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ADb initio limits of atomic nuclei
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We predict the limits of existence of atomic nuclei, the proton and neutron drip lines, from the
light through medium-mass regions. Starting from a chiral two- and three-nucleon interaction with
good saturation properties, we use the valence-space in-medium similarity renormalization group
to calculate ground-state and separation energies from helium to iron, nearly 700 isotopes in total.
We use the available experimental data to quantify the theoretical uncertainties for our ab initio
calculations towards the drip lines. Where the drip lines are known experimentally, our predictions
are consistent within the estimated uncertainty. For the neutron-rich sodium to chromium isotopes,
we provide predictions to be tested at rare-isotope beam facilities.

Atomic nuclei, which form the basis for known matter
in the Universe, cannot be made from arbitrary num-
bers of protons and neutrons. For a given element (i.e.,
proton number Z) a nucleus can support only so many
neutrons, N, and vice versa. The point at which nu-
cleons no longer form a bound system is referred to as
the drip line. Specifically, at the drip line one- or two-
nucleon separation energies become negative, and nu-
clei decay via nucleon emission. The proton drip line is
known experimentally to the medium-mass region, but
to date, the neutron drip line is established only up
to neon (Z = 10) [1, 2]. Pinning down the neutron
drip line to calcium and beyond is a flagship scientific
motivation for next-generation rare-isotope beam facili-
ties [3, 4]. Indeed several neutron-rich isotopes, including
60Ca, were recently discovered in this region [5]. Further-
more, knowledge of the neutron drip line is important for
r-process simulations modeling the synthesis of heavy el-
ements [6, 7] that occurs in neutron-star mergers [8].

Predicting the location of the drip lines poses a sub-
stantial theoretical challenge, particularly because many
nuclei far from known data must be calculated system-
atically. In a pioneering study, the nuclear landscape
was predicted from extrapolations of state-of-the-art nu-
clear density functional theory, and approximately 7000
nuclei were estimated to exist in nature [9]. Since this
work, tremendous progress has been made in statisti-
cal analyses of nuclear models [10, 11] as well as in
ab initio nuclear theory. Developments in chiral effec-
tive field theory [12-14] and similarity renormalization
group [15, 16] are pushing nuclear forces to new levels of
accuracy and ranges of applicability. Though a robust
and systematic theoretical framework has not yet been
fully achieved, particular nuclear Hamiltonians have been
constructed which reproduce ground-state energies up to
the tin region [17-19]. Three-nucleon (3N) forces play a
key role for understanding the drip lines [20-25]. More-

over, many-body theories [26-31] have advanced to treat
medium-mass open-shell systems [23, 32-35], with the
primary limitation being computational resources needed
to obtain convergence with respect to basis size, laying
the groundwork for a new era of ab initio theory.

In this Letter we calculate properties of essentially all
nuclei from helium to iron (Z = 2 — 26), close to 700 in
total, to provide a global ab initio survey of ground-state
energies and predict the nuclear drip lines. Using two-
nucleon (NN) and 3N interactions constrained by only
few-body data, we solve the many-body problem with
the valence-space formulation of the in-medium similarity
renormalization group (VS-IMSRG) [29, 30, 32, 35-37].
Our results yield an overall root-mean-square (rms) de-
viation of 3.3 MeV from absolute experimental energies
and 0.7-1.4 MeV from separation energies. In compar-
ison, state-of-the-art energy-density functionals obtain
rms devations in the range 0.6-2.0 MeV for energies and
0.4-1.25 MeV for separation energies [38-41] (note, how-
ever, that the density functional rms values are obtained
over a much larger range of masses).

While the drip line signature is unambiguous experi-
mentally, from a theoretical perspective an error of a few
tens of keV — well beyond current levels of precision — can
make the difference between an isotope being bound or
unbound. Therefore, an assessment of theoretical uncer-
tainty is mandatory for any meaningful drip line predic-
tion. Ab initio methods present an appealing framework
for uncertainty quantification: one begins with the most
general Lagrangian compatible with the applicable sym-
metries, organized by a systematically improvable power
counting, then solves the nuclear many-body problem
within a controlled and systematically improvable ap-
proximation scheme, propagating all uncertainties. Such
a prescription has not yet been achieved in practice, so for
the present we use a comparison with known data to cali-
brate a physically motivated model for the error. Recent
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FIG. 1. Calculated probabilities for given isotopes to be bound with respect to one- or two-neutron/proton removal. The gray
region indicates nuclei that have been calculated, while the height of the boxes corresponds to the estimated probability that a
given nucleus is bound with respect to one- or two-neutron (proton) removal in the neutron-rich (deficient) region of the chart.
The inset shows the residuals with experimental ground-state energies.

work in a similar spirit has applied Bayesian machine
learning algorithms to global mass models [10, 41, 42].
The main advantages of our current approach are (i) the
predictions should not be biased towards measured data,
because they were not fit to any data beyond helium and
(ii) the predictions can be benchmarked where the proton
and neutron drip lines are known experimentally (mass
models are typically applied to Z 2 8).

In the VS-IMSRG, a valence-space Hamiltonian of
tractable dimension is decoupled from the larger Hilbert
space via an approximate unitary transformation. We
begin in a harmonic-oscillator basis of 15 major shells
(iie,, e = 2n 4+ | < epmax = 14) with an imposed cut of
e1 + es + e3 < Espax = 16 for 3N matrix elements. The
resulting ground-state energies are converged to better
than a few hundred keV with respect to these trunca-
tions, and we perform extrapolations in e,y to obtain in-
frared convergence [43, 44]. Transforming to the Hartree-
Fock basis, we capture effects of 3N interactions between
valence nucleons via the ensemble normal-ordering of
Ref. [35]. We then use the Magnus formulation of the
IMSRG [29, 45], truncating all operators at the normal-
ordered two-body level—the IMSRG(2) approximation—
to generate approximate unitary transformations that de-

couple the core energy and valence-space Hamiltonian for
each nucleus to be calculated.

By default, we employ a so-called 0hw valence space,
where valence nucleons occupy the appropriate single ma-
jor harmonic-oscillator shell (e.g., for 8 < N(Z) < 20
the sd shell, 20 < N(Z) < 40 the pf shell, etc.). At
N(Z) = 2,8,20,40, we do not decouple a neutron (pro-
ton) valence space, and no explicit neutron (proton) exci-
tations are allowed in the calculation. We discuss excep-
tions to this below. Finally the resulting valence-space
Hamiltonians are diagonalized with the NuShellX@MSU
shell-model code [46] (with the exception of a few of the
heaviest Ca, Sc and Ti isotopes, which were computed
with the m-scheme code K-shell [47]).

We thus calculate ground (and excited) states of all
nuclei from helium to iron, except those for which the
shell-model diagonalization is beyond our computational
limits. For the input NN+3N interaction, we use the
1.8/2.0 (EM) potential of Refs. [17, 48], where the 3N
couplings were fit to the *H binding energy and the “He
charge radius. This interaction reproduces experimental
ground-state energies of light- to medium-mass nuclei re-
markably well [19, 49]. Studies of nuclear matter [17, 50]
have shown that this interaction saturates with slightly



too much binding and at at somewhat too high density,
leading to too small radii for finite nuclei [49]. We use this
observation below to model our systematic error in the
separation energies. In the Supplemental Material, we
provide results for absolute and separation energies for
all nuclei calculated. In the inset of Fig. 1, we plot the
range of agreement with experiment and find an over-
all rms deviation of 3.3 MeV. The experimental bind-
ing and separation energies are taken from the Atomic
Mass Evaluation [51], with additional recent data from
Refs. [52-55].

As no experimental input beyond *He is used in the
current calculations, our results should not be biased to-
ward known data!. Therefore our approach is to use
measured data to assess how well separation energies are
reproduced in general, then assume our calculations will
behave similarly for separation energies which have not
yet been measured. This neglects phenomena which may
emerge in the neutron-rich region, such as halo structures
or island-of-inversion physics [56, 57], but our results sug-
gest that the impact of these effects on separation ener-
gies tends to lie within our estimated uncertainties.

To characterize the quality of the reproduction of ex-
perimental data, we assess the residual, 6.9, = St — 5P,
for the separation energy in channel o € {n,p,2n,2p}.
We model the residual as

68 = f(N,Z,8™,..) +e(d?), (1)

where f is a function characterizing the systematic error
(see below) and e is a random number drawn from a
Gaussian distribution of mean 0 and variance o2.

The main source of many-body error in our calcula-
tions is due to the IMSRG(2) approximation. For soft
input interactions such as the one used here, this ap-
proximation is accurate for binding energies at the level
of a few percent [35]. Given that binding energies in this
region are a few hundred MeV, this would naively suggest
an error of several MeV on the separation energies. How-
ever, the errors made for neighboring nuclei are strongly
correlated (see Supplementary Material) and largely can-
cel, improving the accuracy of the separation energies
(the uncorrelated part will contribute to the random er-
ror €). This correlation is deteriorated in the case where a
different valence space is used for the two binding energies
entering into the separation energy. Wherever possible,
we use a consistent valence space to compute separation
energies, but this is not always possible. For example,
to compute the Sy, of 3Cl, we require the ground-state
energy of 38Cl (N=21), which has a valence neutron in

1 One might argue that the selection of one interaction from the
family of interactions used in [49] constitutes incorporation of in-
formation beyond A = 4. However, in the cases we have checked,
other interactions in the family yield similar separation energies.
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FIG. 2. Dependence of the residuals 65 = S*™ — S°*P on the
computed separation energy. The brown line and bands re-
flect the mode (maximum of the distribution) and 68% and
95% confidence intervals of the posterior predictive distribu-
tion obtained by a Bayesian linear regression. In each panel,
the slope, offset and average standard deviation & of the pos-
terior predictive distribution are listed (in MeV). The crosses
indicate cases in which the separation energy was computed
with inconsistent valence spaces, due to the N, Z = §,20,40
shell gaps indicated in blue, green and magenta, respectively.

the pf shell, and 36Cl (N=19), which has a valence hole
in the sd shell. This leads to an increased error for these
special cases, and we treat these separately.

We must also consider errors due to deficiencies of the
input Hamiltonian. As mentioned above, a notable de-
ficiency of this Hamiltonian is that predicted radii are
systematically smaller than experiment by =~ 4% for the
mass range considered [49]. This should have an impact
on the computed separation energies. In an infinite po-
tential well, decreasing the width of the potential well
will spread out the spectrum of single-particle energies,
which depend on the radius as 1/R?, and we expect

08 ~ —2%5 + const. , (2)

where the radius shift R/R ~ —0.04, and the constant
shift depends on the potential well depth and any shifts
thereof. We therefore anticipate that the residual 6.5 will
exhibit a linear dependence on the separation energy S
with a slope of approximately 0.08. Continuum and other
effects will of course modify this simple picture. However,
the angular momentum and Coulomb barriers, as well as
the expansion on a harmonic oscillator basis keep devi-
ations from this linear behavior within the error band,



even down to slightly negative separation energies (see
discussion below and Fig. 2).

We therefore perform a Bayesian linear regression for
the model

68 = AS™ + B+ ¢(o?) (3)

to obtain a posterior p(A, B,c?| S, SP) for the un-
known parameters A, B, 02, given the theoretical and ex-
perimental data. We then marginalize over the poste-
rior to obtain a posterior predictive distribution (PPD)
p(,g'e"p|,S~'th7 Sth_§exP) for a not-yet-measured separation
energy S°P, given the theoretical value, and all the
known data. Details can be found in the Supplemen-
tal Material. The result is shown in Fig. 2. As expected
based on the discussion of Eq. (2), we obtain a slope of
approximately 0.08 for each separation energy. Impor-
tantly, if we did not account for this systematic effect
our uncertainty assessment would be biased by the rela-
tive abundance of data on well-bound isotopes.

The cases requiring inconsistent valence spaces (which
were not used in the regression) are marked with crosses
in Fig. 2. In these cases the error due to incomplete
cancellation of induced many-body effects is more diffi-
cult to model and so we are more conservative. For each
valence-space boundary at N, Z = §8,20,40 we apply an
additional S-independent shift to the PPD—equal to the
mean deviation from the regression line—and inflate the
standard deviation by the size of the shift.

The probability Py, that an isotope is bound with re-
spect to one-neutron emission is given by the fraction of
the PPD for which S, is positive. The total probability
to be bound is given by the fraction of the joint PPD for
which all four separation energies are positive,

Pbound = H/ dggxpp<ggxp|5vth, Sth, Sexp)’ (4)
o 0

where as above « € {n,p,2n,2p}. As an illustration, the
calculated separation energies, with the 68% uncertainty
band, are shown in Fig. 3, for chlorine isotopes. Anal-
ogous figures for all isotopic chains studied are included
in the Supplemental Material, and a complete data table
is provided as a Supplemental File.

We translate this large-scale analysis into the main re-
sult of this Letter in Fig. 1. For each calculated nu-
clide from helium to iron, we assign a probability that
it is bound with respect to one- or two-nucleon emis-
sion. Every nuclide calculated is represented by a box
in the plot, where its height and color denotes this prob-
ability: a full box is bound with probability 1, and an
empty gray box is bound with probability 0. For ease
of interpretation, we employ a color code with divisions
at Ppound = (0.05,0.32,0.68,0.95). We denote experi-
mentally known drip lines with a filled symbol and the
heaviest (lightest) observed isotopes in the neutron-rich
(deficient) regions with an open symbol.
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FIG. 3. Separation energies and probability to be bound for
the chlorine isotopes. The red dots indicate the results of
the many-body calculation, while the red bands indicate the
corrected 68% uncertainty intervals. Blue circles indicate sep-
aration energies computed with inconsistent valence spaces.

Qualitatively, the location of the known drip lines ap-
pear to be reproduced well in Fig. 1, both on the proton-
rich side, and on the neutron-rich side where it is known
up to Z = 10. (Further quantitative validation of the
approach is presented in Supplemental Material). Even
the well known halo systems 'Li and ?2C are predicted
to be either bound or marginal, implying that physics of
threshold systems lie within our estimated error bands.
For all isotopic chains from sodium to chromium, our
calculations indicate the likely existence of at least one
isotope beyond the current known limits.

In calcium, earlier ab initio calculations have generally



found that 52Ca [58, 59] is the heaviest bound isotope (see
also Ref. [60]), with a very flat trend in binding energies
beyond, leaving the location of the drip line ambiguous.
The present analysis reflects that ambiguity; similar to
oxygen the final bound nucleus could be closer to stabil-
ity, but there is a reasonable probability that the drip line
extends beyond "°Ca, as predicted in the statistical anal-
ysis of Ref. [10]. We note the remarkable similarities of
the latter results to our ab initio predictions, which thus
provides a consistent picture of the neutron drip line up
to calcium from independent theoretical approaches.

In summary, we have calculated ground-state ener-
gies of essentially all nuclei from helium to iron in the
ab initio VS-IMSRG starting from NN and 3N inter-
actions fit to few-body systems only. Using available
experimental data to quantify our theoretical error, we
provide drip line predictions in the neutron-rich region
above neon to guide ongoing and future efforts at rare-
isotope beam facilities worldwide. This work also ad-
vances ab initio theory to global calculations, highlight-
ing the rapidly increasing scope of the field, and the po-
tential to provide predictions beyond where data exists
with uncertainty estimates. In principle, we might have
expected a global survey to uncover deficiencies in the
1.8/2.0 (EM) interaction which were not apparent based
on prior calculations of closed-shell nuclei or selected iso-
topic chains; however, we globally find an impressive
agreement. While significant challenges remain in im-
proving the rigor of theoretical error estimates from nu-
clear forces and many-body methods, the approach pre-
sented here indicates a path —once current computational
limitations can be overcome — for ab initio input for nu-
cleosynthesis calculations probing the r-process region of
extreme neutron-rich nuclei.
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SUPPLEMENTAL MATERIAL
Bayesian linear regression

Our assessment of the residuals 05 employs a
Bayesian linear regression with conjugate priors (see, e.g.,
Refs. [61, 62]). Our linear model is

0Si0 = AaS™, + Bo + €i.a(02) . (5)

The index i labels a specific nuclide, and the index
a € {n,p,2n,2p} labels a particular separation energy
channel. The coefficients Ay, By, and the variances o2
are unknown parameters with distributions to be de-
termined. The term €; ,(02) denotes a random num-
ber drawn from a Gaussian distribution of mean zero
and variance o2. We collect A, and B, into a two-
dimensional column vector 8, = (Aa BQ)T. Given m
data points, the residuals for a given channel a form an

m-dimensional column vector

Yo = (0810 0820 --. 0Sma)” | (6)

and the ab initio separation energies Si! are collected in
an m X 2 matrix

gihogth o gth \T
e L & I
Qur linear model becomes

Ya = Xaﬁa + Ea(o—i) ) (8)

where the bold symbol €, indicates a column vector of
m random numbers drawn from a Gaussian of variance
o2.

In the following, we focus on a single channel and sup-
press the label « in order to avoid cluttering the notation.
Our priors for 3,02 are taken to be a normal-inverse-

gamma distribution

p(B,0%) = p(a®)p(Blo?), (9)

with p(c?) given by an inverse-gamma distribution

ag
bO

= F(ao) (02)704071 exp(fb()/oj) ) (10)

where T is the gamma function, and p(3|c?) a multivari-
ate normal distribution

(B - HO)TA (B — o)
203 ] . (1)

The parameters ag, by, to, Ao characterize our priors. We

choose relatively noninformative values of ay = by = 1,

o = (O O)T, and Ag = (8 8) The likelihood function

p(Blo?) o %eXp {—

for y given 3,02, X is a multivariate Gaussian
p(ylB.o* X) =

1 \"? 1 . (12)
ol exp —T‘Q(Q—Xﬁ) (y—XB)|.
The posterior distribution for the parameters 3, o is ob-
tained with Bayes’ theorem

p(B,0%ly, X) < p(B,0°)p(y|B, 0>, X).  (13)

Due to our choice of conjugate priors, the posterior dis-
tribution has the same functional form as our priors, but
with updated parameters [62], which we indicate with a
subscript *:

A=A+ XTX
poe = A7 (Aopo + XTy)

+m
A, = a —
D)

1
be = bo + 5 (o Moo +y'y — pi Auy)

The posterior predictive distribution (PPD) for new data
y given the training data y, X and corresponding ab ini-
tio calculations X is

ily. X.5) = [ ddos(18,0% Xp(B.o%ly. X).

(15)
This integral can be evaluated analytically, resulting in
a multivariate Student-t distribution with 2a, degrees of
freedom. For many degrees of freedom, the Student-t
distribution approaches a normal distribution, and given
that in the present case m > 100, we take the PPD to be a
multivariate normal. The PPD for new data vy, given the
training data y, X, and additional ab initio calculations
X is therefore

p(ﬂ|y7X7X) %N(M7Z) (16)

with mean vector

M = X, (17)
and covariance matrix
- b, - -
Y= "I+ XA 1XT). (18)
Qs

The above formulation does not account for experi-
mental error bars and, particularly near the drip lines,
experimental errors can be comparable to the theoreti-
cal uncertainty. To preserve the advantages of conjugate
priors, we incorporate the experimental uncertainties by
Monte Carlo sampling the experimental data, interpret-
ing the reported error bars as indicating one standard
deviation of a normal distribution. The parameters A,
and a, are unaffected by this procedure, since they do not
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FIG. 4. Correlation of the ground-state energy residuals 6 F
for neighboring nuclei. In each panel, o, o, indicate the stan-
dard deviation along each axis (in MeV) and pyy is the dimen-
sionless Pearson correlation coefficient.

depend on y, but we obtain distributions for b, and pu..
These distributions are unimodal and relatively sharply
peaked. We have confirmed that taking the mean values
of these distributions yields a PPD indistinguishable from
the PPD obtained by marginalizing over their distribu-
tions. (The resulting PPD is, however, slightly broader
than what would be obtained by neglecting the experi-
mental uncertainties altogether).

Correlation of residuals
between neighboring nuclides

We have claimed that the error due to the IMSRG(2)
truncation leads to a many-body error which is correlated
between neighboring nuclei, thus leading to a greater pre-
cision in the separation energies than would be naively
estimated. To support this claim, we plot in Fig. 4 the
ground-state energy residuals 6F = E*™ — E*P for neigh-
boring nuclides. We find that the errors in neighboring
nuclides are indeed strongly correlated, with a correlation
coefficient p,, = fevl=@)w) ~ 0.9, (The angle brackets

OOy
(---) denote the mean value).

Correlation of residuals for a given nuclide

For a given nuclide, the residuals 65, and 65, are
correlated, and this should be accounted for when esti-
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FIG. 5. For a given predicted probability to be bound, we
plot the corresponding fraction of isotopes that are indeed
bound experimentally. A perfect prediction would lie along
the dashed line. The error bars represent the 68% confidence
interval estimated using a Wilson score with continuity cor-
rection (method 4 from Ref. [63]). Each panel corresponds to
a different partitioning of the data into training and valida-
tion sets. This partitioning is illustrated in the inset of each
panel, with N on the horizontal axis and Z on the vertical
axis.

mating the probability that a given isotope is bound with
respect to both 1n and 2n emission. This discussion also
applies to the proton emission case. The proton and neu-
tron separation energy residuals are also correlated (e.g.,
3y, is correlated with 65,) but this has no impact on the
drip line. As a result, in the actual calculation, the four-
dimensional integral in (4) can be factored into a product
of two-dimensional integrals. The impact of correlations
in the residuals reaches at most 0.1 (i.e., changing the
probability by 10%) and is typically below 0.01.

Validation

To validate the reliability of our approach, we perform
an empirical coverage test. We partition our data into
“training” and “validation” sets, apply our analysis to
the training set, and then bin the validation data ac-
cording to the predicted probability to be bound. In
each bin, we evaluate what fraction of the data points
are experimentally bound. If our predictions are reliable,
the fraction bound should coincide with the mean value
of the bin.

We perform the partitioning into training and valida-



tion sets in two different ways. In the first way, we take
as training data all nuclides for which all theoretical sep-
aration energies are above a cutoff Sc,¢, and validate us-
ing the remaining cases. The first three panels of Fig. 5
show the results for S.yy = 1,2,5 MeV. The second way
we randomly partition the data into either set with equal
probability. The result of this test is shown in the fourth
panel of Fig. 5, labeled “random”. The vertical error bars
represent a 68% confidence interval, due to finite sample
size, estimated using a Wilson score with continuity cor-
rection (method 4 from Ref. [63]). The error bars do
not get noticeably smaller with increasing S because
nearly all the additional validation points end up in the
upper-right corner with a probability to be bound of ap-
proximately 1. Importantly, the S.,t = 5 MeV figure
demonstrates that we can reliably use well bound nuclei
to predict the drip line.

Separation energy plots

We provide plots of the separation energies, equivalent
to Fig. 3 in the main text, for all the elements studied
here (2 < Z < 26). In addition, we plot in Fig. 6 the
range of agreement with the experimental ground-state

energies as a function of Z to complement the informa-
tion given in the inset to Fig. 1 as a function of V.

7.5 rms = 3.29
. mean = —0.37
5.0 std. dev. = 3.27
251
>
()
é 0.0
K —2.51
S
—5.01
—7.51
5 10 15 20 2
Z

FIG. 6. Ground-state energy residuals as a function of Z. The
different lines connect isotones of constant N. The mean,
standard deviation, and root-mean-square deviation of the
discrepancy are indicated (all in MeV).
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for the N isotopes. Blue circles indicate separation energies
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FIG. 18. Separation energies and probabilities to be bound
for the Al isotopes. Blue circles indicate separation energies
computed with inconsistent valence spaces.
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FIG. 23. Separation energies and probabilities to be bound
for the Ar isotopes. Blue circles indicate separation energies
computed with inconsistent valence spaces.
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FIG. 24. Separation energies and probabilities to be bound
for the K isotopes. Blue circles indicate separation energies
computed with inconsistent valence spaces.
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FIG. 25. Separation energies and probabilities to be bound FIG. 26. Separation energies and probabilities to be bound
for the Ca isotopes. Blue circles indicate separation energies for the Sc isotopes. Blue circles indicate separation energies

computed with inconsistent valence spaces. computed with inconsistent valence spaces.
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FIG. 27. Separation energies and probabilities to be bound
for the Ti isotopes. Blue circles indicate separation energies
computed with inconsistent valence spaces.
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FIG. 28. Separation energies and probabilities to be bound
for the V isotopes. Blue circles indicate separation energies
computed with inconsistent valence spaces.
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FIG. 29. Separation energies and probabilities to be bound
for the Cr isotopes. Blue circles indicate separation energies
computed with inconsistent valence spaces.
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FIG. 30. Separation energies and probabilities to be bound
for the Mn isotopes. Blue circles indicate separation energies
computed with inconsistent valence spaces.
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FIG. 31. Separation energies and probabilities to be bound
for the Fe isotopes. Blue circles indicate separation energies
computed with inconsistent valence spaces.
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