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The Laser Ranging Interferometer onboard the Gravity Recovery and Climate Experiment Follow-On satellites is

the first laser interferometer in spacemeasuring satellite-to-satellite distance variations. One of its main noise sources

at low frequencies is the so-called tilt-to-length coupling, causedby satellite pointingvariations. This error is estimated

by fitting a linear coupling model, making use of the so-called center-of-mass calibration maneuvers. These

maneuvers are performed regularly for the original purpose of center-of-mass determination. Here, the results

of the tilt-to-length estimations for the Laser Ranging Interferometer are presented in terms of coupling factors,

which are all within 200 μm ⋅ rad−1 and thusmeet the requirements. From these parameters, estimations of nadir and

cross-track components of the spacecraft center-of-mass positions with respect to the interferometer reference point

are derived, providing an additional method to track center-of-mass movement over time.

Nomenclature

p = spacecraft positions, m
q = spacecraft attitude quaternions
X = spacecraft state vector
θ = intersatellite pointing angles, rad
λ = tilt-to-length coupling factors, m ⋅ rad−1
ρ = intersatellite range, m
ω = spacecraft angular velocities, rad ⋅ s−1

I. Introduction

T HEGravity Recovery and Climate Experiment (GRACE) [1–4]
successfully measured the time-variable gravity field of Earth,

from 2002 until 2017, far beyond its planned lifetime of 5 years. The
successor mission GRACE Follow-On (GRACE-FO) [5], launched
in May 2018, was designed as an almost identical copy of GRACE:
two satellites, about 200 km apart, one trailing the other in a near-
polar orbit at approximately 500 km altitude. The main science
instrument in both missions is a K/Ka-band microwave ranging
(KBR) system, measuring the biased range (i.e., distance variations)
between the two satellites [6]. Additionally, GRACE-FO is equipped
with the Laser Ranging Interferometer (LRI), which measures the
same observable as the KBR, but with higher accuracy, and serves as
a technology demonstrator [7–10].
The LRI is a heterodyne laser interferometer operating with a

wavelength of 1064.5 nm [7]. At each spacecraft (S/C), the laser
light is reflected by a triple mirror assembly (TMA), consisting of
three mirrors in a corner cube reflector arrangement [11–13]. The
three mirror planes are pairwise perpendicular, and their virtual
intersection point is called the vertex point (VP). It was shown in
[14] that the LRI measures distance changes between the two VPs,
one at each S/C. Consequently, the measured range is invariant under
small rotations of either one of the S/C around its VP, which is, to the
accuracy of S/C integration, placed in the center of mass (c.m.) of the

S/C. Because of residual offsets between the VP and c.m. of the order
of100 μm, there is a difference between the distance fromVP toVPon
the one hand, and the distance fromc.m. to c.m. on the other hand. This
difference is varying, when the S/C rotates around its c.m. (cf. Fig. 1).
Hence, S/C attitude variations cause an error in the measured biased
range. This effect is called tilt-to-length (TTL) coupling. There are also
other smaller mechanisms that cause TTL, such as the laser beam
passing through beam splitters on the optical bench.
The conservative preflight total noise budget of the LRI of

80 nm
������
Hz

p
at high frequencies (cf. [8]) comprises the rms sum of

laser frequency noise (40 nm
������
Hz

p
), TTL (40 nm

������
Hz

p
), thermal

effects and geometric path-length changes (30 nm
������
Hz

p
), and several

sources of readout noise (3 nm
������
Hz

p
), plus a top-level margin. At

frequencies below 35 mHz, the LRI range spectrum is dominated by
the gravity signal, and at high frequencies by laser frequency noise,
with less than 1 nm

������
Hz

p
above 200 mHz significantly below the

requirements [7]. A detailed analysis of the real data, done by the
authors, has by now revealed that, between 35 and 200mHz, ranging
variations due to nongravitational forces govern the LRI range
spectrum.
Tilt to length is a common error source for laser interferometers in

space, such as the LISA Pathfinder mission [15] and the LISA
mission [16], which makes it an important topic of study. For gravity
field recovery from GRACE-FO observations, error sources, such as
accelerometer (ACC) noise or temporal aliasing errors, are dominat-
ing, while the ranging accuracy has less influence [17]. Our results
are thus not only meant to provide a means of mitigating the TTL
error for the LRI, but also with respect to future applications of other
instruments of its kind. The findings presented here characterize for
the first time the TTL error for intersatellite laser interferometers in
orbit, and we show that the LRI fulfills its requirements.
Among other instruments, each satellite carries an ACC manufac-

tured by ONERA–The French Aerospace Lab [18,19] to remove the
nongravitational acceleration contributions from the range in the
process of gravity field recovery [1]. To ensure the correct measure-
ment of accelerations, the c.m. of the proof mass of this ACCmust be
colocated with the S/C c.m., with a requirement for the displacement
of 0.5 mm in each direction and a requirement for stability of 0.1 mm
per half-year [20]. Because of residual offsets, S/C rotations couple
into the measured linear accelerations. For the purpose of correcting
this error, so-called c.m. calibration (CMC)maneuvers are scheduled
regularly. The satellites are commanded to perform small periodic
rotations, individually, around one axis at a time. By fitting amodel to
the linear accelerations that are induced by these rotations, the c.m.
positions of the GRACE-FO satellites with respect to the ACC
reference point can be estimated [20,21]. Occasionally, the S/C c.m.
are shifted back to theACC reference point bymoving trimmasses on
the satellites. This process is called mass trim maneuver.
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In this paper,we showhow theLRITTL coupling can be calibrated
by making use of these CMCmaneuvers. First, the CMCmaneuvers
are briefly described with emphasis on what has changed from
GRACE to GRACE-FO.We outline the most important steps of data
processing and the different sources of S/C attitude information.
Then, different methods of parameter estimation are presented, as
well as the model for the TTL ranging error as a function of the
intersatellite pointing angles (roll, pitch, and yaw), which depends on
six model parameters, the linear coupling factors. In the last section,
we present and discuss the results of the coupling factor estimation.
Furthermore, we derive nadir and cross-track components of the S/C
c.m. positions with respect to the VPs.

II. Satellite Rotation Maneuvers

TheCMCmaneuvers onGRACE-FOare performedusingmagnetic
torque rods, whose main purpose is to control the S/C attitude in the
nominal mission phase [22]. These rods, three per S/C, produce a
magnetic dipole moment, which causes a torque in combination with
the Earth’s magnetic field. It is noteworthy that they do not induce a
linear acceleration on the S/C in contrast to control thruster firings.
Eachmaneuver ismeant to cause angularmotion around one of the S/C
axes, in this context called roll, pitch, and yaw axes. For the GRACE
mission, roll and pitch maneuvers were executed near the North Pole
within the region between 60° and 80° latitude; yaw maneuvers
were executed near the equator between 10° and 20° latitude [21].
These locations were carefully chosen. One of the main criteria for
planning themaneuvers is that the achievablemagnitude of the angular
acceleration is maximal in one of the S/C axes, whereas low in the
other axes.
The optimal maneuver locations for GRACE-FO are similar to

those for GRACE because both missions use a near-polar orbit.
However, the achievable magnitude of the angular accelerations
has decreased due to two reasons. First, the mass of the satellites
has been increased from roughly 475 kg per S/C for GRACE [23] to
601 kg mass at launch for GRACE-FO [24]. Second, the maximum
input current for themagnetic torque rods has been lowered from 120
to 110 mA, such that each rod on GRACE-FO is able to produce a
magnetic dipole moment of 27.5 A ⋅m2, as opposed to 30.0 A ⋅ m2

on GRACE [25]. According to our simulations based on these
specifics, the largest achievable angular accelerations for GRACE-
FO are roughly 16.3, 3.3, and 2.9 μrad ⋅ s−2 for roll, pitch, and yaw
axes, respectively. The respective values for GRACE were 25.6, 5.5,
and 4.8 μrad ⋅ s−2.
Ideally, only one of the pointing angles is excited, while rotations

around the other two axes are kept small to avoid correlations
between the resulting pointing angles. Considering this and other
criteria discussed in [21], themagnitudes of the angular accelerations
achieved in the recent CMCmaneuvers are up to about 12.4, 2.3, and
1.4 μrad ⋅ s−2 for roll, pitch, and yaw axes. This results in pointing
angle oscillations with amplitudes about 50, 10, 6 μrad ⋅ s−2, respec-
tively, at a maneuver frequency of 83.�3 mHz, on top of the natural

pointing deviations. Figure 2 shows pointing angles during a roll
maneuver (top left), a pitchmaneuver (top right), and a yawmaneuver
(bottom) performed on GRACE-FO 1 (GF1) on 23 June 2019. The
pointing angles for this plot were computed from IMU1B RL04 data
[24] by integrating angular velocities, as described next, in the section
on pointing angles. All angles were filtered with a passband from 50
to 120 mHz to isolate the signal at the maneuver frequency from
the total pointing deviations, which can be as large as several milli-
radians after 180 swithout the nominal attitude controlmode.Various
sources for pointing angles, their exact definition, and the data
processing are described in the following section.
The excitation of the roll angle during the yaw maneuver is not

desired, but unavoidable. The yaw excitation is achieved by activat-
ing the torque rod in the y direction of the satellite frame (SF), which
is defined in [24]. This inevitably produces a torque in SF x direction
due to Earth’s magnetic field component in SF z direction. This z
component is rapidly changing near the equator, which explains the
decreasing roll angle amplitude in Fig. 2.
During a CMC maneuver on GRACE-FO, two of the torque rods

are activated in such away that the resultingmagnetic dipolemoment
is aligned perpendicular to the desired rotation axis. Its magnitude
profile is rectangular with a period of 12 s, yielding the highest signal
at a Fourier frequency of 83.�3 mHz. EachCMCmaneuver consists of
15 cycles of this profile, which results in a maneuver duration of
180 s. The nearly square wave pattern allows for larger angle ampli-
tudes compared to a sine wave pattern. Center-of-mass calibration
maneuvers have been performed once per month up to September
2019, and hereafter will be performed in a half-yearly cycle. At each
instance, 14 maneuvers in total (i.e., seven maneuvers per S/C) are
spread over two calendar days. For each of the angles roll, pitch, and
yaw, two maneuvers are performed. Furthermore, one mixed maneu-
ver per S/C is performed, exciting both roll and pitch angles. The
same procedure was used for GRACE, however, with a slightly
different magnitude profile.
In principle, the c.m. determination can be carried out using CMC

maneuvers simultaneously performed on both S/C, because the
measurements of one ACC are independent of the rotations of the
distant S/C. Regarding the LRI, the TTL error caused by the pointing
variations of the two S/C couple into the same measurement, the
biased range. If both S/C simultaneously perform rotation maneu-
vers, it may not be possible to disentangle the two effects, which
would likely result in less accurate parameter estimation. For this
reason, CMC maneuvers on GRACE-FO are planned, such that the
time spans of any two maneuvers do not overlap. Because the
accuracy of TTL estimation turns out to be sufficient, as described
in this paper, no dedicated TTL calibrationmaneuvers are planned for
the GRACE-FO LRI.

III. Data Processing

A. LRI Range

The LRI telemetry data contain the raw optical beat-note phase
measured in cycles. The downlinked data are sampled at roughly
10 Hz. The phase contains occasional unintended jumps, which are
correlated to attitude control thruster activations. The jumps are
removed, and thus do not influence the performance of the LRI [7].
The time tags of the ranging data have to be corrected for clock errors
and additionally for a deterministic delay due to onboard decimation
filtering. The phase measured on the transponder S/C is subtracted
from the master phase, after jumps have been removed from both
measurements and after the two data streams have been synchron-
ized. Subsequently, the combined phase is converted from cycles to
biased range in meters. Before the estimation of TTL coupling
factors, the range is filtered using a band-pass filter with cutoff
frequencies at 50 and 120 mHz. The same filter is applied to the time
series of the pointing angles.
Attitude control thruster firings cause a residual linear accelera-

tion, in addition to the intended angular acceleration. The range
variations in line-of-sight direction of such a linear acceleration are
measured by theLRI and can disturb the analysis ofCMCmaneuvers.
During a maneuver, attitude control thrusters are deactivated on the

Fig. 1 Rotation of the VP around the c.m. varies the measured range,

approximated by the projection onto the line of sight.
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S/C performing the maneuver. However, they can occur on the other
S/C. There are two options to cope with this effect. First, the respec-
tive data segment can be excluded from the TTL analysis. With this
approach, about 84% of the CMC maneuver data could be used. A
second option is to remove the range variations caused by thruster
firings from the LRI data. To this end, we have derived amodel of this
effect from data segments without maneuvers, using thruster activa-
tion times and durations provided in the THR1B data product [24].
With the range adjusted in this way, about 90% of the maneuver data

could be used for TTL estimation. Figure 3 illustrates an example of
this subtraction for a yaw GF2 thruster event during a pitch GF1
maneuver performed on 26 August 2019. The green cross marks the
beginning of the thruster activation, which, in this case, has a duration
of 50 ms. Our model for each specific thruster consists of a constant
linear acceleration (i.e., with a rectangular shape), with the exact
duration provided in the THR1B data, and a single model parameter,
which describes the magnitude of the acceleration. The respective LRI
response isobtained by applying decimation filter of theLRI and a low-
pass filter. Additionally, the time series shown in Fig. 3 is filtered once
more, using the band-pass filter described previously. Any filtering is
performed twice, in two ways, to compensate for the filter delay. This
explains why the effect of the thruster activation is visible before the
actual activation. Our derived model of these linear accelerations is
consistent with the models that were used to compute the ACT1B data
product [26], that is, our obtained values for the accelerationmagnitude
are close to those reported in [26] for the along-track direction.

B. Satellite Pointing Angles

The intersatellite pointing deviations can be described by the
three Euler angles of the rotation, which transforms between the SF
and the line-of-sight frame (LOSF) [27]. In this context, the angles of
rotation around SF x, y, and z axes are called roll, pitch, and yaw
angles, respectively. Here, the SF x axis is roughly aligned with the
line of sight, the SF y axis is pointing to the right of the S/C, and the SF
z axis is roughly the nadir direction. The definition of the SF is given
in [24].
Let p denote the position of the S/C in inertial Earth-centered

frame. Denoting by pother the position of the other S/C, the LOSF is
defined as

Fig. 3 Band-pass-filteredLRI rangewith andwithout subtractionof the
thruster response.

Fig. 2 Band-pass-filtered satellite pointingangles duringCMCmaneuvers onGF1 in June 2019; rollmaneuver (top left); pitchmaneuver (top right); yaw
maneuver (bottom).
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XLOSF � pother − p

jpother − pj
YLOSF � XLOSF ×

p

jpj
ZLOSF � XLOSF × YLOSF

The pointing angles, which we use, are defined by

RLOSF
SF � Rz�θz�Ry�θy�Rx�θx� (1)

where Rx�θx� denotes a rotation around the x axis by an angle θx,
which we will call the roll angle. Ry�θy� and Rz�θz� denote rotations
around the y and z axes, by angles θy and θz, called pitch and yaw,
respectively. RLOSF

SF denotes the rotation, which transforms a vector
given in SF to its representation in LOSF.
GRACE-FOhosts a variety of science instruments, whosemeasure-

ments can be used to derive the pointing angles: LRI fast steering
mirror (FSM), star camera assembly (SCA), ACC, and inertial meas-
urement unit (IMU). The FSM provides pitch and yaw angles inde-
pendently of other sensors. Computing pointing angles from the other
measurements requires to compute the LOSF axes, which can be done
using GPS-derived S/C positions. Then, the SF axes are obtained from
the S/C attitude quaternions. The quaternions can be taken directly
fromSCAdata, or integrated using data fromother attitude sensors and
the dynamics equations for the 7-D state vector X:

X �
�
Xq

Xω

�
�

�
q
ω

�

with derivatives ([28] p. 519 ff)

_Xq � 1

2
Ω�ω� ⋅ q (2)

and

_Xω � J−1�τ − ω × �Jω�� (3)

The notation for these equations is explained in the Appendix. Once
LOSF and SF axes are known, pointing angles can be derived from
Eq. (1). In the following, we briefly describe the different attitude
sensors.

1. Fast Steering Mirror

In the nominal fine-pointing mode, the S/C attitude and orbit
control system keeps the pointing angles within a few hundred
microradians from their nominal values. The LRI requires even more
accurate pointing of the laser beam, which is ensured by the use of a
steering mirror on the optical bench, controlled by a feedback loop
using the differential wave-front sensing technique [7]. The steering
mirror orientation is downlinked at the same sampling rates as the
LRI phase measurements and can be directly converted to Euler
angles referring to the LRI optical frame, which is defined in [24],
and then to pitch and yaw angles referring to the SF. The steering
mirror does not provide roll angles. The resolution of the measured
and downlinked pitch and yaw angles is limited by quantization noise
of the steering mirror readout to about 1 μrad

������
Hz

p
for each axis.

2. Star Camera Assembly

The quaternions from the SCA1B data describe the rotation
between the SF and the inertial frame. In the current release RL04
of Level-1B data, SCA1B data contain quaternions generated from
SCA1A and IMU1A, which are fused using a Kalman filter [24].
Without using IMU data, angles derived from star camera quatern-
ions have significantly higher noise (cf. Fig. 4). Even the fused
attitude solution for the pitch angle seems to have a slightly elevated
spectrum for Fourier frequencies between 10 and 100 mHz.
We report that there seems to be a mismatch of approximately 1 s

between the time stamps of the pointing angles derived from SCA1B

RL04 data on the one hand, and other attitude sensor data on the other
hand. Therefore, we have subtracted 1 s from the time stamps of the
SCA1B RL04 data, before the TTL estimation.

3. Inertial Measurement Unit

Each GRACE-FO satellite carries an Astrix 120 IMU manufac-
tured by Airbus Defence and Space [23]. Each IMU hosts four laser
fiber gyroscopes, measuring the angular velocities in four different
axes. These angular velocities can be converted to the SF and
integrated, using Eq. (2). Initial values can be taken from SCA data.
The obtained quaternions can be used to derive pointing angles from
Eq. (1). Because of error propagation in the integration process, this is
only useful for a relatively short time or when fused with other
sensors. We use the IMU1B RL04 data product.

4. Accelerometer

The ACC onboard of each S/C also measures angular accelera-
tions. These can be integrated using Eqs. (2) and (3) to obtain
quaternions (cf. [28]). From these quaternions, the pointing angles
can be derived in the same manner as from the star camera quatern-
ions. Because of error propagation in the integration process, this is
only useful for a very short time or when fused with other sensors.
However, the noise at higher Fourier frequencies, in particular at the
CMC maneuver frequency of 83.�3 mHz, is very low. We use the
ACC1A RL04 data product merely to analyze its suitability for LRI
TTL estimation. The ACC on the second satellite (GF2) has been
switched to a coarser operation mode (large range mode) and is
currently not providing data with sufficient accuracy [26].
Figures 4 and 5 examplarily show a spectrum and a time series of

the pitch and yaw angles of GF1, derived from different sensors. The
data span a period of 1000 s on 14 January 2019. The spectra were
computed using the logarithmic frequency axis power spectral den-
sity method [29]. The amplitude spectral densities derived from this
method are abbreviated LASD. SCA1B RL04 data are attitude
quaternions fused from SCA1A and IMU1A data [24]. “SCA only”
data refer to attitude quaternions derived merely from SCA1A data,
without using IMUdata, provided to us by Jet PropulsionLaboratory.
Figure 6 compares the LRI range to the total TTL error, computed

using coupling factors estimated from the CMC maneuvers in June
2019, as described as follows (see Table 1). The pointing angles were
derived from different sources. The SCA1B time stamps have been
adjusted by subtracting 1 s, as explained previously. In principle, any
of these four sources is capable of providing pointing angles for TTL
estimation. However, we do not use theACC data to produce the final
estimation of the TTL coupling factors because the GF2 ACC has
been switched to a coarser operation mode. In the following section,
wewill describe themodel and the parameter estimationmethods that
we used to estimate the TTL coupling factors.

IV. Parameter Estimation

A. TTL Model

Let us write the measured range as ρ̂ � ρ� δTTL � δother, where ρ
is the true distance between the satellite c.m.; δTTL is the TTL error
caused by the VP c.m. offsets of both S/C; and δother denotes the
contribution from all other error sources, including a bias. Using the
subscript i ∈ f1; 2g to indicate satellite 1 (GF1) or satellite 2 (GF2),
let VPi and CMi denote the positions of TMAVPs and S/C c.m.,
respectively. Furthermore, let eVP;i be the unit vector pointing from
the VP on S/Ci toward the VP on the other S/C, and let eLOS;i be the
unit vector pointing from the c.m. on S/Ci toward the c.m. on the
other S/C. With this notation, we have

ρ̂ � jVP2 − VP1j � δother � eVP;1 ⋅ �VP2 − VP2� � δother

ρ � jCM2 − CM1j � eLOS;1 ⋅ �CM2 − CM1�

For S/C i, letVi be the vector pointing from the TMAVP to the S/C
c.m. For ρ ≫ jVij, i � 1; 2, the approximation eVP;i ≈ eLOS;i yields
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δTTL � ρ̂ − ρ − δother ≈ eLOS;1 ⋅ �VP2 − VP1 − CM2 � CM1�
� eLOS;1 ⋅ �V1 − V2�
� eLOS;1 ⋅ V1 � eLOS;2 ⋅ V2

The TTL error due to the VP c.m. offset on S/C i is thus approxi-
mated by the projection of the offset Vi onto the line of sight,
δTTL;i � eLOS;i ⋅ Vi. Omitting the index i on the right-hand side of
the following equations, this can be expressed as:

δTTL;i � eLOSFLOS ⋅ VLOSF

� � 1 0 0 � ⋅ RLOSF
SF ⋅ VSF

� R11Δx� R12Δy� R13Δz

where Rαβ is the entry in row α and column β of RLOSF
SF . Vector

superscripts indicate the frame in which it is expressed, for example,
VSF � �Δx;Δy;Δz�T is the notation ofVwith components in the SF.
In terms of pointing angles, writing cx � cos�θx�, sx � sin�θx�, etc.,
using Eq. (1), we have

Fig. 4 Amplitude spectral density of pointing angles, computed from the 1000 s time series depicted in Fig. 5.

Fig. 5 Pointing angles of GF1, based on different data types; here, for a period of 1000 s on 14 January 2019; pitch (left); yaw (right).

Fig. 6 Range vs. estimated TTL error (left) and residuals (right) from different attitude sources, during a pitch GF1 maneuver on 23 June 2019.
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δTTL;i ≈ cyczΔx� �sxsycz − cxsz�Δy� �cxsycz � sxsz�Δz

The second-order approximation for small angles is

δTTL;i ≈
�
1−

1

2
θ2y−

1

2
θ2z

�
⋅Δx��θxθy−θz� ⋅Δy��θy�θxθz� ⋅Δz

The constant term can be neglected because the LRI is measuring
the biased range, that is, the measured phase is ambiguous by an
integer number of cycles. Adding up the terms for both S/C, the first-
order approximation of the total TTL error due to VP c.m. offsets is

δTTL � δTTL;1 � δTTL;2 ≈ Δz1θy;1 − Δy1θz;1 � Δz2θy;2 − Δy2θz;2
(4)

where θy;i and θz;i stand for pitch and yaw angles of S/C i, respectively.
Δyi andΔzi denote y and z components of the vector pointing from the
TMA VP to the c.m. of S/C i, respectively, expressed in the SF. In
particular, we do not expect linear coupling of the roll angles. To verify
this hypothesis and to monitor possible change, we estimate linear roll
coupling factors, nevertheless.Thisyields in total sixmodel parameters:
the TTL coupling factors CF � �croll; cpitch; cyaw; droll; dpitch; dyaw�.
From Eq. (4), we expect CF ≈ �0;Δz1;−Δy1; 0;Δz2;−Δy2�.
Potential sources of TTL coupling other than the geometrical VP

c.m. offset have been identified and studied extensively before the
launch ofGRACE-FO [8,14,30]. For example, the optical path length
through some components on the LRI optical bench can depend on
the incident beamangle. The resultingTTLcoupling is expected to be
quadratic in the pitch and yaw angles and of the order of 2 and
4 mm ⋅ rad−2, respectively. In the nominal operation mode, the pitch
and yaw angles are controlled to stay in a range of �200 and
400 μrad, respectively. Linearizing the quadratic coupling around
these values yields maximal linear TTL coupling of 0.8 and 3.2 μm ⋅
rad−1 for pitch and yaw, respectively.
Because of imperfect knowledge of the alignment of different

reference frames, it may only be possible to determine the pointing
angles up to a constant. In this sense, the pointing angles vary around
some constant values, which we call here a static pointing offset. For
linear coupling, such a static pointing offset leads to a constant path-
length error, which is irrelevant for the biased range. For quadratic
coupling, however, it leads to a nonconstant path-length error and
thus cannot be ignored. Figure 7 shows a spectrum of the LRI range
and the linear TTL error, computed from a 9 day data segment (9–17
April 2019). The shown TTL error was derived using pointing

information from SCA1B RL04 data and with coupling factors
obtained from the CMC maneuvers performed on 24–25 April
2019. In relation to the other error contributions, the assumed quad-
ratic coupling of 2 mm ⋅ rad−2 for pitch and 4 mm ⋅ rad−2 for yaw is
negligible (green line), even if an additional bias of 1 mrad is assumed
for all pointing angles (orange line).
For comparison, Fig. 7 also shows a model of LRI laser frequency

noise derived from ground measurements and ACC noise based on a
model for GRACE [31], converted to line-of-sight range. Noise in the
ACC data is one of the error contributors in gravity field recovery.
Figure 7 illustrates that the contribution from TTL is lower than the
contribution from ACC noise. The elevated LRI range spectrum
between 40 and 200mHz is caused by physical range variations from
nongravitational forces, which can be partly removed using ACC
data [32]. The preflight noise budget allocated for TTL coupling is
depicted by the dotted brown line, that is, 40 nm

������
Hz

p
times a noise-

shape function, which is given in [7].

B. Methods of Parameter Estimation

Weused five differentmethods to estimate theTTLcoupling factors,
all based on the band-pass-filtered time series of the range and the
pointing angles, recorded during the execution of theCMCmaneuvers.
We distinguish two kinds of methods, as described as follows:

Fig. 7 Amplitude spectral density of LRI range, measured linear TTL
coupling, and expected quadratic TTL coupling.

Table 1 Estimated linear TTL coupling factors

Requirements on coupling factors, μm ⋅ rad−1

20 200 200 20 200 200

Date

Estimated LRI linear TTL coupling factors, μm ⋅ rad−1

GF1 GF2

croll cpitch � Δz1 ⋅ rad−1 cyaw � −Δy1 ⋅ rad−1 droll dpitch � Δz2 ⋅ rad−1 dyaw � −Δy2 ⋅ rad−1

Wiggle maneuvers
21 June 2018 0.4� 7.1 116.5� 14.5 154.1� 23.0 −5.9� 7.7 68.7� 12.0 82.8� 37.5

CMC maneuvers
16 Jan. 2019 0.2� 1.0 90.8� 9.6 62.6� 44.5 −0.1� 1.7 74.9� 9.9 142.7� 17.6

26 March 2019 1.0� 1.1 83.3� 8.2 70.6� 58.1 −0.4� 1.2 74.4� 8.9 138.3� 22.2

24 April 2019 0.8� 1.6 90.9� 10.0 82.8� 33.6 −1.1� 1.5 83.9� 9.8 132.5� 16.5

23 May 2019 1.0� 0.9 82.9� 9.2 90.3� 32.2 −1.0� 1.1 46.6� 7.5 103.2� 22.5

22 June 2019 −0.4� 1.2 91.5� 8.6 98.8� 31.3 0.4� 1.0 61.0� 54.7 97.1� 13.9

24 July 2019 2.2� 1.5 99.2� 11.3 94.9� 33.0 2.5� 1.2 73.7� 9.0 133.4� 17.0

26 Aug. 2019 1.3� 0.8 94.9� 14.0 94.5� 36.4 1.1� 0.9 98.7� 11.2 133.9� 19.6

28 Sept. 2019 0.4� 1.4 100.7� 10.8 86.0� 30.3 1.3� 0.9 93.5� 11.1 155.9� 32.0

Average over different methods and different sources for the pointing angles. For each S/C, the coupling factors for pitch and yaw can be interpreted as offsets in SF y and SF z

directions between S/C c.m. and LRI reference point, using Eq. (4).
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1)With thesemethods, the TTL coupling factors of all six pointing
angles are estimated at once, using the data from all 14 CMC
maneuvers.

a) LSQ: The pointing angles are fitted to the range using linear
least squares. Denoting by θ the matrix of pointing angles (N × 6)
and by y the time series of the range (N × 1), whereN is the number
of samples, the estimator is defined as

λ̂ � �θTθ�−1θTy

and its standard deviation is

σ�λ̂� � σ�δother� ⋅ diag
� �������������������

j�θTθ�−1j
q �

(5)

where σ�δother� is the standard deviation of the ranging noise
without TTL. After band-pass filtering around the maneuver fre-
quency of 83.3 mHz, σ�δother� is of the order of 1 nm.
b) BAY: The probability density of the coupling factors is

computed using a Bayesian approach, which is sketched sub-
sequent to this listing of methods.
2) These methods use merely the pitch and yawmaneuvers, which

make up 8 out of the 14 CMC maneuvers. For each individual
maneuver, the coupling factor for the associated angle is estimated.
Because there are two pitch and two yaw maneuvers per S/C, we
obtain two values for each coupling factor, which is finally estimated
by taking the mean of the two values. Roll and mixed maneuvers are
ignored by thesemethods, and roll coupling factors are not estimated.

a) LSI: The respective pointing angle is fitted to the range using
linear least squares. The estimator is defined as for the LSQ
method, but with only one pointing angle instead of six.

b) PSD: The amplitude spectra of the range and the respective
pointing angle are computed from the time series. Both spectra
show peaks at the maneuver frequency of 83.�3 mHz. The magni-
tude of the coupling factor is estimated by the quotient of the height
of the peaks. Its sign is determined byminimizing the residual. The
spectra were computed using the MATLAB toolbox LTPDA, and
we chose a flattop window (HFT90D) with a good amplitude
accuracy [33].
c) XC: The cross correlation of the rangewith the pointing angle

is computed. The cross-correlation χmax with maximal absolute
value is determined. Here, we restrict the search to a maximal time
shift of 2.5 s, and we use the nonnormalized cross correlation. The
estimated coupling factor λ̂ is then computed by

λ̂ � χmaxP
i
θ�ti�2

where θ�ti� denotes the pointing angle measured at time ti, and the
sum is taken over all values recorded during the maneuver. The
estimated time shift between the two time series is a by-product of
this method.
The Bayesian approach can be sketched as follows. Let λ �

fλ1; : : : ; λ6g denote the TTL coupling factors. By Bayes’ theorem

PDF�λjdata� ∝ PDF�λ� ⋅ PDF�datajλ� (6)

where 1) data denote the information contained in the measurements
of range and pointing angles; 2) PDF�λjdata� is the probability
density function of λ, given the data; 3) PDF�λ� is the prior of λ;
and 4) PDF�datajλ� is the likelihood of the data, given λ.

Fig. 8 Estimated TTL coupling factors for GF1 (left) and GF2 (right) for pitch (top) and yaw (bottom), comparing different parameter estimation
methods.

1368 WEGENER ETAL.

D
ow

nl
oa

de
d 

by
 9

3.
24

2.
26

.1
44

 o
n 

D
ec

em
be

r 
17

, 2
02

0 
| h

ttp
://

ar
c.

ai
aa

.o
rg

 | 
D

O
I:

 1
0.

25
14

/1
.A

34
79

0 

https://arc.aiaa.org/action/showImage?doi=10.2514/1.A34790&iName=master.img-007.jpg&w=501&h=358


The right-hand side can be computed, where PDF�λ� ≡ 1 can be
set, if nothing is known about the prior. An estimator of λ can be
defined by maximizing this expression with respect to λ. The prob-
ability that λ lies in a certain region S ⊂ R6 is given by

P�λ∈S��
Z
S
PDF�λjdata�dλ� 1

F

Z
S
PDF�λ� ⋅PDF�datajλ�dλ (7)

where

F �
Z
R6

PDF�λ� ⋅ PDF�datajλ� dλ (8)

is the proportionality factor for Eq. (6). Through the term
PDF�datajλ�, any additional information (e.g., on the noise of the
data) can be considered.
Figure 8 shows a comparison of the pitch and yaw coupling

factors estimated by different methods. Note that the changes for

GF1 between June 2018 and January 2019 are mainly due to a mass
trim maneuver carried out on 18 July 2018. The large differences
for the yaw GF1 angle have the following reason. The pointing
angle excitations during all yaw GF1 maneuvers appear to be time
shifted with respect to the excitations in the biased range measured
by the LRI, independent of which attitude sensor is used. A similar
effect is observed for the pitch GF2maneuvers performed on 22 June
2019. The cause of this observation is currently still under inves-
tigation. In these cases, the PSD and XCmethods tend to yield larger
values for the estimated coupling factors, because the PSD method
is insensitive to time stampmismatches, and theXCmethod accounts
for the time shift and estimates it along with the coupling factor.
The estimated time shifts are also depicted in Fig. 8, in which each
value is themean of two time shifts estimated from twomaneuvers. In
Fig. 9, the yaw GF1 time shift is visible in the time domain (bottom
left plot). The angles shown in Figs. 8 and 9 were derived from
IMU1B data, but SCA1B or FSM data could be used to produce very
similar plots.

Fig. 9 Band-pass-filtered range vs. fitted TTL for roll (top), pitch (middle) and yaw (bottom) CMCmaneuvers in January 2019 for GF1 (left) and GF2
(right).
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C. Results

By the time of writing, eight CMC maneuvers have been performed
while the LRI was in science mode. Wiggle maneuvers, which are
similar to CMC maneuvers, but with a duration of 24 instead of 180 s,
have been performed in June 2018. Only one of these short maneuvers
was performed per S/C angle, such that the uncertainty of these values is
larger. Figure 9 examplarily shows the fitted TTL error for CMC
maneuvers performed in January 2019. It is also illustrated that the part
of the TTL error corresponding to the roll angle is negligible (top plots,
dotted red line). All estimation results are summarized in Table 1. Each
row in Table 1 denotes not a single, but an entire set of maneuvers,
consisting of 14 maneuvers for each CMC and 6 maneuvers for the
wiggle.Asetof 14CMCmaneuvers contains twomixedmaneuvers, one
per S/C. The values for pitch and yaw coupling factors are averages over
the estimates from the five different methods described previously.
Mixed maneuvers, as well as wiggle maneuvers, were only considered
by themethodsLSQandBAY.Roll coupling factorswere only estimated
with the methods LSQ and BAY. The values are also averaged over the
estimates from different pointing angle sources: SCA1B RL04, FSM,
and IMU1B RL04. Angles derived from ACCs have not been used for
the results shown here because the quality of the ACC data was not
consistent over the entire investigated time span.
According to Eq. (4), Table 1 also shows our estimations of the SF

y and z components of the S/C c.m. positions with respect to the VP.
The estimated c.m. positions are plotted in Fig. 10.On 18 July 2018, a
mass trimmaneuver was performed on GF1. That is, the c.m. of GF1
was shifted, using movable trim masses on the S/C, to a point which
had been estimated to be theACC reference point. In Fig. 10, the SF y
and z components of these mass shifts are shown as arrows.
The formal errors of the least-squares fit, derived from Eq. (5), are

valid under ideal assumptions, but likely underestimate the uncer-
tainty of the parameters estimated from real data. For this reason, the
values in Table 1 are presented in the form μ� σ, where μ is the
average value over a set of values derived from different methods and
different pointing angle sources, asmentioned previously, and σ is the
standard deviation of this set of values. The same uncertainties have
been used in Fig. 10.

V. Conclusions

The preflight requirements on the LRI linear TTL coupling factors
per S/C were 20, 200, and 200 μm ⋅ rad−1 for roll, pitch, and yaw,
respectively. The authors conclude that these requirements are met.
Gravity field recovery from LRI range should not be limited by TTL
in any frequency band. Because the LRI provides pitch and yaw
angles with good accuracy, the estimation of the coupling factors can
be performed without any auxiliary data. However, the authors recap
that gyroscope or star camera data may be used in place of steering

mirror data, providing very similar results. Different estimation
methods have been tested successfully and presented here. The
pointing angles largely fit the observed range very well, with the
exception of yawGF1 angles, which is due to an apparent time stamp
mismatch and subject to further investigation.
It has been shown that the activation of attitude control thruster firings

produces a linear S/Cacceleration,which ismeasuredby theLRI.These
disturbances can bemodeled and removed from the range in order not to
falsify the TTL estimation. It is noteworthy, however, that an imperfect
responsemodelmight introduce someerror to the parameter estimation.
This could potentially be mitigated by downweighting observations
close to a thruster firing. In general, weighting based on signal quality
indicators, such as the signal-to-noise ratio of the phase readout, could
be beneficial, but is beyond the scope of this paper.
Although the CMC maneuvers are not optimized for LRI TTL

calibration, it has been demonstrated here that they can be used for
this purpose and yield good results. For future satellite geodesy mis-
sions, where other noise contributors may be suppressed to a larger
extent and the requirements on the ranging noise may be stricter, one
may consider to perform dedicated calibration maneuvers.
The data support the assumption that the offset between LRIVPand

S/C c.m. is the main effect of TTL coupling in the LRI measurements.
The coupling factors correspond to nadir and cross-track components
of the S/C c.m. Therefore, the analysis also provides estimations of S/C
c.m. movement over time, excluding the along-track direction. The
results correctly depict the c.m. shifts of the mass trims performed on
18 July 2018. Theobservedvariations of the estimated coupling factors
likely reflect small fluctuations of the S/C c.m. The potential of
estimating c.m. positions by means of LRI data is especially useful,
because the ACC data, which are nominally used for this purpose, are,
on GF2, currently not available with the highest quality.

Appendix: Notation for the Dynamics Equations

The following notation is used in Eqs. (2) and (3):
1) The attitude quaternions are denoted by q � �q0; qi; qj; qk�T,

where q0 is the real part, describing the rotation angle, and
�qi; qj; qk�T is the imaginary part, describing the rotation axis.
2) The S/C angular velocities in satellite frame are denoted by ω.
3) Ω�ω� is a 4 × 4 matrix given by

Ω�ω� �

0
BB@

0 −ωx −ωy −ωz

ωx 0 ωz −ωy

ωy −ωz 0 ωx

ωz ωy −ωx 0

1
CCA

4) The total torque acting on the satellite is denoted by τ.
5) J denotes the satellite moment of inertia (MOI).
The MOI for GRACE-FO is given in [24]. The MOI for GRACE

can be found in [20].
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