Supplementary Information for Microscopic Theory of Light-Induced Ultrafast
Skyrmion Excitation in Transition Metal Films

Emil Vifias Bostrom,'** Angel Rubio,’»? T and Claudio Verdozzi®:*

YMaz Planck Institute for the Structure and Dynamics of Matter,
Luruper Chaussee 149, 22761 Hamburg, Germany
2Center for Computational Quantum Physics (CCQ), The Flatiron Institute,
162 Fifth Avenue, New York, NY 10010, United States of America
3 Division of Mathematical Physics and ETSF, Lund University, PO Box 118, 221 00 Lund, Sweden
(Dated: February 18, 2022)

SUPPLEMENTARY NOTE 1: DERIVATION OF THE EFFECTIVE SPIN HAMILTONIAN

We here provide additional details on the derivation of the effective spin Hamiltonian describing the correlated
d-electrons in the large U limit. We start from an electronic Hamiltonian of s- and d-orbitals given by H(t) =
H,(t) + Hy_q + Hy with

Hy(t) = Z €sio(t)Ngic — B - Z S; + Z ew”(t)cla(—tsl + Qsij  T)oo Cjor (1)
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In Supplementary Equations (1-3), cja (djg) creates an s- (d-) electron at site ¢ with spin projection o, and 74, is the
spin density operator for orbital a € {s,d} at site i. The orbital energy is given by €45, t, is the hopping amplitude
between nearest-neighbor sites ¢ and j, and o, accounts for Rashba spin-orbit interactions. The s- and d-electron
spin operators are given by §; = CIOTUG/C“,/ and SZ = d;rorwldwz, where 7 denotes the vector of Pauli matrices and
repeated spin indexes are summed over.

In Hy, both a local interaction Uy as well as nearest-neighbor direct and exchange interactions Vj and Jy are
included!. In the s — d interaction term [Supplementary Equation (3)], ts_g4 is the hybridization strength, and Us_4
and J,_g the direct and exchange interactions. For (fig;) = 1 (as assumed in the rest of this work), the direct term just
renormalizes the orbital energy ¢;,. Finally, both s- and d- electron spins interact with an external static magnetic
field B via Zeeman coupling.

Assuming the d-electron system is at half-filling, doubly occupied sites will be penalized by an energy ~ U, and the
effective Hilbert space can be defined by projecting out the doubly occupied sites. This is achieved by the projection
operator P = [[, P;, where P; = 1 —Ngitngiy. In the following we decompose the Hamiltonian as H(t) = Ho(t) + Hi,
where H; is the interacting part of Hy defined in the main text. For virtual excitations out of the subspace defined
by P, where exactly one doubly occupied site is involved, we can write (up to an irrelevant constant?)

L 1% L L
Hy =0 Z NditNdil, + 70 Z Ngitg = U Z RgitNdil (4)
i (i7) i

where U = Uy — V. We note that H; only acts in the high energy subspace defined by Q@ =1 —P.

The time-dependent Schrieffer-Wolff transformation is defined as the unitary transformation that at each time
t removes the coupling between the low and high energy subspaces’ . Given a state |¥(t)) that evolves under
the original Hamiltonian H(t), the unitary transformation |¥(t)) = e*")|W(t)) corresponds to a Hamiltonian H =
eSO[H —id;)e=5®). Assuming that S(t) can be written as S(t) = 751 (t) +7252(t) +O(~?), with v a small parameter,
we find to second order in ~y that

~ ) . 1 .
H = Ho+ Hy + 7 (i[S1, Ho) +4[S1, Hi] — 0:51) ++° ([5271{1] - 5[5172@51 + [S1, Hi]] — 8t52> . (5)

To eliminate the leading order off-diagonal term (in P and Q), we take Sy = 0 and require that iy[S1, H1] — v0;51 =
—PHyQ — QHyP. Since the projection operators P and Q act in the subspace of d-electrons, only the d-electron



kinetic term T,; and the coupling Hamiltonian Hs_4 contribute to S;. Projecting the expression for H onto the low
energy subspace, we have

0 = PHyP + %P&QQHOP - %PHoQQSlP (6)

It now remains to solve the differential equation for S;. This can be achieved by introducing the retarded and
advanced Green’s functions

GR(t, 1) = —ie =m0 _ ") (7a)
GA(t, ) = ieHi=mE =g _ ), (7h)

in terms of which the projections of the operator S; are given by
S\ ()P = i / dt’ GR (¢, ') QHy ()P (8a)
PS1(t)Q = —i / dt' PHo(t)QGA(t,1). (8b)

Since we work at half-filling the operator H; appearing in the exponential of the Green’s function always acts after a
single excitation has been created, and can therefore by replaced by U in the exponential. The effective Hamiltonian
is then

H~ - / dt’ o(t ’<U+“7><f “YPHy(t')QQH,(t)P — e—“U—m)(t—t’)PHo(t)QQHO(t’)P} + Hy. (9)

where 7 is a real infinitesimal introduced to regularize the integral as ' — —oo. In this and following equations
containing 7, it should be understood the the evaluation of the integral is followed by the limit 7 — 0 from the
positive side. The operator products can be evaluated following the procedure detailed in Section below, and leads
to a time-dependent spin Hamiltonian

= Ho + Z 1 (6)Si S +Dyj(t) - (Si x Sj) + Siuriu,ju(t)sju] + H,_q, (10)
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with the parameters Jij(t) = 4t3[ij(t) - JI, Dij(t) = Sitdadijlij(t) and Fiu,ju(t) = (SagijaZij + 4|adij|2(5w,)[ij(t).
Here we use Greek letters to denote the components of the spin-orbit vector ag. The time-dependent function I;;(¢)
is given by

I(t) = Im/dt' iU+in) (=) cos(8;;(t) — 0;5(t)). (11)

Similarly the s — d exchange interaction (obtained from the time-independent part of Supplementary Equation 9) is
found to be of the form

Hy g=—gY 5-Si, (12)
where g = Js_q — 4t2_,/U.

SUPPLEMENTARY NOTE 2: EVALUATION OF THE OPERATOR PRODUCTS OF THE EFFECTIVE
HAMILTONIAN

Given the formal expression for H in Supplementary Equation 9, we can evaluate the operator products following
the procedure in Ref.®. At half-filling only virtual transitions that involve two sites contribute to the Hamiltonian,
and thus the projection operators Q always give unity and can be removed. The products arising from the kinetic
energy of the d-electrons are then of the form

ZM;JIG'Q I 0203 d;agdjﬂz)Mch;cm( )d;raldww (13)



where summation over repeated spin indexes is implied and the projection operators P have been left out for notational
simplicity. We now use that the electronic bilinears can be represented in terms of Pauli matrices as d;fadw/ =
(1/24S; - T)o/o. Similarly, the products arising from the s — d exchange term are of the form

Hs qHs g = tg_d 2(60102 - Cjtfz Ciol)d;‘rgl digy, (14)

where we can represent the s-electron bilinear by c;(acwr =(1/248; T)o0o-

To this order in the Schrieffer-Wolff expansion no other terms can arise, and in particular, terms of the form
PTyH;_ 4P = 0 since they contain an odd number of d operators. Therefore, they necessarily create (or destroy) a
doubly occupied state, which takes the system out of the low-energy Hilbert space.

With the above representation of the electronic operators the expression for H takes the form of a trace, explicitly
given by

H ~ Hy+ %Tr [M”(t’)Mﬂ(t) (; +S;- 7')] — (z;Tr {M”‘(t’) (; +8; - 7') M7 (t) (; +8S;- T)] (15)

1 4 1 1 .
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We evaluate these traces using a representation of M in terms of the Pauli matrices, M = —t41 4+ a4 - T, together
with the property (a-7)(b-7) = (a-b)1+i(ax b) -7 and the trace identities Tr1 = 2 and Tr7 = 0. The first term
in H (for given ¢ and j) can be shown to be independent of the spin vectors for real hoppings t} = t; and imaginary
spin-orbit couplings o)} = —ag, which holds when the spin-orbit interaction is of the Rashba form. This term can
therefore be neglected. The same argument holds for the terms proportional to the identity matrix in the second,
third and fourth term, which can thus be omitted too. The remaining part of the trace is then

Tr [Mij(t/)(sj )M () (S; ‘r)} — i85 (t)=0:5(1) [thsi -8 + 2i(tgedy — tgewg) - (Si x S;)
— 2(aq x 8;) - (g x 8;) + 2(ea - S;)(ag - S;)] -
for the kinetic part, and

Tr [t2_y(s; - 7)(Si-7)] = 2t2_4si - Ss. (16)

for the s — d exchange part. Inserting these results in the expression for H, and noting that the term with i and J
swapped gives an analogous contribution to the kinetic part but with the phase e~ (#)=0:(1) e find the effective
spin Hamiltonian of Supplementary Equation (10). The final expression for I;;(t) comes from combining the terms in
Supplementary Equation (9) relating to the retarded and advanced Green’s functions. Similarly, the extra factor of
two in Supplementary Equation 12 for the s — d exchange comes from the Hermitian conjugate of the term considered
above.

SUPPLEMENTARY NOTE 3: INEFFICIENCY OF THE INVERSE FARADAY EFFECT FOR
ATOMICALLY THIN SAMPLES

A mechanism proposed to underlie the optical excitation of skyrmions is the direct coupling between the material
magnetization and the laser electric field via the inverse Faraday effect (IFE)*°. However, a straightforward estimate
of the interaction energies involved in the IFE shows that it can not be responsible for skyrmion excitation in quasi
two-dimensional systems. The interaction energy for the IFE in a volume a® can be written as®

B i0pcy/ereoa’ M(r)
2w M

where 0 is the Faraday angle, €, the relative permittivity of the material, a the lattice parameter, w the frequency
of the laser and M, the saturation magnetization. The Faraday angle can be written as §p = VB where V is the
so-called Verdet constant, which is smaller than ~ 100 rad/Tm. Taking a large value £ = 10° V/m, a = 5 A and
A = 800 nm, giving w ~ 2360 THz, we find the energy density U = ¢S - e with g ~ 1.2- 1077 eV, S = M/M, and
e = (E* x E)/E?. Since typical values of spin parameters are on the order of ~ 1 meV, the IFE coupling is at least a
factor 1073 smaller than the direct Zeeman term. The reason for this small coupling is that the strength of the IFE is
proportional to the propagation length through the system®, and is therefore strongly suppressed for atomically thin
systems. In these systems, the IFE is to a very good approximation negligible.

U=

[E"(r) x E(r)], (17)
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Supplementary Figure 1. Dynamics of skyrmion nucleation. Snapshots of the spin configuration around the time of
skyrmion nucleation. The time between the snapshots is 3.3 fs and show the interval between ¢t = 121.8 and ¢ = 138.2 fs. The
skyrmion is created in the upper right panel at approximately t = 127 fs. The coloring shows the out-of-plane component of
the spin vector ranging from S, = —1 (blue) to S; =1 (red). The system has 30 x 30 sites and the spin parameters are J = 50
meV, D =25 meV and B = 10 meV. The parameters of the s-electrons are t =1 eV and a = 0.5 eV, and the s — d exchange

coupling is g = 2.5 eV. The laser has a field strength £ = 10° V/m, frequency hw = 0.5 eV, pulse length 7 = 30 fs, and spot
size of ~ 14 nm.

SUPPLEMENTARY NOTE 4: SKYRMION NUCLEATION DYNAMICS

The skyrmion nucleation process displayed in Supplementary Figure 1 of the main text shows snapshots of the spin
configuration shortly after the skyrmion has nucleated, and at some later times to illustrate the oscillation of the
skyrmion radius. Here, we supplement this figure by showing snapshots of the spin configuration across the skyrmion
nucleation process. As can be seen from Supplementary Figure 1, the skyrmion nucleates by a single spin-flip and
then expands to a size determined by the magnetic parameters. This is in line with previous work on current induced
skyrmion nucleation”.

SUPPLEMENTARY NOTE 5: PARAMETRIZATION OF RELAXED SKYRMIONS

The parameterization of the relaxed skyrmion state employed in the main text is given n(r) = (—x f(u), —yf(u),1—

2¢=%"), where f(u) = (2/Ru)(e™*" — e=2v")1/2, 4 = r/R and r is measured from the center of the system. In
Supplementary Figure 2 this parameterization is compared to a relaxed skyrmion configuration obtained from the
spin Hamiltonian

Hd:Z [Jljé,éj +D”(§Z X SJ):| —BZSZ (18)
(i5)
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Supplementary Figure 2. Parameterization of a relaxed skyrmion. The left panel shows a relaxed skyrmion configu-
ration containing two skyrmions obtained from the ground state of Supplementary Equation 18. The central and right panels
show cross-sections of the z- and x-components of the spins along the line y = 0 through the skyrmion center. The blue lines
give the cross-section of the skyrmion texture in the left panel, while the dashed orange lines show the parameterization n(r)
used in the main text.

by simulated annealing with the Metropolis Monte Carlo algorithm and subsequently relaxed by time-propagation
with a small Gilbert damping. The parametrization is seen to give an excellent description of the relaxed skyrmion
configuration.

SUPPLEMENTARY NOTE 6: SPIN EQUATION OF MOTION IN THE LARGE s —d EXCHANGE LIMIT

To better understand the influence of itinerant electrons on the dynamics of the spin system, we derive an effective
equation of motion for the spins in the limit of large s — d exchange® '2. To simplify the algebraic manipulations we
adopt a continuum description 9, (r;) = ¢;»/a and n(r;) = n;, where the Lagrangian for the itinerant electrons is
given by

2 : -
L= /er (w, [mat + zh—mv? - %(ai Wil e + gul (T n)wa/) (19)

Here IV, = 91 (Vi,) — (Vii)1,, and the spin-orbit interaction has been written in a general form in order to
facilitate the algebraic manipulations. We note that here of is a matrix with ¢ denoting the spatial and a the spin
component, which reduces to the standard Rashba spin-orbit coupling at an interface, Hg, = a€, - (V X 7), by taking
o, = aey, oy = —aé; and a,; = 0.

We assume the magnetization is described by a normalized spin texture n(r,t) = (sin 6 cos ¢, sin 0 sin ¢, cos §) where
the angles 6 = 0(r,¢) and ¢ = ¢(r,t) are functions of space and time. Exploiting the gauge invariance of the theory,
we perform a local SU(2) transformation ¢, (r,t) = Uye (r,t)10s (r, ) of the electronic field operators to align the
electronic spins with the underlying magnetic texture. The transformation corresponds to a local rotation and is
implemented by the operator U = m - 7 for SU(2) vectors and by the matrix Rqp = 2mqmy, — dgp for SO(3) vectors,
where m(r, t) = (sin g cos @, sin g sin @, cos g)

Under the above gauge rotation the derivatives transform like 8,1, = U(9,, +iA,)ty, where A, = —iUT9,U acts
like an emergent electromagnetic field. The Lagrangian for the itinerant electrons then becomes

£ [ e (il @+ ido)s + gulr v (20)
+X (22092 A%, A2 — Ll ¥ + Su(al 7))

and we note that the exchange interaction is now diagonal. Instead the coupling between the spins and electrons is
mediated via the gauge fields and the rotated spin-orbit interaction o/ =" Rabaf.

We can decompose the Lagrangian into a part independent of the local magnetization and a part which depends
on A, and o;. The first part is

h2
e [t (s 2 trte
Lo = /d r [wa (mat + 3V )wo + gl T, | (21)



which describes free electrons in presence of a magnetic field B = gé,. The second part of the Lagrangian is

2

. . 22
Lg= —/ d’r [haopg + % Z (1/);(01; T)Vither — %ﬂ’;( )V Vo1 — %(a $a;)po + hma PG)] (22)

where p, = 111, is the electronic spin density operator and we have written Ag = apl and A; = a; - T.
We note that the last three terms of £4 can be combined into a coupling between the electronic spin current j; and
the emergent electromagnetic field a;, written on the form

th K2 1
s T o A
ji= w TV Vo + (QmaZ 2az>pg (24)

Due to the gauge transformation the spin components of the current are given in the local frame specified by the
operator U. Rotating £. back to the laboratory frame and using the fact that Repa? = (Vin x n)® + n%a?'", we find
the coupling

/d2 Z ann)—l—j” 2) (25)

The first term describes a Dzyaloshinskii-Moriya (DM) coupling between the localized spins, with a DM vector given
by D; =jii = Jji — J);- Here j; is the current in the laboratory frame and j ; = n - j; is the spin component of the
current parallel to the magnetic texture. The parallel component can be subtracted from D; since n- (V;n x n) = 0.

So far the algebraic manipulations have been exact and the Lagrangian £ = Ly + L4 gives an exact reformulation
of the initial problem. To derive an effective Lagrangian for large values of g we note that for ¢ — oo the electronic
spin component antiparallel to the local magnetization will be strongly suppressed. In this limit we can write the
spin-orbit interaction like @’ - 7 ~ (a x n)7*. Noting that a? = $(9in)? + (a?)?'", and writing a7 = a, the effective
spin Lagrangian can be written

o [2Sh h2p 9 . i o
Ls= —/ d°r [?ao—i—Hs + hagp + 8—m(8in) +ZDi -(Vin xn) +jj-a+ 5(04 X n) T V| (26)

Here the first two terms give the Lagrangian of the isolated spin system, and v and p are the field operator and
density operator for the spin component parallel to the local magnetization. We note that in the strong coupling limit
the emergent vector potential is given by a, = (ag,a) = (1 — c0s6)9,¢.

The equations of motion for the spin system are obtained by replacing the electronic operators by their averages

and varying the Lagrangian. Using the relation éa,/én = %(@Ln) x n'!' we find

hS  hp 0H . _
(a2 )(at n) xn+ ==+ (fj, - Vln) x n =0, (27)
where the contribution from the effective spin Hamiltonian is
oH ) h%p 9 . 1 )
= i (Hs + %(@n) +D*- (Oin x n)> + 70 % Je- (28)

Here j. = @New and the second and third terms in the first line renormalize the exchange and DM interactions to
J — J+h?p/(4m) and D; — D; + j, ;. The current js is given by

ih2 K2 1
jo= =50V + (Zat saxn)p, (29)

Multiplying from the right by xn we arrive at the modified Landau-Lifshitz equation

o= (554 22)” (a2 -

We see that apart from the renormalization of the exchange and DM interactions discussed above, the electrons
affect the spin dynamics in the following ways: (i) The prefactor describes the total magnetization density (instead



of the density of local moments), with p = ()T¢) the density of electrons with spins parallel to the local moments.
This can be understood by observing that in the g — oo limit the electronic spins and localized moments get locked
in a parallel configuration, forming a magnetic moment of magnitude M = S/a? + p/2. (ii) The spin-orbit coupling
contributes an effective magnetic field B, = (1/2)a X j. to the spin Hamiltonian, which for a Rashba type interaction
is parallel to the plane of the spins. (iii) The localized moments couple to the parallel component of the spin current
via the last term in Supplementary Equation 30.

If we start from a ferromagnetic state n = €, the last term of Supplementary Equation 30 is zero. Unless the system
spontaneously reorders due to the renormalization of the spin parameters (which happens on long time scales), it is
therefore necessary with a non-zero spin-orbit coupling in order to tilt the spins away from their ferromagnetic
alignment.

We end this section by calculating the equilibrium renormalization of the DM interaction. Assuming that the first
two terms of the spin current j; vanish in the ground state, we have D; = —(p/2)a; (remembering that the spin
current is given in the laboratory frame). We thus find D, = —Dé,, D, = Dé, and D, = 0 with D = pa/2, and the
DM term in the effective Hamiltonian can be written as

D' - (Om xn)=D(n-8)n, — Dn.(d-n), (31)
where 8 = (0, 0y,0). This is the continuum version of a DM Hamiltonian of the Néel type. The renormalized DM

interaction in equilibrium is therefore obtained by the replacement D — D + pa/2.

SUPPLEMENTARY NOTE 7: MULTIPLE SKYRMION CONFIGURATIONS

Supplementary Figure 3 in the main text involves spin configurations with multiple skyrmion excitations. Some of
these multiple skyrmion configurations are shown in Supplementary Figure 3.
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Supplementary Figure 3. Light-induced multiple skyrmion states. Spin configurations at the end of the time-evolution
(t = 330 fs) corresponding to skyrmion states with a total topological charge @ = 2, 2, and 3 for the top row (left to right),
and for @ =4, 5 and 7 for the bottom row (left to right).
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