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Abstract

A precise link is derived between scalar-graviton S-matrix elements and expecta-
tion values of operators in a worldline quantum field theory (WQFT), both used
to describe classical scattering of a pair of black holes. The link is formally pro-
vided by a worldline path integral representation of the graviton-dressed scalar
propagator, which may be inserted into a traditional definition of the S-matrix in
terms of time-ordered correlators. To calculate expectation values in the WQFT a
new set of Feynman rules is introduced which treats the gravitational field h,, (z)
and position z#(7;) of each black hole on equal footing. Using these both the next-
order classical gravitational radiation (h*’(k)) and deflection Ap! from a binary
black hole scattering event are obtained. The latter can also be obtained from the
eikonal phase of a 2 — 2 scalar S-matrix, which we show to correspond to the free
energy of the WQFT.
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1 Introduction

Black holes are fascinating objects intimately tied to the fundamental properties
of space, time and matter. Rightly they have been referred to as “the most per-
fect macroscopic objects in the universe” [1]. Their internal state is completely
determined by their mass, charge and spin; in this respect they strongly resemble
elementary particles, the equally fascinating constituents of matter and fundamental
forces. These microscopic cousins of black holes are described using quantum field
theory; their observables (such as cross sections) are derived from scattering ampli-
tudes, which in turn have been called “the most perfect microscopic structures in
the universe” [2].



With the advent of gravitational wave astronomy able to observe the binary in-
spirals and mergers of black holes and neutron stars [3-5], the need for high-precision
theoretical predictions of their classical potentials and emerging gravitational radi-
ation has arisen [6]. This is similar to the need for high-precision predictions of
scattering cross section of elementary particles — a highly developed subject in
quantum field theory. A number of complementary classical theoretical approaches
to this central problem in general relativity have been established over recent years
[7-12]. Taking up the parallelism with elementary particles, quantum field theoret-
ical methods of perturbative quantum gravity have proven themselves very efficient
for determining the classical gravitational interactions of black holes.

The gravitational two-body problem has traditionally been approached in a per-
turbative post-Newtonian (PN) weak-field and low-velocity approximation, where
one simultaneously expands in powers of Newton’s constant x and in the relative ve-

locity of the two bodies v/c that are linked by the virial theorem for a bound system
(5~ F5n

an effective field theory (EFT) to model the massive bodies as point-like massive

). The non-relativistic general relativity formalism (NRGR) [13-15] uses

particles coupled to the gravitational field, and is valid for widely separated massive
objects. Integrating out the suitably non-relativistically decomposed graviton field
hu(z) [16] in the path integral yields a Feynman diagrammatic expansion for the
classical effective potential of the black holes and associated gravitational radiation
— see e.g. refs. [17-21]. The suitably non-relativistically decomposed graviton field
hu () is integrated out in the path integral while the worldline trajectories of the
black holes z!'(7;) are kept as classical background sources. The state of the art is
4PN level for the potential [22-32], parts of 5PN [33-35] and 6PN [36-41], and 3PN
[42-44] for the gravitational radiation emitted from a quasi-circular inspiral (see also
ref. [45]). Spin effects may also be taken into account [7, 8, 46, 47], in the conserva-
tive dynamics [48-50] (see refs. [51-57] for important early EFT work) and radiation
[58-63].

Inspired by the progress made calculating scattering amplitudes, approaches in-
volving a post-Minkowskian (PM) expansion in Newton’s constant, which re-sum
the entire PN expansion in velocity, have recently been gaining prominence. For in-
stance, the worldline EFT may also be deployed in a PM weak-field scenario as one
may naturally use perturbative quantum gravity to represent gravitons as a metric
fluctuation about flat Minkowskian space-time. This is also the right approximation
for black hole scattering events or N-body interaction scenarios. A worldline EFT
formalism for the PM expansion was recently established in ref. [64] for conservative
binary dynamics (including tidal effects, see also ref. [65-68]), and has now been
successfully applied to order 3PM (O(G?)) [69]. Earlier worldline-based PM calcula-
tions can be found in refs. [11, 12, 70-72] for the conservative sector, in refs. [73, 74]
for radiation, and in refs. [75-77] for spin effects.

A fruitful alternative approach to capture the classical interactions of massive



bodies in gravity has also been explored through a more direct examination of scat-
tering amplitudes in perturbatively quantized gravity. While there are early works
on the subject [78-80], this approach has blossomed in recent years upon employing
modern on-shell methods for scattering amplitudes [81-85]. These works have led
us to the 2PM [86, 87] and 3PM [37, 88, 89] results for the effective gravitational
potential, as well as early results including spin effects [90-96]. The computational
method established so far is somewhat intricate: starting from the scattering am-
plitude of two massive flavored scalar particles minimally coupled to gravity, and
taking a subtle classical limit [85, 97], one matches the amplitudes obtained to those
of an EFT of non-relativistic scalar particles in order to determine its conservative
two-body potential [86, 98]. The so-obtained effective potential is then used to com-
pute observables such as the scattering angle or the periastron advance in the bound
system [64, 99, 100].

Both approaches — involving the worldline EF'T and modern scattering ampli-
tudes — agree on the final results for observables and conservative potentials in the
PM expansion; the question of efficiency is a matter of debate (and taste). What
has remained unclear, however, is whether there is a more direct connection between
the amplitude and worldline EFT approaches. The present work fills this gap.

Our key observation is that the Feynman-Schwinger or worldline representation
of the graviton-dressed scalar propagator [101, 102] provides this link. Inserting it
into a time-ordered correlation function of scalars and gravitons yields a precise map
to expectation values of operators in a worldline quantum field theory (WQFT).
This WQFT is the same worldline EFT discussed above [13-15, 64], but with the
important additional ingredient that the worldline trajectories are also quantized.
We write

(1) = b + To* + 2H(7), (1.1)

where 2# describes the perturbation of a black hole from its original straight-line
trajectory in a binary scattering process, and integrate out z* in the WQFT path
integral together with the graviton h,,. So both the worldline and the graviton field
are treated on an equal footing in our approach.

Previous results for expressing observables of the black holes (such as their deflec-
tions and radiation) encountered through scattering amplitudes derived in ref. [85]
follow elegantly from correlators in our WQFT. The tedious procedure in the tradi-
tional worldline EFT approach of first finding the effective potential by integrating
out the graviton — and thereafter solving the resulting equations of motion in terms
of a perturbative ansatz for the z* of eq. (1.1) — is streamlined through WQFT
Feynman rules, which provide a fast track to the integrands yielding the observables.
The classical eikonal of the scattering of two massive particles, encoding the classical
part of the 4-point amplitude, can be calculated directly from the WQFT!. So we

nterestingly, a similar connection was indeed studied a long time ago in [103] recovering the



expect our new formalism to not only be of foundational interest in clarifying the
connection between scattering amplitudes and the worldline theory, but also to be
of calculational advantage for precision calculations in the classical gravity two-body
problem. We demonstrate this by establishing the sub-leading corrections to the
deflection and radiation, the latter having not appeared in the literature.

The rest of our paper is organized as follows. In Section 2 we introduce the
Feynman-Schwinger representation of the gravitationally dressed scalar propagator,
and demonstrate how it may be inserted into time-ordered correlation functions.
Then in Section 3 we explain how to move from correlators to S-matrices, by cutting
the propagators of external legs. We also begin our discussion of the eikonal phase of
scalar scattering, demonstrating that it corresponds precisely to the free energy of the
WQFT. In Section 4 we introduce Feynman rules for the WQFT, which we can use to
conveniently calculate expectation values in Fourier space. Using these, in Sections 5
and 6 we respectively calculate the radiation k?(h**(k)) to 3PM and deflection Apf to
2PM order from an inelastic scattering of two black holes, drawing a close comparison
with the equivalent amplitudes-based calculations. Finally, in Section 7 we revisit
the eikonal phase and demonstrate how useful observables, including the deflection
and scattering angle, can be obtained from it. In Section 8 we conclude.

2 Worldline actions versus S-matrices

In this section we show how expectation values of operators in a worldline theory,
corresponding to gravitational observables, can be directly obtained from S-matrices
in the classical limit. The link is formally provided by a worldline representation of
the massive scalar propagator in a fixed gravitational background, which we refer to
as the Feynman-Schwinger form. First we rewrite the worldline action.

2.1 Worldline action

We seek to describe the scattering of two (or more) unbound black holes. The spinless
black holes may be described in an effective field theory (EFT) framework [13] as
relativistic massive particles moving along their worldlines and coupled to gravity:

S = Spn+ S+ Y W (2.1)
Sgp is the usual Einstein-Hilbert action (working in D dimensions):

SEH = —2m§1_2 /dD:E\/—gR. (2.2)
Using the weak field approximation we expand

Guv = Nuv + /{h;w ) (23)

eikonal result [104, 105] for the ultra-relativistic limit of a string scattering computation.
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1-D/2 - S . .
where Kk = mp, 7, thereafter raising and lowering indices with the “mostly minus”

Minkowski metric 7, = diag(+1, —1, —1, —1). Our gauge-fixing term S is
1
Syt = / dPx (9, — 5aﬂh”y)2 , (2.4)

which imposes the usual de Donder gauge condition 0,h*" = %a“hl’y.
The point mass action for a single extended object (such as a black hole) moving
along a worldline z#(7) and with proper time dr = /g, dz#dx” reads

R / dr + cn / drR(z) + ey / ARy ()i + ... (2.5)

The first term induces geodesic motion with respect to the metric g,,. In addi-
tion, we allow for non-minimal couplings of the point mass to the gravitational field
parametrized by a priori unknown Wilson coefficients cg/y. There is an infinite num-
ber of terms beyond these two organized in higher powers of the curvature tensor and
derivatives. These terms account for the internal structure of the extended object
to be described. It was argued in ref. [13] that the first two leading terms above do
not contribute to physical observables as they may be removed by a (singular) field
redefinition of h,,. We shall drop them for the time being, yet the cg term will have
a role to play shortly.
In a first-order formalism the point mass action takes the form

. 1 Y
Spm = — /dT <pux“ “om [gu DubPv — m2]> g (2.6)

where x#(7) describes the position of a black hole along its worldline and we require
Guw@*@” =1 (7 is the proper time). The canonical momentum p,(7) is easily solved
for using its algebraic equation of motion: p, = mg,, 2", so it does not represent any
genuine degrees of freedom. Inserting this back into eq. (2.6) yields the first term in
eq. (2.5). Next we consider a shift in the momentum p,, by inserting p,, = pj, +mg,, ="
into the worldline action Sy, of eq. (2.6):

o 2 2m

o m .., m 1
Som = —/_ dr (ggwx“x +———g" p;pf,) : (2.7)

The algebraic equation of motion for p’# is trivial: pL = 0, so we can drop the third
term. This form of the particle action is superior to the initial one eq. (2.5) as it does
not involve any square roots and only displays a linear coupling of the worldline to
the graviton field h, in the weak-field expansion.?

2Tt may equivalently be reached by introducing an einbein on the worldline to lift the point
particle action —m [dr of eq. (2.5) to the Polyakov form and thereafter picking the proper time
gauge [64].



2.2 Dressed propagators in the Feynman-Schwinger representation

Next we consider a massive complex scalar field ¢(x) coupled to Einstein gravity as
the QF'T avatar of a single black hole. For a binary system one simply generalizes
to two differently flavored massive scalars ¢;(x). The relevant action reads

2
S = Sgn + Ser + > i,
i=1 (2.8)

with S, = /dDa: V=g (g’“’ @gbj&x% —m; ¢Z¢z‘ — §R¢I¢i> ;

where we allow for a non-minimal coupling of the scalar field to the background
curvature controlled by the dimensionless parameter £. In a fized gravitational back-
ground the associated Green’s function G(x,z’) of the scalar field obeys the partial
differential equation

(V. V*+m? +€R) G(r,2)) = /=g 6P (z - 2'), (2.9)

where V,, denotes the gravitational covariant derivative, i.e. V,V*G = 0,0"'G +
I'*,,0"G. There exists a worldline path integral representation for G(z, z’) that we
shall now review.

Let us first consider the analogous situation in scalar QED. The Green’s function
Ga(z,2') = (QT{o(x)d"(2')}|Q2) for a massive charged scalar propagating in an
electromagnetic background A,(x) obeys

(D, D" +m?) Ga(z,2") = 6P (x — ') (2.10)

with D, = 0, +ieA,. It was first proposed by Feynman [106] in the birth phase of
QED that this Green’s function has a worldline path integral representation®

00 A z(s)=a' s dat dx?
Ga(z,2') = d _’8m2/ D [—'/d (l y———— +eA '“)}7
alz, ") /0 se o [x] exp|—i i A iy +eA, &
(2.11)
which reduces to the Schwinger proper time representation of the propagator in the

free (e = 0) case. Notice that o (and therefore s) has dimensions of m™2, so we

distinguish it from the proper time 7 with dimensions of m~!.

This worldline representation of the photon-dressed propagator — which we re-
fer to as the Feynman-Schwinger representation — is very efficient for computing
effective actions at one-loop order, e.g. to compute the Euler-Heisenberg action in
the case of constant electromagnetic field strengths. The generalization to the non-
abelian case is straightforward: simply insert a trace over color states in the path
integrand and replace the gauge field by Af T with the generators T in the repre-

sentation of the scalar. This representation of the Green’s function has been used for

3The derivation of this classic result is nicely reviewed in chapter 33 of ref. [107].



efficient calculations of one-loop amplitudes and effective actions in gauge theories
[108], and it also arises through the point particle limit of open strings [109] — see
refs. [110, 111] for comprehensive reviews.

In gravity the problem is more intricate and subject to a longer discussion in
the literature. Naively one would expect to simply generalize eq. (2.11) to a curved
background upon promoting 7, to g,., plus including possible curvature couplings:

00 ' z(s)=z' s dat da? »
G(x, ) N/o ds e~ /x(o):x D[x] exp [—i/o do <iguu$$ +§R(m)>] :
(2.12)
The first claim of such a representation of the massive scalar Green’s function G(x, 2')
in a gravitational background as a worldline path integral goes back to De Witt [112]
and Parker [113, 114].* One issue is that the path integral measure becomes metric

dependent, i.e. schematically one has

Dlz] = D[z] ] /—detgulz(o)], (2.13)

0<o<s

where D[z] = [],d”z(c) is the standard flat space path integral measure. This
metric dependence may be conveniently controlled through bosonic a# and fermionic
b*, ¢ “Lee-Yang” ghosts [115]:°

[T —detgule(o)] = /D[a,bﬂ] exp [—2/ do (}lgw(a“a“rbﬂc”)]. (2.14)

s
0<0o<s 0

With these ghosts included all divergences in the worldline QFT have been shown
to cancel, yet a finite counter term §R(z) remains [101].5

The upshot is the following representation of the scalar Green’s function in a
gravitational background that generalizes eq. (2.11) to the gravitational case [101,
102]:

0o o, z(s)=z'
G(x,:p’):/o dse ™ /(0)_ Dx] /D[a,b,c] (2.15)

s dzt dz
exp [—i/o do (ig,w (% d:f; + ata” + b”c”) + (£ — %)R(x))] :

4They wrongly claimed this result with §~ =¢— %, with £ the non-minimal coupling of eq. (2.8).

5The fermionic path integral yields a factor of [—detg] while the bosonic one contributes
[~ det g] ~'/? yielding the desired total [— det g]*/? .

Tn non-covariant regularization schemes, such as mode regularization, additional terms propor-
tional to Christoffel symbols appear, ff—Qg‘“’gp"g,mF" rn

upt UK
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Figure 1: Graphical representation of the Green function G(x, ) of eq. (2.16) for a

G(z,2) =

massive scalar moving in a weak gravitational background g,,, = 7,,+rh,,. A closed
expression for the Green’s function in momentum space may be found in eq. (3.7).

Writing o = 5~ (where 7 is the proper time) and s =

excitingly close to the worldline action S, we obtained in

yields an expression

- (2.7):

G(x,z") / / exp[ /TdT (%gw,x'“x"’ + % + 3-(& — i)R(m))}

T
X /D[a, b, (] exp[—i/ d7 (g gu(ata” + b“c”)} : (2.16)
0

i
2m
eq

that is if we ignore the ghosts and the non-minimal coupling to R. The ghosts
are in fact non-propagating and their purpose in life is to cancel divergences of
coinciding worldline fields, i.e. (#(7)2" (7)) ~ 6(0). A graphical representation of
the gravitationally dressed Green’s function in the weak-field approximation is given
in Figure 1.

2.3 From the S-matrix to the worldline

Using the gravitationally dressed Green’s function G we can now write S-matrix
elements as expectation values of operators in the worldline theory. Assuming a
fixed gravitational background we write G as a two-point function via a genuine
quantum field theoretical path integral:

Gila.') = 2" [Dlo aia)ol(a) e (2.17)

For the black hole scattering we are interested in we require the S-matrix element of
two scalars with or without a final state graviton ¢; g9 — ¢1 ¢2(-+h) in the classical
limit, i.e. suppressing virtual loops in the process. These processes may be computed
by inserting two gravitationally dressed Green’s functions G; with masses m; into
the gravitational path integral. Consider the time-ordered correlator:

(QUT{ Ry () b1 (1) S1 () D (w2) B (25) 1)
=z / Dy, b1, $a] Py () 61(11) D1 () o (5) 93 () €' (2.18)

=2z /D NV IW( )Gl(ml,flfl)Gg(l’Q, ) (SEHJ"ng)



In the last step of integrating out the scalars ¢, and ¢ we have neglected virtual
scalar loops that are mediated via gravitons, which is acceptable in the classical limit.
For a pure 2 — 2 scattering without a radiated graviton simply drop h,,(z) above.

The S-matrix then follows via LSZ reduction and Fourier transforming to mo-
mentum space:

(D102(+h)|S|p1¢0) =2~ /dD[xiw??;ax] g'Pr ey (—ik) (2.19)

connected

/D[h#l/] (euy(k>hl“’ (‘T)) Gl ('Tlv xll) G2<m27 IJQ) ei(SEH+ng) amputated *

Note that in the path integral above pure scalar loops never appear, which is why
this relation only holds in the A — 0 limit. The classical limit on the right-hand side
then additionally suppresses virtual gravitons in the loops, as well as mixed loops
of gravitons and worldline fluctuations that we will describe shortly. Now inserting
the worldline path integral representation of the G; from eq. (2.16) on the right-
hand side of eq. (2.19) we see that the emerging action in the exponent of the path
integral — which should now be interpreted as a QFT on the worldline coupled to
the gravitational path integral — is very close to the worldline expression we arrived
at in egs. (2.1) and (2.7). Yet, there are two decisive differences that we shall discuss
in turn. Firstly, the worldline action of eq. (2.7) calls for an integral over infinite
total proper time 7 € [—00, 00|, whereas in eq. (2.16) we integrate over an ensemble
of finite proper times 7 € [0,T]. Secondly, there is the coupling to the Ricci scalar
along the worldline appearing in eq. (2.16), which was in principle also allowed in
eq. (2.5).

We shall deal with the first point in the following section as it requires a detailed
analysis of the LSZ reduction. Addressing the second point, we argue that the
non-minimal gravitational -coupling of scalars in the action (2.8) is irrelevant for
the classical limit of the S-matrix ¢ g2 — ¢1 ¢2(+h). For this consider the leading
Feynman vertex originating from the interaction term ¢ [d”zy/=¢ R(b;rqﬁi in eq. (2.8):

v = Zf K (qznw/ - QMQU) : (220)

The important point is that it couples quadratically to the transfered momentum
q. As was pointed out in ref. [85] the classical limit of a ¢; g2 — ¢y o scattering
process amounts to taking the momentum transfer to zero (¢ = hq with A — 0).
Hence, there is no contribution of this term to the classical limit of the amplitude.”

"Note that here it is important that g appears quadratically: The linear terms in ¢ in the
numerators turn out to be the leading contributions as the g-independent (“superclassical”) terms
cancel out, see [85] and an explicit demonstration in section 5.1.



So we may conveniently set £ = § in eq. (2.16) to remove it from the worldline action.
This argument is in line with the arguments presented in ref. [13] for disregarding
the Ricci scalar coupling on a worldline quantum field theory in the classical limit.
In summary: we have shown that there is a direct connection between scalar-
graviton S-matrices and the worldline QFT in the classical limit via the path integral
representation of the gravitationally dressed scalar propagator given in eq. (2.16).

3 Graviton-dressed propagator for a massive scalar field

In the previous section we showed how the Feynman-Schwinger representation of a
gravitationally dressed scalar propagator could be inserted into a QFT correlator,
yielding an expectation value in the worldline theory. However, to study S-matrices
we must still apply LSZ reduction. This will convert correlators into S-matrices by
cutting the propagators on their external legs, sending those states to the bound-
ary where they interact weakly. In this section we achieve this from the worldline
perspective by first deriving a momentum space representation of the gravitationally
dressed propagator. The overall effect of putting the scalar legs on-shell is to switch
from a worldline action integrated over a finite proper time domain to one over an
infinite domain 7 € [—00, co]. We will then compare with the expectation values one
would compute in a worldline QFT. As our first example we examine the eikonal
phase of a 2 — 2 S-matrix in the classical limit, which corresponds to the free energy
of the worldline theory.

3.1 Momentum space representation

Let us now introduce a master formula for the gravitationally dressed two-point
function of a massive scalar field coupled to N external gravitons with all legs off-
shell, i.e. the momentum space version of G(z,2’) in Figure 1. We work in the non-
minimally coupled theory with & = 1/4 in eqgs. (2.8) and (2.15). To our knowledge
only the single-graviton N = 1 case has been established so far [116].

Starting from the position space propagator G(z,z’) in eq. (2.15) we insert a
weak gravitational background of the form

N
hy =Y €l ethrelon (3.1)
=1

into the path integral representing N (off-shell) gravitons — we do not require k? = 0
or k-, = 0. In order to deal with the boundary conditions of the z# (o) path integral
we perform a background field expansion about straight line trajectories (which solve
the flat space equations of motion):

(o) = 2* + AT 4 ¢ (o), Azt =z"t—2a". (3.2)
s

10



Inserting this and Fourier transforming eq. (2.15) in z and 2’ to the momentum space
variables p and p’ for the scalar particles yields®

. N oo -
D(p,p' {e" ka}) = (_%> / ds e=#(m 9 /dDw /dD;p’ei(p-mp’-m’);SAx (3.3)
0
N S
<H/ doy el(f,)j <j:“(al)j3’/(al) + a"(0y)a" (o7) + bu(al)cu<al))ezk,~x(al)> .
=170

We take p as ingoing and p’ as outgoing. The expectation value above is defined as
an unnormalized path integral over the fluctuations ¢ and the ghost fields:

(O(a, b, c, q)> — /D[q, a, b, C] O(Cl, b, c, C]) 6—if03d0%(42+a2+h.c) . (34)

All fluctuating fields now have vanishing boundary conditions.
Our task now is to evaluate the correlator in eq. (3.3), and then take the Fourier
transform. For this we insert the relevant two-point functions on the worldline:

(¢"(0)q"(0")) = 2in" Alo,0"),
(a"(o)a"(0")) = —2in"” 6(0 — o) , (3:5)
(6"(0)c" (o)) = 4in*” 6(0 — o)

where the Feynman propagator on a worldline of finite length s is (see e.g. ref. [110])

Y

oo’ o4+

5 with ,0" € [0, s]. (3.6)

A(o,0') = %|0 —o'| +

It is a straightforward exercise to evaluate the path integrals, though as the details
are somewhat involved a full discussion is relegated to Appendix A. The final result
is a compact master formula for the gravitationally dressed scalar propagator:

. N N 0
D(p,p', {E(l),k‘l}) _ (_%) 5(D)(p _p/ + Zkl) / ds ew(pfz_m2+ze)

N
H/ddle ua + 0, u8u+8ﬁu8 ]exp (p—i—p Z’Lk‘ldl—Fq)
=1
N
. oy — oy ..
—1 Z {“Tl“ﬂ . kl/ — ZSlgn(O'l — O'l/) € - kl/ (37)

Li'=1

+ (o —op)(e ey +ag-ap — 4y - ﬁl/)}]

ei=a;==7,=0

8We include the ie prescription to make the s integral well-defined. It leads to the bulk Feynman
propagator in the final result.

11



Here we have introduced fiducial “polarization” vectors €' and o), as well as anti-

commuting vectors 8 and v;'. The expression is remarkably similar (in the double
copy sense) to the one obtained for the N-photon-dressed [117, 118] propagator :
to insert a photon leg in lieu of a graviton one simply takes a single 84 derivative
there?.

To better understand this formula it is instructive to work out the single graviton
(N = 1) case. Noting sign(0) = 0 and the cancellation of the §(0) terms when all
polarization derivatives hit the same leg | = ', i.e.

e [aef‘aez” + OupOay + OOy (e €+ ap -y — 4y - B) = 2+ 2= 4)e#, =0

one straightforwardly works out

? l

D(p,p, k;e) = (=) 6PN p—p'+k) (p+1)" (p+1)" €,

(3.8)
reproducing ref. [116]. Amputating the scalar legs and stripping off the momentum-

P2 —m?2+ie p'?2 —m?2 +ie

conserving §(P)(P) function and polarization tensor we obtain the three-point vertex

1K

-5 ) 0 +p)" (3.9)

Let us compare this result to the QFT three-point vertex of two scalars and a gravi-
ton. For a general £ coupling there are two vertices: the three-point interaction
vertex between two scalars ¢ and a graviton h,, from the minimal coupling (all
scalar momenta ingoing):

/

p p v
;; = —iK [p(”p”’) - 777 (p-p — mQ)} (3.10)

q

To this we need to add the non-minimal ¢ coupling vertex of eq. (2.20)

>vvv\' >WA :—m ( ) — n;w (p-p—m*) — €& (P —quqy)]

= —iK }L(p—}-p) (p+p)” +(}l £) (q T}MV_QMQV)]
(3.11)

where — crucially — in the last line we have used the on-shell condition p? = m? = p?
on the scalar legs. We have a match for & = %, but only if we put the scalar legs
on-shell. 10

9Tt would be interesting to work out the double copy relation to the N-gluon dressed propagator
found in [119] in detail.
10This might be in fact the simplest derivation of the { = ¢ — 1 relation in eq. (2.15).
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It is a simple exercise to also include the £R[z(7)] term in the worldline action
and perform the path integral for N = 1 as well. One quickly arrives at the above
expression for the general ¢ case.

3.2 Putting the scalar legs on shell

Now that we have a momentum space representation of the gravitationally dressed
scalar propagator we can proceed to put the scalar legs on-shell. As we have al-
ready seen, this is necessary in order to match to the QFT expression which is then
effectively a form factor F'(p,p’; {k;, €;}) with off-shell graviton legs:

€1, kl 627k2 e €n7kn

F(p,p'{kisei}) = (=9 [ [ & - blki)lp) = P—u‘p’ - (312)

i=1

Let us perform the LSZ reduction on D(p,p’,{¢, k}) of eq. (3.7) now. First we put
the outgoing p’ scalar leg on shell:

- i(p/2 —m? + 26) D<p7pl7 {67 k}) (313)

p/ 2—m2_je
Therefore we pull the inverse propagator into the s integral in eq. (3.7) and use

B i(plQ B m2 n ie) / ds 6i8(p/2_m2+z‘e)Q(S) — _ / ds i <eis(p/2_m2+ie)> Q(S)
0 0 d

’ (3.14)

where we have introduced

N

. N N s
Q(s) = (—%) P p—p + > k) H/O doy V-1 [357855 + O Oy + aﬁfa’n”}
=1

=1

N N
—(p+p)- Z(iklal +e)—i Z {Mkz ~ky —isign(o; —op) e - ky

exp 5
1=1 LU=1
+ 5(0l - O’l/)(El ey o ap — 4y - Bl’)}] (315)
e=oq=F;=7=0
Partially integrating eq. (3.14) and using ©(0) = 0 yields
—i(p'* —m* +ie) D(p,p', {e, k}) = (o0 (3.16)
p’2:m2—i5 p’2:m2—i6

The overall effect is therefore to send s — co.'!.

HSee also the recent [120] making the same argument
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It remains to put the incoming p scalar leg on shell. For this we first go to “center
of mass” proper time coordinates:

o :=0,—0, with o, = N 2= (3.17)

and we pick up the constraint ) |, 6; = 0. The N-fold integral over the o;’s may then

N N 0o N
=170 =17/~ 0 =1

Note the change of the integration region to R in the new proper-time coordinates a;

be rewritten as

matching the one performed in the worldline QFT. Moreover, as o, — oy = 6, —yp the
variable o only couples to the exp[—i(p+p’)->_, kioy] term in (o) from eq. (3.15).
One then easily performs the o, integral:

—i(p+p') Ly ki

o0 N N o0 e
/ do. e {Ptp) iz kior — o=ilp+p) 215 Wn/ do . etetp)-(—po+ _
+ + 2 2 .
0 0 p° —me + 1€
where we have used total momentum conservation and the mass-shell condition for
p’. But this precisely extracts the incoming scalar propagator!

Hence the net effect of LSZ reducing the graviton dressed propagator of eq. (3.7)
to a form factor is very mild and can be done explicitly: drop the overall s integral,
insert a total proper-time delta function and take the proper time integrals to run
over R.' The final result is (dropping the tildes on o)

. N N o)
Fp,p'|{eV, k,}) = (—%) sO(p H [/ doy e (867355 + OrOar + 355875)}
N =1
) (Z al> exp
=1

—isign(o; — o) € - kyp +0(or —op)(e - e + - ap — 4y, - ﬁl’)}]

N
3 gy — oy
p—l—p ; Zk’lU[ + 61) —1 Z {%k’l . kl’ (319)

LI=1

ag=a=0F=7=0

P =m? —ie=p'?

with P = p —p' + >, k. This is a surprisingly compact result for an N-graviton
emission expression.

12These steps to put the scalar legs on shell apply generically to any Feynman-Schwinger repre-
sentation of a gluon, photon or graviton dressed propagator, and have to the best of our knowledge
not been observed before.
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3.3 Link to position space expression

Let us see how this form factor relates to the analogous expressions one would com-
pute in a worldline QFT (WQFT). Here the starting point is that of eq. (2.15), except
with an integral over infinitely extended proper times:

Z(b,v; {eV k}) = /D[w] /D[a, b, c] exp [—i /_00 do (1w (@3" + ata” + b“cu))]’
h (3.20)

where again we begin with a collection of plane waves for the graviton with momenta
k; and polarizations ¢): eq. (3.1). This is equivalent to

2(b,vi{eV, k}) = (3.21)

< ) /D /D @b ¢ ﬁ /_Z doy 6éw(3"7“(0'1)9571'(0'1) + a*(ay)a” (oy)
i bu(al)cu(gl))‘eikl.x(gl)] eXp[_i/oo do (% (#*(0) + a*(0) + b(0) - c(U)))} :

—00

We note from the action appearing in the last exponential that the momentum

associated to z* is p, = _%%u which is somewhat unconventional. Inserting the

proper time 7 = 2mo as done above eq. (2.16) would yield the canonical relation.
We now consider the background field expansion for z#(o):

at(o) =+ o' o+ 2H(0). (3.22)

In order to integrate out the z* field and the ghosts we use generic translation-
invariant propagators:

—~
N

=

—~
S)

)2¥(0')) = 2in" Ao — o’
(a"(o)a"(0")) = —2in"” 6(0 — o’

'), (3.23)
(b"(0)c” (o)) = +4in"" 6(o — o)

Concerning A(o) we shall at this point only assume that 0,0, A(c—0') = —§(c—0’),
which holds true for the Feynman as well as retarded (or advanced) propagator on
the infinitely extended worldline. With this one straightforwardly finds (again going
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to “center of mass” proper time coordinates as we did in eq. (3.17)):

N
2(b,v; {e? k}) =596 (Z oy - U> ¢l Diti kb (3.24)
=1

iw\™ Ty [
(7)1 o (200 + oo + )

=1 v~

5(2 Ol) exp [U . Z(iklal + El) —1 Z {A(Jl — Ul/) k- kp

=1 LU=1

— i&,ZA(al — 0'[/) € - ]fl/ + 5(0’[ - O’l/)(ﬁl €y o ap — 4")/1 . ﬁl/)}]

e=a;=1=,=0

Here = is an overall measure factor

i T2
o= lim | ————e v /2] )
o= i | eyt (325)
that we may drop as it falls out of normalized correlation functions. Now if we
identify the boundary conditions in terms of the momenta as (recall p, = —%C%)
1. vh gt 1. vt gt

where ¢ is the total momentum transfer of the scattered scalar particle, we see that
(3.24) is dauntingly close to the form factor expression (3.19) upon noting that
—v = p+p'! Concretely, if we pick the worldline propagator to be of Feynman type,

_ Lol

Al) =12,

(3.27)

we arrive at our central relation linking the QF'T form factor to the WQFT correlator:

0

=(b v LD ke N .
ol l}):(S(Zkz-v e TR F(p, | {eD, R}, (3.28)
- =1

where the use of Feynman propagators is understood in the form factor. Note the
emergence of the total momentum transfer ¢ = Zf\il k; in the above.

So that the significance of eq. (3.28) is properly understood, let us briefly recap
the steps that have led us here. We started with the scalar Green’s function G(x, ')
in a gravitational background (2.15), which can be inserted into time-ordered correla-
tion functions containing pairs of distinctly flavored scalars — see eq. (2.18). Moving
from time-ordered correlators to S-matrices required us to obtain a momentum space
representation of G(z,2") — D(p, ', {¢?), k;}), given in eq. (3.7) — and then cut into
its external scalar legs, yielding the form factor F(p,p'|{e®,k}). What eq. (3.28)
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therefore tells us — provided the external legs are on shell — is that we can identify

S-matrices with expectation values in the WQFT using the classical A — 0 limit.

The expectation values in the n-body case are'

<O<h’ {xi})>WQFT = Zwort / Dl /ﬁD[Zi’ a;, b;, ¢;] O(h, {x;})e!Fen+s0)

n 00 e
—i Y [ A7 g (EFEY 4+ afal +bEe)|, (3.9
exp[ Zi:1/oo T, 29M (xzxz—l—azaz_’_ zcz) ( )

where ¢, () = 1, + £hy(x) and (1) = b; + v + 2(7). Zwqer is the partition
function

ZwqrT = const x /D[hw] /HD[% a;, by, i i (SEr+Sgs)
=1

S
—i [ dn g, (@ + ata b/f,”], 3.30
eXp|: Zi:1 /oo T, 2 gu (xlxz +u7, az + zcz) ( )

and const ensures that Zwqpr = 1 in the non-interacting case (k = 0).

3.4 Towards the eikonal phase

Equipped with eq. (3.28) we discover an intriguing relation between the free energy
of the WQFT and the eikonal phase of a 2 — 2 scalar S-matrix in the classical limit.
The exponentiated eikonal phase is defined as a Fourier transform of the S-matrix
into impact parameter space transverse to the (D — 2)-dimensional scattering plane
[105, 121]:

. 1 qu .
X = 6(q-v1)d(q - vy)e? S : 3.31
i g [ bl w)dla - ) €7 (010l (331)
where b = by — by and ¢ = pj — p; = pa — pj is the momentum transfer from particle
1 to 2 (p; momenta ingoing and p; momenta outgoing).

An immediate corollary of eq. (2.19) and eq. (3.28) and a central result of our
work is then the simple relation (holding in the classical limit)

Zwqrt = ex (3.32)

i.e. the free energy of the WQFT is to be identified with the eikonal phase. This is
a rather direct link between the worldline theory and the QFT S-matrix.!* We shall
evaluate the eikonal phase to 2PM in Section 7 and establish a relationship to the
classical impulse Ap!’ = ¢* and scattering angle 6.

I3Factors of =, are absorbed into the path integral measure D|[z;].
MNote that there is a factor ﬁ for each worldline, which comes from inserting o; = ﬁn as
described above.

17



3.5 Feynman vs. retarded propagators

Let us finally comment on the use of Feynman propagators above versus retarded (or
advanced) ones in the WQFT. The retarded (or advanced) worldline propagators on
an infinite worldline read

o g
Arjalo) = % 7 (3.33)

We claim that switching between these propagators simply amounts to performing
shifts in the background parameters b* and v*. This is best seen in a classical
setting where one seeks to solve an inhomogeneous second-order ordinary differential
equation for z#(c). Writing the solution as x#(o) = b* + v*o + z#(o), the b* and
vH terms represent a solution to the homogeneous (force-free) equation, whereas the
perturbatively constructed z* is a specific solution to the inhomogeneous solution.

The choice of propagator is equivalent to picking a specific inhomogeneous solu-
tion. Hence all choices for worldline propagators are valid and physically equivalent,
but the meaning of the background constants changes. To emphasize this we will
denote them as follows: for a retarded propagator b* and v* describe the initial
worldline trajectory (¢ — —o0), for an advanced propagator b* and v'* give the
final worldline (0 — 400), and for a Feynman propagator b* and 9" an in-between
state (0 = 0). So we identify p* = mov*, p* = mv’* and p* = (p" + p*) = mo* as
the ingoing, outgoing, and average momenta respectively, where 1m? = %2(1 +v-v)
is chosen to ensure 9> = 1. One may directly compute the shifts in b* and v* for
transitions between the propagators from their definitions in eqgs. (3.27) and (3.33).

The choice of Feynman vs. retarded propagators is also meaningful for the gravi-
tons, but in a different way. Feynman propagators (as one uses when calculating
scattering amplitudes) are symmetric under time reversal, which is consistent with
purely conservative scattering. For a classically radiating system one instead should
use retarded propagators. This will affect observables like the impulse Ap!', which
after integration will have a different form. This important subtlety was recently dis-
cussed in the context of the 3PM deflection in ref. [122], resolving a tension with the
high-energy limit [89, 97]. It was argued earlier that, from an amplitudes perspective,
this tension would be resolved by including the full soft region [123].

4 WQFT Feynman rules

In the previous section we saw a clear link between gravitational S-matrices and
expectation values of operators evaluated in the WQFT. These involve path integrals

over not only the gravitational field h,,, but also the deflection z* and ghosts a*,

ma
b#, ¢#. In this section we develop a set of Feynman rules which allow us to calculate
these expectation values directly. By taking a diagrammatic approach we invite

comparisons with the diagrams used to describe scattering amplitudes.
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We treat the gravitational field h,, (z) and deflection 2#(7) on an equal footing.
As we are not interested in quantum corrections we will work at tree level, so we can
ignore the ghosts. The graviton is most naturally described in momentum space; the
deflection in energy space (or frequency, using £ = hw):

) = [ Fhuh), ) = [ ). (4.1

where we have introduced the shorthands

[l [ e

From this point onwards we specialize to D = 4. We will also absorb factors of (27)
into the d-functions:

5(k) = (2m)* W (k), d(w) = (2m)o(w) . (4.3)

The Einstein-Hilbert action (2.2) being integrated over all positions = implies the
usual momentum conservation at those interaction vertices; vertices arising from
Spm 101 (2.7) instead conserve the energy w.

First consider the Einstein-Hilbert action. The Feynman rules arising from here
are the usual ones involving only the graviton h,,,, with propagator

—ik-(a—y)
s hoo(y) _
A = P [ (1.4)

where P00 = Nu(pNo)w — %nﬂynpg. We are flexible about the ie prescription: either
write the denominator as k? + ie, making it a time-symmetric Feynman propagator,
r (k° £ 4e)? — k%, making it retarded/advanced. In the retarded case the poles in
kY occur at k° = :I:\/_ —te: as both are below the real axis the integration contour
must be closed in the lower-half plane. So the integral is non-zero only when 2% > ¢/°,
thus ensuring causality.
Next we consider the worldline action Sy, given in eq. (2.7):

Som == | dr(guii’ +1). (4.5)

For now ignoring the parts containing h,,, we expand #*(7) = v* 4 2#(7) to obtain
> LM
Spm|hW:0 = —/ dr <m + mn, vt + 5nuyz“z”> , (4.6)

having used 7,,v*v” = 1. Both the first term (a constant) and the second term (a
boundary term) we can ignore; the third gives us our propagator for z#:

—iw(T1—72) nz
2(r) 2 () / W _ 4
L @xi? ~ 2m (| =7l £ (n—7)) . (4.7)
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These are the retarded/advanced versions of the propagator, which are non-zero
T

when 71 > 75 or 7y < 7 respectively. Using o = 5~ we see a precise match for the
same propagator given earlier (3.23). We define the Feynman propagator as simply
the averaged combination of the retarded/advanced propagators.’> As we explained
in Section 3.4, the correct interpretation of b* and v* is sensitive to the choice of
worldline propagator.

Finally we proceed to consider worldline interactions, all of which involve the
gravitational field h,,. As Sy, depends on the gravitational field only through g, =
N +mMmp) hy (and not the inverse metric g”*) this conveniently ensures that all such
vertices are linear in h,,,. We extract the 7 dependence from h,,, when it is evaluated

on the worldline of a black hole:

ik- vT+2z(T = " ik- uT n
O (R = 3 [ ) bl )

_Zn'/k zk‘b i(kv+d 0 wi)T (Hk Z Wz) MV( k‘)

The product on z#(—w;) produces a tower of vertices which are fed into the interacting

part of the action S = Sy, — Spmlp,,—o:

(4.8)

YW1 yee W

A A7 hy (2(7))i" (1)3" ()
2mp1 J_ (4.9)
— [ dr by (a(r) (v + 2002 (1) + ()2 (7))
2mp1 J_
We obtain
g _ M T / e“‘“‘bﬁ(k-er wi)h V(= 2P (—wi) |
P mpl Z n! kywi,..wn ; g ( ) g ( )
i=1 JFi 1<j l#1,5

(4.10)

having integrated over 7 to extract the energy-conserving J-function. When n = 0
only the first term in the second line is included; when n = 1 only the first two terms.

Let us see how the Feynman rules are read off using some explicit examples. At
zeroth order in z#:

ey F—. / Ml - )y (— )00 (4.11)

mpe1 Jg

5For the graviton such an averaging procedure would produce only the real part of its Feynman
propagator. The missing imaginary part corresponds to dissipation; however, on the worldline there
is no dissipation and hence no imaginary part.
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This term gives rise to the stress-energy tensor T (k) = me**5(k - v)viv” (see e.g.
ref. [92]) which we interpret as a classical source for h,,. The Feynman rule is

% = —iieik'bﬁ(k cv)ort” (4.12)
2mp1
Fyu ()

with k outgoing. It is a tadpole: the dotted line represents the worldline, and is
intended only as a visual aid. The linear terms in z* are

m

€ik'b5(k’ -V + W)huu(_k>zp(_w) (2("”}(#6;) + quykﬂ) ) (4'13)

int} s
Spm|, = —1

QmP] k,w

from which we read off the two-point vertex:

2P (w)
m ik- 1 v
% _ Wple KO3k - v+ w) (Qwv(#(')'p) + vhy k;p) ) (4.14)
hyu (k)

The energy w is also taken as outgoing. Finally, to quadratic order in z*:

int = m Bik.bﬁ(k‘ -V 4wy + w2>huu(_k)zm(_wl)ZPQ(_WQ) X

pm| ;2 2%m
Pl Sl w2 (4.15)

1 v v v v
<§kp1kp2v“v + wlkpzv(“épf + wgkplv(“épg + Wﬂdzé&:dpg) .

The associated trivalent Feynman vertex is

ZPZ((_A}2)
P1 .
z (wl) = m ezk-bﬁ(k Y +CL)1 +C(J2>X (4].6)
mp1

() (%kp Kpa 00" 4 wikp, v#04) + woky, 067 + w1w25,gf;5;g) .
While of course the second worldline fluctuation still travels on the worldline, we
draw it above to distinguish it from its partner.

Given that an n-graviton vertex carries an overall m?{”, it might seem odd that
each of these z-vertices carries only a single power of myp,'. To rectify this we might
try rescaling 2# — mp, 2#, similar to how we write g,, = 1., + mp h,, for the
graviton. However, we find this operation to be undesirable as it also rescales the
propagator (4.7) to carry an overall m3,. As we shall see, despite the higher-point
vertices carrying the same overall power of mp), their appearance at low orders in
the PM expansion is ruled out by the combinatorics of which diagrams we can draw.

21



The three vertices given above will be sufficient for all of the calculations done in
this paper. However, using eq. (4.10) we can easily generalize to an nth order vertex:

VWL (oo o) = L ikt ) 4.17
PLPn ( W1, , W ) v mple U+izlw X ( )
1 n , n n , n n ,
(5 (H k’pi> vHroY + Zwi (H kpj) v(“épg + Zwiwj (H kpz) 53;5%73) )
i=1 i=1 G i<j I#i,5

An intriguing property of this vertex is that, should we set the energy on one of the
external z* lines to zero, the resulting expression can also be obtained as a derivative
of its lower-point cousin with respect to the impact factor:

VPWL“LW (k, Wiy ..oy Wn, 0) 0 VWL“LW(k; Wiy .- an) : (418)

1Pt T Obpnir | PLPn

This will be important when we return to the eikonal phase in Section 7.

5 Radiation

Having set up the worldline Feynman rules we begin with our first application: cal-
culating the radiation far away from a source. For simplicity, let us first consider a
single black hole. We calculate k?(h*(k))wqrr for k* = 0, where the expectation
value of an operator in the WQFT was defined in eq. (3.29). This requires us to
draw diagrams with a single outgoing graviton line, which is equivalent to solving
Einstein’s equation for h,,(x). For a single black hole

m

—ik? (B (k))wqrr = —i2 e* (k- v)v”, (5.1)

mpy
which is simply the tadpole in eq. (4.12).'° In other words, h,, is directly sourced
by the stress-energy tensor.

Like in Section 3.1, we compare this with the three-point interaction vertex
between two complex scalars ¢ and a graviton h,,:

P I T pv
%, — ik |l — 777 (p-p — m?)}
k - (5.2)
1

= —ir [P+ 7 (R — k“k”)] .

In the second equality we have inserted p = p+ %, p=p— g, and using the mass-shell

2

conditions p? = p'?> = m? we find that p? = m? — % and p-k = 0. In the classical

6Contracting with P,,,,, on an outgoing on-shell graviton line is unnecessary due to the trace-
lessness of the polarization tensor.
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limit we write k* = hk* and send i — 0, so we can discard the k-dependent terms.
Finally inserting p* = mv*,'” we see that

KX (k) )warr = 5™ 8k - v) lim M (p, k) (5.3)
The graviton from a single black hole is therefore identified with the three-point
amplitude (with the polarization tensor €, stripped away).

This identity follows naturally from our discussion in Sections 2 and 3. The ex-
ponential and o-function factors come from the central relationship in eq. (3.28); the
factor of ﬁ from replacing o = 5. The interpretation of a single black hole radiat-
ing a graviton as a massive three-point amplitude has been widely studied elsewhere,
including for higher spins [91, 92]. The non-spinning black hole is associated with
the Schwarzschild solution; a spinning black hole with the Kerr solution [124]. The
corresponding double copies are closely related to the so-called Kerr-Schild double
copy [125-127].

5.1 Leading order (2PM)

Let us now examine the radiation emitted from the inelastic scattering of a pair of
non-spinning black holes at leading order (2PM). To begin with consider the five-
point scattering amplitude:

/

y4 i

P2 :

P2
§E+ §§+§;+ %Hl%ﬂ),

where ¢, is the polarization of the emitted graviton with momentum £, and p; =

pi — ¢;- The on-shell conditions (p; £ %)* = m? imply p; - ¢; = 0; momentum

(2
conservation gives k = q; + ¢o. Inserting the established relation (3.28) between an

n-graviton form factor and a WQFT correlator into a generic ¢ ¢o — @1 ¢do(+h)
scattering amplitude a la eq. (2.19) yields a direct link to the WQFT:

2 7% i ~ : uv o
2 (1)) | i) fm Mol ). (55)

WQFT B 4dmims
We have introduced the integral measure emerging from eq. (3.28):

/1172“{;) _ ei(‘l1~81+‘]2~32)5(q1 . {]1)5(q2 . @2)6(]{; —q — q2) . (56)

17Strictly speaking, we should write p* = md* to represent the average momentum. However, at
this low PM order the difference is inconsequential.
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This connection was already established in refs. [83, 128]; here we show how individual
diagrams may be identified between the two methods. There are three diagrams in
the WQFT, all with a single outgoing graviton line.

The first diagram contributing to k(W (k))wqrr is

1
ql\L mims N v)(po) (AT PU'ozB P)\T' O aounfB Ay A
fow e = =2 [ a0 e Dedbiaiad (5.7
mpr Jai a2 41 43
a7
2
where (i/2)mp Vi) PO (1 g1 —gs) is the three-graviton vertex. The delta func-

tions in the measure fi; o(k) are picked up from the vertices; we integrate over the
intermediate momenta ¢;. The counterpart to this diagram in Mgy is the first dia-
gram in eq. (5.4), so we simply re-interpret the worldlines as scalars. Showing that
the two expressions match in the A — 0 limit is trivial: the graviton propagators
and three-graviton vertex are the same in either case, and we have already shown
in eq. (5.2) that when i — 0 the scalar-scalar-graviton vertex maps onto the stress-
energy tensor.
A more interesting comparison is with this diagram:

qu k w,v (58)

2 292

o [ (w0 — 0 ivh,) Qwil N — 6700E) Poxag
= fi1,2(k) 5 v
q1,92 w qQ

where w = 01 - k = 01 - ¢» from the d-function constraints. We have have massaged
the integral measure into fi; 5(k) by performing the trivial w integration:

/ eilbr (k=a2) b2 2) 55, . 0 VS(w — By - go)B(w — O - k) = / fia(k). (5.9)
w,q2 q1,92

This expression arises from the classical limit of three diagrams in M{;, again drawn
in eq. (5.4). We can intuitively see where the 1/w? factor comes from by studying
the classical limit of the scalar propagators:

v _ 1 _ } (1_ 42 +-~-), (5.10a)

Pr+L+@)?—m 20 -@t+e-k 2P ¢ 2p1 - @2
. iy w L
! _ ! ! (1+ E +) (5.10b)

D —L—@?-—m 2h-@—q@-k 2p ¢ 2D1 - @2
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having used (p; = %)? = mj. The leading terms cancel when added; the sub-leading
terms give rise to the desired 1/w? propagator.
The third diagram is related to the previous one by symmetry. Adding up the

contributions and dropping unnecessary terms we get'®
mim .
0 () worr = ? [ jna(i)x (5.11)
Mp1 Jai.0
PE(PD +4Q1) | 29 -1 (Q1Qh, PPy
rills 8 GGtgs (ko)A (k-02)2 )|

where 4 = 0y - 05 and we have recycled some notation from ref. [83]:
Pl = k- 0108 — k- Dyt (5.12a)

Oty = (0 — o) — T g (5.12b)
koor bk

These vectors satisfy ]512 -k = ng -k = 0, which makes gauge invariance manifest.

As M, consists of Feynman propagators (both for internal gravitons and
scalars) using the established link to compute &?(h** (k))wqrT gives rise to Feynman-
type propagators in the classical i — 0 limit. This is also true for the 1/w? worldline
propagators: in eq. (5.10), by carefully tracking the ie’s through the calculation
one can show that the result is an average of the advanced/retarded propagators
given in eq. (4.7). This is consistent with our use of b and 9/: as we discussed at
the end of Section 3.4, the choice of propagators corresponds to picking a specific
inhomogeneous solution to the equations of motion.

In a genuine physical setting one might also wish to describe the radiation in
terms of bt and v!', corresponding to the initial trajectories of the black holes. This
would require the use of retarded propagators for the worldline fluctuations in the
above calculation, which should always point towards the outgoing graviton and
thus provide a clear flow of causality. In the WQFT one could simply adopt these
propagators from the start; if using an amplitude and taking the classical limit one
should take care and change the ie prescription before integration.

While for the worldlines the integration constants b, v} mediate between differ-
ent propagator choices, this possibility is not available for the gravitons: a retarded
propagator is demanded by the physical setup. Strictly speaking, the expectation
value k(" (k))wqer as defined above in terms of a path integral (3.29) leads to
Feynman graviton propagators'® — but of course the ie prescription can also be
adapted for the gravitons before integration by identifying the flow of causality.

8n the full metric g,, = N + mp; by, the radiation occurs at O(mp;') = O(G?), i.e. 2PM.

9This is rooted in the fact that this expectation value uses a state fixed by boundary conditions
(“in-out”) instead of initial conditions (“in-in”) — see refs. [129, 130] for a discussion in the worldline
EFT context. See also ref. [85] for a derivation of radiation reaction effects from amplitudes, which
involves terms quadratic in the Feynman-propagator based amplitudes.
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e

Figure 2: An example of a self-energy diagram, which we exclude from the 2-body
calculation. On support of the d-function constraints we have w = 0, which gives
rise to a singularity in the 1/w? propagator.

5.2 Sub-leading order (3PM)

At order 3PM we find it convenient to first study the three-body problem, then
specialize to the two-body problem as a special case. The two-body waveform at
this order has previously been obtained in refs. [131, 132] (see also ref. [133]). A
three-body starting point was also used in ref. [134] to study radiation in dilaton
gravity, and proved helpful when considering the double copy. It allows us to identify
additional symmetries of the diagrams, and exclude self-energy graphs which would
otherwise give singularities. Such an unwanted graph is given in Figure 2.
The radiation is fully described by the seven diagrams in Figure 3:

MmMem 1 N™
E (W (k) worr = ——=— > Y ppa(k) 5 = (5.13)

“lp )
1 5'3 iG{a,...,g} 491,492,493 1 1

where we now use retarded propagators both for the gravitons and worldline (but
omit the propagator on the outgoing line with momentum k*). As the diagrams
must connect with all three worldlines, self-energy diagrams of the kind in Figure 2
are avoided. We sum over 3! permutations of the worldlines, swapping ¢!, bt and v
in each case. By design these permutations preserve the integral measure emerging
from eq. (3.28):

M1,2,3(/€) = ei(tn-b1+q2-b2+‘13'b3)5(v1 : %)5(02 : CI2)5(U3 : %)5(]{? —q1 — Qg2 — Q3) ) (5~14)

which (after an appropriate rearrangement) is the same for all seven diagrams. Each
symmetry factor S; corrects for an “overcount” in the sum — for example, diagram
(a) is invariant under all 6 permutations, so dividing by S, = 6 accounts for this.
The propagator factors are

Do = qig3q3 , Dy = ¢} 4345453 »
D. = g3q5q53(wn + i€)?, Dy = q3q3q30(wiz + i€)?

. . . . (5.15)
De = q%qg(wl + 26)2((,012 —+ Z€>2 s Df = q%qg(cdn —+ 26)2((,013 + 26)2 ,

Dy = g3q15(wia + i€)* (w5 + i€)?
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Figure 3: The seven diagrams contributing to the radiation k*(h**(k))wqrr at order
3PM, and their respective symmetry factors. All seven graphs represent tree-level contri-
butions, the worldlines being drawn only as a visual aid. The outgoing momentum from
each worldline is ¢".

where ¢;; = ¢; + ¢; and we have introduced new variables:
w; =v; -k, Wij = V; - g5 . (5~16)

On support of 1 23(k), w; = 2321 w;j and w; = 0 (no sum on 7).
To confirm this result we have checked the off-shell (k? # 0) Ward identity

k(W (k) warr = 0, (5.17)

which holds already at the integrand level. To specialize to the two-body problem
we simply identify two of the worldlines, i.e. set b3 = by and v3 = vy. This implies
w31 = wop; however, as we also now have wy3 = w3o = 0, this gives rise to self-energy
diagrams. As they are physically irrelevant, we exclude them from the final result.
The Ward identity is still satisfied after these contributions have been dropped.

Our final result for &% (h** (k))wqrr is presented in an ancillary file attached to the
arXiv submission of this paper, with expressions given for each of the seven numer-
ators N/* in Figure 3. In a separate Mathematica file we also explicitly demonstrate
the off-shell Ward identity.?® The on-shell graviton can easily be obtained by setting
k? = 0, and the result for the two-body problem is obtained as we have explained
above. We claim that the same integrand (with b — b, v* — o) can also be
obtained from a seven-point scalar-graviton amplitude with three pairs of distinctly
flavored scalars:

k2<h’“’(k)>

i
= Smaimomma 11,2,3(k) lim MEr (pi, 1, k) 5.18
WQFT - 8mamams Ll q2,G3 IU17273( ) h1—>r% GR(p pisk) ( )

200ur demonstration file relies on the tensor computer algebra package xAct [135].
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but checking this explicitly we save for future work.

6 Deflections

Let us now switch to a purely conservative setting. We compute the impulse on a
single black hole in a binary scattering, which classically can be expressed as
ee dQZ,fL(TJ

Ap; = m AL} =m; /dm'?(ﬂ') = mi/ dr; i
_ T

o0 3

(6.1)

Even though this is a total derivative, in the present context it does not integrate to
zero. In the WQFT (where z!'(7;) is promoted to an operator) our task is therefore
to calculate the expectation value

> d22(m)
Apf=m, | d <—> . 2
P = m /_ - T dr?  /wqrt (6:2)
Inserting the Fourier space definition of z# (4.1) the impulse becomes
Ap; = mi/(—iw)2<2f(w)5(w)>WQFT = —m (2 (W) warr|,_, - (6.3)

Hence the impulse follows from drawing tree-level graphs with a cut external z!
line, multiplied by a factor of ¢ for the correct normalization. This is analogous
to how we computed k*(h*(k))wqrr with k* = 0 in Section 5. By using retarded
worldline propagators we ensure a flow of causality towards the outgoing line; time-
symmetric Feynman propagators for the gravitons imply a purely elastic scattering of
the black holes. To include radiative effects one could instead use retarded graviton
propagators, but in the integrals that follow we shall assume the former.

As a demonstration, we shall now compute the conservative deflection Apf up
to order 2PM, specifically reproducing the integrands by Kélin and Porto [64] whose
integrated result matches earlier work by e.g. Westpfahl [12]. Our method does not
require the determination of an effective action for the black holes.

6.1 Leading order (1PM)
At leading order Apf is described by a single diagram:

1

w=0
. .mi1ms iq~b6 5 vV, P PVP§U>\ o, 6.4
gt =Yz € (g - v1)d(q - vo) (—vivig") 2 U2Uy, (6.4)
mpy Jq q

2
where b = b — b} (b < 0). Cleaning this up we deduce that

p_ Mmamg o o 9 d(q - v1)d(q - v2) ig-b
Apy = B, (29— 1) Ty /q p e’ (6.5)
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where v = vy - v9 > 1. This matches eq. (4.9) in ref. [64].

The integral above can be performed in a variety of ways (see also e.g. ref. [136]);
to maintain covariance we find it convenient to decompose ¢ = g +q., where ¢ = Pjq
is parallel and ¢, = P, q is perpendicular to the plane described by the two-form
P = v; Avg.?' The projectors Pj and P, are

prepy 1
PHY = b _ [MV_Q (p, v) uu] 6.6
f e o viv] — 2yvy vy + vy | (6.6a)
Pl =n" — P”‘“’, (6.6b)
where |P|* = —%PWPW =72 -1 Py, is the induced metric of the parallel plane,
so we adopt the notation nl’r Y= Pﬁ ”; the corresponding volume form is €, = —€|,.

It holds that det| 7 = —1 and eﬂ“’eﬁ“ﬂ = —nﬂmnﬁﬂ + nﬁﬁnﬁ“. The Dirac deltas impose
q) - v1 = q| - v2 = 0, and upon eliminating them we get an additional factor from the

Jacobian determinant:
a(z,y)| ™
S(v1 - q)d(va - q)) = ‘ 5
—— N q)
P y ———

detﬂl(vl,vg):|P|—1

5(d!) (6.7)

where det(vy,v2) = %eﬁ”PW and (efr”PW)2 = —2P,, P* = 4|P|?. Therefore

o(q - v1)d(q - - 1 4t og|b
/ (q Ul)z(q U2)€zq-b: _/ € — = Og‘ | + const, (68)
¢ q 1Pl S, a1 2m|P|
and when plugged into eq. (6.5) this yields the final result:*?
272 —1) b*
Apl = 2Gm1m2w— (6.9)

JE o1

where mp! = v/327G. This result can also be found in (for example) refs. [77, 92].

6.2 Sub-leading order (2PM)

At O(G?) there are four contributing diagrams, with two each proportional to m;,m3
and m?my. As they carry different integral measures we treat them separately. In
the first category:

W
- w=0

_ ‘mlmg / (¢" — EM)Y8(q - v1)8(q - v2)8(k - v3) Gith s (6.10)

1 N
kri o Elk—gq  Gdmi Bk — (k- vr + ic)?

(292 = 1)%k - (k — q) + 8% (k - v1)?] .

2I'We thank Gregor Kilin and Rafael Porto for sharing details of this method with us.
22The overall sign is consistent with an attractive gravitational force: Ap/’ aligns with b* = b —bY',
which points from the first to the second black hole.
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The integral measure is th’w 3(k - v2)d(w — k- v1)d(w — (k—q) -v1)8((qg — k) - v2) in its
initial form; @ integration yields w = k-wv; and leaves the three remaining d-functions
in eq. (6.10). This diagram matches eq. (4.14) of ref. [64], up to terms that vanish
upon integration (those that do not contribute to long-range interactions). The other
diagram with the same integral measure is

] w=0
q?t My / q"8(q - v1)d(q - v2)8(k - v2) ig-b
= —1 e X 611
16mp Jiy k2q%(k — q)? (6.11)
k /. Nk —q
9 [+ (k-v1)* + (29 =Dk - (k—q)] -

This agrees with eq. (4.15) of ref. [64] (up to a symmetry factor of 1/2). In the
second category we have

w=0

_mimy (¢" — k")o(q - v1)d(q - v2)3(k - v1) 444

ks glk—g _1647"41:1 /k’q 12(k — q)2(k - vs — i€)?2 X (6.12)
w
~ (292 = 1%k - (k — q) + 892(k - 1)?] |

which (except for the outgoing w = 0 line) is related to (6.10) by symmetry; the

o-function constraint yields @ = —k - vy. Finally,
w=0
k\ /k_q — Zm%n’jf / (k,u — qu)g(q ) Ul)zs(q ) U2)5(l€ ) U2)€iq-bx (613)
16mp; Jiq k2q?(k — q)?
qT

[Vq® + (k- 02)* 4+ (29 = Dk - (k—q)] .

Not included are diagrams involving self-interactions of gravitons on a single world-
line, which also do not contribute to the final integrated result.

Taken together, these four diagrams make up the 2PM deflection. As the inte-
gration was already discussed at length in ref. [64] we will not reiterate the details;
instead we simply present the final result for the conservative impulse at this order:

pp_ et (2(272 —1) 3 (57’ — 1) Glmi + mQ))
L 2 2 _ 4 S
02| V-1 41 (6.14)
2 (272 B 1)2 m m
—2G mlmgw_—w ((’yml + mg)Ul — (7m2 + m1)1)2) .

This includes the 1PM result already given in eq. (6.9), and agrees with Westpfahl’s
result [12]. Tt also satisfies
P = (pr + Apy)? (6.15)
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up to terms O(G?), using b-v; = 0. This is consistent with our use of retarded
worldline propagators: pf = m;v!" are the incoming momenta.

Should we flip the sign on ie throughout our calculation above, i.e. use advanced
instead of retarded worldline propagators, then the result (6.14) in terms of b, and
# is identical except with the signs on vi* reversed. This is consistent with the
impulse instead obeying p}* = (p} — Apy)?, where p/* = m;v/* are the outgoing mo-

()

menta. Similarly, if we use Feynman propagators (which, for the worldline, means a
symmetric combination of advanced/retarded propagators) then the terms propor-
tional to 0} vanish altogether (more on this in the next section). The impulse obeys
(Pr+ 22)% = (r — )%, ie. pr-Apy = 0.

7 Eikonal phase

Having now computed the deflection Ap{ up to 2PM order, let us finally explain
its connection to scattering amplitudes. Unlike with the emitted graviton k*(h*(k))
computed in Section 5, it is not immediately obvious how to obtain Ap!’ from an am-
plitudes perspective. The reason is simple: unlike A, (z), the worldline fluctuations
z#'(7) do not live in the amplitudes; instead we have the scalars ¢;(x). So the trick
we used in eq. (5.5) to integrate out the scalars in a five-point amplitude, leaving
behind the expectation (h*(k)), does not work. Instead we need to make use of the
four-point scalar amplitude M, 4,54, ¢, -

From an amplitudes perspective the eikonal phase of eq. (3.31) is a very useful
scalar quantity, as it captures the impulse and other classical observables. Writing
the S-matrix in terms of a scattering amplitude eq. (3.31) gives rise to

eX =1+
4m1m2

/eiq.bﬁ(vl ) q)ﬁ(UQ ) q> %E%M% p2—P1 P2 (q>
q
7.1
14 Z/ gias b Mor 6250162 () (7.1)
q1

dmimaor/7? — 1 ’

where Yy is the eikonal phase and ¢ is the transferred momentum. It was demonstrated
in refs. [84, 94] (see also ref. [64]) that the 2PM deflection in the center-of-mass system
is obtained via

Apj_ == % 5 (72)

where p; = Pips = —Pyp;. A similar relation holds for the scattering angle [84]
— see also eq. (4.5) in ref. [97]. It is suggestive that such a relation can be ex-
tended to higher orders and changes in spins [93, 94]. That is, the eikonal phase y
appears to be a generator for all observables of conservative classical scattering. It
can also be related to bound orbits via analytic continuation [137], analogously to
the investigation in refs. [99, 100].
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From our WQFT perspective we have shown in Section 3.4 that the classical
part of the eikonal phase x is given by the free energy of the WQFT at tree level
(integrating out the z* and hy, fields). We therefore use Feynman time-symmetric
propagators for both the gravitons and worldlines (which also occur naturally in
the QFT S-matrix). So l;f and 0" are identified with the average of the incom-
ing/outgoing momenta p!'. Recalling eqs. (3.30) and (3.32), the eikonal phase is
then

eiX(i)iy'Di) = Zwqrt (7‘3)

= const X /D[hw,z’f,zg] exp [Z <SEH + Sgf — Z/ dr; %guyxfxl”ﬂ :
i=1 Y7

where we have dropped the Lee-Yang ghost contributions which are irrelevant for
the classical limit. Instead of eq. (7.2) we will demonstrate that

ox

0
A =i—log Z = ——
Pip = abl g LWQFT = P »

(7.4)

holds in our formalism to all orders as a consequence of eq. (4.18). This should

satisfy (py + 224)% = (p — 22

tudes get mapped into WQFT diagrams in Zwqpr that are disconnected in general,

)2, i.e. pp - Ap; = 0. Note how connected ampli-

and finally exponentiate into connected WQFT diagrams in x. This manifests the
exponentiation of amplitudes in the classical limit.
Let us now prove eq. (7.4). On the one hand, from eq. (6.3) we have that

ApT = —myw? (2} (w))warr|
::(YZLl)

~

=—my <w 27 (w) exp [/Z ' X?”ﬁ (kswry .o wn) by ()28 (wr) ..o 24"

>free WQFT

with (.. .)fee wqrr denoting the vacuum expectation value of the non-interacting

+ (WL,) + (GR) . (7.5)

w=0

theory and (GR) the graviton vertices. This expression involves only connected
diagrams, or Wick contractions. We perform all Wick contractions involving the
external z{(w), noting that contractions with an n-vertex on the worldline give an

overall factor of n. Thereafter we set w = 0, essentially canceling the external
propagator:
WL v n—1, 0pn
an _Z<</Z (n—1)! Vi o (kwis e W, )y 2t 2"y )
e(WL1)+(WL2)+(GR)> (7.6)
free WQFT lw=0
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On the other hand, again considering connected contractions only (leaving the log
implicit), it holds that

Ap‘f = ZaZ_X — Z’<L6(WL1)+(WL2)+(GR)> (7.7)
abl ” abl 7 free WQFT
< (/Z n! (% 1\% M;I)jn(k' Wi, Wn) huyzfl . an) e(WL1)+(WL2)+(GR)> ’
7 g free WQFT
VIV\;II Hon 1 (B3 0)y 7Pt d

making crucial use of eq. (4.18). This is the same as the preceding equation when
shifting n and using w = 0, thus showing eq. (7.4).

Let us now work out the eikonal to 2PM order. The corresponding diagrams in
the eikonal phase are

ix = % % {////;\\1 O(G?), (7.8)

where mirror diagrams are left implicit. Assembling the contributions in (7.8) and
performing the integrals one finds

2(2,3/2 —1) | 3 (5’3/2 —1) G(ml:i- m2)> + O(G3) . (7.9)

VA1 421 )

in agreement with ref. [84]. Taking the derivative with respect to b we obtain the

x = Gmyms (— og |Z)| +

impulse:

At = et (2(%2 —D 3 - D Glm + m2)> +O(GY.  (7.10)
07| -1 441 0]

As it depends on Bf and 0!, this expression is different from eq. (6.14) derived earlier

(which depended on b and ). It satisfies p; - Ap; = 0 as expected.

One may naturally ask whether, having obtained the conservative deflection in
eq. (7.10) in terms of b* and 0, one could subsequently extract the (arguably more
useful) result in eq. (6.14) involving involving b* and v!'. At this PM order we make
certain simplifying assumptions: 0! = v/ + O(G) implies ¥ = v + O(G?). Also,
b = b 4 20" + 2908 where 2; ~ O(G) and b - v; = 0 implies 5] = |b] + O(G?).
So there is no need to distinguish between different versions of |b| and v at 2PM.
To reproduce the result in eq. (6.14) we simply need to find the terms in the v/
directions: it was demonstrated in ref. [69] that by demanding p? = (p; + Ap;)? (to
all orders in (G) the missing terms are reproducible by iteration from lower orders.
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From the deflection Ap/’ we can also find the scattering angle 6 (see e.g. refs. [84,
138, 139]). In the center-of-mass (COM) frame p; = (E1, p), p2 = (E2, —p) and

|Ap| = 2|p| sin(%) . (7.11)

In the COM frame one can also deduce that

VA1
vy . (7.12)

Vm? +m3 + 2mymyy

p| =

The total angular momentum is given by J = |b x p| = |b||p|. Putting the pieces
together, we find that

‘i (Q) _ Gmumy (292 = 1) | 37 Gmuma(mi +mg)(59% — 1)
2 J Vi1 8 Jy/mi+md+ 2mimyy

fully describes the scattering angle to order 2PM.

) +0O(G?) (7.13)

8 Discussion

In this paper we have examined the link between scattering amplitudes and ob-
servables in a worldline quantum field theory (WQFT). The link is manifested by
a worldline path integral representation of the graviton-dressed scalar propagator,
which can be inserted into a formal definition of the S-matrix in terms of time-
ordered correlators — formally integrating out the scalars on external lines. By
taking the classical A — 0 limit we can interpret the results as expectation values of
operators in the WQFT. Performing LSZ reduction on the time-ordered correlators,
i.e. cutting the propagators on their external lines, corresponds with allowing the
worldlines of each black hole to span an infinite proper time domain 7 € [—00, o0].
We also derived the crucial relationship in the classical A — 0 limit:

ZWQFT = eiX, (81)

i.e. the free energy of the WQFT corresponds precisely with the eikonal phase of a
2 — 2 scalar S-matrix.

Path integrals in the WQFT involve not only the graviton h,,(z) but also the
deflection of each black hole z£(7;), where z¥'(7;) = bf'+7;0' 42" (;) is the full unbound
trajectory. We therefore developed a set of Feynman rules to compute expectation
values of WQFT operators directly in Fourier space. For the graviton h,, (k) this
of course means momentum space; for the deflection z!(w) it instead means energy
space. Feynman vertices arising from the purely-gravitational Einstein-Hilbert action
conserve four-momentum as usual; vertices arising from a worldline conserve only
the energy along that worldline. So even though in these classical calculations we
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remain at tree level, we see “loop integrals” arising due to the lack of momentum
conservation at worldline vertices. These are precisely the integrals one would obtain
when working to higher orders in GG from an amplitudes perspective.

Of particular significance was our choice of ie prescription for the propagators,
being either retarded or Feynman. For the worldline, using retarded propagators
identifies the background parameters b and v!" with the incoming momenta p!' =

m;vl' at 7, = —oo; Feynman propagators identify l;f and 0!’

with the intermediate
momenta p;’ at 7, = 0. For the gravitons, using Feynman propagators implies a
time-reversal symmetric dynamics, hence we are dealing with a purely conservative
scattering scenario; retarded propagators are applicable to a radiating system and
incorporate radiation-reaction effects.

For the scattering of two non-spinning black holes we considered two main ob-
servables: the radiation, k* (hy,(k))|,2_,, and the impulse on one of the black holes,
Apt' = —mw?2!'(w)|,_,- The former we computed to order 3PM; the latter to 2PM,
reproducing the recent conservative results of Kélin and Porto [64]. In both cases
we drew tree-level graphs with a single outgoing line — in the former case an out-
going graviton line, in the latter an outgoing deflection mode z# — and cut the
energy /momentum on that line.

The connection with amplitudes is straightforward for radiation. As was ob-
served in ref. [83], at leading order (2PM) k? (hy,(k))|,._, is straightforwardly ob-
tained from a five-point amplitude with two pairs of distinctly flavored external
scalars by integrating over internal momenta (with an appropriate integral mea-
sure). This formula we derived by integrating out the scalars, leaving the emitted
graviton h,, (k) unaffected. For the deflection deflection Apf there is no clear am-
plitudes analog; however, from the eikonal phase y we derived Ap!' up to 2PM by
differentiating with respect to the impact parameter bf — a relationship which we
showed extends to higher PM orders.

Setting aside the link to amplitudes, the WQFT offers a number of advantages
over other methods for obtaining post-Minkowskian (PM) integrands:

1. One has the benefits of a fully diagrammatic approach without needing to take
the classical A — 0 limit.

2. Generating tree-level graphs is simple to achieve algorithmically — for instance
using Berends-Giele recursion [140].

3. There is no need to obtain an effective action by integrating out the gravitons.

4. The ie prescriptions are flexible: with different choices corresponding to re-
tarded or Feynman worldline propagators one can identify the background pa-
rameters b and vf with either the incoming or intermediate momenta. Simi-
larly, for the graviton one can incorporate radiation by using retarded propa-
gators.
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Our approach complements ongoing work in the PM regime on tackling the integrals
required to compute different gravitational observables (see e.g. ref. [138]).

There are numerous opportunities for follow-up work. Of course, we would like
to compute observables to higher PM orders: the eikonal phase x and deflection Apt
at order 4PM are obvious targets. We also believe that spin can be incorporated in a
natural way, by including classical spin vectors S¥ for each black hole with their own
propagators and worldline vertices. In fact, the WQFTs of supersymmetric spinning
particles already exist [141, 142]. It will be interesting to see how this relates to
ongoing work on amplitudes in higher-spin field theories (see e.g. ref. [94]). Finally,
as the link to amplitudes is now readily apparent, it may be worth revisiting the
double copy to see how it translates into this new formalism — hopefully clarifying
the observed breakdown in ref. [143].
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A Derivation of the momentum space propagator

In this Appendix we further elaborate on the derivation of a momentum space repre-
sentation of the massive scalar propagator coupled to gravitons, eq. (3.7). The basic
ingredient for us to evaluate is

N s
(1 [ dnetierse Do b, o' (k). (A1)
=170

with
> / Axt Az” » y . il
D/&lg(%%{kl}) = [( 5 +CI“(TJ))< 5 +q (Tl)>+a“(7l)u (17)+06"(7)c (Tl)]ekl a(n)
(A.2)
We also note that '
_ —1 OSdTi'2 o

which is the free partition function.
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To evaluate the correlation function we use a number of tricks. Firstly, we
introduce a scalar function F' of the polarization vectors €, a, (3, 7, the latter two of
which are anti-commuting;:

Mz

F(e, a, 3,7) <exp[ e-q(m)+ag-aln)+6-6(n)+v-¢ln)+ik; - q(n)}>. (A4)

=1

Then we may write

(A1) H/dT M”—i—(’? )(M”—i-a ) + Ot Oy + DO V] F(e, o, 8,7)

a:ﬂ:y:ezo ’

To compute F'(e, «, 3, ) we use the fact that for operators O linear in quantum fields
one has the free-field correlation function relation

1

(e9) = W exp[%(@@)] : (A.5)

Hence we find

1
F(E,O{,ﬁ,’}/) = W exp % Z Olol’ (A6)

LI'=1

with O = ¢ - ¢(n) + oy - a(m) + By - b(7) + v - ¢(7y) + ik; - g(7;). We then compute
using eq. (3.6)

i<OlOl’> :25(7'1 - Tl/) [El ey oo — 2’}7 . /Bl’ — 2’le . Bl]
2
— g[ikﬂ'{ + El] . [ikl/Tll + El/] + ik - [ikl/Tl/ —+ El/] + aky - [ikﬂ'l + 6[] (A?)
—i(e - ky — ey - ky) sign(m — 1) + ky - k| — 7]

For this it is helpful to note the derivatives of the propagator given in eq. (3.6):

DO | —

N~ o

!/
O A(T, T = %sign(T -7+ T
s

O A(r,7') = —%sign(T — 7))+

w [

0,0 AT, 7)) ===0(r—7'),
PA(r,T)=6(r—1').

» | =

The second trick lies in promoting also the Az* /s terms in eq. (A.2) into the exponent
of the evaluated F(e, a, 8,7) by manually adding Zl]\il € - % to the exponent on the
right-hand side of eq. (A.5). Then we perform the space-time integrals over = and
x', giving a total momentum-conserving delta function and a Gaussian integral.
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