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Long-term viscous neutrino-radiation hydrodynamics simulations in full general relativity are
performed for a massive disk surrounding spinning stellar-mass black holes with mass MBH = 4, 6,
and 10M� and initial dimensionless spin χ ≈ 0.8. The initial disk is chosen to have mass Mdisk ≈ 0.1
or 3M� as plausible models of the remnants for the merger of black hole-neutron star binaries or
the stellar core collapse from a rapidly rotating progenitor, respectively. For Mdisk ≈ 0.1M� with
the outer disk edge initially located at rout ∼ 200 km, we find that 15%–20% of Mdisk is ejected and
the average electron fraction of the ejecta is 〈Ye〉 = 0.30–0.35 as found in the previous study. For
Mdisk ≈ 3M�, we find that ≈ 10%–20% of Mdisk is ejected for rout ≈ 200–1000 km. In addition,
〈Ye〉 of the ejecta can be enhanced to be & 0.4 because the electron fraction is increased significantly
during the long-term viscous expansion of the disk with high neutrino luminosity until the mass
ejection sets in. Our results suggest that not heavy r-process elements but light trans-iron elements
would be synthesized in the matter ejected from a massive torus surrounding stellar-mass black holes.
We also find that the outcomes of the viscous evolution for the high-mass disk case is composed
of a rapidly spinning black hole surrounded by a torus with a narrow funnel, which appears to be
suitable for generating gamma-ray bursts.

PACS numbers: 04.25.D-, 04.30.-w, 04.40.Dg

I. INTRODUCTION

A stellar-mass spinning black hole surrounded by a
massive disk is believed to be a frequent remnant for
the merger of neutron star binaries (binary neutron stars
and black hole-neutron star binaries), and for the stel-
lar core collapse of massive and rapidly rotating progen-
itors. Such remnants have been speculated to be the
central engines of gamma-ray bursts [1–4] and kilono-
vae [5–8]. This fact motivates the community to ex-
plore in detail the formation process of the black hole
and disk surrounding it (see, e.g., Refs. [9, 10] for a re-
view of numerical simulations for the formation of black
holes surrounded by disks) and subsequent long-term
evolution of the disk by magnetohydrodynamics/viscous-
hydrodynamics processes with various sophisticated lev-
els (e.g., Refs. [11–24]). In our previous paper [23], we
performed a long-term viscous radiation hydrodynam-
ics simulation for the system of a spinning black hole
with low mass MBH = 3M� and of a disk with mass
Mdisk = 0.03–0.5M� in full general relativity, paying par-
ticular attention to the mass ejection in the post-merger
evolution of neutron-star binaries.

In this paper, we extend our previous work [23] and
explore the dependence of the viscous evolution process
of the disk and resulting mass ejection on the black-hole
mass, MBH, and disk mass, Mdisk. We consider the sys-
tems of MBH = 4, 6, 10M� and of Mdisk ≈ 0.1 and

3M� with the initial dimensionless spin of the black hole
χ ≈ 0.8. These are plausible remnants for the merger
of black hole-neutron star binaries [25–29] or the stellar
core collapse from a rapidly rotating progenitor to a black
hole [30, 31]. The purpose of this study is to explore the
quantitative dependence of the disk evolution and sub-
sequent mass ejection as well as nucleosynthesis on the
mass of the black hole and disk. In particular, we pay
attention to the evolution of the high-mass disk model in
this paper.

The system of a spinning black hole and a high-mass
disk can be a plausible model as remnants for the col-
lapse of rapidly rotating progenitor stars to a black hole.
The evolution of high-mass disks surrounding a black hole
with relevant microphysics (such as realistic equation of
state and neutrino cooling) has not been studied self-
consistently in previous work because not only general
relativistic gravity for the black hole but also the self-
gravity of the disk have to be taken into account. In the
present study, we employ the framework of full general
relativity, and thus, we can explore the high-mass disk
model with no assumption (except for the assumption of
axial symmetry). We will show that in the presence of a
high-mass disk, the neutrino luminosity is enhanced, and
as a result, the viscous evolution timescale of the disk is
increased significantly. This effect modifies the property
of the ejected matter and resulting elements produced in
the nucleosynthesis. In addition, we show that the out-
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come of the evolution of the system is a rapidly spinning
black hole with a geometrically-thick torus and a narrow
funnel. This system appears to be suitable for generat-
ing gamma-ray bursts, i.e., for driving a collimated jet
toward the direction of the rotation axis.

The paper is organized as follows. In Sec. II, we briefly
summarize the basic equations employed in the present
numerical simulation and initial conditions employed in
this work. Section III presents numerical results for the
simulations. We present the evolution process of the disk
and black hole, the properties of the ejecta and nucle-
osynthesis in the matter ejected from the disks, and the
final outcome of the disk evolution. Section IV is de-
voted to a summary. Throughout this paper, G, c, and
k denote the gravitational constant, speed of light, and
Boltzmann’s constant, respectively.

II. SUMMARY FOR THE METHOD OF
NUMERICAL COMPUTATIONS

We perform viscous neutrino-radiation hydrodynam-
ics simulations for systems of a stellar-mass black hole
and a massive disk in the framework of full general rel-
ativity with the assumption of axial symmetry using
the same method and implementation as in Ref. [23]:
We numerically solve Einstein’s equation, the viscous-
hydrodynamics equations, the evolution equation for the
viscous tensor, the evolution equations for the lepton
fractions including the electron fraction, and neutrino-
radiation transfer equations. Einstein’s equation is
solved using the original version of the Baumgarte-
Shapiro-Shibata-Nakamura formalism [32] together with
the puncture formulation [33], Z4c constraint propaga-
tion prescription [34], and 5th-order Kreiss-Oliger dissi-
pation. The axial symmetry for the geometric variables
is imposed using a cartoon method with the 4th-order
accuracy in space [35, 36]. The viscous-hydrodynamics
equations and evolution equations for the viscous ten-
sor are solved by the method described in Ref. [37]. For
evolving the lepton fractions, we take into account elec-
tron and positron capture, electron-positron pair anni-
hilation, nucleon-nucleon bremsstrahlung, and plasmon
decay [38, 39]. The quantities of black holes (mass and
spin) are determined from their area and circumferen-
tial radii of apparent horizons [40], assuming that these
quantities are written as functions of the mass and spin
in the same formulation as in the vacuum case.

As in our previous work [23], we employ a tabulated
equation of state based on the DD2 equation of state [41]
for a relatively high-density part and the Timmes equa-
tion of state for the low-density part [42]. In this tabu-
lated equation of state, thermodynamics quantities such
as ε, P , and h are written as functions of ρ, Ye, and
T where ε, P , h(= c2 + ε + P/ρ), ρ, Ye and T are the
specific internal energy, pressure, specific enthalpy, rest-
mass density, electron fraction, and matter temperature,
respectively. We choose the lowest rest-mass density to

be 0.1 g/cm3 in the table, and the atmosphere density for
ρ∗ := ρut

√−g in the hydrodynamics simulation is chosen
to be 10 g/cm3 in the central region which is smoothly
decreased to 1 g/cm3 in the outer region. Here uµ and
g denote the four velocity and the determinant of the
spacetime metric, respectively.

For viscous hydrodynamics, we need to input the vis-
cous coefficient ν. Following our previous work [23], we
set ν = ανhcsH/c

2 where αν is the dimensionless viscous
coefficient (the so-called alpha parameter [43]), cs is the
sound velocity, and H is a scale height. We basically
employ αν = 0.05 as in our previous work [23] suppos-
ing that the origin of the effective viscosity is the turbu-
lence induced hypothetically by the magneto-rotational
instability [44–46]. For comparison, we also employ
αν = 0.10 and 0.15 for a model with MBH = 10M� and
Mdisk ≈ 3M�. We set H to a constant value that is ap-
proximately equal to the radius at the innermost stable
circular orbit around the Kerr black hole of χ = 0.8, i.e.,
H = 30 km(MBH/10M�) ≈ 2GMBH/c

2. This setting is
also the same as in Ref. [23]. Note that H is a constant
determined by the initial state of the black hole.

The viscous timescale (for heating and angular mo-
mentum transport) is written approximately as

τvis :=
R2

ν
≈ 1.0 s(hc−2)−1

( αν
0.05

)−1 ( cs
0.05c

)−1

×
(

H

30 km

)−1(
R

150 km

)2

, (2.1)

where R denotes the cylindrical radius in the disk and
the reference values are chosen for MBH = 10M�. As we
show in Sec. III, the evolution timescale for our choice
of the viscous coefficient is indeed of the order of ∼ 1 s,
which is much longer than the dynamical timescale (i.e.,
rotational period) of the disk approximately written as

τdyn := 2π

√
R3

GMBH

≈ 10 ms

(
R

150 km

)3/2(
M

10M�

)−1/2

. (2.2)

Thus, in the viscous hydrodynamics of the disks, the evo-
lution should proceed in a quasi-steady manner.

Axisymmetric equilibrium states for black hole-disk
systems are prepared as the initial condition [23] using
the method shown in Ref. [47]. As in the previous study,
we determine the angular velocity from the relation

j ∝ Ω−n, (2.3)

where j = c−1huϕ is the specific angular momentum. Ω
is the angular velocity defined by uϕ/ut and n is a con-
stant that determines the profile of the angular velocity
(see Ref. [48] for more careful choice for deriving disks
with “Keplerian profile”). In this paper, we fiducially
choose n = 1/7 to align the value with that chosen in
Ref. [23]. For two models for which the disk has a ge-
ometrically thin and less compact structure, we employ
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n = 1/5 and 1/4 (cf. Table I). These models are used to
explore the dependence of the results on the initial disk
compactness (cf. Secs. III C and III E).

For obtaining the initial condition, we assume a rela-
tion between ρ and Ye in the same form of ρ(Ye) as in
Ref. [23]. For this model, the value of Ye is 0.07 in a
high density region and approaches 0.5 for low density
for which the effect of the electron degeneracy is weak.
In addition, we assume that the specific entropy, s, is
initially constant (in order to obtain the first integral of
the Euler equation easily). We always choose s = 6k in
this paper for simplicity.

The initial black-hole mass is chosen to be MBH,0 = 4,
6, and 10M� with the disk mass being Mdisk ≈ 0.1 and
3M�. For most of the cases, we set the inner edge of the
disk to be rin = 2GMBH,0/c

2. For this case, the outer
edge of the disk is located at rout ∼ 200–250 km. For two
models we choose less compact disks for which rout ∼ 500
and 1000 km, MBH,0 ≈ 10M�, and Mdisk ≈ 3M� with
s/k = 6, n = 1/5 or 1/4 and rin = 3.5GMBH,0/c

2 (see
Table I).

In our formalism for obtaining the equilibrium state
composed of a black hole and a disk [47], we initially
prepare a black-hole geometry as a seed. In this work,
we set the dimensionless spin of the seed black hole to be
χ = 0.8. This implies that only in the limit of Mdisk → 0,
χ becomes 0.8. As already mentioned, the black-hole spin
is measured from the area, AAH, and circumferential radii
around the equatorial and meridian planes, ce and cp, for
the black-hole horizon [47], assuming that AAH, ce, and
cp are written as functions of the mass, MBH, and di-
mensionless spin, χ, of Kerr black holes as in the vacuum
black-hole case. In the presence of matter outside the
black hole, its geometry is modified, and for the high-
mass disk case with Mdisk ≈ 3M�, the dimensionless
spin becomes slightly smaller than 0.8 (see Table I).

Because the mass ratio, Mdisk/MBH,0, of the initial
conditions employed for the high-mass disk case is very
large (3/10–3/4), the self-gravity of the disk can play an
important role for its evolution. It is well-known that
the self-gravitating disk is subject to non-axisymmetric
deformation and fragmentation (e.g., Refs. [49–53]). In
our axisymmetric simulation, this effect cannot be taken
into account. For the high-mass disk, the so-called m = 1
mode is often non-linearly excited, and as a result, a sig-
nificant fraction of the initial disk mass is likely to be
swallowed by the black hole due to the angular momen-
tum transport in the dynamical timescale of the system.
The remnant after the non-axisymmetric instability pro-
ceeds will be a black hole surrounded by a disk that satis-
fies MBH �Mdisk. As we show in Sec. III, in the viscous
hydrodynamics, a significant fraction of the disk is also
swallowed by the black hole after the viscous angular mo-
mentum transport sets in, and the resulting remnant is a
black hole and a disk with MBH � Mdisk as well. Thus,
if we focus on the process only after a large fraction of the
disk is swallowed by the black hole, the viscous hydrody-
namics approach is acceptable (that is, the effect of the

non-axisymmetric deformation is substituted by the vis-
cous effect). However, we should keep in mind that we
need a non-axisymmetric simulation to clarify the evo-
lution of the high-mass disk system quantitatively. For
the non-axisymmetric simulation, high-amplitude gravi-
tational waves are likely to be emitted during the non-
axisymemtric instability proceeds. Thus, exploring the
feature of gravitational waves will be also an interesting
topic in the non-axisymmetric simulations.

III. NUMERICAL RESULTS

A. Models, setting, and diagnostics

Numerical computations are performed for the black
hole-disk systems summarized in the previous section (see
also Table I). For most models in this paper, the simu-
lations are performed taking into account the neutrino
absorption/irradiation effect. For one model, M10H05n,
we switch off this neutrino effect to examine the impor-
tance of the neutrino absorption/irradiation effect for the
high-mass disk case. In the present work, we do not in-
corporate a heating effect by the neutrino pair annihila-
tion [38] for simplicity (thus the mass and kinetic energy
of the ejecta might be underestimated).

The viscous tensor is set to be zero initially; we pre-
pare an equilibrium state assuming the ideal fluid with
no viscosity. Because the viscous tensor changes to a
non-zero profile during the very early evolution, the disk
profile is modified for all the cases. For the high-mass
disk models, this (artificial) modification is significant in
particular for the relatively low-mass black-hole models.
Specifically, the disk radially oscillates with a high am-
plitude for t . 0.2 s for such cases, but subsequently,
it relaxes to a quasi-steady state, which is evolved by a
long-term viscous process. Thus in this paper, we pay
particular attention to this later phase.

Following our previous work [23], we employ a nonuni-
form grid for the two dimensional coordinates (x, z) in
the simulation: For x ≤ xuni = 0.9GMBH/c

2, a uniform
grid is used with the grid spacing ∆x = 0.015GMBH/c

2,
and for x > xuni, ∆x is increased uniformly as ∆xi+1 =
1.01∆xi where the subscript i denotes the ith grid with
∆xi := xi+1−xi. For z, the same grid structure as for x
is used. The black-hole horizon is always located in the
uniform grid zone. The location of the outer boundaries
along each axis, L, is 6500–11000 km; for larger values of
MBH, L is larger (see Table I).

In the analysis of the simulation results, we always
derive the following quantities: average cylindrical ra-
dius Rmat, average specific entropy 〈s〉, and average elec-
tron fraction 〈Ye〉 both for the matter located outside the
black hole and for the ejecta (see the method for iden-
tifying the ejecta below). Here, these average quantities
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TABLE I. Initial equilibrium models for the numerical simulation. Described are the model name, black-hole mass, rest mass
of the disk, dimensionless spin of the black hole, the coordinate radii at the inner and outer edges of the disk (rin and rout),
entropy per baryon (s/k), the value of n (that determines the rotational profile), and electron fraction (Ye) for the disk, the
viscous coefficient (αν), the scale height (H), and the location of outer boundaries along each axis in units of 103 km (L). The
units of the mass are M� and the units of rin and rout are GMBH/c

2 ≈ 14.77(MBH/10M�) km. The last column shows whether
the neutrino absorption/irradiation is switched on or off. Note that model K8 was used in Ref. [23] as a fiducial model.

Model MBH Mdisk χ rin rout s/k n Ye αν H (km) L (103 km) neutrino abs

M04L05 4.0 0.10 0.80 2.0 30 6 1/7 0.07–0.5 0.05 12 6.56 yes

M04H05 4.0 3.00 0.77 2.0 32 6 1/7 0.07–0.5 0.05 12 6.56 yes

M06L05 6.0 0.10 0.80 2.0 22 6 1/7 0.07–0.5 0.05 18 8.39 yes

M06H05 6.0 3.01 0.78 2.0 24 6 1/7 0.07–0.5 0.05 18 8.39 yes

M10L05 10.0 0.10 0.80 2.0 16 6 1/7 0.07–0.5 0.05 30 11.01 yes

M10H05 10.0 3.03 0.78 2.0 17 6 1/7 0.07–0.5 0.05 30 11.01 yes

M10H10 10.0 3.03 0.78 2.0 17 6 1/7 0.07–0.5 0.10 30 11.01 yes

M10H15 10.0 3.03 0.78 2.0 17 6 1/7 0.07–0.5 0.15 30 11.01 yes

M10H05n 10.0 3.03 0.78 2.0 17 6 1/7 0.07–0.5 0.05 30 11.01 no

M10H05w 10.0 3.00 0.79 3.5 35 6 1/5 0.07–0.5 0.05 30 11.01 yes

M10H05x 10.0 3.01 0.79 3.5 70 6 1/4 0.07–0.5 0.05 30 11.01 yes

K8 3.0 0.10 0.80 2.0 41 6 1/7 0.07–0.5 0.05 9 6.27 yes

are defined by

Rmat :=

√
I

Mmat
, (3.1)

〈s〉 :=
1

Mmat

∫
out

ρ∗s d
3x, (3.2)

〈Ye〉 :=
1

Mmat

∫
out

ρ∗Ye d
3x, (3.3)

where I and Mmat denote a moment of inertia and rest
mass of the matter located outside the black hole defined,
respectively, by

I :=

∫
out

ρ∗(x2 + y2) d3x, (3.4)

Mmat :=

∫
out

ρ∗ d
3x. (3.5)∫

out
implies that the volume integral is performed for the

matter located outside the black hole. The integration
is practically performed for the y = 0 plane with d3x =
2πxdxdz.

The ejecta component is identified using the same cri-
terion as in Ref. [23]. First, we identify a matter com-
ponent with |hut| > hminc

2 as the ejecta. Here hmin

denotes the minimum value of the specific enthalpy in
the adopted equation-of-state table, which is ≈ 0.9987c2.
For the matter escaping from a sphere of r = rext, we
define the ejection rates of the rest mass and energy (ki-
netic energy plus internal energy) at a given radius and
time by

Ṁeje :=

∮
ρ
√−guidSi, (3.6)

Ėeje :=

∮
ρê
√−guidSi, (3.7)

where ê := hαut − P/(ραut). The surface integral is
performed on a sphere of r = rext with dSi = δirr

2
extdθdϕ

for the ejecta component. rext is chosen to be 4000–
5000 km in the present work.

Here, ρ
√−gut(= ρ∗) obeys the continuity equation for

the rest mass, and thus, the time integration for it gives
a conserved quantity. In the absence of gravity, ρê

√−gut
also obeys the source-free energy-conservation equation,
and far from the central region, the sum of its time in-
tegration and the gravitational potential energy of the
escaped component are approximately conserved. Thus,
the total rest mass and energy (excluding the gravita-
tional potential energy) of the ejecta (which escape away
from a sphere of r = rext) are calculated by

Meje,esc(t) :=

∫ t

Ṁejedt, (3.8)

Eeje,esc(t) :=

∫ t

Ėejedt. (3.9)

In addition, we add the rest mass for the ejecta com-
ponent located inside a sphere of r = rext, Meje,in(t),
giving the total ejecta mass on each time slice, Meje =
Meje,esc +Meje,in.

Far from the central object, Eeje,esc is approximated
by

Eeje,esc ≈Meje,escc
2 +U +Tkin +

GMBHMeje,esc

rext
, (3.10)

where U and Tkin are the values of the internal energy
and kinetic energy of the ejecta at rext →∞, respectively.
The last term of Eq. (3.10) approximately denotes the
contribution of the gravitational potential energy of the
matter at r = rext [23]. Since the ratio of the internal en-
ergy to the kinetic energy of the ejecta decreases with its
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expansion, we may approximate U/Tkin ≈ 0, and hence,
Eeje,esc by Eeje,esc ≈Meje,escc

2+Tkin+GMBHMeje,esc/rext
for the region far from the central object. We then define
the average velocity of the ejecta (for the component that
escapes from a sphere of r = rext) by

veje :=

√
2(Eeje,esc −Meje,escc2 −GMBHMeje,esc/rext)

Meje,esc
.

(3.11)

B. Viscous hydrodynamics of disks for
Mdisk ≈ 0.1M�

In this subsection, we compare the results of the low-
mass disk models with MBH = 3, 4, 6, and 10M� and
Mdisk = 0.1M�, to clarify the quantitative dependence
of the disk evolution and mass ejection on the black-
hole mass. Here, the results with MBH = 3M� were
already derived in Ref. [23]. For all these models, the
initial condition has the same specific entropy (s = 6k),
the same angular velocity profile (n = 1/7). For the
higher-mass black holes, the maximum density of the disk
is lower because of the larger radius of the outer edge, and
thus, the larger volume of the disk.

First we summarize general processes for the viscous
evolution of the disk. We note that the mass and spin
of the black hole do not change much because the disk
mass is much smaller than the black-hole mass, and thus,
the accretion of the matter into the black hole is a minor
effect for the models with Mdisk = 0.1M�.

In the very early stage of the evolution of the system
(for t . 100 ms), 60%–70% of the disk in rest mass falls
into the black hole from its inner region due to the viscous
angular momentum transport process (and partly due to
the transition process associated with the growth of the
viscous tensor). The maximum rest-mass accretion rate
is ≈ 3M�/s and it monotonically decreases for t & 10 ms
leading to < 0.1M�/s for t & 100 ms. Subsequently, the
remaining part of the disk component expands gradually
due to the viscous heating and angular momentum trans-
port processes. By these, the maximum temperature and
rest-mass density decrease monotonically with time: see
t > 10 ms part of Fig. 1. In the relatively early stage
with t . 0.5–2 s, the maximum temperature of the disk
is high, i.e., kT & 3 MeV and the maximum rest-mass
density is also larger than ρ ∼ 108.5 g/cm3 (see the top
panels of Fig. 1). As a result, the neutrino emissivity is
preserved to be high, Lν & 1051 erg/s, due to the elec-
tron and positron capture on nucleons (see the bottom-
left panel of Fig. 1). For this stage, the thermal energy
generated by the viscous heating is consumed primarily
by the neutrino cooling, and hence, the viscous heating
cannot be efficiently used for the outward expansion of
the disk. Indeed, the viscous heating rate of the order of
∼ νMdiskΩ2 is comparable to Lν in this stage. However,
for the later stage in which the typical temperature of the
disk decreases below ∼ 3 MeV/k [23], the neutrino cool-

ing becomes inefficient, because the neutrino emissivity
depends strongly on the matter temperature T approxi-
mately as ∝ T 6 (e.g., Refs. [11, 13]). Then, the viscous
heating is mostly used for the outward expansion of the
disk.

In particular, for the late stage for which the neutrino
cooling is inefficient, the convective motion is excited and
blobs of the matter viscously heated in the vicinity of the
black hole are moved toward the outer region of the disk.
Here, the onset of the convective motion is reflected in
a short-timescale variation in the curves of Tmax, ρmax,
and Lν . This motion activates the mass ejection of the
matter from the outer part of the disk. All these fea-
tures are qualitatively the same as those found in our
previous paper [23]. However, the evolution process and
the property of the ejecta depends quantitatively on the
black-hole mass as we state in the following.

As we described above, the mass ejection sets in when
the typical temperature of the disk decreases below ∼
3 MeV/k. Figure 1 shows that for the higher-mass black
holes, the temperature is lower than that in the lower-
mass models at given time. As already mentioned, this
is due to the fact that for the higher-mass black holes,
the inner-edge radius of the disk has to be larger due
to the larger horizon radius, and hence, the maximum
temperature and rest-mass density are smaller from the
beginning of the simulation. As a consequence, the neu-
trino luminosity as well as the efficiency of the neutrino
emission (see the bottom panels of Fig. 1) is always lower
for the higher-mass black holes. Thus, the acceleration
of the disk expansion due to the viscous heating in the
inefficient neutrino cooling stage sets in earlier for the
higher-mass black holes.

The top-left panel of Fig. 2 shows the evolution of
the average cylindrical radius Rmat. In the early evo-
lution stage of the disk during which kTmax & 3 MeV
(see Fig. 1), Rmat gradually increases with time primar-
ily due to the viscous angular momentum transport. On
the other hand, for the later stage of kTmax . 3 MeV,
the increase of Rmat is accelerated. This signals the on-
set of the mass ejection as we described in our previous
paper [23]. In this mass ejection stage, the increase of the
average specific entropy due to the viscous heating is also
accelerated (see the top-right panel of Fig. 2). For the
higher-mass black holes, the mass ejection sets in earlier.
This mass ejection is triggered primarily by the onset
of the convective motion. This is found from the fact
that the time from which the short-timescale variation
is found in the curves of Tmax and ρmax agrees approxi-
mately with the time at which the steep increases in Rmat

and 〈s〉 are found.

The dependence of the evolution timescale of the disk
on the black-hole mass is reflected in the composition
variation of the disk. In the early stage of the disk evolu-
tion prior to the onset of the mass ejection, electrons are
relativistic and in a degenerate state because the rest-
mass density is higher than ρmax ∼ 108.5–109 g/cm3. As
a result, the average electron fraction 〈Ye〉 is relatively
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FIG. 1. Upper panels: Evolution of the maximum temperature (left) and the maximum rest-mass density (right) of the disk
for models with Mdisk ≈ 0.1M� and MBH = 3, 4, 6, 10M� (models K8, M04L05, M06L05, and M10L05). Lower panels: The
neutrino luminosity and efficiency of the neutrino emission. Here the efficiency is defined by the total neutrino luminosity, Lν ,
divided by the rest-mass energy accretion rate of the matter into the black hole, c2dMfall/dt. Note that the short-timescale
oscillation in the curves of Tmax, ρmax, and neutrino emission efficiency for the late time is due to the fact that convective
motion is activated, and thus, the disk is disturbed.

low. After a significant fraction of the disk falls into the
black hole and the disk relaxes to a quasi-steady evolution
stage, the average value of Ye increases with the disk ex-
pansion (i.e., with the decrease of the rest-mass density).
After the typical temperature of the disk decreases below
∼ 3 MeV/k, not only the neutrino luminosity drops sig-
nificantly, but also the weak interaction process freezes
out. As a result, the average value of Ye relaxes to con-
stants. Our simulation clearly shows this property irre-
spective of the black-hole mass (see the bottom-left panel
of Fig. 2).

For the higher-mass black holes, the average value of
Ye for given time is always higher for t & 10−2 s due
to the weaker electron degeneracy. The reason for this
is that the efficiency of the neutrino emission (see the
bottom-right panel of Fig. 1) is lower due to the lower
temperature and density of the disk, and hence, the vis-
cous heating is more efficient for higher-mass black holes.

On the other hand, the freezeout of Ye occurs earlier
for the higher-mass black holes due to the earlier drop of
the temperature and density, and hence, it is not triv-
ial whether the final average value of Ye is higher or
lower for the higher-mass black holes. Our present result

shows that the final relaxed average value of Ye becomes
slightly higher for the higher-mass black holes. Our in-
terpretation for this is that the electron degeneracy in
the disk is weaker when the weak interaction processes
freeze out, and thus, the value of Ye in the equilibrium of
the electron/positron capture at the freeze out is higher
for higher-mass black holes.

The average entropy is also always higher for the
higher-mass black holes. The reason for this is the neu-
trino cooling efficiency is lower, and thus, viscous heating
is more efficiently used for enhancing its entropy for the
higher-mass black holes. After the freezeout of the weak
interaction at t ∼ 1 s, the intermittent production of the
high-energy blobs, which eventually become ejecta, also
contributes to the increase of the entropy.

We note that this conclusion would hold only for the
comparison among the models with the same initial ra-
dius of the disk (i.e., with the same physical values of
rout). If we compare the models with different values of
rout, the results could be modified (see, e.g., Ref. [24]).

The bottom-right panel of Fig. 2 shows that ∼ 15%–
20% of the initial disk mass becomes the ejecta. Here,
for the higher-mass black holes, the disk is more com-
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FIG. 2. Several quantities for the matter located outside the black hole for models with Mdisk ≈ 0.1M� and MBH = 3, 4, 6,
and 10M� (models K8, M04L05, M06L05, and M10L05). Average cylindrical radius (top left), average specific entropy (top
right), and average value of Ye (bottom left) of the matter located outside the black hole as functions of time. The bottom
right panel shows the total mass swallowed into the black hole (dashed curves), disk mass (mass of the matter outside the black
hole; dotted curves), and the total ejecta mass Meje (solid curves) as functions of time.
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FIG. 3. The average values of Ye (left) and velocity (right) of the ejecta component for the system of Mdisk ≈ 0.1M� and
MBH,0 = 3, 4, 6, and 10M� (models K8, M04L05, M06L05, and M10L05).

pact in the sense that rout/MBH is smaller. As a re-
sult, the ejecta mass is smaller. This agrees qualitatively
with the results of Ref. [24]. The fraction of the ejecta
mass agrees quantitatively with that in our previous pa-
per [23]. We note here that all the matter located out-
side the black hole in the late time eventually becomes
the ejecta as this figure illustrates. One non-trivial point

is that the increase of the ejecta mass is slower for the
higher-mass black holes. Our interpretation for this is
that although the mass ejection sets in earlier, the vis-
cous heating timescale, which should be proportional to
R2

disk/ν ∝ MBH, is always longer for the higher-mass
black holes. This effect should be reflected in the curve
of Meje.



8

Figure 3 displays the evolution for the average values
of Ye and velocity of the ejecta component. Reflecting
the evolution of Ye in the disk during its viscous expan-
sion, the average value of Ye for the ejecta becomes 0.30–
0.35 and is higher for the higher-mass black holes. This
property also agrees qualitatively with a recent report
in Ref. [24]. The velocity of the ejecta is ≈ 0.05–0.07c
depending only weakly on the black-hole mass.

After the viscous evolution of the disk and subsequent
mass ejection, the system settles to a spinning black hole
surrounded by a geometrically-thick torus and a narrow
funnel in the vicinity of the rotation axis. Such an out-
come appears to be suitable for generating gamma-ray
bursts, i.e., for driving a collimated jet. This topic is
discussed in Sec. III H.

C. Evolution of black holes for high-mass disk
models

In the following three subsections, we describe the re-
sults for the high-mass disk models of Mdisk ≈ 3M� with
the initial black-hole mass, MBH,0 = 4, 6, and 10M�.
We first summarize the evolution of the black holes as
a result of matter accretion. Figure 4 shows the evo-
lution of the mass and dimensionless spin of the black
holes (top panels) together with the rest-mass infall rate
into the black holes (bottom panels) for all the mod-
els with Mdisk ≈ 3M�. The left panels compare the
results for MBH,0 = 4, 6, and 10M� with αν = 0.05
and for MBH,0 = 10M� with different values of the vis-
cous coefficient. The right ones compare the results for
MBH,0 = 10M� with different initial disk radii and with
and without neutrino absorption/irradiation.

For these high-mass disk cases, ≈ 70%–90% of the
initial disk matter falls eventually into the black hole,
and as a result, the black-hole mass increases approxi-
mately to MBH,0 + ζMdisk with ζ ≈ 0.7–0.9. For the
initially compact disks with αν = 0.05 (models M04H05,
M06H05, M10H05, and M10H05n), ≈ 90% of the initial
disk matter eventually falls into the black hole irrespec-
tive of the models (cf. the bottom-right panel of Fig. 6),
and thus, the final black-hole mass approaches approxi-
mately MBH,0+0.9Mdisk. The rest-mass accretion rate is
quite high (∼ 50M�/s for αν = 0.05) in the early stage
for these models (see the bottom panels of Fig. 4). In
this high-accretion rate stage, the neutrino emission ef-
ficiency is low because of the very high mass accretion
rate (cf. the bottom-right panel of Fig. 5), and hence,
the advection of the matter into the black hole is the
major dissipation process of the matter energy. We note
that the short-term very high accretion rate in t ≤ 10 ms
for the larger values of αν(≥ 0.1) is achieved during the
relaxation stage of the accretion disk in which the vis-
cous tensor changes from zero to the quasi-steady state,
and thus, it is an artifact due to the setting of the initial
condition.

The rest-mass accretion rate, dMacc/dt, decreases

steeply with time after the peak is reached, and then,
the growth of the black hole is essentially stopped for
t & 5 s irrespective of the initial conditions. Here, when
the matter infall rate into the black hole drops steeply,
the neutrino luminosity also drops, and as a result, the
mass ejection sets in. An interesting finding is that the
rest-mass accretion rate is approximately and universally
proportional to t−3/2 after the peak is reached. As al-
ready mentioned, before the mass ejection is activated,
the dominant dissipation process of the disk is the neu-
trino cooling, and thus, in this stage, the disk is in a
neutrino-dominate accretion flow (NDAF) state [54] (see
Sec. III D for more details).

For given values of MBH,0 and rout, the fraction of the
disk matter that falls into the black hole (i.e., the value
of ζ) is larger than that for the low-mass disk models
(cf. Sec. III B). Our interpretation for this is that the self-
gravity of the disk plays a role for confining the matter
in the central region of the system.

The values of ζ naturally decrease with the increase of
the initial disk radius rout (compare the results for mod-
els M10H05, M10H05w, and M10H05x): For M10H05w
and M10H05x, only ∼ 80% and 70% of Mdisk falls into
the black hole, respectively (cf. the bottom-right panel of
Fig. 9). It is also found that the peak rest-mass accretion
rate is significantly reduced with the increase of rout, in-
dicating that the value of Mfall is decreased. Thus, the
fraction of the disk mass that falls into the black hole,
and hence, the final black-hole mass depend strongly on
the initial disk radius. This fraction also depends on the
magnitude of the viscous coefficient (cf. the bottom-right
panel of Fig. 6): For the larger viscous coefficients, the
values of ζ are slightly smaller, and as a result, the fi-
nal black-hole mass is slightly smaller. For these models,
the rest-mass accretion rate drops steeply for an earlier
time of t & 1 s at which the mass ejection sets in (see
Sec. III D). This leads to the consequence that the ejecta
mass increases with the increase of αν .

Irrespective of the initial black-hole mass, the dimen-
sionless spin of the black hole, χ, monotonically in-
creases toward an asymptotic value of χBH & 0.9 for
αν = 0.05. This asymptotic value depends on the initial
black-hole mass because the fraction of the accreted an-
gular momentum to that of the initial black hole, which is
proportional to Mdisk/MBH,0, is higher for the smaller-
mass black hole in our setting. However, the asymp-
totic values are always smaller than unity. We note
that because of the presence of the disk, the dimension-
less angular momentum of the entire system defined by
χtot := cJ0/(GM

2
0 ), where J0 and M0 are the total an-

gular momentum and initial gravitational mass, respec-
tively, exceeds unity. Specifically, χtot ≈ 1.20, 1.15, 1.06,
1.18, and 1.28 for models M04H05, M06H05, M10H05,
M10H05w, and M10H05x, respectively. Reflecting these
initial conditions, for the relatively low-mass black holes
(M04H05 and M06H05), the value of χBH exceeds 0.97,
but the further increase is halted for the chosen viscous
coefficient.
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FIG. 4. Top panels: The evolution of the mass and dimensionless spin of black holes for the models with Mdisk ≈ 3M�. Bottom
panels: The evolution of the rest-mass infall rate into the black holes. The left panels show the results for MBH,0 = 4, 6, and
10M� with αν = 0.05 and for MBH,0 = 10M� with different values of αν (models M10H10 and M10H15). The right panels
show the results for MBH,0 = 10M� with different initial disk radii (M10H05w and M10H05x) and with and without neutrino
irradiation (M10H05n).

The upper left and right panels of Fig. 4, respectively,
show that for the larger viscous coefficient or for the
larger initial extent of the disk, the value of χBH is
smaller. Both results are reasonable: For the larger vis-
cous coefficient, the outward angular momentum trans-
port becomes more efficient, and as a result, the angular
momentum accretion into the black hole is suppressed.
For the larger initial extent of the disk, the fraction of
the matter that falls into the black hole becomes smaller
as the bottom-right panel of Fig. 4 shows. This also sup-
presses the angular momentum gain by the black hole,
leading to the smaller value of χBH.

It is interesting to note that in the absence of the
neutrino absorption/irradiation effect, the final values of
MBH and χBH are slightly smaller and larger than those
in the presence of this effect, respectively. The smaller
value of MBH may be interpreted as a consequence of less
absorbed neutrino energy in the absence of neutrino ab-
sorption by the infalling matter. Indeed, the neutrino lu-
minosity (i.e., the fraction of neutrinos that escape to in-
finity) is slightly higher in the absence of the neutrino ab-
sorption/irradiation (cf. the bottom-left panel of Fig. 8).
By contrast, the reason for the larger value of χBH in

the absence of the neutrino absorption/irradiation is not
clear. This result indicates that in the presence of the
neutrino absorption/irradiation the angular momentum
is more efficiently radiated away by neutrinos. Thus, the
possible interpretation for this is that in the presence
of the neutrino absorption/irradiation, neutrinos are fre-
quently reprocessed in the central region of the disk and
the final emission toward infinity occurs in a relatively
far region from the black hole for which the specific an-
gular momentum of the disk matter is larger than that
in the central region, and hence, the rotation effect (a
relativistic effect) increases the angular momentum loss
by the emitted neutrinos.

D. Evolution of disks for high-mass disk models

Next we summarize the viscous evolution of the disk
for the case of Mdisk ≈ 3M�. In this subsection, we
focus on models M04H05, M06H05, M10H05, M10H10,
and M10H15.

As in the low-mass disk cases, in the early stage of the
evolution of the system (in t . 100 ms; see the bottom



10

10−3 10−2 10−1 100 101

t (sec)

1

3

5

10

30

T
m

ax
(M

eV
)

M04H05

M06H05

M10H05

M10H10

M10H15

10−3 10−2 10−1 100 101

t (sec)

106

107

108

109

1010

1011

1012

1013

ρ
m

ax
(g

/c
m

3
)

M04H05

M06H05

M10H05

M10H10

M10H15

10−3 10−2 10−1 100 101

t (sec)

1050

1051

1052

1053

1054

1055

L
ν

(e
rg

/s
)

M04H05

M06H05

M10H05

M10H10

M10H15

10−3 10−2 10−1 100 101

t (sec)

0.000

0.025

0.050

0.075

0.100

0.125

0.150

L
ν
/(
c2
d
M

fa
ll
/d
t)

M04H05

M06H05

M10H05

M10H10

M10H15

FIG. 5. The same as Fig. 1 but for the system of Mdisk ≈ 3M� and MBH,0 = 4, 6, and 10M� with αν = 0.05 (models M04H05,
M06H05, and M10H05) and for MBH,0 = 10M� with αν = 0.10 and 0.15 (models M10H10 and M10H15). Note again that the
short-timescale variation in the curves of Tmax, ρmax, and neutrino emission efficiency for the late time is due to the fact that
convective motion is activated, and thus, the disk is disturbed significantly.

panels of Figs. 4 and 6), ∼ 60% of the rest mass of the
disk falls into the black hole due to the viscous angular
momentum transport processes, and subsequently, the
remaining part of the disk component is evolved by the
viscous heating and angular momentum transport pro-
cesses.1 Quantitatively, the evolution process depends on
the black-hole mass, viscous coefficient, and initial extent
of the disk. This subsection focuses on the dependence
on the black-hole mass and viscous coefficient.

Figures 5 and 6 display the evolution of several quan-
tities of the disk for models M04H05, M06H05, M10H05,
M10H10, and M10H15, i.e., for αν = 0.05 with MBH,0 =
4, 6, and 10M� and for MBH,0 = 10M� with αν = 0.10
and 0.15. For these cases, the maximum temperature
and density are by a factor of ∼ 3 higher than those for

1 We note that for the high-mass disk models, the density and ve-
locity profiles are highly disturbed in the initial transition stage
as mentioned in Sec. III A. As a result, the average velocity and
electron fraction oscillate due to an artifact of the initial con-
dition. This effect is in particular conspicuous for MBH = 4
and 6M� for which the self-gravity of the disk plays a signifi-
cant role for the evolution of the system (see Fig. 6). However,
after this transition, the disk is evolved quasi-steadily by viscous-
hydrodynamics process.

the low-mass disk cases (compare Figs. 1 and 5). Associ-
ated with this situation, the neutrino luminosity reaches
& 1054 erg/s, which is more than 10 times as high as
that for the low-mass disk cases. We note that the emis-
sivity of neutrinos via the capture process of electrons
and positrons by nucleons is approximately proportional
to T 6. Thus, the neutrino emissivity is not directly re-
flected in the luminosity (this is also observed from a low-
efficiency of the neutrino luminosity in the early stage
of t . 10 ms: see the bottom-right panel of Fig. 5).
The reason for this is that the disk is so dense and hot
that the emitted neutrinos are trapped [54]. However,
the total energy carried away by neutrinos is still high,
∼ 1053 erg (≈ 0.05M�c2), irrespective of the black-hole
mass. Thus, more than 1% of the rest-mass energy of
the disk is carried away by neutrinos. All these proper-
ties are found irrespective of the black-hole mass and the
viscous coefficient.

The bottom-right panel of Fig. 5 shows that the ef-
ficiency of the neutrino emission depends strongly on
the black-hole mass. As we discussed in Sec. III B, the
primary reason for this may be that for the lower-mass
black-hole cases, the temperature and density of the disk
are higher than for the higher-mass cases, and as a result,
the neutrino luminosity and the efficiency of the neutrino
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emission could be also higher. However, Fig. 5 shows
that the neutrino luminosity does not depend strongly
on the black-hole mass, due to the trapping of neutrinos.
Our alternative interpretation for this dependence of the
efficiency on the black-hole mass is that the black-hole
spin is reflected. As we showed in Fig. 4, the dimension-
less spin of the black holes, χ, is higher for the lower-

mass black holes and close to unity for MBH = 4 and
6M�. For such rapidly spinning black holes, the hori-
zon radius steeply decreases as χ approaches unity, and
thus, the rest-mass accretion rates decrease as a result
of the decrease in the horizon area. Simultaneously, as
χ approaches unity, the gravitational potential around
the black hole becomes deeper, and hence, the efficiency
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FIG. 8. The same as Fig. 5 but for the system of Mdisk = 3M� and MBH = 10M� with and without neutrino irradiation
(models M10H05 and M10H05n) and for initially large disk radii (models M10H05w and M10H05x).

for releasing the gravitational potential energy is steeply
enhanced [55]. Thus, it is reasonable that the neutrino
emission efficiency steeply increases with the decrease of
the black-hole mass (i.e., with the increase of the result-
ing dimensionless spin of the black hole).

The maximum neutrino emission efficiency depends
very weakly on the viscous coefficient (compare the re-
sults of M10H05, M10H10, and M10H15). This agrees
with the result in our previous paper [23]. The timescale
to reach the maximum is approximately proportional to
α−1
ν , reflecting the viscous timescale. Overall, the viscous

coefficient basically changes the timescale for the evolu-
tion of the disk. The curves of the disk quantities like the
neutrino luminosity, maximum temperature, and maxi-
mum density become similar if we plot these quantities
as functions of ανt.

The maximum temperature and the neutrino lumi-
nosity are maintained to be higher than 2 MeV/k and
1051 erg/s until t ∼ 2–10 s. Here, this timescale depends
on the black-hole mass and viscous coefficient. The neu-
trino cooling timescale is maintained to be as long as
the viscous heating timescale for t ∼ 1–5 s. During this
NDAF stage [54], the thermal energy generated by the
viscous heating is consumed by the neutrino cooling, and
after this time, the mass ejection sets in. The onset of the
mass ejection is signaled again clearly by the accelerated
increase of 〈s/k〉 (see the top-right panel of Fig. 6).

As found from the curves of the ejecta mass Meje (see
the bottom-right panel of Fig. 6) as well as of 〈s/k〉, the
mass ejection sets in at t ∼ 1–5 s, which is later than in
the low-mass disk case. This is due to the higher disk
mass and resulting longer-term high neutrino-emissivity
stage (compare Figs. 1 and 5). Associated with the delay
of the mass ejection, the electron fraction is enhanced
during the longer-term disk evolution for the higher-mass
disk case. The bottom-left panel of Fig. 6 shows that
irrespective of the black-hole mass, the final average value
of Ye exceeds 0.4 for αν = 0.05, which is higher than that
for the low-mass disk case. Therefore, we conclude that
the ejecta from the system of a stellar-mass black hole
and a high-mass disk with mass &M� has high values of
the electron fraction with its average ∼ 0.4, if the mass
ejection proceeds via the viscous effects.

For the larger viscous coefficient, the average value of
Ye is higher before the mass ejection sets in (t . 1 s) be-
cause of the stronger viscous effect that results in the
faster decrease of the electron degeneracy and higher
equilibrium value of Ye by the electron/positron capture.
However, its final average value is lower for the larger vis-
cous coefficients. The reason for this is that for the larger
viscous coefficients, the viscous timescale of the disk is
shorter, and thus, the freezeout of the electron/positron
capture occurs earlier (see also Ref. [23]). For a very high
value of αν as 0.15, the final average value of Ye can be
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FIG. 9. The same as Fig. 6 but for the system with Mdisk = 3M� and MBH = 10M� with and without neutrino irradiation
(models M10H05 and M10H05n) and for an initially large disk radius (models M10H05w and M10H05x).

as low as ∼ 0.35. Thus, in the presence of an efficient
mass-ejection mechanism which we do not take into ac-
count in the present work, the value of Ye could be also
decreased.

Figure 7 displays the evolution for the average values of
Ye and velocity of the ejecta component. Reflecting the
evolution of Ye in the disk during its viscous expansion,
the average value of Ye for the ejecta becomes higher than
that for the low-mass disk case: approximately 0.35–0.45.
Here, the value depends on the black-hole mass and vis-
cous coefficient. As in the low-mass disk cases, the final
average value of Ye is higher for the higher black-hole
mass while it becomes lower for the larger viscous coeffi-
cients.

The final average velocity of the ejecta, Vej, is ≈ 0.05–
0.07c and, for a given value of αν , it depends very weakly
on the black-hole mass as in the low-mass disk case (com-
pare the right panels of Figs 3 and 7). The value of
Vej is larger for larger viscous parameters because of
the stronger viscous effect (angular-momentum transport
and viscous heating effects).

As in the low-mass disk case, after the viscous evolu-
tion of the disk and subsequent mass ejection, the sys-
tem relaxes to a state composed of a spinning black hole
surrounded by a geometrically-thick torus and a narrow
funnel in the vicinity of the rotation axis. In particu-
lar, for the high-mass disk case, the resulting black hole

is rapidly spinning with the dimensionless spin & 0.9.
Such an outcome would be quite suitable for generat-
ing gamma-ray bursts, i.e., for driving a collimated jet
accelerated by thermal energy generated from the deep
gravitational potential near the spinning black hole (see
the discussion in Sec. III H).

E. Dependence on the initial disk model and
neutrino irradiation

This subsection briefly shows the dependence of the
disk evolution on the initial disk extent and neutrino ir-
radiation referring to the models with Mdisk ≈ 3M� and
MBH = 10M�. Figures 8 and 9 compare the results for
models M10H05, M10H05w, M10H05x, and M10H05n.
For the larger initial disk radii (compare the results of
models M10H05w and M10H05x with those of M10H05),
the evolution process is obviously delayed because the
viscous timescale becomes longer for the larger initial disk
radii (see Eq. (2.1)). Specifically, for the larger initial
disk radii, the peak maximum temperature and neutrino
luminosity are reached later (at t ∼ 50–100 ms) and asso-
ciated with this, the neutrino luminosity remains higher
for the later stage. This fact is also inferred from the
bottom-right panel of Fig. 4, which shows that the peak
of the rest-mass accretion is reached at t ∼ 30 ms and



14

60 ms for M10H05w and M10H05x, respectively. As a
result of the delay in the evolution, the disk expansion
timescale becomes longer and the mass ejection sets in
slightly later. In spite of the difference in the onset time
of the mass ejection, the final average value of Ye depends
only weakly on the initial disk radius. This would be due
to the fact that the physical condition at the onset of the
mass ejection such as temperature, density, and neutrino
luminosity depends only weakly on the initial disk radius.
One significant difference among the models is found in
the total amount of the disk mass that swallowed into the
black hole. For the larger initial disk radii, the fraction
of the disk matter that falls into the black hole is smaller
naturally, and as a result, the fraction of the ejecta can be
increased. However, besides this quantitative difference,
the initial disk radius does not lead to the remarkable
difference in the disk evolution and the property of the
ejecta; e.g., for models M10H05w and M10H05x, the fi-
nal average values of Ye and velocity are as high as those
for model M10H05.

By comparing the results for models M10H05 and
M10H05n, we find that the effect of the neutrino irradi-
ation modifies the disk evolution process quantitatively.
For example, in the absence of the neutrino irradiation,
the neutrino emissivity is slightly enhanced and as a re-
sult, the onset of the disk expansion is delayed while the
final average value of Ye is decreased due to the omission
of the irradiation. However, these effects do not substan-
tially change the disk evolution.

The properties of the ejecta reflect the disk evolution.
In the absence of the neutrino absorption/irradiation,
the asymptotic average value of Ye is ≈ 0.41 which is
lower than that in the presence the neutrino absorp-
tion/irradiation (see Fig. 9). Thus, the neutrino absorp-
tion effect plays a role for quantitatively determining the
electron fraction of the ejecta. In the absence of this
neutrino effect, the asymptotic ejecta velocity is slightly
smaller (≈ 0.05c) than in its presence (≈ 0.06c), reflect-
ing the absence of the neutrino absorption/irradiation
(i.e., neutrino radiation pressure).

F. Nucleosynthesis

Nucleosynthetic abundances are calculated for all the
models in post-processing steps by using the reaction-
network code, rNET [58], consisting of 6300 isotopes with
the range of atomic number, Z = 1–110. The adopted
theoretical rates for both light-particle (nucleon and α-
particle) capture (TALYS [59]) and β-decay (GT2 [60])
are based on the microscopic mass prediction of HFB-21
[61]. The experimental rates, if available, are taken from
REACLIB V2.0 [62]. Neutrino-induced reactions are not
included in the present nucleosynthesis calculations. The
thermodynamic histories of ∼ 5000 tracer particles for
each model are deduced as described in our previous work
[39]. Each nucleosynthesis calculation is started with the
initial mass fractions of protons and neutrons being Ye

TABLE II. Average quantities for tracer particles. 〈Ye〉, 〈s/k〉,
〈texp〉, and 〈Cr〉 are the mass-weighted average values of the
electron fraction and entropy per baryon at T = 5 GK, expan-
sion timescale defined by texp = t(T = 2.5 GK)−t(T = 5 GK),
and Cr defined by Eq. (3.12), respectively.

Model 〈Ye〉 〈s/k〉 〈texp〉 (s) 〈Cr〉
K8 0.343 18.6 0.16 0.063

M04L05 0.354 21.0 0.12 0.069

M06L05 0.379 27.5 0.27 0.081

M10L05 0.369 35.3 0.22 0.085

M04H05 0.439 19.8 0.74 0.027

M06H05 0.445 20.6 0.75 0.024

M10H05 0.453 23.5 0.78 0.029

M10H10 0.404 22.4 1.02 0.034

M10H15 0.377 25.6 0.64 0.043

M10H05w 0.445 19.1 0.93 0.021

M10H05x 0.441 19.7 0.81 0.021

M10H05n 0.425 21.1 0.79 0.030
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FIG. 10. Dependence of Cr defined by Eqs. (3.12)–(3.14) on
Ye for fixed values of s/k = 10 (blue), 100 (green), and 1000
(red) and texp = 0.01 (dotted curves), 0.1 (solid curves), and
1 s (dashed curves). The gray horizontal line marks Cr = 1,
above which the r-process nuclei with A = 200 are expected
to be abundantly produced.

and 1 − Ye, respectively, at which the temperature in a
given tracer particle decreases to 1010 K (=10 GK; here
1 GK= 109 K). At such high temperature, nuclear sta-
tistical equilibrium (NSE) immediately establishes and
thus any initial compositions with the same net charge,
i.e.,

∑
XZ/A = Ye (here X, Z, and A indicate the mass

fraction, atomic number, and atomic mass number of a
given isotope, respectively) should give the same result.
We note that the Ye values at 5 GK are adopted for the
initial composition.

As all nucleosynthesis-relevant quantities such as Ye, s,
and Vej (or expansion timescale) span wide ranges across
our explored models, the trend of resulting abundance
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TABLE III. Nucleosynthesis results. Described are the model name, ejecta mass at the end of simulation, estimated total
ejecta mass, mass of 48Ca, mass of 56Ni, lanthanide mass fraction, logarithmic value of p(Z,A) defined by Eq. (3.15) at the
maximum, isotope name with the maximum of p(Z,A), maximum fraction of events represented by the model with respect to
that of core-collapse supernovae, and maximum Galactic rate of events represented by the model.

Model Mej (M�) Mej,tot (M�) 48Ca (M�) 56Ni (M�) Xlan log pmax Isotope fmax (10−3) Rmax (Myr−1)

K8 0.0088 0.015 0.00012 0.0000052 1.9× 10−5 7.0 87Rb 1.7 39

M04L05 0.011 0.016 0.00012 0.000050 6.8× 10−5 7.0 87Rb 1.6 37

M06L05 0.0087 0.014 0.00016 0.000028 2.4× 10−4 6.9 87Rb 1.9 45

M10L05 0.0093 0.017 0.000097 0.000095 3.4× 10−4 7.9 87Rb 1.5 34

M04H05 0.13 0.23 0.014 0.019 1.1× 10−10 6.7 82Se 0.20 4.5

M06H05 0.11 0.13 0.0080 0.013 2.4× 10−10 6.6 82Se 0.39 9.0

M10H05 0.081 0.090 0.0029 0.011 2.0× 10−8 6.4 82Se 0.94 22

M10H10 0.33 0.42 0.021 0.012 3.5× 10−5 6.8 82Se 0.050 1.2

M10H15 0.47 0.49 0.013 0.014 7.1× 10−5 6.9 81Br 0.054 1.3

M10H05w 0.11 0.12 0.0051 0.016 2.0× 10−9 6.5 82Se 0.55 13

M10H05x 0.10 0.13 0.0075 0.018 2.2× 10−11 6.6 82Se 0.44 10

M10H05n 0.14 0.19 0.011 0.021 5.0× 10−4 6.6 132Xe 0.32 7.4

distributions cannot be interpreted based on solely a sin-
gle quantity (e.g., Ye). Before presenting the nucleosyn-
thesis results, therefore, we analyse these relevant quan-
tities in some detail by utilizing the criterion for the pro-
duction of heavy r-process nuclei described in Ref. [64],

Cr = f(Ye) s texp
−1/3 > 1, (3.12)

where

f(Ye) = 10−3

{
1− 2Ye

[0.33/(Ye − 0.17)]2 − (0.5/Ye)2

}−1/3

(3.13)
for 0.2 < Ye < 0.38 (neutron-rich condition) and,

f(Ye) = 5.5× 10−4 Ye
−1 (3.14)

for 0.38 < Ye < 0.5 (neutron-deficient condition) with
texp being the duration of the expansion from 5 GK (the
end of NSE) to 2.5 GK (the beginning of neutron capture)
in units of second. Note that the original value of the
coefficient in Eq. (3.14), 5×10−4 in Ref. [64], is replaced
by 5.5 × 10−4 such that f(Ye) becomes continuous at
Ye = 0.38. Here, the proton-to-nucleon ratio of the seed
nuclei synthesized in nuclear quasi-statistical equilibrium
(QSE) is assumed to be 0.38.

According to Ref. [64], the r-process nuclei with A =
200 are expected to be abundantly produced for the case
that the condition of Cr > 1 is satisfied. This criterion
also can be used to inspect the productivity of nuclei
beyond the seeds (A ∼ 80–90) even for Cr < 1. Figure 10
shows the dependence of Cr on Ye for fixed values of s
and texp. We find that a combination of higher s, lower
Ye, and shorter texp gives a larger value of Cr, i.e., a
condition for synthesizing heavier nuclei. Among these
quantities, a change of texp has a relatively small impact
on Cr as evident from Eq. (3.12) and Fig. 10. As pointed

out in Ref. [64], for Ye < 0.2 (out of the range for the use
of Eq. (3.12)), the heavy r-process nuclei are synthesized
less dependently on s and texp. However, such a condition
is not met in our explored models except for M10H05n
(without neutrino irradiation).

Figures 11–14 plot the mass histograms of the ejecta
as a function of Ye, s/k, texp, and Cr for all the mod-
els employed in this paper. The mass-averaged values
of these quantities are also presented in Table II. Here,
Ye(T = 5 GK) is the electron fraction of each tracer par-
ticle determined at the time when its temperature de-
creases to 5 GK. For the low-mass disk cases, the electron
fraction is distributed between ∼ 0.2 and 0.5, and for the
high-mass disk cases, it is between ∼ 0.3 and 0.5 (except
for M10H05n, for which the heating/irradiation is ab-
sent). As we showed in Secs. III B and III D, the average
values of Ye for the ejecta is between ≈ 0.30 and 0.35 for
low-mass disk models and between ≈ 0.35 and 0.50 for
high-mass disk models (see also 〈Ye〉 in Table II). Thus
the distribution is consistent with the average. Note that
the cutoff of the distribution at the high-Ye end in each
panel of Fig. 11 is a consequence of the fact that we limit
the range as Ye ≤ 0.55 in our simulations.

The distribution of the electron fraction depends quan-
titatively on the black-hole mass, disk mass, and the val-
ues of αν . Figure 11 shows that the electron fraction
is higher for the higher-mass black-hole models. The
bottom-left panel of Fig. 11 also shows that the electron
fraction is lower for the larger viscous coefficient case (i.e.,
for the case that the mass ejection timescale is shorter).
However, even in the extremely high value of αν = 0.15,
the value of Ye is always higher than 0.25; ejecta is not
extremely neutron-rich for the high-mass disk case. The
bottom-right panel of Fig. 11 indicates that the changes
of rin or rout only slightly modify the Ye distribution.
This panel also confirms that the inclusion of neutrino
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FIG. 11. Mass histogram (mass fraction) of the ejecta as a function of Ye for models M04L05, M06L05, and M10L05 (top-left),
M04H05, M06H05, and M10H05 (top-right), M10H05, M10H10, and M10H15 (bottom-left), and M10H05, M10H05w, and
M10H05n (bottom-right). Here, the value of Ye is determined at the time when the temperature of each ejecta component
decreases to 5× 109 K (referred to as 5 GK). The cutoff of the distribution at the high-Ye end is due to the fact that we limit
the range being Ye ≤ 0.55 in our simulations.

irradiation is necessary to obtain a reliable Ye distribu-
tion.

Figure 12 shows that the typical specific entropy of
the ejecta is 10–30k irrespective of the black-hole mass,
the disk mass, the value of αν , and the disk size. We
find, however, that the distribution extends to higher
entropy as dM/ds ∝ s−3 (note that the bin spacing
in Fig. 12 is proportional to log s). As a result, non-
negligible amounts of ejecta have the entropy values ex-
ceeding s/k = 100 in many of our explored models.
Figure 13 shows the expansion timescales defined by
texp = t(T = 2.5 GK) − t(T = 5 GK). For the low-mass
disk cases (see the top-left panel of Fig. 13), the typical
expansion timescale is ∼ 100 ms irrespective of the black-
hole mass. For the high-mass disk cases, this timescale
is longer, typically ∼ 500 ms (see Fig. 13). A reason for
this trend is that the radius, at which the temperature
of the fluid becomes ∼ 5 GK, is larger for higher-mass
disks due to their higher temperature. This makes the
timescale for the decrease of the temperature longer, be-
cause the temperature in radiation-dominated material
drops approximately as ∝ r−1.

From the distributions of Ye, s/k, and texp presented
in Figs. 11–13, the distribution of Cr is derived by us-
ing Eq. (3.12). Here, the tracer particles with electron

fractions only in the range of 0.2 < Ye < 0.5, for which
Eq. (3.12) is applicable, are considered. We find that the
ejecta satisfying Cr > 1 are subdominant or absent in our
explored models. It is anticipated from Fig. 10 that the
component with s/k > 100 is necessary to meet the cri-
terion Cr > 1 for 0.2 < Ye < 0.5 and 0.01 < texp/s < 1.
Therefore, the heavy r-process nuclei synthesized in our
models should originate from high entropy ejecta with
s/k > 100. Such ejecta cannot be the dominant compo-
nent in the present cases because of the entropy distri-
bution scaled approximately as dM/ds ∝ s−3 (Fig. 12)
with the lowest value of s/k ∼ 10. This is evident also
from the average values of Cr, 〈Cr〉 < 0.1, in Table II.
We note that the high entropy ejecta with s/k > 100
can be only mildly neutron-rich. The viscous and neu-
trino heating inevitably induces weak interaction, which
leads to an increasing trend of the specific entropy with
Ye. As a result, the electron fractions in the ejecta with
s/k > 100 become Ye & 0.35.

The high-entropy component of the ejecta originates
from the innermost part of the disk, for which the spe-
cific entropy of the matter is increased efficiently by the
viscous heating. The material is ejected intermittently by
the buoyancy force after the weak interaction in the disk
freezes out. The high-entropy component with s/k & 100
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FIG. 12. The same as Fig. 11 but as a function of the specific entropy of the ejecta.

has a moderate electron fraction of Ye ∼ 0.35 for the low-
mass disk models (e.g., M10L05), while the high-entropy
component has a high electron fraction of Ye & 0.45 for
the high-mass disk models (e.g., M10H05). This is be-
cause the temperature of the disk is lower and the weak
interaction timescale is longer for the low-mass disk mod-
els, and thus, the initial moderate-value electron fraction
in the outer part of the disk is preserved more easily
than that for the high-mass disk models. For higher vis-
cosity models, M10H10 and M10H15, a part of the high-
entropy component has somewhat low electron fraction
of Ye ∼ 0.35–0.45 because of the lower freeze-out values
of Ye for the higher-viscosity cases.

The mass fraction of nucleosynthetic products as a
function of atomic mass number, X(A), is shown in
Fig. 15 for all the models (solid lines). The dotted lines
indicate the results excluding the tracer particles with
s/k > 100. The r-process residuals to the solar system
abundances [57] (filled circles; hereafter referred to as
the solar r-residuals) are also shown, which are vertically
shifted to match the value of X(82) for M10L05 (the
top-left panel of Fig. 15) or M10H05 (the other panels of
Figs. 15). We find that the heavy r-process nuclei with
A > 132 (beyond the neutron shell closure of N = 82)
are exclusively synthesized in the ejecta with s/k > 100
as anticipated from the analysis of Cr value (except for
M10H05n).

For the low-mass disk models (Mdisk ≈ 0.10M�), the
abundance distributions follow the low-A (= 80–110) side

of the solar r-residual pattern (see the top-left panel of
Fig. 15). However, the heavy r-process abundances with
A > 132 are deficient compared to the scaled solar r-
residuals by more than three orders of magnitude. The
result is consistent with the small values of 〈Cr〉 (∼ 0.06–
0.09; Table II). This is a weak r-process signature that
is also found for model K8 (gray line) [23] as well as
for the post-merger ejecta from massive neutron stars
studied in our previous work [39]. Although the amounts
are small, we find that these nuclei (A > 132) are more
abundant for higher MBH models, despite a tendency of
their higher values of Ye (Fig. 11 and Table II). This is
due to the fact that the ejecta for higher MBH models
contain larger amounts of matter with higher values of
s/k (> 100; the top-left panel of Fig. 12) and thus Cr
(& 1; the top-left panel of Fig. 14).

For the high-mass disk models (Mdisk ≈ 3.0M�), the
abundance distribution is characterized by a sharp peak
at A ≈ 82 (see Fig. 15), which is formed in modestly
neutron-rich (Ye = 0.3–0.4) and low-entropy (s/k = 10–
20) ejecta. Compared to the low-mass disk models,
the overall electron fraction (Fig. 11) and expansion
timescale (Fig. 13) for the high-mass disk models are
higher and longer, respectively, while those of entropy
are similar (Fig. 12). Such a physical condition, i.e., the
modest neutron-richness, long expansion timescale, and
relatively low entropy leads to nucleosynthesis in QSE
rather than by neutron capture [63, 64]. This also can
be anticipated from the smaller values of 〈Cr〉 (= 0.02–
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FIG. 13. The same as Fig. 11 but as a function of the expansion timescale from 5 GK to 2.5 GK.

0.04; Table II) in the high-mass disk models, which in-
dicate weaker productivity of heavy nuclei beyond the
seeds (A = 80–90). As a result, the abundance pattern
exhibits a sharp peak at 82Se (synthesized as 82Ge that
has the proton-to-nucleon ratio of 0.390) with negligible
mass fractions of the nuclei beyond A ≈ 132.

The change of MBH modifies the abundance patterns
in the range of A = 100–130 (see the top-right panel
of Fig. 15) for the high-mass disk models, reflecting the
difference of the entropy distribution on the high-s side
(> 50k; see the top-right panel of Fig. 12). This is also
evident from the top-right panel of Fig. 14, which shows
the larger ejecta mass with Cr > 0.1 for model M10H05
than those for other models.

Higher values of αν (= 0.10 and 0.15) lead to the pro-
duction of the nuclei with A > 132 (see the bottom-
left panel of Fig. 15) because of larger amounts of high-
s (> 100k) components (see the bottom-left panel of
Fig. 12) and thus of Cr > 1 (see the bottom-left panel of
Fig. 14). For model M10H10 (and M10H15), the heavy
r-process nuclei with A > 140 are synthesized entirely
in the high-entropy ejecta with s/k > 100. A similar
trend has also been found in our previous work for mod-
els with MBH = 3M� and Mdisk = 0.1M� (K8h and K8s
in Ref. [23], although the heavy r-process nuclei originate
also from the lowest-Ye (. 0.2) components for the small
disk mass). In fact, the exclusion of ejecta with s/k > 100
(dotted lines in the bottom-left panel of Fig. 15) di-
minishes the abundances for A > 132 (near or below

the lower-bound of the plot), which confirms the origin
of heavy r-process nuclei being from the high-entropy
ejecta. However, these nuclei are under-abundant by
about 3 orders of magnitude compared to the solar r-
residuals (scaled at A = 82).

The change of the disk size slightly modifies the abun-
dance patterns for A > 90 as found in the bottom-
right panel of Fig. 15 that compares models M10H05,
M10H05w, and M10H05x. This is due to the overall
lower entropy for the wider disk models (see the bottom-
right panel of Fig. 12) because of longer viscous timescale
due to larger initial radius of the disk. This leads to
the weaker productivity of nuclei beyond the seeds (i.e.,
smaller Cr; see the bottom-right panel of Fig. 14 and
Table II). We note that, for the high-mass disk models,
the neutrino absorption on free nucleons plays a signifi-
cant role for shaping the Ye distribution by diminishing
the low-Ye (. 0.3) component (M10H05 and M10H05n
in the bottom-right panel of Fig. 11), which suppresses
the production of nuclei with A > 132 (see the bottom-
right panel of Fig. 15). This is due to the high neutrino
luminosity (& 1054 erg/s at the peak; cf. Fig. 5), which
are about 10 times higher than those for the low-mass
disk models (cf. Fig. 1). Note that, for model M10H05n
(for which the neutrino irradiation is absence), the pro-
duction of nuclei with A > 132 is due to the presence
of low-Ye ∼ 0.2 ejecta (the solid and dotted lines in the
bottom-right panel of Fig. 15 are overlapped).
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FIG. 14. The same as Fig. 11 but as a function of Cr defined by Eq. (3.12). The tracer particles with Ye < 0.2 or Ye > 0.5 (at
5 GK) are excluded from the analysis, which are out of the range for the use of Eq. (3.12).

G. Implications from the Nucleosynthesis
Calculation

We presume that our low-mass and high-mass disk
models represent the remnants for the merger of black
hole-neutron star and the core-collapse of rapidly rotat-
ing massive stars (collapsars), respectively. In this re-
spect, the upper limits for the frequencies of such events
can be obtained from the nucleosynthesis results as what
follows. Here, we do not consider the contribution from
the earlier ejecta (if any) of black hole-neutron star merg-
ers or collapsar. By including this contribution, the
constraint on the frequency will be even stronger. Ta-
ble III (seventh and eighth columns) presents the maxi-
mum overproduction factor (pmax) and the relevant iso-
tope for each model. The overproduction factor is defined
by

p(Z,A) = X(Z,A)/X�(Z,A), (3.15)

where X(Z,A) and X�(Z,A) denote the mass fractions
of the isotope with Z and A for each model and in the
solar system [65], respectively. In Fig. 16, the overpro-
duction factors for M10L05 (left) and M10H05 (right)
are plotted as representatives of the low-mass and high-
mass disk models, respectively. The maximum Galac-
tic fraction of black hole-neutron star mergers or collap-
sars represented by each model with respect to that of

core-collapse supernovae (CCSNe), fmax (� 1, Table III;
ninth column), can be estimated as [63]

fmax ≈
fmax

1− fmax
=
〈MCCSN(16O)〉/X�(16O)

Mej,tot p(Z,A)
, (3.16)

where 〈MCCSN(16O)〉 = 1.5M� is the average ejecta
mass of 16O per CCSN and X�(16O) = 6.60×10−3 is the
mass fraction of 16O in the solar system [65]. Here, the
total ejecta mass for each model (Mej,tot; third column
in Table III) estimated as in our previous study [39] is
adopted instead of the ejecta mass at the end of simu-
lation (Mej; second column in Table III) that is still in-
creasing as found in Figs. 2, 6, and 9. The fraction fmax

can be translated to the maximum rate of black hole-
neutron star mergers or collapsars represented by each
model in the Galaxy, Rmax (Table III; last column), by
adopting the inferred Galactic CCSN rate ≈ 2.30× 10−2

yr−1 [66].
In Table II, we find fmax ∼ 2 × 10−3 and Rmax ∼ 40

Myr−1 for the low-mass disk models. These values are
similar to what are expected for binary neutron star
mergers to be the dominant r-process site in the Galaxy
and in the solar system [67, 68]. However, as shown in
the top-left panels of Figs. 15 and 16, the low-mass disk
models account for the origin of isotopes in the range
A = 80–110 only. In fact, spectroscopic [69, 70] and
galactic chemical evolution studies [71, 72] imply the
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FIG. 15. Mass fraction of isobaric product (solid lines) for models M04L05, M06L05, and M10L05 (top-left), M04H05, M06H05,
and M10H05 (top-right), M10H05, M10H10, and M10H15 (bottom-left), and M10H05, M10H05w, M10H05x, and M10H05n
(bottom-right). The dotted lines indicate those excluding the tracer particles with s/k > 100 at 5 GK. The filled circles denote
the r-process residuals to the solar system abundances for A ≥ 69 [57], which are shifted to match the calculated mass fractions
of X(82) for M10L05 and M10H05 in the top-left and the other panels, respectively.

presence of the production site of light trans-iron ele-
ments, such as Sr, in addition to the main r-process
site. Our results indicate that the black hole-accretion
disks followed by black hole-neutron star mergers can be
the second sources of such elements. Spectroscopic stud-
ies have also revealed the presence of metal-poor stars
that exhibit a descending trend of trans-iron abundance
patterns [73, 74], which is presumed to be a signature
of weak r-processing [75]. Such a weak r-process-like
abundance patterns may be explained by our low-mass
disk models (see also a similar result for the post-merger
ejecta from massive neutron star-accretion disks in our
recent work [39]). It should be stressed, however, that
the contribution from the early dynamical ejecta should
be added to assess the full nucleosynthetic outcomes from
black hole-neutron star mergers.

For the high-mass disk models, we find fmax ∼ (0.02–
0.9)× 10−3 and Rmax ∼ 5–20 Myr−1 (see Table II). Pro-
vided that collapsars are the dominant sources of long

duration gamma-ray bursts, the local volumetric rate of
collapsars is estimated to be RGRB/fb ≈ 260 Gpc−3

yr−1, where RGRB ≈ 1.3 Gpc−3 yr−1 is the local vol-
umetric rate of long gamma-ray bursts pointing toward
the Earth [85] and fb ≈ 5 × 10−3 is the beaming factor
[86]. This can be translated to the Galactic rate of long
gamma-ray bursts ≈ 26 Myr−1, i.e., about 0.1% of the
Galactic CCSN rate, by using the number of Milky Way
analogous galaxies ≈ 0.01 Mpc−3 yr−1 [87]. These val-
ues are in good agreement with the upper bounds for the
high-mass disk models. Thus, our models, in particular
M10H05 (fmax = 0.94×10−3 and Rmax = 22 Myr−1; Ta-
ble II), may reasonably represent the black hole-accretion
disks formed in collapsars.

As the sources of heavy nuclei, the black hole-accretion
disks formed in collapsars can contribute only to the light
trans-iron elements with A ∼ 80 according to the right
panel of Fig. 16. It is noteworthy, however, that the
overproduction factor of the neutron-rich isotope 48Ca
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FIG. 16. Overproduction factors defined by Eq. (3.15) for the isotopes synthesized in models M10L05 (left) and M10H05
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accounts for ∼ 0.1 of pmax = p(82Se). This implies
that collapsars can be the sources of 48Ca up to ∼ 10%
of its total amount in the solar system. In Table III
(fourth column), the ejecta mass of 48Ca calculated as
Mej,totX(48Ca) is presented for all the models. Cur-
rently, the astrophysical sources of 48Ca are unknown,
for which the suggested sites include high-density type-
Ia supernovae [76, 77] and electron-capture supernovae
(both core-collapse [78] and thermonuclear types [79]). It
should be noted that neutrino-induced reactions are not
included in the present nucleosynthesis calculations. The
high neutrino luminosity for the high-mass disk models
(Fig. 5) may lead to a νp-process [80–84] that produces
some proton-rich isotopes for which the astrophysical ori-
gins are uncertain (e.g., 92Mo).

The type-Ic supernovae accompanying with long
gamma-ray bursts are considered to be powered by a
large amount (0.1–0.6M� [88]) of 56Ni. Indeed, the pi-
oneering work of collapsars [31] has predicted the mass
ejection of 56Ni as large as ∼ 1M�, assuming Ye = 0.5
in the accretion disk. However, the ejecta from our high-
mass disk models contain only ∼ 0.01–0.02M� of 56Ni
(calculated as Mej,totX(56Ni); fifth column in Table III).
This is due to the fact that the ejecta in our models
have relatively small amounts of matter with Ye > 0.49
(see Fig. 11), for which 56Ni is efficiently produced [63].
This may indicate that the bulk of 56Ni in this type of
supernovae comes from the early ejecta [89], for which
the driving mechanism is unsettled ( neutrino heating or
magnetic pressure). It is also suggested that the detona-
tion of the late-time accreted material can be an addi-
tional source of 56Ni [90].

H. Relation with gamma-ray bursts

Figure 17 displays snapshots for the profiles of the rest-
mass density, temperature, specific entropy, and electron
fraction for models M04L05, M10L05, M04H05, M10H05,
M10H15, and M10H05w at late times (t ≈ 5.5–7.1 s). By
these times, mass ejection has already set in and the disk
has relaxed to a quasi-steady state. These figures show
that the outcomes of the evolution of the system are com-
posed of a rapidly spinning black hole surrounded by a
torus and a narrow funnel in the vicinity of the rotation
axis, irrespective of the black-hole mass and initial disk
mass. The dimensionless spin is larger for the larger ini-
tial disk mass. The rest-mass density in the funnel region
is . 102 g/cm3 for the initially low-mass disk models and
. 102.5 g/cm3 for the initially high-mass disk models.
The density is close to the artificial atmosphere density,
and thus, in reality, the density might be even lower. The
specific entropy in the funnel region is always very high,
s/k & 100, and this indicates that the radiation pressure
dominates over the gas pressure. By contrast, the region
outside the funnel, the specific entropy is of the order of
10k.

The half opening angle of the funnel region, which we
define as the region with the density less than 103 g/cm3,
is ∼ 0.1 rad and is narrower for the smaller-mass black
holes and for the initially larger-mass disks. This angle
depends weakly on the initial disk radius although it is
wider for the large viscous coefficient. For all the models
that we studied, the total rest mass in the funnel region
is of the order of 10−6M� in the computational region,
which may be suitable for a high-energy relativistic jet
passing through avoiding the baryon loading. All these
facts indicate that the outcome of the viscous evolution of
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FIG. 17. Snapshots for the rest-mass density in units of g/cm3, temperature (kT ) in units of MeV, specific entropy per baryon
in units of k, and electron fraction Ye at late times for models M04L05 (top left), M10L05 (top right), M04H05 (middle left),
M10H05 (middle right), M10H15 (bottom left), and M10H05w (bottom right).

the system of a rapidly spinning black hole and a massive
disk is suitable for generating gamma-ray bursts [3, 4].

In the late-evolution stage of the disk with t > 1 s for
which the matter temperature satisfies kT < 3 MeV, the
neutrino emissivity is much smaller than the viscous heat-
ing. In such a stage, viscous heating is fully used not only
for the disk expansion and resulting steady mass ejection

but also for driving a high-velocity outflow in the vicinity
of the rotation axis and torus surface. In particular, near
the innermost region of the disk, the viscous heating rate
is high and the high velocity outflow is generated. Since
the matter density is low above such a region, the high
velocity is naturally realized. The order of the viscous
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heating rate is estimated by

Lvis ∼ νMdisk,innΩ2

= 6× 1049 erg/s
( αν

0.05

)( H

20 km

)
×
( cs

0.1c

)(Mdisk,inn

10−4M�

)(
Ω

103 rad

)2

, (3.17)

where Mdisk,inn denotes the rest mass of the inner region
of the disk which contributes to the efficient viscous heat-
ing, and we supposed that the black-hole mass would be
5–7M�. Note that around rapidly spinning black holes
with χ & 0.95, a small orbital radius of ∼ 2GMBH/c

2

is possible and in such a case, Ω can be ≈ 104 rad/s for
MBH = 7M�.

The isotropic luminosity of typical long gamma-ray
bursts is 1051 erg/s [3, 4]. If the beaming effect (by which
the total luminosity can be smaller) and energy conver-
sion efficiency to gamma-rays (by which higher luminos-
ity is necessary) are taken into account, the viscous heat-
ing rate shown in Eq. (3.17) is a substantial fraction of
the long gamma-ray burst luminosity. Unfortunately, for
the viscous heating, the matter is always accompanied,
and hence, it is not possible to drive the outflow of the
Lorentz factor to ∼ 100 by this heating effect due to the
baryon loading problem. However, an outflow by this
heating effect can play an important role for cleaning up
the region in the vicinity of the rotation axis to reduce
the density there.

In the presence of electromagnetic fields, the
Blandford-Znajek effect [91] could provide another en-
ergy injection mechanism by extracting the huge rota-
tional kinetic energy of the remnant black hole. In the
presence of a radial magnetic field on the black-hole hori-
zon Br, the outward Poynting flux from the horizon is
written as (e.g., Ref. [92])

FBZ = 2
(GMBH)2

c3
(Br)2ωr̂+(ΩH − ω) sin2 θ, (3.18)

where r̂+ = 1 +
√

1− χ2, ΩH = c3χ/(2GMBHr̂+), and
ω is a rotational frequency of the electromagnetic field
on the horizon for which one often assumes ω = ΩH/2.
Then, assuming that Br and ω are uniform on the hori-
zon, we obtain the total luminosity

LBZ =
2π

3

(GMBH)2

c3
(Br)2r̂+χ

2

≈ 7× 1050 erg/s

(
MBH

7M�

)2(
Br

1014 G

)2

r̂+χ
2.

(3.19)

Here, a strong magnetic field of the order of 1014 G would
be achieved if the magnetorotational instability efficiently
enhances the magnetic-field strength, B, until the equi-
partition is satisfied in the disk, i.e., B2/(4π) ∼ ρdiskc

2
s

with ρdisk being the typical rest-mass density of the disk
at t & 1 s which is ∼ 108 g/cm3 and with cs ∼ 0.1c. The

luminosity, LBZ, is comparable to the isotropic luminos-
ity of long gamma-ray bursts, and thus, the Blandford-
Znajek effect could also be a reasonable energy source.

The funnel structure shown in Fig. 17 looks suitable
for confining a jet launched from the central part. In
the funnel region, the rest-mass density of the matter is
likely to be much lower than the electromagnetic pressure
B2/8π, and hence, a force-free magnetosphere would be
established. By contrast in the geometrically thick torus
next to the funnel, the rest-mass density increases steeply
to & 106 g/cm3 for which the rest-mass energy density of
the matter exceeds the magnetic pressure. Therefore,
only in the narrow funnel, a clear spiral-shape magnetic
field would be established and an efficient particle accel-
eration would be achieved, leading to generating a narrow
jet in the funnel.

IV. SUMMARY

As an extension of our previous study [23], we per-
formed viscous neutrino-radiation hydrodynamics simu-
lations for accretion disks surrounding a spinning black
hole with MBH = 4, 6, and 10M� and initial dimen-
sionless spin χ ≈ 0.8. We consider a compact disk with
Mdisk ≈ 0.1 or 3M� and with the outer edge located
at rout = 200–1000 km. For Mdisk ≈ 0.1M�, we find
that ∼ 20% of Mdisk is ejected and the average elec-
tron fraction of the ejecta is 〈Ye〉 = 0.30–0.35. Here,
〈Ye〉 is slightly higher for the larger values of MBH. Nu-
cleosynthesis calculation shows that only light r-process
elements with mass number of 80–110 are efficiently syn-
thesized in such ejecta, because of the absence of the low-
Ye component with Ye . 0.2. Thus, the results obtained
are qualitatively the same as those found in Ref. [23] ir-
respective of the black-hole mass.

For high-mass disks with Mdisk ≈ 3M�, we found
that the luminosity of neutrinos exceeds 1054 erg/s in
the early stage of the disk evolution and neutrino cool-
ing is the dominant cooling process for the first sec-
onds. This timescale is several times longer than that for
Mdisk ≈ 0.1M� for given black-hole mass. We also found
that (i) ∼ 10% of Mdisk is ejected for the compact disk
models with the disk extent ∼ 200 km and (ii) the ejecta
mass increases with the increase of the initial disk radius.
Irrespective of the models, 〈Ye〉 of the ejecta is enhanced
to be & 0.35 because the electron fraction is increased sig-
nificantly during the long-term viscous evolution of the
disk until the neutrino cooling timescale becomes longer
than the viscous heating timescale. Our nucleosynthe-
sis calculation indicates that not r-process elements but
trans-iron elements with atomic mass number ∼ 80 are
predominately synthesized in the matter ejected from a
massive torus surrounding stellar-mass black holes. This
suggests that if the remnant of the collapsars is composed
of a black hole and a massive disk, such remnants may
not be the sites for the r-process nucleosynthesis.

By the matter accretion, the dimensionless spin of the
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black hole, χ, increases. For the initially high-mass disk
case, the value of χ exceeds 0.9. In particular for the case
that the initial ratio of the disk mass to the black-hole
mass is larger than 1/2, it exceeds 0.95. This value de-
pends on the viscous coefficient, and for the larger viscous
coefficient, the resulting value of χ is slightly smaller.

For the high-mass disk case, the outcome after the vis-
cous evolution is the system composed of a rapidly spin-
ning black hole with χ & 0.9, a geometrically thick torus,
and a narrow funnel in the vicinity of the rotation axis.
In particular, due to the outflow activity in a late stage of
the disk evolution, the rest-mass density in the rotation
axis becomes quite low . 102 g/cm3, and the total rest
mass in the funnel region becomes as small as 10−6M�.
The outcome appears to be suitable for driving gamma-
ray bursts. Since the viscous heating is unlikely to be
its central engine, we cannot reproduce the gamma-ray

bursts in our simulation. However, the final outcome
that we find in this paper indicates that in the presence
of magnetic fields for which the electromagnetic energy
is comparable to the thermal energy of the disk together
with a rapidly spinning black hole, the Blandford-Znajek
mechanism is likely to provide the energy injection re-
quired for launching the gamma-ray bursts.
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[3] B. Zhang and P. Mészáros, Int. J. Mod. Phys. 19, 2385

(2004).
[4] T. Piran, Rev. Mod. Phys. 76, 1143 (2005).
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