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ABSTRACT

We apply the new method based on null geodesics for detecting gravitational memory and

find the bulk memory in Newman-Unti gauge around the boundary of the conformally

compactified space time. We show how we use the newly found conserved charges in the

subleading orders of large-r expansion of the BMS charges to define the gravitational mem-

ory at each order in the non-linearised gravitational theory. We also find the gravitational

shift in the r direction. It is shown that the longitudinal displacement at order 1/r is the

relative radius change between two detectors derived by Strominger and Zhiboedov.
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1 Introduction

The gravitational memory effect discovered by Zeldovich and Polnarev [1] is based on the

asymptotic behaviour of the gravitational fields in the asymptotic region of space time and

is defined as the permanent change in the relative spatial position of a pair of inertial

observers after a finite gravitational burst of energy. The passage of gravitational waves

produces an observable effect which LIGO [2, 3] and the next generation of gravitational

waves detectors like LISA [4,5] are based on.

The phenomenon has been studied in the linearised theory of gravity [6, 7] and generalised

by Christodoulou and others [8,9] to the non-linearised theory. Christodoulou showed that

every gravitational burst of energy has a non linear memory and can not be neglected

only because the gravitational wave sources are at large distances from our detectors on

the Earth. As we are extremely far away from the sources of gravitational waves, the

amplitude of the waves are so small as it is assumed that linearised theory of gravity is

sufficient for the study of the gravitational waves. However, depending on the source of the

burst, the amplitude of the non linear memory1 can be of the same order as the dynamical

part of the burst of energy. Therefore, the study of gravitational memory effect in the full

non-linearised theory of gravity is important and plays a crucial role in the future observa-

tion of the gravitational waves. The original formulation of the gravitational memory by

Christodoulou is based on the definition of test particles which are initially at rest moving

on timelike geodesics at the boundary of the conformally compactified space time. The

memory at null infinity is then obtained by the geodesic equation which is not the case

for the gravitational displacement in the bulk of the space time due to the gravitationally

inward nature of timelike geodesics near a strongly gravitational system, i.e a black hole.

Therefore, recently another method for finding the memory effect is provided based on null

geodesics instead of timelike geodesics [10].

The memory effect is indeed the interesting corner of the so called Infrared (IR) triangle [11]

discovered recently by Strominger [12] which connects the memory with asymptotic symme-

tries [13] and the soft theorems [14]. Due to the non-trivial connection of the corners at the

IR limit, the observation of the memory effect gives us information about the symmetries in

the asymptotic region of the space time. However, for the detection of the memory in the

weak field approximation, one needs to wait for the IR gravitational wave detection [15].

Strominger and Zhiboedov revealed this connection and showed that the relative position

1Also referred as Christodoulou memory.
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of the inertial observers differ by a BMS supertranslation2. Therefore, the displacement be-

tween a pair of inertial observers using the supertranslated metric is precisely the standard

formula for the memory effect and can be derived from geodesic equation at the leading

order at null infinity.

Our aim in the paper is to find the the large-r expansion of the gravitational displacement

close to the null infinity in the bulk of the four dimensional asymptotically flat space time

in the full non-linearised theory of gravity using null geodesics. Although, all we have de-

tected till now showed a displacement memory predicted by the linearised gravity, it still

worth investigating the phenomenon in the non-linearised theory as well for the reasons

explained earlier3. Our motivation to study the subleading memory effect around the null

infinity is based on the new interesting physics hidden in the subleading orders, especially

the existence of a new set of conserved integrable charges at order r−3 of large-r expan-

sion of the BMS charges [17] which are directly related to the the non-linearly conserved

Newman-Penrose (NP) charges [18]. Since the connection of the BMS symmetries and the

memory effect is established in the bulk of the space time4 [19,20], one needs to consider the

subleading BMS diffeomorphisms and therefore the newly found subleading BMS charges

at the subleading orders. Our idea is simple and the expectation is reasonable. At the

leading order of the gravitational memory, if the leading BMS charge, namely the Bondi

mass aspect is conserved, then there is no flux at null infinity and therefore no displacement

memory which we show it is not the case in the subleading order where we have a set of

conserved charges. If we let the mass to vary, we have memory which is directly related to

the change of the gravitational wave tensor, ∆CIJ at null infinity. At the subleading order

r−3, we have a set of integrable and finite BMS charges which are related to some physical

conserved charges. We are especially interested in the subleading gravitational memory if

one considers newly found conserved charges at subleading orders. We will also use the

method introduced in [10] to find the longitudinal memory in the r direction.

The paper is as follows: We begin by the asymptotically flat metric in four dimensions in

section 2. Then we review the new method for the gravitational memory calculation based

on null geodesics in section 3. The towers of gravitational memories is found in section 4,

where, we show the memory is not vanishing although having a set of conserved charges in

some certain subleading orders. In section 5, the longitudinal displacement is found and it

2It is also shown that the the nearby detectors experience a relative time delay in addition to the standard
gravitational spatial memory effect.

3See [16] for a detailed review on linearised and non-linearised gravitational wave memory effect.
4Also see section (2.3) of [10] for more details.
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is shown that this shift only shows itself in the subleading orders, mainly in order 1/r. We

conclude our work with some discussions in section 6.

2 Asymtotically 4.d flat metric in Bondi gauge

2.1 Metric definition in the Bondi gauge

The most general form of the metric in 4.d which is asymptotic to the flat metric in retarded

Bondi gauge with coordinates (u, r, xI ), xI = {θ, φ} takes the form

ds2 = gµνdx
µdxν = −Fe2β du2 − 2e2β dudr + gIJ(dx

I −CIdu)(dxJ − CJdu), (2.1)

where F , β and CI are some metric functions with the following fall-off conditions

F (u, r, xI ) = 1 +

n
∑

n=0

Fn(u, x
I)

rn+1
, β(u, r, xI ) =

n
∑

n=0

βn(u, x
I)

rn+2
, CJ(u, r, xI ) =

n
∑

n=0

CJ
n (u, x

I)

rn+2
.

(2.2)

The inverse of the metric (2.1) reads as

gµν =









0 −e−2β 0

−e−2β Fe−2β −e−2βCJ

0 −e−2βCI gIJ









. (2.3)

The spatial part of the metric has the following fall-off at large-r expansion defined in [17]

as

gIJ(u, r, x
I ) = r2hIJ = r2γIJ + rCIJ(u, x

I) +
C2γIJ

4
+
DIJ(u, x

I)

r
+
EIJ(u, x

I)

r2
+O(r−2).

(2.4)

where, γIJ is the metric on the 2-sphere, CIJ describes the gravitational waves and the

square of the so called “Bondi news tensor”, NIJ = ∂uCIJ is proportional to the flux of

energy at the null boundary of the space time and C2 = CIJC
IJ . Fixing the gauge condition

as follows

1

r2
det(gIJ) = det(γIJ) = sin2 θ, (2.5)
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keeps the spatial part of the metric topologically spherical and gives us the following con-

straints about the functions CIJ , DIJ and EIJ ,

1

r2
det(gIJ) = det(γIJ +

CIJ

r
+
C2γIJ
4r2

+
DIJ

r3
+
EIJ

r4
+O(r−4))

= det(γIJ) [1 +
CI
I

r
+
DI

I

r3
+
EI

I

r4
−
C2CI

I

4r3
−
CKLD

KL

r4
+
C4

16r4
+ ..],

(2.6)

which implies

trC = 0, trD = 0, trE = CIJD
IJ −

C4

16
. (2.7)

Assuming appropriate fall-off condition for energy-momentum tensor at each order, some

of the metric functions in metric (2.1) read as5

∂uF0 = −
1

2
DIDJ∂uC

IJ +
1

4
∂uC

IJ∂uCIJ , (2.8)

β0 = −
1

32
C2, β2 =

1

128
(C2)2 −

3

32
DIJC

IJ , (2.9)

CI
0 = −1

2DJC
IJ . (2.10)

One can also re-parametrise hIJ , the spatial part of the metric (2.1). The parametrisation

of the metric is indeed very useful and crucial for calculating the coefficients in the metric

functions described in (2.1) and in all the calculations in the current paper. See Appendix

A for the parametrisation of the metric.

3 Gravitational memory in the bulk

The gravitational memory effect is defined as the permanent shift in the relative distance

of a pair of inertial observers6 stationed near I+ due to the burst of energy. The main

purpose of this paper is to find the corrections to the gravitational memory away from null

infinity which we call “subleading gravitational memory”. In fact, we aim to calculate the

displacement memory in the bulk, close to the boundary of conformally compactified space

time. One can use null geodesics instead of timelike geodesics and find the gravitational

5See section (2.2) of [17] for the complete derivation of the metric functions in metric (2.1).
6See [12] for a detailed discussion on different types of observers.

5



displacement [10]. It is shown that this method can be easily used for finding the gravita-

tional memory effect in the bulk of the space time. We first briefly review this new method

for the formulation of the gravitational memory in the bulk using ingoing null geodesics.

One can measure the deviation between a pair of null geodesics ηµ|v, when one shoots light

rays at time v. At some later time after the burst of the gravitational energy, another pair

of light rays are considered and the deviation between the second pair of null geodesics is

measured as ηµ|v′ . The new method for the formulation of the gravitational memory is

based on comparing the geodesic deviation between two assumed pairs of null geodesics as

follows

∆ηµ := ηµ|v′ − ηµ|v, (3.1)

which is well-defined in any radius. ηµ is the deviation between a pair of null geodesics

given by

ηµ(r) = xµ(r)− xµ0 (r). (3.2)

xµ0 (r) is a geodesic generated by the vector nν = −∂νv and the neighbourhood geodesic

xµ(r) generated by small deformations f given by

xµ(r) =

∫ r

gµν(nν − ∂νf) + zµ. (3.3)

f is a function of the 2-sphere and zµ indicates the ingoing location of the geodesic. In Eq.

(3.2), r is an affine parameter. If we choose Newman-Unti (NU) coordinate, at a sufficiently

large radius r = rL, the worldlines (v, rL, x
I) are approximately inertial observers and the

gravitational displacement due to the burst of energy between v and v′ can be computed

easily by comparing the quantity ηµ before and after the flux at infinity. It is shown that

this method is also applicable to find the gravitational memory in the bulk of the space

time. We are in fact interested in the large-r expansion of the gravitational memory which

is near null infinity and in the bulk of the space time.

4 Subleading memory effect in Newman-Unti gauge

The asymptotically flat space time metric can be written in NU coordinate (v, r, xI ). In

this gauge null foliations of space time are describe with parameter v while r is affine for

generators of geodesics in the hypersurfaces Σv of constant v. Starting from the form of

6



the metric (2.1) in Bondi gauge with radial coordinate r, one can find the asymptotically

flat metric in NU gauge by the following radial coordinate change according to Barnich and

Lambert [21] as

rNU = r −

∫

∞

r

dr′ (e2β − 1) = r −
2β0
r

−
2(β20 + β2)

3r3
+O(r−3). (4.1)

As we are interested in the spatial gravitational displacement ∆ηI at some fixed r, we

need the spatial part of the metric in NU gauge. We will address the displacement in

the longitudinal direction, ∆ηr as well later in this the paper. The spatial part of the

asymptotically flat metric in NU gauge can be found as

gIJ(NU) =
γIJ

r2NU

+
AIJ

r3NU

+
BIJ

r4NU

+
GIJ

r5NU

+
HIJ

r6NU

+O(r−7
NU), (4.2)

with

AIJ = −CIJ , BIJ =
3

8
C2γIJ , GIJ = −(DIJ +

3

16
C2CIJ),

HIJ = −EIJ +
9

8
(DKLCKL −

1

16
C4) γIJ +

5C4

64
γIJ . (4.3)

We assume the following large-r expansion for the spatial gravitational displacement7 as

D
I =

n
∑

n=2

DI(n−2)

rn
. (4.4)

Using Eqs. (3.1) and (4.2), one can find the the gravitational memory in each order. One

should also consider the newly found BMS chrages at subleading orders which are actually

related to the conserved Newman-Penrose charges. Therefore, the change in the geodesic de-

viation with leading order deviation dI = 1
r
γIJ∂Jf , gives us a shift which by considering the

conserved charges at each order corresponds to the gravitational displacement at each order.

4.1 Memory effect and the BMS charge at O(r0)

According to [21], the variation of the leading BMS charge reads as

δI0 = δ(−2sF0) +
s

2
∂uCIJδC

IJ , (4.5)

7The spatial memory in Eq. (4.13) starts from n = 2 but that is just because of the factor 1/r2 in gIJ .
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where s is referred to the supertranslations and

δCIJ = s∂uC
IJ − 2DIDJs, (4.6)

is the variation of CIJ under the action of supertranslation andDI is the covariant derivative

with respect to γIJ . The first term in charge (4.5) is the integrable part of the charge and

F0 is proportional to the Bondi mass aspect mB. The second term is the non-integrable

part of the BMS charge and corresponds to the radiation at null infinity. If one sets the

non-integrable part of charge to zero, then I0 is integrable and F0 is conserved which means

there is no radiation at null infinity and therefore CIJ is a free data at null infinity. But if

we allow F0 to vary, there will be a flux of gravitational radiation at null infinity and ∂uC
IJ

is no longer zero. The gravitational memory at leading order and right at null infinity reads

as

∆ηI(0) = −
∂Jf

2r2NU

∆CI
J = −

∂Jf

2r2
∆CI

J . (4.7)

Therefore,

D
I(0) = −

dJ

2r
∆CI

J . (4.8)

At this order one can also find the gravitational shift between a pair of timelike observers

using the geodesic equation [11, 12]. See Appendix B for the derivation of the leading

memory at null infinity in NP formalism using timelike geodesics.

4.2 Memory effect and BMS charge at O(r−1)

At this order the BMS charge is identically zero due to the Einstein equations and strong

enough choice for the fall off of the energy-momentum tensor, thus I1 = 0. Therefore, there

is no conserved quantity in this order and the gravitational shift at this order is

∆ηI(1) = −
∂If

8r3NU

∆(C2) = −
∂If

8r3
∆(C2). (4.9)

Therefore,

D
I(1) = −

dI

8r2
∆(C2). (4.10)

8



4.3 Memory effect and BMS charge at O(r−2)

At this order the BMS charge is integrable as the non-integrable part of the charge is zero

δI
(non-int)
2 = 0, for l = 0 or l = 1 spherical harmonics with the constraint DIDJs =

1
2γIJ�s

on the supertranslation function s. The integrable part of the charge is given by integrating

δI2 = DIDJs (−DIJ +
1

16
C2CIJ). (4.11)

Due to the trace free property of CIJ and DIJ defined in (2.7), the BMS charge at this

order is zero and therefore the memory reads as

∆ηI(2) = −
∂Jf

4r4NU

(∆(DI
J −

1

16
C2CI

J) +
1

4
∆(C2CI

J)) = −
∂Jf

4r4
∆(DI

J −
1

16
C2CI

J). (4.12)

Thus,

D
I(2) = −

dJ

4r3
∆(DI

J −
1

16
C2CI

J). (4.13)

4.4 Memory effect and BMS charge at O(r−3)

At this order the non-integrable part of the BMS charge is zero and if one considers the

supertranslation s to be an l = 2 spherical harmonic, there is a new set of integrable charges

which are directly related to the conserved NP charges as

I3 = sDIDJ(−E
IJ +

1

2
(DKLCKL −

1

16
C4)γIJ). (4.14)

The above expression is directly related to the component Ψ1
0 of the Weyl scalars8. Using

(3.1), the gravitational shift is given by

∆ηI(3) = −
∂Jf

4r5NU

∆(EIJ +
9

5

(

− EIJ +
1

2
(DKLCKL −

1

16
C4)γIJ

)

+
1

16
C4γIJ)

= −
∂Jf

4r5
∆(EIJ +

9

5

(

− EIJ +
1

2
(DKLCKL −

1

16
C4)γIJ

)

−
1

32
C4γIJ). (4.15)

But due to the existence of set of integrable conserved charges at this order, the gravitational

shift is obtained by

D
I(3) = −

dJ

4r4
∆(EI

J −
δIJ
32
C4). (4.16)

8See Eq. (4.30) of [17].
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The above equation shows that even if the charge remains conserved in this order, still there

is a non-trivial displacement. However, we just considered the subleading BMS charges

which are related to the real part of the weyl scalars.

5 Longitudinal displacement

In addition to ∆ηI , one can also consider the gravitational shift in the longitudinal direction

as ∆ηr. Using Eq. (3.1), the shift on the r direction can be read as

∆ηr = −

∫ r

grI∂If. (5.1)

Using Eq. (2.10), the above equation can be written as9

∆ηr =
DJ∆CIJ

2r
∂If +O(r−2). (5.2)

But vanishing of the curvature in the asymptotic region implies

∆CIJ = 2DIDJs, (5.3)

Thus, Eq. (5.2) shows the relative radius change between two null geodesics which is the

same shift in r direction derived in [12]10 as δr when one considers the action of the super-

translations s on the initial separation vector between the detectors ζ as Lsζ. Therefore,

the shift in the r direction between two observers can be neatly recast using the new method

for finding the gravitational memory based on null geodesics.

6 Discussion

In this paper, we studied the non linear memory in the bulk of the space time around null

infinity. Considering the large-r expansion of the BMS conserved charges at each order, we

showed that despite the existence of a set of integrable charges at order r−3, the memory is

not zero contrary to the case in the leading order. That may be related to the fact that the

physical meaning of the NP charges is not very clear especially in the non-linearised theory

9The large-r expansion of grI component of the metric reads as

grI = −
CI

0

r2
−

CI

1

r3
−

2β0C
I

0 +CI

2

r4
+O(r−5).

10See Eq. (4.13) in the reference.
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of gravity while the interpretation of the charge in the leading order is the Bondi mass

aspect. However, we only considered the supertranslation charges at subleading orders.

Large-r expansion of the superrotation charges which may be related to some conserved

physical charges and the connection to the subleading memory remains to be explored in

future works. However, the observable for the spin memory is a time delay 11 while in

this paper the displacement memory is considered. Moreover, the gravitational waves and

therefore the infinite towers of memories are characterized by the asymptotic shear σ0 and

according to [24], the subleading memories are defined by different choice of the asymptotic

shear. However as it is obvious from Eqs. (4.13) and (4.16), the displacement memories are

not characterized only by the shear12 which is related to the flux at infinity. We may solve

this in a future work by considering the tower of dual BMS charges [25]. Also despite the

leading order in which the memory is produced by the non-integrable part of the leading

charge, the non-integrable parts of the subleading supertranslation charges do not play

any role in the subleading memory effect. Finally, in addition to the standard memory, a

displacement in the radial direction has been calculated. It is shown that the shift in the r

direction shows itself only away from null infinity and it is exactly the change in the relative

radius between two detectors when the supertranslations act on the initial separation vector

between two observers before passage of the gravitational waves. This confirms the method

we used in the body of the paper led to consistent results with previous works.
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A Parametrisation of the spatial part of the asymptotically

flat metric

Following [13,17], one can do a parametrization of the spatial part of the metric (2.1) as

hIJdx
IdxJ =

1

2
(e2f + e2g)dθ2 + (ef−g + e−f+g) sin θ dθdφ+

1

2
sin2 θ (e−2f + e−2g)dφ2.

(A.1)

with f(u, r, θ, φ) and g(u, r, θ, φ) defined as

f(u, r, θ, φ) =
∞
∑

n=0

fn
rn+1

, g(u, r, θ, φ) =
∞
∑

n=0

gn
rn+1

. (A.2)

with the constraint f1 = g1 = 0, that comes from the Sommerfeld radiation condition13

which describes the behaviour of the field in asymptotic region as r → ∞. One can expand

the spatial metric (A.1) in terms of fn and gn and find the tensors CIJ , DIJ and EIJ in

terms of f and g as

C00 = −
1

sin2 θ
C11 = f0 + g0, C01 = C10 = (f0 − g0) sin θ, (A.3)

D00 = −
1

sin2 θ
D11 = f2 + g2 +

2

3
(f30 + g30),

D01 = D10 = (f2 − g2 +
1

6
(f0 − g0)

3) sin θ, (A.4)

E00 = f3 + g3 +
1

3
f40 + 2f0f2 + 2g0g2 +

1

3
g40 ,

E11 = −(f3 + g3 −
1

3
(f40 + 6f0f2 + 6g0g2 + g40)) sin

2 θ,

E01 = E10 = (f3 − g3) sin θ. (A.5)

The the above parametrisation is indeed essential for finding the metric functions defined

in [17].

13The condition is also called the regularity condition on the metric and it is the consistent behaviour of
the metric functions at far distances. See section 4 of [13] and especially Eq. (4.10) of [26].
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B Memory effect at null infinity in Newman-Penrose formal-

ism

The gravitational memory can be also written in NP formalism14. The Newman-Penrose

formalism begins with a choice of complex null frame {l, n,m, m̄}. We begin with the

asymptotic form of the metric as

ds2 = −Fe2β du2 − 2e2β dudr + r2hIJ (dx
I − CIdu)(dxJ − CJdu)

= −e2βdu (Fdu+ 2dr) + 2r2(m̂(I
¯̂mJ))(dx

I − CIdu)(dxJ − CJdu). (B.1)

Using gab = Eµ
aEν

b ηµν , the orthonormal tetrad {Eα} reads as

E⊥

0 = e2βdu, E⊥

1 =
1

2
(Fdu+ 2dr), E⊥

2 = rm̂I(dx
I − CIdu), E⊥

3 = r ¯̂mI(dx
I − CIdu).

(B.2)

Accordingly, a complex null frame can be introduced as

l = ∂r, n = e−2β [∂u −
1

2
F∂r +CI∂I ], m =

m̂I

r
∂I , m̄ =

¯̂mI

r
∂I . (B.3)

The scalar products of the tetrad vectors vanishes apart from

lµnµ = −mµm̄µ = −1. (B.4)

The coordinate basis can be read as

∂u = e2βn+
1

2
Fl − rhIJC

I (m ¯̂mJ + m̄m̂J), ∂r = l, ∂I = rhIJ (m ¯̂mJ + m̄m̂J).

(B.5)

We will use the above basis for writing the Riemann tensor in terms of the Weyl scalars. In

general the geodesic equation shows how the inertial particles undergo a mutual acceleration

due to the curvature of the space time. The relative acceleration between two time like

geodesics is descibed by the equation of geodesic as follows

D2ξα

du2
= −Rα

βγδv
βvδξγ , (B.6)

14For the NP formalisation of the infinite towers of gravitational memory see [24].
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where, vα = (1, 0, 0, 0) is the four vector velocity of a timelike observer and ξα is the

deviation vector between two neighbouring geodesics.

We now find the large-r expansion of the gravitational displacement due to the passage of

the gravitational burst. We consider the following large-r expansion for the Rα
βγδ and the

four-velocity of the inertial observer15 as

Rα
βγδ =

n
∑

n=1

R
α(n)
βγδ

rn
, vα =

m
∑

m=0

vα(m)

rm
. (B.7)

The Riemann tensor component which is interesting for the leading memory reads as

RuIuJ = Rµνρσ(∂u)
µ(∂u)

ρ(∂I)
ν(∂J)

σ . (B.8)

In vacuum Rµν = 0 and the Riemann tensor becomes as same as the Weyl tensor. Of

course, that is not the general case and one may investigate the problem in the presence of

matter. So Eq. (B.8) can be written as

RuIuJ = Cµνρσ(∂u)
µ(∂u)

ρ(∂I)
ν(∂J)

σ . (B.9)

Five complex Weyl scalars16 are as follows

Ψ0 = lamblcmdCabcd, Ψ1 = lanblcmdCabcd, Ψ2 = lambm̄cndCabcd,

Ψ3 = lanbm̄cndCabcd, Ψ4 = nam̄bncm̄dCabcd. (B.10)

Assuming

∂µu = e2βnµ +
1

2
Flµ − rhKLC

K(mµ ¯̂mL + m̄µm̂L), ∂νI = rhIN (mν ¯̂mN + m̄νm̂N ).

(B.11)

15One may consider the corrections to the four-velocity of the observer (See exercise 13 of [11]), but
actually the only important component of the four-vector velocity of the inertial observer is vu(0) to remain
inertial during the gravitational energy burst.

16See [27] for the physical interpretation of the Weyl scalars in asymptotic region at large distance from
the source. In particular, Ψ4 describes the gravitational radiation at null infinity. This is also clear from the
non-integrable part of the leading charge (B.25) as Ψ4 = −¯̈σ0 = −ḧ+ + iḧ×.
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After a long but straightforward calculation, the RuIuJ component of the Riemann tensor

can be written in terms of Newman-Penrose charges as

RuIuJ =
4

∑

n=0

CnΨn +
4

∑

n=0

C ′

nΨ̄n

= C0Ψ0 + C ′

0Ψ̄0 + C1Ψ1 + C ′

1Ψ̄1 + C2Ψ2 + C ′

2Ψ̄2 + C3Ψ3 + C ′

3Ψ̄3 + C4Ψ4 + C ′

4Ψ̄4.

(B.12)

For RuIuJ to be real-valued, Cn = C̄ ′
n. The Cns coefficients read as

C0 = C̄ ′

0 =

n
∑

n=−2

C
(n)
0

rn
=

1

4
r2F 2hINhJP ¯̂mN ¯̂mP , (B.13)

C1 = C̄ ′

1 =

n
∑

n=−1

C
(n)
1

rn
=

1

2
r3FhIJhKLC

K ¯̂mL − r3FhINhJPhKLC
K ¯̂mN ¯̂mP m̂L, (B.14)

C2 = C̄ ′

2 =
n
∑

n=−2

C
(n)
2

rn
= −

1

2
r2e2βFhIJ + r4hINhJPhKLhRSC

RCKm̂N m̂P ¯̂mL ¯̂mS

+ r4hINhJPhKLhRSC
KCR ¯̂mN ¯̂mP m̂Lm̂S − r4hINhJPhKLC

KCL ¯̂mN , (B.15)

C3 = C̄ ′

3 =

n
∑

n=−1

C
(n)
3

rn
= −2r3e2βhINhJPhKLC

K ¯̂mN ¯̂mP m̂L + r3e2βhIJC
K ¯̂mL, (B.16)

C4 = C̄ ′

4 =
n
∑

n=−2

C
(n)
4

rn
= r2e4βhINhJP m̂

Nm̂P m̂P . (B.17)

In order to write the large-r expansion of RuIuJ , we use the peeling property of the Weyl

tensor and find the

Ψ0 =

n
∑

n=0

Ψn
0

r5+n
, Ψ1 =

n
∑

n=0

Ψn
1

r4+n
, Ψ2 =

n
∑

n=0

Ψn
2

r3+n
, Ψ3 =

n
∑

n=0

Ψn
3

r2+n
, Ψ4 =

n
∑

n=0

Ψn
4

r1+n
.

(B.18)

At O(r) the component of the Riemann tensor reads as

R
(−1)
uIuJ = C

(−2)
4 Ψ0

4 + C
′(−2)
4 Ψ̄0

4 = −γINγJP (m̂
N m̂P ¯̈σ0 + ¯̂mN ¯̂mP σ̈0),

where, the asymptotic shear σ0 is

σ0 =
1 + i

2
(f0 + ig0). (B.19)
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m̂1 and m̂2 at the leading order should be defined such that hIJ = m̂I ¯̂mJ+m̂J ¯̂mI . Therefore,

we define

m̂1 =
(1 + i)

2
, m̂2 =

(1− i)

2 sin θ
. (B.20)

Using Eqs. (B.19) and (B.20), (B.12) can be written as

R
(−1)
uθuθ = −γθθγθθ(m̂

1m̂1 ¯̈σ0 + ¯̂m1 ¯̂m1σ̈0) = −
1

2
(∂2uf0 + ∂2ug0) = −

1

2
∂2uCθθ, (B.21)

R
(−1)
uφuφ = −γφφγφφ(m̂

2m̂2 ¯̈σ0 + ¯̂m2 ¯̂m2σ̈0) =
1

2
sin2 θ (∂2uf0 + ∂2ug0) = −

1

2
∂2uCφφ, (B.22)

R
(−1)
uθuφ = −γθθγφφ(m̂

1m̂2 ¯̈σ0 + ¯̂m1 ¯̂m2σ̈0) = −
1

2
sin θ(∂2uf0 − ∂2ug0) = −

1

2
∂2uCθφ. (B.23)

Therefore, at the leading order, RuIuJ is found to be

R
(−1)
uIuJ = −

1

2
∂2uCIJ . (B.24)

And the gravitational displacement reads as the standard gravitational memory displace-

ment in [12]. At this order the standard BMS charge in terms of NP quantities is defined

as [17]

Q0 = −
1

2πG

∫

dΩYlmR(Ψ0
2 + σ0∂uσ̄

0). (B.25)

If Ψ0
2 is conserved, then ∂uΨ

0
2 = 0 and as

ψ0
2 − ψ̄0

2 = σ̄0∂uσ
0 − σ0∂uσ̄

0 + ð̄
2σ0 − ð

2σ̄0, (B.26)

in order of Ψ0
2 to be conserved, σ0 should be a free data at null infinity σ̇0 = 0. In this

case, we can see from (B.21) that gravitational displacement is zero due to the existence of

a conserved charge at this order. If Ψ0
2 is not conserved then there is a shift in the relative

distance of two inertial observer which is related to the non-integrable part of the charge

(B.25).
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