arXiv:2011.02902v1 [hep-th] 5 Nov 2020

TT-flow effects on torus partition functions

Song He®{| Yuan Sun®f,Yu-Xuan Zhang*f|

*Center for Theoretical Physics and College of Physics, Jilin University,
Changchun 130012, People’s Republic of China
®Maz Planck Institute for Gravitational Physics (Albert Einstein Institute),
Am Miihlenberg 1, 14476 Golm, Germany
¢ School of Physics and Astronomy, Sun Yat-Sen University, Guangzhou 510275,
China

Abstract

In this paper, we investigate the partition functions of the conformal field
theories (CFTs) with the TT deformation on torus in terms of perturbative
QFT approach. In path integral formalism, the first and second order defor-
mations to the partition functions of the 2D free boson, free Dirac fermion
and free Majornana fermion on torus are obtained. In the free fermion, we
find that the first two orders of the deformed partition functions are consistent
with results obtained by the operator formalism. In the free boson, the first
order of the deformation to the partition function is the same as the deformed
partition function given by the operator formalism, however, the second order
correction to the partition function contains additional contribution from the
TT—flow effect in the path integral formalism.
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Introduction

The TT deformation of field theory has attracted many research interest in recent

years both from view point of field theory and in the context of holographic duality.

The TT deformation of 2D field theory is typically defined on plane or cylinder
by [1,2]

w1,
ﬁ = 56” e’ T;:\pTlf\aﬂ (1)



where 7% depending on \ is the stress tensor corresponding the lagrangian £*.
Though the RHS is a composite operator, it is well-defined quantum mechanically
[3]. Remarkably, the T'T deformation keeps the integrability of the un-deformed
theory and the deformed theory is solvable in some sense [1,2,4-8]. In addition,
being an irrelevant deformation, the energy density of deformed theory in the UV
exhibits Hagedorn growth behavior, which implies TT deformation is non-local in
the UV [219,10]. With many intriguing properties discovered, the T'T deformation
was subsequently generalized to many directions, for instances, to other integrable
deformations such as JT deformation [11-13], to supersymmetric cases [14H17], to
various dimensions |18-21] and spin chain models [22-24]. For other most recent
developments of T'T deformation, please refer to [25-32].

Among these progresses, the partition function as well as correlation function
in the deformed CFT is of particular interest in our present study. The partition
function of deformed CFT have been computed in [6] by using the known deformed
spectrum. The result in [6] is nonperturbative, therefore, the modular properties
can also be discussed, and it was shown that the partition function is modular
covariant. From other perspective, the deformed partition function of S? was also
discussed holographically in [33], and also the deformed partition was discussed from
random metric point of view [26]. As for correlation function, the deformed 1-point
function of KAV charge operator was also considered nonperturbatively based on
the deformed spectrum [34]. Also the general deformed correlation functions in the
UV was considered by J. Cardy in [35].

On the other hand, one can study the TT deformation in a perturbative way.

More concretely, one can expand the lagrangain in power of small A
)\2
LY=L 42 4 55(2) + o (2)

where the first term £© corresponds to the un-deformed theory, the second term is
the TT operator of un-deformed theory as appeared in the RHS of with A =0,
the third term and the terms omitted are presented due to the fact that the stress
tensor T is not fixed but also flow under the deformation. In other words, the stress
tensor depends on A.

A number of works were done in the framework of perturbation method, for ex-
ample, in [1] the renormalization of free theory under 7T deformation is investigated

by matching the S-matrix. Meanwhile, other physical quantities were also computed



perturbatively, such as entanglement entropies, wilson loop and correlation func-
tions [36-38]. In this work, we will continue to study the partition function (which
can be treated as zero-point function) of deformed CFT in a perturbative manner.
The correlation function of deformed theory was considered earlier in [39-41], where
2-point function and 3-point function were calculated, as well as the correlation
functions of stress tensors. Later, these results were generalized to higher point
function cases [42,43|, as well as including supersymmetry [44], torus CFT [45], and
especially the holographic dual of stress tensor correlation function in large ¢ limit
is considered in [46].

In these studies of correlation functions, it is worthwhile to note that the com-
putation is mainly performed in the first order perturbation of CFT or in the case
where the CFT is defined on plane. Naturally, to make progress, a next step is that
can we go beyond the first order perturbation. However, this is a nontrivial question
as can be seen as follow. As discussed above, in the first order perturbation, the
TT operator is known which is just constructed from the stress tensor of the un-
deformed CFT, while in higher order perturbations, one must take the corrections of
TT operator into consideration, namely, TT-flow effect. Unfortunately, in a general
CFT, we do not have such a explicit expression on such kind of corrections. Never-
theless, as a first step towards higher order perturbations, we can start within free
theory, where the corrections of stress tensor and lagrangian under 7T deformation
can be constructed explicitly order by order. Based on this setup, we will study the
deformed partition function up to second order in coupling constant by employing
the conformal perturbation theory. This also generalized our previous work [45],
where the first order partition function of deformed CFT on torus was computed.
Moreover, since we work in free theories, we will use Wick contraction rather than
the Ward identity obtained in [45] to figure out the deformed correlation functions.
Finally, the two methods will lead to the same results.

The organization of this paper is as follows. In Section [2] we review the general
method to obtained the deformed lagrangian and stress tensor order by order, which
can used to expand the partition function upto second order that we are interested
in. In Section [3] Section [4] and Section [5| we computed the first and second order
corrections to the partition function of free boson, Dirac fermion and Majorana
fermion respectively. Basically, we use Wick contraction to computed the deformed

partition function, also some proper regularization methods are chosen. We end in



Section [0 with a summary and prospect. Our conventions, useful formulae and some

calculation details are presented in the appendices.

2 TT deformed partition function for generic 2d
theory

In this section, we would like to obtain the perturbation expansion of 7T deformed
partition function beyond the first order. The procedure is based on the method
first introduced in [2] (also see [47]), where the deformed Lagrangian is obtained
order by order. Let us first review this method below.

Consider a T'T deformed QFT living in a two-dimensional Euclidean spacetime

(M, gap) whose dynamics is governed by the local action
§' = [ VaaL6.V.0.00) 3

Here £* denotes the deformed Lagrangian parameterized by A\. The TT deformation
can then be defined by the following flow equation

acr 1,
I 26“ e’ Tl;\pTV’\U, (4)

where €,, = g,,9,0€”° is the volume element of the spacetime, and TMAV is the stress

tensor of the deformed theory, which is defined as

2 §SH oL
A4 _ A
Tow =5 sgmw = 2ogu — 9wt )

Now we expand of Lagrangian and stress tensor in power of A

o0 n

A 2 p(n) A "
=32, T, = an . (6)

n=0 n=0
In order to figure out £, one can plugging @ into both and . By comparing
each order in the resulting expressions, eventually, we obtain the following recursion

relationd]
[(n+1) Z ci ( T” n—i) T“( )TV(n l))’ (7)

-
L ®

4The identity g¥grP® — gP¥ g"° = eMPe¥? is used.
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where C’

for arbitrary n, once £, i.e. the un-deformed theory, is given.

m Note this recursion relations allow us to obtain £ and T,SZ)

With perturbations of £* acquired, we continue to derive the corrections of the

partition function to higher order in perturbation theory in path integral language,

which is
:/ng e_fMLA[‘f’]
2
_Z<0>_AZ<0>/ <£(1>>+A_Z<o>(/ / <£<1>(x)£<1>(x/)>_/ (LO)) + OOP)
2 M M
A2
=70 1 2zW 4 5 =73 0\, (9)
where
70 _ / D o= Im £O16), (10)
70 _ _ 50 / (L), (11)

7(2) Z(O) / /,E(l) E(l) (z')) — /<£(2)>)‘ (12)

In what follows, we will focus on the TT deformed free theories on torus, including
free boson, Dirac fermion and Majorana fermion, where deformed partition function

upto to second order (11H12)) can be worked out analytically.

3 Free boson

At first we would like to consider is the TT deformed free scalar on torus T2. The

corresponding action of the un-deformed theory reads

s=17 / d220,00"6, (13)
2 Jro

where ¢ is a normalization constant. According to the recursion relations and
mentioned above, one could obtain the deformed Lagrangian and stress tensor

starting from £, which takes the form [

LY = 2¢0¢06. (14)

SWhere T = T,,, T = Ts; and © = T,;. The complex coordinates z := z! + 22,0 :=
(Op1 — 1042)/2. The metric g,z = %



Then the un-deformed stress tensor is
TO = g(09)?, T =yg(d9)>. € =0, (15)
from which the first order Lagrangian follows
LY = ATOTO = _44%(0$0p)?, (16)
and the corresponding the first order stress tensor is
T = —4g%(00)*(99), T =—4g*(00)*(09), O = —24*(060¢)>. ~ (17)
Finally we have the second order Lagrangian
LP = —41OTW £ TOTWY = 3243(060p)?, (18)

We then could write out the corrections of partition function and for

bosonic field

20 <129 [ (@O10) 4220 [ (06007, (19)
T2 T2
7% =162 / / (TTO (21, 2)TTO (29, 7)) + 420 / (TOTW + 7T
T% J T3 T2
1692 | [ (010007 0u000) ~320°2° [ (0000 0
T2 JT2 T?

Note the expectation values in and are defined in free theory, thus it could
be evaluated directly by applying Wick contraction. The propagator of the free

scalar fields on torus is well-known [4§]

19(2’12)
n(7)

Here the last term is non-holomorphic and comes from the zero mode. Performing

2 (Im[2’12])2>‘ (21)

(021, 21)p(22, 22)) =(4mg) ™" ( log + 27 -

derivatives on the propagator gives

(0¢(21,21)09(22, 22)) 2(479)1(% —2m — P(Zw))ﬁ (22)

(00(21,20)00(22, 2)) =(4mg) ™" (- — 2 — P(712)), (23)
= _ -1

(06(21,21)09(22, Z2)) i (24)



We still need to know the expectation value of (8@5(21,21))2, (5¢(21,21))2 and
|0¢ (21, 21)|2, which could be calculated by point-splitting method

(09(21,21)00(21,71)) = lim ((9¢(21,21)0¢(22, Z2)) + %) = (47rg)_1(1 — 2m),

22— 21 212 T2
(25)
(0921, 2)00(21. 7)) = lim_ ({06(21, 2)06(22, 7)) + 5%) _ (47@,)1(% o),
2—21 1
(26)
(06(21,2)06(21, 7)) = Tim (96(21, %) (29, %)) — 4‘1 | (27)
2221 gTa

With all ingredients in place, we next go on to investigate the corrections to the

partition function of free boson.

3.1 First-order

First we note that the partition function of the free scalar in CFT is

1
4G I — (28)

VTIn(T)[*
According to Eq., we shall just compute the value of [, d?x(TT©),

/ P (T (21, 2) T (21, 21)) =¢*12(08(21, 21)0¢(21, 21) 021, 21) (21, 71))
™

=g°1(2(11)% 4 (11)(11))

S Sy SR A S
T16m  4m2 MR T g TR
1
:WTQ@&Z(O), (29)

which is consistent with [45]. Then we obtain the first-order correction

7ZW = 47,0.0. 2, (30)

%The details of 7, and P(2) are list in Appendix
"Here i = 0¢(z;, 2;), i = 0p(24, 2;), (i = 1,2,3...).



3.2 Second-order

We next go on to consider the second-order correction to the partition function. We

begin with calculating the first term of , whose integrand is

:<2W)—4(|B|4 +8|B2PA? + 2B%(B — P(213))° + 2B(B — P(212))” + 16A2B(B — P())
+16A%B(B — P(212)) + 24A" + 4|B — P(z15)[" + 3247 | B — 15(512)\2 ) (31)

where B = (Z —2m), B = (L —2i1), A = . Integrating above expression then

T2

amounts to compute the following integrals

/T2 /I‘2 (B — P(Zlg)) = 07 (32)
1 2
2
-
/ / (B — P(z15))" = P12 2p2 (33)
T2 JT3 12
/ / (B — P(21)|* = —7%, (34)
TF JT3
|B - P(Z )|4 — T2|B’4 + |92|27—22 —4T2A2|B|2 o BZ§2T22 o 3292722 (35)
72 J12 2 2 122 2 12 12

where g, is one of the Weierstrass invariantsﬁ and we present the method of regu-
larizing the integrals over the torus in Appendix [B.I} For the detailed discussions
of the above integrals please refer to Appendix [B.2]

With the help of — and an identity that relating g, with 7,

g2 = 48 (iﬂaﬂh + 77%)7 (36)

8Please refer to Appendix |A| for the definition.



one can find that

/ / (TTO) (2, 5 TTO) (29, )
T2 T3

1 . 3 . _
—5i 4|771|4 i 2|771|2 i 2|87m|2 — s ) + 5oy )+ g 2P+ )
) B LT B 2'7'2 _ 15
+ 5= (0 = 0om) + 335 —— (MO — mO-i) + a3 (M- = 110:M) — 5.2
:m(gazaz +i72(020- — 020,)) 2, (37)

then
162 / / (TTO (21, 20)TTO (29, 2)) = 16(750202 + i2(920; — 020,)) 2.
T2 JT%
(38)
We next move to evaluate the second term . Using Wick contraction, the
integrand is
(T (21, 20)TY (21, 21)) + (TW (21, 20) T (21, 21))
= — 8¢*(111111)
= —72¢° x (11)(11)(11) — 484> x (11)?

bl = ) +
" 2n2 Ty n 4T3 o 875
18 3
— 9,0-70 — = 39
2l 2 (39)
after integration, one have
420 / (TOT® 4 7OTO)N = (720,0- — 6752) 2. (40)
T2

Putting together and , we obtain the second-order correction of the partition

function under the TT deformation
7@ = 16(r£0202 + im(920; — 920,)) 29 + (720,0, — 67, %) 2. (41)

Note that our result of the second-order correction for free boson is different with
the result shown in [6] calculated in operator formalism. In contrast, we have the

extra part, which comes from the contribution of £



4 Free Dirac fermion

For the rest of examples, we turn our attention to the theories defined on the torus
with fermionic fields. We first focus on a single free massless Dirac fermion that the

un-deformed action is given by

S = g /T 2(\1ﬁ Y0y 0, W — 9, Winy W) (42)
with
U=[y ¢]", w'=[* ¢ (43)

Our convention for the gamma matrices is {7°,7'} = {o', 0%}, i.e., the first two
Pauli matrices.
By following the derivation presented in [47], we obtain the full expression of £*

and 77 , written in complex coordinatesﬂ

pv
L =0 4 \c®, T,;\u — T,Eg) + )\Tﬁ)7 (44)
where
LO —g( 0 v+ 5T ), (45)
L0 —4(810 — TOTO)
92 = VAR _ o ) JERN _ 4=
=L (670 0) (5T 9) + (000900 + §*000°09) ) — (4" 0 0)(§" 0 ),
(46)
and
10 Iy Gy, 10 =95 Fe 00 = IwTuraTa). @
2
70 =% (yr(00°00 + 0" 0p) — (470 w) (5 F5) ), (48)
2
70 =9 (55 (90°00 + 00°00) - (5 90) (67T v)). €W =0, (49)

Note that the higher order terms of £* completely vanish due to the Grassmann
nature of the fermionic fields.
It is well-known that the un-deformed partition function for Dirac fermions is

given by

7O = (d,d,)?, d,(1)= (M) v . (50)

9For the derivation, one can be refer to Appendix

10



A new subscript v is added to Z(©) since there exist four kinds of spin structures,
denoted as v = (1,2,3,4), for free fermions with different boundary Conditionﬂ.

The non-vanishing two-point functions for Dirac fermion with spin structure v are

(W (20)¢(22)), =(2mg) T By (212), (51)

(W (20)0(2)), =(279) ' Py(212), v =2,3,4. (52)
o o ﬁu(z)azﬁl(o)

P)(z) =/ P(2) —ey1 = 20,9, (000 (2) (53)

Performing derivatives on the propagators give various correlation functions as

(O (21)¥(22))y =(2mg) " 0P, (212), (54)
(O (21)0U(22)), = — (2m9) 7' 0* P, (212), (55)
(O (210 (22))0 =(29) 710 (210), (56)
(0" (21)00(22)) = = (29) 7' (212), (57)

Here we have used the formula d(z7') = 9(z7!) = 76? (%) = 76?(z). We need
further regularize these correlation functions when two points coincide with each

other, in parallel with bosonic case, we use point-splitting method

(" () (20))y = Jim (" (20)8(22))y = (2mg212) ") =0 (58)
(00" (21)i (=) = Jim (0" (21)e(z2))0 + (2mg2y) ") = —(dmg) ev, (59)
(00" (21)00 (1)) = lim (00" (21)0(22)) + (mg2iy) ") =0 (60)
(00 (21)¥(z1))y = T (G (21)8(22))w — (29) 7109 (212)) =0, (61)
(09" (21)00 (1)) = Tim ({90 (21)00(22)) + (29)7100P (212)) = 0, (62)
(O (21)00(21))y = lim (D¢ (21) 0 (22)) + (29) ' 96@ (212)) = 0 (63)

Now we have all the required ingredients to calculate the corrections to the partition

function.

4.1 First-order

Using Wick contraction and the propagators and their derivatives, we can compute
the expectation value of the 7T and (©(®)2
1

_ 1
(TOTO), = poleval = —50:0:27, (O, =0. (64)

v

10The Z£O) for fermion with the double periodic boundary condition is vanishing [48].
10Here the function P,(z) is defined by [49).

11



Therefore the first-order correction of the partition function is

zWM =470 / (TOTO), = 47,0.0.29. (65)
T2

v

Note that the first-order correction of the free Dirac fermion share the same structure
with the free boson (30]), which matchs the conclusion in [6] obtained by the operator

formalism.

4.2 Second-order

We now proceed to compute the second-order correction. Since there are no higher

order terms of £* for free massless Dirac fermion , Eq. is reduced to
(2) :ZS))/ / (LD (2) LY (25)),,
T% J T3
A / / (00 (2,)000) (2,)), — 82" / / (TTO (2,)009 (2,)),
T2 JT3 T2 J 713
+162Y / / (TTO (2)TTO (25)),. (66)
T2 JT3

After discarding the divergent parts, we find that the only nonzero contribution is

162 / 2 / 2 (TTO (2)TTO (25)),,
—16Z(0 /T2 /T2 (2m)~ { le,— 1| + - |6P (212)| + i| u(212)32pu(212)|2
4((8P (212)) (212>8P<212) (8P (212))2 (Zu)éP(Zlg))

—|—é (ez P, (212)0° P, (Z12) + é?,,lpy(zIQ)&QPI/(ZlQ)) — %(612/1 (8P,,(212))2 +e (8Pu(z12))2> }
(67)

12



The integrals of the nontrivial integrands showed above are listed as below

/T (8PV(Z12))2 = ney_1(m = 2mam) + 75 (€5, — %)7 (68)

TQ
// z128P (z12) / (9P 212 ) (69)
T2 J T2 T3 T2

/ 0P, (212)"
T3 JT3

2 _ 92)
2 _

+<T2€V_1 (612/—1 ‘(]62)(7r — 2Tom1) + Te€y— 1(612,_1 — %)(ﬂ' — 27‘2771)>, (70)

/ |P 212 8 P 212 / / \(‘3P 212 y (71)
T2 J7132 T2 J7132

/T2 » (8Py(212))2 ) (212)0* P, (212) /T2 Tz\ (0P, ( 212)] ) (72)

2

=T; |€ + levoa? (475 [m|” = 2772 (1 + M)

For the detailed discussions of the above integrals please refer to Appendix
With the help of above nontrivial integrals and an identity that we find about

g2, €,—1 and my
go = 6(63,1 - Z.77-8761/71 - 27]161/*1)7 <73>

one can find that equals

// T(w)),

ZT -~ N
44 4| ve 1| T 42 27—2 |Ore, 1| + 2 ( 12/—13?611—1 —612/—13761/—1)
1T T
+—42 22 (éy—laTey—l - eu—la?éy—l) - 43_72{_3(63_161,_1 + é?/—leu—l)
1
= (0202 +im(020, — 020,)) 200 (74)

Therefore the second-order correction of the partition function with spin structure

v is

7? =162 / / (TTO () TTO (25)),,
T2 J13

—16(720%02 + i5(0%0; — 020,)) 79, (75)

which is consistent with [6].
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5 Free Majorana fermion

As a last example, We will consider the deformation of the free massless Majorana

fermion, whose un-deformed action is given by

S = g / (UT920,W — 0,07 ), (76)
T2

where U=[¢) ]7, the gamma matrices are defined in last section.
Similar with the case of complex fermion, the full expression of the deformed

Lagrangian has no higher-order corrections
A _p(0) 1) A _ p(0) 1)
LY=L+ ALY T, =T, + AT, (77)
where

LO = 2g(pdp + P0), LY =4(00 — TOTOY = g2(2dppd) — 4pdPhdip),

(78)

and
TO —gydy, 0O = —%(«p% +9oy), T = gpdy, (79)
TO = — ooy, OW =0, TW = —g2pdnpdip. (80)

Note that we could obtain Eq.(78H80) straightforwardly by removing the ” %7 in

Eq.(45-49)
The un-deformed partition function with spin structure v is [4§]
) 9 1/2
Z0 =d,d,, d,(7)= (ﬂ) : (81)
n(7)

The two-point functions for Majorana fermion with spin structure v are [48]

((21)1(22)), =(4mg) "' Py(212), (82)
(W(21)1(%)) =(4mg) "' P, (%12), (83)
others =0, v =2,3, 4. (84)

Performing derivatives on the propagators give

(0(21)0(22)), = (47g) OP, (212), (O (21)1(22)), = (4g) 0P (210). (85)

14



The regularized expectation value of the propagators and their derivatives when two

points coincide are

(W)Y (2)y = Tim ((P(21)0 ()0 = (4mg212)7") =0, (86)
(O (z1)e(=1))y = lim (00 (21)0(22)) + (47g21y) ") = =(87g) levn. (8T)
(0 (z)v (1)) = lim ({9 (21)eh(22))y — (49)70(210)) = 0, (88)

(00 (21)0¢ (1)) = lim ({00 (21) 00 (22))0 + (49)719(212)) = 0, (89)
(0¥(21)00(21))y = lim ((09(21) 0 (22))s + (49) 7108 (212)) = 0. (90)

With all the ingredients in place, we next go on to the corrections to the partition
function for Majorana fermion.
5.1 First-order

According to (78), the first-order correction of the partition function is

280 =129 [ (I~ (00)) =g n 2P (600idD) - gr 20 (wdii00)
T2
:LZIEO) |ey71|2

(4m)?
—47,0,0: 7", (91)

which is same with the results of free massless boson and free massless Dirac fermion.

5.2 Second-order

For the second-order correction, in full analogy with the case of Dirac fermion, there

are no contributions come from {(©©)2(z)(0®)2(2,)) and (TT© (z)(0®)2(2,)),

hence we go on to compute (TT© (2)TT©® (z,)) and its integral

=g (¥ (20) 0 (1)1 (21) D (21) 1 (22) ) (22)1(22) D (22))
1

:(471')_4{1—6 |€V_1|4 + |8Pl,(z12)|4 + ‘PV(212)82P1,(212)’

2

2

P,(212)0*P,(z12) + (aPV(Zm))2Pu(512)52pu(512)>

4

+ (63_115,,(212)5211(512) n éz_lpy(zm)a?P,,(zm)) . 1<e§_1 (0P,(212))" + &2, (apy(zlg))Q) }

15



Utilizing the nontrivial integrals and the identity (68H73) mentioned before, the
integral of Eq. equals

/T2 [ ETOTTO )

ZT _ B
84 4| v— 1| + 55 82 2 ’a’F €y— 1| + ]3 7 23( 12/7187_'611—1 - 612/7187'61/—1)
LT
_8323 (2181 +E e, 1) — —82;2 (ey_ 106, 1 — &y 1076, 1)

1
<728282 +imy (020, — azaf)) Z0. (93)
70
Note that the structure of fT% ng (TT©(2)TT)(z)) shared by free massless boson,
free massless Dirac fermion and free massless Majorana fermion.
According to , we can obtain that the second-order correction of the partition

function for Majorana fermion is

2% ~1629 / / (TTO (21)TTO (3)),
T2 JT?

=16(50202 + ims(020; — 920,)) Z\, (94)

which is consistent with [6].

6 Summary and prospect

In this work, we perturbatively calculate the second order deformation to partition
functions of the CFTs on torus under the 7T deformation, in the framework of
path integral formalism. In previous cases [42,/44, 45|, the authors have studied the
correlation function perturbatively up to the first order deformation. Since it is not
necessary to consider the renormalization flow effects of the T'T in the first order
deformation of the CFTs, the conformal symmetry can be approximately hold in
this sense and the CFT Wald identities associated with T and T can be applied
to obtain the first order correction to the correlation function in the deformed the-
ory. However, in the second order deformation to the correlation function, since
the conformal symmetry is broken obviously, the CFTs Wald identities can not be
applied. One has to develop a perturbative approach to investigate the higher order
deformation to the correlation function. In the TT deformed theory, the effective
actions with the renormalization flow can be solvable in the literature. As a pre-

liminary study, we start with the full deformed actions [47] of the 2 dimensional
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free boson and free fermion (Dirac and Majorana fermion) to construct the T'and T
with the flow effects up to the second order. In terms of the path integral formalism,
we calculate the first order and the second order deformations to
the partition function in terms of perturbative field theory approach. In particular,
the first two orders of the TT deformations to the partition functions in the free
fermion theories are the same as the ones existed in the literature which are obtained
by the counting the deformed spectrum, called the operator formalism approach. In
2 dimensional free boson, the second order correction to the partition function
contains additional contribution, which is induced by the TT —flow effects, compar-
ing with the one obtained by the operator formalism. The possible reason to explain
the difference of the second order deformation of the partition function presented in
the free boson comes from the higher derivative terms presented in the 2 dimensional
free boson. One can trust that the partition functions of the theory defined by path
integral formalism and operator formalism are equivalent when the dynamic term
in the Lagrangian of the theory is quadratic form. Due the higher derivatives terms
presented, the equivalence of the partition function in path integral formalism and
operator formalism can not be true. It will be very interesting future problem. As a
by-product, we also find two interesting mathematical identities in the free bosons
and free fermions respectively [73).

Further, it will be interesting to study the second order deformation to the par-
tition function in the interacting theories, e.g. massive fermion and boson, Liouville
field theory [50], and so on. The generic correlation functions with the TT-flow

effect will be also interesting future direction with following [44].
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A Details of the Weierstrass functions

In this Appendix, we give the definitions and properties of Weierstrass functions
that appear in the calculations.
We first note that, in our convention, the torus (T?) is defined by the identifica-
tion on complex plane z ~ z + 2w and z ~ z + 2w’ with 2w =1, 20’ =7 = 71 +iTe.
The first Weierstrass function P(z), called Weierstrass P-function, is defined as

1 1 1 -
P(Z) = — + Z m - E), W = 2mw + 2nw’. (95)
{m,n}#{0,0}

The Laurent series expansion of P(z) in the neighborhood of z = 0 is

1
P(z) ~ = + gé 24 g—;z‘* O, (96)

hence we have

2
OP() ~— 2+ 8ot B3 0(), PP~ + B4 oY, (o)

where go and g3 are called Weierstrass Invariants
60 140
92 = Z o 93 = Z e (98)
{m.n}#{0,0} {m.n}#{0,0}

The second Weierstrass function ((z), called Weierstrass zeta-function, is a primitive

function of —P(z)

{m,n}#{0,0}
We then define

= C(w)v T == C(w/)a (1()0)

which are functions of the modular parmameter 7. Note that there is an identity

about 7;(7) and Dedekind eta function n(7),

or:n i
— 101
1 27r771 (101)

which has been used in the bosonic calculations ([29)).
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B Details of some integrations

B.1 Prescription for regularization

Since the integrands over the torus we are interested in may contain singularities,
in this Appendix we will discuss the how to deal with these singularities based on
the prescription given in .

Let us consider an integrand f(z, Z) defined on a torus, which contains N number
of singularities (r1,7s...7x). Following the prescription in [51], to integrate f(z, z),
we integrate over the regularized parallelogram—the parallelogram with small disk
around the singularities removed (see Fig[l]for example). In the following, we denote

the regularized torus by T"?. Suppose we find that

Figure 1: The regularized cell for f(z,Z) contains three singularities (red points). The grey part
bounded by the solid lines is the regularized integral region.

f(z,2) = 0,F"(z, %), (102)
then with the Stoke’s theorem in 2D space []
{

/E f(z,2)d%z = 3 i . (Fdz — F*dz), (103)

which can applied to regularized torus , leading to

f(z,2)d2x = 3[ 7{ - 7{ | (Feaz - Feaz), (104)
T2 2 oT? dD(poles)

where the contour integrals are anticlockwise. In this paper, we focus further on the

case that F*(z, Z) can be written as F*(z, z) = F{'(2)F3'(Z), where F}" is holomorphic

USince z =zt +ia?, [ d%x = [pdat Ada? =5 [ dzAdz =] [ d%
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function and F4 is anti-holomorphic. For the j-th pole (r;,7;) of f(z,%) in T2

F#(z,z) could be expanded around it as follows
Z Z CimCom(z =)™ (2 = 73)", (105)
then
%_ N (F*dz — F*dz) / ZZC’;;C’?,‘? (re®®)™ (re=")"(—ir)e~"de
27T . . .
/ Z Z C;;CJQ; Oy (re= )" (i) e d6

=—2m Z 2An+1) (Cl ZCJ nt1 T 0317;102 Z) (106)

n

Therefore, on the grounds of the prescription in [51], we have

f(z,2)d%r = f(z,2)d%
T2 T/2
: i zZ1s z
—ll_r}(l] G(r) + 5 7£T2 (F*dz — F*dz), (107)
where
r)im = 3P (OO + Ol O, (108)

It is worth noting that for the case of F* holomorphic, meanwhile, F'* anti-holomorphic,

it must have lim G(r) = 0.
r—0

B.2 Integrals for bosonic fields

In this Appendix we record the details of integrals appearing in the calculations of
free boson part .

Since all the integrands are double periodic, we can shift the variable of the
integration to make life easier without changing the value of the integrals, i.e.,
ng fT2 (212, Z12) = T2 ng z, z) for double periodic function f.

We start with the integration of the P-function in the cell. Since P(z) = _ag_(zz),
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with the integral strategy shown in Appendix , we have H

/ d22P(2) = / 223 _ 7{ ¢(2)dz
T2 T2 82’ 2 T2
z0+2w 20+ 2w-+2w’ zo+2w’ 20
LT e
20+2w 20+2w+2w’ zo+2w’

. z0+2w i zo+2w’
! / ()~ ¢z 2u) + / dz(¢(2) — ¢z + 2w))

20 20

= 2iw¢(w') — 2iw'((w) = 7 — 27911, (109)

where we have used the identity

w(w) — wgw) = 7

(110)
to eliminate ((w').
Next Let us consider [.d?zP(z)%. Since P(z)? is still a double periodic mero-

morphic function, we can expand P(2)? in terms of ((z) and its derivatives [49),

P =% - L(0(), (111)

where the constant 92 is fixed by comparing the constant terms of Laurent expansion

of two functions, P(z) and ¢®)(z), at zero. Then

1
/T2 d*zP(2)* = %7’2 ~3 /2 d2z¢®(2)

_ 92 1/ dQIEK(z)(Z) _ 927'2.
T2 82 12

(112)

We next turn to the integrand |P(z)|>. Since |P(2)|* is no longer analytic, we can
not expand it in terms of ((z) as what we did for P(z)?. Instead, we will adopt the
following approach™|

/T2 d*zP(2)P(2) = — /T/2 d*z0(¢(2)P(2))
——lnG(r) = 5 § AP

r—0

zo+2w zo+2w+2w’ zo+2w’ 20 B
=limmr 2 — - / / / +/ )Q(z)P(Z)dZ
r—0 z0+2w z0+2w—+2w’ zo+2w’

=2i(m 7y — 7]2771) + limar = = 47’2|n1| —27t(m + 1) + lim ar 2.
r—0 r—0
(113)

12Tn this case lim G(r)=0.
T— _ _
"“Here we have omitted the term [, d*z((2)0P(2), since ((2)0P(z) = 0 when z is in the
regularized integral region T'?. We have discarded the similar terms in later integrals.
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Note that the integration is divergent, which is consistent with the intuitive expecta-

tion to the integral process, since |P(z) > ~ L when z close to zero. We regularize

e \
it by simply subtracting the divergent part, that is, we set E

/ P |P(2) = drolmi[? — 2n(ms + 7). (114)
T2

Next consider the integrand P(z)2p(2) = 9_2P( ) — 66(3)(2)P(2)7 where we can use
(111) to rewrite it as follows

/T . d*zP(2)*P(z) = o / d*zP(z )—% / d22¢®(2)P(2)

T2
1 _
82— 2mm) — || E20(C(:)P(2)
T2
92 _ _ @) (,\f 1
=15 (T = 2Mm72) = 3 aTQC (2)P(z)dz 6}131[1)(?()
i’; (7 — 2717). (115)

At last let us consider integration of [P(2)|* = (2 — 1(®)(2)) (% - L(®)(2)),
/ d*zP(2)*P(2)
T2
1 g 1-
= [ @a(% - 2O (& - 50)
T2

_ | 2 2 [ 2ec®) 1 L @2ec® )0z
[ -2 [ @t -2 [ O+ g [ @)

2 1 -
- |gf|2f + 36 / ro(¢P (=) (2))

_|92|27_2 @) ( NF3) =\ 15 1.
BT +ﬁ BTQC (2)¢C (Z)dz—l-%ll_I)I(l)G(T)

|g2|272 . ™

Similar with the case (114), we regularize the integral by simply discarding the

divergent part, which gives

2
A2z P 4:|92| 7'2. 117
[ aiper =2 (117)

4In plane case, there is a similar divergence, which is moved out by dimensional regularization
[44].
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According to the results of ((109)), (112), (114)), (115) and (117)), we have

/T2 /T2 (B — P(z12)) =75 (% —2m) — (7 — 27m) =0, (118)
/F% /F% (B—P(Zlg))2 =T [1“2 d?:p(B2 +p(z)2 —2BP(Z)) _ gi% _7_2232’ (119)

/T2 1B = Pl =7, /T a%x(|B| — BP(2) — BP(2) + |P(2)*) = -2

(120)
and
| |15 P
T JT3
:TQ/ d%( IBI'+ |P(2)|" +4|B” |P(2)]” + (B*P(2)* + B*P(2)?)
T2
—2|B]* (BP(z) + BP(Z))) —2(BP(2)P(5)* + BP(Z)P(Z)2))
2, 19273 2 42| P2 20273 5o 02Ts
= . - B2 _ 22 121
75| B|* + 122 475 A%|B|* — B D B D (121)

B.3 Integrals for fermionic fields

In this Appendix we record the details of integrals appearing in the calculations of

free fermion part ((6872)).

We first note that both (8Pl,(z))2 and P,(2)0?P,(z) are elliptic functions with

the modular parameter 7, since

(0P(2))”
4(P(2) — ey—1)

(0P(2))?

4(P(2) — ey-1)’
(122)

(0P,(2)) = . P(2)0*P,(2) = %GQP(z) -

where e, 1= P(w), ey := P(w + w'), e3 := P(w’). Hence we can expand (8Py(z))2

and P,(2)0*P,(z) in terms of ((z) and its derivatives, the results are

_ %

(8P,,(z))2 :é82P(z) +e,1P(2)+¢e | 5 (123)
Py(2)0%P,(2) :%82P(2) e P(E) — oy + 2 (124)

Consequently, with the integral strategy shown in Appendix the first two inte-
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grals

6
=mse,_1 (7 — 27m1) + 75 (€5, g2) (125)

/ / PV(ZIQ)aQPV(ZIQ) :2/ d2 82 / (9P 212
T% Tg 2 T2 T2

= — e, 1 (7T — 27’2771) 5 (612, 1 %2), (126)

/ (8P,,(212))2 :7'2/ d2$(é82p(2) + €V_1P( ) —+ 611 1~ %)
T2 JT3 2

where we have utilized the integral™]

/ d220?P(2) = im G(r) + ~ ¢  OP(2)dz =0 (127)
T2 r—0 2 aTQ
To compute the remaining three integrations, we need to work out the following

integrals first

/T @ |P(:)| = /T @0 (0P(:)P°P()

== ¢ OP(2)0*P(2)dz + lim G(r)

2 aTQ
=lim G(r) = lim 1277 ~°. (128)
r—0 r—0

In analogy with the bosonic case, in our regularization scheme we simply drop out

the divergent part to obtain the finite answer, that is,

/2 42z [62P(2)]" = 0. (129)

Next consider the integrand P(z)0%P(z)

/T @2P()PP(:) = / 220(P(2)0P(=))

T2
{

. 72@ P(2)0P(2)dz + lim G(r)

2042w zo+2w+2w’ zo+2w’ 20 B
/ / / + / )P(z)ap(z)dz
20+2w zo+2w—+2w’ zo+2w’

(130)

According to the results of (114]), (125]), (126)), (129]) and (130]), we can evaluate the

15For the definition of G(r), please refer to Appendix
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last three integrals now, which are listed in the following

1 2
682]3(2) +e, 1 P(z)+el | — 92

=i [ (G JPPE + P IPEE + (6 PP + 6 PRI P(S)

36
F (@ = )P + (o~ LY R - [ - 2]
=T €)1 — % g lew1” (475 Im|” = 2772 (m + 7))
+ (raea (@ = 2) (r = 2mam) + e (e = 2) (r = 2may)), (131)
[ [ e
/T 2 /T (262P(z10) - (9P, (212)) )(%8215(z12) (0P, (212))%) (132)
_ /T | /T | Z|82P(212)|2—%GQP(zlg)(ap,,(zlg))Q—%82]5(212)(8P,,(z12))2
FIOR ()l ) = /T RIS (133)

/T2 2 (5]51,(212))QPy(z12)82Py(212) / ((9P (212)) ( 82 ( ) (apl,(212>>2)
/VT2 T2| 8P 2’12)| . (134)

C Derivation of the TT-flow for 2d fermions

In this Appendix, we reproduce the derivation of the TT-flow for 2d fermionic theory,
which first appears in [47].
Consider an un-deformed fermionic theory living in the 2d Euclidean flat space-

time, whose action is given by
£0 = g(%aaﬂ\p — 9,07V + V[U]. (135)

One can rewrite it in a more general form, i.e., the form in curved spacetime, which

18

£0 —

l\DIQ

(UV, ¥ =V, U ) +V = el X9 4V, (136)
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where

Xu

l\DIQ

(U0, — 0,U~°0). (137)

It is clear that X is independent of the metric. We then utilize the recursion
relation (7H8) to derive the expansion of £*. First of all, the stress tensor of the
un-deformed theory is

o,
dgH

aeAc c (0) (0)
eb&ﬂXA_aabﬁ :X(ab)—éabﬁ .

(138)

T(g) =et e”, (2 - gm,ﬁ(o)) 2e”!

It is useful to introduce a new notation to mark the symmetrized tensor Xab =

X(apy- Then according to (|7)

1

1/ o . .
L0 == (7)* _ §T“(b0)Tb(2) =3 (Tr[X]2 — Tr[X?) + 2V T[X] + 2V2>, (139)

N | —

from which we can derive Tég), the resulting expression is

(1) , oL (1) L (OTe[X]? OTx[X7] IOTr[X] o
T, =2e" — O LV = e — 2V — O L
ab €€ 89’“’ b o€ b( 891“’ 89“” + 8gm, > b
(140)
where
aTr[X]Q B . 8(3)‘0 . A
g =2Tr[X] (9QWX = Tr[X]XW, (141)
IR L, (X + AKX
8gMV :X b ag,uy - (X ) X) (pv)” (142)
Hence
Ty =(Te[X] + V)Xo — (X X)) — 0. (143)

We continue to evaluate £

£@ =) _ peOh) — Ty X3 — gTr[X]Tr[XQ] + 5 T XP* 4+ V(T X]? — Tr[X7),
(144)

(2)

from which we finally obtain 7T},;” as follows

TS =2¢t e (Tr[X?] - gTr[X]Tr[XZ] + %Tr[f(]?’ +V(Te[X)? - Tr[X2)) — 6L

(145)

adgh

A
15 e’y _ 1 A A
The formula Pgrs = 1(6#6(5 P )

u) is used.
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where

ITr[X3]  0Xwp o o 3,09
g =3 Sg XpeXea 5(X X (s (146)
OTr[X]? L LOTY[X] 3 o
89!“’ = TI'[X] W = ETI'[X] Xl“/' (147)
Therefore chg) is
2) 0 0 %
T,, =3(X*-X) @ — BT[X]+2V) (X -X) (ab)
+(§Tr[f<]2 — §Tr[f(2] +2VTE[X]) Xop — 0ap L@ (148)

2 2

According to the nature of Grassmann variables, one actually could find two iden-

tities to reduce (144)) and (148)), that is

A A A 1 N
e[ X — gTr[X]Tr[Xz] + TR =0, (149)

R SR 3 R R R
3(X%- X) @ — STIX](X - X))+ 5(Tr[X]2 — Tr[X?)) Xop = Oup, (150)

where 0 is the 2 x 2 null matrix. We present all reduced results as follows

LY =Tr[X] 4V, (151)
Lo _%Tr[x']? _ %Tr[XZ] L VTYX] 4V, (152)
Lo =y (Tr[fq? - Tr[f(2]>, (153)
T =Xuy — 0L, (154)
T =(Te[X] + V)Xo — (X - X) (ay — S, (155)
Ty =2VTH[X] Xy — 2V (X - X)) ) — 6L, (156)
where Xab is
Kap = S (0700 ¥ = 0¥y ¥). (157)

Although we can continue to calculate the higher-order corrections, as mentioned in
[47], for the free massive fermions (i.e., V[¥] = mW¥W¥), the TT-flow of L* terminates
at order two.

The explicit forms of (151)— (156]), for the massive Dirac fermions, in complex
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coordinates are

10 LTy, 1O =L Ty 0T - Do i), 10=2097,
(158)
T =5 (6 (9000 + 06 00) = (079 ¥) - (79 D)) = Lleru (i ow - ou)),
(159)
T2 L2 (0 (000" = 500") = (V0 — Y03) ) + mAvdh,  (160)
2
1) =L (§°3(00°05 + 00°00) — (07 D 6) - (0 0 ) — L5900 — 5gy),
(161)
e —927% GOTh(0v o + 0doy), T =0, T = 927% Py (00700 + 04" 0Y).
(162)
g s _ _
L0 =g(v* 9 ¢ +¢" 0 w) m (V' + 9"y, (163)

D)+ (06000 + 500 00) ) — (" T 0) (5 9 D)
— gm (W (O — 5 0G") — O (B0 — GOV ) — 2mAr D, (164)
2) :g2m¢*¢1/1*2/1<23¢*81/1 + 200 — 0P D — 5¢*a¢7). (165)

Let m = 0, the above results degenerate to the results in Section [4]
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