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PROPAGATION OF POLARIZED GRAVITATIONAL WAVES

LARS ANDERSSON, JEREMIE JOUDIOUX, MARIUS A. OANCEA, AND AYUSH RAJ

ABSTRACT. The propagation of high-frequency gravitational waves can be analyzed using
the geometrical optics approximation. In the case of large but finite frequencies, the geo-
metrical optics approximation is no longer accurate and polarization-dependent corrections
at first order in wavelength modify the propagation of gravitational waves, via a spin-orbit
coupling mechanism. We present a covariant derivation from first principles of effective ray
equations describing the propagation of polarized gravitational waves, up to first-order terms
in wavelength, on arbitrary spacetime backgrounds. The effective ray equations describe a
gravitational spin Hall effect for gravitational waves, and are of the same form as those
describing the gravitational spin Hall effect of light, derived from Maxwell’s equations.

INTRODUCTION

The advent of gravitational wave observations brings a new range of phenomena related to
the dynamics of the gravitational field to our attention. Gravitational waves propagate over
cosmological distances and carry, in addition to information about their sources, imprints
of cosmological expansion and inhomogeneities in the universe. The fact that the important
sources of gravitational waves emit in a very broad range of wavelengths [19] makes it essential
to include effects beyond geometrical optics on their propagation, when considering lensing
of gravitational waves [31, 11].

Spin-orbit couplings play an essential role when analyzing the propagation of spinning par-
ticles and fields in inhomogeneous media beyond the geometrical optics and test particle limit
[10]. For the spin-1 Maxwell field, the spin Hall effect of light has been verified experimentally.
When the wavelength is small in comparison with the inhomogeneity scale of the media, a
wave packet undergoes a polarization-dependent deviation of the propagation of light beams
from the path predicted by geometrical optics [29, 8]. This can be viewed as a manifestation
of spin-orbit coupling via the Berry curvature. In general relativity, the dynamics of spinning
particles is described by the Mathisson-Papapetrou-Dixon equations [32, 37, 47, 15, 16], with
a suitable closure relation, the so-called spin-supplementary condition.

Polarization-dependent effects for the propagation of Maxwell fields in curved spacetimes
have been discussed previously in Refs. [20, 23, 42, 22, 25]. A detailed review and further
references can be found in Ref. [36]. Recently, a covariant derivation of the gravitational
spin Hall effect of light, based on first principles, has been given in Ref. [35]. Similarly, the
effective ray equations for massive spin—% Dirac fields, beyond the geometrical optics limit,
have been discussed in Refs. [2, 39, 34]. The spin-2 nature of the gravitational field leads
one to expect that corrections to geometrical optics, involving the Berry curvature, will be
relevant also for gravitational waves [19, 50].

In this paper, we present the first covariant analysis of the spin Hall effect for gravitational
waves. Following the strategy developed in Ref. [35] for the Maxwell field, as well as the
general theory given in Ref. [30], we provide a derivation from first principles of effective
ray equations describing the propagation of gravitational waves, up to first-order terms in
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wavelength, on arbitrary spacetime backgrounds. The equations of motions are obtained
through a higher-order geometrical optics approximation using a Wentzel-Kramers-Brillouin
(WKB) ansatz. The dynamics of the polarization is described in terms of the Berry connec-
tion, and terms of first order in wavelength in the effective ray equations involve the Berry
curvature, manifesting the spin nature of the gravitational field. These corrections to the
standard trajectories of geometrical optics, the null geodesics, may be termed as the spin
Hall effect of gravitational waves [19]. It can be shown that the equations of motion are of
the same nature as the Mathisson-Papapetrou-Dixon equations for massless spinning parti-
cles [27, 34], completed by the Corinaldesi-Papapetrou spin supplementary condition (see [13,
Section 3.2.1]). Our treatment is covariant and applicable to arbitrary curved spacetimes,
in contrast to previous work present in the literature. For example, the derivation of the
spin Hall effect for gravitational waves given in Ref. [19] is not explicitly covariant, and it
is limited to propagation in static spacetimes in the weak-field limit. Our derivation of the
effect is obtained from the classical field theory of linearized gravity, in contrast with Ref.
[19] where the author argues that the effect is quantum in nature. Another derivation of a
spin Hall effect for gravitational waves was proposed in Ref. [50]. While this approach is
manifestly covariant, it is limited to stationary spacetimes.

Our starting point is the classical field theory of linearized gravity, governed by a truncated
form of the Einstein-Hilbert Lagrangian. A metric perturbation in the form of a WKB ansatz
is inserted in the action for linearized gravity, and the resulting expression is truncated after
the first order in the inverse of the frequency. This provides a Lagrangian representing the
WKB approximation of the linearized gravity field theory. The corresponding Euler-Lagrange
equations, with Lorenz gauge imposed, provide the dispersion relation and the transport
equation for the amplitude. The dispersion relation is used to define a Hamiltonian for the
effective ray equations.

The paper is organized as follows. Sec. 1 contains the general setup. The basic equations
for linearized gravity are presented in Sec. 1.1, the gauge choice is discussed in Sec. 1.2, and
the WKB Ansatz is introduced in Sec. 1.3. The WKB approximation of the action is made
in Sec. 2, and it is shown how the well-known results of geometrical optics can be obtained
from the corresponding Euler-Lagrange equations. In Sec. 2.5 we discuss the dynamics of
the polarization tensor in terms of the Berry connection. The effective dispersion relation is
derived in Sec. 2.6. Finally, the effective ray equations are discussed in Sec. 3. Appendix
A contains a discussion on some algebraic property of the symbol. Appendix B presents a
self-contained derivation of the equation of linearized gravity. Appendix C contains a basic
discussion of the Lorenz gauge.

NOTATIONS AND CONVENTIONS

We consider an arbitrary smooth Lorentzian manifold (M, g,,), where the metric tensor
g has signature (— 4+ +4). The absolute value of the metric determinant is denoted as
g = |det g,,|. The phase space is defined as the cotangent bundle T*M, and phase space
points are denoted as (z,p). The Einstein summation convention is assumed. Greek indices
represent space-time indices, and run from 0 to 3. Latin indices, (a,b,c, ...), represent tetrad
indices and run from 0 to 3. We adopt the curvature conventions of [28].
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1. THE EINSTEIN FIELD EQUATIONS AND LINEARIZED GRAVITY

We consider the vacuum Einstein field equations with vanishing cosmological constant
1
R.g — §Rga5 =0, (1.1)

where R,g is the Ricci tensor, R = R®, is the Ricci scalar. The Einstein field equations can
be obtained as the Euler-Lagrange equations of the Einstein-Hilbert action

J(gu) = /M d*z V9 R(guw)- (1.2)

Our goal is to describe the propagation of gravitational waves, treated as a small metric
perturbation around a fixed background solution of the vacuum Einstein field equations. For
this purpose, in the next section we derive the linearization of the Einstein-Hilbert action and
the corresponding equations for the linearized gravitational field.

Note that, we could have treated the case of a non-vanishing cosmological constant since,
in the high-frequency analysis, the latter plays no role.

1.1. Linearization of the Einstein-Hilbert action. We remind here the form of the lin-
earized Einstein-Hilbert action, see Ref. [(]. For completeness, the derivation, which is often
not presented in detail in the literature, is performed in Appendix B. Let g,, be a solution
of the Einstein field equations in vacuum

R.3 = 0. (1.3)
We consider a Lorentzian metric g, obtained through a small perturbation h,, of g,.:
Guv = Guv + Py (1.4)
Linearizing the Einstein-Hilbert action near g, as in Ref. [0], we obtain
J(?],ul/) = J(g,ul/) + Jlin(h;w) + O(|h|3)’ (1'5)
where
1 1
Jiin(hy) = /M d*z /g <_§v7ha5v,yha5 + 5 VahV7h = VohVgho? + ¥ oh, sV P
(1.6)

is the action for the perturbation h,,. Index manipulation and covariant derivatives are
defined with respect to the background metric g,g, and h = haﬁgo‘ﬁ . Integrating by parts
and neglecting the boundary terms, the linearized action can be written as

Tinl) = [ ke 5D, s, (1.7)
M
where D aﬁvé is the differential operator

Ao 1 5 5 5 5 <6 5
Daﬁv =3 (&Z%Vuv“ — 9089V V" + 9°Va Vg 4 gasVIV? = 63V V, — 6aV“’V5) .

(1.8)
The corresponding Euler-Lagrange equations are
- 6
Da; hys = 0. (1.9)
Introducing the trace-reverse tensor
v 1
hap = hap = Shgag, (1.10)
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Eq. (1.9) becomes

VoV 4+ VaVsh®P g, — VOV hay — VOV, hay = 0. (1.11)
Taking the trace of Eq. (1.11) leads to
VoVeh = 2VVHh,,. (1.12)

1.2. The Lorenz gauge. The Einstein field equations are gauged equations. The gauge
freedom can be exploited to reduce the Einstein field equation to a hyperbolic system of
equations. A detailed discussion of this reduction in the particular case of the wave gauge
can be found in Refs. [38, Section 14.1] or [21, Section 2.4].

A similar reduction can be applied to the linearized equations (1.9). The linearization of
the gauge freedom of the Einstein field equations leads to the invariance of Eq. (1.9) by the
transformation

h;u/ — h,ul/ - V}Lé-l/ - vl/é-;u (113)

where £, is a one-form on M. The gauge invariance of the linearized field equations (1.9) can
be exploited to make these equations hyperbolic. The linearization of the wave gauge for the
Einstein field equations leads to the Lorenz gauge condition for the linearized field equations

(1.9):
Vali? =0, (10 = 11 ) <0 (1.14)

The detailed derivation of this equation is presented in Appendix C. Imposing the Lorenz
gauge condition, Eq. (1.9) is reduced to the following wave equation:

vavaﬁuu - 2Ruaa,uﬁao =0, (115)
and Eq. (1.12) for the trace of the perturbations decouples:
VoVeh = 0. (1.16)

Using the expression of B;w given in Eq. (1.10), and using the fact that g,, has vanishing
Ricci curvature, we obtain

VOV by — 2Rya0uh® = 0. (1.17)

1.3. WKB Ansatz. We assume that the perturbation metric hog admits a WKB expansion
of the form

hap(x) = Re Aag(x,k(x),e)eis(x)/e] ,
Aop (0, k(2), €) = Aoas(, k(2)) + €Arap(z, k(x)) + O(2),

where S is a real scalar function, A,z is a complex amplitude, and € is a small expansion
parameter. The gradient of S is denoted as

ku(x) = VuS(x). (1.19)

We are allowing the amplitude A,z to depend on k(). This is justified by the mathemat-
ical formulation of the WKB approximation [3, 18], where k,(x) determines a Lagrangian
submanifold of z — (z,k(z)) € T*M, and the amplitude A,z is defined on the Lagrangian
submanifold.

(1.18)
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1.4. Assumption on the initial data. We consider a Cauchy surface in M, and we make
the following assumptions. Firstly, the gauge condition given in Eq. (1.14) is initially satisfied.
Secondly, the trace of the perturbation h vanishes initially. Equation (1.16) guarantees that
this condition is conserved in the future of . Finally, the gravitational waves have initially
circular polarization (see Sec. 2.5).

2. THE WKB APPROXIMATION FOR LINEARIZED GRAVITY

The WKB analysis of various field equations is generally performed by inserting the WKB
ansatz directly into the field equation, followed by an analysis of the resulting terms at each
order in the expansion parameter €. However, for the purpose of studying spin Hall effects, we
find it more convenient to perform the WKB analysis by inserting the WKB ansatz into the
field action. The advantages of such a variational formulation of the WKB approximation are
extensively discussed in Ref. [16] (see also Refs. [10, 11]). In particular, a similar approach
proved to be effective in the derivation of the gravitational spin Hall effect of light [35].

2.1. Euler-Lagrange equations in the WKB approximation. We insert the WKB
ansatz (1.18) into the linearized Einstein-Hilbert action (1.7). Keeping only terms of the
lowest two orders in €, we obtain

262 Jji = /M d'e /G[A D, Ay = SVD, (A 9V, Ay — A,V A ) | 4 0(e2),

(2.1)
where

1
D,y =3 (kukﬂagag — kb 9059" + kakpg™ + KK gag — kak 80 — kﬁkm@ ,

quaﬁw = k“égég - k:“gaﬁgv‘s + k(aég)gw + k(vgé)ugaﬁ - k(aég)gvu — k7o, 62),

(a

v ¥o w §7 59 pv 2 Bosv 70 w(y ,0)v 50 v THSY SO
VEVYD, 5" =g 0093 — 9" gapg +5(a55)g + g" ¢ gop — & 56)9 — g 55)

(a (a

(2.2)
R v
In the above equation, D a6’75 represents the symbol of the operator Daﬁw, and V* = %
denotes the vertical derivative (see Ref. [35, Appendix A] for the definition of horizontal and
vertical derivatives). Formally, up to the expression of the symbol D 676, the effective action
(2.1) is of the same form as the effective action obtained in the electromagnetic case [35, Eq.
(3.3)].

The effective action (2.1) depends on S(x), Ans(z, VS) and A**F(z,VS), and the variation

can be performed as in [35, Appendix B|. The resulting Euler-Lagrange equations are

D A (VD 0 o wnp 0 2
ap Ay — ie(V D g )WV A — g(VMV D g )AL = 0(e*)  (2.3)
5 4% A 5 * [ N
D5 AP +ie(VID, )V, A% + 5 (VuV" D) A B =032 (24)
v e UV U
V| (VED ) A Ay = VIV D7) (A9, Ay — A5V, A ) ] =0(e) (25)
In the above equations, the symbol D QBW and its vertical derivatives are evaluated at the

phase space point (z,p) = (z, k).
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2.2. WKB approximation of the Lorenz gauge. In order to remove unwanted pure
gauge degrees of freedom, the Euler-Lagrange equations (2.3)-(2.5) should be supplemented
with additional equations. For this purpose, we impose the Lorenz gauge condition on the
metric perturbation h,g. The WKB approximation of the Lorenz gauge condition is obtained
by inserting the WKB ansatz (1.18) into Eq. (1.14). At the lowest order in €, we obtain

o 1
k AOau = 5](5#140, (2.6)
and at O(e") we obtain
1
VO{AOOW + ikaAlau = §(VMAO + ’L.]ﬁ?MAl)a (27)

where Ay = ¢*# Apap and Ay = g8 A1,p. These equations can also be supplemented by the
corresponding complex conjugate equations.

2.3. Equations at order ¢’. Keeping only terms of order ¢, Equations (2.3)-(2.5) reduce
to

D,5"" Agss =0 (2.8)
D5’ 4™ =0 (2.9)
\P (v“Daﬁv‘s)Ao*“ﬁAM] =0 (2.10)

Since Equations (2.8) and (2.9) are related by complex conjugation, it is enough to analyze
only one of them. Using the definition of the symbol D aﬁvé, Equation (2.8) can be written as

1
5 (k5385 = k¥ gapg™ + kakag™ + KK gas — ka3 — kak?8) Ays =0 (211)
This equation admits nontrivial solutions if and only if Ag,s is in the kernel of the tensor

Daﬁw. The kernel of Daﬁvé is discussed in detail in Appendix A. By imposing the Lorenz
gauge condition (2.6) in Eq. (2.11), we obtain

1
]{?M/{)'u' <A0aﬁ - EgaBAO> =0 (212)

This equation can only be satisfied if either k k" = 0 or Agg — % 9apAo = 0. However, taking
Agap — % gapAo = 0 implies that Ag,s = 0. Discarding this trivial solution, we are left with
the dispersion relation
k k' =0, (2.13)

which is a well-known result of geometrical optics. Furthermore, since k,, is the gradient of a
scalar function, it satisfies

Vka = Vaok,. (2.14)
Using this property, together with the dispersion relation (2.13), we can derive the geodesic
equation for k:

KV, k, = 0. (2.15)
Imposing the Lorenz gauge condition (2.6) in Equation (2.10), we obtain
1
P [k:“ (Ao*aﬁA()ag - §A0*A0> ] = 0. (2.16)
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This equation represents a transport equation for the intensity Jg = AP Agap — %AO*AO,
which is another well-known result of geometrical optics.

2.4. Equations at order ¢!. We continue the WKB analysis by taking equations (2.8) and
(2.9) at order €' only:

v 7 v
D5 Arys — (V"D )V, Aons — 5(vuvu%ﬁW)AO,ﬂS =0, (2.17)

DA L y(VhD )Y, A8 4 L(v, ED %) A8 = o (2.18)
afs 1 1 af pn410 2 w ap 0 = u. .

We can simplify these equations by imposing the Lorenz gauge condition (2.6) and (2.7), and
by using equations (2.13) and (2.14). We obtain

1 1 1
kﬂv,u <A0aﬁ - §gaﬁAO> + 5 <A0aﬁ - §gaﬁA0> V,ukﬂ = Oa (219)
xaf 1 af 4 * 1 xaf 1 a8 q *
kﬂvu AO — 59 AO + 5 AO — 59 AO Vuk“ = O (220)

Furthermore, using the lowest-order intensity Jy, we can write the amplitude tensors in the
following way:

1 * 1 * *
AOaﬁ o §gaﬁA0 = \/%Cmaﬁa Ag b _ §gaﬁA0 = \/%ao aﬁ, (2'21)

where ag,g is a complex tensor, describing the polarization of the gravitational wave. Note
that, due to the Lorenz gauge condition (2.6), the polarization tensor ag,g satisfies the or-
thogonality condition

kaaoaﬁ =0. (222)
Using the transport equation (2.16), Egs. (2.19) and (2.20) reduce to

KV a0ap = KV ,a0" " = 0. (2.23)

The parallel propagation of the complex polarization tensor ag,g along k* is another well-
known result of the geometrical optics approximation.

2.5. The polarization tensor in a null tetrad. The properties of the polarization ten-
sor apap become more transparent when expressed in terms of a null tetrad adapted to k.
Working with the metric signature (—, +,+,+), we establish a set of four complex null vec-
tors {ka, Mo, Ma,Ma} at each point in space-time , which satisfy the following orthogonality
relations:
mem® =1, kan® = —1,

kakja — nana = mama = ma’ﬁ’ba = 0, (224)

kam® = kom® = negm® = negm® = 0.
Since the polarization tensor ag,,, is symmetric, it can have at most ten independent compo-
nents. However, due to the orthogonality condition (2.22), we are left with only six indepen-
dent components. Using the null tetrad, we can write the polarization tensor as

A0 = 21My My, + 22101y, + 23My(, My + 2akuky + 25kumyy + 26k, My, (2.25)
7



where z; are complex scalar functions. Inserting this expansion of the polarization tensor into
the parallel transport equation (2.23), and making use of the orthogonality relations (2.24),
we obtain the following transport equations for the scalar functions z;:

k*V oz = —221mPE*Vomy, (2.26a)
kE*V qzo = —220m"'E*V omy, (2.26Db)
KOV 23 = 0, (2.26¢)
kEV g2y = —(2zsmt + zem*)k*V ony, (2.26d)
kEV qz5 = —(z3mt + 22:mHM)k*V on,, — 2sm"k*V omy,, (2.26e)
kEV q26 = —(z3mt' + 220mH)k*V oy, — 26m”kE*V o, . (2.26f)

The transport equations for z1, zo and z3 are decoupled. Furthermore, the evolution of the
trace of ag,,, is described by z3, which is covariantly constant along k%, and its value will be
fixed by the choice of initial conditions. As mentioned in Sec. 1.4, we consider initial data
such that the metric perturbation is initially traceless. Thus, we impose z3 = 0. The other
components, z4, z5 and zg, describe the evolution of pure gauge degrees of freedom, which
were not fixed by imposing the Lorenz gauge. It is shown in Appendix A that the components
of the metric perturbation proportional to z4, z5 and zg do not contribute, at the lowest order
in €, to the Riemann tensor. They are in that sense pure gauge.

The non pure-gauge degrees of freedom, describing the polarization of the metric pertur-
bation are represented by the terms proportional to the complex scalar functions z; and zo.
The tensors m,m, and m,m, represent a circular polarization basis for linearized metric
perturbations, analogue to the circular polarization basis covectors m, and m, used in the
description of electromagnetic waves (a detailed comparison between the polarization of elec-
tromagnetic and gravitational waves can be found in [33, Sec. 35.6]). By picking initial data
such that the metric perturbation is initially traceless (which is equivalent to z3 = 0), Eq.
(2.21) implies that

ao™ ag,, = 2121 + 2322 = 1. (2.27)

This relation restricts (21,22) € C? to the unit 3-sphere S®. Furthermore, (z1,22) and
(€921, €'%25) (for any real ¢), represent the same polarization state. Thus, the space of phys-
ically distinguishable polarization states is the complex projective line CP! = S3/U(1) = S?
(in optics, this is called the Poincare sphere; see Refs [11, Sec. 1.4.2] [1, Sec 5.2]).

The transport equations for z; and zo have the same form as in the electromagnetic case
[35, Eq. (3.36)], the only difference being a factor of 2, which corresponds to the fact that
here we are dealing with a spin-2 field, instead of the electromagnetic field, which is a spin-1
field. As in Ref. [35], it is convenient to rewrite the transport equations for z; and zy in
terms of the Berry connection. First, we should remember that the covectors m, and m, are
functions of x and k(z), because of the orthogonality relations given in Eq. (2.24). Thus, we
must carefully apply the chain rule when taking covariant derivatives of m, and mq:

KMV ima = KV, [ma(z, k)]
= kH <%Mma> (x, k) + k" (V k) <%Vmoz> (z, k) (2.28)

h
= k'V, ma,



h
where V, is the horizontal derivative, defined in Ref. [35, Appendix A]. As in the electro-
magnetic case, the scalar functions z; and zo can be encoded in a 2-dimensional unit complex
vector, which is analogous to the Jones vector used in optics [20, 7, 10, 41]:

z= <21> , A= ). (2.29)
The transport equations for z; and z9 can be rewritten as
k'V 2z = 2ik" Bo3z, (2.30)

where o3 is the third Pauli matrix,

n=(y 5). 2:31)

and B, is the Berry connection

) h h h
By(z,k) = % <mavuma — mavuma> =im*V, my,. (2.32)
The Berry connection has the same definition as in the electromagnetic case [35]. The Berry

phase can be defined by considering a worldline z#(7), with &# = k*. Then, by restricting z
to the worldline z#(7), we obtain

% = 2ik" B,o3z. (2.33)

This equation can be integrated along the worldline z#(7) as

e2iv(7) 0
z(71) = 0 o—2i(7) z(0), (2.34)

and we obtain the Berry phase ~ as
T1
v(11) = / dTk'B,,. (2.35)
70

Using equation (2.33), we can show that the following quantities are conserved along k*:

1=2%2 + 28520 = 212,
! ? (2.36)
s =2ztz — 252) = 221032

Based on our assumptions on the initial conditions, given in Sec. 1.4, we only consider metric
perturbations which are initially circularly polarized. This corresponds to

Z(O):G)) or Z(O):Cf). (2.37)

Thus, we have s = £2, depending on the choice of the initial polarization state. Here, the
parameter s represents the helicity of the metric perturbation.
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2.6. Effective dispersion relation. The results derived so far are based on a standard
approach to the WKB analysis, by imposing that terms at different orders in € in the Euler-
Lagrange equations (2.3)-(2.5) vanish separately. With this approach, we derived the well-
known geometrical optics results: the dispersion relation (2.13) and the transport equation
for the polarization tensor (2.23). While the dynamics of the polarization tensor in Eq. (2.23)
depends on k,,, and, hence, on the dispersion relation (2.13), there is no backreaction from the
dynamics of the polarization tensor onto the dispersion relation (2.23) and onto k,. In other
words, the standard geometrical optics approach does not take into account all the possible
spin-orbit interactions between the external and internal degrees of freedom, here represented
by the wave vector k, and polarization tensor ag,,,.

In the derivation of the spin Hall effect, as observed in Ref. [35] (see also Ref. [10]), it is
essential to gather terms related to geometrical optics and terms involving the polarization.
This is the so-called spin-orbit coupling. This can be achieved by collating the separately
satisfied Eqgs. (2.3)—(2.5) into one quantity depending on powers of € at order 0 and 1, and
vanishing at order O(e?).

Starting with Egs. (2.3)-(2.5), an effective dispersion relation can be derived in the in
the following way. We contract Eq. (2.3) with A**® and Eq. (2.4) with A.s. Adding these
equations together, we obtain

Doy A A — <%“Da675> (479,45 = A,57,4%7) = O(). (2.38)

Using Aag = Agap +€A10p+ O(€2), the Lorenz gauge condition given in Eqs. (2.6) and (2.7),
as well as Eq. (2.2), we can rewrite the above equation as

1 1 1
5]{3“]{3“ |:j() +e€ (AoaﬁAl*aﬁ + Ao*aﬁAlaﬁ — §AOA1* — §A1A0*> :|

. (2.39)
1€ * * 1 * *
— 5]{“ |:A0 wVMAOw — Ao,ygvqu 9 + 5 (Ao VMAO — A()VMAO ):| = 0(6)2
The above equation can be further simplified by introducing the O(e)! intensity as
1
9, = (AaﬁA*aﬁ — 5AA*) + O(e)?
(2.40)

1 1
=Jp+e€ (AoaﬁAl*aB + Ao*aﬁAlaﬁ — §AOA1* — §A1A0*> + 0(6)2.

Then, we can rewrite the amplitude as

Aaﬁ = 4/ Jlaaﬁ = 4/ Jl (aoaﬁ + ealaﬁ) + 0(6)2, (241)
and from Eq. (2.39) we obtain
1 1€ " *
51(5#]{5“ - 51(5“ <a0 aﬁvﬂaoaﬁ —aoaﬁvﬂao aﬁ) = 0(62). (242)
This represents an effective dispersion relation, containing O(e) corrections to the geometrical
optics equation (2.13). We can also introduce the notation
1€ " *
Kﬂ = k# — 5 <a0 aﬁvﬂaoaﬁ - aoaﬁvﬂao aB) (243)
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and rewrite the effective dispersion relation as
1
S K" = O(€?). (2.44)

In a similar way, starting with (2.5), and considering Aog = Agag+€A1n5+ O(€?), the Lorenz
gauge condition given in Eqgs. (2.6) and (2.7), as well as Eq. (2.2), we obtain

1€ ey *Q
Vﬂ{Jl |:]€M — Eg‘“/ <(I0 vaaoaﬁ — aoaﬁv,,ao 6>:| } = V“ (leM) = 0(62). (245)

This is an effective transport equation for the intensity J1, which includes O(e) corrections to
the geometrical optics equation (2.16).

3. EFFECTIVE RAY EQUATIONS

The transition from the WKB approximation of a field theory to an effective point-particle
description can be realized by treating the dispersion relation as a Hamilton-Jacobi equation
for the phase function [I, Sec. 46]. It has also been argued in Refs. [33, Box 25.3] [24, Sec. 1I]
that the physical interpretation of the effective point-particle description provided by solving
the Hamilton-Jacobi equation is related to the principle of constructive interference. One can
define a localized wave packet by considering a superposition of WKB wave functions with
slightly different wave vectors. The peak of intensity of this superposition occurs where the
waves interfere constructively and coincides with the ray trajectories given by the effective
point-particle description.

At the lowest order in €, we obtained in Eq. (2.13) the dispersion relation

1 v
59"k, = 0. (3.1)

where k, = V,S. This can be viewed as a Hamilton-Jacobi equation, which is a nonlinear
first-order partial differential equation for the phase function S. We can solve the Hamilton-
Jacobi equation by using the method of characteristics [1, Sec. 46]. This is done by defining
a Hamiltonian function H(z,p) on T*M, related to the dispersion relation by

1
H(z,VS) = 59“”]@]{:,, =0. (3.2)
In this case, the Hamiltonian function is

1
H(z,p) = 59" pubv, (3.3)

where p, is a general covector on T*M, unlike k,, which is a gradient of a scalar function.
The effective point-particle description is given by Hamilton’s equations

0H
= —=9¢""p,, 3.4
o (3.4)
. OH 1

Given a set of ray trajectories {«#(7),p,(7)} representing a solution of Hamilton’s equations,
we can obtain a solution of the Hamilton-Jacobi equation as [1, Sec. 46]

T1

S (r0).pu(r)) = [ dr 8, — H(x,p)] +const 36)

70
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Thus, at the lowest order in e of the WKB approximation, we have obtained an effective
point-particle description in terms of Hamilton’s equations (3.4) and (3.5). These are the
geodesic equations of the underlying spacetime.

In order to describe spin Hall effects, higher-order terms in the WKB analysis must be
taken into account. This can be achieved by considering the effective dispersion relation
obtained in Eq. (2.42):

1 i€ e e
§kﬂk“ - Ek“ <a0 ﬁvﬂa(hxﬁ - aOaﬁvﬂao 6) = 0(62)' (37)

Our aim is to treat this relation as an effective Hamilton-Jacobi equation, and to explore the
corresponding effective point-particle description. Using the expansion of the polarization
tensor agqg, given in Eq. (2.25), we can rewrite the effective dispersion relation as

1

2
where B, = B,(x,k) is the Berry connection defined in Eq. (2.32), and s = 42, depending
on the initial state of circular polarization. Note that, except for the different value of the
constant s, we have obtained the same effective dispersion relation as in the electromagnetic
case [30, Eq. (4.12)]. Using Eq. (2.34), we can rewrite the second term in Eq. (3.8) in terms
of the Berry phase ~:

9" kuk, — %Ek“ <ZT(9HZ - a“sz) — esk' B, = O(e?), (3.8)

- %Ek“ <z*3uz — Busz) = eskMOy. (3.9)

Using the Berry phase, we can define an effective phase function S = S+ esy and an effective
wave vector VS =k, = k, + sV . Then, the effective dispersion relation can be written

as
1 . . -
59" kyky — esk! B, = O(€?), (3.10)
This equation can be considered as an effective Hamilton-Jacobi equation for the effective

phase function S. Since circularly polarized WKB metric perturbations are of the form
hag = Re \/5mamge”eis(m)/E or hap = Re ﬁmamge*”eis(x)/e] , (3.11)

the effective phase function S represents the overall phase factor of the WKB ansatz, up to
order O(€?). As in the previous case, we solve the effective Hamilton-Jacobi equation for the
unknown S by using the method of characteristics. We are seeking a Hamiltonian function
H(z,p) on T*M, related to the effective dispersion relation by

. 1 - - -
H (x,VS) = 59“”]{:“]{:1, — eskt B, = O(e?). (3.12)
In this case, the Hamiltonian function is
1 4 174
H(z,p) = 59" pupy — es9" puBu (@, p), (3.13)
and the effective point-particle description is given by Hamilton’s equations
OH v
jju = — = ngpy — €S <BM +paqua> 9 (314)
Opy
) OH 1
Pu = 3 —§3Mgaﬁpap5 + €8Pa <8Mgo‘5B5 + gaﬁauBg) . (3.15)
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These equations describe the spin Hall effect of gravitational waves. The Hamiltonian, as
well as Hamilton’s equations have the same form as in the electromagnetic case presented
in Ref. [35, Eq. (4.15)-(4.17)], except for the value of the constant s. The terms of O(e!)
are expressed in terms of the Berry connection, and they depend on the state of circular
polarization through s. In the limit of infinitely-high frequencies, which corresponds to ¢ = 0,
we recover the geodesic equations, as in Egs. (3.4) and (3.5).

As observed in Ref. [35], the Hamiltonian (3.13), as well as the effective ray equations
(3.14) and (3.15) are not independent of the choice of polarization vectors m, and m,. This
is because the Berry connection B, is not invariant under spin rotations m, ew(“”)mu.
Such transformations can be viewed as a change of gauge for the Berry connection. This is
similar to the case of a charged particle moving in an electromagnetic field, and described by
the minimally coupled Hamiltonian

1
H = 59" (pu — eAp)(py — eAy), (3.16)

which is not invariant under gauge transformations of the electromagnetic vector potential,
Ay = A+ V€ Generally, this issue can be solved by introducing noncanonical coordinates,
such that the connection one-form (e.g. the electromagnetic vector potential A, for the case of
charged particles, or the Berry connection B,, for the case of spinning particles) is eliminated
from the Hamiltonian, and the ray equations are expressed in terms of the curvature two-
form (e.g. the Faraday tensor Fj,, = 2V|,A, for the case of charged particles, or the Berry
curvature for the case of spinning particles). This procedure is discussed in Ref. [13] for the
case of a charged particle, and in Ref. [30] for Hamiltonians involving the Berry connection.
Also, it is generally the case that the effective ray equations describing spin Hall effects in
optics or condensed matter physics are usually expressed in terms of the Berry curvature
[ O s Uy ) ]

Noncanonical coordinates for a Hamiltonian of the form given in Eq. (3.13) were introduced
in Ref. [35], based on the general proposal of Littlejohn and Flynn [30]. The relation between
canonical coordinates («*,p,) and noncanonical coordinates (X*, P,) is

v
XM =2t + iesm*VF'my, (3.17)
P, =p, —iesm®V, mq. (3.18)
The coordinate transformation is performed perturbatively with respect to €, and terms of

O(e?) are ignored. We refer the reader to Ref. [35] for the details of the calculations. In
noncanonical coordinates (X*, P,), the Hamiltonian is

1
H(X,P) = 5¢" (X)P.Py, (3.19)

and the effective ray equations become

XH = Pt 4 esP” (Fpy) M + esT'%, Py PP (Fpp) (3.20)
B, = I'§,PoP’ — esP" (Fyy),, — s, Po P’ (Fip)”
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In the above equations, we have the components of the Berry curvature, defined as
v v v v v v v v
(Fpp)yu — Z’(V}Lmavuma - vumavuma + mav[uvu}ma o mav[uvu}ma>7
(Fm)vu = z’(VMmaVl,ma = Vum*Vymg + MV, V, mg — mav[ﬂvy]ma), (3.22)
v v
(Fpm)u‘u == (Fg:p)'u,/ = (V“mavyma - vymavﬂma> ’

It can easily be verified that these equations are invariant under spin rotations m,, eid’(m)mu.
However, given a null covector P, the orthogonal plane spanned by m,, and m,, is not uniquely
fixed, since one can always perform transformations of the form m, ~ m, + cP,. This
orthogonal plane can only be fixed uniquely by introducing additional structure, such as a
timelike vector ¢# or another null vector n#, orthogonal to m, and m,. From a physical point
of view, this means that the orthogonal plane spanned by m, and m, can only be fixed with
respect to a timelike observer with 4-velocity ¢*.

As discussed in Ref. [35], changing the vector field t#, defining a family of observers,
corresponds to a change of polarization vectors of the form m,, + m,+cP,. The effective ray
equations (3.20) and (3.21) are not invariant under such transformations. This reflects the
well-known fact that the position of a massless spinning particle cannot be defined independent
of an observer. In particular, this can be viewed as a manifestation of the relativistic Hall
effect [9] and the Wigner translation for massless spinning particles [14, 17] (see also Ref. [12]
for a similar discussion in the context of the Mathisson-Papapetrou-Dixon equations). It has
been shown in Ref. [35] how Egs. (3.20) and (3.21) incorporate these effects.

4. CONCLUSION

We have presented a covariant WKB analysis of gravitational waves, as described by the
linearized Einstein equations. By going beyond the standard geometrical optics approach,
we obtained effective ray equations containing polarization-dependent terms and describing
the spin Hall effect of gravitational waves propagating on arbitrary spacetimes. The effective
ray equations have the same form as in the electromagnetic case discussed in Ref. [35], the
only difference being a factor of 2, representing the spin-2 nature of the gravitational field.
Thus, considering electromagnetic and gravitational waves of the same frequency, the spin
Hall effect is twice as large in the case of gravitational waves.

In an ongoing work [27] (see also [31]), the authors prove that the resulting equations can
be cast in the form of the Mathisson-Papatreou-Dixon equations for massless particles, with
the Corinaldesi-Papapetrou spin supplementary condition. The latter is a consequence of the
derivation of the effective equations of motions. Furthermore, with [35], it provides a first
systematic covariant derivation of the equations of motions for massless spinning particles.

The spin Hall effect of gravitational waves is expected to play an important role for grav-
itational waves of finite frequency. Hence, one important perspective is to understand the
observable consequences of corrections to geometrical optics. Firstly, the corrections to ge-
ometrical optics should lead to measurable frequency-dependent corrections to gravitational
lensing, as discussed in [31, 14]. To calculate the effect, an analytic discussion of the effective
equations of motions must be performed. Secondly, the effect measured is spin-dependent.
The effective equations of motions should lead to different trajectories for electromagnetic
and gravitational wave packets. This could lead to different arrival times. These aspects will

be investigated in future works.
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APPENDIX A. PROPERTIES OF THE SYMBOL Daﬁw

The kernel of the symbol D 676’ considered as a endormorphism of the space of symmetric
two-tensors, is calculated in this section. We first observe that, if b5 is any covector, then

D5k bsy = 0. (A1)

The tensor k(,bs) is always in the kernel of D aﬁ“@ More generally, if S,s is a symmetric

complex 2-tensor in the kernel of Daﬁ%? then

2D, ;"S5 = kakgS + gapSysk 'k — k7S aks — k7S, gk (A.2)
=0. (A.3)
We consider a Newman-Penrose tetrad {kq, nqo, ma, M} satisfying the orthogonality relations
given in Eq. (2.24). Considering symmetric tensor products of the Newman-Penrose tetrad
elements, the only nontrivial contraction with the right-hand-side of Eq. (A.2) are those with

mem?, memP, nm?, n®m?,
K'mPS. 5 = k'mPS. 5 = kKPS 5 =0, (A.4)

and nn?,

S —2n°kPS,5 = 0 = —28,5m"mP. (A.5)

A similar argument can be made when k* is not null. Hence, we obtain the following lemma:

Lemma A.1. When k* is a null vector, the kernel of the symbol Daﬁvé is the vector space
of complex symmetric two-tensors generated by

kakﬁ, kz(anﬁ), k(amﬁ), k‘(amﬁ), (A.6)

mMmgy, m(amﬁ). (A?)

When k¥ is not a null vector, the elements of the kernel of DO{BA"s are traceless symmetric
two-tensors satisfying

k*Sap = 0. (A.8)
Using Eq. (A.5), one checks easily that, if S5 is in the kernel of Daﬁw7 then its trace-
reverse 5’75 satisfies
k?agag =0, (A.9)
which is the form of the polarization tensor given in Eq. (2.25).

Finally, we observe that two-tensors generated by the elements of Eq. (A.6) are pure
gauge. The Riemann curvature tensor of the particular perturbed metric tensor gog = gag +

Re (k:(abﬁ)eis/ E), for an arbitrary k, = V.S and b, complex covector, is given by,
R yop = RMyap + Vol (R)H 5 — VD(R) 0 (A.10)
R yop = RM o + O0(e7h), (A.11)
15



instead of the expected
Rl yag = RFyap + 0(e72). (A.12)

Hence, a perturbation of the form h,g = Re (k(abﬁ)eis/ e) is pure gauge at the lowest order in
€.

Lemma A.2. The only non pure-gauge solutions of
S
Daﬁy Sy =0 (A.13)

are generated by

m(amﬁ),m(amﬁ). (A14)

APPENDIX B. DERIVATION OF THE LAGRANGIAN FOR LINEARIZED GRAVITY

In this section, we consider the full metric g,g, written as a sum of a background metric
Jap, and a small perturbation metric h,g:

9ap = gap + hozﬁ- (B.1)
Recall that, with our conventions we have
G = g*% — hB L O(|?). (B.2)

The Einstein-Hilbert action is for the full metric g,z is

/M d'z /3 R. (B.3)

As always, the linearization of the determinant of the metric tensor leads to

Vi i (1+ ggaﬂhaﬁ) +o(lhP). (B.4)

We introduce the notation
IG5, =15, + 15,
(B.5)

o 1 o
8 = 59°7 (=Vohg, + Vshoy + Vahso) + (),

where the Christoffel symbols I'g, and the covariant derivative Vo are defined with respect
to the background metric g,5. As the difference between two the Christofell symbols of two
metrics, Tg,y is a tensor. Now, we expand the Riemann curvature tensor of g,g,

Ruuaﬁ - Ruuaﬁ + @a’rﬁﬁ - @5T5a +2 <T55Tga - TgaTZB) ) (BG)

where V,, is the covariant derivative defined with respect to Jap- We contract in p and « to
get the Ricci curvature, and with inverse metric tensor §*? to get the scalar curvature:

Rys = Ry = Ry + VTl = VTl +2 (T4,70, = T4 Y75) (B.7)

R=§"Rys =" Ry + 57 (VX = Vol ) + 25" (T80, = Th,Y55) . (BS)
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We consider now the Einstein-Hilbert action for the metric gog:
| dteVaR= [ dtavia? (B2 (110, - T4
4. /708 (& =
+ /M a'z /55 (Y0l = VT,

In the above equation, the term on the second line is a boundary term, which we drop. In
the first line, the second term can be rewritten as

(B.9)

G (T8, = Y, T05) VG = g7 (T2, = T, T05) /g + O(IRP). (B.10)
Using the expansion of the determinant of the metric tensor, we obtain
1
75 =3 <gv6 —hP 4 ghgvﬁ> +0(|h)?). (B.11)

The expansion of the Einstein-Hilbert action, neglecting terms of order 3 in h,g, takes the
preliminary form

_ 1
/ d*z\/§R :/ d4x\/§R—/ d*z /g (Ryg - —ngg> VP
M M M 2
+ / d*z /g Ry, V"™ (B.12)
M
+ /M d*z \/g29"" (Tgﬁrgﬂ — Tgurgﬁ) + O(|hP).

where V¥ = O(|h|?). Since we assume that the background metric g,p satisfies the Einstein
field equations in vacuum with no cosmological constant, we have

/M d'z /5 R = /M da /5" (X8, — Y4, X0) + O(A®). (B.13)
Using the definition of T3, , we can calculate
1
gy, = 1 @V oy = VRN ghyy) + O(|h*) (B.14)
1
g X = 1 (CVehVh + 2V hV hoy) + O(|n[?). (B.15)
The linearized Einstein-Hilbert action, neglecting terms of order 3 in h,g, is given by
/ d%ﬁé:/ d*z /g L+ O(|h)?), (B.16)
M M

where L is the Lagrangian for linearized gravity, defined as

1 1
L =V7h"V ,hgy, — ivohﬂ”vahw + ivohvgh — VhV¥hgy, (B.17)
which agrees with the Lagrangian obtained in Ref. [6, p. 55]. Integrating by parts and
neglecting boundary terms, we obtain
/ Ry\/gdz = / d*e\/gh*P D, hys, (B.18)
M M
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where D aﬁw is defined as

A

s 1 5 5 5 5 6 5
D5 = 5 (0105VuV" = gusg "V, V¥ + g0V Vs + 9o VIV = 5V IV, — V).
(B.19)

APPENDIX C. LORENZ GAUGE

C.1. Linearization of the wave gauge. We start by the standard calculation of the lin-
earization of the wave gauge. Consider a chart (U, %), and assume that this chart is harmonic
for the metric go5. That is

GPV Vg’ = F?, (C.1)
where the F? are unknown functions to be chosen wisely. We expand this to get

P = 309,950

= 5050 0,p2° + GOPT fOpa®. (C.2)
= ~046ng
Using
~ 1
%’y = F%ﬂ/ + 59040 (—Vohﬁ,y + Vﬁh(m + Vﬂ,h@,) , (C3)

and neglecting the quadratic terms in h,g, we obtain

a a 1 o o 0
gy, —hTg + 5 (2V5h% = VoR) = F (C.4)
~——

order 0 in hyg order 1 in hyp

1
v (hﬁa - 5h95a> =F — "1y, (C.5)

For a general background metric, we choose
F° =Ty, (C.6)

in order to obtain the Lorenz gauge condition
1
' (hﬁa — §hgﬁa> = 0. (C.7)

When gop is the Minkowski metric, and (U, z*) the Cartesian chart on R*, then F° can be
chosen equal to 0.

C.2. Propagation of the gauge. In that section, we check that the gauge condition is
conserved by the equation for linearized gravity. This is a linearization of the procedure
described in Ref. [38, Chapter 14.2]. We introduce

1
Gy =Vhau — §Vuh. (C.8)
Recall that 7La5 is the trace-reversed of hyg. Observe that Eq. (1.9) can be rewritten as

— VoV = 6 VaVsh™® + VOV hay + VOV, gy, = 0. (C.9)
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By commuting the covariant derivatives as

VoV uhay =V V%00 + Ryaouh™®, (C.10)
and using the fact that g, is Ricci flat, we obtain
VaV®hu = 2Ryacuh®™ = V50 + VS — 9wV Sa. (C.11)
Taking the divergence of the right-hand side of the previous equations, we obtain
VaV®G, + RuaG® = VH (vavaﬁ,w = 2RVW7LM> . (C.12)
Hence, if we consider a solution of the reduced equation
VoV = 2Ryaouh™ =0 (C.13)
and we assume that, initially,
§,=0 and V,§,=0, (C.14)

then hopg solves Eq. (1.9) in the Lorenz gauge. Furthermore, the trace of h,g satisfies the
decoupled equation equation

VAV ,h = 0. (C.15)
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