to sufficiently strong estimates

on these intersections numbers (as stated in Lemmas 29 and B0), we already finish the proof
of Theorem 2] at this point by combining the two opposite height bounds.

In the third and last step of our proof (Section[T.4]), we estimate these intersection numbers.
Homogeneity, or the lack hereof, is once again an issue. Serious difficulties seem to arise
when trying to obtain lower bounds on intersection numbers by counting torsion points as
in [23] 24]. Although some technical tools such as [23, Proposition 3] were already written
up more generally than strictly necessary in order to foster future generalizations, it is not
clear whether this can be done at all. Therefore, we provide an alternative to this argument
(Lemma [29) based on hermitian differential geometry (see also Sections[land [l for details). In
fact, this alternative is strikingly simple in the special case of abelian varieties treated in [23].
We obtain the sought-after lower bounds on intersection numbers by integrating appropriately
chosen (1, 1)-forms. These (1,1)-forms are defined in Section [f] as real interpolations of Chern
forms associated with specific hermitian metrics on the line bundles Ly, . ».,)- On the level of
(1,1)-forms, balancing the different homogeneities of the “toric” and “abelian” contributions
is an easy task (see e.g. our definition (GQ))).
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Whereas the definition of the used (1,1)-forms and the verification of their basic properties
is almost trivial for abelian varieties (Section [5.2), tori and hence general semiabelian varieties
demand considerably more work (Section[5.]). The reason for this is that any invariant hermit-
ian metric on the line bundles under consideration is merely continuous and leads to a singular
Chern current supported on the maximal compact subgroup K¢ C G(C) (see e.g. [11, Lemme
6.3]). A singular Chern current being detrimental for the application of Ax’s Theorem [I] in
Section [6] we have to work with a less natural non-invariant hermitian metric instead. For the
Chern forms associated to such a metric, establishing some natural properties is a non-trivial
task; the reader may compare the proof of Lemma [[7] with the evident relation (39).

It should be mentioned that Chern forms were also used by Maurin [43], Rémond [55], and
Vojta [62] to control intersections numbers appearing in diophantine geometry. In particular,
both [43] — in the case of tori — and [62] — in the case of semiabelian varieties — endow line
bundles with non-invariant hermitian metrics. Apart from this, it seems that the overlap of
their work with our Sections [l and [6] is rather narrow. It is nevertheless noteworthy that Ax’s
Theorem plays an essential role here as it does in the work of Habegger [23, 24] and Rémond
[55]. In contrast to Lemma 29l our proof of the supplementary upper bounds on intersection
numbers in Lemma B0 uses algebraic intersection theory [I7] to avoid problems steming from
the non-compactness of G.

Finally, it should be mentioned that a previous announcement [36] stated a non-optimal
version of the first step in the proof of Theorem [2l This included a non-effective compactness
argument ([36, Lemma 2]), which is replaced here by the simpler Lemma The improve-
ment is due to the systematic avoidance of quasi-homomorphisms. Related to this is our
Section Bl Not being logically necessary for the main proof, it illustrates why a direct use
of quasi-homomorphisms as in [23] [24] proves difficult. Quintessentially, the surjective quasi-
homomorphisms from a fixed semiabelian variety G to other semiabelian varieties are more or
less parameterized by the Q-points of certain algebraic varieties (Theorem B]). However, these
varieties are generally rather complicated. This is in stark contrast to the special cases of both
tori and abelian varieties, where they are just affine linear spaces. Since the set of quotients,
or dually the set of algebraic subgroups, of a fixed semiabelian variety G is interesting in var-
ious situations beyond the results of this article (e.g., in the Manin-Mumford conjecture or
more generally in the Zilber-Pink conjectures), adding these findings here seemed beneficial to
further investigations. To my knowledge, neither a statement like Theorem B nor an explicit
non-rational counterexample as in Example is anywhere mentioned, or even hinted at, in
the literature so far.

It may well be that the general framework of our method (i.e., the use of bounded families of
@-line bundles in combination with real interpolations of Chern forms) gives also some leeway
in problems where no group structure is present.

Notations and conventions. Algebraic Geometry (General). Denote by k an arbitrary
field. By a k-variety, we mean a reduced scheme of finite type over k. By a subvariety of a
k-variety we mean a closed reduced subscheme. Note that a subvariety is determined by its
underlying topological space and we frequently identify both. The tangent bundle of a k-variety
X is written TX and its fiber over a point € X (k) is denoted by T, X. Furthermore, X*™
denotes the smooth locus of X.

Meromorphic functions. For every k-variety X, we write Kx for the sheaf of its meromorphic
functions (cf. [4Il Definition 7.1.13]). With each meromorphic function f € I'(X,Kx), we
associate the complement D(f) of its zero set (i.e., those points z € X such that f; ¢ m;Ox ;).

Products and projections. For any product Y7 Xy - -+ X Yy, of algebraic varieties, we write
pr; (i =1,...,m) for the projection Y7 Xy, - -+ xj, Yy, — Y; without further specification of the
varieties Y;. This leads to multiple different usages of the same notation pr;, sometimes close
to each other. However, this should nowhere cause confusion if context is taken into account.
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Algebraic groups. An algebraic k-group is a group scheme of finite type over Spec(k). We
refer to [18, Exposé VI, ] for the basic properties of algebraic k-groups. An algebraic k-subgroup
of an algebraic k-group G is a k-subscheme H such that the group law of G induces a group
law on H. Note that H is necessarily Zariski closed in G ([I8, Corollaire VIA.0.5.2]) and of
finite type over Spec(k). Left-multiplication by an element g € G(k) is written I, : G — G.
More generally, we use the same notation [, for the left-multiplication with respect to an action
Gx X —X.

A split k-torus is an algebraic k-group that is isomorphic to some direct product of copies
of multiplicative groups G,,. A k-torus is an algebraic group G such that its base change Gpser
to the separable closure k*°P of k is a split torus. A linear k-algebraic group is an algebraic
k-group whose underlying scheme is both affine and connected.

For fixed algebraic k-groups G7 and G3, the isomorphism classes of Yoneda extensions

(5) 0 G G G3 0

form an abelian group Extj (G, G3) with respect to Baer summation (cf. [49] Section 1.3]).

We write [n]g for the multiplication-by-n map on any commutative algebraic group G. The
notation -¢: G X G — G is used for the group law of G and e¢ : £k — G denotes the identity of
G. We omit the reference to G in these notations when this group can be inferred from context.
We write AV for the dual abelian variety associated with an abelian variety A. Pulling back
line bundles along a homomorphism ¢: A — B induces a homomorphism ¢¥ : BY — AV of
the associated dual abelian varieties.

Line bundles and linearizations. Line bundles are denoted by capital italic letters L, M, . ..
whereas the corresponding calligraphic letters £, M, ... are reserved for the invertible sheaves
formed by their sections. The line bundle dual to L is written LY. In the situation where we
have an algebraic group G acting on a scheme X, we use Mumford’s definition of G-linearization
([46, Definition 1.6]) for general Ox-modules. For an invertible sheaf £ on X, a G-linearization
corresponds to an action go: G x L — L such that the projection L — X is G-equivariant. We
refer to [46, Section 1.3] for details. Given a G-linearized line bundle (L, 0) we write (L, 0)®™
for the line bundle L®" with the T-linearization induced by o. If ¢: H — G is a homomorphism
from another algebraic group H, Y a scheme with H-action and f: Y — X a g-equivariant
algebraic map, we write f*(L, o) for the line bundle f*L with the induced H-linearization. For
a G-equivariant closed immersion ¢: Y < X, we also write (L, g)|y instead of .*(L, p).

Chern classes. With a line bundle L on a projective variety, we associate a first Chern
class ¢1(L) in the sense of [I7]; we refer the reader to there for an exposition on the basic
properties of Chern classes and the basic intersection theory we are using. We denote by [X]
the k-cycle class associated with an irreducible algebraic variety X of dimension k (in some
ambient projective variety).

Complex points and analytifications. Throughout this article, we choose once and for all an
embedding Q < C. For every Q-variety X, we consider its complex points X (C) as a complex
(analytic) space (see [19] for this notion), the analytification of X. By our above convention
on varieties, X (C) is in fact reduced.

Complex spaces, differential forms, and currents. Let S be a reduced complex (analytic)
space. Recall that this means that S is locally biholomorphic to a closed analytic subvariety V'
in a complex domain U C C". A function f on S is smooth (resp. holomorphic, meromorphic)
if, for each such sufficiently small local chart, it is the restriction of a smooth (resp. holomorphic,
meromorphic) function on U. In the same way, we use local charts to define plurisubharmonic
functions on S as restrictions.

Similarly, a smooth differential form w on S is a differential form on the smooth locus S*™
of S with the following additional property: S can be covered by local charts V C U C C™ as
above such that for each such chart the differential form w|ys= is the restriction of a smooth
differential form on U. There are also well-defined linear operators d and d° = i/27(0 — 0)
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on the smooth differential forms on S. For each local chart V' C U C C", these are simply
the restrictions of the operators of the same name on C™. A differential form w on S is called
closed (resp. exact) if dw = 0 (resp. there exists a differential form w’ on S such that dw’ = w).

A line bundle L over S is a complex analytic space over S such that S can be covered by
open subsets U with L|y = U x C. A smooth hermitian metric on L is a smooth (in the above
sense) function || - || : L — R whose restriction to each fiber over S is a hermitian metric. With
such a metric, we can define a Chern form ¢; (L, ||-||) in the usual way; if s : U — L is a non-zero
holomorphic section over some open subset U C S, we set ¢1(L, || - ||)|v = dd°(—log ||s||). This
construction yields a smooth differential form ¢, (L, || - ||) on S.

1. PRELIMINARIES ON SEMIABELIAN VARIETIES

1.1. Basics. Recall that a semiabelian variety G over k is a connected smooth algebraic k-
group that is the extension

(6) 0 T G A 0

of an abelian variety A by a torus 7. Any homomorphism from a smooth linear algebraic group
to an abelian variety is the zero homomorphism (see e.g. [13, Lemma 2.3]). Therefore, any
smooth linear algebraic subgroup of G must be contained in 7T'. It follows that 7" is the maximal
smooth linear algebraic subgroup of G. We hence call T' the toric part of G and G — G/T = A
(or just A) the abelian quotient of G. For a semiabelian variety G over k, we write ng for the
Yoneda extension class in Extj. (A, T) described by (@). Each homomorphism ¢ : A — B (resp.
¢ : T — S) of abelian varieties (resp. tori) induces a pullback ¢* : Exty(B,T) — Exty (A, T)
(resp. a pushforward ¢, : Exty (A, T) — Ext}. (4, 5)).

The Weil-Barsotti formula (see [49, Section III.18] or the appendix to [45]) gives a canonical
identification Extj,(A,G,,) = AV (k). If T is split (i.e., T = G!,) we make frequent use of the
identify Ext}.(A,G!,) = Exti(A4,G,,)" = (AY) (k). The pullback

(7) ©* : Exti(B,G! ) — Extj(A,G! )

along a homomorphism ¢ : A — B corresponds to the t-fold product ¢V x --- x ¢ of the
dual morphism ¢V : BY — AV. Pushforwards also allow a simple description. Indeed, let ¢ :
Gt, — Gf,/l be the homomorphism described by ¢*(Y,,) = HZ:1 Xgw in standard coordinates

X1,..., X, (resp. Yi,...,Y;,) on G (resp. GY). Then, the pushforward
) i« Exti (A, GE,) — Exti(A, G,

corresponds to the homomorphism (AY)* — (AY)* sending (11, . .., 7:) to (X _; Guviu)1<v<i-

As for abelian varieties, one calls two semiabelian varieties G, G’ isogeneous if there exists
an isogeny G — G’ (i.e., a surjective homomorphism G — G’ with finite kernel). Evidently, the
multiplication-by-n homomorphism [n] of a semiabelian variety is an isogeny. As for abelian
varieties, this yields an equivalence relation on semiabelian varieties.

Finally, we note that quotients as well as smooth algebraic subgroups of a semiabelian
variety are themselves semiabelian varieties (cf. [9, Corollary 5.4.6]). In particular, the algebraic
subgroups appearing in Theorem [2] are all semiabelian varieties because a well-known result
of Cartier ([I8, Corollaire VIp.1.6.1]) states that all algebraic k-groups are smooth if k has
characteristic 0.

1.2. Homomorphisms and quasi-homomorphisms. We recall the fundamental result on
homomorphisms between semiabelian varieties.

Lemma 1. Let G (resp. G') be a semiabelian variety over k such that A (resp. A') is the
abelian quotient and T (resp. T') is the toric part of G (resp. G'). For any homomorphism
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¢ : G — G there exist unique homomorphisms pior : T — T' and .y, : A — A’ such that

0 T G A 0
(9) Jowr e |
0 T G’ A 0
is a homomorphism of exact sequences. Furthermore, the induced map
(10) Hom(G,G") — Hom(T,T') x Hom(A, A"), © — (Gtor, Pab),

s an injective homomorphism with image
(11)  {(¢tors pab) € Hom(T,T") x Hom(A, A) | (¢ror)snc = (¢a) e in Ext) (A, T")}.

This lemma is well-known in the literature (see e.g. [2] or [60]). In fact, the existence of a pair
(pab, pror) follows directly from the fact that any map from a smooth linear algebraic group
to an abelian variety is zero ([I3, Lemma 2.3]) and its uniqueness is obvious. The remaining
assertions can be shown by standard homological algebra in the category of commutative
algebraic k-groups, which is abelian by a result of Grothendieck [I8, Théoreme VI,.5.4.2]. By
the snake lemma, the homomorphism ¢ is surjective (resp. an isogeny) if and only if both @i,
and @,}, are surjective (resp. isogenies). All of this is contained in [56, Chapter VII], described
in a pre-schematic language.

In the situation of Lemma [Il we call ¢tor (resp. @an) the toric (resp. abelian) component
of ¢. In addition, we say that ¢ is represented by the pair (pior, @ab) and, conversely, that
(@tor, Pab) represents . We state an immediate consequence of Lemma [I] for later reference
as a separate lemma.

Lemma 2. Assume that k is algebraically closed. Let G be a semiabelian variety over k
with abelian quotient A and toric part G . For every homomorphism o : G, — Gf;l and
every isogeny pan: A — B there exists a semiabelian variety G' over k and a homomorphism
p: G — G represented by (Por, Pab)-

Proof. Write (@ior)snic = (0},---,n}) € (AY)¥ (k). Since oy, BY — AY is an isogeny
(cf. 47, Remark (3) on p. 81]), there exist n; € BY (k) such that n) = ¢, (1)). Let G’ be
the semiabelian variety described by ne: = (n},...,n}) € (BY)" (k) = Exti(B,GL). As
(¢tor)«NG = (pab)™nar, there exists a homomorphism ¢ : G — G’ representing (¢tor, ab) by
Lemma [Tl O

We need to work also with quasi-homomorphisms of semiabelian varieties. First of all,
note that for any semiabelian varieties G and G’ the Z-module Hom(G,G’) of homomor-
phisms is torsion-free. Indeed, this is true for both tori and abelian varieties so that we
may infer the general case from Lemma [[l By quasi-homomorphisms we mean the elements
of Homg(G,G') = Hom(G,G') ®z Q. In analogy to actual homomorphisms, each quasi-
homomorphism is denoted in the form ¢: G —g G’. By tensoring (I0) with Q, we can also as-
sociate with each quasi-homomorphism ¢: G —¢ G’ uniquely a toric component ¢iop: T —g 17
and an abelian component ¢, : A —g A’. With each quasi-homomorphism ¢: G —¢ G’ we
can associate a “kernel up to torsion” ker(¢) + Tors(G) in the following way: Let n be a de-
nominator of ¢ (i.e.,, n-¢ € Hom(G,G")) and set ker(¢) + Tors(G) = ker(n - ¢) + Tors(G).
Additionally, we say that ¢ is surjective if n - ¢ is. These definitions are clearly independent of
the chosen denominator n. Albeit a quasi-homomorphism ¢,, € Homg(A’, A) does not induce
a pullback as in (), it gives rise to a homomorphism

(dab) "% : Exty (4, Gl ) = (AY (k) ©2 Q)" — ((A)Y (k) ®2 Q)" = Exty (4, G}, )o-
Similarly, a quasi-homomorphism ¢; € Homg(G%,, Gf,;) induces a homomorphism

(bror),0 : Exti(4,Gl,)q = (AY(k) ©2 Q)" — (A”(k) ©2 Q)" = Exti(4, G, )q
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in place of (g]).

2. COMPACTIFICATIONS

To compactify semiabelian varieties we use a well-known construction proposed by Serre
(cf. [57, Section 3.2] and Serre’s appendix in [64]). Let G be a semiabelian variety over k
with split toric part T = G!, and abelian quotient All Furthermore, let T be a T-equivariant
compactification of T'. This means that we are given a dense open immersion 7' — T with T a
proper k-variety and that there is an extension -z: T' X T — T of the group law -7: T xT — T.
We endow G x T with the T-action given by

(12) t-(g,0)=(t-ggt ' 1), teT(S),TeT(S),g9¢eG(S),

on S-points. It is well-known that the (categorical) quotient G = G X » T /T in the category of
k-schemes exists and is a proper k-variety (see e.g. [16,[82]). In fact, there exists a (finite) Zariski
covering {U;} of A together with compatible T-equivariant trivializations ¢; : U;x oG — U; X T
over each U;. The isomorphisms

050 7 winvy) <ot (Ui NU;) xx T — (U; NU;) % T

determine sections t;; € I'(U; N U;,T). The variety G can be described as a gluing of these
trivial T-torsors by means of the Cech cocycle {t;;} € H'({U;},T). (In fact, {t;;} is also
the cocycle describing ng € (AY)*(k) = Extj.(A,T) in the Barsotti-Weil formula.) Via the
extension - of the group law -7, the same Cech cocycle {ti;} determines also a gluing of the
k-varieties U; x, T, yielding a proper k-variety X and a projection 7 : G — A. There is a
canonical map p: G xp T — G7 over A such that its base change

pxa. Ui xi T): (U xa G) Xy T — Uy xi T
coincides with the action
U; X T U; Xk (T XkT) — U; XkT

under the identification U; x 4 G = U; X, T described by ¢;. Neither G nor p depends on the
Zariski covering {U;} as the above is compatible with any further refinement. In addition, the
G-action given by the group law +g: G X G — G extends uniquely to an action G x G — G7.

If (M,0: T xx M — M) is a T-linearized line bundle on T, we endow G x; M with a
T-action in a way similar to (I2]) and form the quotient G(M, 0) = G x M/T. Repeating the
above procedure, it is easy to infer that G(M, p) is a line bundle over Gz. One checks also a
compatibility G(M @ M’, o ® ¢') = G(M, 0) ® G(M', ") with tensor products.

Lemma 3. Let (M, o) be an ample T-linearized line bundle on T and N an ample line bundle
on A. Then, the line bundle G(M, o)  T*N (resp. G(M, o)) is ample (resp. nef).

Proof. By [40, Example 1.2.22], the line bundle M®3F is normally generated for sufficiently
large integers k. This allows us to apply [32, Theorem 3.5], which yields that G(M, 0)®3* @
TEN®3F = (G(M, o) ® T N)®3* is normally generated] and hence very ample (cf. A8, p. 38]
for this final implication)

For nefness, let C' be a proper curve in Gz. We already know that G(M, 9)®* @ (7*N) =
G(M®F ¢®F) @ (7*N) is ample for any integer k¥ > 1. Hence, the degree of the O-cycle class

ke (G(M, 0)) N[C]+ 1 (T*N) N [C]

1Using descent along a finite Galois extension of k¥’ /k (compare [8, Example 6.2.B]) such that T} splits, one
can get rid of the splitting assumption a posteriori but we do not need this generality.

2We use this notion as in [32, [48]. In particular, it is not required that G is normal.

3The author thanks Friedrich Knop for acknowledging a gap in the proof of [32) Lemma 1.7] and for pointing
out this argument.
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is positive for any k (see e.g. [I7, Lemma 12.1]). Dividing by k and taking the limit & — oo,
we obtain

deg(c1(G(M, 0)) N[C]) > 0,
which means that G(M, g) is nef. O

We are interested in the behavior of the above constructions with regard to homomorphisms.
For this, let ¢ : G — G’ be a homomorphism of semiabelian varieties with toric component
Gtor: T — T as in [@). In addition, let T (resp. T/) be a T-equivariant (resp. T’-equivariant)
compactification of T' (resp. T") so that @i extends to a @ior-equivariant map @, : T — T.
Endowing G xj T (resp. G’ xx T’) with a T-action (resp. T’-action) as in (I2), the piop-
equivariant map ¢ xj P, 0 G xp T — G’ Xy T induces a map B : Gz — GL,. Let now

(M, 0) be a T’-linearized line bundle on T'. We have TG (M, o) = G(@;,, (M, 0)); for the
line bundle G xj, P;,, M is the pullback of G’ xj; M along ¢ Xj P, and the induced map
G X Py M — G’ Xy, M is pior-equivariant.

In these considerations, the case where ¢ is the multiplication-by-n homomorphism [n]¢g for
a semiabelian variety G with toric part T is of particular importance. To avoid pathologies,
some further technical requirements on both the T-equivariant compactification T and the T -
linearizable line bundle M should be met. First, an extension of [n]r to a map [n]z: T —
T should exist for each integer n. (Such an extension is unique by separatedness.) Under
this condition, there is an extension ¥ = [n]gz : Gy — G5 of [n]g by the last paragraph.
Second, there should be a T-equivariant isomorphism [n]*TM ~ M®I"l. If this is satisfied,
the last assertion of the preceding paragraph specializes to [n]*aG(M ,0) & G([n]%(M ,0) &
G((M, 0)®I"l) = G(M, 0)*!".

Before introducing the two types of compactifications to be employed in our proof of
Theorem 2l we recall a further notion. Let T be a torus with T-equivariant compactifica-
tion 7. Pulling meromorphic functions back fabricates a T-linearization of K. Denote by
pry: T x T — T the projection and by o: T x T — T the T-action on T. A Cartier di-
visor D on T is called T-invariant if the pullbacks priD and ¢*D are equal. In this case,
D gives rise to a T-invariant invertible subsheaf O(D) of Kz. Hence, there is an induced
T-linearization on O(D). We always mean this linearization when associating a T-linearized
line bundle (L(D), op) with a T-invariant Cartier divisor D. Note that this T-linearization on
O(D) is uniquely characterized by the fact that its rational section 1 € K#(T) is T-invariant.

Any T-invariant Cartier divisor D on T yields naturally a Cartier divisor on G=. Indeed,
assume that D is represented by (V;, f;) with Zariski opens V; C T. For each Zariski open
U; C A this gives a Cartier divisor on U; x 4 G = U; x T that is represented by (U; x 1, Vi, fjo
pry). By T-invariance, these Cartier divisors glue together to a Cartier divisor G(D) on G.
Furthermore, it is easy to see that L(G(D)) is isomorphic to G(L(D), op).

Construction 4 (D;, (M;,0;)). The torus G,, = Spec(k[X, X !]) has a G,,-equivariant
compactification ¢ : G, = P* = Proj(k[Z1, Z2]) with ¢}(Z2/Z1) = X. There is an extension
[n]pr : PL — P! of [n]g,, : Gm — G,y Let Ey (resp. Es) be the Gy,-invariant Cartier divisor
on P! represented by

(D(Zl),ZQ/Zl) and (D(ZQ), 1) (resp. (D(Zl), 1) and (D(ZQ),Zl/ZQ))

For the torus T' = GY,, the map t; = ¢; x --- x 11: G, < T = (P')! gives a T-equivariant
compactification. Denoting by pr; : T = (P')! — P! the projection to the i-th component,
we set Dy = >, pri(Eo + Ex) and M; = O(D;). By the above, there is a natural T-
linearization go; = pp, on the associated line bundle M; that acts trivially on its global section
1 € M(T). Furthermore, from the evident identity [n]Dy = |n| - Dy of Cartier divisors
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we obtain an identity [n]zM; = M?‘nl of Ox-submodules of Kz so that [n]5=(M:, o) =
(M, Qt)®‘n|-

Construction 5 (G, Mg, G(D;)). Given a semiabelian variety G having split toric part

= G!, and abelian quotient m: G — A, we use the T-equivariant compactification ¢ :
G!, — (PY)! = T constructed above to obtain a smooth compactification G = Gz with
abelian quotient 7 : G — A. The T-invariant line bundle (M, o) yields further a line bundle

Mg = G(My, 01) on G, which satisfies [n] Mg ~ Mg‘”'. In addition, the line bundle Mg is
associated with the Cartier divisor G(Dy).
We remark that this compactification also appears in [10, 111 [62] [63] and Serre’s appendix

to [64].

Construction 6 (GF(%OT)’ My 50 T
split toric part G!, and abelian quotient 7 : G — A as well as a homomorphism @i, €
Hom(G!,,G"). Let I'(¢ior) C G!, x G%, be the graph of o and T'(@gor) its Zariski closure
in the (G%, x G )-equivariant compactification (P!)* x (P*)* [l The projection to G, induces
an identification I'(¢gor) = GL,. In this way, I'(¢pior) can be considered as a G -equivariant
compactification of Gl,. As [n]r(,,.) is just the restriction of [nlg: «gv, it clearly extends

). Assume given a semiabelian variety G with

to T(pror) because [n]ge v extends to (P1)? x (P')Y'. Therefore, there is an extension of
[n]¢ to the “graph compactification” Gm. To fix notations, we record a self-explanatory
commutative diagram

pry

/\

(13) F(Wm

F(‘/Jtor)

l lﬂ— lﬂ—l“(wor)

Ada g e oy

Sotor pr2 (Pl )t,

Construction @ gives a G -linearized line bundle (M, o) on (PY)Y. Tts (G!, x G )-linearized
on

pullback pr3(My, o) yields a line bundle Mg~ 5= GF(%or)(p@(Mt/, Qt')|l“(<ptor)) Grionr)
Setting ptor = idg: , this construction specializes to Construction [5l above (ie., G =~ Gr(idﬁt )

with compatible Mg MF(ldht )).

For any non-zero integer n, we can relate (Gr(e,..), Mr(pir)) With (Gr(n-go)s M (n-gror))-
For this, we define G’ and G” to be the semiabelian varieties such that ng: = (g, (Ptor)«Nc)
and ngr = (Na, (N - Pror)«ne) in Ext'(A,G x G!). The equivariant closed immersions
L(@tor), T(n - @ror) € (P1)E x (P1)! yield closed immersions Gr © G and Crmony C el

In addition, the finite morphism [1]p1)e X [1]pi)e yields a ﬁmte map 9, : G — G . As

[1]prye x [n](Pl),,r restricts to a G!,-equivariant birational map I'(¢tor) — (1 - @ror), Un Te-
stricts to a birational map Vg, n : G -G ) Furthermore,

T'(ptor) T'(n-@tor

* * 7~ * el * n ®|n
D rin My = 3G (1Mo, 00l = G 005 (May €)1y~ Mo,

In addition, there are tl;e evident relations T = "orpn) © W ppor,ns U =

qF(n-mer) ©

194Pmr7n and ¢

—_ O b —.
T(n-gror)  Urorn © (g0

4The reader is warned that the Zariski closure T'(¢tor) is not normal, but that we also have no use for its
normality.
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Construction 7 (¢ : G — G ). We describe a subcase of Construction @l for later reference,
enlarging also the commutative diagram ([3]). In this case, we start with a homomorphism
¢: G — G of semiabelian varieties with split toric parts T = G, and T’ = G*,. We obtain
a compactification Gm from Construction [l Furthermore, the homomorphism ¢ induces
now an even larger commutative diagram

pry

N

(P +—— T — T(pror) —2» (PL)Y

T(ror)
[ [ ]

de
G GF(‘Ptor)

PR
A ida A ida A Pab A
such that there is a decomposition ¢ = @ o ,; the map P : G o G’ here arises naturally

as follows: the toric part o : G, — an of ¢ extends to a Yror-equivariant map ., :
L(gtor) — (P, which is just a restriction of pry : (P1)f x (Pl) ¥ (P!, As described
o )—>G of p: G — G

In addition, each line bundle My—— (v is a pullback @* Mg for some homomorphism ¢ :

above, this induces a corresponding extension ¢ : Ggz—

G — @' of semiabelian varieties. In fact, we can take ngr = (¢ror)<7e € Ext!(A,GY)) and the
homomorphism ¢ : G — G’ represented by (pior,ida).

3. HEIGHTS

We consistently work with (logarithmic) Weil heights and refer to [27, Theorem B.3.6] for
the main features of Weil’s height machinery. In short, it provides for each line bundle L on
a projective Q-variety X a class of height functions hr,: X (Q) — R such that any two height
functions attached to (X, L) differ by a globally bounded function on X (Q).

Let G be a semiabelian variety over Q with toric part 7' and abelian quotient 7: G — A.
Assume also given a T-equivariant compactification T of the torus T and a T-linearized line
bundle (M, o) on T such that [n|r extends to [n]z: T — T and that there is an isomorphism
[n]%(M, o) = (M, 0)®™. For our purposes, these conditions on T and (M, o) are always satisfied.
Additionally, we choose a symmetric line bundle N on A. We furnish G with the line bundle
L = G(M,p) ® TN, which is ample if both M and N are ample (Lemma [3). Weil’s height
machinery supplies us with some height function hp : GT(@) — R. The function Ay, is neither
unique nor does it enjoy homogeneity properties like the Néron-Tate height of a symmetric line
bundle on an abelian variety. However, the following lemma remedies this partially. We call a
T-linearized line bundle T-effective if it has a T-invariant non-zero global section.

Lemma 8. For any (M, o) (resp. N) as above, there exists a function fALG(Myg) :G7(Q) - R
(resp. haen : : G3(Q) — R) such that

(a) lham,e) — hG(M,g)| (resp. |hzn — hz=n|) is globally bounded on G(Q),
(b) ha,e)([n]x) = [n|ha e (z) (resp. hzn([n]z) = n*hz+n(2)) for any x € G(Q) and

any integer n.
(¢) Given a second T-linearized line bundle (M', ") (resp. a symmetric line bundle N' on
A) as above, we have the additivity relations

BG(M@]VI/,L)@L)’) = BG(M,Q) +7)’G(M/,Ql) and E?*(N@N/) = E?*N +TLW*N/.
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(d) If (M, o) (resp. N ) is T-effective (resp. ample), then ﬁg(M’Q)|G(@ (resp. ha-n ) is non-
negative.

Furthermore, ﬁg(M’Q) (resp. ha-n ) is uniquely characterized by (a) and (b).

It is natural to work with the unique h L = ﬁg( M,o) T ﬁ;* n~ instead of a non-canonical Weil
height hr. By (a) of the above theorem, their difference is globally bounded on G(Q). As for
abelian varieties, the zero set of /f;L coincides with the torsion points of G if both M and N
are ample and (M, p) is T-effective.

The assumption of T-effectivity in (d) cannot be relaxed to mere effectivity. In fact, assume
that T = G', and let Q;, 1 < i < t, be the line bundles on A such that ng = (Q1,...,Q¢) €
AV(k)t = Extj(A,T). For o running through all possible T-linearizations of the trivial line
bundle Alf, the line bundle G(Alf, o) runs through 7* (QllC R ® Qf t) for arbitrary integers
ki, as a comparison of Cech cocycles shows. Except for this caveat, we do not need this and
leave the verification to the interested reader.

Proof. (a), (b): The first two assertions of the lemma as well as uniqueness can be inferred
directly from [27, Theorem B.4.1] applied to G(M, ) (resp. N). Indeed, [n]*éG(M, 0) =~

G(M, 0)®™ by our assumption (compare Section ) and [n]=7*N ~ 7T [n]} N ~ 7T N®"" gince
N is symmetric. (The result in [27] is stated for divisor classes on smooth varieties but it is
also true for line bundles on general varieties with exactly the same proof. The reader may
compare also [, Lemma 9.2.4].)

(c): AsGIMRM', o2¢') = G(M, 0)@G(M’', ¢'), the global boundedness of |hg(ner, 000 —
ha(a,e) — ha(ur,e)l is a standard property of the Weil height. As (a) and (b) already char-
acterize lAzG(M®M/
similarly.

,omg') Uniquely, we infer the first equality in (c). The second one follows

(d): Similarly, one observes that Eg(M,Q) (resp. lAzf*N) is non-negative if h(ar,o) (resp. ha-n)
is bounded from below on G(Q) (resp. G=(Q)). For the height h=«y, this is true because
the ampleness of N implies that N and hence 7N has empty base locus. By assumption,
we have a T-invariant non-zero global section s: T — M. This gives rise to local sections
st =U; Xy s$: Ui xa Gy =U; xpg T — U; xpg M = U; x4 G(M, p). Due to the T-invariance
of s, the sections s, glue together to a non-zero global section s’ of G(M,p). Furthermore,

T-invariance guarantees that s, generates M, for every x € T(Q). We infer that s/ generates

G(M, o) for every x € G(Q). Therefore the base locus of G(M, g) is contained in G \ G and
hG(m,0)lc(g) is bounded from below. O

In addition, we have a good functorial behavior of the heights /Hg( M,o) and ﬁ;* ~- To state
precisely what this means, let G (resp. G’) be a semiabelian variety over Q with toric part T’
(resp. T") and abelian quotient A (resp. A’). Take furthermore equivariant compactifications
T and T so that Ytor : T — T’ extends to a pio-equivariant map @, : T 5 T. In

this situation, we consider a T’-linearized line bundle (M, g) on T such that there is a T'-
equivariant isomorphism [n]%, (M, o) = (M, 0)®". We also take a symmetric ample line bundle
N on A’.

Lemma 9. In the situation described in the above paragraph, let ¢ : G — G’ be a homomor-

phism with toric (resp. abelian) component pior (Tesp. @an). For every x € G(Q), we have
then

har (o) (P(2)) = ha(pr, (M,0)) (T) and hz«n(0(2)) = e (o2, ) (@)

Proof. This follows directly from the functorial behavior of the Weil height under pullback and
the uniqueness assertion of Lemma [Rl O
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We note a further addendum to Lemma [§] which is specifically related to the line bundles

G and M o)

Lemma 10. Let G a semiabelian variety with split toric part Gt, and abelian quotient 7 :
G — A. For any por € Hom(an,Gt ), the restriction of hM Gm(@) — R to G(Q)

T(¢tor) :
is non-negative. In particular, the restriction of hM_ to G(Q) is non-negative.

Proof. In Construction [7, it is shown that each My _— T(ror) is isomorphic to the pullback of a
line bundle of the form Mg. Using Lemma [d) it hence suffices to prove the non-negativity of

h Me- This is already in the literature (cf. [IT, Lemme 3.9]), but we give the argument here for
completeness because it is a direct consequence of Construction [dl The Cartier divisor D; on
G!, is effective and G, -invariant so that the constant function 1 € Kpry:((P1)") gives rise to
a G! -invariant global section of its associated line bundle (Mg, o;). In other words, (M, o;) is
G!,-effective and we can use Lemma[8] (d). O

Fix again a semiabelian variety G' over Q with toric part G!, and abelian quotient 7 :
G — A. Furthermore, let G be a compactification of G and 7: G — A its abelian ‘quotient

as in Construction We want to estimate the difference between hM . and hM .
or tor

for two “close” homomorphisms @ior, @), € Hom(Gt, ,GE ). S1mu1taneously, we examine the
corresponding “abelian” analogue. For this purpose, let A’ be a second abelian variety and N
(resp. N') an ample symmetric line bundle on A (resp. A’). We choose some linear norms | - |
on Hom(G! ,G)) and Hom(A, A’) for quantification []

Lemma 11. In the above situation, there exist constants c; and co depending only on G, N,
t', A’, N’ and the linear norms |- | on Hom(G!,,G',) and Hom(A, A") such that the following
assertions are true: For any pair (pior, ©)o,) € Hom(Gh,,GL )2 and any = € G(Q), we have

(15) Pty (@) = Mt (@)] < el pror = Ptorl - haig (2).

Similarly, we have
(16) (P N/ (%) = e (1 )= ()] < 2l b — @l | e (@)
for any pair (pan, L) € Hom(A, A")%.

Proof. We prove first the inequality (IH). The proof takes place on the “graph compactifica-
tion” G of G where T = T (gor X lop) C (P1)fx (P x (P1)¥". We denote the projections cor-
responding to these three factors by pr; (i = 1,2,3). The projections (pr; xpry)|7 : I' = I'(¢tor)

and (pry x prs)|g: T — D(¢f,,) are G!,-equivariant and hence induce maps Gg — G and

F(‘Ptor)

Gr — Gz L which both restrict to the identity on G. By Lemma[@ we obtain
(17> hMm(x) = hG(pr;(Mt/,Qt/)\ﬁ) (:C) and hMF(%or) (:L') = hG(Prg(AJﬁ/th’”F) (:L')
for any z € G(Q). Similarly, we have

(18) hoig () = haprr (My,00) ) (T)

for every z € G(Q).
Using standard coordinates X,, 1 < u < t, (resp. Y,, 1 <v < #)) on G, (resp. Gf,/l), we
write

Pror(Yo) = X[ X520 X0 (vesp. (@lor)* (Vo) = Xiw Xg2 . X{), 1 <w < ¥,

5A natural choice of norm for Hom(A, A’), using the Rosati involution on A x A’, is introduced in [23,
Section 4]. As there, however, we have no need to choose any particular norm.
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with integers a,, (resp. ay,). Our strategy is to compare the restriction of the line bundles
pri (M, 04)®!, 1 sufficiently large, and pri(My, o) @ pri(My, 00)®~! on T. In fact, we claim
that both

(19) (pry M @ pry My @ prs M) and (pri M @ pri My ™" @ prsMy)|p

are G, -effective with respect to the induced linearizations. In this case, Lemmal[8l (c, d) implies
that

(20) B or (M 00)1) () = Biors (M 0010 ()] < 1 Biprs (11, 00) 1) ()

for each z € G(Q) C Gx(Q). Using the equa11t1es @@ and ([I8), the inequality (IH) can be
derived from (20) if we have adequate control on [. For this, we note that pr} (L, o) (resp.
pry(Ley, ov)lF, pri(Le, ov)|F)) can be defined by means of the G,-invariant Cartier divisor
priDylg (resp. pr3Dylg, priDyls). We next describe these divisors explicitly and start with
giving a covering of T'. With each (¢ + 2¢')-tuple m of numbers m, € {—1,1}, 1 <r <t + 2t/,
we associate a Zariski open

=Tn ﬂ (priX;)nN ﬂ D(priY, "+ )N ﬂ D(priY, v+,
1<u<t 1<v<t 1<v<t
Evidently, pri D|g is represented by (Up, fm) with
fm = pri(Xy X X
and pr3 Dy | (resp. pr3Dy|5) is represented by (Up, gm) (vesp. (Um, g,,,)) with
gm = [I prs(vy ™) (resp. gp = ] prs(va ™).
1<v<t! 1<v<t!

The meromorphic function 1 € Kg(T) gives a G!,-invariant rational section of O(pr}D¢|g),
O(pr3Dy|r) and O(pri Dy |w) by our choice of linearizations. It thus also gives a G/, -invariant
rational section of O(I-pr{Dy|g+ priDy |y —priDy|y) and O(l-priDe|g —prs Dy |+ prth/| )
to which the line bundles in (I9) are associated. For G -effectivity, we may hence prove that

it is actually a global section. In other words, we have to prove that both f,ln Im ()™~ L and
fl - (gm) ™" - g, are regular on Up,. Let us remark first that for I, = maxi<u<¢{|aus — al,|}
the meromorphic function

7lni -pr3 (Y, )pri(Y, H pri (X)), su = —muly + (Guv — ay,),

1<u<t
is regular on Uyy,; for pri (X, ™) is regular on Uy, C D(pr}(X,*)). Similarly, the meromorphic
function fly - pr3(Y,)~'pr3(Y,) is regular on Uy,. We write gy, - (g5,) " = Hf) 1 hum with

hun, = prs (Y, ™+ )pr (Y, ")

and claim that fﬁ-hﬂ is regular on Up,. If myqt = Myqeqer =1 0F Myqp = Moy = —1, this
follows directly from our previous remark. In case m,+ = —1 and m, 4444 = 1, the function

Pl = pr3(V) - (£l - or3(V) T pri(v))

is regular by our remark and the fact that pr3(Y,) is regular on U, C D(pri(Y,)™'). The
case Myy¢ = 1 and my4¢4¢ = —1 can be handled in the same way, establishing our claim. In
conclusion, the condition

(21) 1>y L= > (1g13§t{|auuaLvl})

1<v<t! 1<v<t! N
suffices to ensure the regularity of flm “Gm - (g’m)_l. The same argument shows that each

fh - (gm) ™ - g}, is regular on Uy,. Combining @20) and (1), we obtain (IH).
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The inequality (6] boils down to
[hne (@ab(y) — hve (D, @))] < calpan — Ohpl? - hn (1), y = (),

where h ~ and h N are now just the Néron-Tate heights on the abelian varieties A and A’. This
follows straightforwardly from the fact that the map

Hom(A, A') — Pic(A), pap — @i N,

is quadratic, which is a direct consequence of the Theorem of the Cube (J47, Corollary I1.6.2]).
The reader may refer to [23] p. 417] for details. |

Finally, we state a lemma on the behavior of the heights he—— Wlth respect to the group

T (s
law. Again, there is an “abelian” analogue and we mention this also for later reference.

Lemma 12. For any ior € Hom(GY,,G%) and any points z,y € G(Q), we have EMm(xy) <
BMi(l‘) + ﬁMm(y). Similarly, we have EF*N(:Ey) < Q/HF*N(,%) + QEF*N(y).

T(#tor)

Note that this statement includes the fact that
(22) arg (wy) < harg () + P (v)

for all 2,y € G(Q) (set Yror = idg: ). Most of our proof is actually about establishing this
inequality, which has been already provided in the literature (see e.g. [53] Corollaire 3.1]).
Nevertheless, we give a proof here both for completeness and because it is very close to the
proof of Lemma [[1] above.

Proof. For the first assertion, it suffices to prove (22). In fact, each Mm is isomorphic to
some pullback $* Mg along a homomorphism ¢ : G — G’ to another semiabelian variety G’
(see Construction[d). In order to prove ([22)), we use the same strategy as for Lemma[IIl This
means we consider the Zariski closure T' C ((P1)* x (P)?) x (P)! of the graph of the group
law -7 : Gf, x G, — G! . Again, we denote the projection to the i-th component by pr;
(i =1,2,3). For this, we use standard coordinates X,,, 1 < u < t, on G!, (and on its extension
to (P1)!). Note that (pr5X,) = (pr;X,)(pr3X,) on T.

With each (3t)-tuple m € {—1,1}3" of numbers m, € {—1,1}, 1 < r < 3t, we associate a
Zariski open. To wit, we define

_—Fﬂ ﬂ prleu ﬂ D(prgXiTqut)ﬂ ﬂ D(prgX;nu+2t)-

1<u<t 1<u<t 1<u<t
It is easy to see that each priDy|y (i = 1,2,3) is represented by (Up, fg)), where
f(z) = pr’ (X—mpr(i l)tX_m2+(7, 0t .Xt_mtJr(i—l)t).

Consequently, the restriction of priD; + prQDt prth to T is represented by (Um,s f(l) f(2)
( fg’ )) 1), The meromorphic function fm f -( f )_ equals

pri (Xl) mit+matt1 ||, pri (Xt) mt+m3tpr2 (Xl) met1+moe+1 |, pr; (Xt)*mzﬂrms,s.
By definition, each prf(X,) "uw+G-vt ¢ € {1,2,3}, 1 < u < ¢, is regular on Uy. Since
—My + Moty € {0,—2my} and —mypy + Moty € {0, —2myy, }, we infer the regularity of
fg) -fg) . (fg))*l on Uy,. As in the proof of Lemma[[T], we see that this implies that 1 € Kg(T)
is a T-invariant global section of O(priD; + priD; — priD;). Thus, the first assertion follows
from Lemma[§ (d). For the second assertion, it suffices to note the equivalence of the assertion
with

han (m(2) + 7(y)) < 2hz=n (7(x)) + 27N (7(y)).

Indeed, this inequality follows directly from the parallelogram law for the Néron-Tate height
[27, Theorem B.5.1 (¢)] and its non-negativity for symmetric line bundles. O
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4. HERMITIAN DIFFERENTIAL GEOMETRY

In the next two sections, we make extensive use of hermitian differential geometry at the level
of rather explicit computations on semiabelian varieties. To avoid permanent interruptions in
these, we recall here the necessary abstract framework separately. The reader is referred to
[61, Section 3.1] as well as [20, Section 0.2] and [29] Section 1.2] for details.

Let Y be a complex manifold (e.g., X*™(C) for a complex algebraic variety X). To Y is
associated its real tangent bundle TRY', its holomorphic tangent bundle T(é’OY (e.g., T, X(C)
for a smooth complex algebraic variety X ) and its anti-holomorphic tangent bundle Tg 1y As
real vector bundles, all three can be canonically identified (cf. [20, p. 17]) and we do so from
now on. In this way, we obtain an almost complex structure [ : TrY — TrY (i.e., a linear map
I :TRY — TRY such that I? = —idp,y) from the multiplication-by-i (resp. multiplication-by-
(—4)) homomorphism on the complex vector bundle Té’OY (resp. Tg’lY). A (1,1)-form of real
type on Y is an alternating R-bilinear pairing

w:TRY xy IgY — R x Y

such that w(I(-), I(-)) = w(-,-). Under the identification T2’Y = TRY’, this corresponds to an
alternating R-bilinear pairing
w:TYY xy TR'Y — R XY
such that w(i(-),i(-)) = —w(-,-) The Chern forms of hermitian line bundles are the basic
examples of such (1, 1)-forms. More generally, for any smooth function A : Y — R the (1,1)-
form dd°X (d° = i/2n(0 — 0)) is always of real type. To such a (1,1)-form w is associated a
symmetric R-bilinear pairing
9w : TRY Xy TRY — R X Y, (v,w) — w(v, Tw).

In fact, this establishes a one-to-one correspondence between (1,1)-forms of real type and
symmetric R-bilinear forms on TrY . Using our identification of TrY with Té’OY and Tg ’1Y, the
(1,1)-form w is positive (resp. semipositive) in the ordinary sense (e.g. [29, Definition 4.3.14])
if and only if g,, is positive definitive (resp. positive semidefinite). We note that for a smooth
function A : Y — R, the (1,1)-form dd®)X is semipositive if and only if A is plurisubharmonic
(cf. [21, Theorem K.8]).

For later reference, we remark that for any smooth function f : ¥ — R the (1,1)-form
w=1i(0f A Of) is of real type and

1 _
(23) gw:§(3f®3f+8f®8f);
for this is a local assertion that reduces by linearity to the fact that the (1,1)-form
w=1-(adz; NdZ; +adz; NdZ;), a € C,
on C™ is of real type and the fact that
1
idz; ANdZ;(v, [w) = 3 (dzi(v)dz;(w) + dz;(v)dz (w)) , v,w € Tr ,C", x € C".
To a (1,1)-form w of real type is also associated a hermitian form (with respect to I)
(24) H, :TRY xy TRY — C x Y, (v,w) — g, (v,w) — i - w(v,w),
and this can be also seen to be a one-to-one correspondence. Indeed, w = —Im(H,,).
60ne frequently identifies a (1,1)-form w of real type with its scalar extension wc : TcY Xy TcY - C X Y,

TcY = TrY ®g C. Since the restriction to TpY Xy TrY or Té’OY Xy T(g’lY retains all information, we allow
ourselves to switch tacitly between w and wc.
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Let Z be a complex submanifold of a complex manifold Y and w a (1,1)-form of real type
on Y. Restricting and taking exterior products, we obtain an alternating R-multilinear map

(wlz)/\dim(Z) . (TR,zZ)Qdim(z) SR

for each x € Z. If the restriction of the R-bilinear form g, , to Tk 2 is moreover positive
definite, we have a non-zero Riemannian volume form ([25], pp. 361-362])

vol(guw.o) 1 (Tk2Z)24mZ) 5 R.

By [61, Lemma 3.8], vol(g,, ) agrees with dim(Z)!=!(w|z)" 4™(#) . If w is continuous, this im-
plies immediately that there is a euclidean neighborhood U of = in Z such that fU (w|z)Ndim(Z) >
0.

To use this argument effectively, we need a criterion to check whether the restriction of g,, .
to Tk 7 is positive definite. For an arbitrary R-bilinear form g on a real vector space V', we
define its kernel by

ker(g) ={veV |Vw eV :g(v,w) =0}
In our applications, w is always semipositive so that g, is positive semidefinite. For a positive
semidefinite bilinear form g, we have

(25) ker(g) = {v eV | g(v,v) =0}

and hence that ker(g|w) = ker(g) N W for any R-linear subspace W C V. Consequently, the
restriction of g, » to Tk Z is positive definite if and only if ker(g, ) N Tr+Z = {0}. Finally,
let us note that for any positive semidefinite R-bilinear forms g, g2 on V' their sum g; + g2 is
also a positive semidefinite R-bilinear form and (23] implies that

(26) ker(g1 + g2) = ker(g1) Nker(ga).

Finally, let us remark that ker(w,) = ker(g,, ») for each (1, 1)-form of real type on Y and every
point z € Y — under the condition that we consider w as a bilinear form on TrY. We use this
fact to simplify our notion in Section

5. WEIL FUNCTIONS, HERMITIAN METRICS AND CHERN FORMS

We provide here the necessary tools for Section[[4] in which bounds on certain intersections
numbers are established. Our approach is to endow all line bundles under consideration with
smooth hermitian metrics so that intersection numbers become integrals of the associated
Chern forms. Throughout this section, we hence take k& = C as our base field. A major
issue is to interpolate between the Chern forms of different line bundles. For this purpose,
we introduce certain explicit smooth (1, 1)-forms of real type, namely the “toric” (1, 1)-forms
w(¢pror) in Subsection (.1l and the “abelian” (1, 1)-forms w(N; ¢ap) in Subsection

5.1. “Toric” (1,1)-forms. Our first aim is to endow the line bundles M from Construction[d
with a hermitian metric and to compute the associated Chern forms. Functoriality allows us to
endow additionally the line bundles Mm from Construction [l with a hermitian metric. A
closer look at the associated Chern forms leads us to introduce the “toric” (1,1)-forms w(ior)-
Our main instrument are Weil functions, on which the reader may find details in [37, Chapter
10] and [38, Chapter I]. Let X be a complex algebraic variety and D a Cartier divisor on X.
In this situation, a function A: (X \ supp(D))(C) — R is called a Weil function for D(C) if
every point z € X (C) has an open neighborhood U (in the euclidean topology) such that

(27) A= —log|f|+ a on U \ supp(D)(C)

with f a meromorphic function on U such that div(f) = D]y (as formal sums of irreducible
analytic varieties on U) and « a continuous function on U. Furthermore, ) is called a smooth
Weil function if « can be even assumed smooth on U. Every (smooth) Weil function A :
(X\supp(D))(C) — R associated with D yields a (smooth) hermitian metric g on the associated
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line bundle L(D). In fact, its sections O(D) form a Ox-submodule of Kx and we can just set
92(f) = e A®)| f(x)| for any meromorphic function f on U and any € X (C) in its domain of
definition. To a smooth Weil function A for D is associated a smooth closed (1, 1)-form of real
type, namely the Chern form c¢;(L(D), g) of the associated smooth metric on L(D). On an
open euclidean neighborhood U such that 27)) is true, we have ¢1(L, g) = dd°«. Additionally,
dd°a = dd°)\ outside supp(D)(C).

We now record a standard result on Weil functions. Let D be a Cartier divisor on a complex
projective variety X and A be a Weil function for D. Assume that D is the difference D1 — D5
of two effective Cartier divisors Dy, Dy with disjoint supports. From [37, Propositions 10.2.1
and 10.3.2], we infer that sup{\,0} (resp. —inf{\,0}) is a Weil function for D; (resp. Ds).
The next lemma provides a smooth variant of this observation in the same situation.

Lemma 13. In the situation described above, assume additionally that \ is a smooth Weil
function. Then, log(1+ €2})/2 (resp. log(1+e~2*)/2) is a smooth Weil function for Dy (resp.
Dy).

Proof. By assumption, we know that for each z € X (C) there exists an open euclidean neigh-
borhood U, a meromorphic function f representing D on U and a smooth function « satisfying
7). Since Dy and D5 have disjoint supports, we may shrink U to guarantee that it is relatively
compact and that its topological closure U does not intersect supp(D;)(C) or supp(Ds)(C).
Suppose U N Dy = O (resp. U N Dy = 0). Then, |f| > ¢ > 0 (resp. |f| < e~ !) for some
sufficiently small e > 0. Furthermore, 1 (resp. f) is a local equation for D;. Note that
B =log(1+ | f|~2€2)/2 (resp. B = log(|f|2 + €2®)/2) is a smooth function on U[1 In addition,

1 1
§1og(1 +€2A) = —log|1]| + B (resp. ilog(l + 62)‘) = —log|f|+ B),

This demonstrates that § log(14€2*) is a smooth Weil function for D;. Similarly, 3 log(1+e~2*)
can be shown to be a smooth Weil function for Ds. O

Let us next recollect a fundamental result of Vojta [62]. Let G be a semiabelian variety with
split toric part T' = G!, and abelian quotient A. Recall from Construction[Hlits compactification
G as well as the Cartier divisor G(D;) on G. With pr, : (P*)! — P! being the projection to
the u-th component as in Construction @] we set D, o = G(pr}Ep) and D, o = G(pr}Eu) so
that G(Dy) = "4 _; (Duo + Duoo)-

Lemma 14. For each divisor Dy o — Dy, 1 < u < t, there exists a unique smooth Weil
function .
Ay G(C) \ supp(Dy,0 — Dyoo)(C) — R
that satisfies
Au(@ +y) = M) + Au(y)

for all x,y € G(C). In addition, e is locally the absolute value of a meromorphic function.

Outside supp(Dy,0 — Dy,00)(C), we have locally A, = log|f| for some holomorphic function
f. This implies dd°\,, = 0 on G(C).

Proof. This is stated in [62, Proposition 2.6] except for the assertion about e*+. Inspecting
(2.6.3) in the proof of the said proposition, one sees that it suffices to prove the same assertion
for the Néron function A, (cf. [37, Theorem 11.1.1]) attached to the divisor (s) on A. As
s is a rational section of an algebraically trivial line bundle by construction, the divisor (s)
is algebraically equivalent to the zero divisor. The explicit formula for A) in terms of a
normalized theta function ([37, Theorem 13.1.1]) directly yields the assertion in this case; the
hermitian form H in the formula is zero because (s) ~aiz 0 (cf. [3| Proposition 2.2.2]). O

"Note that z — |z|2 = 22 + y2 is smooth at z = 0 in contrast to z — |z| = \/22 4 y2. This rules out the
straightforward choice log(1 + e*) (resp. log(1 4+ e™)).
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Using the Weil functions A, we can define a subgroup
(28) {zx € G(C) | Mi(x) = Aa(x) =--- = \(x) =0} C G(C).

This coincides with the maximal compact subgroup K¢ of G(C). Indeed, any homomorphism
K¢ — R vanishes by compactness so that A\,|x, = 0. By uniqueness, the restriction of A, to
the maximal torus T'(C) equals —log|X,| (in standard coordinates X1,...,X;). Hence, the
subgroup in (28) is topologically a fiber bundle with compact fiber (S*)t, St = {2z € C| |2| = 1},
over the compact base A(C). Therefore, it is compact itself and hence contained in Kg. As
G(C) is Hausdorff, its maximal compact subgroup K¢ is a closed subgroup. Using [25], Theorem
I1.2.3] and counting dimensions, we see that K¢ is a real Lie subgroup of (real) dimension
2dim(A) + t.

Recall that Mg is the line bundle associated to the T-invariant Weil divisor G(D;). By
Lemmas [[3] and [[4], the function

t
1
(29) =5 > (log(1 + € + log(1 + e~>*))
u=1

is a smooth Weil function for G(D;). For the associated smooth hermitian line bundle, which
is denoted M in the sequel, we have

t
Z (dd®log(1 + e* ) + dd°log(1 + e~?**)) on G(C).

l\’)l»—t

The Weil functions of Lemma[I4] also satisfy some functoriality. To be precise, let ¢: G — G’
be a homomorphism of semiabelian varieties with toric component pyo,: T = G’jn — T = Gf,,;.
Let X; (resp. Y;) be the standard algebraic coordinates on G, (resp. G ) and write ¢, (Y,) =
X - X with integers ay,. Lemma [I4] supplies Weil functions A, 1 < u < ¢/, on G’ and
there is an identity

(30) O N = N 0o = a1\ + aguAa + - - - + g on G(C).

Indeed, the equality is valid on T since the restriction of X, (resp. A,) to the maximal torus
T(C) = (C*)t (resp. T'(C) ~ (C*)"') is (—log|Xu|) (resp. (—log|Y,|)) as we noted above. It
is also true on K¢ because p(Kq) C Kg'. As Kg and T(C) generate G(C) as a group, (30 is
true for all of G(C). Note that ¢*\, is independent of the abelian component of . Abusing
notation, we therefore write p  \. instead of ©*A,. Even more, we can use [B0) to formally
define ¢}, N\ : G(C) = R, v =1,...,t, for an arbitrary ¢, € Homg(G%,, Gt/)

We now apply the results of the previous paragraph to endow the line bundles M. o)’

@ror € Hom (G, GY), with hermitian metrics. For this, we use the homomorphism ¢ : G — G’

from Construction [ with 7" Mz ~ MF(«pt oL We may endow My— T with a hermitian metric

such that go*M " M (o . Since the isomorphism between © M + and Mp— Town) is unique

up to multiplication with a non-zero constant, this singles out a hermitian metric on M=—— e
up to a non-zero constant scaling factor. Regardless of this indeterminate scaling factor, we

have an identity of Chern forms ¢; (Mm) ="c1(Mg). Thus,

t/
1
(31) c1 (M F(wm =3 (ddC log(1 4 €2#ior?v) + dd® log(1 + e 2“’mr’\v)) on G(C).

v=1

Since the indeterminacy in the metric is negligible for our purposes, we suppress it in writing

MW for any hermitian line bundle as constructed above. Again, the right hand side of (31])

depends only on @iy and is moreover well-defined for any ¢, € Homg(GY,, Gf,;) In other
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words, we can associate with each ¢y, € Homg(G?,,G% ) a (1,1)-form
t/
(ddC log(1 4 €2%ior™e) 4+ dd log(1 + e~ 2Pl U))
v=1
on G(C). (Note that we do not claim that w(¢ptor) extends to any compactification of G(C).
In the proof of Lemma [T we give such an extension in the case where ¢, € Hom(G?,, G ),

but we neither can prove the existence of an extension in general nor do we need it.) In the
remainder of this section, we establish basic properties of this (1, 1)-form.

N | —

¢t0r =

Lemma 15. Fach dd®log(1 + eiwfor/\é), 1 <wv <, is a semipositive (1,1)-form of real type
on G(C). Consequently, w(oior) is a semipositive (1,1)-form of real type.

Proof. Tt suffices to prove that log(1 + ei%’:or)‘/v) is a plurisubharmonic function. This follows
directly from dd°A, = 0 (i.e., both A\, and —)\, are plurisubharmonic on G(C)) and the fact
that log(1 + e?) is a convex monotonously increasing function (cf. [2I, Theorem K.5 (d)]). O

Furthermore, the map ¢tor — w(dtor) is continuous with respect to the euclidean topology
on Homg (G!,, G' ) ~ R*** and the usual topology on smooth (1, 1)-forms (cf. [14, Section 1.2]
and [54, Section 1.46]). By Lemma [[4] there exists locally on G(C) a non-zero holomorphic
function k., such that e* = |k, |. From X, = log(|s.|?)/2, we deduce

FuOK Ok — Ky OR ok
R o 2Ky, an Y 2 ky? (2/@)

Using Lemma [16] below, we hence obtain

2Z(a¢§or / /\g(b:or I)

2)  dd®log(1 + €2Poro) & dd®log(1 + e~ 2PiorA) = _
(32) og(l+e ) + dd°log(1+ e ) (1 + €200 )(1 + e 200ns)

Lemma 16. Let x1,...,Kkn be zero-free holomorphic functions on an open subset U C C™.
Then,
i [K1]® - [fm|™ L T LA R,
dd®log(1 + |k1|** -+ |[Em|%™) = — A
gLkl ol ™) = e e ey | X T A T
u=1 u=1

for any real numbers a1, ..., Qn,.

Proof. Without loss of generality, we assume that all ay, ..., a,, are non-zero. To simplify our
notation, we set f(z) = |k1|% - - || First, we note that 0|x|? = 9(k&)?/? = 4|k|9~2K0k =

21k]7 (2£) (vesp. O|k|? = £|x]7(22)) implies that

216 = 1)+ 3 (%) (e D7) = ) (S22 )

u= u=1

Since both x, and ;! are holomorphic, we have

Oky 10k, = 5(/@718&”) = 5(/@71) A Ok, + ,%17156(/%) =0

and hence

st () 1o (£ )

(S5 ()

(2(“32’:“))
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We compute

ddlog(1+ f(2)) =0 (%f(z)gf(z))
-1 — 1 —

T 1+ f(2)? ))2 i i
= ((1 +;())) * 14{(;2@) <uz_:1 a;i:u > (%))
RTT 7 <i Y <5n)> |

u=1 u=1

The assertion follows directly as dd® = (i/27)(0 + 9)(0 — 0) = (i/7)00. O

The next lemma establishes an essential homogeneity property for w(dior)-

Lemma 17. Let G be a semiabelian variety with abelian quotient m : G — A and toric part
Gt,. In addition, let t' be a non-negative integer and w a smooth closed (1,1)-form on A(C).
For every ¢yor € HomQ(an,Gf;), every algebraic subvariety X C G, and every non-negative
integers s1, sa satisfying s1 + s2 = dim(X), the integral

/ W(¢tor)A51 A (ﬂ.*w)/\sz

X(C)

is finite and

(33) / wW(n - dror) ' A (7)o = nt . / W(Pror) 1 A ()2
X(C) X(C)

for each mon-negative integer n.

Proof. Let us first prove the lemma assuming that ¢ior = Yior € Hom(an,Gf;). In this
situation, w(pior) extends to a smooth closed (1,1)-form on the (complex) analytic space
G )((C). Indeed, w(ptor) is precisely defined to agree with the restriction of the smooth

T'(¢tor - o
differential form W(pior) = c1(M ) on Gr——(C) D G(C). Writing X for the Zariski

F(‘ﬂtor)
closure of X in G=——, we have hence

I'(ptor)
'(ptor)’

R N I N
X(C) X(C)

because (X \ X)(C) is of positive codimension in X(C). As we are integrating a smooth
differential form over a compact analytic space, the integral on the right-hand side is evidently
finite.

To show the second part of the assertion, still assuming that ¢ior = Ptor € Hom(an, Gf;),

we start note that also ¢; (MW) is an extension of w(n - Yior) ON Gr(n o )((C) D G(C).

In addition, Construction [6] supplies us with a map ¥4, n : GF(Wt ) GF(MDt ) which is
the identity on G. Therefore, the smooth closed (1, 1)-form &(n - por) = V5, ,C1 (MW)

extends w(n - Yior) to G )((C) D G(C). (Note that both extensions @W(ptor) and W(n - ror)

F(Wtor

are actually unique.) o
Denote by 7 : G5 — A the abelian quotient. Since the boundary (X \ X)(C) has

measure zero, ([33) would follow from the equality

(34) / G(m - pror) A (Trw) 2 = m® - / O(pror) 5t A (Trom) 2.
X(C) X(C)
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For this, we claim that any function
P 1 G(C) 5 R, s (1 +4 eF2mlote) /(1 4 20ty 1 < g < ¢,

extends smoothly to Gm(((:). It suffices to prove that each z € (G o) \ G)(C) has a

(euclidean) neighborhood on which p extends smoothly. For this, we let ¢ : G — G’ be again
the homomorphism from Construction [7 so that M o) ~ P" Mg . As before, Lemma [14]

affords a Weil function A, 1 < v < ¢, for each divisor Dv,o — D;, o, on G'. Its pullback TN,
o) G’ restricts to the function Vi - G(C) — R formally defined by (B0)).
There exists a euclidean neighborhood U of $(x) and a meromorphic function f on U with
div(f) = (D; 0 — D}, o0)|u such that X + log|f| extends to a smooth function @ on U. On

GCO)np HU) c GF(W (C), we have

along p: Gy

Py =N, 0P = —log|f 0P| + (a0 P)
and thus
14+ |f o ¢|:F2mei2m(ozo¢) |f o ¢|i2m 4 eiQm(aoa)
(L+ [ oplF2eF2@@ym = (|f o p[#2 + eF2od)m
Since supp(D;, o) Nsupp(D;, ) = 0, we have = ¢ supp(D,, ) or x ¢ supp(D;, ). Shrinking
U if necessary, we may hence assume that f or f~! is holomorphic on U. In either case, (35)

yields a smooth extension of pf on p~1(U). By uniqueness, these extensions glue together to
a smooth function pF G )((C) — R>0. (In fact, pif(x) = 1 for all = € supp(D},,)(C) U

supp(D;, ,)(C) because (1 +e™*)/(1+e*)™ — 1 if z — Fo00.) In addition,

(35) Py =

o
(36) w(m - pror) — MW(Pror) = %Z dd®log(p) + dd°log(p, ) ;
v=1
nd any (1, 1)-form on G(C) has at most one smooth
) We deduce from (B6) that @(m-ior) — M (Ptor)
is exact and hence Stokes’ theorem ([20] p. 33]) in combination with a partition of unity implies
B4). ,

Now, let us consider a general ¢ior € Homg(GlL,,GL,) and a positive integer n that is a
denominator for ¢ior (i.€., 7 - dror € Hom(G!,, G%)). Setting Y = [n]~*(X), the restriction
[n]ly : Y — X is finite étale of degree n?4™(A)+t By functoriality [30), we have [n]*w(dior) =

w(n - ¢ror) and [n]*w(m - ¢ror) = w(m - n - Gor). We infer that

WO [ i)t A @) = [ wm e G A ) @)
X(C) Y (C)

indeed, this equality is obvious on G(C) a
extension to the compactification Ggr-— )((C .

and
RO [ g A @) = [l G A ) @)
X(C) Y (C)

Since n - ¢ror € Hom(G?,,G), this reduces the assertion of the lemma to the already proven
special case. O

5.2. “Abelian” (1,1)-forms. This subsection is the “abelian” equivalent of the last one and
we introduce here (1, 1)-forms w(N; ¢a,) analogous to the (1,1)-forms w(dior). In fact, we
construct a (1,1)-form w(N;¢ap) on A(C) for each ¢a, € Homgr(A, A’), A and A’ abelian
varieties, and each ample line bundle N on A’. Having pullbacks from abelian quotients at
our disposal, it suffices here to work on abelian varieties and the definition is technically less
demanding.

Let @,p, : A — A’ be a homomorphism of abelian varieties. We choose lattices A C CY, g =
dim(A), and A’ C CY', ¢’ = dim(A’), such that CY — C9/A = A(C) and CY — C9' /A’ = A'(C)
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are universal coverings. In the sequel, each holomorphic tangent space T, A(C), = € A(C),
(resp. T, A'(C), =’ € A’(C),) is identified with C9 (resp. C¢') by virtue of this quotient map.
We write @ap : CY — CY for the lifting of a1 along the universal coverings.

Let N be an ample line bundle on A’. The Appell-Humbert Theorem (see e.g. [3, Section
2.2]) allows us to describe N in terms of a pair (H,x) consisting of a hermitian form H :
CY x €Y — C such that Im H(A’,A’) C Z and a semicharacter x : A’ — S* for H. It is
well-known (cf. [3, Exercise 2.6.2] and [61, Theorem 7.10]) that N can be endowed with a
metric g such that the Chern form ¢;(N) of the hermitian line bundle N = (N, g) is given by

(37) c1(N)a: T A'(C) x T 2 A'(C) = C9 xCY — C, (v,w) — —Im(H)(v,w), z € A’(C).
Ampleness of N is equivalent to H being positive definite ([3, Proposition 4.5.2]), which is

equivalent to c¢;(IN) being a positive (1,1)-form. The pullback of ¢;(N) along @qy, is given by

(38) wipe1(N)y: Tr 2 A(C) x T , A(C) = CIxCY — C, (v,w) — —Im(H)(Pap (v), Pab(w)),
for each z € A(C). Lifting homomorphisms A — A’ to homomorphisms C9 — CY' of the
universal coverings induces an injection Homg(A, A’) — Homg(CY 7@9/)7 Gab —> Qap. As in
(BT, the right hand side of [38) is well-defined for any ¢.;, € Homg(C9,CY"). For an element
®ap € Homg(A, A), we hence define the (1, 1)-form w(N; ¢ap) on A by demanding

W(N; ab)a : TraA(C) x Tr 2 A(C) = CI x CI — C, (v, w) — —Im(H)(¢ap (v), dap (w)),

for each 2z € A(C). Since ¢1(N) is positive and of real type, w(NV; ¢ap) is semipositive and
of real type as well. In addition, w(N;¢,p) only depends on ¢, and the hermitian form H
associated with N (i.e., the Néron-Severi class of N) but we have no use for this fact in the
following. Yet again, the assignment ¢,1, — w(N; @ap) is continuous with respect to the usual
topologies. Finally, there is the obvious homogeneity relation

(39) W(N;n - gan) = n* - w(N; Pab).

6. DISTRIBUTIONS, ANALYTIC SUBGROUPS, AND AX’S THEOREM

In general, the (1, 1)-forms w(¢tor) and w(N; ¢ap) introduced in Section Bl have no realization
as Chern forms of hermitian line bundles. As we show in this section, they nevertheless convey
geometric information and are closely connected to the group structure of the semiabelian
variety.

Once again, we consider a semiabelian variety G with abelian quotient 7 : G — A and
toric part T = G!,. Let ¢ be a non-negative integer, A’ an abelian variety and N an ample
line bundle on A’. For each ¢ior € HomR(an,Gf;L) (resp. ¢an, € Hompg(A, A")), we have a
semipositive (1, 1)-form w(¢pior) (resp. m*w(N; ¢ap)) of real type on G(C). Set

w=c- w((btor) + W*W(N; d)ab)

for some arbitrary positive constant ¢ > 0. (The flexibility provided by c is needed later in
the proof of Lemma in order to remedy the fact that there is no ample line bundle on a
general semiabelian variety that is homogeneous with respect to the multiplication-by-n map
[n].) Since gu(g,o,) AN Grew(N:g,,) are positive semidefinite, we infer from (26) that

(40) ker(wg) = ker(w(dior)z) Nker(m*w(N; ¢ab)z) C Tr,G(C)

for each € G(C). In addition, w(I(-),I(:)) = w(-,-) implies that ker(w(dtor)s) is invariant
under I. In fact, both ker(w(¢tor).) and ker(w(N; ¢ap).) are I-invariant for the same rea-
son. Under our standing identification of Tk G(C) and T(é’OG((C), this means that ker(w;) is a
C-linear subspace of Té:gG((C). Our next observation is that this yields a left-invariant holo-
morphic distribution (i.e., a holomorphic vector subbundle) ker(w) C Tr°G(C), which is a
straightforward consequence of the lemma below.
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Lemma 18. For every z,y € G(C), we have (dly), ker(ws) = ker(wy+4).

Proof. Because of (@), it suffices to prove that
(41)
(dly)z ker(w(dror)x) = ker(w(dtor)y+2) and (dly )z ker(m*w(N; ¢an )o) = ker(m*w(N; dab)y+z)

forall z,y € G (C). The latter equality is a direct consequence of the fact that the Chern form
c1(N) on A’(C) is translation-invariant, which can be read off from 7). Using [23]), we see
that (32]) implies
_ tz a(b:or)‘; ® g(b:or)‘; + gqﬁ:or)‘; ® a(b:or)‘;
Guolror) = 9r (1 + 20 ) (1 + e 20e)

v=1

By Lemma [[5] each 0¢}, N, @ O¢F, N, + 0pi N, @ Dgf, N, is a positive semidefinite bilinear
form on T,,G(C) and it follows by (26) that
t/
ker(w(gor)) = () ker(067u, X, ® i X, + Ddior A, @ 0070r N, ).

v=1

In addition, (23] implies that
ker((0¢7o: X, @ 0ior Ay + 0010, Ny ® 0070, N, )a) = {w € Tr oG (C) | Do\, (w) - Iioe Xy, (w) = 0}
Since each @7\, is real-valued, we have d¢i, N, (v) = 0¢;, N, (v) and thus
ker (9075 A, ®0{or Xy + 0070 Ay @D Ny o) = {w € TiaGo(C) | 0670, N, (w) = 0} = ker (9, Ay).
Note that (0¢i,,AL)s is a R-linear map Tg ;G(C) — C. As each X, is a homomorphism, we
have (qﬁ:orA; © ly)() = ¢:or)‘i;() + qﬁ:orA; (y) and therefore a(qﬁ:or)‘; o ly) = a(b:or)‘:f We infer
(dly) ker(a(b‘:or)"/u)m = ker(a(qsrorA'lu ° ly))erx = ker(ad)ror/\;)erIa
thus establishing the first equation of (@IJ). O
Having proven translation-invariance, we can easily determine the rank of ker(w) by de-
termining the dimension of ker(w.). We do this next under some surjectivity assumption
on ¢ior and ¢,p. To describe this assumption, we recall that the complex exponential map
gives a universal covering C — G,,(C). Taking products, we obtain universal coverings
C! — G!,(C) and C" — G (C). Bach homomorphism @i, € Hom(G!,, G%) lifts to a linear
map Jior : Ct — C¥ (cf. [65] Theorems 3.25 and 3.27]). Tensoring with R, we obtain an
injection Homg (G¢,, Gf,;) — Homg (Ct, (Ctl), Otor — Pror, and set
Hom§ (G, G)) = {¢ror € Homg(G',,GL) | dior is surjective}.

In Subsection 5.2 we have associated with each ¢, € Hom(A, A’) a linear map qzab :CY9 — Y
and we define similarly

Hom§ (A, A') = {¢ap € Homg(A, A’) | dap is surjective}.

Lemma 19. If ¢or € Hom3(GE |, G ) and ¢ap € Hom (A, A'), then ker(w) has rank (t—t') +
(dim(A) — dim(A")) (as a complex vector bundle).

Proof. First, we claim that there is a commutative exact diagram

0 —— ker(w(qﬁtor)\TRyeT(c)) — ker(we) —— ker(w(N; ¢ap)e) —— 0

g [ J |

0 ——— T, I (C) ——— Tr..G(C) (dm)e Tr A(C) — 0.
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Except for the surjectivity of ker(w.) — ker(w(N; ¢ab)e), this is a direct consequence of semi-
positivity and (28)). For surjectivity, it suffices to prove that there exists an I-invariant subspace
V C ker(w(¢tor)e) such that

(43) T .T(C) @V = Tz .G(C).

Given such a decomposition, we can find for any v € ker(w(N; ¢ap)e) a (dm).-preimage w € V.
Furthermore, we have

gw,e(w; w) =cC- gw(@or),e(w; w) + gfr*w(N;qﬁab),e(wﬂ w) = gw(N;qﬁab),e(vv ’U) =0

since w € ker(w(pror)e) and (dm)e(w) = v € ker(w(N; gab)e). Recall that the maximal compact
subgroup K¢ C G(C) is a real Lie subgroup such that dimg (Tk,Kq) = 2dim(A) + ¢.

We now claim that V = Tg K N I(Tk,Kc) C Tr,G(C) is a suitable choice for (£3).
Since each Weil function A, (1 < u < ¢) is constant zero on K¢, both the (1,0)-forms O\,
(1 < u < t)and the (0, 1)-forms O\, (1 < u < t) have to vanish on V. This immediately implies

that V' C ker(w(¢tor)e). We already know that A, |pc) = —log|z,| in standard coordinates
21,...,2 on T(C) = G, (C). We compute that
(44) Ol Tyr(c) = —dzu/224 and ONu|1 () = —dZu /2%, (1 <u < t),

which shows that the restrictions of O\, ..., N\, N}, ..., 0N, to Tk T (C) form a C-basis of
Hompg (TR, T(C),C). Since each of these forms vanishes on V (see (28))), we have Tr T (C) N
V = {0}. As dimg(V) = dimr(Tr Kg N I(Tk,K¢c)) > 2dim(A), we obtain the direct sum
decomposition ([43).

Using ([42), it remains to compute the dimensions of the I-invariant R-linear subspaces
ker(w(dtor) |1, . 7(c)) and ker(w(M; ¢ab)e ). For the former one, let us represent bror € Homp (C,CY)
as a matrix (ayv)i<u<t,1<v<t’ € REX" . As in the proof of Lemma [I§ above, we have

v
ker(w(ror) |1 7(0) = [ ] ker((a1o0M + -+ + a0 |7y 7(C))

v=1
t/
= ﬂ ker(aipdz1 + -+ + agpdzy : Tr,T(C) — C).

v=1
Setting dz; = dx; + idy; with dz;, dy; : Tr,T(C) — R, we can rewrite this as
t’ t

ker(w(ror) 1, 7(0)) = [ ) ker(arodwy + - -+ + agpday) N () ker(arudys + - - + arpdyy).

v=1 =1

The condition ¢, € Hom§(GE,,GE) is equivalent to the matrix (a,,) having maximal rank
t’. This implies that the 2¢' real-valued functionals

a1pdry + -+ agpdrg, arydys + -+ apdy (1 <o <)
on Tr T'(C) are R-linearly independent. From this, we infer
dimg ker(w(¢tor) |7 . 7(c)) = 2(t — 1)
For ker(w(N; ¢ab)e), it follows directly from (B8) that
Ju(Nbu) e TR A(C) X Tz A(C) = C? x C9 — C, (v,w) — Re(H)(dap(v), Pab(w))

(compare with ([24)). Since H is positive definite, so is its real part Re(H). Using (28]), we
deduce that

ker(w(N; @ap)e) = ¢y, (ker(Re(H))) = oy, ({0}) = ker(¢ap)-
Finally, ¢a1, € Homp(A, A") implies that dimg ker(w(N; ¢ap)e) = 2(dim(A) — dim(A")). O
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In summary, we have proven that ker(w) C Té’OG((C) is a left-invariant holomorphic distri-
bution on G(C). By the holomorphic Frobenius theorem ([61, Theorem 2.26]), the distribution
ker(w) is (holomorphically) integrable since the Lie bracket on Té’OG (C) vanishes. In fact, the
integral manifold of ker(w) through a given point € G(C) coincides with the analytic sub-
group - expg(c)(ker(w)e) with expg ey : T(é’OG((C) — G(C) being the Lie group exponential
(cf. [25, Theorem II1.1.7]).

As indicated in Section [l we are interested in determining when a submanifold Y C G(C)
and a point = € Y(C) are such that g, |z, ,v is positive definite. For this purpose, we introduce
an elementary lemma about integrable (holomorphic) distributions.

Lemma 20. Let M be a complex manifold of dimension n, D C T(é’OM an integrable holomor-
phic distribution of rank m on M, Z C M a k-dimensional analytic subvariety and x a point on
Z. Assume that there exists an open neighborhood U C M of x such that dim¢ (DN T1 OZ) >1
for any y € Z5 NU. Then, the integral submanifold L C U of D through x satzsﬁes
dim, (LN Z) > 1.

Proof. By shrinking U if necessary, we can assume that there exists a holomorphic flat chart
f:U — C"™ for D|y. Recall that this means that f is a submersion and that each non-
empty fiber of f is an integral submanifold for D|y. By our assumption, the differential
d(flz) : Té:gZ — C* ™ has rank < k—1 for every y € Z*"NU. By [22, Lemma L.6], the local
dimension of any fiber f|§1(f(y)) =f"Yfy)NZ,ye Z*™NU,is > everywhere. If z is a
smooth point of Z, this already implies dim, (f~!(f(z)) N Z) > I. For z in the singular locus,
we use also the upper semi-continuity of the fiber dimension [22] Lemma L.2] to conclude the
proof. O

Finally, we are ready to use Ax’s Theorem to show non-degeneracy in all cases of interest.

Lemma 21. Let X C G be an algebraic subvariety such that X®) # X for some non-negative
integer s. Then (w|x )" 4mX) £ 0 for every (¢ror, dan) € HomS (G! | GE ) x Hom$ (A, A') with
t' + dim(A’) > s.

Proof. Assume (w|x)"4™(X) = 0, which means that dimc(ker(w,) N T, X) > 1 for any x €
X(C). For each z € X(C), let L, = z - expg(c)(ker(w|e)) be the integral manifold of ker(w)
through z. By Lemma [I9, the holomorphic distribution ker(w) has rank < dim(G) — s and
this is also the dimension of L,. From Lemma 20, we know that dim, (L, N X (C)) > 1. This is
an intersection of an algebraic subvariety with an analytic subgroup in G(C). Applying Ax’s
Theorem ([I, Corollary 1]), we obtain for each z € X(C) an algebraic subgroup H C G such
that X C H and

dim(H) < dim(X) + dim(L,) — dim, (L, N X(C)) < dim(X) + dim(G) — s.

A comparison with () shows that this implies that X is itself an s-anomalous variety, associated
with H, and hence X = X ). O

7. PROOF OF THEOREM

In this section, all algebraic groups are over Spec(Q) without further mention. As usual, T
denotes the toric part of G and A the underlying abelian variety. Since our base field is Q, the
torus T is split and we keep fixed a splitting throughout this section (i.e., assume 7' = G*)).

7.1. Reductions. We start with an elementary observation related to the “height cones”
introduced in @)). Let h,h' : G(Q) — R be functions satisfying

(45)  esh'(x) —ca < h(z) < csh/(x) + c6 and W (21 + 22) < e7 (B (z1) + W (22)) + cs
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for all , 1,72 € G(Q) with constants ¢; > 0 (i € {3,...,8}). For any subset ¥ C G(Q) and
any € > 0, there is an inclusion

C(S, 1 ,e') C OB, he) U{z € GQ) | I (x) < co}

with &/ = EC3cg1/2 and some constant cg = cg(cs,...,cs,€,&). We leave this straightforward
computation to the reader.

Let G be the compactification of G and Mg the line bundle as in Constructionfl Further-
more, let N be a ample symmetric line bundle on A. By Lemma 3] L = Mz ® T*N is an
ample line bundle on G. For Theorem [, it is sufficient to prove the boundedness of hy on
(X\ XN @) NnC(GENQ), hy,e). In fact, let L’ be an arbitrary ample line bundle on an arbi-
trary compactification G of G and hy, an associated Weil height. Applying [63, Proposition
2.3] to the identity map idg, which gives a birational map G --» @I, and the line bundles L
and L’ we obtain the first two inequalities in ([45)). The third inequality follows from applying
the same proposition to the group law +¢, understood as a rational map G xG --+G. We
may thus use our above observation to ensure the asserted reduction. Considering also Lemma
[Bl (a), we see that it even suffices to prove that hp = hM_ +hy G(Q) — R2Y is bounded from
above on (X \ X#))(Q) N C(GH(Q), hy, ).

Our last reduction step is to note that Theorem [2] is easily inferred from the following
proposition, which is shown in the remaining parts of Section [7

Proposition 22. Let X C G be an irreducible Zariski closed subset of positive dimension such
that X®) £ X. Then, there exists a non-empty Zariski open subset U C X and some € > 0
such that hy, is bounded on U N C(GIN(Q), hyp,¢).

Proof of Theorem[Q (using Proposition[23). We perform an induction on dim(X). Theorem
is clearly trivial if X has dimension zero, which starts our induction. Assume now that
X is positive dimensional and that the assertion of the theorem, with hy replaced by iALL,
is already known for any X’ with dim(X’) < dim(X). Without loss of generality, we can
additionally assume that X is irreducible and that X ) # X. Applying Proposition 22 to X,
we obtain a non-empty Zariski open subset U C X and a real number € > 0 such that /f;L
is bounded on U(Q) N C(G¥(Q), hr,e). Now, X’ = X \ U has dimension strictly less than
dim(X) so that we may apply our inductive hypothesis to X’. We obtain that hr, is bounded

n (X'\ (X)) Q) N C(GH(Q), hr,e') for some ¢ > 0. In conclusion, we know that hy is
bounded on

(X\ (X))@ NCGH(@), hr, minfe,'})
As (X)) C X by (), this yields the assertion of Theorem 2] for X. O

7.2. Approximating homomorphisms. The following lemma is useful for reducing the
proof of the main theorem to a manageable situation.

Lemma 23. There exist finitely many abelian varieties Af, .. .,A}O (depending on s) such

that each z € G¥ (Q) is contained in the kernel of some surjective homomorphism p: G — G,
dim(G’) > s, that is represented (as in Lemmall) by a diagram

0 Gt, G A 0
\L Ptor L P L Pab
0 G, el A 0.

As @ior 18 surjective, we clearly have ¢/ < t.
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Proof. Evidently, if € H(Q) with codimg(H) > s then z is in the kernel of the quotient
7: G — G/H. The toric part of G/H can be identified with G% . The abelian component
Tab : A = B of m is surjective. By Poincaré’s complete reducibility theorem ([47, Theorem 1
on p. 173]), there exist only finitely many quotients A — A%, 1 < j < jo, up to isogeny. In
particular, there exists an isogeny ¢ : B — A’ for some j" € {1,...,j0}. By Lemma[2 there
exists a semiabelian variety G’ and a unique homomorphism ¢’ : G/H — G’ with toric part
idG% and abelian part ¢. We can take ¢ = ¢’ o . g

If G is an abelian variety, Poincaré’s complete reducibility theorem yields immediately the
existence of finitely many quotients ¢; : G — G, dim(G;) > s, such that each z € GI*/(Q)
is contained in the kernel of some ;. In addition, if G is a torus a similar statement is true
for more trivial reasons. Nevertheless, the analogous statement is false for general semiabelian
varieties as simple examples showll Our lemma is optimal in the general case.

By Lemma [Il we may associate with each ¢ € Hom(G, G’) as in Lemma 23] a pair

(Vtors Pab) € Hom(G!,, GY)) x Hom(4, A), ' € {0,....t}, j € {1,....jo}.
This allows us to concentrate on a finite number of fixed finite rank Z-modules
(46) VD) = Hom(G!,,G,) x Hom(A, A%), t' € {0,...,t}, j € {1,....,jo}.

instead of infinitely many different Hom(G, G’). We study now one of these modules separately
and drop the superscripts, writing V instead of VD, As Vis a free Z-module, it embeds
into Vg = V ®z Q and Vg = V ®z R. Furthermore, a quasi-homomorphism ¢ € Homg(G, G’)
determines a pair (Pior, Pan) € V. However, the relation between elements (¢ior, dab) € Vo
and actual quasi-homomorphisms ¢ : G —qg G’ of semiabelian varieties is quite intricate. The
reader is referred to Section [§ for details. As witnessed by the results of Section [ we have a
special interest in pairs that are contained in

Vi = Homg (G, G!,) x Homg, (A, A}) C Vg.

For this reason, we also define Vij = Vo N V. It is easy to see that a quasi-homomorphism
dror € Homg(GL ,GL) (resp. ¢ap € Homg(A, A%)) is contained in Homg(G},, G!) (resp.
Homg (A, A})) if and only if it is surjective in the sense of Section

With these preparations, we can state our first approximation result. The proof is a simple
reduction to the abelian and toric cases treated in [23] [24].

Lemma 24. There exists a compact subset K = Kior X Ko, C Vg such that the following
assertion is true: Let x € G(Q) be contained in the kernel of a surjective homomorphism
v : G — G’ of semiabelian varieties that is represented by some (Pior, Pan) € V. Then, there
exists a semiabelian variety G and a surjective quasi-homomorphism ¢ : G —q G” such that

x € ker(¢) + Tors(G) and ¢ is represented by some (¢ior, Pab) € Vo N K.

The reader may be reminded that dim(G’) = dim(G"”) as well as the fact that GI, (resp.
A’) is the toric part (resp. the abelian quotient) of both G’ and G is automatic.

8In fact, consider the semiabelian variety G that is the an—extension of a non-CM elliptic curve F represented
by (n1,m2) € EV(Q)2. Assume also that Zn; 4+ Znsz is a free Z-module of rank 2. For each integer n, we consider
the Gp-extension G(") of E given by nn1 +n2 € EY(Q) and the homomorphism go(") : G = G described by
(<P£2r))*(y1) = X7 X2 and ‘pz(:ll)) = idg. There exists a point & € ker(p(™)(@) C G2 (Q) that is not contained
in any other algebraic subgroup of codimension 2. Therefore any surjective homomorphism ¢ : G — G’,
dim(G’) = 2, with p € ker()(Q) factors through ¢(™). However, Lemma[dlimplies that G(") and G(™) are not
isogeneous if n # m. Indeed, all G,,-extensions isogeneous to G(™) are represented by “rational multiples” of
nn +n2 € EY(Q).



30 LARS KUHNE

Proof. Using again Lemma [I, we obtain a commutative diagram

0 Gt, G A 0
\L Ptor L P L Pab
0 G, el A 0.

By [23, Lemma 2], there exists some compact subset Ka, C Homg (A, A}) such that for every
surjective 1) € Homg(4, A}) there exists a surjective ¢" € Homg(A’, A) with ¢ o9 € Kap.
As ¢ is surjective, the same is true for its abelian component ¢,,. Hence, we may apply
the lemma with ¢ = ., and obtain a quasi-homomorphism v, : A} —g A} such that
W, © Yab € Kap. Similarly, we can extract from the proof of [24, Lemma 4.2] that there
exists a compact set Kior C Homp (G, Gf,,l) such that there always exists a surjective quasi-
homomorphism ¢, : G —g Gt with ¥/, 0 pror € Kior. We claim that K = Kier X Kap C VO
satisfies the assertion of the lemma.

Let n be a positive integer such that n -1, € Hom(A’, A%) and n -, € Hom(G!,,Gt).
By Lemma [2 there exists a semiabelian variety G’ and a homomorphism ¢’ : G’ — G” such
that

0 G, G’ A 0
ln'wéor ¢’ lnw;b
0 G, el A 0

is a commutative diagram with exact rows. The homomorphism ¢’ oy : G — G is represented
by
n- (wéor © <Pt0r,¢;b © (Pab) evnn-K.
Multiplying with n=!, we get a quasi-homomorphism ¢ : G —g G” that is represented by
(wéor O Ptor, w;b o (Pab) € VQ N IC

This is evidently the quasi-homomorphism we are searching for. ]

For the next lemma, we endow Homg (G’ , G ) and Homg (A, A’) with linear norms. As all
norms on a finite-dimensional R-vector space are equivalent, the precise choice is irrelevant for
our purposes. Therefore, we just fix an arbitrary norm |-| on Homg(G?,, G},) and Homg (4, A})
for the sequel. We slightly abuse notation in denoting both norms by | - |. For each real

r > 0, we denote by B (étor) (resp. Byi/2(¢an)) the open ball with radius 7 (resp. r/2) around
bror € Homg(G!, G ) (resp. ¢a, € Hompg(A4, A%)). In addition, we set

Br(¢tor; ¢ab) = Br(¢tor) X Brl/Z (¢ab)a (¢tor; ¢ab) S V]R-

Lemma 25. Let § > 0 be arbitrary. Then, there exists an integer ng > 1 and a finite set
{(D1,t0rs P1,ab)s -« - » (Phes tors Phsab) } C 15V
such that for each (Pior, Pan) € K we have (¢ior, Pab) € Bs(Pk,tors Pk.ab) for some 1 < k < ks.
Proof. For sufficiently large ng, the open sets
Bs(btors Pab) = Bs(Pror) X Bsi2(Pab), (dtor, Pab) € nglV,

cover all of Vg. By compactness, finitely many of these open sets suffice to cover all of . [

In both [23] and [24], a step analogous to Lemma 28] is performed quite explicitly with
a quantitatively much better result, using diophantine approximation. The above weaker
estimate is however sufficient for our proof.
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7.3. Height bounds. In this section, we derive two competing height bounds. The first one
(Lemma 28)) is valid for any = € C(G'*! i, e), whereas the second one (1)) is valid for almost
all z € (X \ X®))(Q). In combination, they imply the desired Proposition 221

Throughout this section, we keep fixed some sufficiently small J; the precise conditions on
d can be found in @8) and (62). For the constants to be introduced in the sequel, we have to
distinguish between those depending only on G and X and those that depend additionally on §.
For this purpose, the former are written plainly ¢; whereas the latter are written ¢;(§). None
of these constants depends on the point x € G(Q) under consideration.

We now consider a point z € (X \ X®)(@Q) N C(G¥(Q), hr,e). Write 2 = y + 2 with
y € GI(Q) and hp(z) < emax{1, hr(y)}. Assuming ¢ < 1/4, we obtain

EL(?J) :EL(z —z) < QEL(SC) + QBL(Z) < QEL(:C) + hi(y) i 1

2 2
by using Lemma [§] (b) and Lemma [I2] for the first inequality. Hence, we have that
(47) hi(y) < 4hp(z) 4+ 1 and hy(2) < e(dhp(z) + 2).

Denote by Ay, ..., A’ the abelian varieties afforded by Lemma[3 We endow each A’ with
an ample symmetric line bundle N;, 1 < j < jo. There exists a semiabelian variety G’ with
abelian quotient A’ (j € {1,...,jo}) and toric part Gt (¢ €{0,...,t}) such that there is a
surjective homomorphism ¢ : G — G’ satisfying y € ker(p). We emphasize that it is essential
that there are only finitely many choices for j/ and t’ as x varies; otherwise, we would not be
able to choose all constants below independent of the point x.

Consider the Z-module V = V({#"7) defined in (@) and choose linear norms on Homg (G, , G*)
and Homg (4, A}), which we simply denote both by | - [. Lemma 24 yields a compact set

K = Kior X Kab C V& = Hom§ (G, GY,) x Homg (A, A)) € Vi
and a quasi-homomorphism ¢g : G —q Go represented by some (¢ tor, $0,ab) € K such that
y € ker(¢g) + Tors(G). We compactify Gy by Gy as in Construction 5l and endow Gy with the
ample line bundle (cf. Lemma [
Lo = Mg, ® (7o)*N;
where 7y : Gy — A;- denotes the usual projection.

Since Kior (resp. Kap) is compact and contained in the open subset Homg (G, ,G% ) (resp.
Homg (A, A%)), the distance between Kiop (resp. Kap) and the complement

Cior = Homp(G!,, G!,) \ Homg (G!,, G,) (resp. Cap, = Homp (4, A}) \ Homg (4, A}))

m
is strictly positive. We assume that
(48) ¢ < min{dist(Ksor, Cror), dist (Kap, Can)?}.
By the triangle inequality, this implies that the distance between K5 = K+ Bs(0,0) and Ve \ Vg
is strictly positive. Consequently, s is a relatively compact subset of V. We choose pairs
(49) (éktors Dh,ab) € 15V, 1 < k < ks,
such that the conclusion of Lemma [25] is true. Discarding pairs if necessary, we may assume
that (¢ tor, Pr.ab) € Ks and hence that (éx tor, Pk.ab) € Vg- Our choice of the pairs @a)
allows us to pick a pair (¢ tor, Pk.ab)s k € {1,..., ks}, With (@0 tor; Po,ab) € Bs(@k,tor, Pk,ab)-

Renumbering if necessary, we can even impose that
(d0,tor> ®0,ab) € Bs(@1,tors P1,ab)

in order to simplify our notation. Again, let us emphasize that it is important that we only
have to choose among finitely many pairs [@3) so that all constants in the sequel can be taken
independent of k and hence of the point .
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Set Ty = T'(ns - d1.00r) C (P1)! x (P1)*. From Construction B, we obtain a compactification
G, endowed with a line bundle Mz . Denoting by 7 : Gy, — A the projection to the abelian
1 1 1 1
quotient, the line bundle

Ly = ME™ @ (m5,)" (n5 - 1.an) " N
is nef by Lemma [Bl
Let n be a denominator of ¢ (i.e., n is an integer such that ¢y = n- ¢y € Hom(G, Gy)). We

also write (1 tor, ¥1.ab) for ns - (d1,tor, P1,ab) € V. As Ks C Vg is relatively compact, there
exists a constant ci1g > 1 such that

C;ol S min{|¢tor|; |¢ab|} S max{|¢tor|; |¢ab|} S C10
for any (¢tor, Pab) € Ks. Since ngl(wlﬁmr, ¥1,ab) = (&1 tor, P1,ab) € K5, we infer

(50) c1_01n5 S min{|w1,tor|7 |¢1,ab|} S maX{W}l,torL |’l/)1,ab|} S C1076-

We can now demonstrate the first of the two announced height bounds.

Lemma 26. There is some constant c11 > 0 such that

(51) (@) < cin2(6 + &) (ho(z) + 1).
Proof. From Lemma [I2] we know the estimate
(52) hi, (x) < 2hp, (y) + 2D, (2).

We may hence bound &y, (y) and hy,(z) separately. Recall that

hr(y) = harg(y) + ha-n (y)
and note that
i (y) = nshar (y) + Bﬁ{wiaij (y)
by Lemma[8l (b, ¢). Let ¢; and ¢y be the constants of Lemma [TT]if applied to G = G, No = N,
t=t, A = A;-, Ny = N; and our fixed linear norms |- | on Homg (G%,, G’;,,l) and Hompg (A, A;)
Comparing Constructions[6 and [7, we infer g Mg ~ Mm From Construction @ we also

know the homogeneities

® ® ~ 9 ns ~ M2 ~ Uy
Ml =Mt~ ﬁwl,mr,nM and 1/)0M " Mo ﬂ¢0,tor1”6M

T'(¢1,t0r) L'(n41,tor) T (¥0,t0r) T'(ns-%o.tor)’
implying
nhan () = Pt (W) and nshog g, () = Moo
Invoking Lemma [[] for n - (¢1 tor, ¥1,ab) and ns - (Y0 tor, Y0.ab) yields
(53) [nhar, (y) = nshyg g, () < crln - ror — 16 - Yo tor|harg (y)
and
(54) |n2hf*¢;aij () = n5hys mo) n, (W) < caln - 1ab — ns - Po.ab*hae N (Y)-

As y € ker(v) + Tor(G), we have ¢o(y) € Tor(Go) and consequently
(55) hre(Wo(y)) = harg, (o)) + heme)-w, (o (y)) =

With Lemmal[I0, we obtain /f;wa Mg, (y) = /f;Mao (¥o(y)) = 0and h% (Fo)* N, ( )= h(w0 (wo( ) =
0 from (B3)). Since

(56) n- (Q/JI,tora wl,ab) —ns - (1/10 tors w ) . ((¢1 tors ¢1,ab) - (¢O,tora ¢O,ab)) ’
we may cancel n (resp. n?) in (53] (resp. (IBZI)) and obtain

(57) hr, (y) < c126n2hr(y) < c1o6n3(4hp(z) + 1)
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for some constant c12 > 0. Applying Lemma [I1] to (11 tor, ¥1,ab) and (0,0) € V, we obtain
similarly

hia(2) < era(nslto corl + [1,a]*) e (2)
for some constant c¢;3 > 0. Using (50, we deduce from this the estimate
(58) hi, (2) < 2c13¢2gn2hp(2) < deciscion2(2hp (z) + 1).
Finally, (5I)) follows from combining (52]), (57) and (ES). O

Our second height bound is a consequence of Siu’s numerical bigness criterion ([58, Corollary

1.2]). Recall from (I3) the maps ¢ = 5, : G — Gf, and ¢ = ¢5, : Gg, — G. The idea
is to compare the line bundles Ly and ¢*L on the Zariski closure X of «(X) C Gp,. Set
r=dim(X) > 1 and

deg(c1 (Ll)r n [Y])
max{1,2r deg(c1(L1)"tei(q*L) N [X])}
We note that both L; and ¢*L are nef.

(59) o=

Lemma 27. There exists a non-empty Zariski open subset Us C X and a constant c14(5), both
depending on 6§, such that

(60) ah(z) = c14(8) < hu, (z)

if x € U(;(@).
Proof. 1f deg(c1(L1)" N[X]) = 0, then a = 0 and there is nothing left to prove because hy, (z)

is non-negative by Lemma Hence, we may and do assume deg(ci(L1)" N [X]) # 0. As Ly

is nef, this actually means deg(c1(L1)" N [X]) > 0. Set
u = deg(c1(L1)" N[X]) and v = max{1,2rdeg(c1(L1)" *e1(¢*L) N [X])}.
This is arranged so that
deg(cr (LY")" N [X]) = v" deg(e1 (L1)" N [X]) = 2rv" udeg(er (L1)"~ ea(q"L) N [X])
= 2rdeg(ci (LYY) ey (" LB) N [X)).

Thus, Siu’s criterion as stated in [40, Theorem 2.2.15] implies that Ly = (LY’ @ ¢*L®(~%)|5
is big. In particular, some power of Ly is effective. By [27, Theorem B.3.6], there exists a
non-empty Zariski-open set Us C X and a constant ¢15(Lz2) > 0 such that

—c15(L2) < hrevggrLoc-w ()

for all z € Us(Q). For a fixed § > 0, we wind up here with finitely many choices for X C Gr,
and the line bundles Ly and ¢*L on G, . As Lz can be determined from this data, we can hence

replace c15(LS™) by some constant depending only on 6. Combining this fact with Lemma
(a), we conclude the existence of some constant c¢16(d) > 0 such that

—c16(0) < thi!v@q*L@(—u) (z)

whenever = € Us(Q). Inequality (60) follows immediately by using Lemma [§ (c), Lemma [
and o = u/v. O

It remains to bound the quantity « from below.

Lemma 28. There exists a constant c17 > 0 such that o > cl7n§.
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Proof. We first define auxiliary functions f;, 0 < ¢ < r, and v;, 0 < ¢ <r —1, on V. Once
again, we use that Construction [ gives for each @y € Hom(G!,,G%) a compactification
Gm of G with abelian quotient T GF(%M) — A and a line bundle Mm on

We use the notations 1ntr0duced in (I3). In addition, we let X5—— e be the Zariski

G——
F(‘Ptor)
closure of Lm( ) in Ge——. For any (¢tor, @ab) € V, we can now deﬁne

I'(ptor
Bi(#rors Pab) = (|¢tor| + |<,0ab|)z deg (Cl(Mm) 1((pab © Tr5—y) "N, )" N [Xm])

and

'Vi((Ptora ‘Pab) = (l@tor|+|§0ab|)i deg(q(MW) Cl((@db © WF(mer))*N ) 1=ie (qﬁL) N [Xm]) .

This defines a Z-homogeneous function f3; (resp. 7;) of degree 2r (resp. 2r —2) on V. To prove

this, we recall that Construction [l provides a finite birational morphism ¥, ,,,, : Gm —
* ~ ®7l . .
Gir(n%or) such that ﬂ@tor,nMir(nmor) MF o The homogeneity relation follows from

the projection formula (cf. [I7, Proposition 2.5 (c)]) by using the straightforward relations

(Vror.n)+ [ Xioroy] = [Xp(n‘%r)]v V7 (0 Pab) 0 T —3) " Nj = (Pab © Trr, )" Nem
L. Therefore, we may and do extend both §; and ~; to unique Q-

and

19‘/"0“" (qr(n'Wtor)L> - qF(‘Ptor)
homogeneous functions on V. We denote these extensions also by f5; and ;. By [31, Theorem

I11.2.1], the nefness of MFW oL N; and L implies that all 5; and 7; are non-negative.

Recall that X is the Zariski closure of ((X) in G—l. The reason for introducing the functions
B; and ~y; are the relations

T

deg(cl(L1>T n [Y]) = Z (T) (|1/11 tOr| 7;:'6|'l/11 ab|) (1/}1,tor7"/)1,ab)

and

r—1 :
— r—1 ng
deg(cy (L) tei(¢*L) N [X]) = () . =i T b)-
g( 1( 1) l(q ) [ ]) ; i (|7/}1,tor| + |7/}1,ab|)1’y (wl,to 1/11,a )
Each n%/(|¢1 tor |+ |¥1,ab])%, 0 < i < r, is bounded both from above and below by virtue of (G0).
Therefore, the assertion of the lemma follows by homogeneity from the existence of constants
c1g, Cc19 > 0 such that

max {ﬁl((btora ¢db)} Gt

0<i<r
and
o x| {7i(dtor, dan)} < c19
for every (¢ior, Pab) € Ks N V. The former bound is stated as Lemma and the latter as
Lemma B0 below. O

Lemma 28] allows us to make (60 precise: There exists a non-empty Zariski open Us C X
such that

(61) cirn2hy(z) — e14(6) < by, (z)
whenever z € Us(Q). Combining this with (5I]), we obtain

0177’L§BL($) — 014((5) < cun§(6 + E)(/BL(.T) + 1).
Canceling nZ, this can be rewritten as

(017 — 011(5 + E))/]{L(m) < n52014(6) + 011((5 + E).
This inequality gives the desired upper bound on h L(z) if

1
(62) max{d,e} < 501_11017-
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Consequently, Proposition 22] is proven up to Lemmas 29 and B0, whose proofs are provided
next in Section [.4

7.4. Bounds on intersection numbers. The reader may profitably compare our derivation
of Lemma 29 with the lengthy one of [24] Proposition 4] to appreciate the technical advantage
provided by using Chern forms. In fact, our argument is particularly simple if G is an abelian
variety because most of Section [0l is not needed in this case and only the functions Sy and g
are NON-zero.

Lemma 29. Assume X) # X. There exists a constant ¢1g > 0 such that

max {5;(dtor, Pab)} > C1s

0<ilr
for all (¢tora ¢ab) € K:é N VQ-

Before starting the proof, let us recall a compatibility between algebraic Chern classes
and analytic Chern forms on proper complex algebraic varieties. Let Z be a proper complex
algebraic variety and let Lq,..., L, be line bundles on Z. If || - ||; (1 < ¢ < n) are smooth
Hermitian metrics on L;, then

ci(Lr)ei(Lz) . ..ci(Ly) N [Z] = /Z(C) er(La, || - ll)er (L, |- ll2) - - er(Lns [ - lln)-

In case Z is smooth, this follows from the fact that the topological Chern class of a line bundle
is given by its Chern form (see e.g. |20, Proposition on p. 141]) and the compatibility between
algebraic Chern classes and their topological counterparts acting on singular homology [I7}
Proposition 19.1.2]. For general Z, one can reduce to this case via Hironaka’s desingularization
theorem [28] (see also [34]).

Proof. Since Ks is a relatively compact subset of Vg, it suffices to prove the following claim:
For each (¢, ¢.,) € Vi, there exists a euclidean neighborhood U C Vg of (¢},,,¢.,) and a
constant ca(@io,, ¢h;,) > 0 such that

(63) max {Bz (¢tora ¢ab)} > €20 (qﬁéora ¢;b)

0<ilr

for all (¢ror, Pab) € U N V.
In order to prove this claim, let (dior, Pab) € Vi and let n denote a denominator for

(dtors Pab). In Section [l the line bundle Mm is endowed with a hermitian metric such

that c¢; (Mm) = w(n - ¢ror). Similarly, the line bundle N; is endowed with a hermitian

metric such that ¢1(N;) = w(Nj;n- @ap). These hermitian line bundles can be used to express
ﬂl (¢tor7 ¢ab) analyticaHY; to Wita ﬂl((btor; ¢ab) = n72rﬂl (n ' ¢tor; n- ¢ab> and

Bi(n - Grorsn - Gab) = (In - Gror| + |1 - ¢ab|)l/ W+ Gror) ™ A (F(n-or)) @ (Njs - i)
XF("‘mor)(C)

Since each [; is a non-negative function, it suffices to prove that there exists a positive constant
c21(Pior, @h1,) and a neighborhood U of (¢, ¢,;,) such that

T

60 3 (7)rers )

=0
= / ((|n : ¢tor| + |n : ¢ab|)w(n - Pror) + (fl‘(nﬂmr))*w(Mj; n- ¢ab))AT
X (©)

exceeds n?"co1 (@, ¢ly,) for any (Gror, dan) € U N Vg with denominator n. As the boundary
XF(n-dnor)((C) \ LF(n_d)mr)(X)((C) has measure zero, the integral in (64]) equals

/X(C) (I - Geor| + In - San D (11 - Bror) + (Fr(n-pon) @ (Nji - dar)) ™,
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which by Lemma [[7 and (B9)) simplifies to

RQT/ ((|¢tor| + |¢ab|)w(¢tor) + (ﬁr((btor))*w(]vj; (bab))/\r
X(C)

It remains to show that the integral

(65) /X o, (] I o)+ 060

is bounded from below by a positive constant ca1 (¢, @) for all (dror, ab) € Vi in a neigh-
borhood U of (¢, ¢4;,). In the sequel, we write

(66) W(¢tora ¢ab) (|¢tor| + |¢ab| (¢tor + 7 w( 73 ¢ab)

for any (@tor, dan) € Vr. From Section[B] we know that each w(tor, dab) is a semipositive (1,1)-
form of real type. Furthermore, our assumption X # X () implies (w(e,,, ¢y, )|x )" 9™ £ 0
by Lemmal2T] (with ¢ = |¢{,,|+]|#%;,|). We infer from this the existence of a non-empty relatively
compact open subset K such that (w(@.,, ¢, )] x.y)" 4™ is a positive volume form for each
y € K. By continuity of w(dtor, @an) with respect to (dior, dap) and compactness, there exists
an open neighborhood U C Vg such that

olrans ) 5 = Lol g1, ) 50

restricts to a positive volume form on each Ty ,X*™(C), y € K. Using the semipositivity of
wW(@tor, Pab), we obtain that (65]) is bounded from below by

. 1 .
/ N / ©(Dfors Fa) " ) = €21 (Sors di) > 0.
K K

This proves our claim. O
Lemma 30. There exists a constant coo > 0 such that

O<m<aX {'71(¢tora ¢db } < c22

for all (¢tor, Pab) € Ks N V.

It is tempting to provide a proof resembling the one of Lemma In fact, we can reduce
the statement of the lemma to bounds on certain integrals of volume forms on X (C) that
vary continuously with (@tor, @ap). If X(C) were compact (e.g. because G = A is an abelian
variety), the above lemma could be immediately inferred from this continuity. However, non-
compactness of X (C) precludes such a direct argument in the general case. We circumvent
these problems by using algebraic intersection theory [I7] instead. This resembles the proof
of [24] Lemma 3.3] by a multiprojective version of Bézout’s Theorem. We use the standard
notation from [I7] freely.

Proof. Consider a fixed (¢tor, Pab) € Ks N Vg with denominator n. By compactness, (|pior| +
|pab|) is bounded on Ks. It suffices to bound

deg(er(Mggimy) e1((n- dab) © Trrgomy) "N~ ea (L) N (X eggiy)

by n?""2cq5 because 7; (¢ior, Pab) is homogeneous of degree 2r — 2. As in the proof of Lemma
29 it is enough to demonstrate that

(67) deg(cl(Mir(n.mm) @ ((n - ¢ap) © ﬁ—l‘(wmm))*Nj)T_lcl (qilf(n_d)mr)L) N [Xir(nmm)])
is bounded by n2""2¢qs.
Let G’ be the semiabelian variety described by ngr = (1 - ¢ror )« € Exts (A GY t). From

Construction 5l we recall the compactification G (resp. 6/) of G (resp. @) Wlth its abelian
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quotient 7 : G — A (resp. T : G - A) and the line bundle Mg (resp. Mg/) on G (resp. 6/).
The Zariski closure of X in G is denoted X. Then, L = Mz ®7*N and we also set

L = Mél X ((n . ¢ab) ¢} ﬁl)*Nj.

The homomorphism (idg: ,n - ¢ror) : G, — G, X G! extends to a (idgt ;1 - Pror)-equivariant

map L(n - geor) — (P1)E x (P!, yielding a closed immersion ¢ : Grtmgy — G x G by means
of the constructions in Section[2l Furthermore, the line bundle WL (resp. Mm) on
Gm coincides with the pullback ¢*prjL (resp. t*prj Mg ). Using the projection formula
([I'7, Proposition 2.5.c]), we infer that (7)) equals the degree of

(68) cr(priL)er(pry L)~ 0 (X prg)] € Ao(G x G).

To estimate this degree, we use suitable projective embeddings G < P™* and G < Pr. By
Lemma [3] the line bundles L and Ly = L' ® (7')*N are ample. Consequently, there exists an
integer [; such that L®" is very ample. Since L is independent of (¢tor, Pap), Wwe can choose [y
less than some constant ca4 that only depends on G and X. The line bundle (L{)®" is very
ample if I3 is sufficiently large; in contrast to [y, there is an implicit dependence on (¢tor, Pab)
here. These very ample line bundles determine projective embeddings ¢; : G < P and
12 : G < P such that ;i Opri (1) = L® and 150pr (1) & (L))®"2. Setting £ = (11 X 12) 0 ¢,
we continue by estimating the degree of

(69) C1 (pI‘TOPn (1))01 (prgOpm (1))T_1 n [K(Xm)] S Ao(Prl X PTQ).

If it is shown that the degree of (69) is less than lllgilTLQT_QCQg, the desired degree bound on
([©63) follows immediately. In fact, the degree of ([€9) equals the degree of
— * * * (=1 * r— 2l el

L5 ey (priLl)(ci(pryL’) + er(pra(@)*N)"~ 1 n [L(Xir(n'(btor))] € Ag(Gx G)
by the projection formula. By Lemma [3 the line bundles pr} L, prijL’ and pri(7)* N are nef
so that this can be expanded into a sum of r zero-cycle classes with non-negative degrees (see
[31, Theorem III.2.1]). Since one of the summands is a (1315~ ')-multiple of @8), the reduction
is clear. (Note that both I3 and I3 cancel out in this way, and hence the dependence of I on
(@tor, Pab) 1s not an issue. Of course, we have to make sure that ces depends only on G and
X, as it should be by our convention.)

The variety H(Xm) is an irreducible component of K(Gm) N (11(X) x Pr2) C

Pt x P72, In fact, both are subvarieties of ¢1(G) X t2 (6/) whose restrictions to the open dense
subset ¢1(G) x 12(G’) coincide with x(X). Choose hypersurfaces Sy, Sa, ..., S; C P such that
11(X) = S1NSN---NSy as varieties (i.e., set-theoretically). As X is irreducible, we can select
a subset {Sk,, ..., Skyime)_,} Of these hypersurfaces such that K(Xm) is an irreducible
component of

H(Gm) N (Sk1 X ]P)TZ> n---N (Skdim(G)fr X PTQ).

For reasons of dimension (cf. [I7, Lemma 7.1 (a)] and [I7, Example 8.2.1]), we have

(70) L(K(Xr(nvmor)), R(Gr(n%or)) “(Sky X P) - (Skgimeey_ X P7?); P < P7?) > 1.

It is well-known (compare [I7, Section 12.3]) that the tangent vector bundle T'(P™ x P"2) =
pri(TP™) @ pr5(TP™?) is ample and hence globally generated. By [I7, Corollary 12.2 (a)],
every distinguished subvariety contributes a non-negative cycle to the intersection product in
[@@). The degree of the 0-cycle class (69)) is hence majorized by the degree of the 0-cycle class

(71)  er(priOpn (1))er(przOpr (1) N w(Grggs) - (ke X B™) -+ (Skyigey o X ™)
on P x P2, The Chow ring A, (P™ x P"2) is of the form
ZIH]/((HN]" ) ® ZIH:) /([Ho)™ )
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for any two hyperplanes H; C P™ and Hy C P™ (see [I7, Example 8.3.7]). Thus, we may
write [S; x P™2] = d;[H; x P™] and
[K(Grmgy)] = > eirip [HY' X H3?).

i1+izg=r1+r2—dim(G)
Furthermore, the definition of the first Chern class immediately implies that

, , [Hi T x HP?] ifi=1

c1(prfOpr: (1)) N[H X H?) = . .
1(p7, P ( )) [ 1 2] {[H;l XH52+1] lf’L:2

With these notations, the degree of (71)) is

dk1 T dkdim(c)77~eT1+T*dim(G)71,T27’l"+1 < KCI«?la’X K} { H dk} . €r1+rfdim(G)71,r27r+1-
|K|=dim(G)—r ‘FEK

Additionally, we have
€y tr—dim(@)—1ra—r+1 = deg(er (D1 Oprs (1)) ™ ey (pr3Opea (1)1 N [6(Crgrgy)),
which is less than
(72) g™ DT degea (pri L) e (pr3 L) 0 oGy
by the projection formula. To ease our exposition notationally, we write a1 = c1(priMg),

0 = 1 (pr3Mg), fr = c1(pri7™N), B2 = c1(pr3((n - dap) o T)*N;), Bz = c1(pr3(7)*N) and
r’ =dim(G) + 1 —r in the following computations. Then,

e (priL)” e (priLy) ' = (a1 + 1) (ag + Ba + B3)"

5" ( ) ngr'-n (Zl (T;l)agzwﬁﬁs)“‘”)-

s1=0 so=0

For each positive integer n, the isogeny [n]g : G — G of degree ntt2dim(4) extends to

a proper map [n]gm : Gir(n«;sm) — Gr(nd) 5 such that ([n]Grmmor)>*[G7F(n-d>mr)] =
piF2dim(A) (G

m] Furthermore, pulling back the line bundles pri Mg and prj Mg (resp.
priT N, pri((n - ¢ap) o T)*N; and pry(7')*N) along [n]Gm
the n-th (resp. n?-th) power. Therefore, the projection formula (applied to [n]q
that

(73) n? (@22 deg (1 (o 52 B T (B2 + )" 1) N [Grg)
is the same as
deg(* (a5 3?87~ (B2 + B3)" ') N (M)« [Crirg)
= 02 deg(1* (af a3 B T (Ba + B5)" ) N (Grpgi)

It follows that (73] is zero whenever s1 + s # t. Hence, the quantity (72)) can be rewritten as

amounts to rising them to
) yields

T(n-dtor)

min{r’,t}

dim(G)+1—r;r— 7! r—1 s s r —s im( r'—s
SR > <s)< —s> deg(afay" (Ba+B3) =290 (G o)),

t
s=max{0,t—r+1}

(Note that (' —s)+ (r—1—t+s) = dim(G) — ¢ = dim(A).) Taking into account our previous
reductions, it is sufficient to show that each

(74) deg(aial "] (B2 + )70 0 [Grpg )

is bounded from above by ca5n2"~2 for some constant cas.
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As TG - GF(n-cbmr) — A exhibits G oy asa ['(n - ¢tor)-bundle over A, it is flat of

relative dimension ¢t. We can therefore pull back cycle classes on A to cycle classes on Gm.

[ ol
In particular, we have 7 F( " )([A]) = [Grirgoy) and Wm([p]) = [Wm(p)] for any
point p € A. Setting

05 = c1(N)" 7 (er((n- ¢ab)*Ny) + 1 (N) P09 0 [4] € 49(4),

we know from [I7, Proposition 2.5 (d)] that there exist points p1, ..., Pdeg(o.)4m> @15+ -5 Gm € A
such that

deg(o,)+m

ﬁ’ll“ 7S(ﬁ2 + ﬁ3)d1m(A)_(T _S) Al [Gm] == Z [7T n ¢tor) Z F n ¢tor

=1 =1

By construction, there exists a non-canonical isomorphism between each fiber 7TF s )( x),
to

z e A and T(n- dror) C (PV)! x (PY)! such that the restrictions of pri Mg and priMg to

L(ﬂ'm( x)) correspond to the line bundles prlMt|F(n gy and pry My . Once agam

|F (ndtor
we apply the projection formula to obtain

(75)  deg(ajal™* N [re——s(p1)]) = deg(er (pri M) er (pr3 M) =" O [T(n - Gror)])-

In particular, ([74) is bounded by

s t—s —1
deg(os) deg(ajay * N [ﬂm(ezﬁl)])-

We first show that afab 5N [7‘(‘%(6,4)] has degree less than cagn’™* for some constant cag.
Using standard coordinates X7, ..., X; (resp. Yi,...,Yy) on G!, (resp. Gf;l), let us write
(n - dror)™ (Yo) = Xytv - X3

with integers ay, (1 <u <t,1<wv <t). By dimension, we have again

oD dror), (Vi = X1 X7 o (Y = X700 X)) (B x (BY)) > 1.
We determine next the intersection product
(76) (Yo = X X (Yo = X0 X) € A((BY) x (BYY).
From [I7, Example 8.3.7], we deduce an identification

AL (P x (Pl)t/) =Zet,....e061, . en]/((€1)%, ..., ()% (€)%, ..., (eh)?)

such that €; (resp. €}) corresponds to the flat pullback of the cycle class associated with an
arbitrary point in the i-th factor of (P1)! (resp. (P1)). Considering appropriate intersections,

it is easy to verify
[YU = Xihv o 'ng] = |0J1U|€1 + |a27j|€2 —+ e+ |atv|5t + E;j.
Thus, (7)) is simply the product
H (laryler + |azolea + - + |aw|er + €5).
1<v<t/

Inspecting the definition of M; (resp. My ) in Construction @ we note that intersecting a
cycle class on (P1) x (P1) with ¢ (priM;) (resp. ¢1(priMy)) amounts to multiplication with
2(e1+ - +¢e¢) (vesp. 2(e] +--- +¢€4)) in the Chow ring. We infer that the degree of (7f) is
majorized by the degree of

Qe+ de) @+ + )™ [ (awler+ -+ lawler +2)).

1<v<t!
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Exploiting cancellations, this can be simplified to

t / /
2 S!(t - S)' ) E |a’u1111 Auavg * " Quy_ vy |(51 B 2=5 R Et’)
1<uq,...,us— s <t distinct
1<v; < <vp— o <t

t=5 as claimed.

Since (Ptor, Pab) € Ks, [(0) can be consequently bounded from above by caen

We finally demonstrate that deg(os) is bounded from above by Corn2(dim(A)=(r"=9)) for some
constant co7. For this, it suffices to note that Hom(A, A%) is a finitely generated Z-module and
that

Hom(A, A}) — Pic(A), @ab — @a, Ny,

is quadratic by the Theorem of the Cube ([47, Corollary I1.6.2]) because NN, is symmetric (see
[23, p. 417] for details). Combining this with the previous estimate, we immediately obtain
the bound

t—s+2(dim(A)—(r'—s)) 2(t—s+dim(A)

7
C26C27M < copCarn ) = cggearn? T2

on (74)). Taking our previous reductions into account, this completes the proof of the lemma.
|

8. QUOTIENTS OF SEMIABELIAN VARIETIES

In this section, we elucidate the set of quotients belonging to a fixed semiabelian variety. Let
G be a semiabelian variety over Q with split toric part G!, and abelian quotient 7 : G — A.
For a fixed torus Gf,ll and a fixed abelian variety A’, we ask which elements (¢tor, Pap) Of

Vo = Homg(G?,, G!,) x Homg (A, A')

are such that there exists a quasi-homomorphism ¢ : G — G’ represented by (¢tor, Pap) in the
sense of Section[[L2 Let Z(Q) C Vg denote the subset consisting of these elements. For a fixed
semiabelian variety G’ with toric part Gf; and abelian quotient A’, we know from Lemma, [I]
that the surjective quasi-homomorphisms ¢ : G — G’ are parameterized by a linear subspace
of V. The set Z(Q) is the union of all these linear subspaces for varying G’. It is, however,
not a union of finitely many linear subspaces in general. Nevertheless, we can interpret Vg as
the Q-points of an additive algebraic group, which we abusively denote also by Vg, and ask
whether there is an algebraic subvariety Z C Vg with Z(Q) as its set of Q-points. This would
also motivate our notation Z(Q) retroactively. In the next theorem, a cone Z C Vg is a (not
necessarily closed) algebraic subvariety of Vg such that [n]y,(Z) C Z for any non-zero integer
n.

Theorem 3. There exists a cone Z C Vg such that its Q-points are precisely the pairs
(Ptor, Pab) € Vip representing quasi-homomorphisms.

In the following, pairs (¢ior, ¢an) € Vi representing quasi-homomorphisms are called realiz-
able.

Proof. Write ng = (778), - ng)) € AY(Q)!. By Lemmalll a pair (¢ior, dan) € Vo is realizable
if and only if for one of its multiples n - (dtor, Pan) € V there exists some p = (p1,...,up) €
(A")V(Q)! such that
(T7) (- bron)e (G-, 1E)) = (0 Gron)atic = (- Ga) 1= ((n- @) pur, -, (- Ga) i)
in AY(Q)". Write
air - ay
) Gup €17,

a1 v Gy
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for the matrix representing ¢io, € Hom@(an,Gf;l) and let ¢y tor 1 Gf, =g G, 1 < v < /]
be the quasi-homomorphism described by the column vector (aiy,...,aw)". Then, (1) is
equivalent to the equations

(- Pu,tor)«NG = Na1y -ng) + -4 nag, - né = (n- ¢ap) p, 1 <v <,

having solutions p, € AY(Q). Hence, the pair (¢ior, ¢ap) is realizable if and only if each
(hv tor, Pab), 1 < v < t/, represents a quasi-homomorphism G — GJ,. Assume that there are
cones Z, C Hom(G!,,G,,) x Hom(4,A4") = V,q, 1 < v < ¢, with Z,(Q) consisting of the
pairs in V, @ representing quasi-homomorphisms. Denoting by p, : Vo — V, o the standard

projection, the cone Z = ﬂf};lpgl(Zv) C Vp is as wanted. In conclusion, it suffices to show
the assertion for ¢’ = 1.

Choose pairwise non-isogeneous simple abelian varieties By, ..., Br such that there exist
isogenies

X:A— B{' x---xB*and ' : A — B{' x -+ B;*
and set
W = Hom(G!,,G,,) x Hom(B]* x --- x By*, B{* x --- B.*).

Let further 1) (resp. ¢') be isogenies such that ¢ o x = x o1 = [m]a (resp. ¥ ox' = x' o)’ =

[m]as) for some integer m > 1. We have Q-linear maps

[ Vo — Wao, (¢tor; Pab) = (Ptor, X' © Pap © Y)
and
g: WQ — VQ; (¢tora ¢ab) — ((btoraw/ o ¢ab o X)

such that both go f : Vg — Vg and fog: Wy — Wq send (dtor, dab) t0 (Pror, m? - ¢an ). Hence,
f and g are bijections between Vg and Wy. Using Lemma [2 we additionally deduce that both
f and g preserve realizable pairs. Consequently, we may assume that A = BJ* x --- x B* and

A = BIi X oo X BZ’; in proving the theorem. In this case, we can also identify
Vo = Homg(G ) X H Homg(B]*, B").

By Lemma [I, an element (¢ptor, qﬁgi)), e gbgf))) € Vo, ¢(b € HomQ(B:i,B:’/"), is realized by a

quasi-homomorphism if and only if for one of its multiples n - (dtor, (b&), ceey ¢g’f’)) € V there
exists some tuple (n™M,...,n*)) € BY (@)™ x --- x BY(Q)"* such that

k k
(0 dror)enc = (-6, om 05 (M ®) = (- o) M), (- 65 ().

Arguing as above, we deduce that it suffices to prove the theorem under the additional as-
sumption that k =1 (i.e., A= B" and A’ = B” with a simple abelian variety B).

Let us write ng = (1,,...,7,) € (B")V(Q)! = ExtL (BT Gt,) and n, = (Mjs--smej)t €
(BV)(Q)" = (B")V(Q). Again, (¢or, dan) € Vo is reahzable if and only if there exists some
multiple 7 - (Ptor, Pap) € V such that

(78) (7’L : ¢tor)*nG = (n : ¢ab)*u

has a solution p = (1,..., p) € BY(Q)" = Extk: (A’ Gy). This condition can be translated
into linear algebra over the Q-division algebra D = End(BV)Q (cf. [A7, Corollary 2 on p. 174]).
For this, we denote by T' the left End(B")-submodule of BY(Q) generated by

nij, 1 <i<r, 1<5<Ht
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The tensor product I'p = I' ®z Q is a left D-submodule of BY(Q) ®z Q. For any v € BY(Q),
we let [y] denote v ® 1 € BY(Q) ®z Q. As D is a division ring, I'g is a free left D-module so
that we may choose End(BVY)-linearly independent elements 71, ..., € BY(Q) satisfying

(79) I'=End(BY) v @---®End(BY) - v @ Tors(T);

here Tors(T") denotes the Z-torsion elements of I'. If (7)) has a solution g = (p1,..., ) €
BV(@)T/ for some n, then it also has a solution u € I'™ C BV(@)T/ for a possibly larger n. In
fact, one may take any image under a D-linear projection from I'g + D - [p] + -+ + D - [pr]
to I'g. Since we can always arrange for n to annihilate the finite group Tors(I'), we infer that
(dtors Pap) is realizable if and only if, in the notation from Section [[.2]

(éror)s.0(ne) = (dab) (1)

has a solution p € Fa C (BY(Q@)®zQ)"". Both ¢ior € Homg(G?,,G,y,) and ¢y, € Homg((4)Y, AY)
can be represented by matrices

(80) (a/laaQ;"' aa/t)ta a; € Qa
and
bir - by
brl e brr/
Using this notation, we are searching for (80) and (§I) such that
[111] [171¢] bir o b\ [l
(82) ai - + o tag- =
[777“1] [Urt] bri oo by [NT’]
has a solution ([u1], ..., [u~]) € FQ. Using the decomposition ([[9), we expand
[mig) = el bl + -+ + ey [l 5 € D.
Then, (82]) has a solution ([ul], , [r]) if and only if each of the [ linear equations
cg-t) biy o by 5%-)
(83) N : :
cg‘t) bpr o by 55‘/)
has a solution 5( ), ) € D". By Lemma BTl below, the corresponding condition on (83)

and (84) is descrlbed by a subcone of Qf x D™ " The intersection ZV of these [ cones is
almost what we are searching for. In fact, a pair (¢, ¢,) € Vg is realizable if and only if
(¢1,9Y) € Qt x D™ is in Z¥(Q). The theorem follows now from the Q-linearity (cf. [47, (ii)
on p. 75]) of
Homg(A, A") — Homg((AY)', AY), f — V.
O

The following lemma is certainly standard (for ¢ = 1 and a; = 1 at least) but I have found
no trace of it in the literature so that a complete proof is given.

Lemma 31. Let D be a finite-dimensional Q-algebra and Ypr--0Y, € D" column vectors.
Then, the pairs (a, M) € Q! x Drxr’ g = (a1,...,at), such that
(84) ay, +--tay, =M-z

has a solution z € D", are the Q-points of a cone Z C Qt x D™ "'
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Here, QF x DT’ g given its canonical structure as an affine linear space over Q. We also
remark that Z is generally not a closed subvariety.

Proof. Choosing a Q-linear isomorphism ¢ : D — Q™, we obtain a map [ : D < Q™*" such
that I(dy)p(d2) = ¢(di1dz). This realizes D as a n-dimensional subspace (D) of Q"*™. With
these identifications, the equation ([84]) can be written as

algll_i_..._l’_atg;:M/,gl

with M’ € Qm*nr’ 2/ € Q" and g’l,...,g; € Q™. We then search for M’ € Qnrxn’
such that a solution z’ exists under the additional restraint that M’ comes from a matrix
M € Drxr’' by applying [ to each entry. Since this restraint can be evidently expressed as M’
being contained in a Q-subcone of (@”””’”l, we can restrict to the case D = Q.

To deal with this special case, we make the following elementary observation: Write M =
(my ...m,,) with column vectors m; € Q". For any y # 0, we have y € im(M) if and only

if there exists a subset I C {1,...,7r'} such that A, ,m, # 0 € /\\1\ Q" and \jc;m; ANy =

0e /\\1\4-1 Q". From this, we straightforwardly obtain equations for the sought-after Q-cone
Z CQt x Qe O

The proof of Theorem [3] gives evidently a procedure to determine Z via linear algebra so
that one may hope that its rational points Z(Q) are equally easy to describe. However, Z(Q)
can be rather complicated if G is neither an abelian variety nor a torus. For example, Z is
not even rational in general, although it is in these two special cases. With respect to the
proof of Theorem 2 this means in particular that (Dirichlet) approximation arguments as in
[23, Section 4] and |24, Section 4] break down if one insists on the use of surjective quasi-
homomorphisms G — G’. This makes it necessary to work with explicit line bundles on G as
we do in this article.

Example 32. Let E be an elliptic curve without complex multiplication (i.e., End(E) = Z).
Furthermore, let 1, 72,73 € EV(Q) be such that T' = Zle Z - ~; is a free Z-module of rank 3.
For an arbitrary tuple (n1,n2,n3) € Z3, we define

ny-7 ng - 7v2 ng -3
ﬂl = V3 7ﬂ2 = 4t ;Q3 = V2 )
Y2 V3 at

considering these column vectors as elements of (E3)V(Q). Let G be the semiabelian variety
determined by
(n,,1m,:m,) € (E*)Y)? = Ext!(E®, G,n)® = Ext!(E®, G},).
From Theorem [3] we know that the realizable pairs in
Vo = Hom(G2,, G,,)q x Hom(E?, E?)q

are the Q-rational points of an algebraic subvariety Z C V. Consider the projection 7 : Vo —
Hom(G2,,G,,)g. An inspection of the three linear equations given by (83) tells us that the
image 7(Z) is described by
nia; nNgaz MN3a3
det | ao as a1 = (n1 + ng + n3)arasas — nia; — noas — nzas.
as al as
It is easy to check (cf. [44) Chapter 10] or [I5, Section 3.1]) that
nX? 4+ naY? +n3Z% — (ng +ng +n3)XYZ =0

is the projective equation of an elliptic curve E’ for generic tuples (ny,ng,n3) € Z3.

ni1,mn2,n3
In these cases, 7(Z) is birationally equivalent to P! x E! The existence of a global

ni,n2,nz"’
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non-zero one-form (i.e., the pull-back of the invariant differential form on Ej, . . ) precludes
unirationality of P! x E;, . . (cf. [35, Theorem 1.52]). Therefore, Z itself cannot be a

rational variety. In addition, the set Z(Q) surjects onto the Mordell-Weil group of the Q-
elliptic curve E! Given that no known algorithm produces the Mordell-Weil rank, this

n1,Mn2,n3"°
should demonstrate that the “mixed structure” of a semiabelian variety can lead to an intricate

set of quotients and subgroups.
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