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Abstract

We give a criterion for the complete reducibility of modules of finite length satisfying
a composability condition for a meromorphic open-string vertex algebra V using the
first cohomology of the algebra. For a V-bimodule M, let H! (V,M) be the first
cohomology of V with the coefficients in M. If H L (V,M) = 0 for every Z-graded V-
bimodule M, or equivalently, if every derivation from V to every Z-graded V-bimodule
M is inner, then every V-module of finite-length satisfying a composability condition
is completely reducible. In particular, since a lower-bounded Z-graded vertex algebra
V' is a special meromorphic open-string vertex algebra and left V-modules are in fact
what has been called generalized V-modules with lower-bounded weights (or lower-
bounded generalized V-modules), this result provides a cohomological criterion for the
complete reducibility of lower-bounded generalized modules of finite length for such a
vertex algebra. We conjecture that the converse of the main theorem above is also true.
We also prove that when a grading-restricted vertex algebra V' contains a subalgebra
satisfying some familiar conditions, the composability condition for grading-restricted
generalized V-modules always holds and we need ﬁ;o(V, M) = 0 only for every Z-
graded V-bimodule M generated by a grading-restricted subspace in our complete
reducibility theorem.

1 Introduction

In the representation theory of various algebras, one of the main tools is the cohomological
method. The powerful tool of homological algebra often provides a unified treatment of
many results in representation theory. Such a unified treatment not only gives solutions to
open problems, but also provides a conceptual understanding of the results.

In the representation theory of vertex (operator) algebras, though the cohomology for
a grading-restricted vertex algebra has been introduced by the first author in [H7], the
cohomological method in the representation theory of vertex (operator) algebras still needs
to be fully developed. In this paper, we study the relation between the first cohomology
and the complete reducibility of suitable modules for a grading-restricted vertex algebra or



more generally for a meromorphic open-string vertex algebra introduced by the first author
in [H6.

In [H7] and [HS8], the first author introduced the cohomology of a grading-restricted ver-
tex algebra and proved that the first cohomology and second cohomology indeed have the
properties that they should have. The cohomology introduced in [H7] can be viewed as an
analogue of the Harrison cohomology of a commutative associative algebra. In particular,
the first author also introduced in [H7] a cohomology that should be viewed as an analogue
of the Hochschild cohomology of a commutative associative algebra viewed only as an asso-
ciative algebra. The generalization of this cohomology to a meromorphic open-string vertex
algebra (a noncommutative generalization of a grading-restricted vertex algebra) has been
given by the second author in [Q2] and [Q3]. In this paper, we give a criterion for the com-
plete reducibility of left bimodules of finite length satisfying a composability condition for a
meromorphic open-string vertex algebra using the first cohomology of this analogue of the
Hochschild cohomology. In particular, we obtain a criterion for such a module (in fact such a
generalized module in the terminology of [HLZ1]) for a lower-bounded or grading-restricted
vertex algebra.

We describe the main results of this paper more precisely here: For a meromorphic open-
string vertex algebra V' and a V-bimodule M (note that we do not require that the algebra
V and V-modules be grading restricted, though they are lower bounded), let H L (V, M) be
the first cohomology of V' with the coefficients in W introduced in [H7], [Q2] and [Q3]. For
a left V-module M, a left V-submodule W5 of W and a graded subspace W; of W such that
as a graded vector space, W = W, @& Wy, let my, and my, be the projections from W to W,
and Ws, respectively. For a left V-module W and a left V-submodule W5, we say that the
pair (W, Ws) satisfies the composability condition if there exists a graded subspace Wy of W
such that W = W @ W, and such that for k,l € N, w), € Wy, wy € Wy, vy, ..., 04,0 €V,
the series

(why, Yo, (v1, 21) + - Y, (Vk, 21) i Y (0, 2) s Yo (Uks1, 2i1) « - o Yo (Ukt, 2k40)w1)

is absolutely convergent the region |z1] > -+ > |zi| > |2| > -+ > |2k > 0 to a suitable
rational function. We say that a left V-module W satisfies the composability condition if for
every proper nonzero left V-submodule Wy of W, the pair (W, W) satisfies the composability
condition. We prove in this paper that if H L (V, M) = 0 for every Z-graded V-bimodule M,
then every left V-module of finite-length satisfying the composability condition is completely
reducible. Since the first cohomology of V' with coefficients in W is the quotient of the space
of derivations from V to M by the space of inner derivations, the condition H L(V,M)=0
in our main theorem above can also be formulated as the condition that every derivation
from V to M is inner.

In particular, since a lower-bounded Z-graded vertex algebra V' is a special meromorphic
open-string vertex algebra and left V-modules are in fact what has been called generalized V-
modules with lower-bounded weights (or lower-bounded generalized V-modules), this result
provides a cohomological criterion for the complete reducibility of lower-bounded generalized
modules of finite length for such a vertex algebra V. We also prove that when the grading-
restricted vertex algebra V' contains a subalgebra V such that products of intertwining

2



operators are convergent absolutely in the usual region and the sums can be analytically
extended, the associativity of intertwining operators holds and grading-restricted Vy-modules
(grading-restricted generalized Vp-modules in the terminology of [HLZ1]|) are completely
reducible, the composability condition holds for every V-modules of finite length. We also
prove that in this case, we need H' (V, M) = 0 only for every Z-graded V-bimodule M
generated by a grading-restricted subspace in our complete reducibility theorem.

The composability condition on left VV-modules needed in our results is in fact a condition
on convergence and analytic extension. In the representation theory of vertex operator
algebras, the convergence and analytic extension of suitable series always play a crucial
role. The main difficult parts of the proofs of a number of major results are in fact on
suitable convergence and analytic extension. For example, in the proof of the associativity
of intertwining operators, the main difficult part of the proof in the paper [H2] is to use
the C'j-cofiniteness of the modules to prove the convergence and extension property of the
products and iterates of intertwining operators. Another important example is the modular
invariance of intertwining operators proved in [H3]. The most difficult part of the proof
of this modular invariance is the proof of the convergence and analytic extension of the ¢-
traces of products of at least two intertwining operators. In fact, the method of proving such
convergence and analytic extension by reducing it using formal series recurrent relations to
the convergence of g-traces of one vertex operator does not work for general intertwining
operators. One needs to derive modular invariant differential equations satisfied by these
g-traces directly from the Cy-cofiniteness of the modules. Note that the associativity of
intertwining operators and the modular invariance of intertwining operators are the two
main conjectures stated in the important paper of Moore and Seiberg [MS] that led to the
Verlinde formula and the modular tensor category structures (see [H4] and [H5] for their the
mathematical proof and mathematical construction, respectively, based on the associativity
and modular invariance of intertwining operators proved in [H2] and [H3], respectively).

In fact, in Section 6, we prove that every grading-restricted left V-module satisfies the
composability condition using the theory of intertwining operators for a subalgebra of a
grading-restricted vertex algebra V satisfying suitable conditions. This reveals a deep con-
nection between the composability condition and the theory of intertwining operators. It is
also proved in Section 6 that when V' is a grading-restricted vertex algebra containing a sub-
algebra satisfying suitable conditions, the relevant Z-graded V-bimodule constructed from
a grading-restricted V-module and a V-submodule appearing in the proofs of our results is
in fact generated by a grading-restricted subspace and thus we need consider only Z-graded
V-bimodules generated by such subspaces. This proof uses the @Q(z)-tensor product first
introduced in [HL1] and [HL2] and studied further in the more general nonsemisimple case
in [HLZ2]. This use also reveals a deep connection between the cohomology theory and
the tensor category theory for module categories for a suitable vertex (operator) algebra.
We expect that the study of the composability condition introduced in this paper and the
V-bimodules constructed in Section 3 from two left V-modules will lead to deep results in
the cohomological method to the representation theory of (meromorphic open-string) vertex
(operator) algebras.



The present paper is organized as follows: In Section 2, we recall the notions of meromor-
phic open-string vertex algebra, left module, right module and bimodule for such an algebra.
We also recall briefly the cohomology theory for such an algebra. We prove that the first
cohomology of such an algebra V with coefficients in a bimodule W is isomorphic to the
quotient space of the space of derivations from V' to W by the space of inner derivations.
We construct Z-graded V-bimodules from two left V-modules in Section 3. In Section 4,
we construct a 1-cocycle from a left V-module and a left V-submodule. This cocycle is in
fact the obstruction for the left V-module to be decomposed as the direct sum of the left
V-submodule and another left VV-submodule. We prove our main theorem on the complete
reducibility in Section 5. In Section 6, we prove that the composability condition holds for
suitable modules for a grading-restricted vertex algebra containing a subalgebra satisfying
suitable conditions. We also prove in this section that in this case, we need H. L(V,M)=0
only for every V-bimodule M generated by a grading-restricted subspace in the complete
reducibility theorem.

2 Meromorphic open-string vertex algebras, modules
and cohomology

We first recall the notion of meromorphic open-string vertex algebra.

Definition 2.1 A meromorphic open-string vertex algebra is a Z-graded vector space V =
[,cz Viny (graded by weights) equipped with a vertex operator map

Yy : VRV — V] a !
u@v — Yy(u,x)v

and a vacuum 1 € V, satisfying the following axioms:

1. Axioms for the grading: (a) Lower bound condition: When n is sufficiently negative,
Viny = 0. (b) d-commutator formula: Let dy : V' — V be defined by dyv = nv for
v € V(). Then

d
[dy, Yy (v, 2)] = @YV(U’ 2) + Yy (dyv, 2)
forveV.

2. Axioms for the vacuum: (a) Identity property: Let 1y be the identity operator on
V. Then Yy (1,2) = 1y. (b) Creation property: For u € V, Yy (u,z)1 € V[[z]] and
lim, o Yy (u, x)1 = u.

3. D-deriwvative property and D-commutator formula: Let Dy : V' — V be the operator
given by
d
Dyv = lim d—YV(U, x)1

x—0 dx



for v € V. Then for v € V,

d
%Yv(u, x) =Yy (Dyu,x) = [Dy, Yy (u, x)].
4. Rationality: Let V' =11, ., Vi be the graded dual of V. For uq,--- ,u,,v € V,v' € V’,
the series
(W, Yy (ur, 1) -+ - Yo (un, 20)0)
converges absolutely when |z;| > --- > |z,] > 0 to a rational function in z,--- , z,,
with the only possible poles at 2z, = 0,2 =1,--- ,nand 2, = 2;,1 <7 # j <n. For

uy, ug, v € V and v € V', the series

<U/7 YV(YV<U17 21— 22)U2, 22)U>

converges absolutely when |z3] > |23 — 23| > 0 to a rational function with the only
possible poles at z; = 0,29 = 0 and z; = 2.

5. Associativity: For ui,us,v € V and v' € V', we have
<Ul7 YV(Uh 21) Yy (ug, 22)U> = (U/, YV(YV(UI; 21 — 22)Us, 22)U>
when |2z1| > |z2| > |21 — 22| > 0.

A meromorphic open-string vertex algebra is said to be grading restricted if dim V(,,y < oo
for n € Z.

The meromorphic open-string vertex algebra just defined is denoted by (V,Yy,1) or
simply by V.

Remark 2.2 Let V be a meromorphic open-string vertex algebra. We say that V' satisfies
the skew-symmetry if Yy (u, 2)v = e*PvY (v, —z)u for u,v € V. A meromorphic open-string
vertex algebra satisfies the skew-symmetry is a lower-bounded vertex algebra, that is, a
vertex algebra with a lower-bounded Z-grading. A grading-restricted meromorphic open-
string vertex algebra satisfying the skew-symmetry is a grading-restring vertex algebra, that
is, a vertex algebra with a Z-grading satisfying the two grading restriction conditions.

The following notion of left V-module was introduced in [H6]:

Definition 2.3 A left module for V or a left V-module is a C-graded vector space W =
[,cc Wi (graded by weights), equipped with a vertex operator map

Y : VoW — Wz,o
u@w +— Yy(u,z)w,

and an operator Dy, of weight 1, satisfying the following axioms:
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. Axioms for the grading: (a) Lower bound condition: When R(n) is sufficiently negative,
Wiy = 0. (b) d-commutator formula: Let dy : W — W be defined by dww = nw for
w € Wy,. Then for u € V,

d
[dw, Yw(u, I)] = Yw(dvu, ZE) + I%YW(U, l’)

. The identity property: Yw(1,z) = 1y .
. The D-derivative property and the D-commutator formula: For u € V|

9y (ua) = Yiw(Dyua)

dx
. Rationality: For uq,...,u,,w € W and w’ € W', the series
<w/7 Yw (u, 21) - - Y (Un, 2n)w)

converges absolutely when |z;| > -+ > |z,] > 0 to a rational function in zi,...,z,
with the only possible poles at z; = 0 for ¢« = 1,...,n and 2z; = z; for ¢« # j. For
Uy, Uz, w € W and w' € W, the series

(W', Yiw (Y (w1, 21 — 29)ug, 20)w)

converges absolutely when |z5| > |23 — 23| > 0 to a rational function with the only
possible poles at z; =0, 2o = 0 and z; = 25.

. Associativity: For uy,us,w € W, w' € W/,

(W', Y (uy, 21) Y (ug, 22)w) = (W', Yy (Y (ug, 21 — 22)usg, 29)w)
when |z1| > |z2| > |21 — 23] > 0.
A left V-module is said to be grading restricted if dim W, < oo for n € C.

We denote the left V-module just defined by (W, Yy, Dy) or simply W.
The following notions of right V-module and V-bimodule were introduced by the first

author and were explicitly written down in [Q1] and [Q3] by the second author:

Definition 2.4 A right module for V or a right V-module is a C-graded vector space W =
[,cc Wi (graded by weights), equipped with a vertex operator map

Y : WV — Wz,
wRu — Yy(w,)u,

and an operator Dy, of weight 1, satisfying the following axioms:
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1. Axioms for the grading: (a) Lower bound condition: When R(n) is sufficiently negative,
Wiy = 0. (b) d-commutator formula: Let dy : W — W be defined by dww = nw for
w € Wy,. Then for w € W,

d
dWYW(w,x) — Yw(w,l’)dv = Yw(dww,x) + l‘—d Yw(w,ZL’)
X

2. The creation property: For w € W, Yy (w,x)1 € W/[[z]] and lim,_,o Yy (w, )1 = w.

3. The D-derivative property and the D-commutator formula: For u € V',

d
—Yw(w,z) = Yw(Dww,z)

dx
= DWYW(w, x) — Yw<w, LC)DV
4. Rationality: For uq,...,u,,w € W and w’ € W’, the series

<w/7 YW('LU7 ZI)YV(u17 22) e YV(un—17 Zn>un>

converges absolutely when |z;| > -+ > |z,] > 0 to a rational function in zi,...,z,
with the only possible poles at z; = 0 for ¢« = 1,...,n and 2; = z; for i # j. For
Uy, Uz, w € W and w’ € W', the series

(W', Y (Yv(w, 21 — 22)u1, 22)uz)

converges absolutely when |z3| > |21 — 22| > 0 to a rational function with the only
possible poles at z; =0, zo0 = 0 and 2z; = 2».

5. Associativity: For ui,us,w € W, w' € W',
(W', Y (w, 21) Yy (ug, 20)us) = (W', Yir (Y (w, 21 — 29)u1, 22)us)
when |z1| > |z2| > |21 — 23] > 0.
A right V-module is said to be grading restricted if dim W},,) < oo for n € C.

We also denote the generalized right V-module just defined by (W, Yy, Dy) or simply
Ww.

We now give the definition of V-bimodule. Roughly speaking, a V-bimodule is a C-
graded vector space equipped with a left VV-module structure and a right-module structure
such that these two structure are compatible. More precisely, we have:

Definition 2.5 A V-bimodule is a C-graded vector space W = [[,.c Wi (graded by
weights) equipped with a left vertexr operator map

Y VoW — Wlw,a

u@w — Yi(u,r)w,
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a right vertex operator map

Y. weV — Wz,zY]
wRu — Yii(w,2)u,

and Dy on W satisfying the following conditions.
1. (W, YL, Dw) is a left V-module.
2. (W, Y, Dy ) is a right V-module.
3. Compatibility:

(a) Rationality for left and right vertex operator maps: For uy, ... Upmin €V, w €W
and w’ € W', the series

<U),, YV[L/ (Ul, Zl) e YVI[} (ukz7 Zm)YI/I}}(wa Zm—i—l)YV (Um—&—l) Zm+2> o YV(vm—l—n—ly Zm+n)vm+n>

is absolutely convergent in the region |2z1| > -+ |z,1n| > 0 to a rational function
in 21,..., Zmyn with the only possible poles z; = 0 fori =1,...,m+n and z; = z;
fori,j=1,....m+mn,i#j. Foru,v € V, w e W and w’ € W', the series

<wl’ YI/IIE(YVIL/(uv £ — 22)w7 ZZ)U>

converges absolutely when 25| > |23 — 23| > 0 to a rational function with the only
possible poles at z; =0, 2o = 0 and z; = 2».

(b) Associativity for left and right vertex operator maps: For u,v € V, w € W and
w e W',

(W', Vit (u, 20) Y (w, 22)v) = (W', YR (Vi (u, 21 — 22)w, 22)v)
when |z1] > |z2| > |21 — 22| > 0.

The V-bimodule just defined is denoted by (W, YL, Yift, Dy) or simply by W. There is
also a notion of V-bimodule with different Dy, for the left and right V-module structure.
Since we do not need such V-bimodules in this paper, we shall not discuss this more general
notion.

The following pole-order conditions on a meromorphic open-string vertex algebra V' and
various V-modules are introduced in [Q2] and [Q3]:

Definition 2.6 A meromorphic open-string vertex algebra V' is said to satisfy the pole-order
condition if for vq,...,v,,u € V, there exist r; € N depending only on the pair (v;, u) for
i =1,...,n, p;; € N depending only on the pair (v;,v;) for é,j = 1,...,n, i # j and
g(z1,...,2n) € V[|z1,. .., 2]] such that for v’ € V',

n

1= TI (= =) R Yoo z) - Yo (vn, 20)u))

i=1 1<i<j<n



is a polynomial and is equal to (v, g(z1,...,2,)). A left V-module W is said to satisfy the
pole-order condition if for vy,...,v, € V and w € W, there exist r; € N depending only
on the pair (v;,w) for i = 1,...,n, p;; € N, p;; € N depending only on the pair (v;,v;) for
i,j=1,...,n,1# jand g(z1,...,2,) € W|[z1,..., z,]] such that for v’ € W,

H Ti H i — 2P R((w', Yy (v1, 21) - - - Yiy (U, 20)w))

1<i<j<n

is a polynomial and is equal to (v, g(z1,...,2,)). A right V-module W is said to satisfy

the pole-order condition if for vq,...,v, € V and w € W, there exist r; € N depending

only on the pair (w,v,), r; € N depending only on the pair (v;,v,) for i =2,...,n, pj; € N

depending only on the pair (w,v;) for j = 2,...,n, p;; € N depending only on the pair

(vi,vj) for 4,7 =2,...,n, i # j and g(z1,...,2,) € W][[z1, ..., 2,]] such that for v’ € W',
[T TT (=2 RO Yo (w, 20)Ye (o, 21) - Yo (s 20)u)

i=1  1<i<j<n

is a polynomial and is equal to (w', g(z1,...,2,)). A V-bimodule W is said to satisfy the
pole-order condition if for vy, ..., vgy € V and w € W, there exist r; € N depending only on
the pair (v;,u) fori =1,...,k + [, m € N depending on the pair (w,u), p;; € N depending
only on the pair (v;,v;) ford,j =1,...,k+1, 7 # j, s; € N depending only on the pair (v;, w)
fori=1,...;k+land g(z1,...,2k1,2) € W[[z1,..., 2k4)] such that for v € W,

K+l K+l
T i ’ s,
z | |zZ | | (z; — ;)P | I(zl—z)
=1 1<i<j<k+l i=1

) R(<w/: YML/(% z1) - 'YML/(Uk, Zk>YVIIjL(wa 2) Yy (Urg1s Zeg1) - - Yo (Vg Zrg)w))
is a polynomial and is equal to (w’, g(z1, ..., 2k41, 2))-

Remark 2.7 In the definition above, p;; are required to be dependent only on the pair
(vi,vj). This condition is automatically satisfied by lower-bounded vertex algebras and
lower-bounded modules for such vertex algebras because of the commutativity satisfied by
them. This condition allows us to formulate equivalent definitions of meromorphic open-
string vertex algebras and modules using formal variables. On the other hand, the condition
that there exists g(z1,..., 2,) guarantees that the product of vertex operators acting on an
element of the algebra or module is in its algebraic completion, which is smaller than the
full dual space of the graded dual of the algebra or module when its homogeneous subspaces
are not finite dimensional. For example, from this existence, it can be shown easily that
the element of (V')* given by v/ +— (v, Yy (v1,21) - - - Yy (Un, 20)u) for o' € V' is in fact in V.
Similarly for modules. See [Q2] and [Q3] for detailed discussions.

In this paper, we consider only those meromorphic open-string vertex algebras, left mod-
ules, right modules and bimodules satisfying these pole-order conditions. ;From now on,
when we mention such algebras and modules, we shall omit the phrase “satisfying the pole-
order condition.”



Remark 2.8 If V is a lower-bounded vertex algebra, then a left V-module (or a right-V-
module) W has a V-bimodule structure whose right vertex operator map (or left vertex
operator map) is defined by Y;E(w,z)v = e*P"YE(v, —2)w for v € V and w € W (or
Yii (v, 2)w = e*PW Y (w, —x)v for v € V and w € W. The proof was in fact given in [FHL].

We shall use the notations and terminology in [H7] and [H9]. For example, we shall
denote the rational function that (w’, ;& (u, 21)Yi¥(w, 22)v) converges to by

R(<w/7 YI/%/(uv 21>YVI€L(w7 Z2>U>)'
In particular, we have, for example,
R((w', Yig(u, 21) Yy (w, 22)v)) = R((w', i (Yig(u, 21 — 22)w, 22)0)).

We shall also use, for example, Yi&(u, 21) Y} (w, z)v to denote the element of W C (W')*
given by w' — (W', Yik(u, 21) Vi (w, z9)v) for 2y and zp satisfying |21] > |za] > 0 (see Re-
mark 2.7). In particular, we shall say, for example, that Y& (u, z)YV;E(w, z)v is equal to
YiE(YiE(u, 21 — 20)w, 29)v in the region |z1| > |22 > |21 — 22| > 0.

We now briefly review the cohomology H 2 (V, W) for a meromorphic open-string vertex
algebra V' and a V-bimodule W. We refer the reader to [H7], [Q2] and [Q3] for details.

Let V' be a meromorphic open-string vertex algebra and W a V-bimodule. Note that since
we do not assume that W is grading restricted, W = [1,,cc Win) might not be isomorphic to
(WH*. For n > 0, a map f from the configuration space F,C = {(z1,...,2,) € C" | 2z #
zii,j = 1,...,n, i # j} to W = [L.cc Wiy is called a W-valued rational functions in
21,...,%, with the only possible poles z; = z; for i,j = 1,...,n, ¢ # j if for v’ € W',
(W', f(z1,...,2,)) is a rational function of such a form. Let Wzl
W-valued rational functions.

., be the space of such

.....

-----

derivative property, the d-conjugation property and being composable with arbitrary num-
bers of vertex operators. In this paper we are mainly concerned with the first cohomology.
So we shall give the definitions of the D-derivative property, the d-conjugation property and
being composable with an arbitrary number of vertex operators only in the case of n = 1.
In the general case, see [H7|, [Q2] and [Q3] for the precise meaning of these properties. An

element W of Hom(V,W,,) is said to satisfy the D-derivative property if for v; € V and

z1 € C,
d

E(‘y(vl))(zl) = (¥(Dyv1))(21) = Dw (¥ (v1))(21)

and is said to satisfy the d-conjugation property if for a € C*, v; € V and z; € C,
a™ (T(v1))(21) = (¥(a™v1))(az).

Such an element is said to be composable with an arbitrary number of vertex operators if
for k,I,m e N, v1,..., 0 10m €V, 0w € W,

(W', Y (1, 21) Yy (v, 20) Vi (W (Y (Ut 21 — &) -+ = Yo (Ut 2k — ) 1)(E =€), €)

: YV(UkHJrl; Zk+l+1) T Y\/(UkHJrl; Zk+l+1)1>
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is absolutely convergent in the region given by |zi| > -+ > |zk| > |zet1ls-- -y |260] >
[Zhpi1] > [l |2k — €] > oo > |z — €] and |¢] > |z — (s [e — € to a
rational function in 2y, . .., 254, with the only possible poles z; = z; for¢,5 = 1,..., k+1{+m,
i # j. Moreover, we also require that there exist p;; € N depending only on v; and v; for
i,j=1,...;k+1l+m,i#j,and g(z1,...,2,) € W[[z1,...,2,]] such that for v’ € W',

[T G fen )

1<i<j<k+l+m

is a polynomial and is equal to (w’, g(z1, ..., 2z,)). Note that the last part of the condition of
being composable with an arbitrary number of vertex operators implies that the order of the
pole z; = z; is bounded by a number depending only on v; and v;. Using the d-conjugation
property and this last part of the condition of being composable with an arbitrary number of
vertex operators, we can also show that the expansions of f(zy,..., 2,) in various regions are
in fact in W instead of just (W’)*. Note that when W is not grading restricted, W # (W’)*.

The formulation of the property above that an element of Hom(V, Wzl) is composable with
an arbitrary number of vertex operators uses directly the left and right vertex operators. In
[Q2] and [Q3], the second author uses the skew-symmetry opposite vertex operators instead
of the right vertex operators. It is easy to see from the definitions that the formulation here
and the formulation in [Q2] and [Q3] are the same.

For n = 0, let C° (V, W) be the subspace of W (which is in fact isomorphic to Hom(C, 1))
consisting of elements, say w, such that a®w = w (that is, w € Wo) and can be interpreted
as a version of the d-conjugation property), Dyw = 0 (can be interpreted as a version
of the D-derivative property). Note that because Dyw = 0, the D-derivative property
of Vit implies that for v € V, e*PwY{(w,—z)v is independent of z. Also, using the D-
derivative property, the D-commutator formula and Dy w = 0, we see that for v € V, the
derivative of e *PWYE (v, 2)w with respect to z is in fact 0. Thus for v € V, Vi (v, 2)w =
e*Pw (e2Pw YL (v, 2)w) is a power series in z. An element w of C2 (V, W) has almost all the
properties that the vacuum 1 € V' has and can be called a vacuum-like element.

For n >0 and ¥ € C™ (V, W), we define 6% € C™*L (V, W) by

(W', ((05(9)) (01 ® -+ @ V1)) (21, - - 5 Znt1))
= R((w', Yy (v1, 20) (¥ (02 @ -+ @ 01)) (22, - s Z1))

+ Y ()R, (W (01 @ - @ vt ® Yy (03, 2 — Zi1)vig
=1

@ @ Ups1)) (215 ooy Zic1s Zidds - -+ Znt1)))
—|—(—1)"+1R((w', ez”“DWYMIE((\IJ(Ul Q- @Up))(21, s Zn)y —Zn41)Uni1)). (2.1)

For w € CO(V, W), we define 8°w e C*(V, W) by
(6°(w))(0))(2) = Yiis (v, 2)w — WY (w, —2)v

forveV.
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It was proved in [H7], [Q2] and [Q3] that o 0 6™t =0 for n € Z,. Thus we have the
n-th cohomology H™ (V, W) = ker o™ /67 I(C" 1(V W)) forn € Z,.
We now discuss the relation between H! +(V,W) and derivations from V' to W.

Definition 2.9 Let W be a V-bimodule. A derivation from V to W is a grading-preserving
linear map f:V — W satisfying

FY(u, 2)v) = Vg (f(u), 2)v + Vi (u, 2) f(v)
for u,v € V.

Let w € C%(V,W). By definition, for v € V, Vi (v, 2)w and e*PW Y, (w, —z)v are power
series in z. In particular, lim, ,o(Yik (v, 2)w — 2PV Yl (w, —2)v) exists. Let f, : V — W be
defined by these limits. that is,

Fulv) = lim(VE (v, 2 — 2wV (w, =)o)
for v € V. By the d-conjugation property for Y- and V¥ and the fact that the weight of w
is 0,
a® f,(v) = atv LE%(YV‘L/(U’ 2w — ePVY i (w, —2)v)
= hI%(YWL/((IdVU, az)a®w — e PvY (0w, —az)a®vv)
= Zhir%) Vi (e, 2w — e PV Y (w, —2 )advy

= fw< dvv)

for a € C*. So f,, preserves weights.
;From the D-derivative property of Y% and Y, Dyw = 0 and Taylor’s theorem, we
obtain

e Pw (ViE (v, 2)w — P Y (w, —2)v)
= " PWY L (v, 2)w — eFHIPwY L (w, —2)0)
= YV[L/(GZ,DWU, Z)w — e(z+zl)DWYV§(e_leWw, —2)v)

= YE(, 2+ 2w — eFHFPwY R, — (2 4+ )
for 2/ € C. Taking the limit z — 0 on both sides and then replacing 2z’ by z, we obtain
YI/IL/<U7 Z)w - QZDWYVI}}(wa _Z>U = eszw(U>'

Let W, (v,2) = Vi (v, 2)w — ePWY R (w, —2)v for v € V. Then ¥, (v,2) = e*P f,(v) and
fw(@) =1lim, o ¥, (v, 2).

Proposition 2.10 For w € O&(V, W), fw is a derivation from V to W.

12



Proof. We already know that f,, preserves weights.
For u,v € V and w' € W,

R({(w', W, (Y (u, 21 — 29)v, 22)))
(W', Y (Yo (u, 21 — 20)v, 20)w)) — R({(w', e2PW Y (w, —20) Yy (u, 21 — 22)0))
(W', Vi (u, 20)Yig (v, z2)w)) — R((w', =W YR (Vi (w, —21)u, 21 — 22)v))
= R((w', Yy (u, 21) Yy (v, 22)w)) — R((w', Yy (u, 21)e2 PV Yy (w, —22)0))
+ R((w, Yy (u, 21)e? P Y (w, —2)v)) — R((w', =PV YR (Vi (w, —21)u, 21 — 22)v))
= R((w', Yii (v, 21) Yy (v, z2)w)) — R((w', Y (u, 21)e™ PV Vi (w, —22)v))
+ R((w', e2PWY ik (u, 21 — 20) Vi (w, —2)v)) — R((w, e2PW YV (Vi (w, —21)u, 21 — 22)v))
= R((w', Yy (u, 21) Yy (v, z2)w)) — R((w', Yy (u, 21)e PV Y (w, —22)v))
+ R((w', e=2PWY (Vi (u, 21)w, —2)v)) — R((w', e2PW Y (e PY i (w, —2))u, —2)v))
= R((w', (g (u, 21) Wu (v, 22) + =PV V(W (u, 21), —22)0)))
= R((w', (Yiy (u, 21) Wu (v, 22) + PV (€7 fu (1), —22)v)))
= R((w', (Yiy(u, 21) Wy (v, 22) + e* VY (fu(u), 21 — 22)v)))
Taking the limit z5 — 0 on both sides, we obtain

(W', fu(Yv(u, 20)0)) = (W', (Y (u, 21) fu () + Vi (fulu), 21)v)),
proving that f, is a derivation from V to W. [

/
w )

= R(
= R(

The derivation of the form f,, is called an inner derivation. By definition, SOCSO(M W)
is exactly the space of Wy (-,2) for w € CL(V,W). We have a linear isomorphism from
6% (C° (V,W)) to the space of inner derivations given by W, (-, 2) — fy.

Theorem 2.11 Let V' be a meromorphic open-string vertex algebra and W a V-bimodule.
Then the first cohomology HL (V, W) of V with coefficients in W is isomorphic to the quotient
of the space of derivations from V to W by the space of inner derivations.

Proof. Given an element ¥ € CA‘;O(V, W), by definition,

(w', ((6"W)(v1 ® v2)) (21, 22))
= R((w', Vi (v1, 21)(¥(v2)) (22))) = R((w', (¥ (Yy (01, 21 — 22)09))(22)))
+R((w', 2PVYE((T(01))(21), —22)02))-
Let fg : V — W be defined by fy(v) = (¥(v))(0) for v € V. The the d-conjugation property
satisfied by U implies that fg preserves weights. The D-derivative property satisfied by ¥
gives (¥ (v))(z) = e*? fy(v) for v € V. If U is closed, then we obtain
R({w', (¥ (Yv (v1, 21 — 22)v2))(22)))

= R((w', Yy (01, 21) (¥ (v:))(22))) + R((w', 2PV Vg ((T(01))(21), —22)v2))
(w', Yip(v1, 21) (W (v2) (22))) + R((w', 2PV Yl (e W fuy(v1), —22)v2))
(W', Yy (o1, 20) (0 (02)(22))) + R((w', =PV Y (fu(v1), 21 — 20)v2)). (2.2)

g

= R(
= R(
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Letting z2 = 0 on both sides of (2.2), we obtain

(W', fa(Yv(v1, 21)02)) = (W', Vi (v1, 21) fa(v2)) + (W', 2PV Y (fa(v1), 21)v2). (2.3)

Since (2.3) holds for all w’ € W’ we have proved that fy is a derivation from V to W. We
obtain a linear map defined by ¥ +— fg from the space of closed 1-cochains to the space
of derivations from V to W. This map is invertible because of the formula (¥(v))(z) =
e*Pv fy(v). Thus we obtain an isomorphism from the space of closed 1-cochains to the space
of derivations from V' to W. Moreover, we have proved that this isomorphism maps exact
1-cochains to inner derivations. Thus H 1 (V,W) is isomorphic to the quotient space of the
space of derivations from V to W by the space of inner derivations. [

3 A V-bimodule constructed from two left V-modules

In the rest of this paper, we fix a meromorphic open-string vertex algebra V. Let W; and
W3 be two left V-modules. Recall that by our convention, V', W; and W5, in particular,

satisfy the pole-order conditions. Let (W), be the space of Wo-valued rational functions

—~—

with the only possible pole at z = 0. Recall that (15), is the space of Ws-valued holomorphic

e~

functions. Thus (W5), D (Ws),.

Let H be the subspace of Hom (W, (W), ) spanned by elements, denoted by ¢, satisfying
the following conditions:

1. The D-derivative property: For w, € W1y,

©(0wn))(2) = Diny (6wn)(z) — (D Dywywn)) (),

where Dy, is the natural extension of Dy, on W to Wh.

2. The d-conjugation property: There exists n € Z (called the weight of ¢ and denoted
by wt ¢) such that for a € C* and w; € Wi,

a2 (¢(w1))(2) = a"($(a™1wn))(az2).
3. The composability: For k,l € Nand vq,...,vp4 € V, wy € Wy and w), € W3, the series

<w/2> YWz (Ulv Zl) e YWz (Ukv Zk)(¢(YW1 (vk+17 Zk‘+1) e YW1 (UkJrla Zk+l>w1))(z)>

is absolutely convergent in the region |z1| > -+ > |zx| > |2| > |zg41| > -+ |2zka] > 0 to
a rational function

R<<wé7 YW2 (Ulv Zl) e YW2 (Uk? Zk)(¢(YW1 (Uk+1; Zk-l-l) T YWI (Uk+l7 Zk+l)w1>>(z)>) (31)
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in 2q,..., 2k and z with the only possible poles z; = 0 for for i =1,...,k+{, 2 =0,
zi = zjfori,j =1,...k+1,1 # jand 2, = z for i = 1,...,k+[. Moreover,
there exist 7; € N depending only on the pair (v;,w;) fori = 1,...;k+1, m € N
depending only on the pair (¢, w), p;; € N depending only on the pair (v;,v;) for
i,j=1,....k+1 1 +# j, s; € N depending only on the pair (v;,¢) fori =1,... . k+1

and g(z1, ..., 2k, 2) € Wallz1, ..., 2k4]] such that for wh € W3,
K+l K+l

z™ HZZ” H (zi — z;)P4 H(zz — z)%.
=1 1<i<j<k+l i=1

- R((ws, Y, (v1, 21) -+ Yo (0r, 20) (Y (Vi1 241) -+ - Yo, (Ut z0)w1)) (2)))
is a polynomial and is equal to (wh, g(z1, ..., 2k41, 2))-

Let Hp, be the subspace of H consisting of elements of weight n. Then H =[], ., Hp.
Next we define the left and right vertex operator maps:

Y VeH — Hlz,z )

v o = Yi(v,2)e,
YA HRV — Hz,2z™!
p@v = Yi(g, ).

Heuristically we would like to define them using the formulas

<w§7 ((Yél(U’ Zl)(rb) (wl))(ZQ» = <wév YWz (U’ 21+ 22)(¢(w1))(22)>, (32)
(wh, (Vi (6, z1)0)(wi))(22)) = (wh, ¢(Yiw (v, z2)wr) (21 + 22)) (3.3)

forveV,¢pe H, wy € Wy and wy, € Wj. But we need to make these heuristic definitions
precise.

We first give the precise definition of YZ. Let ¢ € H. Since ¢ satisfies the composability,
for v eV, wy € Wy and w) € W,

(wh, Yin, (v1, 21 + 22) (¢(w1)) (22))

is absolutely convergent in the region given by |23 + 23| > |22| > 0 to a rational function

R((wh, Y, (v, 21 + 22)(6(w1))(22)))

in z; and 2y with the only possible poles at z; = 0, 25 = 0, 2; + 20 = 0. Expanding this
rational function in the region |z1| > |23 > 0, we obtain a lower truncated Laurent series

Yo apwh v @uwn; )z
PEL
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in z;. The coefficients a)(wy ® v ® ¢ ® wy; z) for p € Z of this Laurent series are in fact
Laurent polynomials in z,. On the other hand, by the composability, there exist r,s,m € N
and g(z1 + 29, 22) € Wa[[21 + 29, 22]] such that

zy' (21 + 22)" 21 R({wh, Yiw, (v, 21 + 22) (d(w1))(22))) = (wy, g(21 + 22, 22)).- (3.4)

For fixed 29 # 0, the coefficients of the expansion in z; of the left-hand side of (3.4) in the
region |z1| > |z3] > 0 for wh € W) define elements of (W3)*. But since g(z1 + 22,22) €
Wia[[z1 + 22, 22]], we see that these elements must be in the subspace W,. Multiplying these
elements by z; ™ (21 + 22) "2 ° in the region |z1]| > |z2| > 0, we see that the results are still
in W, that is, for fixed z, # 0, the maps given by w) — al(wy @ v ® ¢ ® wy; z) for p € Z

are in fact elements of W,. When 2, changes, we obtain elements of @22. Then for v e V

and ¢ € H, we have elements 7, , € Hom(WW}, @Z) for p € Z such that

(W), (w0 (w1))(2)) = @ (W, ® v ® ¢ ® w13 2)

for wy € Wy and wh, € Wi.
Similarly, since ¢ satisfies the composability, for v € V, wy € W; and w) € Wi,

(wy, ¢(Yw, (v, z2)w1) (21 + 22))

is absolutely convergent in the region given by |21 4+ 23| > |23| > 0 to a rational function

R((wh, (Y, (v, z2)w1) (21 + 22)))

in z; and zy with the only possible poles at z; = 0, 25 = 0, 21 + 2o = 0. Expanding this
rational function in the region |zs| > |z1| > 0, we obtain a lower truncated Laurent series

R ! . —p—1
E a, (wy ® v @ wi; 2)2; "
PEZ

in z;. The coefficients a/f(w) ® v ® wy; 22) for p € Z of this Laurent series are in fact Laurent
polynomials in zy. For fixed 25 # 0, the same argument as above shows that the maps given
by wj — ap(w2®v®w1, ) for p € Z are in fact elements of W,. When 2, changes, we obtaln

elements of (Wz) The for v € V and ¢ € H, we have elements 7, , € Hom(W}, (WQ) )
for p € Z such that

(ws, 7]5;¢,v(wl)> = af(wg ®v® wy;z)
for w; € Wy and w), € Wi,

Proposition 3.1 The maps 775;1;@) and 775@,1; are elements of H. When both v and ¢ are
homogeneous, 7715;71,@5 and 77]};;(1),1) are also homogeneous of weight wt v+ wt ¢ —p — 1.
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Proof. 'We prove the result only for 775;07 s The proof for 77]%70 is similar and is omitted.
We need only check the following three conditions: the D-derivative property, the d-
conjugation property and the composability.
For w; € Wi and w), € W, in the region |z5| > |z1| > 0, we have

§:<w5i%w#w«m»ug>2?]

PEZL

= Za (Wwy @V ® ¢ R wy;29)2 " -t
2

PEL

zimmmmma+@meww

=B\ )
+ & ({ut Yoo+ 2 (600 ) ))

= R((ws, Dw,Yw, (v, 21 + 22)(¢(w1))(22))) — R({wh, Y, (v, 21 + 22) Dws, (¢(w1))(22)))

+ R((wy, Y, (v, 21 + 22) Dw, (9(w1))(22))) — R({wh, Yiw, (v, 21 + 22)(d(Dwywi)) (22)))
= R((Dy,wy, Yin, (v, 21 + 22)(¢(w1))(22))) — R({wh, Yy (v, 21 + 22)(d( D, w1))(22)))
= Z al(Diy,w, ® v ® ¢ @ wy;z)z 7 — Zaﬁ(wé ®v® ¢ ® Dy, wy; 29)2, P

= Z(D'wgw'za (M (01))(22)) — Z(w§> (N (Dwyw1)) (22)) 27 P~
= Z(wéa (Dw, (10 (1)) (22) — (0 o (Dwywi)) (22))) 27

proving the D-derivative property for n]f;v,qs.
In the case that v and ¢ are homogeneous, for w; € Wy, wy, € W) and a € C*, in the
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region |za| > |z1| > 0, we have

> (wh, a2 (g, o (w1)) (22)) 2"

PEZ

= > (aauty, (1, (wn)) (22)) 2!

= ab(aeuh 6 v e ¢ © wr;z)z
= R((a"W2wh, Yiw, (v, 21 + 22)(¢(w1))(22)))

= R((wy, a®™2Yiy, (v, 21 + 22)(¢(w1))(22)))

= R((wh, Y, (a®V v, az + azp)a®2 (¢(w1))(22)))

= a" "™ O R((wh, Yiv, (v, az1 + azs)(d(a*rwy))(azr)))

__wt v+wt ¢p—p—1 Ly 7 dyw . —p—1
=a E ay (wy ®v® ¢ ®a™wy; az)z
PEZ

— awt v+wt ¢—p—1 Z(wé’ (77507¢(adwl w1>)<a"z2)>217p71’
pEZ

proving the d-conjugation property for 77;5;1}, ¢ with weight wt v +wt ¢ —p — 1.
Finally we prove the composability of n.;, 5. Since ¢ € H, it satisfies the composability.

Then

<w/27 YWz (Uh Zl) U YWz (Ukﬂ Zk)YWQ (U, 20 + Z) (¢(YW1 (Uk-l-la Zk-l-l) U YWl (Uk+l7 Zk+l)w1))<z>>

is absolutely convergent in the region |z1| > - |zk| > |20 + 2| > |2] > |zp41] > -+ > |24
to a rational function

R({wg, Y (v1, 21) - - Y (0r, 26) Y, (0, 20 + 2) (0 (Y (U1, 241) + - Yo (ks 20)w1)) (2))
(3.5)
in zg,21,...,2r and z with the only possible poles z; =0 forv=1,....k+1, 20+ 2 = 0,
2=0,zi=zjfori#j, zi=2+z z=2zfori=1,...,k+1and 2 = 0.
For ¢ € Z, let {GZQA)}AEAQ be a basis of (Ws)[ and {(6&%\)),})\6% be the subset of W
defined by

<(e}’(‘1/;2)\1))/’ eg/;2)\2)> = Oxin-

Putting {eZQ/\)},\eAq for ¢ € 7Z together, we see that {62/;2)\)}q627 xeh, 1s a basis of Wy. For
q € Z, let 7, be the projection from Ws to (W3)g and use the same notation to denote its
natural extension to W5. Then for w, € W5, we have

TqWa = Z <(€<VZ?A))C@2>€(VZ§)-

AEA,
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For k,l € N and vy,...,vy € V, we know that

Z(wév Yw, (Uh Zl) - Yy, (Uka Zk)

q€L
e Yw, (v, 20 + 2) (0(Yw, (Vkt1, 2kt1) - -+ Yy (Vkgts 2e)wn) ) (2))
= ( D (wh, Yiny (v1,21) - Yiws (v, 20)e )
geZ \ AeA,
(e Y (v, 20 + 2)(S(Yiws (Vry1s zk11) -+ - Yoy (0, Zk+l)w1))(2)>> ,
is absolutely convergent in the region |zi| > -+ > |zi| > |20 + 2| > |2| > |zk4a| > -+ >

|zk+1] > 0 to the rational function (3.5) and

<wé7 Yw, (Ula Zl) w Yy (Ukv Zk>€¥([1/;2>\)>

and
((eqgin)s Yms (vs 20 + 2)(S(Yiw (01, 200) -+ - Yy (Vksss zi40)w1)) (2))

are absolutely convergent in the regions |z1]| > --- > |z| and |20 + 2| > |2| > |zgqa| > -+ >
|zk+1] > 0, respectively, to the rational functions

R<<wév YW2 (Ulv 21) T YW2 (Uk7 Zk)eg?)\)»

and
R(((e?qf;z,\))/a Yw, (v, 20 + 2)(0(Yw, (Vrg15 Zrt1) -+ - Yiny (Ukts Zrg)wn) ) (2))),

respectively. So

ZZ)\ZA Rl{ue, Yo (01, 21) 'YWz(Uk,zk)QZQA)»'
. Ji’(((e}f}’fm)/7 Yiv, (0, 20 + 2)(0(Yiw, (Vka1s Zhat) - - Yivy (Ut 26s0)w1))(2)))
(3.6)

is absolutely convergent in the region |z1| > -+ > |z| > |20 + 2] > |2| > |zk41] >

- > |zl > 0 to (3.5). But the expansion of the rational function (3.5) in the region
|z1]y - oy |2kl > |20 + 2|5 |21, |2k+1]s - - -5 [2K4] > 0 is a series of rational functions of the same
form as that of (3.6). (Here we use the basic facts that if a Laurent series is absolutely
convergent in a region to a rational function and has the same form (that is, has the same
properties such as lower or upper truncated in some variables and so on) as the expansion
of the rational function in a larger region, then this series is also convergent in the larger
region. We shall use this basic fact often in this paper and we will not mention it anymore.
See [Q1] and [Q3] for more use of this fact.) Thus this expansion must be equal to (3.6).
In particular, the multi-sum in the right-hand side of (3.6) is absolutely convergent in the
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region |z1],..., |zk| > |20 + 2|, 12|s |2k+1l, - - -+ |2ZE1] > O to the rational function (3.5). But
each term in the right-hand side of (3.6) can be further expanded in the region |z| > |zo| > 0
and |z; — z| > |z0| > 0fori=k+1,...,k+1 as a Laurent series in zy. In particular, in the
region |z1| > -+ > |zi| > |2| > |zk1| > - > |ze| >0, |2] > |20] > 0 and |z; — 2| > |20] > 0
for i =k +1,...,k+ 1, the series in the right-hand side of (3.6) is equal to

S5 S Vi on, 2) Vi (o, )l

PEZL qE€Z NEAy

cay ((e(ghy) ® v ® ¢ @ Yir, (v, zie1) -+ Yoy (Vs 2t w13 2) 25"

=33 S wh Vi (v, 21) - Yiny (o, el )

PEL qEZL N4
: <(€(VZ;2A))', (0 o0 (Yo (U1, 21) + - Yovr, (Wit i) wi)) (2)) 297"

- Z ZWé, Yivy (v1, 21) -+ Y (vk, 28)-

PEZ qEZ

1

(M (Yo, (kg1 2 11) -+ - Yo (01, 20)w1)) (2)) 207 (3.7)

Thus each term in the right-hand side of (3.7) is absolutely convergent in the region given
by |z1| > -+ > |zk| > |2] > |zk11| > -+ > |2k1| > 0 to a rational function in 21, ..., 2z, and
z with the only possible poles z; =0fori=1,... ,k+1,2=0, z; = z; fori,j =1,...  k+1,
1# jand z; = z fori=1,..., k4, proving the first part of the composability of n]fw@. Since
¢ satisfies the second part of the composability and the right-hand side of (3.7) is absolutely
convergent to (3.5), it is clear that n}fw@ also satisfies the second part of the composability.

|

For v € V and ¢ € H, we define

Yii(v,2)p =Y it "

PEZL

and

Yi(g,2)u =) g ,a "t

PEL

Using our notations for components of vertex operators, we have (Y%),(v)p = 77;%;@@ and
(Y}?)p((b)v = 775;(1),'0'

The proof of Proposition 3.1 in fact has also proved the first half of the following result
(the second half can be proved similarly and its proof is omitted):

Proposition 3.2 Let k.l € N, vy,..., v € V, wy € Wy and wy € WJ. Then the series

(wh, Yivy (v1, 21) -+ Yo (0r, 2) (Vi (v, 20)0) (Yiw, (k15 Zks1) -+ - Yo (Ongt, zeg)wn)) (2)) (3.8)

is absolutely convergent in the region |z1| > - - |zx| > |2] > |2k11] > -+ > |zkal, 2] > |20] >
0, |zi]| > |z+20] >0 fori=1,....k, |z;—2| > |20] >0 fori=k+1,...,k+1 to the rational
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function

R((wh, Yiv, (v1, 21) - - - Yiwy (Uk, 21) Yir, (0, 20 + 2)(0(Yw, (Vi1 241) -+ - Yiny (Vr, 2r)wn)) (2))-
(3.9)

Similarly, the series

(wh, Yivy (01, 21) - Yiwg (v, 20) (Y (6, 20)0) (Yo (U1, 201) - Yoy (ks zies0)w1))(2))
is absolutely convergent in the region |z1| > - - |zx| > |2| > |2kt1] > -+ > |zkndl, 2] > |20] >

0, |zi] > |z+20] >0 fori=1,... .k, |zi—2| > |20| >0 fori=k+1,...,k+1 to the rational
function

R((wh, Y, (vi, 21) - - Y, (v, 26) (0(Ywy (v, 2) Y, (e, 2i1) -+ Yo (Viess, 20)w1)) (20 + 2))).
In particular, (3.2) and (3.3) hold in the region |z1 + za| > |22| > 21| > 0 and

R({w), (Vi (v, 21)0) (wn))(22))) = R((w), Yiwy (v, 21 + 22) ($(wn))(22)), (3.10)
R({wy, (Vi (6, 21)v) (w1)) (22))) = R((wh, ¢(Yiw, (v, z2)w1) (21 + 22)))- (3.11)

We also have the following result:

Proposition 3.3 Let wy € Wi, wy € Wi, vy, ...,v54 €V and ¢ € H. Then

<w’2, ((Ylg(vb z1) e YI—%(UM Zk)Yzfr%wa 2) Yy (Ukg1s Zeg1) - Y (Ukgi—1, Zhgi—1) V) (W1)) (Zh41))

(3.12)
is absolutely convergent in the region |zpy| > |z1] > -+ > |zx| > |2| > |zpwa| > -+ >
|2k+1-1] > 0 to the same rational function in zy,. .., zx and z as the rational function that

the series

(wéaYWQ (Uh 24 2gt) o Y, (Vks 2+ Zega)-
(Y, (g1, 21 + 2kt) - Y (Ukri—1, Zhri—1 + Zk0) Yo, (Ut 2r)wn) (2 + 2igr))-
(3.13)

is absolutely convergent to in the region |z + zpy| > <+ > |z + 2| > |2 + 2601| >
|Zke1 + 2kt > |2kt + 2ent] > |2k > 0. In particular, we have the equality
R((wh, (Yif (01, 21) - - - Vi (v, 21)-
Y (0, 2)Yv (Uks1, ki) -+ Yo (Orgie1, Zoi-1)0kg) (w1)) (242))
= R(<wé7 YW2 (Ula z1 + Zk-i-l) o 'YW2(Uk7 2k + Zk—i—l)'
“O(Yw, (Vkg1s Zra1 + Zeg) -+ Yy (Vki—1, Zhgie1 + 2e40) Y, (Ut 2og)w1) (2 + 2141)))
1

(3.14)

of rational functions and the only possible poles of the rational function (in both sides of)
(3.14) are zi+ 2z =0 fori=1,... . k+1—1, 242, =0, z, = z; fori,j=1,... k+1—1,
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1#£j,2zz=0fori=1,....k+1l, zi=2 fori=1,....k+1—1 and z = 0. More explicitly,
(8.14) is of the form

kAl—1
—m —n —Pi
9(z1y oy 2hg1, 2)27 (2 + 2E11) H (zi + zpgr) P2
i=1
k41 kAl—1
H (2 = 2;) ™" H i H (20 —2)7" (3.15)
1<i<j<k+l—1 i=1 i=1

where g(z1, . .., 241, 2) s a polynomial in zy, . .., zpy and z and m,n, p;, pij, i, si € N depend

only on the pairs (vg1,8), (&, w1), (v, wn), (v, ;) (v, v5s1), (s, @), respectively.
Proof. Since ¢ satisfies the composability, the series

<w§,YW2 (V1,21 + 2e41) - - Y (Vk, 21 + 2041)

“OYw, (Vks1, Zhg1 + 2kgt) - Y, (Vpi—1s Zevi—1 + 2e00) Y, (g, Zrs)wn) (2 + 2141)).-
(3.16)

is absolutely convergent in the region |z14zg| > -+ > |zp+2e| > |2+2001| > |2p1+2001] >
o |zkai-1 + zkw) > |ze| > 0 to a rational function

R((wh,Yw, (v1, 21 + 2k41) -+ - Yo, (Ok, 2 + 2641)-

~O(Yw, (g1, 21 + 2kt) - Yo, (Ukpi—1, Zhri—1 + 2o0) Yo, (Ut Zig)w1) (2 + 2641)))-
(3.17)

in 21,...,2, and z with the only possible poles z; + 2p1y = 0 for ¢ = 1,... .k +1 — 1,
2+ zpp=0,2z=zfori,j=1,...)k+1l—-1,1#j,2z=0fore=1,... ) k+1, 2, = z for
i=1,....,k+1—1and z = 0. The rational function (3.17) is of the form (3.15) such that
g(#1,. .., 2k41, 2) is a polynomial in 2y, ..., 254, and z and m,n, p;, pij, 7, S; € N depend only
on the pairs (vk-i-lu ¢)7 (¢7 wl)? (Uia w1)7 (Uia vj)7 (Uia Uk—l—l)a (U'h ¢)7 reSpeCtively' :
Let {emw)}qez, ~ver, be a homogeneous basis of W, and {(e&{y))’}qez ~ver, the subset of
W/ given by
W W
<(€(q;171))/’ e(q;172)> = O1a-
By the associativity of vertex operators, for ¢ € Z, v € I'y,
<€¥;17))/,YW1 (Vrs15 21 + 2r10) - Yy (Vkri—15 21 + 2o10) Yy (U, 200)wn)

et <€W1

(m))/’ le (YV<Uk+17 Zk+1) s YV(Ukal, Zk+lfl)vk+la Zk+l)w1>

in the region |zp41 + 2| > -+ > |2ep—1 + 2ol > 2ol > 0, |zind] > 2o > -0 >
|2k+1-1] > 0. Then by the convergence of (3.16), we see that

<w§)YW2(Ul, 21+ Zig) - Yy (Vks 2k + Zkga):
~O(Yw, (Y (Vkg1, Zrt1) - YV (Vkgio1, Zhgi1) Uty Zept) W1 ) (2 + Ziy1)) (3.18)
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is convergent absolutely to the same rational function (3.17) or (3.15) in the region |z +

Zk+l| > > |Zk+zkz+l| > |Z+Zk+l| > |Zk+2+zk+l| > . |Zk:+l—1+zk+l| > 0, |Zk+l| > |Zk+1| >
s > ’ZkJrlfl’ > 0.

Expand (3.15) as a Laurent series in z;+ 24 for i = 1,... k, zpj for j = 1,.. .1, 2424
in the region |z + zk| > |zr| > |2es1] > - > |ze1] >0, |21+ 26| > -+ > |2e + 20| >
|zker + 2kl - L2k + 2enls [2eal |2 + 2] >0, (2 + 2] > |2k + 2kl - |2k +

Zk+1) > 0. Since (3.18) is a Laurent series of the same form, it must be convergent absolutely
to (3.15) in the same region.

Let {e}f];m}qez, uem, be a homogeneous basis of V' and {(e&m))’}qez, uem, a subset of V'
given by

1% v
((Clgmn))'s €lna)) = Onra-

Let {G&QA)})\EAq be a basis of (W3)q) and {(e&)\))’})@\q the subset of W;, as above. Then the
series (3.18) can be written as

Z Z Z Z (wa, Yi, (i, 21+ 2541) - - Yiwy (vi, 21 + Zk+l)€g§;x)>'

q1E€EZ pEMq, q2€7Z )\EAq2

(ezn)s 00w, (el 2re)w) (2 + 2zi10))-

((elpan)s Yv (Orsa1, 2eg1) -+ - Yo (Upgi—1, Zhai—1) Vi) (3.19)

Because of (3.3), we can replace

(el ) 6 (Y, (el 2est)w) (2 + 211))
in (3.19) by
(el ) (Y, 2)el ) (@) (2140))
when |z + 2k > |2k41] > |2] > 0. Thus

Z Z Z Z (wy, Y, (v1, 21 + 2e41) - Yowy (g, 21 + Zk+l)eg22;)\)>'

q1EZ pEMq, q2€Z Y€l g,
(ezn)s (Y (9, 2)ety, ) (W) (2r41))-
: <(€X;w))ly YV(UkH, Zk:+1) T YV(Ukal; Zkal)UkH)

= <w/27 YW2<vla z1 + Zk+z) < Yy, (Uk, zi + Zk+l)'

(Y (0, 2) Yy (0kg1, 2141) -+ Yo (ki1 Zhpi—1)Okst) (w01)) (Zheg) (3.20)
is absolutely convergent to (3.15) in the region |z + 2k > |zk4| > |2] > |zkga| > -+ >
|zki-1] > 0, |21+ 20| > o > |zt 2ol > [ze+zinl - e+ 2l |2l |2+ 200] >
0, |24+ 2zk1t]| > |zke1+2621]s - - -5 |2k1-1 + 2K > 0. But the form of the Laurent series (3.20) is
the same as the form of the expansion of (3.15) as a Laurent series in z;+ 24 fori = 1,..., k,
zpey for j = 1,...,1, z in the larger region |z > |2| > |zgs1| > -+ > |zk—1| > 0,
|21 + 2ol > o > o+ 2] > 2 + 2ol 21 + Zels 2ol 12+ zen] >0,
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|2+ 2zt > |26t + 2l -+ |2600-1 + 21| > 0. Thus (3.20) is in fact absolutely convergent
to (3.15) in this larger region.

The series in the right-hand side of (3.20) can be written as

Z Z Z Z (wh, Yuw, (v1, 21 + 2e41) -+ Yy (Vr1, 211 + Zk+l)€z/;/;>\)>'

Q€L peMgy q2€Z € gy

{(eqmzn)s Yws (k2 + 2500) (Y (€lgy000 2)0) (w01)) (2142)) -

‘ <(€X11;u))/’ Yv(Vktts 2k41) - Yo (Urti1, 2hti-1)Vkt1)

= Z Z Z Z Z(w;>YW2(U1>21 +2k+l)"'YW2(Uk—1,Zk—1 +Zk+l)eg22;/\)>'

QLEZ peMgy q2€Z €Ly, pEZ
: <(€(Vg§;A))'> Yow, (ks 21 + Zk+z)(77£¢,e(VqM (w1))(zh41))-
: <(€X11;u))/7 Y (Vi1 2541) Yo (Uki—1, Zhi—1) k)2 77" (3.21)

Because of (3.2), we can replace

(i) Yo, (g, 21 + Zk+z)(Uﬁe&l;u)@(wl))(zml»
n (3.21) by
<(€YZ§;A))’7 (Ve (vn, Zk)n§¢, 6&1;u))(w1))(2k+l)>
when |2 + 2k1| > |26i| > |2k > 0. Thus

Z Z Z Z Z(wé, Yw, (Ul, Z1 + Zk—H) <Y, (Uk—h Zk—1 T+ Zk+l)€g/22;>\)>~

q1E€Z pEMq, q2€Z Y€l gy pEL

(el (Vi (o 2000 o)1) (zn0))-
<(€2/ql,u))l7 Yy (ki1 2hi1) -+ Yo (Oki1, Zhi1) V)2 277

D D D B B

Z peMqy q2€Z el
(e (Y, (vk, 2)Yi (6, 2)egyp0) (w1)) (2110))-
((elmem) s Yo (Wit 2651) -+ Yo (Ukgie1, Zhgi—1) Ukst)
= (wh, Y, (v1, 21 + 2it) - - - Yy (V—1, 251 + Zist)-

(Y (i 20) Y (D, 2) Yy (Vk1s 201) -+ - Yo (Ori—1, Zisi—1)Uket) (1)) (2ist)) (3.22)

l\')

b€y ®(a1:m)

is absolutely convergent to (3.15) in the larger region |z, + zp| > |zeni| > |2k| > |2] >
|Zeq1] > -0 > Jargu—1| > 0, |20 + 2ot > -0 > o + ze] > 2 + 2]y o [ B F
Zitly |2rrals 2 2ral > 0, |2+ zia] > [aea+2zrals - l2eitaral > 0, |ze+2r0a| > 20| >
|ze| > |2] > |2k41]| > -+ > |2ki-1] > 0. But the form of the Laurent series (3.22) is the same
as the form of the expansion of (3.15) as a Laurent series in z; + 25y for i = 1,... k — 1,
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2ptj for j = 0,...,0, z in the region |zx| > |2x] > |2| > |zk1a] > -+ > |2kp-1| > 0,
21 + 2o > o0 > ze—1 + 2o > [z Tzl - 2erier + 2ol [2eals |2+ 2z >0,
|z + 2kt > |21 + 2ksaly - -+ [2ei—1 + 2l > 0. Thus (3.22) is absolutely convergent to
(3.15) in this larger region.

Repeating this last step, we see that the series

<’wl2, ((ng(vb 21) T Y]{f('Uk, Zk)Yff(Qb, Z)YV(Uk+17 2k+1) to YV(Ukal, Zk+lfl)vk+l)<w1))(zk+l)>

is absolutely convergent to (3.15) in the region |zpyi| > |21 > -+ > |zx] > |2| > |2k41] >
e > ’Zk+lfl| > 0. [ |

Since H is Z-graded, we have an operator dg on H defined by dy¢ = n¢ for ¢ € Hy,.
We define Dy on H by

(Do) (un))(2) = (o) (2)

for p € H, w; € Wj.
Though H is Z-graded, the grading is in general not lower bounded and hence it cannot be
a V-bimodule. We now consider subspaces of H which indeed have V-bimodule structures.
For N € Z, let HN be the subspace of H spanned by homogeneous elements, say ¢,
satisfying the following condition:

4. The N-weight-degree condition: For k,l € N, vy,... vy € V, wy € Wy and w) € W,
expand the rational function

R((wh, Yiw, (v1, 21) -+ Yiw, (0, 21) (0(Yiwy (Vrs1, 2r11) - Yowy (Ut 2e4)wn))(2))) (3.23)

in the region |Zk:+l| > |2,'1 — Zk+l| > e > |Zk — Zk+l| > |Z — Zk+l| > |Zk+1 — Zk;—f—ll >
oo > |zp—1 — zkn| > 0 as a Laurent series in z; — 2z fori = 1,...,k+1— 1 and
2 — 2z with Laurent polynomials in z;; as coefficients. The the total degree of each
monomial in z; — zpy for i = 1,...,k+1— 1 and z — 2z, (that is, the sum of the
powers of z; — zp fori =1,...,k+1—1 and z — z;y;) in the expansion is larger than
or equal to N — Zf;l wt v; + wt .

Theorem 3.4 The Z-graded space HY , equipped with the actions of the restrictions of Y,
Y, dy and Dy to HY, is a V-bimodule.

Proof. We need to prove that H" is closed under the actions of Y%, Y/ to HY, dy and
Dy and all axioms for V-bimodules hold. We prove them one by one as follows:

1. HY is closed under the actions of Y%, Y to HY, dy and Dy: For homogeneous v € V,
¢ € HY, we prove Y (v,2)p € HV[[z,z7']]. We need only prove that (Y}),(v)¢ satisfies
the N-weight-degree condition. For k,l € N, homogeneous vy,...,vp0y € V , wy € W)
and wh, € W), by Proposition 3.2, the series (3.8) is absolutely convergent in the region
|z1] > -2kl > 12 > |zes1] > - > |zel, [2] > |20l >0, 25| > |2+ 20| >0 fori=1,... k,
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|zi—2z| > |20] > 0fori=Fk+1,...,k+1 to the rational function (3.9). The rational function
(3.9) can be written as

9(21; ey Rk41 20 Z)
k+1 k+l k+1
—m —-n —Pii —q; —S8; —{
H (20 + 2) H (2; — 2;) 7P 1_[(,2Z —z—2) ¢ 1_[(2Z —2)" %z, (3.24)
1<i<j<k+l i=1 i=1
where g(z1, ..., 2K+, 20, 2) is a polynomial in z; (for i =1,...,k+1), 20, 2 and m, 7, 0, pij, ¢,
si,t € N. Since g(21,. .., 2k+1, 20, 2) 1S a polynomial, we can write (3.24) as a linear combi-

nation of rational functions of the form

kel kel k+l
z=™ H 2 (20 +2)" H (2; — 2z5) 7P H(ZZ —z—z) ¥ 1_[(,2Z —2) %zt (3.25)
1<i<j<k+l i=1 i=1

where m, r;, t € Z. We can write (3.25) as

z—z —m R 2 — 2z o
— 2K+l -7y i kAl -
2l (1 - +‘> | | 2t (1 - = - ) Gt
2 z
k+1 paie k+1
—-n —Pij
Z(]+Z_Zk+l s 25 — Rkal
—-n Di J
* 2t (1 T | | (zi = zrgt) P9 (1= DR :

z 2 — 2
ket 1<i<j<k+i—1 ¢ ket

k+1—1 k —%
. s z+ 2o — Zi
: H (2 = 2pqr) Dokt H(Zz — Zggt) H (1 S — :
5 Zi 7 Rk+l

i=1

k+1-1 % — —q
: —(z24+ 20—z ] - .
N

i=k+1
(= (2 + 20 = 2p))

b z—z s bl 2 — 2 o
s — 2kl L i — 2kt
’ H(Zi — 2e1) (1 - —+> H (=(z = 2e2)) ™™ (1 - z—+)
iy Zi — Zk+l Pavinit Z = Rkl
—t
- - & Rk
(2 - S (20 2 — tlp— 2k ) 3.26
(e = )G 2 = ) (12 S (3:26)
When (3.26)) is expanded in the region |zx| > |21 — 2kt > -+ > |2k — 26| > |20 +2 —
Zkwt] > 12— zrwt| > |zes1| > 00 > |2k—1 — Zk| > 0 as a Laurent series in z; — 2z for
1=1,....k+1l—1, 2— 2z, and zg — 2 — 2, with Laurent polynomials in z;,; as coefficients,

the lowest total degree is

k+1 k+1

PR DD DL

1<i<j<k+l
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Since ¢ satisfies the N-weight-degree condition, we have

ket ket k+l
- Z pij—Zqi—Zsi—tZN—Zwtvi—wtv—wt¢. (3.27)
1<i<j<k+l i=1 i=1 i=1

We can also write (3.25) as

z2—z —m (R 2 — 2 o

—-m — “k+l —r i Rkl -

Zhtl (1 - ) | | Pt (1 - ] ) “hl
Zk+1 i1 ZkA+1

L (1+—Z_Z’““)_n 1+ &
k+1 Zlal 2t (1 + %>

Zk41
—pij k+l—1
s Zi — Zl+l .
J + i
H (Zz _ Zk+l) Dij (1 _ —) H (Zz _ Zk+l) Pik+1,
o Zi = Zk+l il
1<i<j<k+Il-1 =1

—9q

e &= 2kl o <0
. H (Zz - Zk+l>_qz <1 — ﬁ) 1-— p—

=1 2i— 2k 41

O (e

& Rkl
k z2—z s b 2 — 2 o
. H(Zz . Zk—l—l)_Si (1 o k+l1 ) H (—(2 . Zk—l—l))_Si (1 e k+l> .
i=1 Zi - Zk‘-i—l ’i=k+1 zZ — Zk+l
(= (2 = 2)) T2 (3.28)

Now expand (3.28) first as a Laurent series in z in the region |z| > |zo| > 0, |z;—2| > |20] > 0
and then expand the coefficient of the —p — 1 power of zy in the region |zy| > |21 — zk4y| >
s> |z — 2k > 12— zkm] > Jzeaa| > o0 > |2kao1 — zkn| > 0 as a Laurent series in
2zi—zgn fore=1,... k+1—1 and z — zx4; with Laurent polynomials in z;; as coefficients.
The —p — 1 powers of zy in the expansion of (3.28) comes from the expansion of

; -n k-1 B —4q;
1+ 0 IT (1- 0
2kt (1 + %ﬁ“) i=1 (2i — 2k41) (1 — %ﬂ)
ZO —dk+1
- <1 n —> ot (3.29)
Z = Zk+l

The expansion of (3.29) is an infinite linear combination of the monomial of 2z, of the form

a bi
k+1—1

- I1 S (L) ot (3.30)
2+l (1 + —Zz:jfl> =1\ (zi — zk11) <1 - —;_’Z’j:) 2T Pkt
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for a, b;,c € N. In the case that the power of z5 is —p — 1, we have

k+1-1
at+ Y bi+c—t=-p—1 (3.31)

=1

In this case, the total degree of (3.30) in z; — zxyy for i = 1,....k+ 1 and z — 24, is

ZHZ "b; — ¢. {From (3.28) , (3.29) and (3.30) and this fact, we see that the total degrees
of each monomial in the expansion of the coefficient of the —p — 1 power of z; is larger than
or equal to

k+l Erl—1 K+l
- > Py Z Gi— ) bi—c—) s (3.32)
1<i<j<k+l =1 i=1

Using (3.31), we see that (3.32) is equal to

k+1 k+1

- > by 2:%+a—t+p+1—§:&. (3.33)

1<i<j<k+l

Using a € N and (3.27), we see that (3.33) is larger than or equal to

k+l kAl
_ Z Dij — Zqz—t—i-p—O—l—ZSz
1<i<j<k+l
k+l1
ZN—ZWt vi—wtv—wto+p+1
i=1
K+l
= N =Yt - wt (V) (0)6,
i=1

proving that (Y}%),(v)¢ satisfies the N-weight-degree condition.

Since for homogeneous ¢ € HY, dy¢ = (wt ¢)¢, dy¢ also satisfies the N-weight-degree
condition. So dy maps HY to HY.

For homogeneous ¢ € HY, k,l € N, homogeneous vi,..., 04y € V , w; € W; and
wly, € W3, by definition, we have

R((wh, Yiw, (v1, 21) - - - Yo, (0r, 21) (D d) (Y, (Vrs1, 2011) = Yowy (Ut 2641)w01))(2))

0
= @R(@Uéa Y, (vi, 21) + -+ Yaw, (0k, 26) (0 (Y (Vkt1, 2841) - Y (U, 2010)w1)) (2)))-
(3.34)
Then the expansion of (3.34) in the region |zpyy| > |zi — 2k > -+ > |2k — 26| > |2 — 26t| >
|zks1| > - > |21 — 2| > 0 as a Laurent series in z; — 2y for i = 1,... k+1—1

and z — zxy; with Laurent polynomials in z;; as coefficients is equal to the the derivative
with respect to z of the same expansion of (3.23). In particular, the total degree of each
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monomial in z; — zx4; fori =1,..., k+1—1 and z — 2z, in the expansion of (3.34) is equal
to the total degree of a monomial in the expansion of (3.23) minus 1. Thus the the total
degree of each monomial in z; — 2z, fort =1,...,k+1—1 and z — 2, in the expansion of
(3.34) is larger than or equal to

k+1 k+1

N—Zwt v, —wt ¢ —1 :N—Zwt v; — wt (Dyo).
i=1 i=1
So Dy ¢ satisfies the N-weight-degree condition and is in HY.

2. Axioms for the grading: Take v; = -+ = vy = 1 in (3.23). Then (3.23) becomes
(wh, (p(w1))(2)). Expand this as a power series in z — 2z in the region |zx| > |2 — zg4|-
Then the lower degree term in this expansion is the constant term (w}, (¢(w1))(zx)). Thus
the lowest of the degrees of the monomials in 2z; — 2z, fori =1,... ) k+1—1and 2 — 2,y
is 0. So we obtain 0 > N — Zfﬁ vi+wt ¢ = N —wt ¢ or wt ¢ > N. This proves the lower
bound condition of HY.

We now prove the d-conjugation property of Y& which is equivalent to the d-commutator
formula for Y. Let v € V and ¢ € HY. Then for a € R, w), € W} and w; € Wy, we have

<w/2,(( VY (v, 21)9) (wn))(22))
wza dW"’((YH(U Zl)¢)(a_dwlw1))(a_lz2)>

Thus we have

a®YE (v, 21)p = Yi(a®v,az)a% ¢,
proving the d-conjugation property of Y. Similarly we can prove the d-conjugation property
of YA which is equivalent to the d-commutator formula for Y. We omit the proof.

3. The identity property of Y% and the creation property of Y/*: These properties follows
directly from (3.2) and (3.3).

4. The rationality and the pole-order condition: Let w) € W3, wy; € Wi, vy,..., 060 €V
and ¢ € HY be homogeneous. Since (3.14) is of the form (3.15),

A | B CEEh 11 H —z)
i (¢,

1<i<j<k+l—1

- (wy, ((Ylg(vb z1) - ‘Yé(vlm z1,)Y, 2) Yy (Vkg1s Zeg1) - Yv (Vkgi—1, Zhgi—1) V) (W1)) (Zh41))

(3.35)
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must be convergent absolutely in the region |zgy| > |21] > -+ > |2zk] > |2] > |zpa| > -+ >

|Zk+l—1| >0 to
k+1-1

9(z1, o zka 2) (24 zi) " H (2 + zk41) Pzt (3.36)
i=1
So (3.35) is the expansion of the rational function (3.36) obtained by expanding the negative
powers of z+ 2, and z;+ 2z, fori =1, ... k+1—1 as power series of z and z;, respectively.
Thus (3.35) must be a power series in z and z; fori = 1,...,k+[—1 and must be absolutely
convergent to (3.36) in the larger region |zx4| > |2|, |21, - - -, [Zk4i—1] > 0 than |zg| > |2z1| >
e > ’Zkl > |Z’ > |Zk+1| > e > |Zk+l—1| > 0.

Since (3.35) is a power series in z and z; fori = 1,..., k+[—1 for all wy € Wy and wy € W
and all zj; satisfying |zx4i| > |2|, |21], - s |2kti—1] > 0and m, p;; (for 1 <i < j<k+1-1),
r, (fori=1,...;k+1—1), s (fori =1,...,k+1—1) are independent of w), € Wy and
wy € Wl,

ktl—1 k-1

I =z I & 1] =20
=1 =1

1<i<j<k+l—1
Yy, ) - YE (kg 21) YD, 2) Y (Uktns 2ig1) =+ Y (Vkt—1, 2ki—1) Vst (3.37)

is also a power series in z and z; fori = 1,..., k+I—1 with coefficients in H". Let ¢' € (HY)'.

Since the grading of (H")" is bounded from below and the d-commutator formula for Y%
holds,

(¢, Vi (v, 21) - Y (g, 20) YiE (9, 2) Yo (Okes, Zo41) -+ Yo (Oksi—15 Zhepi—1) Ukt (3.38)
has only finitely many positive power terms in z;. Thus

k+1-1 k+1-1

2 I =z I =0 1] =2
=1 i=1

1<i<g<k+I-1
AW, Y (o1, 21) - Yo (i, 26) Y (9, 2) Yo (Ot 2ig1) + - - Yo (Ukio 1, 21 0s) (3.39)

also has only finitely many positive power terms in z;. So (3.39) is a polynomial in z;.
Take the coeflicient of a fixed nonnegative powers of z; in (3.39). Since

k+1-1 k+l1-1

I =z I = 1] -2
=1 =1

1<i<j<k+l—1

is a polynomial in z1, this coefficient involves only finitely many terms in the Laurent series
Y (v, 21). Then this coefficient must be of the form

<¢/7 (Z fn(Zg, <y Rk4HI-1, Z)<YI-§)H(U1)> Yl-lll(rU?? 22) T Y;(Uk, Zk)'

n=ni

YRS, 2)Yy (Vs 2ig1) -+ - Yo (Ui, Zk+l1)vk+z>, (3.40)
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where ny < ny are integers and f, (29, ..., 2k4-1,2) for n = ny,...,ny are polynomials in
29, Zeyi-1, 2. Since the grading of (H”) is bounded from below, the d-commutator for-
mula for Y holds and f,, (2, ..., 2r1-1, 2) for n = ny, ..., ny are polynomials in 2y, . . ., 25111, 2,
(3.40) has only finitely many positive power terms in z,. Since (3.40) as a coefficient of a fixed
nonnegative powers of z; in the power series (3.39) must be a power series zs, ..., 2k 1, 2,
it must be a polynomial in zs.

Since the coefficient of every fixed nonnegative powers of z; in (3.39) is a polynomial in
29 and since (3.39) is a polynomial in zq, (3.39) is also a polynomial in zs.

Repeating these steps, we see that (3.39) is in fact a polynomial h(zy, ..., 2x4—1,2) in
z and z for ¢ = 1,...,k +1— 1. Note that the form of the series (3.38) is the same as
the form of the Laurent series expansion in the region |z;| > -+ > |zx| > |z] > zp4q| >
+» > |zgr—1| > 0 of a rational function in z and z; for i = 1,...,k + 1 — 1 with the only
possible poles z,2; =0 (fori =1,....k+1—1), zs =2 (for 1 <i<j<k+1—-1) and
z =z (fori=1,...,k+1—1). Thus (3.38) must be absolutely convergent in the region
|z1] > -+ > |zk] > |2] > zkg1| > o > |2rp-1] > 0 to

h(Z], <oy Rl Z)
k4+1-1 k+1-1

I =z I =0 1] -2
=1 =1

1<i<j<k+i—1

Thus the rationality is proved.

The pole-order condition follows immediately from the facts that (3.37) is an element of
HM[[z1,..., 2kp1-1,2]] and that m, p;;, 74, s; € N depend only on the pairs (vgys, @), (vi,v;),
(vi, Vka1), (i, @), respectively.

5. The associativity: We prove only the associativity of Y%. The associativity of Y% and
the associativity of Y/ and Y/ can be proved similarly and are omitted. Take k =2, 1 =1,
v3 = 1 and z = 0 in (3.16). Then we have proved above that for w), € Wj, vy,v5 € V,
w € Wl, (Z) € HN

(wa, Yo, (v1, 21 + 23) Yo, (02, 22 + 23) (9(w1)) (23))

is absolutely convergent in the region |2z; + 23| > |29 + 23| > |23] > 0 to a rational function

R((wh, Yi, (v1, 21 + 23)Yiw, (v, 22 + 23)(d(w1))(23))) (3.41)

in 21, 29, z3 with the only possible poles z;+23 = 0, 29+23 = 0, 23 = 0 and z; = 2z5. Moreover,
we have proved above that

(wh, (Y (v1, 21) Y (v2, 22)9) (wr)) (23))

is also absolutely convergent in the region |z3| > |z1| > |22| > 0 to (3.41). In particular, we
have

R((wy, Yiw, (v1, 21 + 23)Yiw, (v2, 22 + 23) (d(w1))(23)))
= R((wh, (Vi (v1, 21) Y (0, 22)8) (wn))(23))).- (3.42)
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On the other hand, by the associativity of Yy,, we have

R((wh, Yiw, (v1, 21 + 23)Yiw, (v, 22 + 23)(d(w1))(23)))
= R({w, Y, (Yv(v1, 21 — 22)v2, 22 + 23) (p(w1))(23)))- (3.43)

Using the homogeneous basis {e 1 Jaez, pem, of V and the subset {( (o) Yaez, pem, of V'
as above and then using (3.10), the right-hand side of (3.43) can be expanded as the series

DD R{wh, Yiny (e, 22 + 28)(d(wi)) (25))) () Yir (01, 21 — 22)00)

= Z Z (wh, (Y (el 22)0) (w1)) (23)) ((e()s Yy (01, 21 — 2z2)v3). (3.44)

in the region |29 + 23] > |21 — 22| > 0. But the right-hand side of (3.44) is absolutely
convergent in the region |2z3| > |21 — 22| > 0 to the rational function

R({wh, (Vi (Yv(v1, 21 = 22)v2, 22)9) (wn) ) (23)). (3.45)
Using the calculation from (3.42)—(3.45), we obtain
R({wh, (Y (01, 21) Yy (v2, 22)8) (w1)) (23)))
= R((wh, (Y (Yv (v, 21 — 22)va, 22)) (wn))(23)))- (3.46)

Taking k =2,1 =1, v3 =1 and z = 0 in (3.15), we see that for pjo > p1o, 71 > 1 and
T =T
(21 = 22)P227 252 (wh, (Vi (v1, 20) Yy (v, 22)0) (wn))(23)) (3.47)

is absolutely convergent in the region |23 > |z, |22| > 0 to the rational function

9(217 29, Z3)
3.48
23773 (21 + 23)P1L (2 — 23)P2 (3.48)
where §(z1, 22, 23) is a polynomial in z1, 29, 23. {From (3.46), we also see that
(21 = 20)"227 252 (wh, (Vi (Yy (01, 21 — 22)09, 20)90) (wn)) (23)) (3.49)

must be absolutely convergent in the region |z3] > |22] > |21 — 22| > 0 to (3.48). Since
there is no negative power term in (3.48), (3.49) is in fact absolutely convergent in the larger
region |z3| > |21 = 20 + (21 — 22)|, |22| > 0 than |z3| > |22| > |21 — 22| > 0.

We have proved that (3.47) is the expansion of (3.48) by expanding the negative powers of
21+ 23 and 23 + 23 as power series of z; and zy, respectively. We have also proved that (3.49)
is the expansion of (3.48) by expanding the negative powers of z1 + 23 and 25 + z3 as as power
series of z; and zo, respectively, and then expanding positive powers of z; = z5 + (21 — 22)
using the binomial expansion as polynomials in 25 and z; — 25. Thus as a power series in 2y
and z; — 29, (3.49) can be obtained by expanding the positive powers of z; = 2o + (21 — 22)
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in the series (3.47) using the binomial expansion as polynomials in zo and z; — z5. By the
composability, pi2, 71 and 7y are independent of wj, w; and z3. Hence

(21 — 20)P2 2] 252 Y (01, 20) Y (Vo) 20) (3.50)
is a power series in z; and 2z and
(21 — 22)P2 2 22 Y (Vi (v1, 21 — 20) 02, 22) (3.51)

is a power series in zo and z; — z5. Moreover, (3.51) can also be obtained from (3.50) by
expanding positive powers of z; = zo + (21 — 22) using the binomial expansion as polynomials
in 2o and 2; — 2. Let ¢’ € (HY)'. Then the same is also true for

(21 = zo)"227 252(¢, Yig (v1, 21) Yig (02, 22) ) (3.52)

and

(21 = 2z2)"227 252(¢, Yy (Yv (01, 21 — 22)v2, 22) ). (3.53)
But as a special case of the rationality proved above, (3.52) is a polynomial h(z,29) in z
and zo. So (3.53) must be a polynomial in z5 and z; — 2 obtained from (3.52) by expanding
the positive powers of z; = 25 + (27 — 22) using the binomial expansion as polynomials in 2,
and z; — z5. Thus

R((¢', Yy (Yy (v1, 21 — 22)v2, 22)9))
_ ]’L(Zh 2’2)
(21 — zp)P227" 297

= R(<gb,7 Y;(vl, Zl)Y]_I[‘(UQa 22)¢>

This is the associativity of Y.

6. The D-derivative property and the D-commutator formula: We prove only the D-
derivative property and D-commutator formula for Y. The proof of these properties of
Y/ are similar and are omitted. Calculating the derivatives and using (3.11) and the defini-
tion of Dy, we obtain

(o () ) )
= o R, (Y6, 2)0)(w1)) z2)
— iR(WQ, &Y, (v, z0)wr) (21 + 22)))

_ (O%R«w;, oY (v z2>w1><zo>>>>

= R((w, (Du o) (Y, (v, 22)w1)) (21 + 22)))
= R((wy, (Vi (Du o, 21)v)(w1))(22))) (3.54)
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for w), € W3 and w; € W;. Thus we obtain the D-derivative property

d
Ao YI-]I%(¢7 Zl)” = YI?(DH¢7 21>U'
1

Using the equality that the left-hand side of (3.54) is equal to the fourth line in (3.54),
we obtain

(o (o) ) )

~ (5 At oo (0 2)u) )

8 , z0=z11+z22 | a
= 8—223«’6027 ¢(YW1 (U, 22)w1)<21 + Z2)>) - R (<w2, (b <a_ZQYW1 (U, Zz)wl) <Z1 + 22)>>
— %R((wé, (YE(p, 21)v) (w1))(22))) — R({(wh, ¢(Yiw, (Dyv, 20)w1 ) (21 + 22)))

= R((wy, (DY (6, 21)v)(w1))(22))) — R((wh, (Y (¢, 21) Dyv)(w1))(22)))

for w), € W3 and w; € Wy. Thus we obtain the D-commutator formula for Y;%:

d
JY}?(Q 21)v = DY (¢, 21)v — YE(b, 21) Dy,
1
All the axioms have been verified and thus the theorem is proved. |

For S ¢ HY, let H™% be the V-subbimodule of HY generated by S.

4 A 1l-cocycle constructed from a left V-module and a
left V-submodule

In this section, given a left V-module W and a left V-submodule W5 of W and assuming
a composability condition, we construct a 1-cocycle in CL (V, HMF()) where N is a lower
bound of the weights of the elements of V', F/(V) is the image of a suitable linear map F
from V to HY, HV is the V-bimodule constructed in the preceding section and H®™-F(V)) ig
the V-subbimodule of HY generated by F(V). In fact F(V) is independent of N. Thus we
shall denote H™-F(V) simply by HF(V).

Let W be a left V-module and W5 a V-submodule of W. Let W; be a graded subspace
of W such that as a graded vector space, we have

W == W1 EB WQ.
Then we can also embed W{ and W into W’ and we have
W'=Ww e W,.
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Let my, : W — Wi and 7y, : W — W5 be the projections given by this graded space
decomposition of of W. For simplicity, we shall use the same notations 7y, and my, to
denote their natural extensions to operators on W, and W, respectively. By definition, we
have 8% —|—7TW2 = 1w, Tw, OTWw, = Ty TWy O Ty = Ty, T, O T, = T, © Ty, = 0.

Since Wy is a submodule of W, we have 7y, oYy o(1y ®mw, ) = Yiv,, Dw, = mw,0 Dy omy,
and dy, = mw, o dw o my,. We also have 7y, o Yiy o (1y ® my,) = 0.

Let Y, = mw, o Y o (1y ® mw,), Dw, = 7w, © Dy o my, and dy, = mw, o dw o myy,
which is equal to the operator giving the grading on W;. As we have done above, we use
the same notations Dy, and dyy, to denote their natural extensions to W,. We also use the
same convention for notations for extensions of operators on W and Wj.

Proposition 4.1 The graded vector space Wy equipped with the vertex operator map Yy,
and the operator Dy, is a left V-module.

Proof. The axioms for the grading and the identity property are obvious.
Forv eV,

d d
EYWI (U, Z) = Tw, (EYW(U’ Z)) W,
= mw, Yw (Dyv, 2)) T,
= YWl(DVv,z). (41)

Also using (4.1), we have
d

EYM (v, 2) = mw, Yw (Dyv, 2)mw,

= 7TW1DWYW('Ua Z)?TWl — 7TW1YW<U, Z)Dwﬂ'wl

= mw, Dwmw, Yw (v, 2)mw, + 7w, Dwmw, Yw (v, 2) 7w,
— 7w, Yw (v, 2)mw, Dwmw, — 7w, Y (v, 2)mw, Dwmw,
= Dw, Y, (v, 2) + mw, Dwmw, Y (v, 2)mw,
— Yw, (v, 2) Dw, — mw, Y (v, 2)mw, Dwmw, - (4.2)
Since Wy is a V-submodule of W, 7w, Dwmw, = 7w, Dw,mw, = 0. Again since W is a
V-submodule of W, mw, Y (v, 2)mw, = mw, Y, (v, 2)mw, = 0. So the right-hand side of (4.2)

is equal to
DW1YW1 (U, Z) — YW1 (U, Z)DW1 .

Thus both the D-derivative property and the D-commutator formula hold.
For v,vy,...,u, € V, w] € W] and wy, € Wy, using the properties of mw,, mw,, Yw,, Y,
given above, we have

(Wi, Y, (v, 21) - - - Y, (0, 2)wr) = (wy, Yiv (i, 21) - - - Yir (vg, 2)wn). (4.3)
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Since the right-hand side of (4.3) is absolutely convergent in the region |z;| > -+ > |z > 0
to a rational function in zi,..., 2; with the only possible poles z; = 0 for i = 1,...,k and
2 = z; for 1 <17 < j <k, so is the left-hand side. This proves the rationality.

For v,v;,v9 € V, w) € W] and w; € Wy, using the properties of mw,, mw,, Yw,, Yw,
again and the associativity for Yy, we obtain

(wi, Y, (v1, 21)Yw, (va, 22)wy)
= (wy, Yw (v1, 21)Yiv (va, 22)w1)
= (w}, Y (Y (v1, 21 — 29)v2, 29)wy)
= (wh, Yw, Yy (v1, 21 — 22)v9, 220)wn), (4.4)

proving the associativity for Yy, . [

Remark 4.2 Note that although W; is a graded subspace of W, (W7, Yy,) is not a sub-
module of W since the vertex operator Yy, is not the restriction of the vertex operator Yy
toV X Wl.

We now have two left V-modules W; and W5. From Theorem 3.4, for N € Z, we have a

—

V-bimodule H" C Hom (W7, (W2),).
We need the following assumption (called composability condition) on the map 7y, o Yy o
(1V ® 7TW1 )2

Assumption 4.3 (Composability condition) For v,vy,...,v.y € V, w) € WJ and
w1y € W17

(wh, Y, (v1, 21) -+ - Yiw, (Uk, 2) 7w, Yo (v, 2) o Yo (Vkg1, Zhr1) « - - Yo (Oki-1, 2e)wi) - (4.5)

is absolutely convergent in the region |z1| > -« |zi| > |2| > |zks1| > -+ > |zea| > 0 to a
rational function in z1, ..., 2g1;, 2 with the only possible poles z; = 0 fori = 1,...k +1,
2=0,z=zfor1<i<j<k+landz =z fori=1,...,k+1. Moreover, the orders
of the poles z; = z fori =1,...,k+1 and z; = z; fori,5 =1,...,k+1, ¢ # j are bounded
above by nonnegative integers depending only on the pairs (v;,v) and (v;,v;), respectively,
and there exists N € 7 such that when (4.5) is expanded as a Laurent series in the region

|Zk+l| > |Zz — Zk—i—l' > e > |Zk — Zk+l| > |Z — Zk—f—ll > |Zk+1| > e > |Zk+l—1 — Zk+l| > 0 as
a Laurent series in z; — 2 fori=1,....k+1—1 and z — zxy; with Laurent polynomials
n 2y as coefficients, the total degree of each monomial in z; — zgyy fori=1,... k+1—1

and z — ziy; 1n the expansion is larger than or equal to N — Zf:ll wt v; + wt v.

We now assume that my, o Yy o (1y ® myy, ) satisfies the composability condition. For

o

veV,let F(v) € Hom(Wy, (Ws),) be given by
((F()(w1))(2) = 7w, Yiw (v, 2)mw, w1

—

for w; € Wi. Thus we obtain a linear map F' : V' — Hom(W7, (W3),).
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Proposition 4.4 For N € Z such that wt v > N for any homogeneous v € V, the image of
F is in fact in HY and is thus a map from V to HY. Moreover, F preserve the gradings.

Proof. The D-derivative property of F'(v) follows from the D-derivative property of Yy and
the relations between Dyy,, Dy, and Dy .
Let v € V be homogeneous. For a € C* and w; € Wh,

a2 ((F(v))(wi))(2) = a2, Yiv (v, 2)mw, wy
= Yo (a®V v, 2)my, a1 w,
= a" "((F(v))(a™1wn))(2),

proving the d-conjugation property of F'(v) and wt F(v) = wt v.
For k,l € N and vy,..., v € V, wy € Wy and w), € Wy, by the definition of F'(v), we
have

(wy, Y, (v1, 21) - - - Yo, (Vg 20) (F () (Yo (kg1 2011) = Yoy (Vi 15 2hp1-1)w01)) (2))

= (wy, Y, (v1, 21) - - - Yy (Vk, 26) 7w, Y (0, 2) 0w, Y, (Vks1s Ze41) © - Y, (U115 Zkpi—1) . 01)
(4.6)

Then by Assumption 4.3, the composability for F'(v) holds.

Also by Assumption 4.3, the sum of the orders of the possible poles z; = z for i =
1,...,k+land z; = z; for i,j = 1,...,k + 1, © # j of the rational function that the right-
hand side of (4.6) converges to is less than or equal to f:ll wt v; + wt v — N. By (4.6) and
the fact wt F'(v) = wt v, we see that the N-weight-degree condition for F'(v) holds. |

Proposition 4.4 says in particular that F'(V') is independent of such lower bound N of
the weights of V. Thus we shall denote H™F() simply by H*(V). Now we construct a
l-cochain ¥ € C (V, HF)). Since

Coo(V, B ™) € Hom(V, (HFM),),
to avoid confusion with the variable in H*(V) ¢ Hom(W, (T/V?)Z), we use different notations
to denote these variables. For example, we might use z; and 25 to denote the variables in

—

Hom (Wi, (W5), ) and Hom(V, (HF())_ ), respectively. For v € V', w; € Wy and wh € W,

Z1 z2

(wy, (€77 F(v))(w1))(z1)) = (ws, (F(v))(wr))(21 + 22))

- <w/27 WWQYW(,UJ 21 + ZQ)U)1>

in the region |z1| > |z|. Let E(e®2PrF(v)) € (HFWV))

zZ

, be defined by

(ws, (E(e=P F(v)))(wi))(21)) = (wh, w, Yiv (v, 21 + 22)w1)

veV,w € Wy and w), € W3 in the region z; + 29 # 0.
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We define
(W(v))(22) = E(e*P1 F(v)).

More explicitly, for v € V, wy € Wy and wjy € W3,
(wy, (Y (v))(22)) (w1))(21)) = (wh, Tw, Yo (v, 21 + 22)wn). (4.7)

in the region 2; + 2, # 0. In the region |z;| > |2/, the series e*P# F(v) is convergent
absolutely to W(v). We shall also use e*2P% F(v) to denote (¥(v))(22) in the region |21 > |2|.
By definition, ¥(v) € (HF())_ and thus ¥ € Hom(V, (HF())_).

22
Theorem 4.5 U € kerd', ¢ CL (V, HFM).

Proof. We first prove that ¥ e CL (V, HF()). We need to prove that ¥ satisfies the D-
derivative property and the d-conjugation property and is composable with any number of
vertex operators.

For v € V, wy; € Wy, in the region |z1| > |23],

((s2twent: >)< 0)
T(ma)s

ZZDHDHF( ))(w1))(21)
((F(v))(wl))(zl)

= e 2321

821

o)
o
— 7292

. T Y (v, 21) T w1
1

=e° 2557 Tw, Y (Dy v, 21) 7w, wq
)

= 55 ((F(Dyv)) (w)) (1)
= (((e™P" F(Dyv)))(w

1))(z1)
= (¥ (Dv))(22))(w1))

)
(21).
Thus we obtain

7 (Y(0))(22) = (¥(Dyv))(z2).
Also

Dy(8(0))(22) = DigB(e™P" Flv)
— B E)

0
= a—@(‘l’(v))(@)
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for v € V. Thus we also obtain

0

0z

(W())(22) = D (P (v))(22).

So W satisfies the D-derivative property.
Fora e C* and v € V,
a (T (v))(22) = " E(e*P" F(v))
622adHDHa_dH (ldHF(U>)
e¥?2Pn p(gdvy))

= (U(a®v))(az).

:E(

This proves the d-conjugation property.

Finally, we prove that ¥ is composable with any number of vertex operators. In fact, we
shall prove below that 3;0\11 = 0. This proof needs only the property that ¥ is composable
with one vertex operator. By Theorem 2.11, (¥(-))(0) is in fact a derivation from V' to W.
Using the property of derivations, it is easy to see that if ¥ is composable with one vertex
operator, then W is composable with any number of vertex operators. In particular, we need
only verify that ¥ is composable with one vertex operator. But here we give a direct and
explicit proof of the property that ¥ is composable with any number of vertex operators to
demonstrate how such a property can be proved without the property 3;0\11 =0.

For vy,..., Vkqi4m €V, w1 € Wy and w) € Wy, as a Laurent series in 2y, ..., 2k, 2k+1 —

C7 sy Rkl T <7 g - C? C? Zk+I415 - -+ 5 Rk+14+m) and 7,

(wh, (Vi (01, 21) -+ Yig (vgs 28)-
YU (Y (g1, 2ka1 — &)+ Yo (Ut 20 — 1)) (€ =€), Q)
) YV(’UkHH, Zk+l+1) T YV(UkHera Zk+z+m)1)(w1))(77)>
= (ws, ((Ylg(vlyzl) : "Yfg(vk,zk)‘
) YR(e(&ODHF(YV(UkHv Zer1 — &) - Yy (Urgr, 2o — §)1),€)-
Yy (Ui 1s Zii1) © 0 Yy (Okiems 2h+i40m) 1) (w01)) (1))

- <U}é7 ((Yfff(Ulu Zl) e Yé(vku Zk)'
Y R(F(Yy (Uhg1s 2ka1 = &) -+ Yo (U 20t — E)1), ¢+ (€ = €))-
Yy (Ut Zhie1) © 0 Y (Ukibms Ziem) 1) (w1)) (7)) (4.8)
where in the right-hand side of (4.8), the negative powers of and ¢+ (§ —() = £ are expanded

as power series in & — (.
Let {e&w)}q@’ pem, be the homogeneous basis of V' and {(egw))'}qez pen, the subset of

V'’ as above. Let {egi\)}qez, e, be the homogeneous basis of Wy and {(e&/\))’}qez, en, the
subset of W as above. Using the basis {e(,,, }eez, nenr, and the set {(e(,. ) }eez, pen,, we
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see that the series in the right-hand side of (4.8) without expanding the negative powers of
and £ = ( 4 (£ — () as power series in £ — ( is equal to

DD (wh (Vi (o z0) - Y (g, 20) YR (F (efg), €):

4€Z peM,
YV Ukttt 2h4141) YV (Uit 2h414m) 1) (w1)) (1))
(€)' Yv (Oks, zo1 — &) -+ Yo (0pt, 2o — E)1). (4.9)
By Proposition 3.3, in the region |n| > |z1| > -+ > |zi| > [&] > 21| > |-+ > |2ksiomls

lz14+n] > >z + 0| > [+ > |21 + 0] > - > |2Zkeiem + 1| > 0, the series (4.9) is
equal to

Z Z (wh, Yiw, (v1, 21 +0) -+ Yo, (0k, 21 + 1)

qEZ peMy
: ((F(ezg;,u,))>(YWl (Vktit1, Zhrier + 1) Y, (Vi Zhtiem + n)wi)) (€ + 1))
(e Yv (Vrs1, zhp1 — &) -+ Yo (ks 2ot — )1)
= Z Z <w/27 Yw, (Ulv z1+ 7]) Yy (U/m 2+ U)WWQYW@E;“)@ + 77)'

q€Z peM,
“Yw, (Vrta1, e + 1) - Yw, (Vktioms Zeptpm + 0)wn)
() Yo (Vhs1s 2k1 — €)== Yo (0rgs, 2540 — €)1)
= Z Z (wy, Yiv, (01, 21 + 1) - Y, (vr, 21 + 77)6&2/\)>-

qEZ NNy
: <(€<V§?A>)'7 e Y (Yv (Vkg 1, 2ke1 — &) - Yy (Vg 2k — §) 1,6+ 1)-
Yw, (Vkas1s Zhaie1 + 1) - Yy (Vkgipms 2ktiem + 1)w1). (4.10)

Using the associativity of Yy and the properties of 7y, and myy,, the series in the right-hand
side of (4.10) is equal to

Z Z <wé7 YW2 (1)17 Z1 + 77) <. YW2 ('Uk, 2k + 77)621/;2)\)>'
qEZ Nelq

: ((QZQA)% T, Yw (Vkt1s 2k + 1) - Yw (Vkegts 2 + 1)

- Yw, (Uk+z+1, Zkti+1 77) <Y, (Uk+z+m, Zk+i+m + 77)“’1>
= <w/27 YWQ(U17 z1 + 77) o 'YW2(U/€7 2k + 77)'

Ty Yw (Vg1 Zhgr + 1) - Y (Vkgts 2o +1)-

Y, (kg1 Zorisr + 1) - Y, (Vkigems Zetiem + 1)w1)
k+1

= Z (wh, Yw, (v1, 21 + 1) -+ Yo, (0k, 21 + 1)
i=k+1

“Yw, (U1, k1 + 1) - Y (Vie1, zim1 +1)-
: 7TW2YW (Uia Zi + n)ﬂ-Wl YW1 (U’i+17 zi+1 + ?7) e YW1 (Uk+l7 Zk+l + 77)
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“Yw, (Vkrir1s Zesin 1) Yy (Vketoms Zrtiem + 1m)wi)
k+l4+m
/
+ Z <w27 YW2<Ulv z21+ 77) Y YW2(U/€7 2+ 77)'
i=k-+1+1
Yw, (Vkt1s 21 + 1) - Yy (Vrgt, 2kt + 1)
Yw (Vktis1s Zhrie1 + 1) - Y (vie1, 2io1 +1)-

T, Yy (Vi 2+ 0)mwn Y, (Vien, 2in + 1) - Yur (Uksiems Zhtiem +n)wr)  (4.11)

in the region |zxy1 + 1 > -+ > |z + 0| > [+ 0] > |z — & > - > [z — €] By
Assumption 4.3, each term in the right-hand side of (4.11) is absolutely convergent in the
region |z;+n| > -+ > |zg+n| > 0 to arational function in z;+n fori = 1,..., k+I+m with
the only possible poles z;+n = Ofori =1,..., k+l4+m, z; = z; fori,j = 1,..., k+l+m,i # j.
Moreover, there exist p;; € N for 4,5 =1,...,k 4+ [+ m, ¢ # j depending only on the pairs
(v;,v;), respectively such that the orders of the poles z; = z; for i, =1,... ,k+1+m, i # j
of this rational function are less than or equal to p;; € N. From (4.8)—(4.11) and the form of
the Laurent series in the left-hand side of (4.8) , we see that the left-hand side of (4.8) must
be absolutely convergent in the region |n| > |z1| > -+ > |zk| > |2kl - -+ [2esil [ Zhrig1| >
e > |Zk+l+m’ > 0, |Zk+1 — §| > e > ’2k+l — §| and |(:| > |Zk+1 — €|, cee |2k+l| — <| to the
same rational function. Hence

T Gi— 2P (wh, (Vi (o, 20) - - Vi 0k, 20):

1<i<j<k+l+m

. YR((‘II(Yv(Uk+1, Zk+1 — 6) e YV(Uk+l7 Rk41l — 5)1))(6 - g)a C)

Yy (Urgis1s Zrtir1) - YV (Uktgms Zhriem) 1) (1)) (1)) (4.12)
must be a power series in z; for i = 1,...,k + 1. Since p;; for ¢,7 =1,...,k+ 1, i # j are

independent of w, € Wy, w) € W and ¢,

[T G2 (Vir(on,2) - Vi (vr, 2)-

1<i<j<k+l+m
YWYy (k1 20010 =€) - Yo (0t 2e00 — ) 1))(€ =€), €)-
YV (Vi 2h4i41) YV (Ukttms Zti4m) 1
is also a power series in z; fort=1,..., k+ L.

Let b/ € (HFM)Y. Then using the same argument in the proof of Theorem 3.4,

[T ()P (Vo) Yo ),

1<i<j<k+l+m

) YR((‘I’(YV(WH, Zk+1 — 5) T YV(UkH, k41l — 5)1))(5 - C), C)'
Yy (Ukttr1, Zeie1) - YV (Ukgipms Zhgtem)1)
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is a polynomial h(zy,...,254) in z; for i =1,... k+ 1+ m. Thus

<h/7(YBIIJ(rU17 21) o 'Ylg(vkv zk)

YR (Y (Vkt1, 21 — ) -+ Yo (U, 2y — 1)) (€= (), ()
Yv (Vkgig1, Zrgier) - YV (Ukgidms Zhgiam) 1)

is absolutely convergent in the region |z1| > -+ > |zx| > |zpsal, - 2ol |Zhpiga| > - >
|Zkt10m] > 0, |zpe1 — & > -+ > |z — €] and [C| > |zk41 — €l - - -, |26] — €] to the rational
function
h(’217"'7zk+l> . . <413)
I =z
1<i<j<k+l

Moreover, the orders of the possible poles z; = z; for 7,5 = 1,...,k + 1, @ # j are less than
or equal to p;; which depend only on the pairs (v;,v;), respectively. This proves that U is
composable with £ 4 [ vertex operators.

Now we prove Séolll = 0. Let v1,v2 € V, wy € Wy and w), € Wj. Using the properties of
TW1s TWas YW17 YWQ, we obtain

(wé, YW(U1, Z1>YW(U27 22)w1>

= <w'2, WWQYW(Ul, Zl)WWIYWl (Uz, ZQ)’LU1> + <w'2, YW2 (Ul, Zl)WWQYW(’Ug, Z2)’/TW1U}1> (414)

and

(wy, Yiv (Y (v, 21 — 20)vg, 20)w1) = (way, Tw, Y (Yv (v1, 21 — 22)v2, 22) T, w1 ). (4.15)

By the rationality for Yy, the left-hand sides of (4.14) and (4.15) are absolutely convergent
in the region |z;| > |z2| > 0 and |z2| > |21 — 22| > 0, respectively, to a common rational
function in z1, 2o with the only possible poles 21,29 = 0 and z; = 2. In particular, the
right-hand side of (4.15) is absolutely convergent in the region |z > |z; — 22| > 0 to the
same rational function that the the left-hand sides of (4.15) converges to. On the other
hand, by Assumption 4.3, both terms in the right-hand side of (4.14) are also absolutely
convergent in the region |z;| > |23 > 0 to a rational function in 2, zo with the only possible
poles z1, 20 = 0 and 21 = z5. By the associativity of Yy, (4.14) and (4.15) , we obtain

<'LU;, WWQYW (U17 ZI)WW1YW1 (U27 ZQ)’UJl) + <wé7 YWQ (Ulv Zl)WW2YW<U2, 22)7TW1w1>

= <w1277rW2YW(YV<U1a 21— Zz)Uz, 22)7TW1U11>
in the region |z1| > |22| > |21 — 22| > 0 or, equivalently,

R({wy, T, Yiw (01, 21) 7w, Yiw (2, 22)w1)) + R((ws, Y, (v1, 21) T, Yo (v2, 22) T wi))
= R(<w/2, WWQYW(Y\/(’Uh 21 — ZQ)UQ, ZQ)7TW1U)1>). (416)
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Replacing z; and 2, in (4.16) by 21 + 23 and 29 + z3, we obtain

R((wh, T, Yw (v1, 21 + 23) 7w, Y, (v2, 22 + 23)w1))
+ R((wh, Yo, (v1, 21 + 23) 7w, Y (2, 22 + 23) T, w1))
= R((w;, WWQYW(Yv(Ul, Z1 — 22)1}2, 29 + 23)7TW11U1>). (417)

By (4.7) and (3.11), the first term of the left-hand side of (4.17) is equal to

R((ws, ((v1))(20)) (Yw, (2, 22 + 23)w1))(23)))
= R({wy, (Vi ((01))(21), —22)v2) (w1)) (22 + 23)))
= R((wy, (e 7Y ((P(v1))(21), —22)v2) (w1)) (23)))- (4.18)

By (4.7) and (3.10), the second term of the left-hand side of (4.16) is equal to

R((wh, Yiw, (v1, 21 + 23) (W (v2))(22)) (w1))(23)))

w

NS NS

w

= R((wy, (Vi (v1, 20) (¥ (v2))(22)) (w1)) (25)))- (4.19)
By (4.7) and (3.10), the right-hand side of (4.16) is equal to
R((wy, (W (Yv(v1, 21 = 22)v2))(22)) (wn))(23))- (4.20)

Using (4.18)-(4.20) and the definition of 6, we see that (4.16) becomes

R({w), (((05,9) (01 ® v2)) (21, 22)) (wn) (23))) = 0

for vy, vy € V, w; € Wi and wh, € WJ. Thus we obtain SiO\If =0. ]

5 The main theorem

In this section, we formulate and prove our main result on complete reducibility of modules
of finite length for a meromorphic open-strong vertex algebra V.

Let W be a left V-module. Assume that W is not irreducible. Then there exists a proper
nonzero left V-submodule W5 of W. We say that the pair (W, Ws) satisfies the composability
condition if there exists a graded subspace W; of W such that W = W; @& W, as a graded
vector space such that my, o Yy o (1y ® my, ) satisfies Assumption 4.3. If for every proper
nonzero left V-submodule Wy of W, the pair (W, W) satisfies the composability condition,
we say that W satisfies the composability condition.

Proposition 5.1 Let W be a completely reducible left V-module. Then W satisfies the
composability condition.
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Proof. Let Wy be a left V-submodule of W. Since W is completely reducible, there is a
left V-submodule W; of W such that W as a left V-module is the direct sum of the left
V-modules W and W5. Then 7y, and 7y, are module maps. Thus 7y, o Yy o (1y ® mwy,)
satisfies Assumption 4.3. |

Now let W be a left VV-module which is not irreducible and W5 a proper nonzero left V-
submodule Wy of W. Assuming that the pair (W, W) satisfies the composability condition.
Then there exists a graded subspace W; of W such that as a graded vector space, W is the
direct sum of W; and Wy and my, o Yy o (1y ® 7y, ) satisfies Assumption 4.3. By Theorem
3.4, Proposition 4.4 and Theorem 4.5, there exist a left V-module structure on Wy, a V-

—

bimodule HY C Hom(W;, (W), ) for a lower bound N of V, a grading preserving linear

map F: V — HY and ¥ € kerél, ¢ CL(V, H*V)), where H*(V) is the V-subbimodule of
HY generated by F(V).

Theorem 5.2 Let W, Wy, Wy and H¥Y) be as above. If I:I;O(V, HFV)) = 0, then there
exists another left V-submodule Wy of W such that W is the direct sum of the left V-
submodules W1 and Ws.

Proof. Since Eggo(v, HFY)) =0, ¥ must be a coboundary. By definition, there exists a
0-cochain ® € C (V, H) such that ¥ = 02 ®. Note that such a 0-cochain @ is an element of

H[g](v) such that Dy® = 0 and, in particular, ((6°%®)(v))(2) is an H¥V)-valued holomorphic

function on C. Thus the equality ¥ = 6% & gives
(U(v))(22) = Y (v, 20)® — e2PHYE (D, —25)0. (5.1)

Applying both sides of (5.1) to wy € Wi, evaluating at z;, pairing with w’ € W’ and using
(4.7), we obtain in the region |z;| > |23] > 0,

<w/, 7TI/VQYI/V(U, Z1+ 22)w1>

= (W', (Vi (v, 22)®)(w1))(21)) — (W', ((e*P7Y5 (@, —z2)v)(wr))(z1)).  (5.2)
We now define a linear map n : Wy — W by
(W) = wy = Tt w, (P(wr))(1)

for homogeneous w; € Wi. Let Wl = n(W;). We show that ,val is in fact a left V-submodule
of W.

We first consider w; — (®(w1))(z1) € W. Applying Yy (v, 21+ 22) to this element and pair-
ing the result with w’ € W’ taking the rational function that the resulting series converges
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to, using (5.2) and then using (3.10) and (3.11), we obtain

R((w', Yiw (v, 21 + 22) (w1 — (®(w1))(21))))
= R((w', (mw, Y (v, 21 + 22)w1 + 7y, Y (v, 21 + 22)w1 — Yig, (v, 21 + 22)(®(w1))(21))))
= R((w, (Y, (v, 21 + z0)w1 + (Y (v, 22) @) (w1)) (1)
—((e2PHY (D, —29)v) (w1)) (21) — YWQ(U 71+ 22)(P(w1))(21))))
R((w', (Yw, (v, 21 + z0)wr — (e2PHY (@, —25)v) (w1)(21))))
R({(w', Yoy, (v, 21 + 20)w; — (YZ(®, —ZQ)U)( 1)(z1 + 29)
R((w', (Y, (v, 21 + 22)w; — (2(Yiy, (v, 21 + 22)w1))(21))

)
)

)
)
)
))- (5:3)

Since Dy® = 0, YH(®, —2;)v is independent of 2o and hence 2z, = 0 is not a pole of the
rational function (5.3). Replacing 23 + 29 by 2z in the two sides of (5.3), we obtain

R((w', Yw (v, 2)(wr = (®(w1))(21)))) = R((w', (Yiw, (v, 2)wr = (2 (Yiw, (v, 2)wn))(20))))- (5.4)

Since z = 0 is not a pole of the rational function (5.3), z = z; is not a pole of (5.4). Thus
the only poles of the rational function (5.4) are z = 0 and z; = 0. So (5.4) must be a Lau-
rent polynomial in z and z;. Since (v, (Yiy (v, 2)(w1 — ®(wq)(21)))) and (W', (Y, (v, 2)w; —
(®(Yw, (v, 2)wy))(21))) are Laurent series in z and z; and are convergent absolutely to a Lau-
rent polynomial in z and z;, these series must be Laurent polynomials in z and z; themselves
and are equal to the Laurent polynomial (5.4). Thus we obtain

(W', Y (v, 2) (wr = ((w1))(21)))) = (W', Vv, (v, 2)wr = (@ (Yiw, (v, 2)w1))(21)))  (5.5)

in the region z,z; # 0. Subtracting the Laurent polynomial (w’, Yy, (v, 2)w;y) from both
sides of (5.5), using
Y (v, 2)wy = Yy, (v, 2)wy + T, Y (v, 2)wn

and multiplying the resulting equality by —1, we obtain
— (W', mw, Yw (v, 2)wn) + (W', Yiv (v, 2)(@(w1)) (1)) = (w', (@(Yw, (v, 2)w1))(z1))  (5.6)

in the region z, z; # 0. Moving the first term in the left-hand side of (5.6) to the tight-hand
side and then taking the coefficients of 27"~! of both sides of (5.6), we obtain

(W', (Y )n(0)(@(w1))(21)) = (', (D((Ywy)n(0)w1))(21)) + (W' (Y ) (0)wr) — (5.7)

Since w’ is arbitrary, we obtain

(Yw)n(0)(@(w1)) (21) = (P((Yiny Jn(0)w1)) (21) + Tow, (Yo ) (0) 01, (5.8)

Applying the projection Tyt y—n—1+wt w, t0 both sides of (5.8) and taking z; = 1, we have

Tt vn—1twt wy (YW )n(0)(P(w1))(1)
= Tt vn—14wt wi (LYW, )n(©)W1)) (1) + Tt von—14wt wi Twe (Yiv ) (V)1 (5.9)
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Using (5.9), we have

(Yw )n(0)n(wr)
= (Yw)n(0) (w01 = Tt wy (P(w1))(1))
= (Yw)n(0)wr — (Y ) (0) Tty ((w1)) (1)
= (Yw)n(V)wi — Tt v-n—14wt wi (Y )n(0)(P(wr))(1)
= (Yw)n(0)wr — Tt von—14wt w (P((Y)n(0)w1))(1) — Tt vmn—t14wt i Tws (Y ) (v)w1
= (Y Jn(0)w1 = Tt vn—1gwt wy (P((Yiry ) (v)1w01)) (1)
= n((Yw, )Jn(v)w1). (5.10)

The formula (5.10) means in particular that the space W, is invariant under the action of
Y. Thus W; is a submodule of . Moreover, the sum of W1 and W, is clearly W and
the intersection of Wl and Wj is clearly 0. So W is equal to the direct sum of W; and W,
proving the theorem. [

We shall need the following result:

Proposition 5.3 Let W be a left V-module satisfying the composability condition. Then
every left V-submodule of W also satisfies the composability condition.

Proof. Let Wy be a left V-submodule of W. Then any proper nonzero left V-submodule
Wy of Wy is also a proper nonzero left VV-submodule of W. Then there is a graded subspace
W3 of W such that W = W3 @ W, as a graded vector space and WXV‘; oY o (ly ® 77&,/3)
satisfies Assumption 4.3 with T, in Assumption 4.3 replaced by W3, where my, and myy, are
projections from W to Wy and W3, respectively. Let W, = W3 N Wy. Then Wy = W, & W,

as a graded vector space. Let W‘I;‘V/O and 7rW° be the projections from W, to Wy and W,

Wo

respectively. Then my” = my |, and 7TW = my, So we have

|W ’Wo'

WVVI[;;) oYy, o(ly ® W&/Vl) = my, o Y o (ly @ my,) ‘V@Wo

Since 7y, o Yy o (1y ® myy,) satisfies Assumption 4.3, my, o Yy o (Ly & myyy,) satisfies

|V®W0
Assumption 4.3 with W in Assumption 4.3 replaced by W,. Thus W“//VVS oYy, o (ly ® vag?)

satisfies Assumption 4.3 with W replaced by Wj. |

Definition 5.4 A left V-module W is said to be of finite length if there is a finite sequence
W =U; D - D Uy = 0 of left V-modules such that U;/U;;; for i = 1,...,n are
irreducible left V-modules. The finite sequence is called a composition series of W and the
positive integer n is independent of the composition series and is called the length of W.

Remark 5.5 Note that as a graded vector space, W is a direct sum of the underlying graded

vector spaces of U;/U;yq for i =1,... n. If U;/U;4q for i = 1,...,n are grading restricted,
then W must also be grading restricted.
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. From Theorem 5.2 and Proposition 5.3, we obtain immediately the following main result
of this paper:

Theorem 5.6 Let V' be a meromorphic open-string vertex algebra. If PI;O(V, M) =0 for
every Z-graded V -bimodule M, then every left V-module of finite length satisfying the com-
posability condition is completely reducible. Assume in addition that the following condition
also holds: For every left V-module W satisfying the composability condition and every
nonzero proper left V -submodule Wy of W, there exists a graded subspace Wy of W such that
W =W, & Wy as a graded vector space, mw, o Y o (1y & my,) satisfies Assumption 4.3
and the submodule HF¥Y) of HN is grading restricted for the grading preserving linear map
F :V — HN given by Proposition 4.4. Then the conclusion still holds if H' (V, M) = 0 only
for every grading-restricted Z-graded V -bimodule M.

Proof. Let W be aleft V-module of finite length satisfying the composability condition. If it
is not irreducible, then there is a nonzero proper left V-submodule W5 of V. Since W satisfies
the composability condition, there is a graded subspace Wi of W such that W = W; & W,
as a vector space and my, o Yy o (1 @ myy, ) satisfies Assumption 4.3. By Theorem 5.2, there
is a left V-Submodulerl of W such that W = Wl @® Wy as a left V-modules. Since W is
of finite length, both W and W, are of lengths less than or equal to the length of 1. Since
W5 is nonzero and proper in W, W; is also nonzero and proper in W.

We use induction on the length of W. In the case that the length of W is 1, W is
irreducible and thus is completely reducible. Assuming that when the length of W is less
than n, it is completely reducible. When the length of W is n, the length of W; and W, are
less than n. So they are completely reducible and thus W is also completely reducible.

In the case that the additional condition also holds, since H¥(V) is grading restricted,
IEI;O(V, M) = 0 for every grading-restricted Z-graded V-bimodule M implies in particular
HL (V,HF)) = 0. Then the conclusion of Theorem 5.2 still holds. Thus W is completely
reducible. |

Remark 5.7 By Theorems 2.11 and 5.6, we can replace I:I;O(V, M) = 0 by the statement
that every derivation from V to M is an inner derivation.

We also have the following conjecture:

Conjecture 5.8 Let V' be a meromorphic open-string vertezx algebra. If every left V-module
of finite length is completely reducible, then H' (V. M) = 0 for every V-bimodule M.

Note that because of Proposition 5.1, we do not need to require that left V-modules
satisfy the composability condition in this conjecture.
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6 Application to the reductivity of vertex algebras

In this section, we apply our results in the preceding section to lower-bounded and grading-
restricted vertex algebras to obtain results on the complete reducibility of V-modules. See
Remark 2.2 for our definitions of lower-bounded and grading-restricted vertex algebra.

We prove that when V' is a grading-restricted vertex algebra containing a vertex subal-
gebra Vj satisfying certain natural conditions (see below), then every grading-restricted left
V-module satisfies the composability condition and thus in this case, the results in the pre-
ceding sections holds for all grading-restricted left VV-modules. We also prove in this section
that in this case, F'(V') (see the preceding section) is grading restricted and thus in this case,
the condition that ]:Il(V, M) = 0 for every Z-graded V-bimodule M in Theorem 5.6 can be
weakened to require that H YV, M) = 0 only for every Z-graded V-bimodule M generated
by a grading-restricted subspace.

Before we give our applications, we need to clarify the terminology on modules. Note
that in Section 2, left modules, right modules and and bimodules are graded. When V' is a
vertex operator algebra (in particular, there are Virasoro operators acting on V'), a lower-
bounded generalized V-module W (that is, a weak V module W with a grading given by
generalized eigenspaces of L(0) with a lower bound on the weights of the elements of W) is
a left V-module defined in Section 2 when V is viewed as a meromorphic open-string vertex
algebra. A grading-restricted generalized V-module is a grading-restricted left V-module
defined in Section 2. But to avoid confusion, we shall use the terminology of this paper to
call these generalized V-modules left V-modules or grading-restricted left V-modules, though
for a vertex algebra, the notions of left module and right module are equivalent. The reader
should not confuse left VV-modules in this section with VV-modules in the literature on vertex
(operator) algebras. We shall also use the same terminology for modules for subalgebras of
V. We also note that a V-bimodule when V' is viewed as a meromorphic open-string vertex
algebra is not the same as a left V-module. See the discussion below.

First, Theorem 5.6 in the case that V' is lower-bounded vertex algebra becomes:

Theorem 6.1 Let V' be a lower-bounded vertex algebra (in particular, a grading-restricted
vertez algebra or a vertex operator algebra). If HL(V,M) =0 (or every derivation from V
to M is an inner derivation) for Z-graded every V -bimodule M, then every left V-module of
finite length satisfying the composability condition is completely reducible.

Remark 6.2 Note that when V' is a grading-restricted vertex algebra (in particular, a vertex
operator algebra) and M is a left V-module, we have the chain complexes CZ (V, M) and
the cohomologies HZ (V, M) introduced in [H7]. In the case n = 1, if we view M as a V-
bimodule with the right V-module structure obtained from the left V-module structure using
the skew-symmetry formula, then CL (V, M) = CL (V, M) and H' (V, M) = HL (V, M). But
in Theorem 6.1, the assumption is that H L(V,M) = 0 or for all V-bimodule M, including
those V-bimodules for which the right actions are not obtained from the left actions. For
a V-bimodule M when V is viewed as a meromorphic open-string vertex algebra, M is in
fact a C-graded space M equipped with two commuting V-module structures Y}, and Y2
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(commuting in the sense of the commutativity) when V' is viewed as a grading-restricted
vertex algebra such that the operator D}, and D3, for the two V-module structures are
equal (denoted simply by Djs). Then an inner derivation from V' to M is a linear map f,,
from V to W defined by

Fu(v) =l (Yy (v, 2)w = Yy (v, 2)w) = (YVig) 1 (0)w — (Vi) (v)w

for v € V', where w € W is of weight 0 and satisfies Dy;w = 0. The condition f];o(V, M)=0
is now equivalent to the statement that every derivation f from V to M is of the form f,
for some w € M of weight 0 such that Dyw = 0.

The remark above provides a practical method to determine whether I:I;O(V, M) =20
when V' is a grading-restricted vertex algebra (in particular, a vertex operator algebra). But
in Theorem 6.1, only left V-modules satisfying the composability condition are completely
reducible. We now show that in the case that V' has a nice vertex subalgebra, this condition
holds for every grading-restricted left V-module. Certainly the existence of such a vertex
subalgebra is a very strong condition. But that this condition follows from the existence
of such a vertex subalgebra is an evidence that this condition is a natural and important
condition. More importantly, our proofs below uses the theory of intertwining operators
and the tensor category theory for module categories for grading-restricted vertex algebras
satisfying suitable conditions. This use reveals the deep connection between the cohomology
theory and the theory of intertwining operators or the tensor category theory.

In the remaining part of this section, V' is a grading-restricted vertex algebra and Vj is
a vertex subalgebra of V. Then V is a left V-module and any left VV-module is also a left
Vo-module. Moreover, we have:

Proposition 6.3 Assuming that every grading-restricted left Vo-module (or generalized Vy-
module satisfying the grading-restriction conditions in the terminology in [HLZ1]) is com-
pletely reducible. Let W be a grading-restricted left V -module and Wy a left V -submodule of
W. Then there exists a left Vi-submodule Wy of the left Vo-module W such that W = W& W,
as a left Vo-module and the map mw, o Yy o (1y ® myy, ) is an intertwining operator of type

() for the left Vo-modules V, Wy and We.

Proof. The existence of W; follows from the complete reducibility of the grading-restricted
left Vp-module. When V' and W are viewed as left Vj-modules, Yy is in fact an intertwining
operator of type (VV;,) Since Wy, Wy and W are all left Vi-modules and W = W; & W5 as
a left Vy-module, the projections my, and my, are Vy-module maps. Thus the compositions
of these module maps with Yy, are still intertwining operators among left Vg-modules. In
particular, my, oYy o (1y ® Ty, ) is an intertwining operator of type (VVI[%) for the Vo-modules
V, W1 and WQ. [ |

Theorem 6.4 Assume the following conditions holds for intertwining operators among grading-
restricted left Vo-modules:
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1. For any n € Zy, products of n intertwining operators among grading-restricted left
Vo modules evaluated at zy, ..., z, are absolutely convergent in the region |z1| > -+ >
|zn] > 0 and can be analytically extended to a (possibly multivalued) analytic function
M 21, ...,2, with the only possible smgulam'tz'es (branch points or poles) z; = 0 for
1=1,.. nandzl—szOTZJ n, i FE .

2. The associativity of intertwining operators among grading-restricted left Vi modules
holds.

Let W be a grading-restricted left V -module and Wy a left V -submodule of W. Then for any
left Vy-submodule W1 of W such that W = W1 & Wy as a left Vo-module, Assumption 4.3
holds for the map my, o Yy o (1y ® myy, ).

Proof. Since Yy, and Yy, are vertex operator maps for left V-modules, they are also inter-
twining operators among left Vj-modules. By Proposition 6.3, my, o Y o (1y ® 7y, ) is also
an intertwining operator among left Vj-modules.

Then by Condition 1, (4.5) for v, vy, ..., v € V, wh € W, and w; € Wy are absolutely
convergent in the region |z1| > -+ > |zx| > |2| > |zk11] > -+ > |2k] > 0 and can be
analytically extended to a (possibly multivalued) analytic function with the only possible
singularities (branch points or poles) z; = 0 for ¢ = 1,...,k + 1 and z; = z; for i,j =
1,...,k+1,i+# j. The proof of Theorem 2.2 in [H1] in fact shows that the commutativity
of intertwining operators among grading-restricted left Vj-modules also holds. Since the
intertwining operators Yy, Y, and my, o Yy o (1y ® myy, ) involve only integral powers of
the variables, using the associativity and commutativity of intertwining operators among

grading-restricted left Vo-modules, we see that the singularities z; = 0 for ¢ = 1,...,k 4+
and z; = z; for i,j = ,k+1, 1 # j must be poles. Thus (4.5) is absolutely convergent in
the region |z1| > - > |zk| > |z| > |zkg1| > -0 > |zen| > 0 to a ratlonal function with the
only possible poles zz=0fore=1,...,k+1 and 2 = z; fori,j = k41,1 5. So the

first part of Assumption 4.3 for my, o YW o(ly ®mw, ) holds. The second part of Assumption
4.3 holds for my, o Yy o (1y ® mwy,) also because of the associativity and commutativity of
intertwining operators among grading-restricted left Vj-modules. [

We also have the following result:

Theorem 6.5 Let W be a grading-restricted left V-module such that as a left Viy-module,
W is of finite length, Wy a left V -submodule of W and Wy a left Vy-submodule of W such
that W = Wy & Wy as a left Vo-module. Assume that or some z € C*, the Q(z)-tensor
product Wy Mgy Wi of left Vo-modules W3 and Wy is still a grading- T’estmcted generalized
left Vo-module of finite length. Then for the map F : V — HY defined in Proposition 4.4,
the graded vector space F (V) is grading restricted and, in particular, the V-bimodule H*'(V)
is generated by the grading-restricted subspace F (V).

Proof. We consider the category C of grading-restricted left V-modules of finite length.
By Proposition 5.69 in [HLZ2], since W3 Mg,y W is still in C, WitgyWi is also in C. In
particular, Wyt W is grading restricted.
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For zy € C* and p € Z, by Remark 5.62 and Proposition 5.63 in [HLZ2],

(18¢=0) ) (V) C Wi Wh.

Ty oYwo(ly ®mw,y ),p

Q(
Since WiHg(.)W1 is grading restricted, (IWWZOO)YWo(lv®WW1)p

On the other hand, for v € V|, w}, € W5 and w; € Wy,

(T2 )'(v)) (wh ® wy)

7TW2 OYWO(lv®7’l’W1
= (wy, Tw, Yo (v, 20) Ty w1)

= (wh, ((F(v))(w1))(2))
But by the D-derivative property, ((F(v))(w1))(z) = ((F(e®2Pvy))(w;))(20). So we obtain
)P

)(V) is also grading restricted.

[0 )'(V) to HEWY) given by

a linear map from ( Ty oY o(ly @y

(12 oty om 1) (V) = F(0).

It is clear from the definition that this map is a linear isomorphism and preserves weights.
Since (1 Q(=0) Ly @mu, )p) (V) is grading restricted, the space F'(V) is also grading restricted.

Wy oYW o
|

JFrom Theorems 6.1, 6.4 and 6.5, we obtain immediately our main theorem in this section:

Theorem 6.6 Let V' be a grading-restricted vertex algebra and Vi a vertex subalgebra of V.
Assuming that the two conditions in Theorem 6.4 hold. Also assume that every grading-
restricted left Vo-module is completely reducible and the Q(z)-tensor product of any two
grading-restricted left Vo-modules is still a grading-restricted left Vo-module. Then ﬁ;O(V, M) =
0 for every Z-graded V -bimodule M generated by a grading-restricted subspace implies the
complete reducibility of every grading-restricted left V -module of finite length.

The two conditions in Theorem 6.4 and the condition in Theorem 6.5 indeed hold when
Vo and Vp-modules satisfy some algebraic conditions. We discuss these conditions in the
following remark:

Remark 6.7 A left Vi-module W is Ci-cofinite if dim W/Cy (W) < oo where Cy (W) is the
subspace of W spanned by elements of the form (Yjy)_i(v)w for v € Vy and w € W. Note
that in [H2|, a generalized module for a vertex (operator) algebra means a weak module
graded by the eigenvalues of L(0) but the grading does not have to be lower bounded and
the homogeneous subspaces do not have to be finite dimensional. Here we call such a
generalized module an L(0)-semisimple left weak module. By Theorems 3.5 and 3.7 in
[H2], the assumptions in Theorems 6.4 and 6.5 hold when the following three conditions on
(generalized) Vp-modules hold:

1. Every L(0)-semisimple left weak Vj-module is a direct sum of irreducible grading-
restricted left Vp-modules.
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2. There are only finitely many inequivalent irreducible grading-restricted left Vo-modules
and they are all R-graded.

3. Every irreducible grading-restricted left Vo-module satisfies the C}-cofiniteness condi-
tion.

The vertex algebra V; is Cy-cofinite if dim Vy/Ca(Vh) < oo where Cy(V}) is the subspace of
Vo spanned by elements of the form (Yi;)_o(u)v for u,v € V. By Theorem 3.9 in [H2], the
three conditions above hold when the following three conditions holds:

1. For n <0, (Vo)) = 0 and (V5) ) = C1.
2. Every grading-restricted left Vjp-module is completely reducible.
3. Vy is Cy-cofinite.

By Proposition 12.5 in [HL3], Corollary 9.30 in [HLZ3], Theorem 11.8 in [HLZ3] and Theorem
3.1 in [H10], the assumptions in Theorems 6.4 and 6.5 also hold when the following three
conditions hold:

1. Every grading-restricted left Vo-module is completely reducible.

2. For any left Vg-modules W; and Wy and any z € C*, if the weak V-module W)
generated by a generalized eigenvector A € (W, ® Wa)* for Lp(,)(0) satisfying the
P(z)-compatibility condition is lower bounded, then W) is a grading-restricted left
Vo-module.

3. Every irreducible grading-restricted left Vo-module satisfies the C;-cofiniteness condi-
tion.

Thus the conclusions of Theorems 6.4 and 6.5 hold when one of these three sets of three
conditions holds.
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