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Quantifying entanglement properties of mixed states in quantum field theory via entanglement of
purification is a new and challenging subject. In this work, we study entanglement of purification for
two intervals far away from each other in the vacuum of a conformal field theory on a lattice. Our
main finding is that the decay of the entanglement of purification is enhanced with respect to the
one for the mutual information by a logarithm of the distance between the intervals. We explicitly
derive this behaviour in the critical Ising spin chain as well as for free fermions. Furthermore, we
corroborate it with a general argument valid for any conformal field theory with a gapped spectrum
of operators arising as a continuum description of a lattice model.

Introduction. Understanding quantum information
properties of quantum field theories (QFTs) and, through
holography [1–3], also of gravity has been an important
line of research of the past two decades [4–8]. The object
of primary interest has been entanglement entropy (EE)
of spatial subregions in QFT. To this end, starting from
a globally pure state (here the vacuum |0〉) and a spatial
subregion A and its complement Ā, one defines a reduced
density matrix in A

ρA = trĀ |0〉 〈0| . (1)

EE is then defined as its von Neumann entropy

SA = S(ρA) ≡ −trAρA log ρA. (2)

EE is an ultraviolet-divergent quantity due to correla-
tions at arbitrarily short distances in QFT and its compu-
tation requires introducing a regulator. This can be done
using Gaussian techniques [9–13] for interesting states in
free QFTs, whereas closed form results and tractable lim-
its in two-dimensional CFTs follow from framing it as an
analytic continuation of correlation functions of primary
operators [14–19], while in two spacetime dimensions, one
can also employ tensor network techniques to efficiently
compute EE [20, 21]. In strongly-coupled holographic
QFTs, computing it reduces to a geometric problem of
finding minimal surfaces [22–25]. As a quantum-theoretic
quantity, it is a reliable measure of entanglement between
A and Ā in globally pure states.

In the present work, we will be concerned with con-
formal field theories (CFTs) emerging as a long-distance
limit of lattice models and the ultraviolet cut off will be
provided by an underlying lattice with spacing δ. At the
same time, we will be interested in a situation in which
one considers a reduced density matrix for a subsystem
consisting of two parts A and B. One quantity to con-
sider in this case is the mutual information (MI) defined
in terms of EE as

I(A : B) = SA + SB − SAB . (3)
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FIG. 1. Entanglement of purification on an infinite lattice:
The mixed state ρAB on a subsystem of two disjoint regions
AB separated by Nd ≡ d

δ
sites is purified to a state with

auxiliary factors A′ and B′, taken to be of the same size NA ≡
wA/δ and NB ≡ wB/δ as A and B, respectively, where δ is
the lattice spacing. Here we mostly consider NA = NB .

Another quantity of significant recent interest in such
a setup is the entanglement of purification (EoP) [26],
which can be regarded as a generalization of EE for bipar-
tite mixed states. It requires purifying the reduced den-
sity matrix ρAB to a pure state |Ψ〉 in an enlarged Hilbert
space consisting now of A and B supplemented by aux-
iliary factors A′ and B′, such that ρAB = trA′B′ |Ψ〉〈Ψ|
(visualized in Fig. 1). The EoP is then defined as

EP (ρAB) = min
Ψ

[SAA′ ]. (4)

EoP is intrinsically based on an optimization procedure
over purifications and is by default challenging to con-
sider in QFT. Derived from this is the distinguishing
feature of EoP with respect to other correlation mea-
sures such as EE, namely that it additionally provides a
particular purification of the mixed state for which the
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von Neumann entropy (2) is minimum. To date, its un-
derstanding in the intersection of quantum information
science and high-energy physics is based on Gaussian cal-
culations [27–29], usage of CFT techniques with a lim-
ited range of applicability [30–32] and, finally, on a con-
jectured realization in holography [33, 34]. It is worth
pointing out that in the latter case, EoP is conjectured
to be dual to the entanglement wedge cross section [35–
38] for which a variety of results have been found rang-
ing from connections with multipartite states to thermal
states (see e.g., [39–49]) and is thus pivotal to the efforts
of understanding bulk reconstruction in holography [50].

The aim of this letter is to to elucidate what perhaps
is the simplest setting in which EoP behaves universally
across CFTs and does not rely on Gaussianity nor on
local conformal transformations. We achieve this by us-
ing spin chains and, more generally, lattice models in a
mixture of analytic and numerical techniques.

Setup. In our analysis, we will be concerned with two-
dimensional CFT and we will assume existing lattice ap-
proximation. The setting of interest to us will be two
intervals of the same length w separated by a distance d,
see Fig. 1. At large distances d

w � 1, the decay of MI (3)
in CFTs takes the form

I(A : B) = N
Γ( 3

2 )Γ(2∆ + 1)

24∆+1Γ(2∆ + 3
2 )
× ε2∆ + . . . , (5)

where

ε∆ ≡
(w
d

)2∆

(6)

and ∆ corresponds of the scaling dimension of the lowest
non-trivial operator(s) in the theory [18, 19], N stands
for possible degeneracy of such operators and the ellipsis
denotes faster decaying terms [19, 51, 52]. This formula
assumes a gap in the spectrum of scaling dimensions and
we will carry over this assumption in our studies of EoP.

We will be primarily interested in the Ising model re-
alization of the c = 1

2 CFT on an infinite line, which can
be described by the critical lattice Hamiltonian

Ĥ ∼ −
∞∑

i=−∞
(2 Ŝx

i Ŝ
x
i+1 + Ŝz

i ) , (7)

more general forms of which we discuss in the appendix.
The Ŝx,z

i are spin operators defined by the Pauli matrices

Ŝx,z
i = 1

2σ
x,z
i . In the Ising CFT there is a non-degenerate

(i.e., N = 1 in (5)) lightest operator of a scaling di-
mension ∆ = 1

8 , often denoted as the spin field σ and

corresponding to a Ŝx
i lattice operator.

While it is well known that the Ising model can be
mapped to a free fermion theory, the setup of interest –
reduced density matrices in two disjoint intervals – is gen-
uinely non-Gaussian [29, 53–56], as are almost all CFTs,

and we will provide more comments on this issue later in
the letter.

Large-distance analytics. We start our studies by con-
sidering a subsystem AB consisting of two single sites
(w = δ) separated by d/δ sites in the ground state of the
critical Ising model (7). The central idea is to use it as a
point of departure for analytic treatment of EoP in the
Ising CFT and as a guidance for a generic situation.

While the reduced density matrix ρAB is non-
Gaussian, following [55] one can still use Gaussian tech-
niques to deduce its asymptotic behaviour as d

w → ∞
(or, equivalently, ε 1

8
→ 0). This leads to

ρAB ∼


D 0 0 C ε 1

8

0 E C ε 1
8

0

0 C ε 1
8

E 0

C ε 1
8

0 0 F

 (8)

with D = 1
4 + 1

π + 1
π2 , E = 1

4 −
1
π2 , F = 1

4 −
1
π + 1

π2 ,

C = exp (3ζ′(−1))
223/12 and a possible contribution of the order

ε21
8

vanishes, see appendix for a derivation. We represent

ρAB in the basis |↑↑〉, |↓↑〉, |↑↓〉 and |↓↓〉 with the factor
ordering AB. The anti-diagonal terms C ε 1

8
encode long

distance correlations between Ŝxi at the two sites.
The continuum limit corresponding to the Ising CFT

is obtained by keeping d/w (or, equivalently, ε 1
8
) fixed

and taking δ/w to 0. We will see that considering only
a few lattice sites is sufficient to describe the qualitative
and approximate quantitative behaviour of the contin-
uum limit. To demonstrate this, we use (8) to calculate
the large distance asymptotics of the MI (3) and compare
it with (5). The EE of the disjoint system follows from
the eigenvalue spectrum of (8). Its four eigenvalues µj
are

µ1,2 =
1

4
− 1

π
± C ε 1

8
, (9a)

µ3,4 =
1

4
+

1

π
±
√

1

π2
+ C2 ε21

8

, (9b)

from which we can directly compute the EE for AB

S = −
∑
j

µj logµj . (10)

Note that in the following we will be denote eigenvalues
of any density matrix by µj .

This analysis leads to the Ising model prediction for a
spin MI at large separations of the following form

I(A : B) ∼
(

4π2

π2 − 4
+
π

2
log

4 + 4π + π2

4− 4π + π2

)
C2× ε21

8
. (11)

Comparing this formula with the CFT analytics (5) for
∆ = 1

8 , we see an exact match in the power-law be-
haviour. Furthermore, the prefactor in (11) evaluates to



3

approximately 0.2978, which is only 3.6% off from the
continuum value of about 0.309 predicted by (5).

Furthermore, explicit numerical calculations using the
full reduced density matrix ρAB show that the continuum
value of the prefactor is well attained at large distances
already for w = 2 δ and 3 δ, see Fig. 2(a). This provides
a strong support to consider (8) as a good starting point
for an analysis of long distance behaviour of EoP in the
Ising CFT.

EoP of minimal subsystems. In the limit of an infi-
nite distance between the two single site subsystems, we
purify (8) by the state |ψ(0)〉 with Schmidt decomposition

|ψ(0)〉 =
√
D |↓↓↓↓〉+

√
E(|↑↓↑↓〉+ |↓↑↓↑〉) +

√
F |↑↑↑↑〉 ,

(12)

where the convention for factors ordering in the purifi-
cation is ABA′B′. Note that in this analysis we assume
that a minimal purification from two to four spin degrees
of freedom suffices and we will subsequently provide sup-
porting numerical evidence and an additional discussion.

Moving on, we supplement this purification with finite
distance corrections up to second order in ε 1

8
as

|ψ〉 ∼ |ψ(0)〉+ ε 1
8
|ψ(1)〉+ 1

2ε
2
1
8
|ψ(2)〉 . (13)

We will optimize over |ψ(1)〉 and |ψ(2)〉 subject to the
normalization constraint 〈ψ|ψ〉 = 1 order by order in ε 1

8
.

We further require ρ
(1)
AB = |ψ(0)〉 〈ψ(1)|+ |ψ(1)〉 〈ψ(0)| and

ρ
(2)
AB = |ψ(0)〉 〈ψ(2)|+|ψ(2)〉 〈ψ(0)|+2 |ψ(1)〉 〈ψ(1)| to satisfy

ρ
(1)
AB =


C

C
C

C

 and ρ
(2)
AB = 0 , (14)

which follows from (8). Combining the normalization
condition for |ψ〉 with constraints (14) allows to system-
atically eliminate free parameters in |ψ(1)〉 and |ψ(2)〉. In
order to compute SAA′ , which is the building block of
EoP (4), we need to find the four eigenvalues µj of

ρAA′ = ρ
(0)
AA′ + ε 1

8
ρ

(1)
AA′ + 1

2ε
2
1
8
ρ

(2)
AA′ . (15)

We expect the pattern

µ0 ∼ 1− αtot ε
2
1
8

and µj>0 ∼ αj ε21
8
, (16)

where αtot =
∑
j>0 αj and here j > 0 runs from 1 to 3.

Computing the individual αj requires extensive work, but
αtot can be deduced by expanding

Tr(ρ2
AA′) =

∑
j

µ2
j ∼ 1− 2αtot ε

2
1
8
. (17)

Its RHS leads to the explicit formula

αtot

C2
=

(π−2)x2
2−2
√
π2−4x12x2−2

√
π2−4x3x8

2+π

+
π((π−2)π−4)x2

3+8(x2
3+π3)

(π−2)(2+π)2 − 4π
√
π2−4x7

π2−4

+
2(4+π2)x2

4−4(π−2)πx4

(2+π)2 + 2x2
7 +

(
x2

8 + x2
12

)
,

(18)

where xi are remaining parameters in |ψ(1)〉 =
∑
i xi |φi〉,

where |φi〉 is the basis ofHABA′B′ ordered as in (12). The
expansion of the unoptimized EE (10), which underlies
the definition of EoP (4), takes the form

SAA′ = αtot ε
2
∆ log (ε−2

∆ ) +
(∑
j>0

αj(1− logαj)
)
ε2∆ ,

(19)

where ∆ = 1
8 , shown later to hold for a general ∆.

In order to find the EoP, we need to minimize over the
xi to find the smallest possible αtot, which can be done
analytically and leads to

αtot =
4π4C2

π4 − 16
≈ 0.12445 . (20)

The non-vanishing αtot shows that the resulting EoP ob-
tained from (19) has the leading order long-distance be-
haviour enhanced with respect to that of MI (11) by a
logarithm of the distance.

This is our main finding and the remaining part of our
letter is devoted to providing further support for its cor-
rectness from the point of view of the continuum limit
and robustness of minimal purifications, as well as dis-
cussing its generalization in a generic CFT with a gap in
the operator spectrum in a lattice representation.

When it comes to the subleading long-distance be-

haviour encapsulated by
(∑

j>0 αj(1 − logαj)
)

, we

would need to extract the individual αj and optimize
over the remaining parameters. While it is plausible this
can be also done analytically, we skip this tedious step
and in the following will simply resort to numerics.

Numerical results. Our analytic derivation of the EoP
is in excellent agreement with fully numerical studies.
Note that the latter do not rely on the ε 1

8
-expanded den-

sity matrix (8), but rather take full numerically evaluated
ρAB as an input.

Our numerical results for minimal purifications (from
1+1 to 1+1+1+1 degrees of freedom, as in the analytic
derivation, and from 2 + 2 to 2 + 2 + 2 + 2) are depicted
in Fig. 2(c). We find a rapid convergence to (19) with
the distance. The leading decay slope for w = δ corrob-
orates our analytical prediction (20), with the coefficient
of the subleading decay numerically predicted to be ap-
proximately 0.423. The w = 2 δ data gives

EP ∼ 0.128 ε21
8

log (ε−2
1
8

) + 0.440 ε21
8

(21)
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FIG. 2. Numerical data for MI and EoP for spins and fermions, rescaled by the power-law contribution ε2∆ = (w/d)4∆ of the
respective dominant term with ∆ = 1

8
for Ising spins and ∆ = 1

2
for free fermions. The analytical predictions for w = δ are

derived in the main text for the Ising spins and in the appendix for free fermions.

We see that the leading fall-off coefficient changes from
the analytic prediction at w = δ in (20) by only 2.6% and
the subleading fall-off coefficient by only 3.9%.

We found generating data numerically for w = 3 δ chal-
lenging, since, on one hand, this requires dealing with
much bigger matrices making the calculating slower (see
appendix) and, on the other, requires maintaining rather
high accuracy due to the need of keeping fine large dis-
tance corrections. However, taking MI as a guidance, as
discussed below (11), one sees there very similar devia-
tions between w = δ and w = 2 δ and we therefore would
expect very little difference between large-distance be-
haviour of EoP for w = 2 δ and w = 3 δ.

Regarding corroborations, a key question concerns the
dimensions of the initial and enlarged Hilbert spaces. In
our setup, when purifying the state of a system withNA+
NB degrees of freedom by adding NA′ + NB′ additional
ones (see also Fig. (1)), there is a priori no constraint on
NA′ , NB′ other than the basic requirement following from
the definition of the Schmidt decomposition that NA′ +
NB′ ≥ NA + NB . However, we show in the appendix
that the choice of minimal purifications corresponding
to NA′ + NB′ = NA + NB and made so far yields the
true minimum of EE, so long as we choose NA′ = NA
and NB′ = NB . This was already shown in [57] based
on ideas in [58] for the EoP for Gaussian states (with

Gaussian purifications).

Towards generality. In our presentation so far, we fol-
lowed the properties of the Ising model. However, our
derivation of the scaling of the EoP is much more gen-
eral and applies to any CFT with a gap in the operator
spectrum that arises from a discrete lattice model at crit-
icality [59].

To run the general argument, we only need to assume
that the density operator ρAB of two subsystems A and
B far away from each other takes the form

ρAB(ε∆) ∼ ρ(0)
A ⊗ ρ

(0)
B + ε∆ ρ

(1)
AB + 1

2ε
2
∆ρ

(2)
AB + . . . , (22)

where . . . denotes higher, not necessarily integer powers
of ε∆ and we do not make any assumptions about sub-
system sizes. One can easily be convinced that (8) is
precisely of this form. Furthermore, it is also clear that
the ε∆ term in (22) is crucial in order to reproduce the
power-law scaling of the connected two-point function of
the lowest lying scaling operators in the lattice descrip-
tion.

The fact that ρAB is a product state at ε∆ = 0 implies
that ρAA′(ε∆ = 0) of the optimal purification (i.e., the
one with minimal entropy SAA′) is itself pure and thus
has eigenvalues (1, 0, . . . , 0). In full analogy to (16), one
can perturbatively account for entanglement between A
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and B by constructing a series expansion of the eigenval-
ues in ε∆.

Provided that the optimal purification |ψ(ε∆)〉 to the
truncated1 density matrix (22) is analytical at ε∆ = 0,
such that we have |ψ(ε∆)〉 ∼ |ψ(0)〉 + ε∆ |ψ(1)〉, the re-
sulting ρAA′(ε∆) must be a proper density matrix for suf-
ficiently small positive and negative values of ε∆. Con-
sequently, the leading contribution to the eigenvalues of
ρAA′(ε∆) that are the building blocks for the correspond-
ing EE will behave in full analogy with (16), i.e.,

µ0 ∼ 1− αtotε
2
∆ and µj ∼ αjε2∆ as ε∆ → 0 (23)

unless αtot = 0, when the next non-zero even power of ε∆
should appear. As we have seen, spatially reduced den-
sity matrices in the Ising model give rise to αtot > 0 and
we expect this to be the case in many if not all the other
examples that exhibit a gap in the operator spectrum.
Under this assumption, formula (19) still goes through,
which is the reason why we wrote it for arbitrary ∆. This
indicates that in any lattice model giving rise to a CFT
with a gapped operator spectrum the EoP for far away
regions decays with the same power as mutual informa-
tion, but is enhanced by a logarithm of a distance.

Finally, since it is clearly interesting if αtot is indeed
non-zero in other models, we used the Jordan-Wigner
mapping to perform analogous calculations in the Ising
model in the fermionic representation. It is well known
[29, 56, 60] that reduced density matrices of non-adjacent
intervals change under this mapping, effectively removing
the σ operator from local fermionic expectation values.
Our calculations, incorporated in figure 2(d), reproduce
the behaviour (19) with ∆ = 1

2 , corresponding to the
fermion fields ψ and ψ̄. The power-law part of the fall-off
again matches with mutual information, see figure 2(b).
Furthermore, we use this opportunity to test the con-
vergence of MI and EoP with increasing subsystem size
and reach the same conclusions as for the non-Gaussian
spin results. Lattice effects at small w/δ are more pro-
nounced for fermions that for spins, which is likely due
to the smaller scaling dimension gap to the ε field with
∆ = 1, making higher-order terms relatively more pro-
nounced.

Outlook. In this work, we studied the behaviour of EoP
for two subsystems of width w at large distance d, finding
a new log-polynomial decay law (24) of the form

EP ∼
(
d

w

)−4∆

log

(
d

w

)
for d� w . (24)

1 We truncate the density matrix at the quadratic order in order to
avoid contributions from non-integer powers of ε∆, which would
obscure our assumption about analyticity of the purification in
the vicinity of ε∆.

Our work opens a genuinely new avenue for studying
EoP in QFT without restriction to free models. In the
long term, we hope that it will serve as a guiding prin-
ciple in developing a microscopic understanding of EoP
in terms of the operator content of CFTs, from which
universal behaviour of MI at large distances has previ-
ously been derived. An intermediate step in this endeavor
would be to supplement our numerical code with large
distance behaviour of two interval density matrices ob-
tained in various lattice models using tensor networks.
This might in particular allow to reconstruct the formula
governing the coefficients in the large distance scaling of
EoPs akin to (3).

When optimizing over purifications outside the Gaus-
sian realm, one is inevitably led to vast parameter spaces
that quickly exhaust desktop-scale computational re-
sources. However, the entanglement between reasonably-
sized subsystems both mixed and purified is not large and
it should be possible to represent purifications as inhomo-
geneous matrix product states (MPS). Employing tensor
network techniques that are already well developed for
spin chains might allow for a better access to a contin-
uum limit, as well as recover CFT behaviour at finite d

w .
See also [34] for an earlier application of MPS to EoP.
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Appendix

Review of critical Ising model. The Hamiltonian of
the transverse Ising is given by

Ĥ = −
N∑
k=1

(
2J Ŝxk Ŝ

x
k+1 + h Ŝzk

)
, (A1)

with spin operators represented by Pauli matrices σα
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with α ∈ (x, y, z) by

Ŝαk ≡ 1⊗(k−1) ⊗ σα
2
⊗ 1⊗(N−k) . (A2)

We also use the identification ŜαN+1 ≡ Ŝα1 . This spin
model can be converted to fermions by defining the 2N
Majorana operators γk via

γ2k−1 = σz
⊗(k−1) ⊗ σx ⊗ 1⊗(N−k) , (A3)

γ2k = σz
⊗(k−1) ⊗ σy ⊗ 1⊗(N−k) . (A4)

The Ising Hamiltonian then takes the form

ĤI =
i

2

(
γ1 γ2N P + J

N−1∑
k=1

γ2k γ2k+1 +h

N∑
k=1

γ2k−1 γ2k

)
.

(A5)
Here P is the total parity operator

∏
k Zk =∏

k(−i γ2k−1 γ2k). At the critical point J = h, the Hamil-
tonian thus simplifies to

Ĥ =
i

2

(
γ1 γ2N P +

2N−1∑
k=1

γk γk+1

)
, (A6)

which leads for N →∞ to the lattice model of the c = 1
2

CFT. The critical Ising Hamiltonian as displayed in the
main text (7) corresponds to J = h = 1.

Covariance matrix. For the critical ground state vec-
tor |0〉 which has a positive total parity, all correlations
are encoded in the Majorana covariance matrix

Ωj,k =
i

2
〈0| [γj , γk] |0〉 , (A7)

which in the infinite system size limit takes the form

Ωj,k =

{
0 k = j
(−1)k−j−1
π(k−j) k 6= j

. (A8)

Fermionic subsystem. We first consider the critical
Ising model from the perspective of fermions, i.e., local-
ity is associated by the anti-commuting variables γi. A
subsystem consisting of two sites (w/δ = 1) separated
by d/w = d/δ sites is then fully characterized by the re-
striction of the covariance matrix introduced in (A8) and
explicitly given by

Ωfer
AB =


− 2
π − 2

(2d/w+3)π
2
π − 2

(2d/w+1)π
2

(2d/w+1)π − 2
π

2
(2d/w+3)π

2
π

 ,

(A9)

from which we find ∆ = 1
2 . The associated fermionic

density operator is then

ρfer
AB ∼


D 1

2π ε 1
2

E
E

1
2π ε 1

2
F

 (A10)

δ δ

d

A B

Jordan-Wigner

A B

Fermions

Spins

FIG. 3. Subsystem setup of our analytical limits for fermions
(top) with an inherent ordering and spins (bottom) without
one. In both systems, we consider the subsystem AB consist-
ing of two single sites A and B separated by d/δ sites.

for ε 1
2

= w/d. If we further restrict to a single site, we
find the following covariance matrix and density opera-
tor:

Ωf
A =

(
− 2
π

2
π

)
with ρf

A =

(
1
2 −

1
π

1
2 + 1

π

)
. (A11)

Spin subsystem. We can perform a similar calculation
in the original Ising spin system whose reduced density
matrices can be constructed from the fermionic covari-
ance matrix [55]. We need not repeat the single interval
case, as entanglement entropies of connected regions are
equivalent under a Jordan-Wigner transformation. How-
ever, we still need the reduced density matrix of a system
of 1 + 1 sites in the large d limit, which we find to be

ρspin
AB ∼


D Cε 1

8

E Cε 1
8

Cε 1
8

E

Cε 1
8

F

 . (A12)

Here, the constant C corresponds to the expectation
value of an operator nonlocal in fermions, and can be
computed from

C = lim
n→∞

(
2

π

)n
n1/4

4
detMn , (A13)

where Mn is defined as the n× n matrix

Mn
j,k =

{
(−1)k−j

2(k−j)+1 j ≤ k
(−1)j−k+1

2(j−k)−1 j > k
. (A14)

Using this construction, one finds [61]

C =
e3ζ′(−1)

223/12
≈ 0.1612506 . (A15)

Mutual information and EoP for fermions. While
we studied MI and EoP for spins in the main text, we



7

are now considering them for two sites separated by d in
in the fermionic picture. In this case, the state ρf

AB is
Gaussian and fully characterized by the covariance ma-
trix Ωf

AB .
For the MI I(A : B), we need to compute the von

Neumann entropy of a single site SA = SB and of both
sites SAB . Such a von Neumann can be computed from
the eigenvalues of the covariance matrix Ω associated to
the respective Gaussian state ρ. As an antisymmetric
matrix, Ωf

AB has pairs of purely imaginary eigenvalues
±iλk, from which one can compute the von Neumann
entropies as S(ρ) = −

∑
±,i

1±λi
2 log 1±λi

2 leading to

SA = −π+2
2π log π+2

2π −
π−2
2π log π−2

2π ≈ 0.474 (A16)

SAB =

n∑
k=1

(
− 1+λk

2 log 1+λk
2 − 1−λk

2 log 1−λk
2

)
, (A17)

where the eigenvalues of Ωf
AB are to leading order

λ1,2 =
1

π

(
2± 3

4ε
2
1
2

)
+O(ε21

2
) . (A18)

We can similarly expand S1+1 ≡ SAB at large d, which
results in the MI

I fer(A : B) = 2SA − SAB ∼
log π+2

π−2

4π ε21
2

+O(ε21
2
) . (A19)

This reproduces the correct continuum power law of
fermionic MI, but yields a coefficient lower than the con-
tinuum value (5) which also matches the large-distance
expansion of earlier results for Dirac fermions [62]

I(A : B) =
c

3
log

(d+ w)2

d (2w + d)
=

1

6
ε21

2
+O(ε21

2
) . (A20)

We can follow a similar strategy to compute the EoP
in the fermionic subsystem of two sites separated by d/δ
sites. We purify ΩAB in the limit d/δ →∞ as

Ω(0) =



−G L
G L

−G L
G L

−L −G
−L G

−L −G
−L G


(A21)

associated to A + B + A′ + B′ with G = 2
π and L =√

1−G2, whose EE SAA′ is zero and we thus have
limd→∞EP = 0, i.e., the EoP vanishes for large d/δ,
as expected.

In order to find the asymptotic behaviour of EP , we
need to study the variation of the eigenvalues λ of ΩAA′

when perturbing Ω according to

Ω ∼ Ω(0) + ε 1
2

Ω(1) + 1
2ε

2
1
2

Ω(2) as ε 1
2
→ 0 . (A22)

The requirement of Ω representing a purification implies
Ω2 = −1, which induces the constraints

Ω(0)Ω(1) + Ω(1)Ω(0) = 0 ,

2(Ω(1))2 + Ω(0)Ω(2) + Ω(2)Ω(0) = 0 .
(A23)

We further require that the restrictions Ω
(1)
AB and Ω

(2)
AB

matches the ones of (A9) expanded in ε 1
2
, i.e.,

Ω
(1)
AB=


− 1
π

− 1
π

1
π

1
π

 , Ω
(2)
AB=


3
π

1
π

− 1
π

− 3
π

 ,

(A24)

The equations (A23) and (A24) can be solved iteratively
up to some free variables. We first solve Ω(1) in terms of
Ω(0) and then Ω(2) in terms of Ω(0) and Ω(1).

In order to find asymptotics of the symplectic eigenval-
ues λi, we can use the fact that Tr(Ω2

AA′) = −2(λ2
1 +λ2

2)
and Tr(Ω4

AA′) = 2λ4
1 + λ4

2 to solve for the asymptotics of
λi to be given by

λ1 = λ2 ∼ 1− α ε21
2

as ε 1
2
→ 0 , (A25)

where α will depend on some of the free parameters con-
tained in Ω(1) and Ω(2). With this trick, one finds

α =
x14a23 − x13x24 + π−2

2
+
G(x14 − x23)π−1

2L

+
(x14 − x23)2 + (x13 + x24)2

4L2
,

(A26)

where the variables xij represent unconstrained entries

in the block Ω
(1)
AB,A′B′ . In order to find the asymptotics

of EoP, we need to minimize α over these parameters to
find the smallest possible EE SAA′ . This minimum can
be computed analytically to be

α =
1

8 + 2π2
≈ 0.03605 . (A27)

Expanding SAA′ ∼
∑
i(log 2− λi

2 ) through λ up to second
order in d gives the asymptotics

EP = ε21
2

(
α log(ε−2

1
2

) + α log 2e
α

)
≈ ε21

2

(
0.036 log(ε−2

1
2

) + 0.18
)
,

(A28)

which agrees with the form (19). Note that the simplicity
of Gaussian states allowed us to even find the analytical
form of the constant offset. The accuracy of this ana-
lytical prediction was tested numerically, for which we
presented the results in figure 2 in the main text.

Numerical approach and asymmetric purifica-
tions. Our numerical methods are based on [29, 57, 63],



8

NA′ +NB′

1 + 1 1 + 2 2 + 1 1 + 3 2 + 2 3 + 1
N
A

+
N
B

1
+

1
d = δ 0.382 0.382 0.382 0.382 0.382 0.382

d = 2δ 0.333 0.333 0.333 0.333 0.333 0.333

d = 3δ 0.306 0.306 0.306 0.306 0.306 0.306

d = 2δ 0.292 0.292 0.292 0.292 0.292 0.292

1
+

2

d = δ

n.a.

0.412 0.438 0.412 0.412 0.440

d = 2δ 0.368 0.412 0.368 0.368 0.415

d = 3δ 0.345 0.394 0.345 0.345 0.398

d = 4δ 0.335 0.385 0.335 0.335 0.389

TABLE I. Numerical evidence for optimality of certain min-
imal purifications. The table shows the values of the opti-
mization for different choices of the system dimensions and of
d. The true EoP values (the minimum optimization values)
are highlighted in yellow, with the darker shade indicating the
lowest-dimensional purification for which the EoP is obtained.

which outline the construction of an efficient algorithm
for local optimization over Gaussian states, based on
a gradient descent approach exploiting the natural Lie
group parametrization of the state manifolds. Our nu-
merical results are obtained using an adaptation of this
algorithm to the non-Gaussian case of interest.

To compute the EoP as given in (4), we minimise the
entanglement entropy S over the manifold M of puri-
fied state density matrices. We first purify our initial
mixed density matrix to a 2N -dimensional pure ρ1 via
the Schmidt decomposition. Here, N =

∑
X NX with

NX denoting the physical degrees of freedom in subsys-
tem X. We parametrize elements ρU ∈ M by trans-
formations U = 1 ⊗ Ũ with Ũ ∈ U(2NA′+NB′ ), so that
ρU = Uρ1U

−1. The tensor product signifies that U only
acts non-trivially on degrees of freedom in A′ and B′. We
then optimize by performing iterative steps along direc-
tions in M which locally minimize SAA′ [29, 57],

Un+1 = UnetKn . (A29)

Here, Kn =
∑
µ Fµ(Un)Ξµ/||F||2 and Fµ : M → R is

the gradient descent vector field

Fµ(U) = − ∂

∂s
S(UesΞµρ1e

−sΞµU−1)|s=0 (A30)

with {Ξµ} as basis of u(2NA′+NB′ ). We choose U0 = 1

and we pick 0 < t < 1 in such a way that the value of
SAA′ decreases with successive steps.

The {Ξµ} span the tangent space at U = 1 and, due to
the left-invariance of the Riemannian metric onM, form
orthonormal bases for the tangent spaces at all other
points in M, too, where Ξµ is identified with the tan-
gent vector to the curve γ(s) = UesΞµ at γ(0) [57]. This
saves us having to re-evaluate the matrix representation
of the metric at each step, as we would have to if we had
chosen a coordinate parametrisation of M. While this

makes our algorithm more efficient than a naive gradient
descent, the numerically accessible range is still highly
limited: since NA′+NB′ ≥ NA+NB , the dimension ofM
is at least dimu(2NA′+NB′ ) = 22NA′+2NB′ − 1 and (A29)
requires exponentiation of at least 2(NA+NB)× 2(NA+NB)

matrices, with a typical step count of several hundred.
This becomes extremely slow on a powerful Desktop com-
puter for NA′+NB′ ≥ 5. For the symmetric purifications
in the main text this corresponds with w > 2 δ, which ex-
plains the regime we were able to explore.

Given this limitation on our numerical capabilities, it is
instructive to ask whether an optimization over minimal
purifications corresponding with NA′ +NB′ = NA +NB
yields the true minimum of EE – not least because for
large systems this becomes the only numerically viable
choice. A natural follow-up question is whether among
the choices of minimal purifications, the intuitive choice
of NA′ = NA and NB′ = NB suffices to reach the true
minimum defined as EoP. More pertinently, we might ask
whether it is even possible to reach the true minimum
with a minimal purification for which NA′ 6= NA and
NB′ 6= NB . In [57], a combination of numerical and ana-
lytical evidence was provided to show that the answer to
this question is in affirmative for Gaussian states. While
limited by the greater numerical challenge in the non-
Gaussian case, we present similar numerical evidence in
Table I to show that the same may be said for our model:
the true minimum can only be reached if NA′ ≥ NA and
NB′ ≥ NB , which indicates that the lowest-dimensional
purification for which the EoP can be obtained is the
minimal purification with NA′ = NA and NB′ = NB .
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Barcza, Christian Schilling, and Örs Legeza, “Fermionic
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