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Two-fluid model for the breakdown of flow alignment in nematic liquid crystals
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We present a macroscopic two-fluid model to explain the breakdown of flow alignment in nematic liquid
crystals under shear flow due to smectic clusters. We find that the velocity difference of the two fluids plays a
key role to mediate the time-dependent behavior as soon as a large enough amount of smectic order is induced
by flow. For the minimal model it is sufficient to keep the nematic degrees of freedom, the mass density of the
smectic clusters and the degree of smectic order, the density, and two velocities as macroscopic variables. While
frequently a smectic A or C phase arises at lower temperatures, this is not required for the applicability of the
present model. Indeed, as pointed out before by Gähwiller, there are compounds showing a breakdown of flow
alignment over a large temperature range and no smectic phase, but a solid phase at lower temperatures. We also
demonstrate that, using a one velocity model, there is no coupling under shear flow between induced smectic
order and the director orientation in stationary situations thus rendering such a model to be unsuitable to describe
the breakdown of flow alignment. In a two-fluid description, flow alignment breaks down and becomes unstable
with regard to a space- and time-dependent state due to an induced finite velocity difference. In an Appendix we
outline a mesoscopic model to account for the sign change in the anisotropy of the electric conductivity observed
in nematics with smectic clusters.
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I. INTRODUCTION

Macroscopic two-fluid descriptions have been applied to a
variety of complex fluids and soft matter materials composed
of two immiscible subsystems. Systems include two immis-
cible liquids [1,2], for example, concentrated emulsions and
colloidal suspensions, two immiscible compound materials
in solids and gels [3], and combinations of an ordinary or
viscoelastic liquid with a nematic liquid crystal [1]. This ap-
proach has also been generalized quite recently to bioinspired
materials [4,5].

A general framework using macroscopic dynamics, lin-
ear irreversible thermodynamics and symmetry properties has
been set up to derive systematically a two-fluid description of
complex materials [1]. Most recently this concept has been ap-
plied to two-fluid effects in magnetorheological fluids (MRFs)
for which many of the macroscopic properties can be tuned
continuously in a small to moderate magnetic field [6].

The classical examples for the application of two-fluid
descriptions historically are the superfluid phases of 4He [7,8]
and 3He [9–13]. In this case there are two truly hydrodynamic
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velocities due to the broken gauge symmetry, which gives
rise to the superfluid velocity [7,8,14]. There is, however,
one key difference to the two-fluid descriptions of normal
fluid complex liquids with two velocities: in this case there is
only one truly hydrodynamic velocity, namely, the barycentric
velocity. Other combinations of the two velocities such as the
velocity difference relax on a long, but finite timescale.

Here we will investigate the macroscopic properties of a
nematic liquid crystal with smectic clusters, which can lead
to a qualitative change in the macroscopic properties of the
nematic. While in ordinary nematics without smectic clusters
there is a phenomenon called flow alignment [14–18], this
behavior is replaced by a time-dependent behavior of the
director in two or three spatial dimensions. By flow alignment
one describes the scenario of a planar nematic sample under
shear flow for which the director moves away from the planar
alignment to include a finite angle with the plates and the
normal to the plates. This can arise as a stationary situation
and the so-called flow alignment angle is found to be indepen-
dent of the shear rate experimentally and theoretically for low
molecular weight nematics [14–20]. In the presence of smec-
tic clusters flow alignment is replaced by a time-dependent,
frequently irregular motion of the director denoted as tum-
bling or breakdown of flow alignment [21–29]. In addition, in
an experiment on the dynamics of point defects it has been
shown that smectic clusters can lead to a temporally irregular
stick-slip motion of the defect (hedgehog) due to the presence
of smectic clusters [30]. Another macroscopic phenomenon
observed for a nematic with smectic clusters is a sign change
in the anisotropy of the electric conductivity [31–34]. For both
experimental observations there is so far no macroscopic or
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mesoscopic model to describe these phenomena. It also turns
out that the occurrence of a smectic phase at lower tempera-
tures is not a prerequisite of these phenomena to arise: There
are materials that show a breakdown of flow alignment for a
temperature range of 50 K without having a smectic phase at
all [22].

In the following we will present a two-fluid model for
the breakdown of flow alignment leading to dynamic motion
of the director: One fluid is the nematic component and the
second fluid corresponds to the smectic clusters. The degree
of smectic order enters the picture as a macroscopic variable,
which relaxes on a long, but finite timescale. We thus consider
two velocities, vn

i and vs
i for the nematic and the smectic com-

ponent, respectively, or, equivalently, the barycentric velocity,
vi and the velocity difference, wi = vn

i − vs
i . In addition, we

have two densities, ρn and ρs (or two concentrations φ = ρn/ρ

and 1 − φ = ρs/ρ with ρ = ρn + ρs).
As an extra tunable parameter (except for temperature and

pressure) of the nematic with smectic clusters one can use
an electric field, as it has been pioneered by Skarp’s group
[35,36], which can be used to shift the boundary between
the flow alignment and the tumbling regimes for otherwise
constant parameters. Another candidate to tune this boundary
continuously are ferromagnetic nematics with smectic clus-
ters in a weak to moderate magnetic field. Flow alignment
in ferromagnetic nematics without smectic clusters has been
investigated quite recently [37].

The approach presented is actually not restricted to smectic
clusters in a nematic, but can be equally applied to a nematic
with columnar clusters as they arise for compounds composed
of column-forming molecules [38–41]. Another field of appli-
cation are smectics with bond-orientational order like smectic
I , F, and L [42–44]. In this case we expect bond-orientational
clusters in the associated smectic C phase, which is known
theoretically [20] and experimentally [45] to show flow align-
ment in freely suspended films for the in-plane director.

The paper is organized as follows. In Sec. II, we analyze
a model with only one velocity field, the barycentric velocity.
The bulk part is dedicated to the study of the macroscopic
behavior of systems with two velocity fields. Their description
is given in Secs. III A (macroscopic variables), III B (stat-
ics), III C (dynamics), III D (dissipative currents), and III E
(reversible currents). In Sec. IV we study shear flow in the
framework of the two velocity model and demonstrate the
breakdown of the stationary, homogeneous flow alignment
state. In Sec. IV A we set up the equations under shear flow,
and in Secs. IV B and IV C we present a linear stability
analysis, first for the smectic density as a conserved quantity
and second for the smectic density as a relaxing variable.
We summarize by conclusions and perspectives in Sec. V.
In Appendix A we present a simple mesoscopic model for
the sign change of the anisotropy of the electric conductivity,
and in Appendix B we explore the case when the in-plane
variations of the smectic density have a wavelength large
compared to the sample thickness.

II. MODEL WITH ONE VELOCITY

For comparison purposes with the two-fluid model inves-
tigated in Sec. III and thereafter, we discuss here a model

with one velocity field, vi, related to the density of momen-
tum, gi = ρvi, the latter being a conserved quantity. Another
relevant variable is the nematic director, ni with niδni = 0,
related to the spontaneously broken rotational symmetry. Fi-
nally, we use the degree of smectic order, ψ , associated with
the presence of smectic clusters. It is not a truly hydrody-
namic variable, but it relaxes on a sufficiently long, but finite
timescale. In this section we can assume incompressibility,
div v = 0, without loss of generality.

In the local formulation of the first law of thermodynamics,
the entropy density, σ , and the energy density, ε, are related to
the macroscopic variables by [46,47]

T dσ = dε − vidgi + hidni − μψdψ, (1)

where the thermodynamic conjugate quantities temperature
T , the velocity vi, the molecular field hi associated with the
director, and the conjugate of ψ , μψ , are defined via Eq. (1).

For the dynamic equations for the hydrodynamic variables
we have

σ̇ + ∇i jσD
i = 2R/T, (2)

ġi + ∇i p − λk ji∇ jhk + β ji∇ jμψ + ∇ jσ
D
i j = 0, (3)

ṅi + λi jk∇ jvk + Y D
i = 0, (4)

ψ̇ + βi j∇iv j + X D = 0, (5)

with the dots representing time derivatives ∂/∂t , thereby sup-
pressing all transport derivatives, which are irrelevant for the
purposes of this section.

Reversible contributions are due to the pressure p, due to
the well-known nematic flow alignment tensor λi jk , and due
to a tensor βi j , introduced by Liu in his macroscopic dynamic
description of the nematic–smectic A transition [48]

λi jk = 1
2 (1 − λ)δ⊥

i j nk − 1
2 (1 + λ)δ⊥

ik n j, (6)

βi j = β‖nin j + β⊥δ⊥
i j , (7)

with the transverse Kronecker delta δ⊥
i j = δi j − nin j .

The dissipation function, R, the source term of the dynamic
equation of the entropy density, is associated with the second
law of thermodynamics, R > 0,

R = − jσD
i ∇iT − σ D

i j Ai j − Y D
i hi + X Dμψ, (8)

and contains the dissipative currents and quasicurrents

Y D
i = − 1

γ
hi, (9)

X D = 1

τψ

μψ, (10)

jσD
i = −κi j∇ jT, (11)

σ D
i j = −νi jkl Akl , (12)

with Ai j = 1
2 (∇iv j + ∇ jvi ).
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We further need here the static relation of μψ with ψ,

μψ = χψδψ. (13)

Adding the standard textbook expression for the molecular
field of nematics, hi [15], the setup of the relevant equations
is completed.

Now we proceed quite in parallel to the usual discussion
of flow alignment in uniaxial nematics, while additionally
taking into account the dynamic equation for the macroscopic
variable ψ . We look for a stationary flow situation under a
simple shear flow S in the y-z plane:

S = ∇yvz. (14)

We assume that a stationary solution for the director can be
found in the y-z plane. Therefore, we make the ansatz for ni

ni = (sin θ f , cos θ f ), (15)

with a constant flow alignment angle θ f .
For the director equation we have for a stationary situation

the condition

εi jkn j ṅk = −λi jk∇ jvk + 1

γ
hi = 0, (16)

leading to

cos(2θ f ) = 1/λ, (17)

the classical result from textbooks [15]. We thus find that in
this one velocity model the degree of smectic order is not
influencing the flow alignment angle.

Next we investigate the smectic order induced by shear
flow. For a stationary situation we obtain from Eq. (5)

δψ f = τψ

2χψ

(β⊥ − β‖)S sin(2θ f ). (18)

From Eqs. (17) and (18) we infer that in the present one-
fluid model there is no connection between the flow alignment
in a uniaxial nematic and the build-up of smectic order by
shear flow; the flow alignment angle given by the flow align-
ment parameter λ is independent of the applied shear rate, S,
while the induced amount of smectic order is proportional to
the shear rate, S. We note that taking into account additionally
the smectic concentration variable φ would not lead to any
change regarding flow alignment, since φ does not couple to
shear flow, nor to director rotations.

We therefore conclude that to describe the breakdown of
stationary flow alignment by smectic clusters, the present one-
fluid model is insufficient and has to be replaced by a more
general framework. To cope with the nonstationary situation
(ṅi �= 0), we will introduce a two velocity model.

III. TWO-FLUID MODEL FOR NEMATICS WITH
SMECTIC CLUSTERS

A. Variables

The hydrodynamics of a nematic liquid crystal is described
by the momentum density gi, the mass density ρ, and the total
energy density ε representing the local conservation laws of
a fluid, as well as by the director field ni. The latter is as-
sociated with the spontaneously broken continuous rotational
symmetry.

In the following we will investigate a new two-fluid model
for a nematic liquid crystal with smectic clusters.

On the macroscopic level we describe the system as a ho-
mogeneous mixture of smectic and nematic parts in the spirit
of a binary mixture of different mass particles. The director
orientation is assumed to be the same in the nematic and smec-
tic parts. In Sec. IV B of the manuscript the exchange between
smectic and nematic parts is described by a diffusive mass
transport according to two different velocities. Therefore, the
two types of densities are individually conserved quantities. In
Sec. IV C we allow for changes by mutual relaxation with the
result that only the total momentum is conserved. The degree
of smectic order, which is nonzero only in the smectic parts,
is on the macroscopic level an averaged relaxational degree of
freedom.

We note that in a macroscopic description the size and
shape of the smectic clusters enters through the values of the
coefficients in the macroscopic dynamic equations, in par-
ticular in the equations for the concentration, φ, the relative
velocity, wi, and the degree of smectic order, ψ . Interfacial
effects are taken into account along the same lines in an
efficient way.

The smectic and the nematic mass density, ρs and ρn, re-
spectively, add up to the total density ρ = ρn + ρs. Similarly,
the two velocities give rise to a nematic momentum density,
gn

i = ρnv
n
i , and to a smectic one, gs

i = ρsv
s
i that add up to the

total momentum density gi = ρsv
s
i + ρnv

n
i , thereby defining

the mean velocity vi = φvs
i + (1 − φ)vn

i = gi/ρ. For details
of these two-fluid aspects, cf. Ref. [1].

As additional variables compared to the one-fluid descrip-
tion, we therefore take the relative velocity, wi = vs

i − vn
i ,

between the nematic and the smectic velocities, as well as
the mass concentration of the smectic clusters, φ = ρs/ρ. This
variable is conserved for incompressible fluids with constant
ρ and div v = 0.

The first law of thermodynamics relates changes of the
variables to changes of the energy density ε by the Gibbs
relation [46,47]

dε = T dσ + μ dρ + � dφ + v · dg

+ m · dw + hidni + μψdψ. (19)

The entropy density σ represents the thermal degree of
freedom of the system. The appropriate thermodynamic con-
jugates are the temperature T , the chemical potential μ, the
osmotic pressure �, the mean velocity vi = gi/ρ, the molec-
ular field of the director ni, hi, and the conjugate fields mi

and μψ .
From the requirement that the energy of the system is a first

order Eulerian form of all extensive variables, one gets for
the pressure p ≡ −(∂/∂V )

∫
ε dV = −(∂/∂V )E the Gibbs-

Duhem relation

d p = σ dT + ρ dμ − � dφ + g · dv

−m · dw − hidni − μψdψ. (20)
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B. Statics

The static behavior of our macroscopic system is conve-
niently described by the energy functional

ε = ε0 + T

2CV
(δσ )2 + 1

2κφ

(δφ)2 + 1

2ρ2κμ

(δρ)2

+ 1

αφ

(δφ)(δσ ) + 1

ραρ

(δρ)(δσ ) + 1

ρκπ

(δρ)(δφ)

+ 1

2
Ki jkl (∇ jni )(∇l nk ) + χψ

2
(δψ )2 + χρ (δψ )(δρ)

+χσ (δψ )(δσ ) + χφ (δψ )(δφ), (21)

where δσ and δρ are deviations from their equilibrium values
σ0 and ρ0 and where ψ and φ are assumed to be zero in
equilibrium, although finite values of ψ and φ due to thermo-
dynamic pretransitional effects would not change the analysis.
From Eq. (21) the conjugate fields follow by taking variational
derivatives according to the Gibbs relation, Eq. (19),

δT = T

CV
δσ + 1

αφ

δφ + 1

ραρ

δρ + χσ δψ, (22)

μψ = χψδψ + χρδρ + χσ δσ + χφδφ, (23)

� = 1

κφ

δφ + 1

ρκπ

δρ + 1

αφ

δσ + χφδψ

+w · g + ρw2(1 − 2φ), (24)

μ = 1

ρ2κμ

δρ + 1

ρκπ

δφ + 1

ραρ

δσ + χρδψ

+w2φ(1 − φ), (25)

hi = δE

δni
= h′

i − ∇ j�i j, (26)

with h′
i = ∂ε/∂ni and �i j = ∂ε/∂ (∇ jni ).

There is a total of six static susceptibilities from the binary
mixture fluid (CV , αφ , αρ , κφ , κπ , κμ), four are related to the
smectic order (χψ , χρ , χσ , and χφ) and three are the standard
nematic coefficients (K1,2,3).

Finally, the remaining relations between conjugates and
variables,

vi = gi

ρ
and mi = φ(1 − φ)ρ wi ≡ α wi, (27)

are not really static, but nevertheless follow from the
energy density, in particular from the kinetic energy density
εkin = (1/2ρn)[g(n)]2 + (1/2ρs)[g(s)]2 = (1/2)g2 + (α/2)w2.
The wi-dependence of the chemical potential and the osmotic
pressure are due to the ρ- and φ-dependence of α.

C. Dynamics

The dynamical equations for the director and fluid degrees
of freedom and for the smectic modulus are

ε̇ + ∇i(ε + p)vi + ∇i
(

j (ε)R
i + j (ε)D

i

) = 0, (28)

σ̇ + ∇i
(
σvi + j (σ )R

i + j (σ )D
i

) = 2R/T, (29)

ρ̇ + ∇i(ρvi ) = 0, (30)

φ̇ + v j∇ jφ + ∇i
(
φ(1 − φ)wi + j (φ)R

i + j (φ)D
i

) = 0, (31)

ġi + ∇ j (giv j ) + ∇ j
(
σ

(th)
i j + σ R

i j + σ D
i j

) = 0, (32)

ẇi + v j∇ jwi + ∇i(ρ
−1�) + X R

i + X D
i = 0, (33)

ψ̇ + vi∇iψ + ZR + ZD = 0, (34)

ṅi + v j∇ jni + Y D
i + Y R

i = 0, (35)

with 2Ai j = ∇iv j + ∇ jvi, and R the energy dissipation func-
tion. The stress tensor σ

(th)
i j = δi j p + �k j∇ink contains the

isotropic pressure and the nematic Ericksen stress. These
equations follow from Refs. [1,2,6] and contain, apart from
the reversible (superscript R) and irreversible, dissipative (su-
perscript D) phenomenological currents, also transport and
convection whenever appropriate. The latter are reversible
and, indeed, all transport contributions (including the isotropic
pressure) add up to zero entropy production. The energy con-
servation law is redundant due to the Gibbs relation, Eq. (19).

In the whole set of dynamic equations the mean velocity
vi has been chosen as the convective velocity for all vari-
ables. This ensures zero entropy production of the convective
derivatives. Due to various material dependent contributions
in the reversible currents (see below), the actual convective
velocities can be different from vi and can be specific for the
different variables.

For the phenomenological parts of the currents the second
law of thermodynamics requires

R = − j (σ )∗
i ∇iT − j (φ)∗

i ∇i� − σ ∗
i j ∇ jvi

+ mi X ∗
i + hiδ

⊥
ikY ∗

k + μψZ ∗ � 0, (36)

with the equal sign (> sign) for ∗ = R (∗ = D).

D. Dissipative currents

The dissipative parts of the currents introduced above can
be deduced from a potential, the dissipation function R, that
reads in bilinear approximation

2R = κi j (∇iT )(∇ jT ) + Di j (∇i�)(∇ j�)

+ Dψψ
i j (∇iμψ )(∇ jμψ ) + 2Dψφ

i j (∇i�)(∇ jμψ )

+ 2DT φ
i j (∇iT )(∇ j�) + 2κ

ψT
i j (∇iT )(∇ jμψ )

+ 1

τψ

μ2
ψ + ξm2 + 1

γ1
hih jδ

⊥
i j

+ 2ν
(c)

i jkl (∇ jvi )(∇lmk ) + ν
(w)

i jkl (∇ jmi )(∇lmk )

+ νi jkl (∇ jvi )(∇lvk ), (37)

where all second rank tensors are of the uniaxial form κi j =
κ‖nin j + κ⊥δ⊥

i j and where also the 4-rank material tensors
reflect the uniaxial structure and contain five parameters each
[47,49].

From Eq. (37) the following dissipative currents are ob-
tained:

j (σ )D
i = −(∂R)/(∂∇iT )

= −κi j∇ jT − φ(1 − φ) d (T )
i j ∇ j�

−κ
ψT
i j ∇ jμψ, (38)
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σ D
i j = −(∂R)/(∂∇ jvi )

= −νi jkl ∇lvk − ν
(c)

i jkl ∇lmk, (39)

X D
i = (δR)/(δmi )

= ξ mi − ∇ j
(
ν

(w)
i jkl ∇lmk + ν

(c)
kli j ∇lvk

)
, (40)

Y D
i = (∂R)/(∂hi)

= 1

γ1
δ⊥

i j h j, (41)

j (φ)D
i = (∂R)/(∂∇i�)

= −Di j ∇ j� − φ(1 − φ) d (T )
i j ∇ jT

−Dψφ
i j ∇ jμψ, (42)

ZD = (δR)/(δμψ )

= 1

τψ

μψ − ∇i(D
ψψ
i j ∇ jμψ )

−∇i
(
Dψφ

i j ∇ j� + κ
ψT
i j ∇ jT

)
, (43)

where thermodiffusion is written in the usual way with D(T )
i j =

φ(1 − φ)d (T )
i j . The relative velocity, wi, always relaxes, since

it is not related to any broken symmetry, nor to a conservation
law. The same reasoning applies to the variable ψ . All other
variables are conserved or related to broken symmetries and
show diffusional behavior.

E. Reversible currents

For the reversible parts of the currents in Eqs. (31)–(35) we
find

j (σ )R
i = β̄i j m j, (44)

σ R
i j = 2β2 mi w j + βi jμψ − λk jihk, (45)

X R
i = β̄i j∇ jT + γi j∇ j� + β2 w j (∇iv j + ∇ jvi )

+β3mj (∇ jwi − ∇iw j ) + β4w j (∇ jvi − ∇iv j )

+∇ j (β̂ jiμψ ) − β1h j∇in j − ∇ j
(
λ

(m)
k ji hk

)
+β5μψ∇iψ, (46)

Y R
i = −λi jk∇ jvk − λ

(m)
i jk ∇ jmk + β1 mj∇ j ni, (47)

Z R = βi jAi j + β̂i j∇im j − β5mi∇iψ, (48)

j (φ)R
i = γi j m j, (49)

with λ
(m)
i jk = 1

2λ
(m)
1 δ⊥

i j nk + 1
2λ

(m)
2 δ⊥

ik n j , λi jk given by Eq. (6) and
the rank-2 material tensors by Eq. (7).

These reversible currents add to the reversible v-dependent
contributions already made apparent in Sec. III C. They can
be used to tune the transport and convective velocities of
the different variables, cf. Ref. [1], Sec. 6. In particular, the
orientation ṅi is transported and convected by the mean ve-
locity, since the ni is the same in both phases. As a result
β1 = 0 and λ

(m)
1 = λ

(m)
2 . For ρ̇n and ġ(n)

i the transport velocity

is v
(n)
i , while for ρ̇s and ġ(s)

i it is v
(s)
i , resulting in γ⊥ = 0 = γ‖

and β2 = β4 = 1/2 and β3 = 1/ρs − 1/ρn. For the smectic
order ψ the transport velocity is v

(s)
i leading to β5 = −1/ρs.

Nonlinear contributions are included where they contribute to
the transport and convection of variables.

IV. SHEAR FLOW IN A TWO-FLUID DESCRIPTION

A. The coupling of all hydrodynamic degrees of freedom under
shear mediated by the relative velocity field

In this section we study the question of flow alignment
under external shear flow using the two-fluid model presented
in detail in Sec. III. As in Sec. II we will focus on a two-
dimensional situation with the shear flow applied in the y-z
plane.

This assumption of an in-plane director field greatly facil-
itates the analysis. Clearly a three-dimensional analysis will
be useful in the general case leading to out-of-plane director
motions. These will play an especially important role in the
boundary layers close to the bounding surfaces of the sample.

Nevertheless, already the two-dimensional analysis reveals
the basic mechanism for the breakdown of the flow alignment
state, but may not allow for quantitative comparisons with
experiments.

Therefore, we take for the director field the same ansatz,

ni = (sin θ, cos θ ), (50)

which reads in terms of deviations from the flow alignment
state

δni = (cos θ f ,− sin θ f )δθ. (51)

For the imposed shear flow we assume a linear profile,

S = ∇yvz, (52)

where vz is now the barycentric/mean velocity, because this
is the quantity which is controlled in a classical shear flow
experiment. Deviations of S will be mostly neglected, and in
addition we set vx = 0.

The assumption of a linear velocity profile of the shear
velocity in Eq. (52) will become problematic well above the
onset of an instability of flow alignment. Therefore, we focus
on the linear instability. Well above threshold, that is in the
strongly nonlinear regime, deformations of the linear velocity
profile can be expected to arise in general, making the whole
analysis rather complicated and requiring a full numerical
treatment.

In addition we assume that wx = 0, in agreement with a
strictly two-dimensional situation.

Discarding higher order gradient terms associated with the
diffusion of ni, we then have the dynamic equation for the
director field,

n ×
(

∂

∂t
n + Y R

)
= 0, (53)

or, explicitly,

nyṅz − nzṅy

= λ
(
n2

z − n2
y

)[S

2
+ λ(m)α

2λ
(∇ywz + ∇zwy)

]
− S

2
, (54)
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with α given in Eq. (27). Clearly, this equation reduces to the
special case of the one-fluid model by taking wi ≡ 0.

In terms of deviations from the flow alignment angle we
get

θ̇ = −λS sin(2θ f )δθ − α

2
λ(m) cos(2θ f )(∇ywz + ∇zwy).

(55)
Next we come to the dynamic equation for the degree of

smectic order, ψ . For the dynamic equation for ψ we have in
lowest order and neglecting the convective term

ψ̇ + χψ

τψ

δψ + βi jAi j + β̂i jα∇ jwi = 0, (56)

where the tensor βi j has already been discussed in Sec. II
and where β̂i j represents the two-fluid contribution. Note
that δψ = δψ f + δψ̄ contains the stationary smectic order
induced by the shear flow, δψ f , Eq. (18), and the deviations
from the flow alignment state, δψ̄ .

In terms of deviations from the flow alignment state we get

ψ̇ + χψ

τψ

δψ̄ − (β‖ − β⊥)S cos(2θ f )δθ

+αβ̂⊥(∇ywy + ∇zwz )

+α(β̂‖ − β̂⊥)

[
(cos θ f )2∇zwz + (sin θ f )2∇ywy

+ 1

2
sin(2θ f )(∇ywz + ∇zwy)

]
= 0. (57)

Inspecting Eqs. (54)–(57) we see that, due to wi, there is
a coupling between the nematic orientation and the smectic
order, which is absent in the one-fluid description.

In the dynamic equation for the smectic mass concentra-
tion, Eq. (31), we neglect transport terms of the form vi∇iφ

and wi∇iφ, as well as the cross-diffusive terms in Eq. (42).
Taking into account that γi j = 0 in Eq. (49), we are left with
a rather simple equation,

φ̇ + α

ρ
∇iwi − 1

κφ

di j∇i∇ jφ = 0, (58)

describing the coupling to the divergence of the relative ve-
locity and the smectic mass density diffusion. This coupling
provides the indirect coupling of φ to shear flow and director
rotations in the two-fluid description, which is absent in the
one-fluid model. In Sec. IV B we will approximate the diffu-
sional term when discussing the oscillating instability, to get
an analytical result. Note, in Sec. IV C we will replace this
diffusion by a relaxation and show what will be changed.

For the dynamic equation for the velocity difference, wi,
we have, discarding the convective nonlinearity,

ẇi + ∇i(�/ρ) + X R
i + X D

i = 0. (59)

Inserting the lowest order terms from statics, Eq. (24), dissi-
pative dynamics, Eq. (40), and reversible dynamics, Eq. (46),
and neglecting the convective term we obtain two equations
for wy and wz,

ẇy + 1

κφρ
∇yφ + αξwy + χψ ∇̂yδψ̄ = 0, (60)

ẇz + 1

κφρ
∇zφ + αξwz + Swy + χψ ∇̂zδψ̄ = 0, (61)

with the operators

∇̂y = [β̂⊥ + β̂a sin2(θ f )]∇y + 1

2
β̂a sin(2θ f )∇z, (62)

∇̂z = [β̂⊥ + β̂a cos2(θ f )]∇z + 1

2
β̂a sin(2θ f )∇y. (63)

From Eqs. (61) we see that the externally applied shear flow
leads to a coupling of wy and wz via the contribution ∼S,
while the β̂i j tensor provides the coupling to gradients of ψ .

Finally, there is the generalized Navier-Stokes Eq. (32)
describing the dynamics of the momentum density gi. In the
flow alignment state the stress tensor is constant and ġi = 0. In
the general state there is a reversible contribution βi jχψδψ̄ to
the stress tensor, Eq. (45), which is not constant. In principle
this can be compensated by a deviation of the mean velocity
δvi from its flow alignment state, Eq. (52), via the viscosity
contribution. This contribution is irrelevant otherwise.

Thus, we observe that Eqs. (55), (57), (58), (60), and (61)
provide us with a closed set of five equations for the five vari-
ables δθ , δψ̄ , δφ, wy, and wz. These equations also indicate
how the instability mechanism analyzed in the following sub-
sections proceeds intuitively. The external dynamic force, the
shear flow S, acts as a source term for the velocity difference,
wi. Inspecting the dynamic Eqs. (58), (60), and (61), we see
that relative velocity and concentration φ are coupled. In the
following we will show that the feedback between wi and
φ can start an instability for large enough magnitude of the
driving force S leading to spatially and temporally varying
nonzero values for wi and δφ. Those in turn trigger time-
dependent behavior of the director angle θ and the smectic
degree of order ψ via the dynamic Eqs. (55) and (56).

B. Linear instability of the flow alignment state with the smectic
density as a conserved variable

It is easily checked that the stationary homogeneous flow
alignment state with wi ≡ 0 is always a solution. The chal-
lenge is to find a regime of the driving force S, where this
solution is becoming unstable giving way to a generally time-
dependent, inhomogeneous solution with a nonzero wi. It
appears to be rather difficult to find such a solution satisfying
all five of the nonlinear coupled partial differential equations
simultaneously, even the already simplified ones, Eq. (53),
(56), (58), and (59).

Therefore, we will consider the special case that the β̂i j

tensor can be neglected. In that case the variables φ and θ

are decoupled from the others and we can analyze the linear
stability of the three Eqs. (58), (60), and (61). We will inves-
tigate for which values of the external driving force, the shear
S, the solution w ≡ 0 becomes unstable. Along the lines of a
linear stability analysis as it is done frequently for the onset
of a hydrodynamic instability, for example, for the onset of
thermal convection from the heat conduction state, we start
with the plane wave ansatz,

(φ,wy,wz ) = (�,Wy,Wz ) exp(Dt + [iωt + ikyy + ikzz]),
(64)

with free amplitudes �,Wy,Wz. We look for which values of
ω and S we find a solution with D ≡ 0, where (φ,wy,wz ) do
not decay to zero anymore. Here we will assume that ky is not
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fixed externally, but must be optimized, while kz has a fixed
value to accommodate the conditions at top and bottom plate
of the shear setup, e.g., kz = π/L with L the thickness of the
layer. This procedure closely parallels that of Ref. [50] where
the instability of shear flows in nematics has been studied.

Inserting the ansatz Eq. (64) into Eqs. (58) and (60) we
obtain for D = 0 the two coupled equations

iω3 =
(

ξ 2α2 + α

κφρ2
k2 + 2

d⊥αξ

κφ

k2

)
iω, (65)

2ω2ξα = ξα2

κφρ2
k2 − Skzky

α

κφρ2
+ d⊥

κφ

(α2ξ 2 − ω2)k2,

(66)

with k2 = k2
y + k2

z . To simplify the formulas, we have approx-
imated di j by its isotropic form d⊥δi j . Equation (65) allows
for two solutions, ω = 0 and ω �= 0, which give rise to a
stationary and an oscillatory instability, respectively.

In the stationary case, minimizing of S in Eq. (66) with
respect to ky leads to the critical value of ky, kcs

y ,

kcs
y = Skz

1

2ξα
(1 + ξd⊥ρ2)−1. (67)

Inserting kcs
y into Eq. (66) we obtain the critical shear S2

cs

S2
cs = 4α2ξ 2(1 + ξd⊥ρ2)2. (68)

for the onset of a stationary, space-dependent state, with
nonzero w.

In the oscillatory case, combining Eqs. (65) and (66) and
minimizing with respect to ky we obtain for the critical value
of ky, kco

y ,

kco
y ≈ −Skz

1

2ξα
(1 + 4ξd⊥ρ2)−1. (69)

This approximate result is obtained by disregarding fourth
order terms in the wave vector. Results for the case when only
terms ∼k4

y are neglected, corresponding to a long wavelength
instability in the plane of the sample, are listed in Appendix
B.

Inserting kco
y into Eqs. (65) and (66) we obtain for the

critical shear S2
co

S2
co = 4α2ξ 2(1 + 4ξd⊥ρ2)2 + 8

k2
z

α3ρ2κφξ 4(1 + 4ξd⊥ρ2),

(70)
and for the critical frequency at onset

ω2
c = 3α2ξ 2 1 + 8

3ξd⊥ρ2

1 + 4ξd⊥ρ2
+ k2

z

2α

κφρ2
(1 + 2ξd⊥ρ2). (71)

Comparing Eqs. (67) and (68) to Eqs. (69) and (70)
we make the following observations. In general, S2

co > S2
cs,

meaning that the stationary instability comes first, when in-
creasing the driving force S. Second, the critical shear rate
for the stationary instability does not depend on kz, while for
the oscillatory instability it does. Third, the dependence of the
critical shear rate of the instability on kz leads to a higher
threshold for thicker samples and finally the length scale of
the transverse pattern is larger in the oscillatory case, since
|kco

y | < |kcs
y |.

From the results of this simplified, two-dimensional model
several observations emerge. First of all the threshold shear
is essentially determined by the dissipative effects involved.
The first one is the relaxation of the relative velocity wi,
with the associated dissipative channel ∼ξ . Its inverse also
sets the characteristic time dependence for the velocity dif-
ference wi—large relaxation times correspond to velocity
differences arising on a long timescale. Second, the diffusion
of the concentration ∼d⊥ enters the critical quantities and al-
ways in the combination ∼ξd⊥ρ2, where ρ is the total density.
In addition, the critical quantities are proportional to various
powers of the generalized susceptibility α ≡ φ(1 − φ)ρ, con-
necting the conjugate field of the relative velocity, mi, to the
relative velocity, wi.

Taking into account the relaxation of φ naturally further in-
creases the threshold value of S as will be shown in Sec. IV C.

It is very likely that for more realistic models, complicated
space- and time-dependent instabilities emerge above the lin-
ear instability threshold. There, more degrees of freedom
become available to trigger such higher instabilities, in partic-
ular in three dimensions. We also note that the linear stability
analysis presented could be pre-emptied by finite amplitude
instabilities. From the experimental results available we know
empirically that time-dependent behavior—tumbling, irregu-
lar and chaotic oscillations—dominates [24,25,29].

Inserting the space- and time-dependent solutions for wi

and φ into Eqs. (55) and (57) naturally gives rise to a space-
and time-dependence of the director field, ni, and the smectic
degree of order, ψ , as well. This is in accord with experimen-
tal observations of a time-dependent director field at the onset
of tumbling. As usual, the linear instability analysis relates
their amplitudes � and � to the other amplitudes �,Wy,Wz,
where, however, one amplitude remains undetermined and has
to be fixed by a nonlinear treatment.

To make a quantitative comparison with experiments it will
be important to pin down more precisely as many of the static
and transport parameters involved as possible.

C. Linear instability of the flow alignment state with the smectic
density as a relaxing variable

In the last section we have assumed the different mass den-
sities of the nematic ρn and smectic parts ρs change by mutual
diffusion, i.e., both are conserved quantities. This means that
ρs and ρn are redistributed in space and time in a diffusive
manner. However, as relaxing variables ρs and ρn can appear
and disappear without having to diffuse, and thus no transport
is involved. Which one of the two cases applies to experiment
is not known to date. It might actually depend on the class
of materials involved. For example, for a liquid crystalline
polymer diffusion over finite distances is most likely more
difficult than for small molecules. Therefore, we discuss both
possibilities in the present paper and consider in this section
the possibility that the densities are slowly relaxing variables.

Assuming the densities to relax we have

ρ̇s = · · · − 1

τs
μs and ρ̇n = · · · − 1

τn
μn, (72)

according to the appropriate conjugates μs and μn. The dots
in Eq. (72) denote all the conserved contributions. Since the
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total density ρ, being a conserved variable, must not relax, we
have to require the condition μs/τs + μn/τn = 0. Expressing
the conjugates μs and μn by the conjugates � and μ of the
concentration φ and the total density ρ, respectively [1],

μs = μ + (1 − φ)�/ρ and μn = μ − φ�/ρ, (73)

we can write the parts of the entropy production associated
with the relaxations of Eq. (72) as

2R = 1

τs
μ2

s + 1

τn
μ2

n

= 1

τs
(μ + [1 − φ]�/ρ)2 + 1

τn
(μ − φ�/ρ)2. (74)

Since ρ̇ cannot show any relaxation, there is ∂R/∂μ = 0 lead-
ing to (τn + τs)μ = (τsφ − τn[1 − φ])�/ρ. As a result

2R = 1

τs + τn
(�/ρ)2 ≡ φ(1 − φ)

τφ

�2 = α

ρτφ

�2, (75)

with τφ = φ(1 − φ)ρ2(τn + τs), where we have made appar-
ent the φ factors to make sure that there is no relaxation for
φ = 0 and φ = 1. Finally Eq. (58) takes the form

φ̇ + α

ρ
∇iwi − 1

κφ

di j∇i∇ jφ + α

ρτφκφ

δφ = 0. (76)

We now investigate the stationary and oscillatory instabil-
ity taking into account the relaxation of φ, but neglecting the
diffusion ∇i∇ jφ. Using the same procedure as in Sec. IV B,
the two equations

iω3 =
(

ξ 2α2 + α

κφρ2

(
k2

y + k2
z

) + 2ξ
α2

ρτφκφ

)
iω,

(77)

2ω2ξ = ξ
α

κφρ2

(
k2

y + k2
y

) − Skzky
1

κφρ2

+ 1

ρτφκφ

(−ω2 + α2ξ 2) (78)

allow for a stationary instability at

S2
cs = 4α2ξ 2 + 4

k2
z

α3ξ 3ρ2

ρτφ

, (79)

with a critical wave vector independent of τφ ,

kcs
y = Skz

1

2ξα
. (80)

In addition, for the oscillatory instability we find the critical
wave vector

kco
y = − kzS

2αξ
(1 + M )−1, (81)

with the abbreviation M = 1/(ρκφτφξ ), the critical shear flow

S2
co = 4α2ξ 2(1 + M )2 + 8

k2
z

ρ2κφα3ξ 4(1 + M )3, (82)

and the critical frequency at onset

ω2
c = α2ξ 2(3 + 4M ) + 2α

κφρ2
k2

z . (83)

We remark that all three critical quantities [Eqs. (81)–(83)]
for the oscillatory instability have a characteristic dependence
on M = 1/(ρκφτφξ ), which contains the generalized suscepti-
bility κφ connecting the conjugate force of the phase, �, with
the phase variations, δφ, as well as the ξ and τφ , describing
the relaxation of δφ and of the relative velocity, wi, respec-
tively. In addition we notice that the stationary wave vector kcs

y
[Eq. (80)] does not depend on τφ in contrast to kco

y [Eq. (81)].
Comparing with Sec. IV B the following remarks are in

order. (i) The role of the diffusion coefficient d⊥ is taken over
by the inverse relaxation time 1/τφ . (ii) Both quantities enter
the stationary and oscillatory threshold values for the critical
shear rate: Larger values of τφ and smaller values of d⊥ lead
to a reduction of the threshold values. (iii) The dependence
of the oscillatory threshold value on 1/k2

z , and of the critical
frequency on k2

z , is similar for the diffusing and relaxing case.
A difference arises for the stationary instability threshold,
which does not depend on kz in the diffusing case, in contrast
to Eq. (79). The wave vector dependence governs the depen-
dence on the sample thickness D, since kz ∼ ky ∼ 1/D for all
cases.

V. SUMMARY AND PERSPECTIVE

In this work we have analyzed the macroscopic dynamics
of nematic liquid crystals in the presence of smectic clusters
under an applied shear flow. We have shown that the macro-
scopic dynamics for this system with only one velocity field
is insufficient to describe time-dependent director dynamics
due to the presence of smectic clusters, since there is no cou-
pling between the director orientation and the flow induced
smectic order. In contrast, we have demonstrated that a two-
fluid model leads to a coupling between shear flow induced
smectic order and the macroscopic director orientation. This
interaction is mediated by the velocity difference between the
two subsystems. In particular, we have shown the existence
of transitions from the homogeneous flow alignment state to
space-dependent states, being either static or time-dependent,
when the external shear is increased. It also emerges that for
this problem one needs for a consistent description at least
two macroscopic variables, which relax on a sufficiently long,
but finite timescale, namely, the velocity difference and the
degree of smectic order. Both variables are neither related
to conservation laws nor to spontaneously broken continuous
symmetries. Both instabilities are found for a diffusive as well
as for a relaxing smectic mass density.

We notice some relationship of the present problem to the
macroscopic dynamics above the λ-transition in superfluid
4He, where one has a relaxing superfluid density, ρs, [7,51],
which plays a similar role as the relaxing degree of smectic
order, ψ , used here. In particular, a contribution similar to
ψ̇ ∼ βi jAi j in Eq. (56) arises in Ref. [7] in the ρ̇s equation.
As a difference, our system is uniaxial, while the superfluid
system is isotropic. Another importance difference is manifest
in the superfluid velocity, which is a hydrodynamic variable in
4He due to the spontaneously broken gauge symmetry.

We also point out that our analysis can be used to describe
the breakdown of flow alignment of the in-plane director
inside fluid smectic layers, when bond-orientational order en-
ters the picture. The geometry of choice to demonstrate this
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behavior are freely suspended smectic C films with bond-
orientational clusters. This type of clusters can definitely
expected to occur above smectic F, I, and L phases [42–44].

Throughout the present paper we have studied the influence
of smectic clusters and clusters of bond-orientational order
thus focusing on the influence of layering in a broad sense.
We would like to point out, however, that a very similar type
of behavior should arise in systems, which have a tendency
toward column formation. We are thinking in particular of
columnar fluctuations above a nematic to columnar transition
[41]. We also note that the occurrence of the influence of
smectic or columnar fluctuations could arise as well when
the temperature is increased, namely, for reentrant nematics
in smectic systems [52,53] or for inverted and/or reentrant
columnar phases [38–40]. In both cases we expect time-
dependent director motion for growing temperatures.
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APPENDIX A: SIMPLE MODEL FOR THE SIGN CHANGE
OF THE DIELECTRIC ANISOTROPY

The most important macroscopic effect—aside from the
breakdown of flow alignment—signaling the presence of
smectic clusters is the sign change in the anisotropy of
the electric conductivity, σa = σ‖ − σ⊥ [31–34]. Here and
throughout this Appendix ‖ and ⊥ denote the directions par-
allel and perpendicular to the director. In a nematic phase
without smectic clusters, σa is positive meaning physically
that the transport of charges parallel to the director ni is easier
than along the perpendicular direction and, therefore σ‖ > σ⊥.
As the volume fraction of smectic clusters grows when a
sample is cooled down, a sign change in σa arises. Intuitively,
this opposite behavior compared to the case of a usual nematic
occurs, because the charge transport across smectic layers is
much harder than within smectic layers.

In this Appendix we analyze how this qualitative change in
behavior can be accounted for in a simple two-fluid model,
where the two velocities are the average velocities of the
charge carriers in a smectic and in a nematic environment,
respectively.

First we elucidate some macroscopic aspects. Denoting by
σ n

‖ and σ n
⊥ the electric conductivities in a pure nematic and

by σ s
‖ and σ s

⊥ in a pure smectic A phase, we will assume that
we can make an effective medium approximation to obtain the
conductivities of a nematic phase with smectic clusters. This
means that we make the ansatz

σ‖ = φ σ n
‖ + (1 − φ)σ s

‖ ,

σ⊥ = φ σ n
⊥ + (1 − φ)σ s

⊥, (A1)

where φ is the concentration of nematics.

From Eqs. (A1) it is straightforward to evaluate the critical
concentration, φc, for which σ‖ − σ⊥ = σa ≡ 0 with the result

φc = σ s
a

σ s
a − σ n

a

. (A2)

Note that 0 < φc < 1, since σ s
a < 0.

Now we will add a simple mesoscopic model for the con-
ductivity of an isotropic, charged liquid with charge q and
mobility μ, where the conductivity σ is given by

σ = μ q2, (A3)

with the mobility, μ ∼ v l , expressed by v and l [54], the
average velocity and the mean free path of the charge carriers,
respectively. The proportionality factor is γ = 1/(3kBT ). In
the uniaxially anisotropic case we can write accordingly,

σ‖
σ⊥

= v‖ l‖
v⊥l⊥

. (A4)

Since the electric conductivity tensor σi j is associated with
a linear material law ( ji = σi jE j) within linear response the-
ory, it appears natural to make for a nematic liquid crystal with
smectic clusters the linear superposition ansatz

σ‖ = γ ([1 − φ]vs
‖ ls

‖ + φ vn
‖ ln

‖ ),

σ⊥ = γ ([1 − φ]vs
⊥ls

⊥ + φ vn
⊥ln

⊥). (A5)

For σ n
a and σ s

a we then have

σ n
a = γ φ (vn

‖ ln
‖ − vn

⊥ln
⊥),

σ s
a = γ (1 − φ)(vs

‖ ls
‖ − vs

⊥ls
⊥). (A6)

Combining the macroscopic and mesoscopic aspects of
picture suggested here, Eqs. (A1) and (A5), we obtain a direct
relation between the critical value of the concentration, φc, for
which the conductivity anisotropy changes sign, in terms of
four components of the mean velocities of the charge carriers
and their appropriate mean free paths,

φc = vs
⊥ls

⊥ − vs
‖ ls

‖
vn

‖ ln
‖ − vn

⊥ln
⊥ + vs

⊥ls
⊥ − vs

‖ ls
‖
. (A7)

It will be most interesting to check experimentally to what
extent Eq. (A7) can be verified for a real system.

APPENDIX B: THE CASE OF A LONG WAVELENGTH
INSTABILITY IN THE PLANE OF THE SAMPLE WHEN

THE SMECTIC MASS DENSITY
ρs IS CONSERVED

Here we assume k2
y � k2

z , which allows to neglect the con-
tribution ∼k4

y . In that case we get for the oscillating instability

kcoa
y ≈ −Skz

1

2ξαN
, (B1)

S2
coa = 4α2ξ 2N2 + 8

k2
z

α3ρ2κφξ 4N, (B2)

ω2
ca = α2ξ 2

(
1 + 2

1 + 2ξd⊥ρ2

N

)
+ k2

z

2α

κφρ2
(1 + 2ξd⊥ρ2),

(B3)

with the abbreviation

N = 1 + 4ξd⊥ρ2 + k2
z

2d⊥
κφαξ

(1 + 2ξd⊥ρ2). (B4)
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