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Abstract

We compute the general expression of the one-loop vertex correction in an arbitrary plane-wave
background field for the case of two on-shell external electrons and an off-shell external photon.
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field and of the radiation field are studied. Concerning the divergences of the vertex correction,
the infrared one is cured by assigning a finite mass to the photon, whereas the ultraviolet one is
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I. INTRODUCTION

The predictions of QED agree with experiments with impressive accuracy (see, e.g., Refs.
[T, 2]). The great success of QED has called for testing this theory under more extreme
conditions as, for example, those provided by intense background electromagnetic fields. An
electromagnetic field is denoted as “intense” in the realm of QED if it is of the order of the
so-called “critical” field of QED: F.. = m?/le| = 1.3x10'® V/cm = 4.4x10'® G (from now on
we employ units with ¢¢ = A = ¢ =1 and m and e < 0 denote the electron mass and charge,
respectively) [3H5]. Importantly, the presence of intense background electromagnetic fields
allows for testing QED on a sector where nonlinear effects with respect to the background
field strongly affect physical processes and the dynamics of charged particles. This sector
is somewhat alternative to the high-energy one successfully investigated via conventional
accelerators and it thus can serve as an independent ground test of QED.

High-power optical lasers are becoming a suitable tool to test QED at critical field

2. In fact, al-

strengths, which correspond to laser intensities of the order of 10%* W/cm
though available lasers have reached peak intensities Iy of the order of 5.5 x 10** W/cm?
[6] and upcoming facilities aim at Iy ~ 10%3-10** W/cm? [7HI0], the Lorentz invariance of
the theory implies that the effective laser field strength at which a process occurs is the one
experienced by the charges in their rest frame [TTHI6]. Since the amplitude of the laser field
is boosted by a factor of the order of the relativistic Lorentz factor of the charge, an electron
for definiteness, one can see that the strong-field QED regime, in which the background
strength is effectively of the order of F,.., can be entered already at intensities of the order of

10?3 W/cm?, if the laser field counterpropagates with respect to an electron/positron with

energy of the order of 500 MeV.

In order to test QED in the strong-field regime by means of intense optical fields, it is
essential that both experiments and theoretical predictions are correspondingly accurate.
However, as it is understandable, first experiments in this regime have so far been designed
especially to show the occurrence of phenomena like nonlinear Compton scattering [17],
nonlinear Breit-Wheeler pair production [18, [19], and radiation reaction [20] 21], without
aiming at obtaining high-accuracy results. Correspondingly, on the theory side, the basic
strong-field QED processes like nonlinear Compton scattering [12, 22H49] and nonlinear

Breit-Wheeler pair production [14] 23] 48, [50-H62] have been studied in detail at tree level by
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FIG. 1. The one-loop mass operator in an intense plane wave. The double lines represent exact

electron states and propagator in a plane wave (Volkov states and propagator, respectively) [3].

approximating the laser field as a plane wave (see also the reviews [ITHI5]). However, even
under the plane-wave approximation, the radiative corrections of these processes have never
been computed. The reason is that calculations including the effects of the external laser
field exactly are significantly more complex than the corresponding calculations in vacuum.
The standard technique, in fact, is to work within the so-called Furry picture [63], where
the electron-positron field is quantized in the presence of the background field [3], 4]. This
requires that the Dirac equation can be solved analytically in the presence of the background
field, which has been achieved in Ref. [64] in the case of a plane wave (see also Ref. [3]), the
corresponding states being known as Volkov states. An alternative, equivalent technique is
the so-called operator technique, first proposed by Schwinger [65] and then developed for
the case of a background plane wave [66H71], which does not require the explicit solution of

the Dirac equation in the plane-wave field.

Going back to the radiative corrections, a systematic study has been only carried out in
the special case of a zero-frequency plane wave or a constant crossed field, i.e., a constant and
uniform electromagnetic field with electric and magnetic field having the same amplitude
and being perpendicular to each other, from the early works of Ritus and Narozhny [72H76]
to the more recent one [77] (see also Ref. [78] and the reviews in Refs. [79,[80]), where higher-
loop Feynman diagrams have been evaluated. However, so far, in the case of a general plane
wave with an arbitrary polarization and shape, only the one-loop mass operator (see Fig.
and the one-loop polarization operator (see Fig. [2)) have been computed in Ref. [66] and in
Refs. [67, [81], respectively (see also Ref. [82] for an alternative derivation of the polarization
operator). The one-loop vertex correction in a general plane wave (see Fig. has never
been evaluated, whereas the corresponding quantity in a constant crossed field was computed

in Ref. [76]. The purpose of the present paper is to fill this gap and, indeed, to compute the

3



FIG. 2. The one-loop polarization operator in an intense plane wave. The double lines represent

exact electron propagators in a plane wave (Volkov propagators) [3].
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FIG. 3. The one-loop Feynman diagram corresponding to the vertex correction. The double lines
represent exact electron states and propagator in a plane wave (Volkov states and propagator,

respectively) [3].

one-loop vertex correction in an arbitrary plane wave for the case of two on-shell external
electrons and an off-shell external photon. It is worth mentioning here that the computation
of the vertex-correction function is not only important to evaluate the leading-order radiative
corrections of strong-field QED processes. There is also a more fundamental reason related
to the so-called Ritus-Narozhny conjecture [72, [74H76] about the high-energy behavior of
radiative corrections in strong-field QED in a constant crossed field. As we have mentioned,
a constant crossed field is a constant and uniform electromagnetic field F" = (E,, By)

such that the two field Lorentz-invariants E2 — B2 and Ej - By vanish. Now, in a constant
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crossed field radiative corrections depend only on the Lorentz- and gauge-invariant quantum
nonlinearity parameter xo = \/—(p, Fy")2/mF,, [LTHI5], where p* is the four-momentum of
the particle at hand and where the metric tensor n** = diag(+1, —1,—1,—1) is employed.
The Ritus-Narozhny conjecture states that at yo > 1 the effective coupling of QED in a

/3, Since, apart from irrelevant prefactors, the energy

constant crossed field scales as axg
of the particle enters radiative corrections only through yo at xo > 1, the Ritus-Narozhny
conjecture implies an asymptotic high-energy behavior of strong-field QED in a constant
crossed field qualitatively different from the logarithmic one of QED in vacuum [3, 83
85]. The physical relevance of the Ritus-Narozhny conjecture is broadened by the so-called
locally-constant field approximation (LCFA), stating that in the limit of low-frequency plane
waves the probabilities of QED processes reduce to the corresponding probabilities in a
constant crossed field averaged over the phase-dependent plane-wave profile [12]. In Ref.
[86] we have investigated the one-loop mass and polarization operator to show that, if one
first performs in the general expression of these quantities the high-energy limit, one indeed
recovers the typical logarithmic behavior of QED as in vacuum (see also Ref. [87]). Below,
we will also investigate the vertex correction within the LCFA, whereas the high-energy
asymptotic will be presented elsewhere.

The paper is organized as follows: In Sec. [[I|we introduce the basic notation of the paper.
In Sec. [[II] the general form of the vertex-correction function is derived by means of the
operator technique. In Sec. [[V]the properties of the vertex-correction function under gauge
transformations of the radiation field and of the plane-wave background field are studied.
In Sec. [V] we show how to regularize and renormalize the vertex-correction function in the
ultraviolet. The expression of the vertex-correction function within the LCFA is derived in
Sec. [VI and, finally, the main conclusions of the paper are reported in Sec. [VII} An appendix

contains some technical considerations on a component of the vertex-correction function.

II. NOTATION

The notation employed below is the same as in Ref. [71] but it is convenient to report here
the main definitions. As we have mentioned in the Introduction, the present paper focuses
on studying radiative corrections in a general plane-wave field. The latter is described by

the four-vector potential A*(¢), which only depends on the light-cone time ¢ =t — n - x.

5



Here, the unit vector n defines the propagation direction of the plane wave, which can be
used to introduce two useful four-dimensional quantities: n* = (1,n) and n* = (1,—n)/2
(note that ¢ = (nz)). Assuming obvious differential properties of the four-vector potential
AM(¢) and its derivatives, it is clear that it is a solution of the free wave equation A" = 0,
where O = 9,0”, and it is assumed to fulfill the Lorenz-gauge condition d,A* = 0, with the
additional constraint A°(¢) = 0. Thus, if we represent A*(¢) in the form A*(¢p) = (0, A(¢)),
then the Lorenz-gauge condition implies n - A’(¢) = 0, with the prime in a function of ¢
indicating its derivative with respect to ¢. If we make the additional assumption that
A(¢) vanishes for ¢ — 400, the equality n - A’(¢) = 0 implies that n - A(¢) = 0. By
introducing two four-vectors a§ = (0, a;), with j = 1,2, such that (na;) = —n-a; = 0
and (a;a;) = —a; - a; = —0;;, the most general form of the vector potential A(¢) reads
A(9) = Y1(¢)ar +1P2(¢p)as, where the two functions 1;(¢) are arbitrary provided that they
vanish for ¢ — +oo and they feature the differential properties mentioned above when the
four-vector potential A*(¢) was introduced. The field tensor F*(¢) = ot A (¢) — 0" A*(¢)
of the plane wave is given by F"(¢) = n*A'"(¢) — n" A'*(¢) and below we will also use its
integral Z" (¢) = f_qboo dg'F' (¢') = ntAY(¢) — n” A*(¢) (note that the tensor .ZH(¢) is

gauge invariant).

The four-dimensional quantities n*, n*, and a;-‘ fulfill the completeness relation: n** =
n*nY 4+ nfn’ — afal — afal (note that (nn) =1 and (na;) = 0). Below, we will refer to the
longitudinal (n) direction as the direction along m and to the transverse (L) plane as the
plane spanned by the two perpendicular unit vectors a;. In this respect, together with the
light-cone time ¢ = t — x,,, with x,, = n - x, we also introduce the remaining three light-cone
coordinates T' = (nx) = (t+z,)/2, and x|, = (z1 1,21 2) = —((za1), (zaz)) = (x-a1, - as).
Analogously, the light-cone coordinates of an arbitrary four-vector v* = (v° v) will be

O — v, with v, = n-v, v, = (w) = (V° +v,)/2, and v, =

indicated as v_ = (nv) = v
(vi1,v12) = —((vay), (vag)) = (v- a1, v - as). Since we will employ the operator technique,
it is convenient to also introduce the momenta operators Py = —idy = —(nP) = —(id; —
i0y,)/2, Pr = —i0p = —(nP) = —(i0; + i0,,,), and P, = (P 1,P12) = —i(a; - V,ay - V).
These operators are the momenta conjugated to the light-cone coordinates in the sense
that the commutator between the operator corresponding to each light-cone coordinate

and the associated momentum operator is equal to the imaginary unit (all other possible

commutators vanish): [¢, Py] = [T, Pr| =i and [X ;, P\ x| = i0,, which are equivalent to
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the commutation relations [X#, P¥] = —in*’, with P* = i0".

The commutation relations [X*, P| = —in*” imply that [P*, f(X)] = i0% f(X), where
f(X) is an arbitrary function of the four-position operator that can be expanded in Taylor se-
ries and 0% = 0/0X,,. Analogously, it can easily be shown that exp[i f(X)]P* exp[—if(X)] =
Pt 4+ 0t f(X) and then formally that explif(X)]g(P) exp[—if(X)] = g(P + 0f(X)), where
g(P) is a function of the four-momentum that can be expanded in Taylor series [this iden-
tity has to be intended to apply to the Taylor series expansion of the function g(P)]. The
same commutation relations imply that exp[ig(P)]X* exp[—ig(P)] = X* — 0/5g(P) and that
explig(P)]f(X) exp[—ig(P)] = f(X — Opg(P)), where 05 = 0/0P, [as above, this identity
has to be intended to apply to the Taylor series expansion of the function f(X)]. In partic-
ular, we will consider the case where the functions in the exponents are linear either in X*

or in P*:

exp(i(Xq))g(P) exp(—i(Xq)) = g(P +q), (1)
exp(i(Py)) f(X) exp(—i(Py)) = f(X —y), (2)

where ¢* and y* are constant four-vectors.

In addition, the commutation relations [¢, Py] = [T, Pr] = ¢ imply in particular the
identities

exp(iag)g(Fy) exp(—iag) = §(Fy — a), (3)

exp(ibPr) f(T) exp(—ibPr) = f(T +b), (4)

with a and b being two constants and f(7) and g(P;) being two arbitrary functions, which
we will use below.

Note that if |x) (|p)) is the eigenstate of the four-position (four-momentum) operator
XH (P* = i0") with eigenvalue z* (p*), i.e., X*|x) = z#|z) (P*|p) = p"|p)), then, by
normalizing the eigenstates |x) (|p)) such that (z|y) = §® (z—y) [(p|lg) = (27)*6W (p—q)], it
is (z[p) = exp(—i(px)) = exp[—i(p+¢+p-T—pi-x1)| and Py|p) = —p+[p), Prlp) = —p-|p),
and Py |p) = p.|p). Also, the operator completeness relations hold

[l =1 ®)
[ G =1 (©




The Volkov states are the exact, analytical solutions of the Dirac equation in a plane
wave [3], [64]. The positive-energy Volkov states Ug(p,x) can be classified by means of the
asymptotic momentum quantum numbers p (and then the energy ¢ = \/m) and of
the asymptotic spin quantum number s = 1,2 in the remote past, i.e. for t — —oo (for
notational simplicity, we have indicated the functional dependence on the four components
of the electron four-momentum p* = (e, p), although the energy is a function of the linear
momentum). Following the general notation in Ref. [3], these states can be written as

Us(p,z) = E(p, x)us(p), where

o] {25l ")

E(p,a:)z{l%—T e -
and where u(p) are the free, positive-energy spinors normalized as ul(p)uy (p) = 2ed. [3].
In Eq. we have introduced the notation o = y*v,, for a generic four-vector v*, with +*
being the Dirac matrices, which satisfy the anti-commutation relations {y*,~"} = 2n** [3].

The electron Green’s function G(z, ') in the general plane-wave background electromag-

netic field described by the four-vector potential A*(¢) is defined by the equation
{V[i0, — eAu(9)] = m}G(z,a") = 6 (z - a'). (8)

In order to uniquely identify the Green’s function, boundary conditions have also to be
specified. Here, we always assume the Feynman prescription corresponding to the shift
m — m — 0 [3]. Within the operator technique the operator G corresponding to the
Green’s function G(x,2’) is defined via the equation G(x,2’) = (z|G|z'), i.e., as
G= 9
I —m+10
where [T" = P*—eA*(®). Now, we have explicitly shown in Ref. [7T1] (see also Refs. [66H6S])

that the operator GG can be written in the form

A 1 R o) ., '
G = (H —+ m)A— — (H + m)(_z) / ds e~ ™ se2zsPTP¢
I12 — m2 410 0 (10)
< e~ lo ds’[PL—eAL(CD—QS/pT)]Q{l B iﬁ[!‘i(q) 9sPy) - fl(@)]},
2P

where the prescription m? — m? — 0 is understood. Below, we will also need the equivalent

expression
Goe ' (4 m) = (—i) /oo dse= {1 C A + 25Py) — A(w)])
112 — m2 + 40 0 2Pr ! (11)

_ i (S g/ _ / 2 ; A
% e i [y ds'[PL—eA | (P+25'Pr)] 6215PTP¢ (H + m)



III. GENERAL EXPRESSION OF THE ONE-LOOP VERTEX CORRECTION

The one-loop vertex correction corresponds to the Feynman diagram in Fig. [3] where we
have implicitly assumed that the photon four-momentum ¢* is outgoing. Note that the two
external electron lines correspond to real electrons, i.e., the four-momenta p* and p’# are on-
shell (p? = p'? = m?), whereas at the moment we make no assumptions about the outgoing
photon, i.e., in particular, ¢> # 0. If we denote by s (s') the spin quantum number of the
incoming (outgoing) electron and by [ the polarization quantum number of the outgoing
photon, the amplitude —iel's ¢ ;(p,p’, ¢) corresponding to the Feynman diagram in Fig.

can be written as

—ielewi(p, 1, q) = —€° / d'wd'yd'zUs (1, y)7*G(y, 2)é; ()" C (2, 2)y"Us(p, x) D, (z—y),

(12)
where €}'(¢) is the polarization four-vector of the outgoing photon. Here, we have introduced
the photon propagator D (z) and we work in the Lorenz gauge such that

d*k 77)‘” .
D)\V _ —i(kx) 1
() / @r)ik2—k2+i0° (13)

where x? is the square of a fictitious photon mass, which has been introduced to avoid
infrared divergences.
By using the completeness relation in Eq. and the translation properties in Eq. ,

the amplitude can be written in the semi-operator form as

o 4 i(kx) A x) i(kx)
SR e /ﬁ%AkI_M+wUA¢xw< G (g)Ge™ U, . )

=—¢ [ dlz / ;erk“ k2—/£2+20
% Us ol )" 1(¢) + k —m + 0 Z(qx)éi(q)ﬂ(qs) + 12:1— m+ z'owUs(p’ ™)
== [ du (g:; k2 — K2+ 10
<O P 06) + bt )
1 . )
* ) T AP w1 [11(¢) + k + m]Us(p, ),
(14)

where II#(¢) = 0" — eA"(¢). By using the fact that [[I(¢) — m]Us(p,z) = [[I(¢) —
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m]Uy (p', ) = 0, we obtain

Fss’ - d4
et = [t [

_ 1 .
<Ol )+ i) (1)
1 -
* [0 bz 7 a0 2 (@) Rl )
Now, we notice that [see Eq. (7)]
1 (¢) U (p, ) = [w;(@ + zeﬁz’jglf¢) n*| Us(p, ), (16)

where

e(pA(9)) n — e?A%(¢) n

A e S A
’/Tp (¢) =D €A (¢> + P 2p7

(17)

is the classical kinetic four-momentum of an electron in the plane wave A*(¢), with
limg 100 ™) (¢) = p*. The kinetic four-momentum 7, (¢) is clearly a gauge-invariant four-
vector and, by using the tensor .F"(¢) (see Sec. [lI)), it can be written in the manifestly
gauge-invariant form as

epuff“)‘(gb) e? puF () F o (D)p” 5

m(e) = = B0 ot . (18)

In this way, the quantity —iel's ¢ ;(p, p’, ) can be written as

d*k
4
—Zerss’l(pp q) /d / 274]52_%2_’_20
x U ( ) 27T (gb)—f—zenA,(qb)n’\—l—v’\l% _ _ 1 ‘ el(fn)é?(q)
P- [II(¢) + k]? — m? +i0
1 end'(¢) A
X — B 2T +1 ny+k Us(p,x).
T1(0) + b7 — m2 1 10 p(0) — 1+ k| Us(p, @)

(19)

At this point, it is convenient to use the representations in Eq. and in Eq. for the
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second and the first square Volkov propagator 1/{[II(¢) + k]2 — m2 + i0}, respectively:

d*k
4
_zeFSS/lpp q —e/d / / ds/ du —112—{—@0

cu%mFWWH+3$@

~ 2. o . _
n _.I_r)/)‘k‘ e mm Se 27/8(177 q*+k*)(P¢ k++‘1+)

« =i Jy ds'lpL—qu ki —eAL (9425 (- —a—+h-))* ) | i en[A(p +2s(p- —q +k_)) — A(@]
2(p- —q- + k)

—im?u 1— €ﬁ[A<¢ _ 2U(p, + k*)) — A<¢)] 6—2' Jodu'[pL+ky —eA | (p—2u' (p—+k_))]?
2(p- + k-)

x €/ (q)e

) nA’ N
w e 2iu(p—+k-)(Ps—k+) [27Tp7)\(¢) +Z-en (¢)n>\ + ey | Uslp, @),
p

(20)

where we have exploited the fact that Volkov states are eigenstates of the operators Pr
and P,. Indeed, the only operator remaining in this equation is Py,. Now, we use the
translation property in Eq. and, analogously to the vacuum case, we write the amplitude

—iel's ¢ 1(p, P, q) in the form

il il 0) = —ie [ PTG D0 GO D)), (2D
where
d4k —zm (s+u)
—jel® = d d
el (p,p', q; 0) = 6/ / S/ A0
; s | ep AL | At ¢)
y ezik+[s(p'_+k,)+u(p,+k,)}61{1’+ $s—d)+ [y ¢ [_ S ” 22)
x ¢ i Jo ds'PLrkL—eAL (6] =i fo' du/[pithi—eAL (Gu)]®
il — o pbu g [_epiAl ) AT ()
R
Here, we have introduced the quantities
¢s = ¢+ 2s(p_ + k), (23)
Gu = ¢ —2u(p- +k_), (24)
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and the matrix

M*(k, s,u; ¢) = {1 - eﬁ[zfl(gb;]))/_— A((b)]} [279?/(@53) + zwn* +7 %k
ei[A(g,) = A@)] | . [, en[A(d) — A(9)]
x {” 20 + k) }” {1_ 2+ k) } (25)
x |2y (¢ )HM” | 414 ei[A(¢.) — A(9)]
p,A\Pu D A A 2 .

Note that the integrals in 7" and x, can be easily taken and enforce the conservation laws
p— =p_ +q- and p; = p’| + q., typical of problems in a plane-wave background field.
As a related remark, it is clear that the quantity I'*(p,p’, ¢; ¢), unlike the corresponding
vacuum expression, depends also on the plane-wave phase. Finally, the definition in Eq.
is consistent with the idea that computing the amplitude of the vertex in a plane wave
up to one loop, one can use the substitution rule y* — v* 4+ I'*(p, p', q; ¢), as for the vertex
correction in vacuum.

The phase in Eq. can be written in a compact form by turning the integral from ¢
to ¢ (from ¢ to ¢,) into an integral in s’ (u') like that in the third line of Eq. (22). By
exponentiating also the denominator k? — k2 + 70 in the photon propagator, the quantity

I*(p,p’,q; ¢) can be written as

d4k} 00 00 00 G2 F
T“(p,p, q; ¢) = € / 2 / ds / du / dt 'SP IR N (k5w ), (26)
0 0 0

where S = u + s+t and
FH = /0 d$/7751<¢s’) + /(; du,ﬂg((ﬁu/)' (27)

As next step, we can perform the integrals in d*k analytically by shifting the four-momentum
k" by setting k" = k# 4 ¥ /.S, which, since all components of F# except F_ depend on k_,
implies that k* = k'* — G*/S, where

G — / dsmh (G) + / "7 (), (28)
0 0

such that G_ = F_ = sp_ + up_. Here, we have introduced the two shifted phases

e = ¢+ 257 + 2sk_, (29)

Uy = ¢ — 2ur_ — 2uk_, (30)
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where

, , G_ _ tp’ — uq_

T_:P_—? g (31)
G_ tp_ + sq_
T,:p,—?:%. (32)

After the shift of the four-momentum k*, we can write I'*(p, p’, ¢; ¢) in the form

d*k

e T ELQN RO+ bR, (38)

T(p,p,q; ¢) = € / dsdudt /
0

where

L=1- S , (34)
ST RRC.L (I 3)
e {1 NELCAEE) } y {1 _ Hih) — Ay } | (36)
P = ampi + A )

AR ] )

The integral in d*k in T#(p,p', q; ¢) is complicated by the fact that the variable k_ is
contained in the argument of the four-vector potential of the plane wave. Thus, we first take

the integral in d?k, which is Gaussian:

(p,p',q;0) = —ia/

*° dsdudt / dk_dky _,,.»
0 S

—in2t—i S 42iSk_ky 7 .
2r)? e s FMH(k_, ki, s,u,t; 0),  (39)
where o = €2 /471 ~ 1/137 is the fine-structure constant and where

M“(kﬂ ki, s,u,t;9) =L [(QIA + kJY/\ﬁ)CNW(Q,\ + k,ﬁ%\) - %’YA’M@CW’M,N,\ R
I L RCH (O + ki) + (@ + k)G R (0)

+ kifﬁ’\fw“ﬁ%}?.
Finally, the integral in dk, results in a delta function and its first and second derivatives all

evaluated at 25k_. This allows then also to take the integral in dk_ and, after straightfor-
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ward manipulations, the resulting expression of I'*(p, p’, ¢; ¢) can be written as

i, g ) — —0 [ dsdudt e—m"’f{e—”’éL(SQ’AC“QA 120" R
4 J, S3
tod [ s, A S B ' e
Yk [e TLOPRCHQr + QP CH AR + e (e S>}k_:o
B i_oz > dsdudt 71-,{2,&724%2
 d4r ), S3

RN - 1 dG? S
SQ’AOMQ)\ + 21C* + %W(’YA?A%C“Q)\ + QO\C’uﬁ’y}\)

R

x{i

~ 2 ~
: a1 fdee &2C?
4l 4 [L(ykﬁc“QHQ’Ac“m)R —%n“ —< ) vl

2 dk_ S\ di_ dk?
k_=0

(41)
This expression can be further manipulated especially to simplify its matrix structure. How-
ever, it is first convenient to make the following considerations related to the Ward identity
to be fulfilled by T'*(p,p’, ¢; ¢) [84]. From now on we assume that g_ > 0. Thus, by using

the three four-vectors

201
Nt =g - L8 (42)

2q_

oYz

A = gty ST (43)

q-

with ¢ = 1,2 together with n*, one can build a light-cone basis such that
N#nY 4+ nt NV
I e S Sy VY VAR VT VS (44)
q-

Then, the quantity I'*(p,p’, ¢; #)ef ,(¢), which is the one finally required here, can be written
as [recall that we work in the Lorenz gauge where (ge;(q)) = 0]

ef_(q) a*e; _(q)
L (0 4 @) — ;—2F—(p,p’, ¢ 9)

(p, 0, q; 0)e; ,(q) =

— (P(p, ¢, 4 0) A1) (Maef (q)) — (D(p, o', 45 0)A2) (Aae (q))

= eiq_(Q)Fq(p,p’,q; ¢) (45)
2 %
_ e e;;(q) n q;_,l (Avej(q)) + %(Age;*(q)) T (.t 6)

+ TP ¢ 0) (M€ (q) + Tia(p P, 65 9) (N2ei (9))

14



where I'y(p,p', ¢; ¢) = (I'*(p, 7', ¢; ¢)q,) and all other symbols are defined in analogy to the
definitions given in the introduction. Now, since the structure of the function I'*(p, p’, ¢; ¢)
is complicated because of the presence of the plane wave, it is clear that the components
I (p,p,q;0) = (T¥(p,p',q;6)ny) and Ty j(p,p', q;¢) = —(T*(p,p', ¢; ¢)a;,.) are relatively
easy to work out because the quantities n* and a!' characterize the plane wave. For example,
we observe that all the terms proportional to n* in I'*(p,p,q; ¢) can be ignored in the
computation of the components I'_(p, p’, ¢; ¢) and I' | ;(p,p’, ¢; ¢).

The apparently most complicated term is, therefore, I';(p, p', ¢; ¢), which is related to the
fact that by itself the vertex-correction function is not gauge invariant. However, the gauge
invariance of QED guarantees that the component I';(p,p’, q;¢) of the vertex-correction
function does not to contribute to any transition amplitude involving on-shell external elec-
trons/positrons. We explicitly prove this statement in the case under consideration with an
incoming and an outgoing electron, the other possible cases being proved in an analogous
way. First, we start back from Eq. and we apply the same procedure to prove the
Ward identity [11], [76]. From the second equality in Eq. and from the definition of

I“(p,p',q; ¢) in Eq. (21)), we obtain

. d*k 1 1 A 1
Ly(pp'sq;0) = —262/ A q - Y-

@m) B2 — "2+ 0 () + k— G — m 410 TI(6) + & —m +i0
(46)

now, by writing § = I(¢) + k — m — [[I(¢) + k — § — m] it is clear that we can express

Ly(p,p',q;¢) as the difference of two terms containing only one propagator in the plane
wave:
d*k 1 A 1 1

Ly(p, 0, 4; =—i€2/ ~ ; i ) i
o(P: 7', 4:9) @) =/ +i0 (@) +h—qg—m+i0 T(g)+k—m+i0
(47)

Ta-

At this point, we observe that in computing, for example, the one-loop radiative cor-
rections to nonlinear Compton scattering (see the leading-order diagram in Fig. , for the
kinematical situation corresponding to the case under study) we also have to include the
remaining diagrams listed in Fig. |5, If we indicate as z/\/lgls), L7, q)e;*(q) the amplitude
of the one-loop radiative corrections to nonlinear Compton scattering represented by the
diagrams in Figs. and , the gauge invariance of QED implies that ./\/lgs),#(p, ?,q)¢" =0
[88]. Since the contribution corresponding to Fig. [5c is by itself gauge invariant [67, 82],
by summing the contributions from Fig. |3/ and from Figs. .b and .c, we obtain [see also

15



p P

FIG. 4. The leading-order Feynman diagram corresponding to nonlinear Compton scattering of an

off-shell photon. The double lines represent exact electron states in a plane wave (Volkov states)

[3].

y\ % ﬁ
p s D y D o

FIG. 5. The one-loop Feynman diagrams corresponding, together with the one-loop vertex cor-
rection in Fig. [3] to the leading-order radiative corrections of nonlinear Compton scattering of an
off-shell photon. The double lines represent exact electron states and propagator in a plane wave

(Volkov states and propagator, respectively) [3].
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Eq. {@7)]

ML (0.0 @) = = /d4 / Lk
27T4/€2—/i2+20
1 , , 1
X Ty(ef ) {7 | = e N— 7
I1(¢) + k — m +i0 II(¢) + k —m + 0
‘ 1 1
+ e’ —7* = - g2
II(¢) —m+i0  II(¢) + k —m +i0
1 1
+97 = - - 79 L U (p, ).
TG 4k —m+i0 "T(d) —m+i0" } (p.2)
(48)

Now, by using the fact that [[I(¢) — m|U,(p, z) = [II(¢) — m]Uy (p/, ) = 0, we first replace
G with TI(¢) + ¢ — m (m —I1(¢) + ¢) in the third (fourth) line of this equation and then we

move the exponential expli(qx)] to the left of all other operators by exploiting the identity
in Eq. (). The result is

4 i(ge)
) py [ LR e
Mssu(p,p 44 / /27r4k2—/12+@()
1 1
x Ug(p' )37 | = —— = 3 :
(¢)+k—G—m+i0 TI(¢)+k—m~+i0
1 1
+77 = - ™= - ¢ Uslp, ),
I(¢) + k& —m+ 10 (¢)+k—q¢g—m+1i0 }
(49)

which indeed vanishes identically. This result indicates that gauge invariance implies that
the component I',(p, p’, ¢; ¢) can be ignored as it will always be compensated by the corre-
sponding contributions arising from the mass operators (some properties of I'y(p, p’, ¢; ¢) are
discussed in the appendix).

At this point, we can consider the other component I'_(p,p’, q; ), whose structure is

particularly easy. In fact, starting from Eq. , we have that

, i [ dsdudt 2, ,
I_(p.p,q:0) = _E 55 ¢ S (SLQ QAR + 2in)
dsdudt in2p_iG2 G* . . .
= 27r 3 s {(25(7@7@) + < + 2) n—2G_(7sR+ L,)

2
—G?Tsn — mruG +27 LG + 27 GR + 2&6* — G_A nA
S S p_p_

(50)
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where

mh = B(s), AF =e[AF () — A*(9)], L=1- ZTA’S’ Vs = ¢+ 257, (51)
w0, A=) - @)L R=L+ DR bu=o-nr, (2

AA, AA ’ !
(- # — - "= “ " (Yur
‘ <1+ 27’_>7 (1 2T—>’ ¢ /o By () /0 Ay (), (59)

enA (Y )nA_gﬁyA’ o™ —277 +ZenA (ws) A
p_ S ja

%] 0

Q=21 +i (54)

As we have mentioned, in order to compute the components I'y ;(p,p’, ¢; ¢) = —(I*(p, P, ¢; 9)a; )
we can effectively assume that the matrix n anticommutes with v*. In the following four
equations, with an abuse of notation, we use the equal symbol also for two matrices that
are equal to each other up to terms proportional to n*, which can anyway be ignored in the
computation of I') ;(p,p', ¢; ¢). Going through the terms in Eq. in order of complexity,

one can easily show that

L " AS - A'UJ
CrR =~H + S ol 2 T_Sfy n (55)
21 4 27! A 4G _ 4GH
L(’yAﬁC“QA + Q’AC‘%%)R = —TﬁAS’y“ + - YA, — G ~H 4+ iﬁ
Pl p- S S (56)
—2nyH 7y — 2wy,
~ K /
[ (’y ACHQy + QAC“n%)R} =8 (& — iA{J‘ + il u > n
dk_ = S P p_ (57)
/
+ 45 (1 + ;—‘) Ayt AL — du (1 + T—_) Al A,
G_ ~ _ .
LO' CH =14 H DA AYH — VAN
Q C Q)\R (7Ts7ru) (7 + QPI_TI_Sn s 2p77_757 n u)
B YLEY VPSRN e T Ty S WeTo T
p’, s p_’y U g E g (58)
f}/MAsﬁ Auﬁfyu A
_ —L _
52 G ( 27" 21 ) GR

where
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and
b = €A (V) (60)
(the prime on these quantities indicates the derivative with respect to ¢).

In this way, we obtain the following expressions of the transverse components I' | ;(p, p’, ¢; ¢):

2
24, G
emtzs

T(pp, ;0) = — / dsgifdt
0

2m
N G- L. Go .
X {(25(71’871'“) + Z) <6Lj + mﬂAsaj - 2p_7__SajnAu)

. o 1 (. aAn  Agha;\ -
= L(Cay)G7t R — LtuG(Cay)R — 5 LG (“j + J2¢’_ 2 j) o
2GG S ! A 2G_ 2(Ga;
A (G T i - X hi + i )
G .

#2 (90 4 ) — u(dap) ) o

T_ TR . Ti PNV
+i [5 — (u+ t)—,} SN —1 {U —(s+ t)—} ajnAu}

P P-

(61)

Equations , , and are the main results of the paper and, as it can easily be
shown, they reduce to the result in vacuum as, e.g., on page 339 of Ref. [84] [as it is shown
in the appendix, the component I';(p, p’, ¢; ¢) vanishes in vacuum|. We notice that the pre-
exponential matrices in all terms feature symmetry properties such that they can all be
written as the sum of two classes of terms with the second one, being obtained from the first
one by: 1) taking the Dirac conjugate, 2) swapping all indexes s and u in each quantity.
We have exploited this symmetry in the computations presented below. Finally, we observe
that all the terms in Eqgs. , , and have at most three gamma matrices except
the three terms on the third line of Eq. [89]. The three terms in the third line of Eq.

(61)) can be easily reduced to expressions containing at most five gamma matrices:

. . G- . Go . .2\ A-
L(Ca;)G7sR = (aj + mnAsaj " 55, ajnAu) G

N G— AN A 7 A ~ Au
+ <aj + 250 7 nAsaj) <p7G — GJTS> .

(62)
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+ [Q(G* (Asﬂ—u) - p*( SG)>AS - (G*Ag + 27—,—<ASG))7ATU + (p*Ag + 27—/— (Asﬂu))é]—a

+ [(p/, +71)(Ga;) + G’,(Asaj)] % + [(p— +7)(Gay) + G_(Aya;j)] ,

T G? A ha;
- [<p’ +7)G + — -Ag] e
D_T_
a;nG
2p" T

G G
(Asaj> +

) s
T,G_A2 a;nA, A
/ / S

p T

Gna,

2p_T_

—{@+7)G2+

2pt 1" 2p_T_

— [G_A% +2) (GA,)] [G_A2+2p_(GA,)]
G_
p-p_

+

7! T_

(Aua])] AiiA, — G2 [(A’ﬂj) + (A“aj)] 3

[(G@ + 2 —

(64)
Below, we will further investigate the structure of the vertex correction and discuss its

divergences.

IV. GAUGE-INVARIANCE PROPERTIES OF THE VERTEX-CORRECTION
FUNCTION

The first aspect we would like to discuss is about the gauge invariance of the expression
of I's ¢.1(p, P, q) obtained above. On the one hand, it is clear that I's ¢ ;(p,p’, ¢) is invariant
under a gauge transformation of the plane wave four-vector potential, as it can be proved
by replacing A*(¢) with A*(¢) + 0" f(¢) = A*(p) + n*f'($), with f(¢) being an arbitrary
function of ¢ [we recall, in particular, that 7//(¢) is the kinetic four-momentum of an electron
in a plane wave and it is therefore gauge invariant, see Eq. ] Now, concerning a gauge
transformation of the radiation field and, in particular, of the external photon, we have
already discussed that I'*(p, p/, ¢; ¢) is written in a form that automatically fulfills the Ward
identity, in such a way that one-loop radiative corrections are gauge invariant. In addition,

we study here the effect of the additional term 5Fg,7l(p, 7', q) brought about by considering
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the photon propagator D©* () [84]

Ak efi(km) 1 LAY
DO :/ woy (o) R 65
(%) e -2t |l T ) —r2+i0]’ (65)
in an arbitrary gauge parametrized by the constant ¢ (the Lorenz gauge corresponds to

¢ =1). It is clear from Eq. that

1 d*k 1
O a(p.ps ) = —ie” (1- ¢ /d4 /
o5 (D57 q) e ¢ x (2m)t (k2 — k2 + i0)?
_ A 1 )
k

x Uy (P, 2)k= - 1) e (¢) = -
v )H(¢)+k—m+z’0 Z<Q)H(¢)+k—m+z’0

1 ~
kUs(p, ).

(66)

Now, since [f[(aﬁ) — m|Us(p,z) = [f[(gb) — m)Uy(p',2) = 0, we have that Uy (p/, a:)l% =
Uy (p', 2)[I1(¢) 4+ k — m] and analogously kU, (p, z) = [[I(¢) + k — m]U,(p, z). Thus, the two
electron propagators in 5F£€3,7l(p, 7', q) simplify and this quantity can be written in the form

5F§§,,l(p, P,q) =29 / iz UL (P, 2)éf (q)Us(p, ), (67)
with
1 d*k 1
7O — ;2 (12 / 68
i ( é) 2m)t (2 — w2 1 i0)? (68)

being a logarithmically divergent, gauge-dependent constant. However, since (5Fg,7l(p, 7,q)
has exactly the same structure of the tree-level matrix element of (virtual) nonlinear Comp-
ton scattering, the constant Z(© can be absorbed in the renormalization of the electric charge
exactly as in vacuum [84]. Thus, we conclude that the gauge-dependent part of the vertex
correction can be absorbed in the renormalization of the electric charge and below we will

continue to work in the Lorenz gauge.

V. CONVERGENCE PROPERTIES OF THE VERTEX-CORRECTION FUNC-
TION

Analogously as the corresponding quantity in vacuum, the quantity I'*(p, p’, ¢; ¢) is log-
arithmically divergent in the ultraviolet, as it can be ascertained from the integral in d*k
in Eq. (see, e.g., the book [84] for the analysis of the vacuum case). Now, if we imag-

ine to expand the exact Volkov propagators in powers of the external field (see also Fig.
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3)), it is clear that, since the divergence of the corresponding vacuum amplitude is loga-
rithmic, all resulting terms depending on the field are ultraviolet convergent because the
loop contains at least three vacuum electron propagators apart from the photon propaga-
tor. It is important to stress here that this does not imply that the whole field-dependent
part of I's ¢ ;(p, p', ¢) is ultraviolet convergent because the terms dependent on the field ex-
clusively through the external electron states are still logarithmically divergent. For this
reason, the correct way of regularizing the vertex correction in the plane wave is to reg-
ularize the quantity T*(p,p’,q;¢) (see also Ref. [76]). Since the divergence at hand is
only logarithmic one first writes I'*(p,p', q; ) = T*(p,p',q¢;0) — Th(p,p',q) + Ty (p, 7, q),
where I'{ (p, ', ¢) = T'*(p, 9, ¢; @)| an(s)=0, and notices that T'*(p, p', ¢; ¢) — I't(p,p', q) is ul-
traviolet convergent. Then, one can regularize the vacuum expression I'f(p,p’, q) exactly
as in the vacuum, i.e., by subtracting the same expression evaluated for ¢* = 0 and for
p = p = m [84] (notice that the conservation laws in a plane wave already imply that
p'* = p because these four-momenta are on-shell). In conclusion, by assuming that e in-
dicates the physical electron charge, we continue by investigating the regularized vertex

function Iy (p, 0, ¢; ¢) = T*(p, 0, ¢; ¢) — T4 (p, p, 0)|p=m. By using the master integrals

/ @mi° T 167287 (69)
'k N A L ST

LRk iSk __/ kQ iSk* _ 70

/ 2mi" " C 1 ) 2ot 327253 (70)

it is straightforward to take the integral in d*k in T')(p, p, 0)|s=m and to obtain the result

e ®dsdudt 2y ;6w s+u)l .
L6 (P, p,0)p=m = —lgv“/ g ¢ A {m2 {Zt - %} —H}. (71)
0

From the derivations, it is clear that ' (p, p, 0)|s=m has only components Iy _(p,p,0)|s=m
and T'o 1 ;(p,p,0)|p=m, and then that I'r,(p,p’,q;¢) = Iy(p,p',¢; ¢), which, as we have

mentioned, can be shown to vanish for A*(¢) = 0 (see the appendix).

Now, we would like to investigate the convergence properties of the proper time integrals

in I'p_(p,p',q;¢) and I 1 ;j(p,p',q;¢). It is first convenient to use the following identity
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[90]

/ds/ du/ dt:/ ds/ du/ dt/ dS (S —s—u—t)
0 0 0 0 0 0 0
o0 S s S
:/ dS/ ds/ du/ dt6(S —s—u—t) (72)
0 0 0 0
o0 1 1 1
:/ dSSz/ dx/ dy/ dz6(1—xz—y—z2),
0 0 0 0

where in the last line we performed the changes of variables s = xS, u = S, and t = zS.

By setting

1 1 1
/dmdydz-/ dx/ dy/ dz6(1—x—y—2), (73)
5 0 0 0

it is instructive to report the expression of I'f (p, p, 0)|s=m in terms of the new variables:

L6 (P, 2, 0)lp=m = —z‘%v“ / ds /5 drdydz e~ 5 TIm @) {m2 22 — (x+y)’] + %} :
0

(74)
because it clearly shows that only the term whose integrand is proportional to ¢ is (loga-
rithmically) divergent (in the limit S — 0). This divergence is related with the ultraviolet
logarithmic divergence of the vertex-correction function. Keeping in mind that z =1—z—y
[see Eq. (73)], another divergence for z+y — 0 arises for a massless photon (12 = 0), which
corresponds to the infrared divergence of the vertex-correction function. By means of the

above change of variables, we obtain

> ds , , ,
Cr(p.0 4 0) = ol / — / dzdydz e~ [e—wZS _ e—zmQ(zw)zS}
7 2t Jo S Js

- ;—O‘ ds / dzdydz ei”ZZS{eiQQS (2(myma) + ¢2) 7t — 29 (R R+ Lit,) — §frsiv — nfr,g
™ Jo 5

o AgnA,
- /

p-p—

+27 Lg+ 27" gR+29-G—g

— m2ﬁ6_im2(x+y)2s[22 — (z +v)?] },
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and

< dS . . .
FR,J-,j(p>p/> q; ¢) = _%dj/ ? /dxdydz G_WQZS |:e_2925 _ 6—2m2(x+y)25]
0 d

o OO —ir22S —ig28 ~ 9- A 9— .~ A

P - -
+ g (2]),_7',_ nAsaj - 2p77_7 aJnAu> — L(Ca])gﬂ'sR — L’]Tug(Ca/j)R

/

. a; A Agnai\ . T T . .
— L (aj + ng- - J) gR—2S(g9q1) <p—,_nAsaj - p—_ajnAu +2g_a; — 2(ga;j)n

+ Na;Ts + Tua;n ) + 2i ((qra;) + o(ALa;) — y(ALa;)) n+ 1 {x — (y—i—z)p } Al i,

where

L(Ca;)§7,R = <aj + Zpgf—‘T,ﬁAsaj - amAu) gt

2p_T_
A g- . LA,
+ <aj + 2% ”A a]) (p/,g - 9—78) p__
+ 2pj —[2(9-(Aums) = P (Aug)) A — (9-A2 +27_(Aug))7s + (PLA2 + 27_ (A, 7)) 4],
(77)
L#,9(Ca;)R = 7, ( a; + ——nAa; — —F—a;n/
u J u ] 2p/ ,7_/ Rl 2p_7__ ]
As g- A
2 g—qg ) (4 — N
+ 5 0mg- 9 (4, - 500 )
R P
+ [2(9-(Asmy) — p—(Asg)) Ay — (9-A2 + 27 (Ay9))Fu + (p-A2 + 277 (A7) ]2p, -
(78)
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. aAn Ayhas\ _(ga;AnA,  AnALG0 ;NG GAa
L9<aj+] - J)g =7 (g] — Jg)+g_<37,g+g ]>

27" 27_ 2 p_1’ pT_ " T_
Ahg gni, R
+ [0 + 7)) (9a;) + 9-(Asay)] P + [(p— +7)(9a;) + g—(Auay)] P — g%a,
’ 2 A oA 2 ~ A A
/ N2 T_9- \2 Asnaj 2 T-9— .9 ajnAu .
_ _A _ B a 2 X

[(p—i-T)g o u} R {(p g } op 7 T 2995)5
A2 oy (gAY 1 A2 gy A, gna
l9-A5 +2p" (g s)]2p, - —9-A% +2p_(g )]2])_7_

. Asa Ayai) | .

(79)
and where it is clear that also in the case of I'g | ;(p,p’, q; ¢) the only term requiring regu-
larization is the one analogous to that in the first line of Eq. . Due to the above change
of variables, the various quantities appearing in I'r _(p,p’, ¢; ¢), and g 1 ;(p,p', ¢; ¢) have

to be interpreted as

=2~y =(1—v—ypl —yq, h=m,(0s), A=A (0 —A"¢), (80)
T_=z2p-t+wq =(1—v—y)p.+aq., wh=nkls), AL=A"0s)—A"(p), (81)

where
s=¢+2x7 S =¢+2x[(1—z—y)p_ —yq_]S, (82)
s =¢—2yr-S=¢ —2y[(1l —z —y)p_ + wq_]|S. (83)

The formal definitions of the other quantities like L, R, C*, Q*, and Q'* remain un-

changed and the additional quantities

GH 1 1
g = < = x/o dn 71'5/(9;75) + y/o dn ) (Oys) (84)

and
GM d ! / ! /
t= G [ o) ot [ anmi)]
0 0
1 y 1
— s |9 - [ o] + 52 (w00 - [ dnpiore)]

which is regular in the limit S — 0 (and also in the limits 7~ — 0 and 7/ — 0), have been

(85)

also introduced.
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VI. THE LOCALLY-CONSTANT FIELD APPROXIMATION

In this section, we would like to investigate the regularized vertex-correction function
I'a(p, 7', q; @) in the so-called locally-constant field approximation (LCFA) [12] [15] 241 [50].
Under this approximation quantum processes in an external field are assumed to form over
a length much shorter than the typical length where the external field significantly varies
[12, 15, 241, [50]. As a general condition of validity of the LCFA in a plane wave, one assumes
that the strength of the vector potential of the plane wave times the elementary charge is
much larger than the electron mass. This condition is based on the idea that the strength
of the vector potential scales as the strength of the electric field of the wave times the
typical field wavelength, and that the LCFA applies for larger and larger wavelengths (see
Refs. [39, 45, 47-49, [68] [86l, 87, O1-05] for more refined results and investigations about
the validity of the LCFA). In order to study the structure of the vertex-correction function
I (p, P, q; @), it is first useful to exploit the general structure of the external plane wave,
in particular, to rewrite the phase G?/S in a convenient form [see Egs. and ] By
starting from the identity v* = 2v,v_ — v?, valid for a generic four-vector v*, it can easily

be shown that

/ /
G2 _ S(p_S _,‘_p—u) <m2 4 577?,3) + U(p_S +p_U) (m2 + 5mi)
p_ p-
(1 1 [, 1 1 [ 2
+U8p_p_ p_L 7Tp/7L(¢>—g ; ds As’,L _p__ Trva(gb)_a . du Au/7L ,

(86)

where we have introduced the laser-induced square mass corrections

1/ 1T 2y s 1/ /[ ?
=+ [ dszi(%,)__Q{ / ds'Ast/)] - ds’Ai,l——Q( / ds’Asu) ’
0 S 0 s Jo s 0

1 e 11 2 o 1 ([ ?
om?2 = —/ du' A% (V) — = [/ du/AL(%u)] = —/ du' AL | — — (/ du/Au’,J_) :
u Jo u 0 U Jo u 0

We notice that for the present case of on-shell electrons, the three quantity G2 is non-
negative, a property which will be used below. Also, we observe that for the evaluation

of T (p,p', ¢; #) the phase ¢ is fixed but the vector potential depends on the integration
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variables s, u, and t (or z, y, and S). Thus, within the integration region, the terms in
the phases depending on the vector potential become larger and larger, leading in turn to
highly-oscillating integrands. Thus, the largest contributions to the integrals in the proper
times come from the regions where these variables are sufficiently small that the squares
of the mass corrections dm?, and dm? are of the order of m? [70] (see also Ref. [96] for
a study of the subleading contributions arising from the saddle points of the phases). In
order to implement this idea, we assume that the variables s and u in Eqgs. — in the
regions mainly contributing to the corresponding integrals are sufficiently small to expand
the integrands in those equations for ¢y, and v, around ¢ (the validity of this assumption is
checked a posteriori). It is appropriate to perform the expansions up to terms proportional
to the second derivative of A, (¢) because the leading-order contributions to dm?, and to
dm? turn out to be proportional to A’f((b), i.e., to the square of the first-order correction.

Indeed, all contributions proportional to A’ (¢) cancel out and one obtains

o 1 o [txp(d) —uxy(¢) ? 4.2 5 1 2ltXp<¢)+5Xq(¢)r 4.2

Im’ ~ —m m*s®,  omi =~ -m 5 m-u®,  (89)

* 3 S “ 3
where x,(¢) = p-|EL(D)|/m’, xp(d) = PLIEL(P)|/m’, and x4(¢) = ¢-[EL(P)|/m® =
Xp (@) — Xp (@), with €, (¢) = — A (¢) (recall that we have assumed that ¢ > 0, such
that x,(¢) > 0). Now, in order to obtain the range of validity of the above approxima-
tions, it is easier to consider the typical situation in which p_ ~ p’ ~ ¢_ and to indicate
as po,— this common light-cone energy scale. Correspondingly, by indicating as Ey and wy,
the amplitude and the typical angular frequency of the background plane wave (wy can
also be thought as the inverse of the typical time interval over which the background field
varies significantly), we construct the well-known Lorentz- and gauge-invariant parameters
&o = &E/mwo, Xo = po.—Eo/m> and ny = xo0/& = wopo/m?* [12, 15, 24], with & = |e| Eo.
The above approximations are all valid if the integrals are formed over regions of s and u
such that wyspy - = m?sny < 1 and Woupo,— = m2uny < 1 (note that the additional proper
time variable ¢ appears in the equations in a way that the relevant conditions and estimates
do not involve it). Now, from the expressions of the mass corrections within the LFCA, it
is easily seen that if xo ~ 1 (xo > 1), then the integrals are formed over the region where
s,uS1/m? (s,u < 1/X3/3m2). Since here we are interested in situations where yo = 1, we
can for simplicity use the single expression s,u < 1/ X?/ *m2, such that the LCFA is valid

if no/v2/> = X% /¢ < 1 [45, 48, 49, 68, 86, 87, OT, 02, 04]. By expanding also the terms
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in the second line of Eq. up to the second derivative of A (¢), we obtain that at the
leading order in the LCFA the phase G?/S reads

G_QZQQSNP s+p-u 25{1—}—% [tXp/(¢>;UXq(¢>}2m4s2}

S PSS
) %mu {1 . [txpw) : sxq<¢>rm4u2}
N USng’ {i/ [Pl L AL) XL () ;uXJ_,q«b)} (90)
_]% [pl AL mPu XL ;sxm(@} }2
e e AR

where x15(¢) = p-€1(8)/m* (x(¢) = IXLp(D)), XLp(9) = PLEL(S)/m* (xp(9) =
X1 (D)), X1.(0) = g-E1(8)/m* = X1p(0) = X1p(0) (Xa(¢) = IX1L4(¢)]), and where

1 1
V(o) = o P —AL(d)] - . [P —AL(0)]. (91)
The appearance of A (¢) in the vector V| (¢) seems to indicate that indeed the last line of
Eq. is leading order in the LCFA because |V (¢)| scales as 1/wy. We should however
recall that the final object to be computed is I's ¢ ;(p, p', q) in Eq. . Now, if we compute
the phase ®(p,p’, q; ¢) resulting from the functions in Eq. other than T*(p,p’, q; ¢),

after taking the integrals in @, and 7', we obtain (apart from an inessential constant)

2
2p.p0:0) =5 / d¢{ pqp ¢+ pL—AL((b)—g—:qL} } (92)

together with the conservation laws p, = p/, + q, and p_ = p’ + ¢_. It is clear that,
apart from the term proportional to ¢?, this is the phase of nonlinear Compton scattering,
as given, e.g., in Ref. [45]. By using the conservation laws p, = p', +q, and p_ =p" +¢_,
it is easy to show that

q-
p-p_

Vi(g) = pL— AL (0) - z—_qL . (93)

Since the LCFA corresponds to evaluate the remaining integral in ¢ in Eq. , it is clear
that in the region where most of the photons are emitted (and tacitly assuming that the

virtuality ¢? is less or of the order of m?), it is |V, (¢)| ~ m and the last line in Eq.

28



can be neglected. Finally, by applying the changes of variables discussed above, we obtain

the final expression of ¢?S within the LCFA in the form

px+p_ 1
¢S ~ p—/yxm25 {1 + g[zxp/(gzﬁ) — qu(¢)]2x2m452}
plr+p_ 1
Y {1 o) + qu<¢>]2y2m4s2}

1 (94)
T eyp_plS <p—,_ [P — AL() + 2m*S[exp(d) — yxLa(d)])

b = A0) — ST+ X O})

where z =1—x —y.

Finally, we point out that have explicitly proved that in the constant-crossed field case
A, (¢) = —Ep¢, the phase ¢S reduces to the phase computed in Ref. [76]. The same can be
verified starting from Eq. by setting £ (¢) = €, and we note that our expression of the
phase of the vertex-correction function is not only more general but also much more compact
than that presented in Ref. [76]. A comparison of the final expression of the pre-exponent
was not carried out as the form presented in Ref. [76] has a very different structure from ours,
due to employed transformations there, which are appropriate only to the constant-crossed

field case.

Passing now to the pre-exponents of the components I'r _(p,p', ¢; ¢) [see Eq. (75])] and
Lr1(p,p,q¢) [see Eq. ], one has to expand the field-dependent terms in Eqs. (|75)-
around the phase ¢. Taking into account that the final quantity to be evaluated is
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—iel's ¢ 1(p, P, q) in Eq. , a lengthy by straightforward calculation shows that

Tr-(p,0, 00 / /da:dydze in?z5 [ —ig?$ e*imQ(rer)QS}

. . 1_ 1—
- E/ dS/da:dydz eS8 [ gmia?S (p-+p_ —g-) ( / =+ _y) m*n — 2m?*n
™ Jo ) y - p-
12

+2m[(p- +p_ —g )@ +y) —g- ] +[2—2)(p-b +p_b) — g b][(2—y)(p-b +p_b) - g—b’]pi;,_ﬁ

, (2—x b 2
+ (1= 2)(1—y)p-p Vin—2(1—a)(1 - y)p_p_ (1_ip_,+1_y >VL

/ b/ b ~ A1
+2m[g- — (p- +p_ —g-)(z +y)] (p—, + p—) nA
/ / q— / b q— ~ 71
—(p-+p.—g-) |z AN p—m+p_'yL-VL +yp— p—,m+p_'u-VL nA
e P (. y>21>,
(95)

where ¢? is obtained from Eq. , b=y7_S, b = x7" S, and where all fields and derivatives

are evaluated at ¢.

Analogously, one obtains the following expression for I'r | ;(p, 7', ¢; ¢) within the LCFA:

Tr i, 0,49 / /dxdydze 28 [ —ig’S _ ¢ im2(1+y)25]

_a/ dS/da:dydz e 58 <€_ig S {2[(7@7@) — ((ms 4+ m4)9)] (&j + =— 9-0 A’A] + 9= b &]ﬁfl’)
5

pTl pD_T_

i (9-V 4. g-b !
+3 (p_T_ nA'a +p_ _a] A) + L(Caj)7sgR + Ly, (Ca;)R
20T

oo -
—Lg (dj + T—,&jA’fl A'naj) GgR—2S(g9q1) { [ p +(2—-y)b+ xb'} nA'a;

2br’ - ! -
+[ T‘+(2—x)b’+yb} ajﬁA’+m[Z£—§—+ (1—%) —y(l—i—,)}ﬁ&j

p—

—p(1—y)'u-wﬁdj—p’(1—$)ﬁdjn-w}+i(fc—y)(f€+y—2) |- ajh

/
+1i {x —(y+ z) } A'ié; — i [y —(z+2) T] djﬂfi/} — mPae” ™ @S9, (1 4 y)2]>,
28 p

(96)
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where

-+, g- 5
qg° — —m
2g_ p— +p_

1 9- p- , P 2 |: <b/ b) /]2 /
—(1- — + = +|\Vi-2(5+— A | pp.
2( p_+p’_){(p’_ p—)m VAR Al 57)

2,12 / / / 2

p-p- (b + yb)g_ + 2xbp” —2yb'p_ 1

R Al
29-(p-+7p-) {( Vi p-p- +

(T"Sﬂ'u) - ((7"5 + Wu)g) ~ —

Voo b
L(Ca;)#,gR + Lg#,(Ca;)R — Lg (aj + —a; Ah + —A’ﬁaj) gR
T_ T_—

by b
~ ¢* (&j+pgT AA’AJ+pg a;n A’) +2[((ws+wu—g)aj)

LS4 — g ) — )AL aj] L3R — 2m(ga;) [1 - (pi n i) Sﬁfv]

. T 98)
—mS(za; A —yAa;)in {(by —bx— 2p—> A +m (y + x%) —ap vy, - VL]
bg _ R
—mS Kby —Ur+2 p ) A +m (:v + yi—,) +yp-yL - VL} i(za A — yAa;)
—2i(p_ +p_ — g )(x+ y)Se’\“”pn,\A’ a;, M,V LgR,
b b/ v _
LR ~m(z +y) [1 — ( ) A’] x, A'n (mq— +p V. "YL)
p- Pl 2p” P (99)
yb q_ 2 Lat'?  1yb®> g 0\ . .
I (mp,_ +p_ V. ’}’J_)TL.A (3]7 +3p —|-p7p,_ nA~,
b v R v o B
VLR ~ ~° {m(y —z)+m <;— — p_/) nA — ;;p’ A'n <m;— +p V. -’yL)
a B - B (100)
yb q- Y Lab'?  1yb®> g b0\ . .
+2p (mp,_ PV, ’u)nA (3 o +3p7+p,p’_ nA~|,
N p- +p/— p—Pl_
((7r3—|—7ru)aj)%— 2<b_b)AJ_+q—qJ_+2 7 Vi|-a;, (101)
/
(90) = (@ =04, = G-+ )T~ ) e o
3y 3p 2b v 20 b
(ggl)%[x + 27y ( + )+y:cp ( +—)}A’f

Ty
— 5wl +ap )V
where v° = 799192+ and #* is the completely antisymmetric tensor with €923 = +1. In
the above equations, the quantity g2 is given in Eq. and we have taken into account

that finally we need the matrix elements of these matrices between Uy (p', z) and Us(p, x).
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The appearance of g, in Egs. — may suggest that large terms (i.e., of the order
of 1/wp) could appear in total probabilities, if one imagines to carry out the integral over
the transverse photon momentum, as one has to shift the variable g, by a vector containing
A | (¢) [see Eq. (92)] in order to perform the resulting Gaussian integral. However, this does
not represent a problem because the vector g, is always multiplied by a; [see Eqs. (101))-
]. Indeed, the first equality in Eq. shows that the components I'r | ;(p, 7', ¢; ¢) are
only auxiliary quantities, as one finally needs to compute the components (I'r(p, p', ¢; ¢)A;).
Since by definition the vector A ; is perpendicular to g, [see Eq. ], by replacing a with
A inTro j(p,p',q; @), it is easy to see that the (I'r(p,p', ¢; #)A;) depends on the vector g,
only through A | ;, a quantity which then, due to completeness, drops out once one computes
total probabilities.

Finally, we comment on the scaling of the radiative corrections due to the vertex correction
at xo > 1. This is more easily done in the case of I'r _(p, ', ¢; ¢) because one knows that
the corresponding amplitude in nonlinear Compton scattering is simply proportional to
uy (p')nus(p) (before one regularizes the amplitude by integrating by parts, see, e.g., [30]).
Now, the structure of the phase in Eq. shows that at large values of xo the main
contribution to the integral in S comes from the region S < 1/ X(Q)/ % Thus, the terms in the
preexponent in Eq. proportional to p? A'%(¢)S? = e?p? 2 (¢)S? give rise to the scaling

axg/ ? of the radiative corrections in agreement with the results in Ref. [76].

VII. CONCLUSIONS

We have computed the general expression of the one-loop vertex correction in an arbitrary
plane-wave background field for the case of two on-shell external electrons and an off-shell
external photon. By employing the operator technique within the Furry picture, we have
obtained a relatively compact expression, which takes into account exactly the background
plane-wave field. By showing explicitly that the vertex correction fulfills a generalized Ward
identity, we have singled out the corresponding terms invariant under a gauge transformation
of the external photon. As expected, the vertex-correction function features an infrared
divergence, which is cured by assigning a small, finite mass to the photon. The ultraviolet
divergence of the vertex correction has, instead, been shown to be renormalized as in vacuum.

The important special case of the locally-constant field approximation has been investi-
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gated in detail. We have shown that in the high-field regime yo > 1 the vertex-correction
function induces radiative corrections which scale according to the Ritus-Narozhny conjec-

/3

ture as axg , where xq is the amplitude of the quantum nonlinearity parameter.
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Appendix A: The component I'y(p,p’, ¢; #) of the vertex-correction function

In this appendix, we evaluate more explicitly the component I';(p, ', ¢; ¢) of the vertex-
correction function although we have seen that it does not contribute to any transition

matrix element.

1. General structure of I';(p,7’, q; ¢)

As we have mentioned in the main text, from the second equality in Eq. and from
the definition of I'*(p, p/, ¢; ¢) in Eq. (21)), we obtain
d*k 1 A 1 . 1
4 7.2 2.0 & R 4= = — -
2m)t k2 — K2 440" T(¢) + k — G —m +i0 TI(¢) + k — m +i0
(A1)

Now, by writing ¢ = f[(qb) +k—m— [ﬂ(gb) +k—g— m] it is clear that we can express

Lo(p, 0 q;0) = —@'62/(

Ly(p,p', q; ¢) as the difference of two terms containing only one propagator in the plane wave,

which significantly simplifies its expression:

d*k 1 \ 1 B 1
2 R —R2 400 |Ti(g)+kh—G-m+i0 @) +k-mtio| "
(A2)

Lo(p, 0 q;0) = —2'62/(
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At this point, by following exactly the same steps as in the main text [see Eq. ], it is

easy to obtain the resulting expression

o [* dsdt e eilA(fos) — A@)] [. - |, G
F / . _ —ik“t—1 2 1 o s ,
Q(p’p’Q7¢) 47'('/0 (S—I—t) ot { [ 2]7/, Tp (¢0,5)+ s+t
__h_dGE enlAth) —AW) [ o G,
(s +1t)% dk_ o +k_ 00 s+t L
o (% dudt e [ ]G, eA(o.) — A(9)]
E/o OO {2 R 2p_
L d6y o G enlA(du,) — A)
(u+ )2 di_ PATO Tt o0 +k_ )
(A3)
where
~ s, - ~ , ; t
Gt = /0 ds'mh (Yo,+), Yos = ¢+ 287 _ + 25k, To- = 5P (Ad)
- v - ~ t
Gﬁ = /(; du W;f;(wO,u’)? wO,u =¢— 2UTO,f — 2uk_, 70— = u—+ tp*' (A5)
Finally, by evaluating the remaining derivatives with respect to k_ as
dG? -
sy A
dk_ (GsGl,S)a ( 6)
dG? - =
vy A
dk'_ (GuGl,u)a ( 7)
where
. 1 - s
[ oy N — = H — A
Gl,s /0 ds's <w0,5> 2(7-(;,— i k,) |:S7rp Wo,s) /0 ds' Ty (wOs )] ) ( 8)
é«u — ////L ) =—-— MNU_ ud/u~u, , A9
== [ i = g et - [ aimnn] o)
we obtain
;N « dsdt 2 zGQ TLAQ,S N és
F‘I(p7p7Q7 ¢) - %/0 (S+t) T2t {(1 2pl, ) 71-2?'(7#0,8) + s+t
20 A e}
GG s s) —
(s+t)2( L) + 5 . Ty (Vo) = 577 }
A . (A10)
a [ dudt 2, ;C% Gy (AR
_ utt “ 1 !
o Jy (wti)2” : {[ p(Wou) + 025 ( * 2p_>
- GuG u) T u) : )
(u+t)2( Lu) [%WO, ) utt| 2m_ }
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where

AY o = e[A (Wo,5u) — A*(9)], (A11)
and where all the quantities without the tilde are the same as those with the tilde but with
k_=0:

1
27(’)7_

Gy = / dS’WZ(%,S% Glf,s = {SW,I}L/ (Y0,6) — / dS/Wg/(%,s')} ; Yos=0¢+ 237(/),_,
0 0

(A12)

b / 1 u ,
Gh = /0 du'mh (o), G, = o |:U7Tg(z/j0,u) - /O du wﬁ(%,u/)} . Yow = — 2um._.
(A13)

2. Regularization of I'y(p,p’, ¢; ¢)

Analogously to the other components of the vertex-correction function, the component
I',(p,p', q; ¢) has in principle to be regularized as it is apparently logarithmically divergent in
the ultraviolet. However, in the case I'g 4(p, P/, ¢; ¢), actually, it is not necessary to perform
any subtraction of vacuum terms because, as we will show now, it vanishes for A*(¢) = 0.

It is convenient to perform the change of variable s = zo and ¢t = (1 — z)o (v = zo and

t = (1 —x)o) in the first (second) integral in Eq. (A10) [97] and we obtain
a [©do (! 2
I ’o. _ dr e (1-z)o
rq(D, P 4 9) _27r/0 — /0 ze

iats Ao\ .. ) ) AA . )
" <e o { (1 R ; ) hﬂ(eé,ﬂ) + xgs] — 21’30(9391,3)” + —O’s/[ﬁp’(%p) - xgs}}

P X A, o . hAg
_ T iTogy 1 Ul 943 _ _ e
e {[Wp(90,0> + .Cl:gu] < + 2p_ ) T U(gugl,u)n [Wp(e(],a> xgu] 2(1 _ I)p_ }> 5
(A14)
where
0, = 6+ 20(1 —2)plo. (A15)
0o = ¢ —22(1 —x)p_o, (A16)
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Gr 1 G* . 1 !
n= s — | dnah(o! u wgh y— | dnrt(o!
9s S /0 777T ( OT]G') gl,s 2 (1 . fL’)O’p |:7Tp ( 0,0) /0 777T ( Oncr):| ’

82
(A17)
G [ Gt L 1
gg = 7 = /0‘ dT] WS(HO,T]O')7 gﬁu = Ulé = 21.(1 _ .T)O'pf |:’/T5(9070.) _\/0 d?’] 7-(_5(60,7]0)] '
(A18)

Note that g}, and g}, tend to constant values for ¢ — 0. Since A, and Ag, vanish at
o = 0, the only problematic terms are those in the square brackets in Eq. containing
exclusively 7, (6 ,) + 2gs and 7,(00,) + xg,. However, since I'y(p,p’, ¢; ¢) will finally be
multiplied by Volkov states both from the left and on the right, we can replace 7, (6 ,) +ds

and 7,(0p ) + ¢, in the terms which do not contain other gamma matrices as
1
7y (00,0) + gs = m(1+ ) + 7 (0,,) — T (0) + / dn [ty (05,5) = T (D)), (A19)
0

Tp(0o.0) + 2gu = m(l + x) + p(0o0) — 7p(0) + 33/0 dn [ (Bo.n0) — p()]. (A20)

In this way, the only remaining divergent terms are those proportional to m(1 4+ x) but
these divergences cancel each other in Eq. (A14)), which can be conveniently written in the

manifestly convergent form

do A ‘
I'r q(p p q; ¢ / / e " (- U<m(1 + [E) <€_m2‘79§ — 6_1w20-9121,>

+WW%@%Q—<WMAMW%M—@W

X nAO 57Tp (60 o‘) _ .%(2 - :L') ﬁAO sgs

578 2230 (gsg1.6)T A21
1—a 2p" 1—2 2 v ogs0n )n} (A21)

e L 000) 000+ o [ dnls o) - 700)

m 9 o AA u 2_ AUAA u N
B T 7Tp< 0, )n 0, I iL'( l‘)g n 0, —2$30(gugl,u)n}> .

1—2z 2p_ 1—x 2p_
This expression also shows that I'r ,(p, 7', ¢; ) tends to zero for A*(¢) — 0.

3. Some considerations about the LCFA

As we have mentioned in the main text, in order to study the structure component

Iz (0, P/, q; ) of the vertex-correction function, it is useful to rewrite the phases G?*/(s+1)
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and G2/(u +t) in a convenient form [see Eq. (A10)]. Indeed, since, as we have seen in
the main text, the component I'g ,(p, P/, ¢; #) does not contribute to any transition matrix
element, we only report here some considerations about these phases. By starting from the

identity v? = 2v,v_ — v?, valid for a generic four-vector v*, it can easily be shown that

G? = s*(m* +omg ), (A22)

S

Go =u*(m* + omg,), (A23)
where we have introduced the laser-induced square mass corrections

1 s 1 s 2 1 s 1 s 2
s, =+ /O 45 AR (o.0) ~ [ /0 ds’.AL(z/zo,s/)} -~ /0 N ( /0 ds/Ao,s,,L) ,
(A24)

1 i 1 i 2 1 u 1 i 2

(5m37u - E/ du,Ai(wo,u/) — —2 |:/ du/AJ_(wO,u’)‘| = —/ du,A%,u’,J_ - _2 (/ dU/AU,u/,J_> .
0 u 0 U Jo u 0

(A25)

We notice that for the present case of on-shell electrons, the quantities G* and G2 are

non-negative. By proceeding as in the main text we arrive to the approximated expressions

1 t\? 1 t\?
(5m378 ~ §m2 (s - t) m4s2xi,(¢), 5mg,u ~ §m2 (u - t) m4u2xg(¢), (A26)

where x,(¢) = p-|€.1(¢)l/m”® and Xy (¢) = p_|EL(9)]/m?, with £,1(¢) = —A' (¢). These
approximated expressions are valid if o /x> = x¢/° /&, < 1 [45, 48, 49, 68, 86, 87, (0T, 02, 4]
The final expressions of the phases G?/(s + t) and G2 /(u + t) within the LCFA are

G? s 1 ¢ 49 9

5= 1+ = , A2
o S+tms[ +3(S+t)2msxp(¢)], (A27)
G? U, 1 ¢ 49 9

v = 14+ = . A28
u+t u+tmu[ +3(u+t)2m“XP(¢)] (A28)

The above expressions simplify by means of the mentioned changes of variables:

G? 1

L ] o
Gi 9 o 1, 2 4 9 9

g = atmlo 1+§x(1—x)maxp(gb) . (A30)
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