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Th i s pa per deal s w1 th the "trapping inst abili ty". This i a an 

e l ectrostatic mode conserving the longitudina~ invariant of 

charged part i c les. Hitherto this mode haa been discussed 

t he oretically only for isotropic Maxwell1 a n equil1bris ( Rosen

bluth 1 ), Kadomtsev and Pogutsed
), RosinsKiJ et al . 3 » . while 

this paper admits much more generai distribu ti on fu nct.i ons. 

Fa)' simplicity only o pen ended cnnrlguratlons are conSidered . 

The magne tic fte l d is assumed t o be a va cuum field having one 

s i ngle minimum on each fIe l d line and possessing some 

symmet ry suc h that 1 "'1> -1;1/2.( k - r 5(ol,P,;t(>)' does not 

depend on p. The coordinates IX, P, X sa tisfy ~ "" Vo<.)(V~ ~V'X. 
The equil ibrium distribut i on functions are assumed to be of the 

( J!1:.....,.1 
form ~g,!.f)- F i"",k,«.) , where'?-"'"l. B ,K--y-, 
a!ld to sati5fy FII<"-O,lF"'J,/(!» IF/K ") __ I, a nd 

~eJ;'KVK' F (Ak,k, ,,-)=O, (~) 
where A '=' jA/K . Equation ( 1) is a ne cessary a nd sufficient 

cond i tion for the neutral izing electric field to vanish. 

Let If= ,¥,,(..i: ,?()e}(p[.£(wt-h{))] be t he diaturbing 

electl' ostat l c potential . Then the dIs t urb i ng distribution 

runctions are 

, (X.l< t;-):~F (," _ w-~u-. (,,,»e,,wt- I'-~ ) (2.) 
J"'I -' I """"-- IK T . W-Pt.U-p ·T 

whm "i; - I,.",. le )(F", I FI.), "0 = ("",!e)ldl~!a'K)' 
and (IJf}is the time average Of 'V' over the qua si - pe riodIc un 

pel·turbed longitudinal guiding centre orbit. The derivation 

o f (d) is d one by linear izin£ and solvi ng the Vlaso v equat lon 

1I1~=~ (~leLKJP-ljJJfk/c') ' and then substituting into 

~ClS,\[, t) ~ '311"-' 'J,,,-,~, to) = FII" kif'-, J, "'-, 11, t), "') + 
~'(f'-, a,o<.,~ , t), where J _P.!lif;V2 (K-f'- B- k 'fr. 
The first order charge neu trality now reads 

2~J Bo1 .. ;'K h '''I' - w- l'- o.r"<"I'»:O (3) """- vi< I"- ~ IK r w- "-UO 
This ia a non-sYfPJTletric linear integral equation for the 

X-dependence OfY, 1X. being merely parameter . It eervea aa a 

dispersion relatIon . The stlbi.l ity questi on is dec ided by 

conside ring the imaginary parts o f the eigenvalues w/k . 

In orde r to o btain a variat ional principl e, we now rest ri ct the 

f requencies by assuming It.ro l<::<. lw/h. I<i:::. llic.1 ' and then 

expand the denominator. The essential part of eq . () Is now 

P ~'A hP'" r f S<:Lt'=d.K F W' 'Ij'= ,< "f,w ere '\f'= -"-~ 'IK-r- B I" 
{'\f'-('I.I'>l, A"f =2:""'-J 3::~~ F",l,,,('tfI>. 
The large terms of o rder kl.Tc.i;;J;.ppear ing in the expansion of 

eq . (3) have cancelled between i ons and elec trons . This is 

proved by using eq. ( 1). The vanlahlng of the equilibriUm 

elect ri c field here by turns out to be necessary '1n order to 

arrive at s variational principle for stability. With the 

inner product (1If'.,~) :::. J<.iot. "-'X V.rV"2./J34 the operators P 
and A are symmetri c , while P ia positive. Hence the eigenvaluell 

(W/h ) 2 are given by the stationary value~ of the functional 

(4-) 

and (,,¥,A'4') > 0 Is necessary and sufficIent for stabil ity, 

provided IN is bounded f r om below. The quadrati c f o rm lv,A"f) 
may be computed to be -j.lod. A. 1<'\f>I l.~B t:TD~ ~I"W\. Jcl..K 
K'hF(;\'I<,I<,~) . whm U'.IA,"-)=14K)I~~), 
1f~IA"') = JIK;\IK. Hence . 

(s) 
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la euffioient for stability. Taking a t ri al function 'V ' which 

la hlghly localized at the mirror points of t hose partic les for 

Whi c h (5 ) is vi olated , one shows that t his condition is 

necessary, too, and that the growth ra te of the resu lting 

inatability is of order U? ...... Pt.VIJ"'c.U-O ' consi stent wi l.h 

the restri c tion intrOduced. 

The variational principle may break down on ly If t he numerat u r 

of eq . ( 4) is not positive for all trial functions Which make 

the denominator van Ish . S1 nce t hese trial functions depend 

only on oc.. , it is easily proved t hat 

(6) 
is the condition for the cr iteri on (5) tu lit! vlllld . 'rh!" condl

tion , obviously less restrictive than (5) , Js identi cal "' l th 

2"""""-J"-v...ta K/«.F/ ..... 0::: 0 ,wh i ch s pecializes a mor e gene ral 

criteri:n first derived by AndreolettJ 4
) to the pre sen~ case , 

and whic h 15 suffi c ient for interchange stability on the 

fa llte r magnetodynamic time scale (onl y j-J- conserveu). On t he 

other hand . (5 ) is less r es tdctive than 

tf. F ... <.o, ("r) 

wh ich is the appropriate spec iali zat i on o r a criterion 

recently derived by Rutherford Imd Frieman~), and whi ch is 

suffi c ient for stability to !!!l electrosta ti c mode s conserving 

the d -invariant. 

'rhe c riteri on (5 ) requires that particles drif t in the 

directions given by the gradlent o f the quant l tY ~'l'n.j"'I<~ F, 
whioh is reldted to the trac e p of the press .l re-c yadl o by 

JJ..X p/B1 = J~A'fB Z .......... JAk t<J/,2 F. In the special 

case of iaotropi o distributi on funct i ons , Le. for Fir = 0, 

it is the pressure itsel f . In thi s case the criteri u n (S) 

requires that all parti c le s bel ong ing to t he slime species drift 

in the same d irectio n. This reqU ire men t , .. hl ch seve rely 
restricts the magnetic f iel d , Is relaxed by all owing 1'01' 

ani llotropy. 

The more oomplex oases o t' closed - line u r t oroi dal conl'1gurations 

with shear in whi ch several types o f bot h trapped and unt r apped 

partIcles are present 101111 be treated 1n an extended vers i on of 

th1e paper. 6) 

This work was performed under the terms o f the agreement on 

aSllociation between the Inst itut fUr Plasmaphysik and ~u ratom. 
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