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ABSTRACT

We apply the new method based on null geodesics for detecting gravitational memory and
find the bulk memory in Newman-Unti gauge around the boundary of the conformally
compactified space time. We show how we use the newly found conserved charges in the
subleading orders of large-r expansion of the BMS charges to define the gravitational mem-
ory at each order in the non-linearised gravitational theory. We also find the gravitational
shift in the 7 direction. It is shown that the longitudinal displacement at order 1/r is the

relative radius change between two detectors derived by Strominger and Zhiboedov.
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1 Introduction

The gravitational memory effect discovered by Zeldovich and Polnarev [1] is based on the
asymptotic behaviour of the gravitational fields in the asymptotic region of space time and
is defined as the permanent change in the relative spatial position of a pair of inertial
observers after a finite gravitational burst of energy. The passage of gravitational waves
produces an observable effect which LIGO [2, 3] and the next generation of gravitational
waves detectors like LISA [4,5] are based on.

The phenomenon has been studied in the linearised theory of gravity [6,7] and generalised
by Christodoulou and others [8,9] to the non-linearised theory. Christodoulou showed that
every gravitational burst of energy has a non linear memory and can not be neglected
only because the gravitational wave sources are at large distances from our detectors on
the Earth. As we are extremely far away from the sources of gravitational waves, the
amplitude of the waves are so small as it is assumed that linearised theory of gravity is
sufficient for the study of the gravitational waves. However, depending on the source of the
burst, the amplitude of the non linear memory! can be of the same order as the dynamical
part of the burst of energy. Therefore, the study of gravitational memory effect in the full
non-linearised theory of gravity is important and plays a crucial role in the future observa-
tion of the gravitational waves. The original formulation of the gravitational memory by
Christodoulou is based on the definition of test particles which are initially at rest moving
on timelike geodesics at the boundary of the conformally compactified space time. The
memory at null infinity is then obtained by the geodesic equation which is not the case
for the gravitational displacement in the bulk of the space time due to the gravitationally
inward nature of timelike geodesics near a strongly gravitational system, i.e a black hole.
Therefore, recently another method for finding the memory effect is provided based on null
geodesics instead of timelike geodesics [10].

The memory effect is indeed the interesting corner of the so called Infrared (IR) triangle [11]
discovered recently by Strominger [12] which connects the memory with asymptotic symme-
tries [13] and the soft theorems [14]. Due to the non-trivial connection of the corners at the
IR limit, the observation of the memory effect gives us information about the symmetries in
the asymptotic region of the space time. However, for the detection of the memory in the
weak field approximation, one needs to wait for the IR gravitational wave detection [15].

Strominger and Zhiboedov revealed this connection and showed that the relative position

! Also referred as Christodoulou memory.



of the inertial observers differ by a BMS supertranslation?. Therefore, the displacement be-
tween a pair of inertial observers using the supertranslated metric is precisely the standard
formula for the memory effect and can be derived from geodesic equation at the leading
order at null infinity.

Our aim in the paper is to find the the large-r expansion of the gravitational displacement
close to the null infinity in the bulk of the four dimensional asymptotically flat space time
in the full non-linearised theory of gravity using null geodesics. Although, all we have de-
tected till now showed a displacement memory predicted by the linearised gravity, it still
worth investigating the phenomenon in the non-linearised theory as well for the reasons
explained earlier®. Our motivation to study the subleading memory effect around the null
infinity is based on the new interesting physics hidden in the subleading orders, especially
the existence of a new set of conserved integrable charges at order r—2 of large-r expan-
sion of the BMS charges [17] which are directly related to the the non-linearly conserved
Newman-Penrose (NP) charges [18]. Since the connection of the BMS symmetries and the
memory effect is established in the bulk of the space time? [19,20], one needs to consider the
subleading BMS diffeomorphisms and therefore the newly found subleading BMS charges
at the subleading orders. Our idea is simple and the expectation is reasonable. At the
leading order of the gravitational memory, if the leading BMS charge, namely the Bondi
mass aspect is conserved, then there is no flux at null infinity and therefore no displacement
memory which we show it is not the case in the subleading order where we have a set of
conserved charges. If we let the mass to vary, we have memory which is directly related to
the change of the gravitational wave tensor, AC7; at null infinity. At the subleading order
r~3, we have a set of integrable and finite BMS charges which are related to some physical
conserved charges. We are especially interested in the subleading gravitational memory if
one considers newly found conserved charges at subleading orders. We will also use the
method introduced in [10] to find the longitudinal memory in the r direction.

The paper is as follows: We begin by the asymptotically flat metric in four dimensions in
section 2. Then we review the new method for the gravitational memory calculation based
on null geodesics in section 3. The towers of gravitational memories is found in section 4,
where, we show the memory is not vanishing although having a set of conserved charges in

some certain subleading orders. In section 5, the longitudinal displacement is found and it

2Tt is also shown that the the nearby detectors experience a relative time delay in addition to the standard
gravitational spatial memory effect.

3See [16] for a detailed review on linearised and non-linearised gravitational wave memory effect.

*Also see section (2.3) of [10] for more details.



is shown that this shift only shows itself in the subleading orders, mainly in order 1/r. We

conclude our work with some discussions in section 6.

2 Asymtotically 4.d flat metric in Bondi gauge

2.1 Metric definition in the Bondi gauge

The most general form of the metric in 4.d which is asymptotic to the flat metric in retarded

Bondi gauge with coordinates (u,r,z!), z/ = {6, } takes the form

ds® = g datde” = —Fe? du® — 2¢°° dudr + gr5(dz’ — Cldu)(de” — C7du),  (2.1)

where F, 8 and C! are some metric functions with the following fall-off conditions

B J I . C’;{(u,:nj)
F(u,r, ") _1-1-2 n+1 ., Blu,r,x! Z r”+2 ,C’(U,T,ZE):Z:irnJr2 .
n=0

(2.2)

The inverse of the metric (2.1) reads as

0 —e™28 0
0 201 gl7

The spatial part of the metric has the following fall-off at large-r expansion defined in [17]

as

C?%vry n Dry(u, ") . Ery(u,z’)

4 r r2 + O(T_2)'

(2.4)

g1y (u,m, xl) =rlhry =1’y + TC[J(U,JJI) +

where, 77 is the metric on the 2-sphere, Cr; describes the gravitational waves and the
square of the so called “Bondi news tensor”, N;; = 9,C7; is proportional to the flux of
energy at the null boundary of the space time and C? = C7;C!7. Fixing the gauge condition

as follows

1 .
ﬁdet(gu) = det(y7y) = sin? 6, (2.5)



keeps the spatial part of the metric topologically spherical and gives us the following con-

straints about the functions Cyy, D;; and Ejy,

1 Cry  C%*iy  Dry  Erg 4
—det(gry) = det(yy + ==+ —5= + =5~ + —3 +O0())

C{  Di B CC[ CgDKE *

= det 1+ L 4Ly 1 .
et(vrs) [1+ r * r3 + rt 4r3 rt 1674 -
(2.6)
which implies
04
trC =0, trD =0, trE=Cr;D" — TR (2.7)

Assuming appropriate fall-off condition for energy-momentum tensor at each order, some

of the metric functions in metric (2.1) read as®

0, Fy — —%DID 0,01 + %auc”aucl . (2.8)
_ 1 b a0 3 1J
C{=-ip,C". (2.10)

One can also re-parametrise hyy, the spatial part of the metric (2.1). The parametrisation
of the metric is indeed very useful and crucial for calculating the coefficients in the metric
functions described in (2.1) and in all the calculations in the current paper. See Appendix

A for the parametrisation of the metric.

3 Gravitational memory in the bulk

The gravitational memory effect is defined as the permanent shift in the relative distance
of a pair of inertial observers® stationed near Z* due to the burst of energy. The main
purpose of this paper is to find the corrections to the gravitational memory away from null
infinity which we call “subleading gravitational memory”. In fact, we aim to calculate the
displacement memory in the bulk, close to the boundary of conformally compactified space

time. One can use null geodesics instead of timelike geodesics and find the gravitational

®See section (2.2) of [17] for the complete derivation of the metric functions in metric (2.1).
See [12] for a detailed discussion on different types of observers.



displacement [10]. It is shown that this method can be easily used for finding the gravita-
tional memory effect in the bulk of the space time. We first briefly review this new method
for the formulation of the gravitational memory in the bulk using ingoing null geodesics.
One can measure the deviation between a pair of null geodesics n*|,, when one shoots light
rays at time v. At some later time after the burst of the gravitational energy, another pair
of light rays are considered and the deviation between the second pair of null geodesics is
measured as n*|,. The new method for the formulation of the gravitational memory is
based on comparing the geodesic deviation between two assumed pairs of null geodesics as

follows

Ant =ty —ntly, (3.1)

which is well-defined in any radius. n* is the deviation between a pair of null geodesics

given by
' (r) = a(r) — a(r). (3.2)
zf(r) is a geodesic generated by the vector n, = —d,v and the neighbourhood geodesic

xH(r) generated by small deformations f given by
o) = [ g -0+ 2 (33)

f is a function of the 2-sphere and z* indicates the ingoing location of the geodesic. In Eq.
(3.2), r is an affine parameter. If we choose Newman-Unti (NU) coordinate, at a sufficiently
large radius r = r, the worldlines (v, rp, x! ) are approximately inertial observers and the
gravitational displacement due to the burst of energy between v and v’ can be computed
easily by comparing the quantity n* before and after the flux at infinity. It is shown that
this method is also applicable to find the gravitational memory in the bulk of the space
time. We are in fact interested in the large-r expansion of the gravitational memory which

is near null infinity and in the bulk of the space time.

4 Subleading memory effect in Newman-Unti gauge

The asymptotically flat space time metric can be written in NU coordinate (v, r, x! ). In
this gauge null foliations of space time are describe with parameter v while r is affine for

generators of geodesics in the hypersurfaces ¥, of constant v. Starting from the form of



the metric (2.1) in Bondi gauge with radial coordinate r, one can find the asymptotically
flat metric in NU gauge by the following radial coordinate change according to Barnich and

Lambert [21] as

0o 2 9 2
TNU =T — / dr' (1) =r— 25 _ 25 4;,52) +0(r7?). (4.1)
r r 3r
As we are interested in the spatial gravitational displacement An! at some fixed r, we
need the spatial part of the metric in NU gauge. We will address the displacement in
the longitudinal direction, An" as well later in this the paper. The spatial part of the

asymptotically flat metric in NU gauge can be found as

1J AIJ BIJ 1J fHIJ
gM(NU) — 72 + 5+ 5+ g5 + -+ (9(7“1;(7}), (4.2)
T T T T T
NU NU NU NU NU

with
AT — _clT gl — SCQVU’ Gl — —(D" 4 136020111)7
9 1 504
17 1J KL 4y 1T 17
=-F —(D - — — . 4.
H +3(D* Ok = 760%) v + (4.3)

We assume the following large-r expansion for the spatial gravitational displacement’ as

9] _ Z": 9[(n—2) '

n=2

(4.4)

Tn

Using Egs. (3.1) and (4.2), one can find the the gravitational memory in each order. One
should also consider the newly found BMS chrages at subleading orders which are actually
related to the conserved Newman-Penrose charges. Therefore, the change in the geodesic de-
viation with leading order deviation d! = %’yl J9;f, gives us a shift which by considering the

conserved charges at each order corresponds to the gravitational displacement at each order.

4.1 Memory effect and the BMS charge at O(r°)

According to [21], the variation of the leading BMS charge reads as

5Ty = 6(—25Fp) + gauouac”, (4.5)

"The spatial memory in Eq. (4.13) starts from n = 2 but that is just because of the factor 1/r? in g7.



where s is referred to the supertranslations and
6C! = 59,0 — 2D DY s, (4.6)

is the variation of C'!/ under the action of supertranslation and D! is the covariant derivative
with respect to 4//. The first term in charge (4.5) is the integrable part of the charge and
Fpy is proportional to the Bondi mass aspect mp. The second term is the non-integrable
part of the BMS charge and corresponds to the radiation at null infinity. If one sets the
non-integrable part of charge to zero, then Zj is integrable and Fj is conserved which means
there is no radiation at null infinity and therefore C!7 is a free data at null infinity. But if
we allow F} to vary, there will be a flux of gravitational radiation at null infinity and 9,,C!”’

is no longer zero. The gravitational memory at leading order and right at null infinity reads

as
o7 8‘]
Apl© = —2T2f ACt = f —ACY. (4.7)
NU
Therefore,
71(0) __d_JACI 4.8

At this order one can also find the gravitational shift between a pair of timelike observers
using the geodesic equation [11,12]. See Appendix B for the derivation of the leading

memory at null infinity in NP formalism using timelike geodesics.

4.2 Memory effect and BMS charge at O(r~!)

At this order the BMS charge is identically zero due to the Einstein equations and strong
enough choice for the fall off of the energy-momentum tensor, thus Z; = 0. Therefore, there

is no conserved quantity in this order and the gravitational shift at this order is

ot or 8 f
Aq = - S AC?) = ~TACY), (1.9
NU
Therefore,
gl() _ _d_IA(C2) (4.10)
&2 ' '



4.3 Memory effect and BMS charge at O(r—2)

At this order the BMS charge is integrable as the non-integrable part of the charge is zero
5I§non_mt) =0, for [ = 0 or [ = 1 spherical harmonics with the constraint D;D s = %W JOs

on the supertranslation function s. The integrable part of the charge is given by integrating
1
6T, = DiDys (—-D'7 + 1—6020”). (4.11)

Due to the trace free property of Cr; and Dj; defined in (2.7), the BMS charge at this

order is zero and therefore the memory reads as

an'® = L a1 - Loy dacren) - T awh - Loy
g gy 7T J R
Thus,
g1(2) — _ﬁA(DI _ i(j?CI) (4.13)
Tt A T '

4.4 Memory effect and BMS charge at O(r—3)

At this order the non-integrable part of the BMS charge is zero and if one considers the
supertranslation s to be an [ = 2 spherical harmonic, there is a new set of integrable charges
which are directly related to the conserved NP charges as

iC’A‘)’yI 7). (4.14)

1
I3 = sDiD;(—E" + 5(DKLCKL ~ 16

The above expression is directly related to the component W} of the Weyl scalars®. Using

(3.1), the gravitational shift is given by

0;f 9 1 1 1
Apl® — _ 9 gty 2 (gl L pKL RN AN I
! 75y +5( + 3D Cri = 5 O) + 35 7)
RN 9 1 1 1
TEAEY 4 (= BY 4+ (DK ey = 2O ) = CM) (aa)

But due to the existence of set of integrable conserved charges at this order, the gravitational
shift is obtained by
dJ

3 . % I
9 T AE] -

5§ 04) (4.16)

8See Eq. (4.30) of [17].



The above equation shows that even if the charge remains conserved in this order, still there
is a non-trivial displacement. However, we just considered the subleading BMS charges

which are related to the real part of the weyl scalars.

5 Longitudinal displacement

In addition to An’, one can also consider the gravitational shift in the longitudinal direction

as An”". Using Eq. (3.1), the shift on the r direction can be read as

An' = — / glorf. (5.1)
Using Eq. (2.10), the above equation can be written as®
D7AC
Ay = T”af F+o@r?). (5.2)

But vanishing of the curvature in the asymptotic region implies
ACry=2D;Dys, (5.3)

Thus, Eq. (5.2) shows the relative radius change between two null geodesics which is the
same shift in r direction derived in [12]'° as 0 when one considers the action of the super-
translations s on the initial separation vector between the detectors ¢ as L;(. Therefore,
the shift in the r direction between two observers can be neatly recast using the new method

for finding the gravitational memory based on null geodesics.

6 Discussion

In this paper, we studied the non linear memory in the bulk of the space time around null
infinity. Considering the large-r expansion of the BMS conserved charges at each order, we
showed that despite the existence of a set of integrable charges at order 7—3, the memory is
not zero contrary to the case in the leading order. That may be related to the fact that the

physical meaning of the NP charges is not very clear especially in the non-linearised theory

9The large-r expansion of ¢"! component of the metric reads as

, Cy  Cf  2B,C{ +C3
gl=_Co_ G 260G +C |

or™?).

r2 r3 r4

9See Eq. (4.13) in the reference.
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of gravity while the interpretation of the charge in the leading order is the Bondi mass
aspect. However, we only considered the supertranslation charges at subleading orders.
Large-r expansion of the superrotation charges which may be related to some conserved
physical charges and the connection to the subleading memory remains to be explored in
future works. However, the observable for the spin memory is a time delay ' while in
this paper the displacement memory is considered. Moreover, the gravitational waves and
therefore the infinite towers of memories are characterized by the asymptotic shear ¢° and
according to [24], the subleading memories are defined by different choice of the asymptotic
shear. However as it is obvious from Eqgs. (4.13) and (4.16), the displacement memories are
not characterized only by the shear'? which is related to the flux at infinity. We may solve
this in a future work by considering the tower of dual BMS charges [25]. Also despite the
leading order in which the memory is produced by the non-integrable part of the leading
charge, the non-integrable parts of the subleading supertranslation charges do not play
any role in the subleading memory effect. Finally, in addition to the standard memory, a
displacement in the radial direction has been calculated. It is shown that the shift in the r
direction shows itself only away from null infinity and it is exactly the change in the relative
radius between two detectors when the supertranslations act on the initial separation vector
between two observers before passage of the gravitational waves. This confirms the method

we used in the body of the paper led to consistent results with previous works.
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A Parametrisation of the spatial part of the asymptotically

flat metric

Following [13,17], one can do a parametrization of the spatial part of the metric (2.1) as

hryda!de! = %(ezf + €29)df? + (e/ 79 + e~ /19)sin g d9d¢+ sin? 6 (e7% 4 e729)d¢?.
(A1)

with f(u,r,0,¢) and g(u,r,6,¢) defined as

o0

flu,r,0,¢) = Z = glund,0) = Y0 A (A2)
n=0

with the constraint f; = g1 = 0, that comes from the Sommerfeld radiation condition'®

which describes the behaviour of the field in asymptotic region as r — oco. One can expand
the spatial metric (A.1) in terms of f,, and g, and find the tensors Cr;, Dy and Ej; in

terms of f and g as

1 .
Coo=—=+ Fn = fo+g0, Co1=Cro=(fo—go)sind, (A.3)
Doy = 5 =fotge+ (fo +98),

n- 6
Dor = Dio = (f2 — g2+ = (fo — g0)°)sin 6, (A.4)

1
0= f3+g3+ gfél +2fof2+ 29092 + §g§,

1 .
Einn=—(fs+93— g(ff)1 +6fof2 + 69092 + gg)) sin? 0,

Eo1 = E1o = (f3 — g3) sin . (A.5)

The the above parametrisation is indeed essential for finding the metric functions defined

n [17].

13The condition is also called the regularity condition on the metric and it is the consistent behaviour of
the metric functions at far distances. See section 4 of [13] and especially Eq. (4.10) of [26].
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B Memory effect at null infinity in Newman-Penrose formal-
ism

The gravitational memory can be also written in NP formalism'. The Newman-Penrose
formalism begins with a choice of complex null frame {l,n,m,m}. We begin with the

asymptotic form of the metric as

ds? = —Fe?? du® — 2¢*° dudr + r*hry(dz’ — Cldu)(da’ — C7du)
= —e*du (Fdu + 2dr) + 2r* (i i) (da’ — C'du)(da’ — C7 du). (B.1)

Using gap = El E} 1w, the orthonormal tetrad {E,} reads as

1 _
Ey =e*du, Ei = §(qu +2dr), Ey =rim(de! — Cldu), Ej =rimp(de’ — Cldu).

(B.2)
Accordingly, a complex null frame can be introduced as
=0, n=ec2[,— %F@r Loy, m= mTIaI, = gaﬁ (B.3)
The scalar products of the tetrad vectors vanishes apart from
Mn, = —mtm, = —1. (B.4)
The coordinate basis can be read as
0, = e*n + %Fl —rhyCt (mﬁl‘] + mmJ), Or=1, Or=rhry (mﬁl‘] + mmJ).
(B.5)

We will use the above basis for writing the Riemann tensor in terms of the Weyl scalars. In
general the geodesic equation shows how the inertial particles undergo a mutual acceleration
due to the curvature of the space time. The relative acceleration between two time like
geodesics is descibed by the equation of geodesic as follows

D2§a

W = —Rg,y(g?}ﬁvéé.ﬂy, (Bﬁ)

"For the NP formalisation of the infinite towers of gravitational memory see [24].
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where, v* = (1,0,0,0) is the four vector velocity of a timelike observer and £ is the
deviation vector between two neighbouring geodesics.
We now find the large-r expansion of the gravitational displacement due to the passage of

the gravitational burst. We consider the following large-r expansion for the ng; and the

four-velocity of the inertial observer!'® as
n Rg(g) m Ua(m)
&t
=D T =D (B.7)
n=1 m=0

The Riemann tensor component which is interesting for the leading memory reads as

RquJ = Rul/pa(8u)u(au)p(af)y(a])a' (BS)

In vacuum R,, = 0 and the Riemann tensor becomes as same as the Weyl tensor. Of
course, that is not the general case and one may investigate the problem in the presence of

matter. So Eq. (B.8) can be written as
RquJ = Cuupa(au)u(au)p(al)u(aJ)J' (Bg)
Five complex Weyl scalars'6 are as follows

o = 1"mP1mCoped, W1 = 1I"nP1mCopea, V2 = 1I“mPmnCopeq,

Uy = l“nbmcndCade, Uy = nambncmdcabcd. (B.10)
Assuming

1 _ _
o = e2Ppt §Fl“ — rhgCE (mtiml + mbinl), 0% = rhin(m?mY +m¥m").

(B.11)

'5One may consider the corrections to the four-velocity of the observer (See exercise 13 of [11]), but
actually the only important component of the four-vector velocity of the inertial observer is ™9 to remain
inertial during the gravitational energy burst.

16See [27] for the physical interpretation of the Weyl scalars in asymptotic region at large distance from
the source. In particular, W4 describes the gravitational radiation at null infinity. This is also clear from the
non-integrable part of the leading charge (B.25) as ¥y = —6° = —hy +ihy.
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After a long but straightforward calculation, the R,j,; component of the Riemann tensor

can be written in terms of Newman-Penrose charges as

4 4
n=0 n=0

= Co¥y + C(/]\Tfo + C1¥y + C{\Tfl + CoWy + Cé\ifg + C3W¥3 + Cé\ifg + CyVy + 04@4

(B.12)
For Ry, to be real-valued, C),, = C’_;L. The C),s coefficients read as
_ o q N
Co = C(/) = Z To—n = ZTzeh[NthmNmP, (B.13)
n=—2
_ c™ q _ o
Ci1=Ci=> 7}n = §T3Fh[ ThrrCEmE — 3 FhyhyphCEmNmlmE,  (B.14)
n=—1
= Czn) 1 2,28 K N o P L S
Co=Chy= ), 2= =% Fhiy+rthivhyphihpsCHC m™ i
n=—2
+ 7t hnhphi phrsCECEMN mPmEm® — rihynhyphi CECEmY, (B.15)

n)
C3 = C’é = Z C;gn —2r3¢ Bh[NthhKLCK NPl 4¢3 62611[]0]{ L (B.16)
n=—1

n (n)
Cy=0C) = Z % = r2e*hnhypmNmPml. (B.17)
n=—2

In order to write the large-r expansion of Ry, we use the peeling property of the Weyl

tensor and find the

n

n n n n n n n n n
=) —L \IJZE—\I'l m:E—% \Isz—\II?’ Uy = i
0 r5+n’ 1 rdt+n’ 2 p3+n’ 3 r2+n’ 4 plin’
n=0 n=0 n=0 n=0

n=0
(B.18)
At O(r) the component of the Riemann tensor reads as
RGD 0(2)\114—0() o N~ P=0 NZP:0
ulu — = —yinysp(mmt 50 + mN ' 50),
where, the asymptotic shear ¢ is
1 —1— 1
0" = ——(fo+igo). (B.19)
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m! and m? at the leading order should be defined such that h!”/ = m!m’+m’m!. Therefore,

we define

21 (149) o (1—4)
m = , =g (B.20)

Using Egs. (B.19) and (B.20), (B.12) can be written as

- 12120 |, 151s 1 1

Rigun = —00v00 (0110 6° + i 60) = —5(53f0 +0290) = —5350997 (B.21)
- 9,950 | 5232 1. 1

Rf@ip = —YssVs0(MP?G°0 + m?m?5%) = 5 sin? 6 (02 fo + 0%go) = —§8ZC’¢¢, (B.22)
- 1,950 | 5132 1. 1

waiis = Y00 Yp (M 750 + mn?s%) = —5sin 0(9; fo — Di90) = —5530%- (B.23)

Therefore, at the leading order, R, is found to be
(-1) Lo
R, ;= —§6uCU. (B.24)

And the gravitational displacement reads as the standard gravitational memory displace-
ment in [12]. At this order the standard BMS charge in terms of NP quantities is defined
as [17]

1
Q=-575 /dQYzm%(\PS +0°9,5°). (B.25)
If UY is conserved, then 9,9 = 0 and as
U9 — 4 = °0,0° — 6°9,6" + 56" — 525", (B.26)

in order of ¥9 to be conserved, ¢” should be a free data at null infinity o0 = 0. In this
case, we can see from (B.21) that gravitational displacement is zero due to the existence of
a conserved charge at this order. If UY is not conserved then there is a shift in the relative
distance of two inertial observer which is related to the non-integrable part of the charge

(B.25).
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