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1 Introduction and summary

The developments of various prosperous topics in mathematics and physics often intersect
with each other. Topological string theory on Calabi-Yau manifolds has been a fruitful
branch of superstring theories that encompass many recurring themes in mathematical
physics, see e.g. [1]. In the seminal work [2], Nekrasov and Shatashvili (NS) proposed a
connection between the partition function of Seiberg-Witten gauge theory on €2 background
and certain quantum integrable systems. In the NS limit, we set one of the two {2 defor-
mation parameters to vanish and identify the other as the Planck constant of the quantum
system. This relation can be uplifted to five dimensions, where the partition functions are
computed by refined topological string theory on corresponding Calabi-Yau spaces. The
topological string free energy in the NS limit can be viewed as a quantum deformation of
the prepotential and is computed similarly by promoting the periods of the Calabi-Yau ge-
ometries to quantum periods [3-6]. More examples in Seiberg-Witten theories can be found
in [7-11]. The quantization conditions of the quantum system are formulated as the Bohr-
Sommerfeld quantization conditions where the phase volumes are computed by quantum
periods. In the five-dimensional case, the quantum systems are often known as relativistic
models due to the exponential kinetic and potential terms in the Hamiltonians from quan-
tizing the mirror curves of the local Calabi-Yau spaces. Inspired by earlier works [12-14],



some novel non-perturbative contributions to the quantization conditions are conjectured
in [15, 16]. Various aspects of the quantization conditions, including complex value Planck
constant, resurgence, wave functions, etc are further explored in, e.g., [17-21]. The non-
perturbative parts of the two types of exact quantization conditions in [15, 16] are related
by certain constrains on the BPS invariants known as the blowup equations [22, 23]. The
blowup equations originally come from studies of Seiberg-Witten gauge theories [24] (see
also [25, 26]), but have now become a very effective tool for computing topological string
amplitudes on various Calabi-Yau manifolds [27-31]. The exact quantization conditions
have also been applied to related condensed matter systems, e.g., in [32-35].

Most examples of the early studies focus on geometries with mirror curves of genus
one. The quantum periods and quantization conditions for quantum systems corresponding
to mirror curves of the higher genus were subsequently considered in, e.g., [22, 36-39]. A
particularly interesting class of quantum integrable systems can be constructed by dimer
models on torus [40], and the quantization conditions are studied in [41, 42]. The dimer
models in this paper also correspond to local toric Calabi-Yau geometries and the mirror
curves are encoded in the data of the bipartite dimer graphs. Some of Calabi-Yau spaces
geometrically engineer 5d supersymmetric gauge theories, which are uplifts of the 4d SU(N)
Seiberg-Witten theories considered in [7]. There are a number of commuting Hamiltonians,
and the multiple quantization conditions can be similarly derived from topological string
free energy in the NS limit on the corresponding Calabi-Yau spaces. The studies in [41, 42]
mostly focus on numerical tests of the non-perturbative quantization conditions. However,
in order to have a more insightful understanding of the interconnections between various
subjects here, it is better to have some analytical results. In this paper, we develop some
analytic approaches to the problem, though mostly focusing on the perturbative aspects.

The paper is organized as follows. In section 2 we review the constructions of dimer
models, and derive Hamiltonians of the quantum integrable systems based on previous lit-
erature. We shall study some examples with genus two mirror curves and correspondingly
two commuting dynamical Hamiltonians. In section 3 we study the perturbative quantum
spectra of the Hamiltonians around minimal points of the phase space. A useful technical
ingredient is the symplectic transformations of the quantum canonical coordinates, which
are necessary to determine the energy eigenvalues of the quadratic terms. We find the sym-
plectic transformations for the examples with simple classical minima, and further calculate
the higher-order spectra with standard perturbation methods in quantum mechanics. In
section 4 we systematically compute the classical/quantum periods and topological string
free energies for the Calabi-Yau geometries, summarizing the results in previous literature.
We then compute the differential operators which exactly determine quantum corrections
to classical periods, generalizing earlier works [5, 6] to the situation of higher genus mirror
curves. Similarly, the topological free energy in the NS limit is determined by the quantum
periods, and we show that this agrees with results from, e.g., method of the topological ver-
tex. An interesting feature is that the differential operators are the same for different cycles
of the higher genus mirror curves. Following earlier works [14], we perform some satisfying
tests of our calculations by comparing the quantum spectra from direct perturbation and
Bohr-Sommerfeld quantization conditions using quantum periods as phase volumes. These



exercises provide some exact analytic results for the classical and quantum periods of the
Calabi-Yau spaces, which are difficult to directly obtain.

2 Dimer models and integrable systems

In [40], the authors proposed an infinite class of cluster integrable systems.! The most
interesting ones among them are the cluster integrable systems for the dimer models on a
torus. The dimer model is the study of the set of perfect matching of a graph, where the
perfect matching is a subset of edges that covers each vertex exactly once. For a bipartite
graph, the vertices are divided into two sets, the black set, and the white set. Every
edge connects a white vertex to a black vertex. For a more detailed introduction to dimer
models, see [45].

The dimer model can be connected to a toric diagram by Kasteleyn matrix
K(X,Y) [45], which is the weighted adjacency matrix of the graph. The determinant of
the Kasteleyn matrix happens to be the mirror curve of the corresponding toric Calabi-Yau
three-fold [46, 47], the adjacency matrix can be computed as follows:

e Multiply each edge weight of the graph a sign 41, so that around every face, the
product of the edge weights over edges bounding the face is

+1, if (# edges) =2 mod 4
sen([ [ e:) = _ (2.1)
p —1, if (# edges) =0 mod 4

e Construct two loops vx,vy along the two cycles of the torus, we draw them as red
dash lines in the diagram.

e Fix an orientation, from black to white, as the positive orientation.

e Multiply each edge with a factor X or Y, if the loop vx or vy get through the edge
with positive orientation. Multiply each edge with a factor 1/X or 1/Y, if the loop
vx or vy get through the edge with positive orientation.

Then the Kasteleyn matrix is a matrix with rows labeled by black vertices and columns
labeled by white vertices, with the entry as the weight between the connected black and
white vertices. The entry is 0 if two points are not connected. In this paper, we are
interested in YP? system, which is originally introduced in [48], the determinant of the
Kasteleyn matrix has the form

X4
Y+ 5+ X2 X 41 =0, (2.2)

Following [40, 49], the commutation relations and the Hamiltonians of the cluster
integrable systems can be read from the loops of the graph. Let w; be the oriented loops
on the graph, the Poisson bracket between cycles are defined as

{wiu wj} - Gwi,ijiwja (23)

IFor A type Toda systems, [43, 44] have an equivalent but different description.
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Figure 1. An illustration of d,(wy,ws). If w; and wo are in the counterclockwise order, and with

the same direction, 6 (wl,wg) = 3 as in (c). Any change in the clockwise order or direction gives
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Figure 2. An illustration of a reference perfect matching (red) and loops defined from two other
perfect matchings (blue and green).

where

€y = ngn (Wi, wy). (2.4)

Here sgn(v) = 1 for the white vertex v, and —1 for the black vertex. J, is a skew symmetric
bilinear form with &, (w;,w;) = —8y(wj,w;) = —6y(—w;,w;) € 3Z, as illustrated in figure 1.
Though more general vertex is possible, for our examples of dimer models we will only
encounter cubic vertices.

As described in [40], the subtraction of two different perfect matchings? forms a cycle.
To construct the basis ¢; of all the loops, we can first fix an arbitrary perfect matching
as the reference perfect matching, and select the independent basis from the subtraction
of other perfect matchings. For example, figure 2 is the unit of brane tiling for the Y33
system, we chose the collection of red edges as the reference perfect matching M;. Denote
the collection of blue and green edges as the perfect matching Ms and Mjs respectively,
then [Ms] — [M;] and [M3] — [M;] give the independent 1-loops ¢1,--- ,tg in (2.5). Given
the coordinate basis, the Hamiltonians H,, are defined from the sum of all n-loops, where
the n-loop is the product of n disjoint 1-loops in a coordinate expression.

2.1 Examples

In this subsection, we give some examples for the dimer models of 5d N' =1 SU(3) gauge
theories with various Chern-Simons levels m = 0,1,2,3. The graphs of these theories

*More precisely, it is a subtraction of 1-chains defined from two perfect matchings. The 1-chain [M] is
a sum of oriented edges in the perfect matching M.
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Figure 3. Brane tiling for Y2, ¢ = 3,2,1,0, the unit cells are divided by the red dashed lines,
which are the loops yx y on the torus.

appear during the study of 4d N/ = 1 quiver gauge theories, where the graphs of the dimer
models are brane tiling for the quiver gauge theories. For the YPP system, the brane tiling
is the well-known Hexagon tiling [49]. In the quiver gauge theories, we can get Y74 ¢ < p
theories by introducing impurities in the YPP quiver. Then we can get the brane tiling
from the dual graph of the planer quiver. More technical details and examples can be found
in [47, 48, 50]. The procedure in the quiver side can be alternatively understood by merging
some points in the tiling for the Y?? system to get the tiling for a YP4 ¢ < p system. For
example, the tiling for Y33 system is depicted in figure 3a. One can get the brane tiling
of Y32 systems in figure 3b by merging the point 8,11 and 2,5 in figure 3a. By further
merging 9,12 and 3,6, we get Y>! 3c. By doing this further, we get Y39 in figure 3d. In
the following, we list their Poisson brackets and Hamiltonians for these models.



Y33 model. We choose the loops to be?

th=T—1—=10—24—7 to=7T—2—->11—-4—7,
t3=8—=2—=11—-5—=8, 4=8—=3—=>12—-5—=38, (2.5)
ts=9—-3—-12—-6—9, t4=9—-1—-10—6—09.

Only loops that are overlapped have non-vanishing Poisson brackets, they are

{t1,t6} = —tits, {t1,t2} = tito, {t2,t3} = tats,

(2.6)
{t3,ta} = t3ta, {ta,ts} = tats,  {ts,te} = tste.

The Hamiltonians can be read from the graph directly from the rules in previous section,
as the sum of one, two and three loops in the graph:

Hy =1t +ta+t3+ts + t5 + L6,
Ho = tits + t1tg + tits + toty + tots + totg + tats + tste + tats, (27)
Hs = titsts + totyts.

Note that the number of independent Hamiltonians is equal to the genus of the mirror
curves or the number of inner points in the toric diagram. Here Hj is a Casimir instead of
a Hamiltonian. It is important since there is a non-trivial instanton counting parameter,
corresponding to the extra mass parameter among Kéhler parameters.

The Poisson brackets (2.6) can be enhanced to the quantum level as the commutation

relations, in terms of canonical variables {g;, p; = —iha%_}, we find a possible coordinates
2
relation
t1 = R26q1, to = €p1+q17 t3 = R2€q2_Q1, (2 8)
ty = €p2+q2’ ts = R2€_q2, tg = e P1TP2T N2

The R is the radius of the compactification circle from 5d to 4d, which gives a non-trivial
deformation to the integrable systems. It is related to the instanton counting parameter
or mass parameters in the 5d gauge theory point of view.

Y32 model. We choose the loops in figure 3b

t1=6—>1—>9—4—06, to=6—>2—>7—4—06,
t3=7T—2->T7, t4=7T—-3->10—>2—-7, (2.9)
ts =8 =3 — 10— 5 — 8§, te=8—1—>9—5—28&.

The non-vanishing Poisson brackets are

{t1,t6} = —tits, {t1,t2} = tito, {ta,t3} = tots, {ta,t4} = toty,

(2.10)
{ts,ta} = tsts, {ta,ts} = tats,  {ts,t6} = tsts.

3There is an independent but irrelevant zig-zag path 1 — 7 = 2 =+ 8 — 3 — 9 — 1 which commutes
with other loops we choose. Since it is irrelevant for dynamical Hamiltonians, we don’t mention it in other
examples.



In terms of canonical variables,

t, = R%e%, ty = eP1 10, t3 = R?e®~ 0,
ty=elrte—a g = Rl g = PP 211)
With the Hamiltonians
Hy =t +to+ts+ts+ ts5 + te,
Hy = tits + tity + tits + tats + tate + tats + tste + tats, (2.12)
Hs = titsts.
Y 3! model. We choose the loops in figure 3c
t1=5—>1—>8—>4—5, tg=5—>2—>6—>4—05,
t3=6—2—6, =6 —=3—=7—2—6, (2.13)
ts =7T—>3—>17, te=7T—1—-8—>3—>T.
The non-vanishing Poisson brackets are
{ti,te} = —titg,  {t1,ta} =tita,  {to,t3} =tots,  {t2,ts} = toty, (214)
{t3,t4} = t3ts, {ta,ts} =tats,  {ta,te} = tats,  {t5,t6} = tste.
In terms of canonical variables,
t1 = R%e®, ty = ePrTaL ts = R2e®2~ 01
ty=ePrtea g = Rl fg =PRI, (2.15)
With the Hamiltonians
Hy =t +to+t3+ts+ 15 + s,
Hy =t1t3 + t1ta + t1ts + tats + tate + t3ts + tats, (2.16)
Hs = titsts.
Y 3% model. We choose the loops in figure 3d
tir=4—1—4, to=4—-2—->5—1—4,
t3=5—>2—5, t4=5—=-+3—->6—>2-—05, (2.17)
ts =6 — 3 — 6, te=6—>1—>4—3—06.

The non-vanishing Poisson brackets are

{ti,t6} = —tits, {t1,t2} = t1to, {ta,t3} = tats, {t3,ts} = t3ty,

{ts,t6} = tsts, {ta,t4} = taty,  {ta,t6} = tats,  {l2,t6} = —tals.

In terms of canonical variables,
t, = R%e%, ty = eP1 10 t3 = R2e®™ 0
ty = el ts = R%e %, tg = e P17P2,
With the Hamiltonians
Hy =t +ty+1t3+ts+ 15+ ts,
Hy = tits + tity + tits + tats + tsts + tsts,
Hy = t1t3ts.

{ta,t5} = tats,

(2.18)

(2.19)

(2.20)



3 Perturbative computations of quantum spectra

In this section, we consider the perturbative energy spectra of the quantum integrable sys-
tems described by genus two mirror curves, including the Y3™ models with m = 0,1, 2, 3,
and C3/Zs model. Each model has two dynamical Hamiltonians, which are derived from
dimer models. In the section 2, we derived the Hamiltonians for the Y3 models, where the
case of m = 0 was also considered in [41]. The Hamiltonians of some orbifold models includ-
ing C3/Zs are available in [42]. We also note that the Y33 model is equivalent to the orbifold
C3/Z¢ model in [42]. We quantize the Hamiltonians by promoting the dynamical variables
to operators with canonical commutation relations [¢;,q;] = [pi,pj] = 0,[q:,p;] = ihd;
with 7,7 =1,2.

The Hamiltonians are bounded below in the phase space (g1, p1, g2, p2). First we con-
sider the Y30 Y33 C3/Zs models, for which the classical minima are simply located at the
origin q1 = g2 = p1 = p2 = 0. We expand the Hamiltonians around the minimal point.

First we study in details the C?/Zs model, whose Hamiltonians are

H = el 4+ Pl 4 e*q1+QQ 4+ eP?2 + e*tp*pl*m, (3'1)

Hy = e?? 1+ eq1+p2 + €p1+p2 4 e P2T®2 | T N1TP17P2, (3'2)

We expand the Hamiltonians up to quadratic order

q1
1 q2 3 .
H; =5+ 3 <Q1 q2 p1 p2> S; ) +0(h2), i=1,2, (3.3)
1
b2
where the S1, 59 are real symmetric matrices
2 =100 2012
-1 2 11 0201
S| = , So= . (3.4)
0 1 21 1022
0 1 12 2124

We would like to write the quadratic Hamiltonians as linear combinations of two har-
monic oscillators. We consider a linear transformation

q1 T
A (3.5)
P Y1
b2 Y2

where M is a 4 x 4 real matrix. To preserve the same canonical commutation relation, the
matrix M must be a symplectic matrix MY M” = ¥, where ¥ is the antisymmetric matrix

0 010
0 001

3= . .
-1 000 (36)
0 -100



It turns out due to the special property that the Hamiltonians commute with each other,
we can find symplectic transformation M so that the quadratic terms can be written as
linear combinations of the two harmonic oscillators

1 3
Hy =5+ Slea(al +y1) + ea(a3 + )] + O(h2),

1
Hy = 5+ Sles(af +y]) + ca(ad +13)] + O(h2). (3.7)

There is a continuous 2-parameter family of solutions for the matrix M. Without loss of
generality, we can use a particular solution

5-2v/5 i 10-2v/5 i 1
G- 1 — 1 (i +55) o
2 1 13 29 4 1 1 4
Mgs jz; = _\/;(5 R 2\/;5) B <4T) ’ 405)1 ' 2 <1+ %) |, (38)

(10+2v5) 7 1 11 1 2v5) 4
-5 (s 0 ~7s (1-2°)

1 11 i (25_11\/5)71; 1 NG i 1 V5 %
(§+m) Ty BA (1—7) —p (H T)

with the linear coeflicients

(57 ()
c1 = B) s Co = B 5

C3—(5—2\/5)5, C4—(5+2\/5)5. (3.9)

N

Denoting the quantum levels of the harmonic oscillators (z1,y1) and (z2,y2) by two
non-negative integers ni, ng, the quantum spectrum up to order A is

By . 1 c1 Co ny + 1 )
<E2) =0 (1) * <03 c4> <n2 + i) h+O(n). (3.10)

We can further compute the higher-order corrections to the energy spectra. We use the
time-independent perturbation theory well-known in quantum mechanics, which separates
a Hamiltonian into a zero-order part and a perturbation part

H="Ho+H, (3.11)

where the zero-order part Hg corresponds to the Hamiltonians up to quadratic order
in (3.3), while the perturbation part H’ corresponds to the higher-order terms.

We denote the harmonic quantum states of the zero order Hamiltonians as |ng,ng).
Then the first few order corrections to energy spectra are

Emyny) = EQ 4 (ny, no|H 1, na)

(n1,n2)
’2

|(my, ma|H'|n1,n2)
+ > DR (3.12)
(m1,m2)#(n1,m2) ~(n1,n2) (m1,mz2)



To compute the next h? order corrections, we need to expand the exponentials in the
Hamiltonians (3.1) to cubic and quartic orders, and rewrite the canonical coordinates
in terms of the standard creation and annihilation operators. For the first correction
(n1,n2|H'|n1,n2), the cubic terms have no contribution since there is an odd number of
creation and annihilation operators, while the quartic terms make an order /2 contribution.
The cubic terms have a A2 order contribution in the more complicated second correction
term in the above equation (3.12). After some complicated calculations, we find the h?
order contributions to the quantum spectra. For the C3/Zs model, the results are

(5+\/5>2n1+(5_\/5>2n2+;<5+2\/5) ]h

2 2
+[7+2(3+\/5>n1(1+n1)+2(3—\/5)712(14—712)}hZ+(’)(ﬁ3), (3.13)

40
1
i 5 5\ °
n1+<5+2\/5)2n2+< +v5

=

By =5+

N

By =5+

(5 - 2\/5)

2

hi+ {3+\/5+4n1

+2<2—\/5>n%+4<1+\/5)n2+2(2+\/5)n%+4\/5n1n2};2)—|—(9(h3).

It is well known that the eigenvalues of a matrix do not change under a similarity
transformation of the matrix. Here analogously we find that the spectra in (3.13) are inde-
pendent of the choice of symplectic transformation, up to the trivial freedom of exchanging
the two quantum numbers n; <> ng. This is easy to understand from the physics point of
view since the Hamiltonians are the same regardless of the choices of the canonical coor-
dinates. Furthermore, the linear coefficients (3.9) are indeed related to the eigenvalues of
certain matrices. We note that for a general even-dimensional real symmetric matrix S,
since det(SY — AI) = det(XS — M) = det(SE + AI) = det(XS + M), the eigenvalues of
5% and XS are the same and always come in pairs with opposite signs. In our context, we
find that for the matrices (3.4) in the quadratic Hamiltonians, the eigenvalues of S13 and
S are always purely imaginary and the positive imaginary parts are exactly the linear
coefficients (3.9). Namely, the eigenvalues of S1% are +ici, fico and the eigenvalues of
S9% are +ics, +icy. This is also true for the Y39 and Y33 models discussed below. In

appendix A we give a simple general mathematical proof of this property.

Similarly we find the symplectic transformations and the perturbative energy spectra
for the Y30 and Y33 models in (2.20), (2.7). Again there is a continuous 2-parameter
family of solutions for symplectic transformations. For the Y39 model, we can use for
example a solution

-R —2R —V3R 0
1 —2R R 0 —V/3R
Moo= V2R3i(4 + R2)i | VRPHA-R _ YETHGR 0 ~3(VRZY4+R) |’
SR-VEZEL  \/RZ1q —Y3(\/RP+4+R) V3R

~10 -



and the perturbative energy spectra are
Ey o (1), VBR| /—— 1 1
2

—i—{ [4(11 + 1511 4 602 + 1509 + 6n3 + 18n1n9) + [5 + 6(n1 + n? + no + n3)|R?

72 1
h2
+6RV4 4+ R2(ny +n? —ng —n3) <_11> }72 + O(h3). (3.14)

We see there is an apparent symmetry of the spectra. The spectra of the two Hamiltonians
FEy & E5 are exchanged if the quantum levels are exchanged n; < ns.
For the Y33 model, the results are

—R —2R —/3R 0
—2R -R 0 —V3R
R+2 2R—1 V3R —V3 |’
2R—1 R+2 —v3 V3R

Mys3 = 2- 3%\/1?3

1+ R?
5 +%(1+m)(1+R+R2)

Ei = 3(1+ R*) + V3R(n1 +na + 1)h+ [

+%(1+n2)(1 R+R2)] 1+ O(1®), (3.15)
By = 3(1+ R? + R*) + V3R[(n1 + n2 + 1)(1 + R?) — (n1 — n2) Rk
+{[4 +3(ny + n2 + 1o +n2)](1+ BY) — 9(n1 — na)(1 + ny +n2)R(1 + R?)

h2
+2(8 + 15ny + 612 + 15ny + 6n2 + 18n1n2)R2}% + O,

There is also an apparent symmetry that under a T-duality like transformation R — %,
R2 2 R4
We need to be careful with a potential subtlety of perturbation theory here. For the

the energy spectra transforms as £; —

first Hamiltonian of the Y33 model, we see that the energy F; is degenerate up to h
order for quantum states with the same nj 4+ no. It turns out that this does not affect
the calculations in the formula (3.12), as we check that the off-diagonal elements of the
perturbation in the degenerate space actually vanish, i.e. (ny + k,ng — k|H'|n1, ng) = 0 for
k = 41, £2. The vanishing is trivial for cubic terms in the perturbation H’, while we check
by an explicit computation that it is also true for quartic terms.

For the remaining Y>! and Y32 models (2.16), (2.12), we need to determine the classi-
cal minima by solving for the critical points of Hamiltonians 0y, H = 0,,H = 0 for i =1, 2.
We find that the minima are located at the same points for the two Hamiltonians of the
quantum system due to the special property that the Hamiltonians commute with each
other. In these models, it is much more complicated to find the symplectic transformations
that diagonalize the quadratic terms of the Hamiltonians expanded around the minima.

- 11 -



However, we can still use the formula in appendix A to compute the h-order contribu-
tions to the quantum spectra in terms of the eigenvalues of certain matrices from the
quadratic terms.

For the Y3! model, the minima are at

g1 = —3log(r), g¢o=—6log(r), pi1=—log(r), pz=—log(r+R?), (3.16)
where r is the only positive root of the polynomial equation,
)+ R*® =1, (3.17)

with numerical value, e.g., r = 0.921599 for R = 1. The quantum spectra are

4 2
B = S TAR +T2R[(3r+2R2+2R\/r+R2) (n1+2)

r6(r + R?)

+ (37“ +2R? — 2R\/7 + R?)é <n2 + 1> ]h+ O(h?), (3.18)

2 2
B, = 2 +T3R(T+R2)§[<3r+4R2 1RV + R <n1+2>
T

1

3 1
+ (3r +4R* 4 4R\/7 + R?) ’ <n2 + 2> ]h + O(h?).
For the Y32 model, the minima are at

@ = —3log[r(r + R?)], g2 = —log[r®(r + R?)),
p1 = —log(r), p2 = —log(r + R?), (3.19)

where r is now the only positive root of the equation
¥+ 4R*r® + 6RY + 4R%% 4+ R%r° =1, (3.20)

with numerical value, e.g., r = 0.665055 for R = 1. The quantum spectra are

2 3 2\2
Elz 3T+5R +TR(T+R) |:(6 +5R2+R /4T+5R2) <n1+2>

7 (r + R2)6 NG
+ <6r+5R2 - R\/4r+5R2)é <n2 + 2) ]h+0(h2) (3.21)

3r2 +7rR? +5R*  r?R(r + R?)
rd(r + R?)% V2

3 1
~R(5r + 10rR? + 4RY)\/r(4r + 5R2)] : (nl + 2) + [r?’(r + R2)2(6r° + 2512 R

Ey =

{ |3+ B2)2(6r° + 2572 R? + 307 R + 10R°)

3 1
+30rR* + 10R%) + R(5r% + 10rR? + 4R*)\/r(4r + 5R2)} : <n2 + 2) }h + O(h?).

Without solving the symplectic transformations for these two Y31 and Y*? models, there
is an ambiguity of exchanging the quantum numbers n; <> no in the spectra. This can
be fixed by comparing with the derivatives of periods of the corresponding Calabi-Yau
geometries.
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4 From topological strings to energy spectra

In this section, we will show that spectrum problems can be solved by utilizing the well-
known methods in the topological string theory. More precisely, we calculate energy spectra
by imposing the Bohr-Sommerfeld quantization conditions on the quantum B-periods of
the mirror curves. First, we summarize some basic facts about classical/quantum mirror
curves and general relations between the topological strings and the energy spectra. After
that, we will demonstrate how we calculate the energy spectra from the quantum periods
in some concrete models.

4.1 General aspects of classical/quantum curves

We consider B model topological string theories on toric Calabi-Yau three-folds, where their
topological information is captured by mirror curves. A genus g mirror curve is defined by
an algebraic equation for z,y € C,

W(e*, e¥;z) =0, (4.1)

where z = (21, 22,...,2s5), s > g are the complex structure moduli parameters. Generally,
there are g dynamical moduli corresponding to g compact A- and B-cycles of the Riemann
surface, and the s—g remaining ones are known as non-dynamical mass parameters. We can
define two kinds of classical periods called as A- and B-periods by integrating y = y(z; 2)
around compact A-cycles and their dual B-cycles,

II;(z) = f;v y(z; z)dex, IL; 4(2) = yg y(z; z)dx, i=1,...,9, (4.2)

where y(z; z) is the solution of (4.1).
The mirror maps connecting the Kéhler parameters with the complex structure moduli
parameters can be written as linear combinations of the A-periods and the mass parameters

Z Cy1L;(2) + mass terms, j=1,2,---s, (4.3)

where the mass terms depend only on logarithms of mass parameters and will not appear
in quantum corrections. Here Cj; is an intersection matrix of compact divisors and the
base curves we have chosen. With a suitable choice of the base curves, parts of the g x s
matrix C;; happen to be the Cartan matrix of the gauge group in the context of geometric
realizations of gauge theories.

The dual B-periods give the derivatives of the genus zero topological string amplitude
with respect to the Kéhler parameters, so-called prepotential Fy(t),

OFy(t > aF ,
Hd,i('z) - O ZCZ] O ) 1= 1)2)"'97 (44)

where t = (t1,...,ts). From the prepotentlal, we define the Bohr-Sommerfeld volumes as

the derivatives of prepotential with respect to t; with appropriate shift 4772sz s

vol, ( ZC’J (6?;5 ) + 47 2bN5> (4.5)
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This shift can be derived from the S-dual like invariance of the classical volumes [51].
It can be absorbed into the genus zero free energy by adding a ¢;-linear term [22]. In
gauge theory point of view, bﬁv S comes from the one loop contribution. For 5d N = 1
pure SU(N) gauge theories with Chern-Simons level, denoting the ¢;,7 < N — 1 the node
of Ay group, and ty the instanton counting parameter. By setting b%s = (0, we have
bV = b%i = —%, fori=1,2,--- ,%. For the SU(3) models we consider, we always
have bV = p)S = —%, bYS = 0.

For toric Calabi-Yau three-folds, an efficient way to calculate the A- and B-periods is

to solve the Picard-Fuchs equations defined by
EaHi = 0; ‘CaHd,i = O)

eo T (ai)cz?_ 1 (ai>Q? | (4.6)

QY>0 Qe>0

where Qf* are the charge vectors and x; are the homogeneous coordinates of the toric variety.
The differential operators L, are known as the Picard-Fuchs operators. The variables x;
relate to z through the Batyrev coordinates,

2o = H le? (4.7)

The A- and B-periods correspond to logarithmic and double-logarithmic solutions.
Now we promote the classical variables x,y to the quantum operators x,y with the
canonical commutation relation,

[x,y] = iA. (4.8)

Accordingly, the mirror curve is replaced by the difference equation,
W(e*,e¥)¥(x) =0, (4.9)

where ¥(x) is a wave function of the quantum system. We can solve the difference equation
by utilizing the WKB analysis,

U(z) = exp (;L / "l h)dx’) . (4.10)

Then, we can define quantum version of two periods, called as quantum A- and B-periods,

[e.9]

i(2) = Wi(z;h) = > VA", ™ = ]{ w™ (2)dz, (4.11a)
n=0 A

Hai(z) — I a(2;h) = ZHEZ,)FL”, Hl(.zl) = f w™ (z)dx, (4.11Db)
n=0 B

where we expand w(z;h) as a series in h,

w(zx; h) = iw(")h”. (4.12)

n=0
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2n=1) € Z-o can be expressed as the total derivative of a simple

In our example, w
function with no monodromy. Thus, its contour integral vanishes, and only A?"-corrections
survive.

The quantum corrected prepotential F(¢; k), so-called NS free energy, is defined by the

NS limit of the refined topological string free energy,

Z E,(t)h. (4.13)

Similar to the prepotential, the NS free energy satisfies following equation,

z, h),h)
Hd % Z Cz] i(z, h) ) (414)

where t;(z;h) are the quantum corrected mirror maps, so-called quantum mirror maps.
Comparing both sides of (4.14), we can obtain the recursion relations which enable us to
fix F;(t) up to irrelevant constants and mass parameters.

The Bohr-Sommerfeld volumes (4.5) also have quantum corrections,

voli(2) — voli(z: ) = Y_ voli™™ (z)*". (4.15)
n>0

In quantum mechanics, the phase volume should be quantized. In our case, the B-periods
are quantized,
1
j([ w(z, h)de = 27h <nZ + 2> . n; € Z>o. (4.16)
From (4.5) with the quantum corrections, we can rewrite the quantization conditions as
follows,

1
vol;(z; h) = 27h <nZ + 2> , i=1,2,...,9. (4.17)

The dynamical complex structure moduli will correspond to Hamiltonians of quantum
systems as we will see in concrete examples. As in the case of NS free energy, by expanding
the quantum B-periods in A, we can determine the quantum corrections to the energy
eigenvalues recursively. The classical B-periods have to vanish at a classical minimal energy
where this corresponds to the conifold point in the topological string moduli space. Thus,
to solve the spectral problems from the topological strings, we have to calculate the phase
volumes at the conifold point. It turns out that there is no logarithmic cut for the classical
volumes (B-periods) at the conifold point, so they are the same as the quantum mirror
maps up to numerical factors,

vol;(Coni; i) ~ ; .(Coni; h), (4.18)

where Coni denotes the conifold point, and t;.(z.; ) are the quantum mirror maps ex-
panded around the conifold point. The numerical factors in the coefficients of ¢; .(z.; h)
can be determined by comparing with the derivatives of the classical volumes at conifold
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point or the perturbative computations that we have done in the previous section. There-
fore, we can calculate the eigenvalues only by applying the quantum mirror maps near the
conifold point.

Now we calculate the quantum periods. It is straightforward to calculate the quantum
A-periods from the definition by taking residues, whereas the direct computations of B-
periods are usually not so easy. Here we utilize the differential operator method proposed
in [3], and developed in [5].

The important fact is that the quantum A-periods can be given by acting differential
operators on the classical periods,

Hk:(z;h) = (Z hanQn) Hk(Z), k= 1727 g, (419)

n=0

where

Dan = Don(0:,,0,,,...0.,), 0., = zzaa (4.20)
Zq

and the coefficients of 6, are given by rational functions of z;. This means that we can
obtain the differential operators in the conifold frame by transforming from large radius
frame to the conifold frame, z; — 2.;. Then, by acting the differential operators on the
classical A-periods expanded near the conifold point, we can obtain the quantum correc-
tions in the conifold frame. Since the mass parameters are annihilated by the differential

operators, they do not receive the quantum corrections.
From (4.3) and (4.19), the quantum mirror maps are determined by the same differ-

ential operators as

(e.)
ti(z; h) = (Z h2”92n> ti(z), i=1,2,---,s. (4.21)
n=0

Interestingly, the differential operators that we treat in this paper do not depend on the
choice of the cycles.* Also, the classical mirror maps can be calculated from the Picard-
Fuchs operators. Therefore, it is enough to calculate one of the quantum A-periods to
derive the differential operators and determine the quantum mirror maps.

By combining (4.18) with (4.21), the quantum corrections to the volumes and their
derivatives with respect to the eigenvalues are given by

OO - O vol )~ 9L OB - OB (Dante ), (4.22)
where p; € Z>o, n € Z~p, and j = 1,2,...,s. To calculate the right hand side, we use
Op, = ?:1(8Ei207j)82c,j'

Remarkably, this structure holds in the quantum B-periods; the quantum corrections
to the B-periods can be calculated by acting above operators on the classical B-periods,

Hy;i(z;h) = (Z h%Dzn) g, (2). (4.23)

n=0

41t would be interesting to confirm this property in a general setup.
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This means that once we derive the differential operators Dy, from the quantum A-periods
that we know how to calculate systematically, we can obtain the quantum B-periods which
are not easy to obtain by the direct computations of the cycle integrals.

Similar to previous paper [5], we can derive recursion relations for the NS free energy
by expanding the equations (4.13), (4.14), (4.21) in h. We can explicitly do this for the
first and second correction terms Fj 2(t), which are determined by the differential operators
Ds,Dy. In our examples, the differential operators will be a linear combinations of first
and second derivatives of the complex structure moduli. Suppose

Dy =520+ 5206, (4.24)
i ,J

where the coefficients s;, s; ; are rational functions of complex structure moduli z;’s. Denote
the classical mirror maps as t;, then it is straightforward to compute

1 (01, Fo) Z Ok (t;) (01,04, Fy), (4.25)

01.6,(y, Fo) Z 0k01(t;) (0,00, F0) + D _ O (t;)01(tm) (91,01, 0, F).

.]7
So we have
Dy (0, Fy) = ZDQ )00, F0) + > 82 00(t)0m (1) (00,00, 00, Fo).  (4.26)
7k, lm

Combining the A? equations of (4.13), (4.14), (4.21), we find the linear coefficients 352)
cancel out. The equation for first order NS free energy is then

S
ST CulonFL— Y s 0(t)0m (1) (0,00,0, Fo)l =0, n=1,2,---,g. (4.27)
= 7,k Lm
If s = g and the matrix Cj; is invertible, it cancels out in the above equation. Otherwise,
in general we need to solve the equations including the C;; matrix. Similarly, repeating
the same computation to the next order, we have

S CulonFs— 3 800 (1) (00,01, 00 F) — Zp2 0.0, )
i=1 , 7.k, lm (428)
T 9 ZDQ(tj)D2(tk)(3tiatj3tho)] =0, n=12--.g.
j’k
(@

Again, the linear coefficients s; ’ cancel out. By using (4.27), if the matrix Cj; is invertible,

we can eliminate F7, and obtain the relation between F5 and Fj.

4.2 Examples

In this section, we demonstrate the previous computations in some concrete models. In our
examples, we focus on the genus two mirror curves: C3/Zs and Y3>™ with m = 0,1,2,3.
Most of the classical computations have already been done in, e.g., [22, 36, 41, 42, 52], and
we gather the results to make the paper self-contained. In the following, we may omit some
arguments in functions for short notation.
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4.2.1 C?/Zs model
The mirror curve of C?/Zs is defined by

3

e” +e TP 4P 4 z}/322e2x + zl_l/ =0. (4.29)

The Picard-Fuchs operators are

L1=—20205+ 03 + 21(—205 + 302 — 03 + 66, — 180105 + 90,03 + 2707 — 276205 + 2763),
Lo = 03 — 30105 + 29(—205 — 403 + 01 + 40105 — 03),
L3 = 0205 + 2120(—202 + 2603 + 70,05 — 130,03 — 367 + 24626, — 963).

(4.30)
To provide the solutions of the Picard-Fuchs equations, first we define following function,
l
wolps) = Y e(l,m; p)2y 2572, (4.31)
,m>0
where
el p) = T(p1 +1)2T(p2 + DT (p1 — 2p2 + 1)I(=3p1 + p2 + 1)
T T(l+p1+1)2T(m + po + 1)1 — 2m + p1—2p2 +1)[(=3]1 + m—3p1+p2+1)
(4.32)
We further define derivatives of wo(p;),
Ow 0%w
wi =5 . y o Wij = ﬁ . (4.33)
Pilpy2=0 PiCPj | p1 2=0
Then, the mirror maps are given by
3
t1 (z) = w1 = log Z1 — 62:1 — z9 + 452’% — 523 + O(ZZ?)), (4‘34)
ta(2) = wo = log 2o + 221 + 229 — 1527 + 323 + O(22).
The derivatives of the prepotential are
OF
=0 2wy 1 + 2w 2 + 3w 2,
8t1 ) )
OF (4.35)
=0 w11 + 6w 2 + Ywo 9.
Oto ’

The classical B-periods Ig; (i = 1,2) are given by the formula (4.4), where the matrix Cj;

3 -1
o 2] . (4.36)

in this model is

C =

From the prepotential, the Bohr-Sommerfeld volumes are

(4.37)
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where the complex structure moduli parameters z1, zo are related to the eigenvalues of the
quantum systems by

Ei B

21— ——%3 29 = —%5.
E3’ E2
2 1

(4.38)
The classical volumes should vanish at a conifold point, z; = —1/25, zo = 1/5, or F} =
FE5 = 5. We check this numerically.

Now let us consider the quantization of the mirror curve. Accordingly, the classical
mirror curve is replaced by following difference equation,

W=

i 1 —
U(z +ih) + e*l’e?h\I/(m —ih) + (zf z9e® 4" 4 2, > U(z) =0. (4.39)

According to [4], we can calculate the quantum A-periods by taking the residue,

1
I(z; h) = - log(232) +7{ dzw(x; h)

)
) 15,2 (4.40)
2z
== log(2229) — 62229 + 1522 — 22; — <5z%zz - Ly 41)?12 + O(h, 22).

We note that as familiar from literature, the logarithmic term is not captured by the residue
calculations and is added by hand.

Let us express the coefficients II(™) as the classical A-periods with the differential
operators. Since the differential operators giving I1("=% are tedious long expressions, here
we provide the differential operator giving the leading correction to the classical periods as
an example,®

1 1
Dy =92 4+ = . 4.41
D 891 + 69192 ( )

By using the operator, we can obtain the leading correction to the quantum mirror maps
tgz)(z; h) and the quantum B-periods H((fg (z;h),

)

17 (2 h) = Doti(z), NG (z:h) = Dol (2), (4.42)

7

with i = 1, 2.

To check the consistency, we calculate the NS free energy near the large radius point.
By solving the recursion relations (4.27) and (4.28) with the matrix (4.36) which is invert-
ible, we find the NS free energy whose instanton parts [F,]"™" are given by

ins 127Q3Q3% 1 129Q%  7Q1Q% 5Q1Q: Q1 Q3 Q-
F inst. 1%2 - 2 _ 1 2 _ X2 X2 (@) 3
[F4] g QI - T = et - - 0@,
bt 25610Q202  26302Q,  207Q%  290,Q2  67Q10Qs 290, Q2 Qs
F inst. 192 1 _ 1 2 x2 210 3 .
[F2] 720 72 64 * 640 * 1440 + 640 + 180 + 360+ (@)

(4.43)
They agree with the topological vertex computations.

5We provide the results of differential operators giving higher order quantum corrections in the mathe-
matica file. The results contain the differential operators of C*/Zs and Y™ with m = 0,1,2,3. One can
find it in the source file on the arXiv.
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Now we are ready to calculate the quantum corrections to the energy spectra. The
all-order Bohr-Sommerfeld quantization conditions in this case are given by

1
vol;(Ey, Ea; h) = 27h (n + 2) . i=1,2, (4.44)

where vol;(E1, Fa; h) are the quantum corrected phase volumes. To obtain the quantum
corrected spectra, we define F; and vol;(E1, Fs; h) as a series in A,

5=y B,
0 (4.45)
voli(Ey, Ea; h) = > vol™ By, Ba)i?.
n=0

From the classical limit & = 0 of (4.44), the Bohr-Sommerfeld volumes vanish at the
classical minimum energies,

EY=5=E,, EY=5=Ey, (4.46)

which corresponds to the conifold point. By expanding (4.68) in A, we can obtain Ei(n) as

functions of volgn)(Eml,EmQ), e.g.,

2 {(nl + %) ({)EQvoléO) — (ng + %) 8E2V0150)}

1)
E = ,
! {8E1 Volgo)aEQVolgo) — 6E2V01(10)(9E1V0150)}
1 (0) 1 (0) (447)
B0 _ 27 {(nl + 5) Op,vol,’ — (ng + 5) Op, voly }
5 =

{8E1v01§0)8E2V01§0) — 6E2V01(10)(9E1V0150)} ’

(

where we omit the arguments (Ey,,, Fn,) of volin).6 By comparing (4.47) with perturbative

calculations (3.10), we find the exact values of the E o-derivatives of phase volumes at the
classical minimum energies,

Op,vol” dpvol"\ _w (—2(5-2v5)"* (2(v5+35))"?
(0) (0) 5 2(2\/5+5)1/2 _(10_2\/5)1/2 :

8E1 V012 8E2 V012
With the change of variables (4.38), we find

<621v01§0)(z) 0Z2vol§0) (z)) . <—10\/5 +2V5 V130 — 585 ) . (4.49)

(4.48)

0., volV (2) 8,,vol” (2) ~10v/5 — 25 —/130 + 58v/5

We check this is indeed true numerically.

SWe will use this expression for other models, where the arguments of volgn) in these models are
(Em1 ) Em27 R)
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The classical mirror maps near the conifold point can be obtained by solving the
Picard-Fuchs equations (4.30) in the conifold frame,

1/2 38 1/2 92 1/2
to1=—2n (5 (2\/5 n 5)) o1 — T (26 _ > 2o + 247 (1— \/g> Zenzen + O(22),

NG
1/2 99\ 1/2 9 \1/2
tc,QZ -2 (50 — 10\/5) Ze,l — 27T<].3 + \/5> Zc,2 + 247 <2 + \/5> Ze,1%¢,2 + 0(2’0272-),
(4.50)
where ) .
21 =2+ 2,1, R2=—7+ 22 (4.51)

25 5
The coefficients of 2.1, 2.2 in the classical mirror map are fixed by the relation (4.22).
We can calculate the next leading corrections to the energy spectra E%) by looking at
h2-order terms in (4.44). To obtain them, we need to calculate the second derivatives of the
volumes and leading corrections to the energy spectra. The latter ones can be calculated
from the formula (4.22) and explicit form of the differential operator (4.41). After some

computations, we find

1
B® = i (—2 (\/5—3>n1(n1+1)+2<\/5+3)n2(n2—|—1)—|-7>,
1
B = (2 (x/5+2>n%—2(f—2) n§+4(\/5+1)n1+4n2+4\/5nm2+ﬁ+3).
(4.52)
These results agree with the perturbative computations (3.13).
4.2.2 V3% model
The mirror curve of Y3V is given by
P 4 212523e 7P 4 2125677 4 290* £ " +1=0. (4.53)
The Picard-Fuchs operators are
L= (91 — 03)(91 — 292) — Zl(—291 + 0y — 1)(—201 + 92),
Lo = (92 — 03)(92 — 291) — 22(—292 + 6y — 1)(—292 + 91), (4‘54)

£3 = 9% — 23(01 — 93)(02 — 93),
,C4 = 9% - 21,222’3(91 - 292)(92 — 291).

Note that these operators are symmetric under exchange of z; and zo. To give the solutions
of the Picard-Fuchs equations, we define following function,

wolp) = D ellym,m;pi)zy g Py, (4.55)
I,m,n>0
where
(1, ) -
c(l,m,n; p;) =
P Tt ps + DPD(—n+ 1+ p1—ps+ DE(—ntm+pz—ps + 1) (4.56)
: .

X .
L(l—2m+p1 —2p2+ D)I(=214+m —2p1 + p2 + 1)
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Then, the classical mirror maps and the derivatives of the prepotential are given by

3
t1(z) =wy =logzy + 221 + 327 — 20 — —25 + 2125 — 22329 — d2izozs + 2212523 + O(2D),

2
t2(2) = w2 = t1|z1 62,
t3(z) = ws = log z3, (4.57)
and
0F, N +1 +g +1 +2H
— =w w —w —w —w —_—
a1, 11 12 T 5W22 + oW1z + gWa3 3
) (4.58)
0Fy n n 1 n 2 n 1 n 27
— =w w —w —w —w —,
a1, 292 12 T SWin + gWas + Jwis 3
where 5 o
W W
Pi p1,2,3=0 PiOp; p1,2,3=0

The classical B-periods I1g; (i = 1,2) are given by the formula (4.4) with the matrix

C= 2'_101, (4.60)

-1 20

where the first 2 x 2 block is the Cartan matrix of SU(3). From the prepotential, the
Bohr-Sommerfeld volumes are given by

3 2
(0) B ,.aFO 27 .

VOli (Z) = ;C”(}tj — ?, 1 = 1,2, (461)
where the complex structure moduli parameters z1, 22, z3 are related to the quantum sys-
tems by

Es Eq 6
z1 = Ef%a z2 = E722’ z3=—R". (4.62)
The Bohr-Sommerfeld volumes should vanish at the conifold point, z; = 25 = m. We

check numerically this is indeed true for, e.g., R = 1.
Now let us consider the quantum mirror curve defined by

U(x — ih) + 2123236316%&‘11(55 +ih) + (212363:6 + 2262 4 €% + 1) ¥(z) = 0. (4.63)

By taking the residue of w(x;h), we find a quantum A-period,

1
I(z;h) = -3 log(2123) —i—f dzw(z; k)

1 325 1023
=-3 log(2123) + (—22 = 72 -3 2y 225 +4z2s + 2212523 + 12212;5’23)
1 7
- (4212%23 + 2z1z§’z;;> B2+ O(KY, 2}).

(4.64)
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The differential operator giving the first quantum correction is

1 1 1
Dy = fleg(E)Zg + 4)9% + E2122(523 + 4)0% + —(—202z129 — 25212923 + 4)0102 (465)

12 24(
Then, we can obtain the A%-correction to the quantum mirror maps and the quantum
B-periods by acting above differential operator on the classical periods,

-, D), i=1o (156)

We note that in this model, the t3 depends only on mass parameter R and does not receive
quantum corrections.

To check the consistency, we calculate the NS free energy near the large radius point.
As in the C3?/Zs model, we can obtain the NS free energy by solving the recursion rela-
tions (4.27) and (4.28) whose instanton parts [F},|™" are given by

1 1 1

[Fl]inSt' = —ng - 6@2 - EQz 112Q Q1Q2 4Q1Q2Q3

- @ gcﬂb@g FLOIQ30s + D0RQ30s - [ QIR303 +0(@)),
(™ = 2@+ oo e e N éOQlch v 5760621@2@3

360 180 180
—QiQ5 + Q1Q2Q3 + OQIQ%QS + Q Q3Qs + ——Q37Q3Q3 + 0(Q)).
(4.67)

They agree with the topological vertex computations. Accidentally, it turns out that the

180 640 1440 2880

derivatives with respect to the mass parameter 0y, F; also satisfy a similar equation although
it does not formally appear in (4.27) for this model.

Now we are ready to calculate the quantum corrections to the energy spectra. The
all-order Bohr-Sommerfeld quantization conditions are given by

1
vol;(Ey, B2, R; h) = 27h <nl + 2) , 1=1,2, (4.68)

where vol;(E1, Fa, R; h) are the quantum corrected phase volumes. To obtain the quantum
corrected spectra, we define E; and vol;(E, Ea, R; h) as a series in £,

E; = iOEi(") n

= (4.69)
voli(Ey, Ba, R; 1) = > voli" (v, By, R)R*".

From the classical limit & = 0 of (4.68), the Bohr-Sommerfeld volumes vanish at the
classical minimum energies,

EY =3(1+ R?) =: By, (4.70)

which correspond to the conifold point. In the following, we demonstrate the computations
for R = 1. The leading corrections to the spectra are given by (4.47). By comparing them
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with direct perturbative calculations (3.14), we obtain the exact values of Ej »-derivatives
of the volumes,

1/2 1/2
opolt” opvoll”\ _((F(V5+3) - (FE-VE))
o voly opvol’ )T \( (3B (% (3+v5)"

With the changes of variables, we find

<8zlvol(10)(z) 822V01§0)(z)> e ( 1-+5 —5—1—2\/5>

= - 4.72
8zlvol§0)(z) 8Z2volgo)(z) 3—v5\-5+2v5 1-+5 (4.72)

They agree with the direct computations numerically.
To obtain the derivatives of the volumes, we use the classical periods near the conifold

point,
47 (5495 47 (5—9v5 13127 87(125+117v5
te1=— ( )Zc,l + ( )ZC,Q + 23+ ——F=%c1%¢2 + ( )Zc,lzc,B
5v/3 5vV/3 25415 11253
8m(125 — 117v/5) 45447

Ze1Ze,2%¢,3 O(Zg,i)v

Z, Z, B —
11253 ©27¢3 T 119515
tc,2 - tc,l ’zc,1<—>25,2 )

75c,3 = 10g(_1 + Zc,3)7 (473)

where

1 1
zZ1 = 6 + ZC,l’ zZo = 6 + ZC,27 z3 = -1 + ZC,3' (474)

The coefficients of z.; and z.2 are fixed by the relation (4.22).
From them, we can obtain the next leading order of the quantum corrections to the
energy spectra by looking at h?-order of (4.68). After some computations, we find

E® _ L (6(19 +5V5)n1 4 6(19 — 5v/5)n2 + 6(13 + 5v/5)nT + 6(13 — 5vV/5)nT + 72n1ns + 101) ,

E§2) :E§2)‘n1<—>n2'
(4.75)
They agree with the perturbative computations (3.14).

4.2.3 Y3! model
In this example, we sometimes use some of the notations and definitions in section 4.2.2.
The mirror curve of Y31 is given by
P + 2302 7P 4 212337 4 20e? £ e +1=0. (4.76)
The Picard-Fuchs operators are
L= 91(91 — 209 — 203) — 2’1(—291 + 6y — 1)(—291 + 92),
Lo = 03(—201 + 62) — z2(01 — 205 — 205 — 1)(01 — 205 — 203),
£3 = 9% - 23(91 — 292 — 293 — 1)(91 — 292 — 293),

£4 == 91929§ - 212223(—2(91 + 92)(01 - 292 - 293 - 2)(91 - 292 - 203 - 1)(91 — 202 — 293)
(4.77)
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Then, the classical mirror maps and the derivatives of the prepotential are given by

t1(z) =wy = logz1 + 221 — 20 — 23+ 32% ————— 62923 — 2z%z2 + 6Z%Z3 + zlz%
— 302523 — 302225 — 3152323 + 12212523 + 90212523 + O(2}),

to(z) = wo = logzo — 21 + 229 + 223 — 33% + 3z§ + 3z§ + 122923 + z%zg — 32%,23 — Qleg
1 602523 + 602223 + 6302325 — 24212523 — 180212522 + O(23),

ta(2) = wy = log 25 + % (2(t1(2) — log 21) + 4 (ta(2) — log 20)} ,

(4.78)
and OF )
2 = = (dwiy — 2w — 2wzz + 6wis + 3was) ,
oty 9
0Fy 1
o0 _ - (—wu — 4dwig — dwao + 3wis + 60)23) ) (4‘79)
Oty 9
0Fy (w1 + +w12)
— =< (w w w
ot; 3 Wi twn 12) 5
where w; and wj; are defined in (4.59), and wy are defined in (4.55) with the coefficients
c(l, m,n; pi)
T 1T 1T 1)°
e(lm, s i) = (pr+ 1)L (p2+1)T (p3 +1) i
F{l+pr+1)C(m+p2+1)(n+p3+1)
" L2t g 2 Do 202 = 2ps 4 1)
P(l+pi—2(m+p2)—2(n+p3)+ )T (m—2(1+p1)+p2+1)
(4.80)
The classical B-periods I1g; (i = 1,2) are given by the formula (4.4) with the non-invertible
matrix,
2-10
C= . 4.81
[—1 2 2] (481)
From the prepotential, the Bohr-Sommerfeld volumes are
(0) 5 oFy 2m?
0 — I U L
vol; ) (2) = ; Cij T e 1,2. (4.82)

The complex structure moduli z1, z9, z3 are related to the eigenvalues of the dimer sys-

tem by,
Ey By R°
zZ1 = Eif, zZ9 = E722, zZ3 = Eg (483)
From the classical limit & = 0 of (4.68), the classical phase volumes vanish at a conifold
point
949 18(pd 4 9_1)3
1 = i ) ZQZ_T (r )7 23:_(T ) ’ (484)
(7= 4P (0 + 2P (7 + 2
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where we use the polynomial relation (3.17) to eliminate R. As a consistency check, we

check numerically that the phase volumes (4.82) vanish at the conifold point for r = 271/9,
Now let us consider the quantum mirror curve given by
U(z —ih) + e 23e®* U (2 + ih) + (21256 + 206 +¢” + 1) ¥(z) = 0. (4.85)

By taking the residue of w(x;h), we find a quantum A-period,

1
I(z;h) = — = log(2123) —i-j{ dz w(z; h)

3
1 322 322
=— 3 log(zlzg) + <—22 — 23 — 62923 — % — % + zlz% — SOz%z;; — 30222§

— 3152523 + 902123525 + 1221zgz'3>

— (—2223 — 102925 — 102323 — 2102323 + 6212523 + 90212323) h> + O(h*, 2}).
(4.86)
The differential operator giving the leading corrections to the quantum A-periods is given by

Z1 1 2 Al 1 Al 2 1 1
Do= 20+ (= -2 )02+ 2ot (- -2 )2+ (421 — 0165,
2770 1J“<12 Zl) 1 2+<6 4) 2\ Tt T 1L, )1
(4.87)

Then, we can obtain the quantum mirror maps and quantum B-periods by acting the

differential operator on the classical periods,
2 = Doty, (i=1,2,3), 1Y) =D} (k=1,2). (4.88)

To check the consistency, we calculate the NS free energy near the large radius frame
which can be calculated from the general formulae (4.27) and (4.28). Then, we find the
instanton parts of [Fj,]™" for n = 1,2,

(]t — % n % n % N Q16Q2 N Q16Q3 n 7Q§Q3 n 5@1222@3 +0(Q2),
(4.89)
mst. _ @1 | Q2 Q3  QiQ2  @Q1Q3 59Q2Q3 13010203 2
[F2] 360 + 360 + 360 + 360 + 360 180 40 +0(@7).

They agree with the topological vertex computations.

Now we are ready to calculate the quantum corrections to the energy spectra. The
Bohr-Sommerfeld quantization conditions are given by (4.68), where the quantum corrected
spectra and volumes are defined in (4.69). In the classical limit A = 0 of (4.68), the classical
Bohr-Sommerfeld volumes vanish at the classical minimum energies

_2+7“9

0 0
By = —5— =i By, By’ = =5~ =t En,, (4.90)

which correspond to the conifold point. In the following, we do the computations for a
particular case r = 271/9. The leading corrections to the energy spectra are given by (4.47).
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By comparing with the perturbative computation (3.18), we find the exact values of E; o-
derivatives of the volumes at the conifold point,

222 o
(‘3E1v01§0) aEzvolgO) B 22/3(166v/2+245)"/° (83\/54-%)1/61 ) y
0. vl 9 vol® ) 7 g1/3 211/12(\/3+1) (214 (166v3+245) /°— (37v2-52)" /%) |
s T ©(av2+n)'? 23/4(7v2+8) ? (166v2+245) P —2(51-342)

(4.91)
which agree with the numerical computations.

In this case, we do not calculate the classical mirror maps around the conifold point,
but when one wants to calculate higher corrections to the energy spectra as in the case of
Y30, the classical mirror maps are needed to obtain the higher-order quantum corrections
to the (derivatives) of the volumes via the formulae (4.18), (4.22).

4.2.4 Y32 model

In this example, we sometimes also use some of the notations and definitions in section 4.2.2.
The mirror curve of Y32 is

2

P + 236" P + 2125637 4 290* 47 + 1 =0. (4.92)

The Picard-Fuchs operators are

L1 =01(61 — 205 — 03) — 21 (=201 + 03 — 1)(—261 + 62),

Lo = (0 — 03)(—201 + 02) — 29(0; — 205 — 03 — 1)(0; — 205 — 63),
L3 =02 — 23(01 — 205 — 03) (02 — 03),

Ly = 601605 — 21202361 — 209 — O3 — 1)(61 — 202 — 03)(—20; + 65).

(4.93)

The classical mirror maps and the derivatives of the prepotential are given by

2
325

2
— 152323 — 6212523 + 6212523 + O(23),

t1(z) =wy = logz; + 221 — 29 + 32% — + 22923 — 22’%2’2 + zlz% + 12z323
3 2
to(z) = wo = logzo — 21 + 229 — % + 323 — 42923 + Z%ZQ — 2212'% — 24z323 (4.94)
+ 302222 + 12212523 — 12212525 + O(2)),

ts(z) = ws = log z3 + % {(t1(2) —logz1) + 2 (t2(2) — log z2)} ,

and
OF 1
8710 = E (16w11 + 10wqi9 + woo + 12wq3 + 6w23) ,
OF 1
8720 = E (5W11 + 2w19 + 2w9o + 6wz + 120.)23) , (4.95)
oFy 1
87153 = 3 (w1 + w2 + wi2) ,
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where w; and wj; are defined in (4.59) with the coefficients ¢(l, m, n; p;),

T (pr+ )T (p3+1)°T (po — ps + 1)
T(+p+ )T (n+p3+1)°T(m—n+py—p3+1)
" D(=2p1+p2+1)T(p1 —2p2—p3+1) '
L(m—=2(+p)+p2+ 1)L —n+p—2(m+p2)—p3+1)

C(l7 m,n; pl) =
(4.96)

The classical B-periods I, ; (i=1,2) are given by (4.4) with the non-invertible matrix Cj;,

2-10
4.97
o 21], (4.97)

C =

From the prepotential, the Bohr-Sommerfeld volumes are

3

2
volz(.o)(z) = Zcijglj) — 2%, =12 (4.98)
i=1 J

The complex structure moduli parameters z1, z2, 23 are related to the eigenvalues of the
dimer model by

Ey By RS
_ B B B 4.99
21 E% y 22 E22 y <3 E2 ( )
From the classical limit 2 = 0 of (3.21), the classical phase volumes vanish at
9/2 _ 9,9/4 9/4 _ 9,.9/2 9/4 _ 1)3
O 3ro/% 4 57 oy — 57 2r = (r 1) (4.100)
(2r9/4 — 5)2 (r9/2 — 3¢9/4 + 5)2 r9/4(r9/2 — 3r9/4 + 5)

where we use the polynomial relation (3.20) to eliminate R. We check numerically that

the volumes vanish at this point for, e.g., r = 2-4/9.

Now let us consider the quantum mirror curve,
. in T . 2 3z 2x T —
U(z —ih) + e2 236"V (x + ih) 4 (2125€”" + 206™ + " +1) ¥U(z) = 0. (4.101)
By taking the residue of w(x;h), we find a quantum A-period,
1 2
II(z;h)= —=log(z125) + dzw(x; h)
3 r=00

1 322
= —3 log(zlzg) + <z2 % +22023 + lenglQZ%Zg*152‘%2’%*6212523 + 62125,2%)

2923 n T23z3 152325 11
4 2 2 4

— 22z + 52123,2%) B2+ O(h, 23).
(4.102)
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The differential operator giving the leading correction to the quantum A-periods in this
case has the following relatively long expression,

D, =

1
- <2(4—-5 12 —13 0
24z (1 — Zs){ ( z3 + 122129 z12223)01

1

+ — (—4 + 1621 + 5z3 — 42120 — 202123 + 482%22 + 3212923 — 522%2223) 9%
Z1

+ (—4 + 523 — 122129 + 13Z1Z223)02

+ (4 + 829 — Bzg + 122120 — 122923 — 13212223)93

(4.103)

+ 211 (12 — 1621 — 1523 + 42120 + 202123 — 48,2%2'2 + 522%2’223) 0102}.
Then, we can obtain the quantum mirror maps and quantum B-periods by acting above
operator on the classical periods, as in (4.88).

We do not provide the details of the calculations of the NS free energy in this case
since the computation process is completely the same as the Y>! model, but one can show
that the NS free energy calculated from the differential operators agree with the topological
vertex computations.

Now we are ready to calculate the quantum corrections to the energy spectra. The
Bohr-Sommerfeld quantization conditions are given by (4.68), where the quantum corrected
spectra and volumes are defined in (4.69). From the classical limit # = 0 of (4.68), the
classical Bohr-Sommerfeld volumes vanish at the classical minimum energies,

5 — /4 (0)

5
s = B, By =5 - 3r3/4 413 = By, (4.104)
.

(0) _
By = T p3/2

which correspond to the conifold point. For simplicity, we do the computations for r =
274/9. The leading corrections to the spectra are given by (4.47). By comparing with the
perturbative computations, we find the exact values of Ej s-derivatives of the volumes at

('*)Elvolgo) 8E2vol§0) T 2%3 %
o (0) o]~ 3 2/3 _od/3 ]’ (4.105)
E1V012 8E2v012 3 -2 -2

the conifold point,

which are consistent with the numerical computations.

Similar to the Y>! case, we do not calculate the classical mirror maps around the
conifold point, but when one calculates higher-order corrections to the energy spectra as in
the Y30 model, the classical mirror maps are needed to obtain the higher-order quantum
corrections to the (derivatives) of the volumes via the formulae (4.18), (4.22).

4.2.5 Y33 model

As the final example, we consider the Y33 model. We sometimes use some of the notations
and definitions in section 4.2.2. The mirror curve of Y33 is

2 T 1

(6] [§]
+ 75 =0. (4.106)
Z3

p —p 3z
e "t s s st 23 s 8
21 %y 23 21 %y 23
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The Picard-Fuchs operators are

L1 =01 (1 — 205 — 205) + 40505 — 21 (201 — 05 + 1) (20, — 05) ,
Lo =05 (92 — 291) + 29 (292 — 01+ 1) (292 — 91) ,

) (4.107)
L3 =05+ 23(203 — 61 +1) (2605 —01),
Ly = 929% + Z1Z22’3<91 — 292)(91 — 303)(291 — 92)
Their solutions provide the mirror maps and the derivatives of prepotential,
) 3% 32?% 2 2 2 2 3
t1(z)=wi;=logz1+221 —20—23+32] — 5 "3 —2z729+62723+ 2125 — 421 2023+ O(2}),
323
to(z)=wa=log zo — 21 + 229 — 71 + 325 + 232y — 32823 — 22125 + 2222023 + O(2)),
t3(z) =ws=log(z3) + 223 + 323 + O(z}), (4.108)
and
oFy 2 +2 +2 +2 +1 +27r2
— = —w —w —w —w —w —
gt, 3@ T gWiz T guis g 4 gwas 3
) (4.109)
oFy 1 n 4 n 1 n 4 n 2 N 2
— = —w —w —w —w —w —
a1, Wi+ gWi2 T Wiz + W + Jwas 3
where w; and w;; are given in (4.59) with the coefficients c(I, m,n; p;),
(1.m.n; ) 1
C\L, M, M5 P5) =
P = DA+ 1 —2m + p1 — 2p2)2D(1— 21 + m — 2p1 + p2)D(L + - 2n + p1— 2p3)
1
X .
L(1+m+ p2)L(1+n+ p3)?
(4.110)
For the third mirror map t3, the summation can be expressed in a closed form,
1—-4/1-4
t3(z) = log z3 — 2log (223) . (4.111)

The classical B-periods are completely the same form as the ones of Y3 since the matrices
C;j of Y39 and Y33 are the same. From the prepotential, the Bohr-Sommerfeld volumes are

3 2

)\ _ OFy 2w .

VOli (z) - ,20”87@ - ?; 1=1,2, (4.112)
7j=1

where the complex structure moduli parameters 21, 2o, z3 are related to the eigenvalues of

dimer model by

(1+ RS)E, Es RS
= == = —. 4.113
The Bohr-Sommerfeld volumes should vanish at the conifold point,
14+ R?*)(1+ R® 1+ R?*+ R RS
_ 1+ )1+ R Z9 = Rk = (4.114)

A= 3(1+ R? + RA)2 3(1+ R2):2 (1 + RS)2

We check that the volumes vanish numerically for, e.g., R = 1.
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Now let us consider the quantum mirror curve given by
2x T
e e 1
+ + U(x)=0. (4.115)
T T )

(x +ih) + U(x —ih) + (eSx +
By taking the residue of w(z;h), we find a quantum A-period,

1
II(z;h) = —3 log(z32223) +7{ dzw(z; h)

=00

1 321
=3 log(z%2223) + <2z%2223 + Z%Zg — 32’%23 - 71 - zl>

(4.116)

— (2123 — 2i2023) B* + O(ht, 23).

)

The differential operator giving the leading correction to the quantum A-periods is given by

1 21 (1523 — 1220 +4) — 2 21 (925 — 2422 +8) + 520 — 2 ,
12(—1+ 22) 2 2
3623 — 1520 +2) —4dzp + 1
+ (21 (—1522 + 629 — 1) + 29) — = (3623 222 ) 4z 93}. (4.117)

Then, we can obtain the quantum B-periods by acting above differential operator on the
classical B-periods.

We do not provide the details of the calculations of the NS free energy in this case
since the computation process is completely the same as Y2 model, but one can show that
the NS free energy calculated from the differential operators agrees with the topological
vertex computations.

Now we are ready to calculate the quantum corrections to the energy spectra. For
simplicity, we do the computations for R = 1. The Bohr-Sommerfeld quantization condi-
tions are given by (4.68), where the quantum corrected spectra and volumes are defined
in (4.69).

In the classical limit & = 0 of (4.68), the classical Bohr-Sommerfeld volumes vanish at
the classical minimum energies

0) 0)

BV =6=E,, EY=9=E,, (4.118)

which correspond to the conifold point. The leading corrections to the spectra are given
by (4.47). By comparing them with direct perturbative calculations (3.15), we find the
exact values of F o-derivatives of the volumes at conifold point,

g, voll” o, voll”\ _ (V3 =75 ‘ (4.119)
6E1V01§0) 8E2V01g0) _% %

With the change of variables, we find

9., vol") (2) B,voll” (2) (0 5 ) (4.120)
0.,vol¥ (2) 9.,vol (2) 0 —12

We check numerically that this is indeed true.
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The classical A-periods near the conifold point are

687’(’26’2 207TZC_’3 1317{-'26,126,2 77TZC’12673 40071'2:6,22’6’3 165771’267126’22673

teq=—3mV3z1— + + + -
S - B 23 2v3 273 36v/3
+ O(zii)a
b — 673 — 28722 _ 823 19mze12c0  23Wzen2e3  S80m2e22c3 | TTZe1%c,2%¢,3
“2 “1 33 93 23 2/3 27v/3 36v/3
+ O(’Zii),
teg=—2log(l — 2y/—zc3) +log(l + 4z.3),
(4.121)
where
1 1
a=5 +2c1, z2= 5 + 2c2, 23 =-1+42z3. (4.122)
The coefficients of z.; and z.2 are fixed by the relation (4.22).
Repeating the computations for A2-order, we find
2 _ 1
El = %(9?11(711 + 1) + 3n2(n2 + 1) + 8),
(4.123)
(2) 1 2 377,2 2
EQ :§n1+n2+7+n1n2+§.

These results agree with (3.15) for R = 1.

5 Discussions

In this paper, we studied the analytic connections between genus two mirror curves and
YP4 cluster integrable systems, which are generalizations of affine A-type relativistic Toda
systems. It is interesting to consider the much higher genus mirror curves and the appli-
cation to other types of affine Toda systems.

In the topic of the differential operator method, there are still interesting issues to
clarify. For example, it would be interesting to consider the genus one mirror curves for
local E,, del Pezzo surfaces, where the global symmetries are F, groups. Such curves are
considered in [6, 53] with some mass parameters turned off. With all mass parameters
turned on where the Calabi-Yau threefolds are non-toric, it is interesting to study the
differential operator approach for the cases.

Also, in [54], the authors pointed out that the quantum A-periods of Ds del Pezzo
geometry can be expressed as D5 Weyl characters. The quantum mirror map of this curve
would be also given in the differential operator method. Therefore, it would be interesting
to clarify relations between the Weyl group expression and the differential operators.

Recently, the authors in [55] provide the analytic results on the black hole perturbation
theory from the quantization conditions. They consider the quantization conditions for A-
periods, not B-periods. It would be interesting to clarify the physical implications of this
quantization conditions in the integrable systems or topological strings.
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A An eigenvalue formula

Suppose S is a real symmetric 2n x 2n matrix, and M is a real symplectic 2n X 2n matrix
that diagonalizes the symmetric matrix, i.e., we have

1
g2 b, M'SM =%, M'SM = ¢o : (A.1)
I, 0 0D
where C' = diag{ci, co, -+ ,c,}, D = diag{dy, da,--- ,dy,} are real n x n diagonal matrices.

Then we can show that the characteristic polynomial of the matrix SY (or ¥.5) is

det(SY — \I) H A2+ cpdy). (A.2)

So the eigenvalues of SY are 4iv/cpdi, k = 1,2,---n. In the context of our physics prob-
lem, the two diagonal matrices are identical C' = D, therefore the diagonal elements are
completely determined by the symmetric matrix S, are thus independent of the choice of
the symplectic matrix M.

The calculations are straightforward. Noticing X2 = —I and (-XM7T)(XM) = I, so
the characteristic polynomial is

det(SE — A1) = det(—=XMTS¥2M — \I)
0 D
= det — ). A3
¢ ((_ g 0) ) (A3)
It is now simple to verify the determinant is indeed the polynomial in the right hand side
of (A.2).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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