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Entanglement is at the core of quantum information processing and may prove essential for quantum
speed-up. Inspired by both theoretical and experimental studies of spin-momentum coupling in
systems of ultra-cold atoms, we investigate the entanglement between the spin and momentum
degrees of freedom of an optically trapped BEC of 87Rb atoms. We consider entanglement that
arises due to the coupling of these degrees of freedom induced by Raman and radio-frequency fields
and examine its dependence on the coupling parameters by evaluating von Neumann entropy as
well as concurrence as measures of the entanglement attained. Our calculations reveal that under
proper experimental conditions significant spin-momentum entanglement can be obtained, with von
Neumann entropy of 80% of the maximum attainable value. Our analysis sheds some light on the
prospects of using BECs for quantum information applications.

1 Introduction
Entanglement is a characteristic feature of quantum mechan-
ics1,2, responsible for quantum non-locality and the violation
of Bell’s inequality3. Entanglement has been an essential re-
source for the development of quantum information techniques
and technologies4–13. Harnessing entanglement for quantum in-
formation processing relies on the ability to manipulate quantum
systems, whether in the gas or solid phase.

In our previous work, we investigated entanglement as well as
prospects for quantum computing in arrays of optically trapped
polar and/or paramagnetic molecules whose Stark or Zeeman
levels served as qubits14–16. Herein, we consider a Bose-Einstein
condensate (BEC)17 of 87Rb atoms confined in an optical trap and
investigate the entanglement between its spin and momentum
degrees of freedom. The hyperfine Zeeman levels of the atoms
together with their quantized momenta may serve as qubits and
even higher dimensional qudits. Previously, the spin-momentum
coupling in cold atom systems was studied in the context of syn-
thetic gauge fields18,19.

This paper is structured as follows. Section 2 introduces the
method of combining Raman lasers and radio-frequency fields to
generate entanglement between spin and momentum degrees of
freedom in a BEC. Subsequently, it shows how to quantify the en-
tanglement achieved by von Neumann entropy and concurrence.
Section 3 discusses the entanglement of the spin-momentum cou-
pled BEC under different coupling schemes as a function of the
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coupling strengths. Section 4 summarizes the presented results
and outlines future research directions.

2 Theory

2.1 The Hamiltonian and its eigenstates

In order to create spin-momentum coupling in a system of ultra-
cold atoms, two counter-propagating Raman lasers were applied
to drive transitions between atomic Zeeman levels18,19. As a re-
sult, the Rb atom makes a transition from an m f to an m f − 1
hyperfine Zeeman state by absorbing and emitting a photon. This
process induces, in addition, a change in the momentum of the
atom by 2kr, where kr is the photon recoil momentum. The
Hamiltonian that describes such a spin-momentum coupling can
be written as
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(1)

with q the quasi-momentum (usually at the minimum of the BEC’s
lowest energy band), ΩR1 the strength of the Raman coupling
(which determines the Rabi frequency for the Raman transition
between two hyperfine states), δ the detuning of the Raman laser,
ε(B) the quadratic Zeeman shift, and B the strength of the exter-
nal magnetic field. In deriving Hamiltonian (1), we made use
of the rotating-wave approximation. We assume that the BEC is
initially created in the m f = 0 state. Upon adiabatic turn-on of
the Raman coupling, the population is transferred to m f = 1 and
m f = −1. As a result, the BEC ends up in the ground state of
Hamiltonian (1), which is given by

|ψ0〉=C−1|q+2kr,−1〉+C0|q,0〉+C1|q−2kr,1〉 (2)
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Fig. 1 The Zeeman level diagram of a 87Rb atom in a weak magnetic
field. The hyperfine state of 87Rb in the f = 1 manifold is split into three
Zeeman levels. Three mechanisms including two types of Raman laser
coupling (ΩR1 and ΩR2) and a rf field coupling (Ωr f ) are applied to drive
transitions between different hyperfine spin states.

Hamiltonian (1) only includes one type of spin-momentum
coupling, namely ΩR1 that is due to the Raman laser. As it obeys
the selection rule (∆m f = ±1,∆p = ∓2kr), many spin-momentum
combinations are left uncoupled. In order to couple all spin-
momentum states of the BEC, we introduce, in addition, another
type of Raman coupling (ΩR2) as well as a coupling by a radio-
frequency (rf) field. Fig. 1 shows the corresponding Zeeman
level diagram for the f = 1 manifold of 87Rb together with the
three coupling mechanisms that drive transitions between differ-
ent hyperfine Zeeman states (spin states for short). The selection
rule for type 2 Raman coupling is (∆m f = ±1,∆p = ±2kr). The
rf field only couples different hypefine states, without affecting
the momentum of the atoms. Thus, the selection rule for the rf
transitions is (∆m f = ±1,∆p = 0). For convenience, we assume
that all couplings have the same detuning, δ . As a result, the
Hamiltonian in the spin-momentum basis |p,m f 〉(p = q+2nkr(n =

−∞ . . .∞),m f =−1,0,1) can be written as

H = ∑
p,m f

(
p2

2m
+m f δ + ε(B)δm f ,0

)
|p,m f 〉〈p,m f |+

∑
p,m f ,m f ′

Ωr f

2
δm f ,m f ′+1|p,m f 〉〈p,m f ′ |+

∑
p,p′,m f ,m f ′

ΩR1

2
δp,p′+2kr δm f ,m f ′−1|p,m f 〉〈p′,m f ′ |+

∑
p,p′,m f ,m f ′

ΩR2

2
δp,p′+2kr δm f ,m f ′+1|p,m f 〉〈p′,m f ′ |+h.c.

(3)

where the second term represents the coupling induced by the rf
field, the third term the coupling by the Type 1 Raman laser and
the fourth term the coupling by the Type 2 Raman laser. Upon
adiabatic turn-on of the couplings, the ground state of the spin-
momentum coupled BEC becomes

|ψ〉=
+∞

∑
n=−∞

+1

∑
m f =−1

Cn,m f |q0 +2nkr,m f 〉 (4)

2.2 The entanglement and its characterization
Entanglement describes the degree of correlation between two or
more subsystems of a quantum system. It is invariant under local
unitary operations on either of the subsystems and under any clas-
sical communications between/among them (LOCC)20. In what
follows, we quantify entanglement either by (a) von Neumann
entropy21–24 or by (b) concurrence25–28.

Characterization of entanglement by von Neumann entropy

By making use of the Schmidt decomposition, the ground-state
wavefunction, Eq. (4), can be recast in the form

|ψ〉=
d

∑
i=1

αi|ui〉A|vi〉B (5)

where αi is the Schmidt coefficient, |ui〉, and |vi〉 are the
orthonormal vectors of the two subsystems designated as A
and B. The number of terms in this decomposition is d ≤
min{dimHA,dimHB}, with dimHA and dimHB the dimensions of
the Hilbert space of the subsystems A and B, respectively. The
number of terms d is also called the Schmidt number. For a bi-
partite pure system, such as A+B, the von Neumann entropy is
defined as

S =−
d

∑
i=1
|αi|2Log|αi|2, (6)

Information theory tells us that the von Neumann entropy mea-
sures how random the subsystem A is when ignoring all informa-
tion on the subsystem B. Thus, maximal entropy is attained when
the probability of all possible states in one of the two subsystems
is the same.

As for our 87Rb BEC with spin-momentum coupling, maxi-
mum entanglement and hence maximum von Neumann entropy
is attained when the population is equally distributed over the
three hyperfine spin states, which results in an entropy of Smax =

log3(3).

Characterization of entanglement by concurrence

The entanglement of formation, which characterizes the
amount of entanglement needed in order to prepare a state de-
scribed by a density matrix, ρ, can be also quantified by concur-
rence, a quantity that ranges between 0 (no entanglement) and 1
(perfect entanglement).

The evaluation of concurrence is well established for a bi-
partite systems of two or many qubits25–28. Typical steps in-
volved in the evaluation are: (i) calculating the density ma-
trix ρ = |ψ0〉〈ψ0|; (ii) constructing the flipped density matrix
ρ̃ = (σy

⊗
σy)ρ

∗(σy
⊗

σy), with σy a Pauli matrix; (iii) calculat-
ing eigenvalues λ1,λ2,λ3... of ρρ̃; (vi) retrieving the concurrence
C(ρ) from C(ρ) = max[0,

√
λ1 −

√
λ2 −

√
λ3 − ...]. As the sys-

tem considered is a pair of qutrits, we need for the evaluation
of concurrence analogs of σy in three dimensions. This can be
accomplished by making use of the the generalized approach of
Herreno-Fierro and Luthra29.

3 Results and discussions
In this section, we present and discuss the entanglement between
the spin and momentum degrees of freedom in an 87Rb BEC that
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is spin-momentum coupled according to three different schemes.
In our calculations, we use the experimental parameters of Ref.30.

3.1 A BEC spin-momentum coupled by a single Raman field

A comparison of Eqs. (2) and (5) reveals that the ground state
wave function is already in the Schmidt-decomposition form, with
C−1, C0 and C1 the Schmidt coefficients. In order to maximise
entanglement, we have to make the distribution over the three
hyperfine spin states as even as possible. As we know, the dis-
tribution can be “tuned” by varying the Raman coupling strength
and the detuning.

Fig. 2 Entanglement between the spin and momentum degrees of free-
dom for the coupling scheme and parameters of Ref.30. Entanglement
measures are shown as functions of Raman coupling strength at zero
detuning.

Fig. 3 Entanglement properties in the experiment of Ref.30. Entan-
glement between the spin and momentum degrees of freedom using the
coupling scheme and parameters in Ref.30. Entanglement measures as
a function of Raman laser detuning. The von Neumann entropy, S, is
divided by its maximum attainable value, Smax, see text. The coupling
strength is Ω = 5.4Er.

Figs. 2 and 3 show, respectively, how the entanglement mea-
sures – von Neumann entropy and concurrence – depends on the
Raman coupling strength and the detuning of the Raman lasers.
The external magnetic field is B = 5G, resulting in a quadratic
energy shift of ε = 0.65 Er, with Er = h̄2k2

r /2m the recoil energy.
At zero Raman coupling in Fig 2, the BEC is initially in the

m f = 0 state with no correlation between spin and momentum.
With increasing Raman coupling strength, the other two spin
states, m f = −1 and m f = 1, begin to get populated, as a result
of which the Von Neumann entropy steeply increases and then
saturates – at about 0.87 for the parameters used. The concur-
rence follows suite. In fact, even when the Raman coupling is

quite large and the quadratic Zeeman shift small enough, at most
half of the population in the m f = 0 state can be transferred to
the other two hyperfine spin states (for the adiabatic case), that
is, |C−1|= |C1|= 1/

√
2|C0|. The maximum entanglement that can

be attained for this scheme is S = (3/2)Log32. Fig. 3 shows the
relative von Neumann entropy and concurrence as functions of
the Raman laser detuning at a coupling strength ΩR1 = 5.4 Er.
It is noteworthy that the Von Neumann entropy reaches a max-
imum of 0.72 (at δ ≈ ±1.06 Er), where the populations of the
m f = 1 and m f =−1 states are unequal.

Since the external magnetic field affects the hyperfine levels
and induces a quadratic Zeeman shift, it is worthwhile to in-
vestigate the dependence of the entanglement on the magnetic
field. Fig. 4 shows the dependence of the relative von Neumann
entropy on the magnetic field strength for several values of the
Raman coupling strength. In this calculation, the Raman fre-
quency is tuned to resonance with transitions between different
spin states, i.e., the detuning δ = 0. The von Neumann entropy
is seen to decrease as the quadratic Zeeman shift becomes large,
but this effect becomes less significant at large coupling strengths.
The above coupling scheme was studied before, see Refs.31–33.
For instance, Ref.32 dealt with the entanglement dynamics of a
spin-1 BEC. Ref.33 tackled the enhancement of spin-momentum
entanglement in classical chaos.
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Fig. 4 The relative entanglement entropy, S/Smax, as a function of the ex-
ternal magnetic field at different Raman coupling strength Ω = 3,5,10 Er
using the scheme of Ref.30. All Raman laser detunings are zero.

The above coupling scheme only allows us to access three states
in the spin-momentum Hilbert space. In order to make better use
of the spin-momentum coupled BEC in quantum information pro-
cessing, we introduce two additional schemes that make it pos-
sible to access many more or even all possible states in the spin-
momentum Hilbert space.

3.2 A BEC spin-momentum coupled by one type of Raman
field and an rf field

The scheme that makes use of coupling by one type of Raman
field in combination with an rf field is shown in Fig. 5(a). This
scheme was employed in an experiment to create a lattice po-
tential for cold atoms34. Any spin-momentum states |p,m f 〉 with
p = q+2nkr, n =−∞ . . .∞, and m f =−1,0,1 are accessible within
this scheme and mutually correlated. Assuming that the BEC is
created adiabatically in the spin-momentum superposition state,
Eq. (4), we evaluated the entanglement between spin and mo-
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mentum for different Raman and rf coupling strengths at zero
detuning, see Fig. 5(b).
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Fig. 5 (a) Creating entanglement between spin and momentum degrees
of freedom of a BEC using combined Raman and rf fields. The Raman
laser always couples states with different spin and momentum, with the
selection rule (∆m f =±1,∆p =∓1). The rf field flips spins of the atoms
without affecting the momentum (∆m f = ±1). (b) The relative entan-
glement entropy as a function of the coupling strength. The variation
of the relative entanglement entropy is shown for various ratios of the
Raman-to-rf coupling strengths.

The entanglement is seen to increase with the coupling strength
but then saturates for Ω ≥ 10 Er. The entanglement increases
significantly when the ratio between the Raman and rf coupling
ΩR1/Ωr f becomes large. This is because the rf field only induces
transitions between different spin states without affecting the mo-
mentum of the atom. As more spin states are populated, the sys-
tem’s wave function becomes increasingly separable.

Although all momentum states are coupled by the combined
Raman and rf transitions, an adiabatic population transfer from
small to large momentum states entails higher-order effects as
the atom must undergo multiple transitions. The experiment re-
ported in Ref.34 shows that for ΩR1 ≈ 10 Er there is a detectable
population in |p| ≤ 4kr states. This finding is reproduced by our
calculation of the von Neumann entropy, as shown in Fig. 6. The
entropy is found to converge for |p| up to |p| ≤ 4kr for ΩR1 = 10 Er.
Higher momentum states are not populated.

3.3 A BEC spin-momentum coupled by two types of Raman
fields

Multiple states in the spin-momentum Hilbert space can also
be accessed by combining two different Raman couplings, see
Fig. 7(a). The corresponding two types of Raman couplings
have different selection rules, namely (∆m f =±1,∆p =∓2kr) and
(∆m f =±1,∆p =±2kr). Using these two couplings in conjunction
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Fig. 6 Relative entanglement entropy as a function of the coupling
strength for the combined Raman and rf coupling mechanisms. The
calculations took into account different numbers of momentum states.
For the coupling strength of up to Ω = 10 Er, convergence is reached at
|p| ≤ 4kr. The coupling strength is ΩR1 = Ωr f = Ω. All detunings were
set to zero.

results in transferring population to higher momentum states.
However, only half of the states shown in the figure are accessible
if the formation of the BEC is initiated at zero momentum and
the two Raman couplings are applied adiabatically. States with
m f 1 = m f 2 and |p1− p2|= 2nkr with n = 1,3,5, . . . are not coupled
in this scheme. Fig. 7(b) shows the relative entanglement entropy
as a function of the coupling strength of the two Raman coupling
mechanisms at zero detuning. It follows that large entanglement
between spin and momentum can be obtained at ΩR1 = 10 Er. A
bias of the coupling strength – such that ΩR1/ΩR2 > 1 – increases
the entanglement, but not as significantly as the combined Raman
and rf coupling scheme.

4 Conclusion and outlook

We examined the entanglement between spin and momentum de-
grees of freedom in an optically trapped 87 Rb BEC that arises due
to coupling by combined Raman and rf fields. All states of the spin
and momentum Hilbert space can be accessed by combining two
types of Raman coupling with coupling by an rf field; a multitude
of spin-momentum states can also be accessed without applying
the rf field. As these spin-momentum states could serve as com-
puting units (qubits, qutrits), we evaluated the entanglement be-
tween them. Our calculations indicate that a large entanglement
– as quantified in terms of von Neumann entropy and concurrence
– can be achieved at feasible values of the coupling strengths.

Next, we plan to investigate the creation and control of entan-
glement between spatially separated parts of a BEC35,36. We will
also explore the analogy with the system of trapped ions that has
been implemented for quantum computing37. Finally, we will ex-
amine the role of entanglement in controlling and predicting the
quantum interference patterns that have been observed in scatter-
ing experiments such as those on the photo-association reaction
of spin-momentum coupled BEC38–40.
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Fig. 7 (a) Creating entanglement between spin and momentum degrees
of freedom of a BEC using two types of Raman laser couplings. Type
1 Raman coupling has the selection rule (∆m f = ±1,∆p = ∓1). Type 2
Raman coupling has the selection rule (∆m f = ±1,∆p = ±1). (b) The
relative entanglement entropy as a function of the coupling strength at
zero detuning for both Raman lasers. The dependence of the von Neu-
mann entropy is shown for different ratios of the two Raman coupling
strengths.
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