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Introduction. In tbe interpretation of tok:unak diagnostics the amount of experimen­
tal information that is utilized is ofien not limited by tbe rate at which measurements can 
be made, but more by the rate at which the raw diagnostics can he interpreted. Clearly 
then, efficient methods of data analysis are highly desirable. A very efficient procedure, 
fUDction parametrizatioD, was developed by B. Wind (CERN) (or tbe purpose of fast mo­
mentum determination from spark chamber data' [11. [21. Although this method had not 
previously been noticed ;'utside the high energy physics field, it has a much wider range of 
applicability, and can be considered whenever many measurements are to be made with the 
same diagnostic setup. Its utility for tokamak physics applications, and in parlicular for 
the determination of characteristic equilibrium parameters from magnetic measurem~nts, 
was proposed in [31 , and is demonstrated in the present paper. 

Function parametrization relies on an analysis of a large data set of simulated exper­
iments, aiming to obtain an optimal representation of some simple functional form for 
intrinsic physical parameters of a system in tenns of the values of the measurements. Sta­
tistical techniques for dimension reduction and muUiple regression are used in the analysis. 
The result ing function may be chosen to involve only low-order polynomials in only a few 
linear combinations of the original measurements; this function can therefore be evaluated 
very rapidly, and needs only minimal hardware facilities. 

Three sieps have to be made for experimental data evaluation based on function param­
eirization. (1) A numerical model of the exp~riment is used to generate a data base of 
simulated states of the physical system, in which each state is represented by the values 
of the relevant physical parameters and of the associated measurements. (2) This data 
base is made the objed of a statistical analysis, with the aim to provide a relatively simple 
function that expresses the physical parameters in terms of the measurements. (3) The 
resulting fundion is tben..employed for the fast interpretation of real measurements. 

Determination of characteristic parameters of a magnetically confined plasma is a par­
ticularly indicated application. The MHO equilibrium model provides a well defined and 
generally accepted connection between the unknown intrinsic plasma parameters, the ex­
ternally applied fields, and the magnetic measurements. Identifica.tion of the position and 
the profile of the plasma column is the basis for interpretation of practically a.ll other di­
agnostics, and requires an efficient algorithm. Ultimate aim of our work is in fad on-line 
real-time analysis, with use of the derived information for feedback plasma control. 

Mathematical description •. A classical physical system is considered, of wh ich P 
denotes a typical state. The system may have any nu~ber of degrees of freedom, but 
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interest will be restricted to a (partial) charaderization by n intrinsic real parameters, 
represented collectively by a point pER". In the experimental situation p is to be 
estimated from the readings of m measuremenb, represented by a. point q E Rm. 

The aim of the function parametrization is to obtain some relatively simple fundion 
P : Rm _ Rn, such that for any statp. P the associated pep) and q(P) satisfy p = F(q)+e 
for a sufficiently small error term e. The fundional form of P may typically be chosen 
as a low-order polynomial in only a few linear combinations of the components of q. The 
unknown coefficients in P are then determined by analysis of a data base containing tbe 
values of the parameters Po: and of tbe measurements qo: corresponding to N simulated 
states Po: (1 :s; Cl :::; N). This is a problem for which techniques from multivariate statistical 
analysis are appropriate. 

Since the dimeo.sionality m of the space of the measurements lies between several tens 
and several hundred in many cases, the dimensionality of the space of trial functions with 
which the parameters are to be fitted can be very large. A polynomial model of degree I in 
all variables, for instance, has ..... rnlll! degrees of freedom for each physical parameter. It 
is therefore desirable to first reduce the number of independent variables (the components 
of q) by means of a transformation to a lower-dimensional space. A second, and also 
very imporlant, aim for this transformation of variables must be to eliminate or reduce 
multicollinearity (near linear dependencies) between the dab points, and thus to improve 
the conditioning of tbe regression problem. Muhicollinearity is expeded to be present 
whenever tbe number of measurements is much larger tban the number of independently 
determinable physical parameters. 

A common statistical technique to find a lower-dimensiona.lspace in which to represent 
the measurements is based on prinCipal component analysis. From the N suitably scaled 
pseudo measurements, {qO:}l~o:~N, the sample mean. q = N-l Lo:qo:. and tbe m x m 
sample dispersion matrix, 

are calculated. 5 is symmetric and positive semi-definite. An eigenanalysis will yield rn 
eigenvalues, A~ ~ . .. ~ A~ ~ 0, with corresponding orthonormal eigenvectors 81, . . . , am. 
Any measurement vector q may be resolved along these eigenvedors to obtain a. set of 
transformed measurements, Xi = a,: . (q - q). The sampie variance of the component Xi 

is given by Ai. Now the assumption is made that the most significant information will 
be contained in those transfonned measurements that show the largest variation over the 
simulated data, viz. in the components (xih<i<. where .! ~ rn, and preferably 5 « m. 
These 5 components are called the lsignifica;'Ccomponents', and tbe associated first s 
eigenvectors aj are the lsignificant variables' . The desired dimension reduction is thus 
achieved through the transformation Rm _ R· defined by x = AT . (q - (1). where A is 
the matrix that has columns 8i (1 ~ i ~ s). 

Having obtained the preliminary linear transformation q _ x it is next necessary to 
face the task of fitting the, in general nonlinear, relation between x and p. It is desired 
to find for each c·omponent Pi (1 ~ j ~ n) a regression, Pi = ti(x) + Ei. to fit the da.ta 
(xo:,Po:h~o:~N' A polynomial model, of the form 

Pi = 'EClli' II ~ki(xj/ri) + Ei, ( 1) 
It ;=1 
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is suitable. Here, the multi-index k has s components kt, ... , k, in the nonnegative integen, 
the Ckj are the unknown regression coefficients, which are determined by a least-SQuares 
fitting procedure over the dab base, (~lk~:o is some family of polynomials (Cbebyshev, 
Rermite, Legendre, or monomiah), Yi is a suitable scaling factor for the component Xi, 

and fj is the error term. An upper bound on Bome norm of 11; must be supplied in order 
to make the model finite, and in addition it is possible to employ with the above model 
some form of subset regression, the object ive being to retain in the final expression only 
the tenns which make a significant contribution to the goodness-of-fit. 

FUnction parametrization thus leads to simple explicit approximations for the pbysical 
parameters in terms of the measurements. Although a significant effort may be involved. 
in generating and analyzing tbe data base, the evaluation of tbe final function - and this 
is the operation that has fo be performed many times - is almost trivial. 

Application to magnetic data analysis. As an initial study we applied function 
parametrization to the determination of a limited set of characteristic equilibrium pa­
rameters for the ASDEX experiment, using only magnetic signals measured outside tbe 
plasma. The relevant measurements consist of three differential flux measurements, four 
field measurements, the current through the multi pole shaping coils, and the plasma cur· 
rent . However, the plasma current can be scaled out of the problem, so that 8 independent 
measurements remain. The physical parameten to be determined include the position of 
the magnetic axis, the geometric center of the cross section, the current center, the hor· 
izontal and vertical minor radius, {Jp + li/2, a normalized q-value at the separatrix, the 
flux difference between the separatrix and the vacuum vessel, the position of the lower and 
upper saddle points, and the point of intersection of the separatrix with each of the four 
divertor plates. 

The data base was generated using the Garching equilibrium code 141, which has re­
cently been much optimized, and computes a.n equilibrium on our 64 x 128 grid in ..., 0.6 
sec on the Cray 1. The free parameters of the code were randomly varied in order to cover 
the operating regime of tbe ASDEX experiment in 'he divertor mode, and for each of 
tbe ..... 4000 calculated equilibria the corresponding magnetic measurements and physicJ.l 
parameters were recorded . 

Results. A principal component analysis of the correlation matrix obtained from the 
simulated measurements gave the following sequence of eigenvalues: 3.67, 1.91, 1.39, 0.99, 
2.01 x 10-:1, 1.12 X 10-:1,1.90 X 10-3 , 8.93 x 10-4 • It thus appeared that 4 significant 
variables should be retained for the regression analysis. Of these four, the first two are 
even under up-down reflection of the equilibrium, and together already provide a measure 
of the radial position and of {Jp +li/2. The third significant variable is odd under reflection, 
and is related to the vertical position of the plasma, and the fourth one (again even under 
reflection) is essentially the multipole current. 

Further analysis showed that the measurement of tbe multi pole current is of little 
overall importance, but is mainly relevant for the determination oC tbe intersection of the 
separatrix with the divertor plates. After experimenting with various possible regression 
models we selected a model that is second order in the first three sign ificant variables, and 
first order in the fourth: For each of the physical parameters p, 

p = Co + CIXI + C:zX:z + C3X3 + C"X4 + C6H:z(xd 

+ COXIX:z + C1XIX3 + Cs H:z(x:z) + C9X:ZX3 + c1o H:Z(::Z:3) 
(2) 
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where H~(%) = (%~ - 1)/..f2. In order to overcome a first-derivative discontinuity in the 
physics of the system, separate fits were used for the two cases when the separatrix x-point 
is located in the lower, resp. in the upper half plane. The results obtained with this model 
for some representa.tive physical parameters are shown in the following Table. 

parameter aver min max variance 5(,=0.0) 5 (,=0.1) 

"0:;' 1.72 1.63 1.83 5.6 x 10-~ 2.2 X 10-3 4.1 X 10-3 

"c"rr 1.71 1.61 1.82 5.6 x 1O-~ 3.1 x 10-· 3.4 X 10- 3 

%0:;. 0 -0.10 0.10 5.4 x 10-~ 2.3 X 10- 3 5.8 X 10- 3 

zc"rr 0 -0.10 0.10 5.4 x 1O-~ 2.5 X 10-3 6.0 X 10- 3 

• 0.367 0.290 0.463 3.0 x 10-~ 3.8 X 10- 3 6.2 X 10- 3 

b 0.358 0.295 0.438 2.5 x 10-~ 1.9 X 10-3 4.7 X 10-3 

{Jp + 1;/2 1.79 0.56 3.43 0.63 1.2 x 10-~ 4,4 x 1O-~ 

For each of the parameters the Table shows first the average, minimum, and maximum 
values occurring in the data. base, and the standard deviation about the average. The 
last two columns show the standard error, 6, of the model in Eq (2), first for exact mea­
surements (f = 0.0), and then for measurements which have been randomly perturbed by 
a term coming from a normal distribution with average 0 and width equal to a. fraction 
f = 0.1 of the variance of the measurements. 

Conclusion. The application described above establishes function parametrization 
as a straightforward and effective way in which to obtain numerical approximations for a 
variety of characterisUc equilibrium parameters in terms of the magnetic measurements. 
These approximations are not only extremely easy to evaluate, but are also more accura.te 
than the analytic approximations that are now in common use. The procedure does not 
require very specific assumptions about the MHO equilibrium, and is also well suited to a 
consistent analysis of a system consisting of several different diagnostics. We expect tha.t 
in the future function parametrization will have an important role both for on- line data 
analysis and for real· time plasma control. 
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