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Doppler shift of quasiparticle dispersion induced by charge currents is responsible for the critical
supercurrents in superconductors and spin-wave instabilities by spin-transfer torque in metallic
ferromagnets. Here we predict an analogous effect in thin films of magnetic insulators. A coherent
spin current, excited by stripline microwaves, or a thermal magnon current, driven by a temperature
gradient, can induce a Doppler shift that tilts the magnon dispersion in the spin-current direction.
Around a critical driving strength, that is characterized by a spin-wave instability in the self-
consistent mean-field treatment, the pumped magnon current reaches a maximum accompanied by
a strong breaking of chiral pumping. The backaction of magnon currents on magnetic orders is
therefore important for realizing large spin currents in low-dimensional magnonic devices.

Introduction.—Electrically insulating magnetic films
hold the promise of low-dissipation information process-
ing with magnons [1–5]. Complex nonlinear dynamics
emerge in the presence of a large number of nonequi-
librium magnons [6, 7], excited by microwaves [8–10],
heating [11, 12], or electrical spin injection [13–15]. The
nonequilibrium magnon chemical potential can overcome
the magnon gap to cause magnon Bose-Einstein conden-
sation [8, 14, 16–18]. The presently most suitable ma-
terial to study magnon dynamics is yttrium iron garnet
(YIG), a ferrimagnet with high Curie temperature and
arguably the lowest damping [19, 20]. Ultrathin YIG
films with thicknesses even below 10 nm can maintain
very high magnetic quality [21, 22] and a strongly en-
hanced magnon conductivity [14, 15]. Magnons in thin
films of YIG injected via current-biased platinum con-
tacts through the spin Hall effect enhance the Drude-
type magnon conductivity [13, 14, 23], affect the magnon
chemical-potential distribution [24], or lead to Bose-
Einstein condensation [14, 25, 26].

Realizing large spin current is an important pursuit
in spintronics. In metallic ferromagnets, electric cur-
rents excite magnetization dynamics by the spin-transfer
torque [27, 28]. The charge current induces a Doppler
shift, i.e., a tilt of the spin-wave dispersion of a ho-
mogeneous magnetization in momentum space, which
could trigger a spin-wave instability [29–31] and modu-
late the magnetic ground state [32]. In superconductors
the critical supercurrent is caused by the Doppler shift
of Bogoliubov quasiparticles. These obviously do not ap-
ply to magnetic insulators that cannot carry an electric
charge current. However, magnetic insulators are also
conduits for (magnonic) spin currents. By solving the
self-consistent problem of a magnon gas interacting with
its own current, we find that magnon spin currents can
also affect the magnon dispersion via a Doppler effect.

In this Letter, we formulate the dynamics of long-
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FIG. 1. (Color online) Magnonic Doppler effect of thin mag-
netic films driven by pure magnon current. A long stripline
along the ẑ-direction is illustrated to pump the magnon cur-
rent (the green thick arrow) in YIG films of thickness s that
causes the tilt of magnon dispersion, as shown by the red
thick arrow and parabolic bands. The in-plane magnetization
is saturated with a relative angle ϕ to the stripline direction.

wavelength coherent magnons of thin YIG films in the
presence of large magnon currents that are pumped by
stripline microwaves, as depicted in Fig. 1, or injected
thermally or electrically via Pt contacts. We predict an
interaction-induced drag effect, in the form of a magnonic
Doppler effect, on the magnon velocities, that tilts the
spin-wave dispersion. The associated physics differs
strongly from the magnon-drag by phonon [33] or elec-
tron [29–31, 34] currents by its nonlinearity origin. Its
phenomenology is intriguingly similar to an interfacial
Dzyaloshinskii-Moriya interaction (DMI) [35–37]. The
polarization-momentum locked AC magnetic field emit-
ted by a microwave stripline [38–40] coherently populates
magnon states at one side of the stripline through the
chiral pumping effect, with a unidirectional magnon cur-
rent that simultaneously modifies the magnon dispersion.
Incoherent magnon accumulations injected thermally or
electrically propagate diffusely and generate a magnon
current proportional to their density gradient. At a crit-
ical value of any of these, the magnon excitation energy
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touches zero at a particular momentum, indicating an
instability of the ground state with constant magnetiza-
tion. Around this critical driving, we predict a maximum
of the magnonic spin current accompanied with a strong
breaking of the chirality in magnetization excitation by
striplines. Our work points out the importance of the
backaction of magnon currents on magnetic orders in the
realization of large spin currents in magnetic insulators,
providing a different scenario to the nonlinearity by pop-
ulations.

Model and formalism.—We consider an in-plane mag-
netized YIG film with thickness s = O(10) nm, with sur-
face normal oriented along the x̂-direction. An in-plane
static magnetic field Happ is applied at an angle ϕ to
the stripline ẑ-direction (Fig. 1). The Hamiltonian of the
magnetic order reads

Ĥ = µ0

∫ (αex

2
(∇M̂)2 − M̂ ·Happ

)
dr, (1)

where µ0 is the vacuum permeability, αex is the exchange
stiffness, and M is the magnetization. We disregard
anisotropies [41, 42] because the crystal ones are small
in YIG, while the dipolar ones are strongly suppressed in
the thin film limit [43, 44]. The exchange length in YIG
is λex = 2π

√
αex = 109 nm since αex = 3 × 10−16 m2

[45, 46]. The magnetization dynamics then obeys a
Landau-Lifshitz-Gilbert (LLG) equation

dM

dt
= −µ0γM×(Happ+αex∇2M)+

αG

Ms
M× dM

dt
, (2)

where αG is the Gilbert damping constant and −γ is the
electron gyromagnetic ratio. In the absence of external
torques and damping the magnetization carries a magne-
tization current density

j̃ = −(1/2)αexµ0M×∇M (3)

that satisfies the continuity equation dM/dt +∇ · j̃ = 0
[47].

The LLG phenomenology contains all of the nonlineari-
ties that can be captured by interacting magnons to some
extent. The Holstein-Primakoff transformation expresses
the magnetization dynamics by bosonic magnon opera-

tors Θ̂(r) with Ŝx(r) + iŜy′(r) = Θ̂†(r)

√
2S − Θ̂†(r)Θ̂(r)

and Ŝz′(r) = −S + Θ̂†(r)Θ̂(r), where the spin opera-

tors Ŝ = −M/ (γ~). The leading terms in the expan-
sion of the square roots leads to a complete set of har-
monic oscillators, that we use to expand the full problem.
The eigenmodes normal to the film plane depend on the
boundary conditions, that become free for thin films [48].
The magnon operators in position space can then be ex-
panded in perpendicular standing spin waves (PSSWs)
with index l [43, 44]

Θ̂(r) =
∑
l≥0

√
2

1 + δl0

1√
s

cos

(
lπ

s
x

)
Ψ̂l(ρ). (4)

Substituting these expressions into the Holstein-
Primakoff expansion, the Hamiltonian can be written
as Ĥ = ĤL + ĤNL + · · · , where ĤL describes the non-
interacting magnon gas and ĤNL is the leading nonlinear
term that introduces interactions between the magnons.
At sufficiently low magnon densities

Ĥ → ĤL =
∑
l

(El + ~ωMαexk
2)

∫
Ψ̂†l (ρ)Ψ̂l(ρ)dρ, (5)

where El = µ0γ~Happ+~ωMαex(lπ/s)2 is the edge of the
l-th band with ωM ≡ µ0γMs. The nonlinear Hamiltonian

ĤNL =
∑
li

Ul1l2l3l4
∫

Ψ̂†l1(ρ)Ψ̂†l2(ρ)Ψ̂l3(ρ)Ψ̂l4(ρ)dρ

+
∑
li

Vl1l2l3l4
∫

Ψ̂†l1(ρ)Ψ̂†l2(ρ)∇ρΨ̂l3 · ∇ρΨ̂l4dρ + H.c.

contains two types of magnon-number conserving inter-
actions derived in the Supplemental Material [49]. The
potentials are governed by magnon-mode overlap inte-
grals

Ul1l2l3l4 =
µ0γ

2~2αexl3l4π
2Al1l2l3l4

s3
√

(1 + δl10)(1 + δl20)(1 + δl30)(1 + δl40)
,

Vl1l2l3l4 =
µ0γ

2~2αexBl1l2l3l4
s
√

(1 + δl10)(1 + δl20)(1 + δl30)(1 + δl40)
,

with dimensionless form factors

Al1l2l3l4 =
1

s

∫ 0

−s
dxΠi=1,2 cos

(
liπ

s
x

)
Πj=3,4 sin

(
ljπ

s
x

)
,

Bl1l2l3l4 =
1

s

∫ 0

−s
dxΠi=1,2,3,4 cos

(
liπ

s
x

)
.

When l1 = 0, the scattering potentials obey selection
rules U0l2l3l4 ∝ l3l4 (δl2+l3,l4 + δl2+l4,l3 − δl3+l4,l2) and
V0l2l3l4 ∝ (δl2+l3,l4 + δl2+l4,l3 + δl2+l3+l4,0 + δl3+l4,l2). In
the strictly two-dimensional limit, U0000 = 0 vanishes,
but V0000 = V00ll = V0 = µ0γ

2~2αex/ (4s) is large. The
divergence for vanishing film thickness is an artifact of
the continuum approximation that breaks down when s
approaches unit cell dimensions.

We are interested in the effect of a magnon current
on a low-frequency coherent excitation, i.e., at excita-
tion frequency ω/(2π) . 1 GHz, which allows us to set
l1 = 0. Using the above selection rules of the scattering
potentials and energy conservation, we prove in the Sup-
plemental Material [49] that the incoherent scattering of
these low-energy magnons by those in all other bands is
marginally small. The leading nonlinearities in the coher-
ent magnon states thus reduce to a self-consistent mean-
field problem [50, 51], in which the interaction renormal-
izes the energy dispersion but does not affect magnon
dephasing and lifetime. The coherent magnon amplitude
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in the lowest band obeys a Heisenberg equation of motion
that is augmented by the Gilbert damping [49],

i~(1− iαG)
∂〈Ψ̂0(ρ)〉

∂t
= E0〈Ψ̂0(ρ)〉 − ~ωMαex∇2〈Ψ̂0(ρ)〉

+
8i

~
∑
l′≥0

V00l′l′Jl′(ρ) · ∇ρ〈Ψ̂0(ρ)〉+ Pex, (6)

where 〈· · · 〉 represents an ensemble average,

Jl(ρ) =
~
2i

(
〈Ψ̂†l (ρ)∇ρΨ̂l(ρ)〉 − 〈Ψ̂l(ρ)∇ρΨ̂†l (ρ)〉

)
(7)

is the linear-momentum magnon current density in sub-
band l with contributions from both coherent and in-
coherent magnons, and Pex is a microwaves excitation
source that will be specified below. The (locally) uni-
form magnon current hence engages the gradient (or mo-
mentum) of the magnon amplitude ∇ρ〈Ψ̂0〉 and tilts the
magnon dispersion, which is an interaction-induced drag
effect [33, 34]. This drag depends only on the magnitude
of the current, not on the coherent versus incoherent na-
ture of the carriers.

The magnon linear-momentum current density
[Eq. (7)] is proportional to the magnon number current
density J̃l defined by the continuity equation and the
Heisenberg equation of motion for the non-interacting
magnon Hamiltonian, since the exchange magnons have
a constant mass ~/(2ωMαex). The former is also a spin
current since in the absence of anisotropies the magnons
carry angular momentum ~. With magnon density
operator ρ̂lm(ρ) = 〈Ψ̂†l (ρ)Ψ̂l(ρ)〉

∂ρ̂lm(ρ)

∂t
=

1

i~
[ρ̂lm(ρ), ĤL] = −∇ · J̃l(ρ), (8)

leading to
〈
J̃l(ρ)

〉
= (2ωMαex/~)Jl(ρ), which is consis-

tent with Eq. (3) since 1/(γ~)
∫
dxj̃(x,ρ) → J̃l(ρ) when

l = 0 to linear order in the magnon operator.
Magnonic Doppler effect.—The microwaves emitted by

a long stripline on top of a thin magnetic film launch a
coherent magnon current normal to it. We consider a
metallic wire of rectangular cross section 0 < x < d and
−w/2 < y < w/2 (Fig. 1) with an AC current density
I of frequency ωs. The microwaves are uniform over the
film thickness when s � d. The Fourier component ky
of the Oersted magnetic field in the thin film below the
stripline (x→ −s/2) reads [38–40, 52–54],

Hx(ky, ωs) = i
I(ωs)

2
F(d,w)sgn(ky)e−|ky|(d+s)/2,

Hy(ky, ωs) = −I(ωs)

2
F(d,w)e−|ky|(d+s)/2, (9)

with F(d,w) = (2/k2y) sin (kyw/2)
(
1− e−|ky|d

)
deter-

mined by stripline dimensions. Here we used |ky| �
ωs/c because the velocity of light c is much larger than

that of the magnons. The magnetic field Hy(ky, ωs) =
isgn(ky)Hx(ky, ωs) is right and left circularly polarized
for positive and negative ky, respectively, so polariza-
tion and momentum are locked. This field couples to the
magnons of the lowest PSSW band up to wave numbers
ky ∼ π/w by the Zeeman interaction

ĤZ = g
∑
ky

(Hx(ky, t)− i cosϕHy(ky, t)) Ψ̂†0(ky) + H.c.,

with coupling constant g = µ0

√
γ~Mss/2, so the ex-

citation source Pex = g(Hx(ky, t) − i cosϕHy(ky, t)) in
Eq. (6). The in-plane magnetization angle ϕ can be
rotated by an applied DC magnetic field to tune the
magnitude and direction of the pumped magnon cur-
rent. When ϕ = 0, the stripline magnetic field launches
a magnon current with ky > 0 into half space (see be-
low). Thereby the excited magnon current Jy(y > 0) =
Jy exp(−y/δ) decays exponentially with distance from
the source on the scale of the decay length δ (ωs) ∼
2/ Imκy ∼

√
(αexωM )(ωs − µ0γHapp)/(αGωs), i.e. the

root of (ωs − µ0γHapp − ωMαexκ
2
y)2 + (αGωs)

2 = 0. On

the other hand, the amplitude 〈Ψ̂0(ρ)〉 oscillates rapidly
with wavelength (1/|κy| � δ). Near the stripline, the
magnon current in the lowest band obeys the integral
equation, obtained from Eq. (6),

Jy =
1

δ

(g
~

)2 ∫ dky
2π

ky
|Hx(ky)− iHy(ky)|2

(ωs − ω̃ky )2 + α2
Gω

2
s

, (10)

with Doppler-shifted magnon frequency

ω̃k = µ0γHapp + ωMαexk
2 − (8/~2)V0kyJy, (11)

which can be solved iteratively or graphically.
A magnon current can also be carried by the incoherent

thermal magnons driven by a magnon chemical potential
or temperature gradient. These can be created either
by the spin-Hall effect in, or Ohmic heating of, current-
biased Pt contacts [13, 14]. We can estimate the steady-
state magnon current under a temperature gradient ∇T
by the linearized Boltzmann equation in the relaxation-
time approximation [23, 50, 55], assuming that the drag
term in the collision integral is small,

− vk,l · ∇T
∂fk,l
∂T

= −
fk,l − f (0)k,l

τk,l
, (12)

where vk,l = (1/~)∂El(k)/∂k = 2ωMαexk is the magnon

group velocity, fk,l = 〈Ψ̂†l (k)Ψ̂l(k)〉 is the magnon dis-

tribution in the l-band, f
(0)
k,l = 1/{exp[Ek,l/(kBT )] − 1}

is the equilibrium Planck distribution at temperature T ,
τk,l ≈ ~/(αGEk,l) is the magnon relaxation time [23].
Assuming a uniform ∇T = Eyŷ applied along the ŷ-
direction, the magnon momentum current [Eq. (7)]

Jy = ~ωMαexEy
∫
dkydkz

2π2
k2y
∑
l≥0

τk,l
∂f

(0)
k,l

∂T
, (13)
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which also causes a Doppler shift [Eq. (11)] of the coher-
ent magnon amplitude.

Figure 2(a) illustrates the pumped magnon current
Jy as a function of the applied electric current den-
sity I with frequency ωs/(2π) ≈ 0.93 GHz across the
stripline of width w = 150 nm and thickness d = 80 nm
[21, 54] from Eq. (10) in comparison with numerical so-
lutions of the LLG equation [Eq. (3)]. Here the YIG film
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FIG. 2. (Color online) Magnon currents and Doppler shift of
magnon dispersion under stripline microwave excitation. (a)
shows the coherently pumped magnon current Jy as a func-
tion of the applied electric current density I in the stripline
from numerical LLG calculations (“LLG”), non-interacting
spin-wave theory (“SW-free”), and spin-wave theory includ-
ing the drag effect (“SW-drag”). The tilt of magnon disper-
sion at high excitation is illustrated in (b). We illustrate the
chirality of the spin-current excitation for I < Ic [(c)] and
I > Ic [(d)], respectively. The parameters used in the calcu-
lations are given in the text and figures.

thickness s = 10 nm, the applied static magnetic field
µ0Happ = 10 mT that drives out domain walls [21, 46],
µ0Ms = 0.18 T, and αG = 10−4. Magnons of wavelength
2w are resonantly excited and carry a current with de-
cay length δ ≈ 333 µm. Here we compare the analytical
solutions with the numerically exact solution of the LLG
equation, which predicts a maximum spin-wave current
for a stripline current Ic ≈ 5 × 107 A/cm2. The non-
interacting spin-wave theory (SW-free) fails already for
small I, which emphasizes the importance of nonlineari-
ties. When including the drag effect, the spin-wave the-
ory Eq. (10) Jy saturates at a current I ∼ Ic, but returns
to the non-interacting values at larger currents. Ic is de-
termined by the onset of a spin-wave instability that is
characterized by negative magnon excitation energy (see

below), which causes the discontinuous change of the spin
current calculated by the self-consistent mean-field the-
ory. When I > Ic, the lowest-order nonlinearity of the
Holstein-Primakoff expansion and thereby the mean-field
theory may break down. The Doppler shift of the spin-
wave dispersion illustrated in Fig. 2(b) holds only for
I < Ic. When I & Ic, we observe that the chirality of the
magnon excitation is strongly reduced, indicating that
the backscattering of magnons becomes strong, as illus-
trated by Figs. 2(c) and (d), which is partly responsible
for the suppression of spin current at strong driving.

A maximum value of the spin current in ultrathin YIG
films was observed in a transistor in which a DC-current
biased Pt gate injects magnons into the conducting chan-
nel [15]. Here we find in the coherent excitation regime
that the magnon nonlinearity naturally limits the spin
current to a maximum. The tilt of dispersion causes chi-
ral velocities of spin waves of the same energy that should
be observable by changes in the microwave transmission
[21, 46], nitrogen-vacancy center magnetometry [54, 56],
and Brillouin light scattering [57]. The dispersion tilts
into the opposite direction when the magnetization direc-
tion is reversed (ϕ = π) and vanishes when perpendicular
to the stripline (ϕ = π/2), i.e., it follows the current di-
rection governed by the chirality of the stripline magnetic
field. The basic features agree with recently reported
experiments in YIG thin films of thickness s = 7 nm
[21] that were interpreted in terms of the DMI by spin-
orbit interaction. A significant DMI has been reported
for the interface between GGG and rare earth iron gar-
nets [58], but has not yet been confirmed by other studies
on YIG|GGG, to the best of our knowledge.

Magnetization chirality breaking.—We trace a close
connection between the broken magnetization chirality
and spin-wave instability, within the mean-field the-
ory. Negative excitation energies of quasiparticles at fi-
nite momenta imply an instability of the ground state
[29, 30, 32]. According to Eq. (11) a critical magnon

current J
(c)
y generated by incoherent pumping can cause

negative magnon excitation energies Ẽ0(k) < 0 at the

momentum k
(c)
y = 4V0Jy/(~2ωMαex), when the magnon

current is larger than a critical value

J(c)
y = ~/(4V0)

√
~ωMαexE0. (14)

With the above YIG parameters, the critical magnon cur-

rent J
(c)
y ≈ 10−7 kg/(m · s). This value can be reached

by incoherent spin injection with a critical temperature

gradient E(c)y ≈ 4 K/µm when T = 300 K [Eq. (13)].
By stripline microwave excitation the critical spin cur-
rent density is predicted when I ∼ Ic by the drag theory.
However, according to the LLG calculations in Fig. 2(a)
nonlinearities might prohibit reaching this critical value.

Around the spin-wave instability driving strength Ic
the magnetization at one side of the stripline reaches its
maximum with a rapid increase of the magnetization at
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the other side. Figure 3 shows the suppression of chirality
under strong excitation. The nonequilibrium magnetiza-
tion for y > 0 is maximal around Ic, at which magnons
accumulate also at y < 0. The chirality is strongly broken
at a stronger driving with nearly equal excited magneti-
zations at the two sides of the stripline. We note the anal-
ogy with a magnetic domain wall centered at the stripline
[32]. Under high excitation the injected power propagates
in both directions, similar to the electric or thermal injec-
tion of an incoherent magnon accumulation. Chirality of
magnetization is thereby a measure of magnon backscat-
tering, which should be protected topologically for mag-
netostatic surface magnons [59].
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FIG. 3. (Color online) Suppressed chirality by nonlinear-
ity at excitation frequencies ωs = 2π × 0.93 GHz [(a)] and
2π × 0.65 GHz [(b)]. Orange dot-dashed line indicates Ic at
different conditions. The parameters used in the calculations
are given in the text and figures.

Discussion.—Large spin currents can realize efficient
spin transport that needs strong driving of the magnetic
orders. We formulated the response of a ferromagnet to
strong driving and found a Doppler shift of magnon dis-
persion by a magnon-interaction-driven drag effect. It
requires a stripline current density ∼ 2 × 107 A/cm2 in
one or ∼ (2/N ) × 107 A/cm2 in N striplines over a to-
tal width that should be small compared to the magnon
propagation length, i.e., many micrometers. The chiral
velocities here are controllable by the stripline chirality,
which was observed at a YIG|GGG interface [21]. The
nonmonotonic dependence of the spin current response to
the microwave power might be related to the nonmono-
tonicity in nonlocal spin wave transport as a function of
spin injection by a Pt gate [14, 15]. Our study helps to
realize large magnon spin currents and understand their
effects on the magnetic orders in magnetic insulators.
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[11] E. Padroń-Hernańdez, A. Azevedo, and S. M. Rezende,
Phys. Rev. Lett. 107, 197203 (2011).

[12] J. Cramer, L. Baldrati, A. Ross, M. Vafaee, R. Lebrun,
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