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A new set of analytical formulae for calculating the bootstrap current and the neoclassical conductivity in tokamak
experiments is presented. Previous works comparing the widely used Sauter model with results of recently developed
numerical neoclassical solvers have shown the Sauter model to be inaccurate at higher collisionalities typical of tokamak
edge pedestals and in the presence of impurities. Thus, its applicability, particularly for the analysis of the highly
interesting as well as highly complex plasma edge, is limited. For a revised set of analytical formulae, the procedure
to determine the analytic formulae described by Sauter is repeated with the more accurate and more reliable numerical
code NEO[E. Belli, Plasma Physics and Controlled Fusion 54, 015015 (2012)]. For the determination of the respective
bootstrap current coefficient, the linearity of neoclassical transport is exploited. This new set of analytical formulae
consists of the same analytical structure as the original set of analytical formulae published in Sauter[O. Sauter, Physics
of Plasma 6, 2834 (1999); O. Sauter, Physics of Plasma 9, 5140 (2002)] and also continues to use only three neoclassical
key parameters: the fraction of trapped particles ftrap, the collisionality ν∗σ and the effective charge number Zeff.

I. INTRODUCTION

The bootstrap current, a neoclassical effect, is expected
to play a crucial role in future fusion power plants[1,2].
This parallel electric current, generated by the plasma itself
in the presence of radial pressure gradients, can provide a
significant current contribution in advanced or steady-state
scenarios[3]. Numerical codes for computing neoclassical
transport by solving the drift-kinetic Fokker-Planck equation
have been developed starting from the late 80s. However,
in the framework of integrated modelling, even recently de-
veloped numerical neoclassical transport codes are not very
practical, as they can still require a large amount of com-
puting power and computing time. For fast applications on
large numbers of cases, it is more convenient to adopt analyt-
ical models, which use a few suitable key parameters in order
to compute accurately and realiably the most important neo-
classical transport contributions. The Sauter model[4,5] is a
widely used set of analytic formulae for the computation of
the bootstrap current and the neoclassical conductivity. These
analytical formulae were obtained by best fitting the results of
the codes CQL3D[6,7] and CQLP[8] for arbitrary collision-
ality and magnetic equilibria. For its application, the Sauter
model needs three neoclassical key input parameters, the frac-
tion of trapped particles ftrap[9], the collisionality ν∗σ [10] and
the effective charge number Zeff[10]. More recently, addi-
tional analytical models have been developed based on the
Sauter model[11,12]. These more recent models introduce
further fit parameters of additional physical effects in order
to improve the accuracy of the original Sauter model.
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The discrepancy between accurate Fokker-Planck neoclassi-
cal numerical results and the analytical Sauter model, for
higher collisionality, and particularly in the pedestal, was first
identified simultaneously in Koh[11] and in Landreman[13]
and later in Belli[14]. In particular, Refs.[11,13] show a nearly
identical result for a DIII-D like pedestal case, demonstrat-
ing that the Sauter model overestimates the bootstrap cur-
rent in the edge pedestal region. In Belli[14], the limitations
of two analytical models, the Sauter model and the KCK12
model[11], a recently developed set of analytical formulae
based on the Sauter model, are compared with the recently
developed numerical code NEO[15,16,17]. This study shows
that for a 2-species plasma at low collisionality the Sauter
model is still very accurate, but, consistently with previous
works[11,13], this study also confirms that at high collision-
ality the bootstrap current is significantly overestimated. This
limits the applicability of the Sauter model at the plasma edge
in particular. Additionally, the multi-species description of
the Sauter model for three or more species is found to be
quite incorrect. These realizations motivate a revision of the
Sauter model by adopting the same fitting procedure, which
was originally used, but considering the numerical results of
the more recent NEO code as reference. For this reason, the
resulting revised formulae proposed here are still based on
the general orderings of conventional neoclassical transport
theory[10]. It is known that for the ions these orderings are
not always satisfied in the tokamak edge pedestal region and
further corrections may be required, which are not considered
here[11,12,13,14].
In Section II the drift-kinetic solver NEO and its numerical
approach are briefly discussed. In the subsequent section III,
the exploited approach is discussed to determine the bootstrap
current coefficient from the NEO results. The profiles from
NEO and the ones of the analytical models are presented and
compared. Finally, the newly obtained analytic formulae of
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the bootstrap current and neoclassical conductivity are pre-
sented. In Section IV the original Sauter model and the re-
vised model are applied to a typical plasma discharge of AS-
DEX Upgrade in order to compare the predictions with NEO.
Section V contains the summary and an outlook.

II. THE NEOCLASSICAL SOLVER NEO

A. The NEO numerical approach

The code NEO is a multi-species drift-kinetic solver, which
solves the first-order drift-kinetic-Poisson equations. NEO
solves the full-linearized Fokker-Planck collision operator
without any approximations beyond the drift-ordering param-
eter (ρ∗ = ρi/a� 1), where ρi = (miv⊥,i)/(qiB) is the Lar-
mor radius[18] and a the plasma minor radius. NEO com-
putes collision dynamics, where complete cross-species colli-
sional coupling for arbitrary mass ratio and arbitrary number
of species are considered. Additionally, general flux-surface
shape, including up-down asymmetry, is handled. A special
feature is the possibility to retain the full sonic rotation and
centrifugal terms. These effects are not considered in this par-
ticular analysis.
For solving the drift-kinetic-Poisson equations, the code NEO
uses a novel numerical algorithm, which consists of a mix-
ture of spectral methods and finite-difference schemes. The
distribution function of first-order is expanded using a Leg-
endre polynomial basis in the cosine of the pitch angle ξ =
v‖/v and a generalized Laguerre polynomial with basis x.
x=v/(

√
2vTh,σ ) is the relative kinetic energy and introduced

as a parameter in the NEO routine. Therefore, according to
Ref.[17], the distribution function is described as:

f1,σ = f0,σ

Nξ

∑
l=0

Nx

∑
m=0

f̂ lm
1,σ Pl(ξ )L

k(l)+1/2
m (x2

σ )x
k(l)
σ , (1)

where a suitable choice for k(l) must be made and Nξ and Nx
denote the number of polynomials for the respective expan-
sion basis in ξ and xσ . σ denotes the considered ion species.
A detailed description of the choice of k(l) and the approach
is given in Ref.[17]. This approach allows one to reduce
the problem solving the Fokker-Planck equation to a NxN
matrix equation, where N is defined as N=NspeciesNθ Nξ Nx.
Nspecies denotes the number of involved species, Nθ the num-
ber of gridpoints in the θ -grid range, Nξ the number of ξ -
polynomials in the computational domain and Nx the number
of energy-polynomials in the computational domain. As one
can see the size of the solving matrix depends strongly on the
parameters of Nξ and Nx. Because of this connection, the
dependence of the bootstrap current on the choice of the pa-
rameters Nξ and Nx is considered in the next subsection in
detail.
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FIG. 1. Dependence of the normalized bootstrap current (a,left)
and corresponding relative percentage deviation (a,right) as a func-
tion of the number of Laguerre polynomials Nx in the NEO veloc-
ity space discretization for different values of normalized collision-
ality νi,norm=νi · a/vth,i as reported in the legend, and computed at
ε1/2 = 0.3891. The relative deviation in % is computed with respect
to the result obtained with the largest value of Nx. Profiles of the
normalised bootstrap current (b) calculated with NEO for different
values of Nξ compared with the results of NCLASS[19] (orange line
with circled markers) and the Sauter model (blue line with circled
markers) are plotted against ε1/4. It is mentioned that the change
of Nξ and Nx does not effect the results of NCLASS and the Sauter
model. The convergence behaviour of the code NEO (c) for various
values of Nξ is presented. The physical input parameters are taken
from Fig. 1 (b) at ε1/4 ≈ 0.2. The red line denotes the bootstrap cur-
rent for different values of Nξ , the blue one denotes the difference of
the bootstrap current density of two neighboring values of Nξ .
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B. Impact of the numerical resolution in NEO on the
computation of the bootstrap current

NEO input files are prepared for 2-species calculations.
Circular Miller geometry and constant logarithmic gradients
are considered in input. The parameters Nξ and Nx are varied
over a large range, starting from the respective default values
(17 and 6) to much larger values, respectively. The results
of these calculations are plotted in Fig. 1. In Fig. 1 (a), the
normalised bootstrap current calculated with NEO at ε1/2 =
0.3891, fixed value of Nξ = 29 and for different values of the
normalised ion-ion collision frequency νi,norm=νi · a/vTh,i is
plotted. The right plot in Fig. 1 (a) shows the percentage rel-
ative deviation of the bootstrap current for different values of
Nx from the bootstrap current obtained with the highest value
of Nx. These plots show that, at least for the range of param-
eters that have been considered in this study, the convergence
in number of generalized Laguerre polynomials is already
reached at relatively small values. To obtain convergence in
the low collisionality limit, which is the most demanding in
terms of resolution to reach converged, well resolved results,
only values ≈ 10 are required for Nx. The choice of Nx neg-
ligibly affects the results of NEO for the computation of the
bootstrap current. In all of the calculations, the value Nx = 10
has been used. In Fig. 1 (b), the ion-ion collision frequency
is kept constant at a very low value, consistent with the ba-
nana collisional regime. Consequently, the collisionality ν∗σ
varies now only with ε (according to Eqs. (18b) and (18c) in
Ref.[4]), ε = r/R0 denotes the inverse aspect ratio. According
to this plot, it is easy to see that the choice of Nξ is essential
for a correct calculation of the bootstrap current with NEO. By
taking the default value of Nξ the NEO results (green line with
circled markers) strongly underestimate the respective results
of NCLASS and the Sauter model. With strongly increased
values of Nξ the NEO results converge into the range of the re-
sults of NCLASS and the Sauter model. We have verified that
this requirement in very high resolution in Nξ is particularly
strong at low collisionality, whereas it becomes less stringent
with increasing collisionality. This is why here we focus on
the low collisionality limit, which is the most demanding.
This problem can be related to the Legendre polynomial ex-
pansion in ξ . The required number of ξ -polynomials in-
creases with decreasing ε and prevents the numerically recov-
ery of the analytic results in the low collisionality regime with
NEO. The particle distributions become discontinous at the
trapped-passing boundary in the collisionless limit, while in
the high collisional limit, this discontinuity is normally com-
pensated and smoothed through collisions. In the collision-
less limit there is no collision mechanism assuring the conti-
nuity of the distribution function between the trapped-passing
boundary in velocity space. This means in the collisionless
limit more Legendre polynomials are required to resolve the
near-discontinuity. It is now important to examine which con-
vergence value should be chosen for Nξ in order to create reli-
able bootstrap current results. Fig. 1 (c) presents this analysis.
The physical input parameters are taken at position ε1/4 ≈ 0.2
from Fig. 1 (b). The red line denotes the bootstrap current for
different values of Nξ , the blue one denotes the difference of

0.0 0.2 0.4 0.6 0.8 1.0
ftrap

0.0

0.2

0.4

0.6

0.8

1.0

a)

Profile of 31, Zeff=1.0

NEO
Sauter
New model

0.0 0.2 0.4 0.6 0.8 1.0
ftrap

0.25

0.20

0.15

0.10

0.05

0.00

b)

Profile of 32, Zeff=1.0
NEO
Sauter
New model

0.0 0.2 0.4 0.6 0.8 1.0
ftrap

1.2

1.0

0.8

0.6

0.4

0.2

0.0

c)

Profile of , Zeff=1.0

NEO
Sauter
New model

FIG. 2. Profiles of L 31 (a), L 32 (b) and α (c) in comparison with
NEO (solid blue line with circled markers), the original Sauter model
(solid orange line with squared markers) and the newly fitted model
(solid green line with diamond markers) in the deep banana regime
against ftrap for constant ν∗σ (ν∗e ≈ 4· 10−5 and ν∗i ≈ 10−5),Zeff = 1.0
and Nξ = 69. It is noted that the grey highlighted areas represents the
regions, where the analytic expressions exhibit structural disagree-
ments from the NEO results, which cannot be overcome or avoided.
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the bootstrap current of two neighboring values of Nξ . Ac-
cording to the relation jBS(N+1

ξ
−Nξ )/ jBS(Nξ ), a required

difference of ≈ 1% between two values of Nξ is achieved
around 75. For the large number of calculations performed
in this work, the value Nx ≈ 70 has been used for 2-species
calculations. For 3-species calculations, the value Nx ≈ 40
has been used.

III. THE IMPROVEMENT OF THE ANALYTIC
FORMULAE

A. Determination of the bootstrap current coefficients from
the NEO outputs

The linearity of neoclassical transport theory is exploited
to derive the individual transport coefficients from the results
of the code NEO by cleverly selecting the input parameters.
For this purpose, Eq. (5) from Ref.[4] is expanded to show
the individual gradients with their associated bootstrap current
coefficients. Eq. (2) presents several general expression of the
bootstrap current and the neoclassical conductivity:

〈 j‖B〉= σneo〈E‖B〉− I(ψ)

(
pL 31

∂ lnn
∂ψ

+ pe

(
L 31 +L 32

)
∂ lnT e

∂ψ
+ pi

(
L 31 +L 34α

)
∂ lnT i

∂ψ

)
,

(2)

where the left side of Eq. (2) denotes the flux surface averaged
parallel electric current density, the first term on the right side
denotes the neoclassical conductivity multiplied by the flux
surface averaged inductive parallel electric field. The follow-
ing terms denote the bootstrap current driven by the contribu-
tions of the pressure gradient of the involved species. In this
presented approach the occurring density gradients of ions and
electrons are set equal. From Eq. (2) one can now derive the
profiles of the respective bootstrap current coefficients by se-
lecting the related gradients as follows:

〈 j‖B〉=−I(ψ)pL 31
∂ lnn
∂ψ

−→ L 31 =
−〈 j‖B〉

I(ψ)p ∂ lnn
∂ψ

, (3)

〈 j‖B〉=−I(ψ)pe

(
L 31 +L 32

)
∂ lnT e

∂ψ

−→ L 32 =
−〈 j‖B〉

I(ψ)pe
∂ lnT e

∂ψ

−L 31,
(4)

〈 j‖B〉=−I(ψ)pi

(
L 31 +L 34α

)
∂ lnT i

∂ψ

−→ α =
−〈 j‖B〉

L 31I(ψ)pi
∂ lnT i

∂ψ

−1,
(5)

where the respective equations are already converted directly
to the related bootstrap current coefficients. In case of the
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FIG. 3. Profiles of L 31 (a), L 32 (b) and α (c) in comparison
with NEO (solid blue line with circled markers), the original Sauter
model (solid orange line with squared markers) and the newly fitted
model (solid green line with diamond markers) in the deep banana
regime against ftrap for constant ν∗σ (ν∗e ≈ 8·10−5 and ν∗i ≈ 4·10−5),
Zeff = 1.8 and Nξ = 39. It is noted that the grey highlighted areas rep-
resents the regions, where the analytic expressions exhibit structural
disagreements from the NEO results, which cannot be overcome or
avoided.
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Eqs. (4) and (5) the expression of L31 must be substracted.
The new model has, in general, the same physics basis as the
original Sauter model. However, the code CQLP, which was
applied to compute the points used to fit the Sauter model over
the full range in collisionality, encountered limitations from
both the numerical and the resolution standpoints (with the
computational capabilities available more than 20 years ago)
in the high collisionality limit. As a consequence the boot-
strap current coefficients of the original Sauter model have,
in general, clear tendency to be larger in the high collision-
ality range than those obtained with more recent and reliable
solvers.
An additional, and separate, consideration has to be made
for the ion flow coefficient α . As presented in Ref.[4,5], it
was only possible to obtain numerical results for this coeffi-
cient up to an intermediate collisionality regime, but not in
the highly collisional regime. The high collisionality analyti-
cal limit which was used for the Sauter model to obviate the
limitations of the code is obtained by considering only ion-
ion collisions. As demonstrated in Refs.[17], the inclusion of
ion-electron collisions changes affects this high collisionality
limit. Therefore the new model also takes into account the
impact of ion-electron collisions with respect to the previous
Sauter model.
NEO computes for every involved ion species σ its respec-
tive flow coefficient. This additional information has to be
taken into account into the definition of α , since in the origi-
nal model, only the main ion contribution is considered.
In this new model, we have adopted the simplification of re-
placing L34 with L31 for all collisionalities. We have deter-
mined α in order to correctly reproduce the NEO results for
the product L34α , which is the actual factor in front of the ion
temperature gradient in the expression of the bootstrap cur-
rent. Thereby, the coefficient α can be correctly interpreted as
providing the customary ion flow only coefficient at low col-
lisionality and low charge number. The new formula of α is
obtained in such a way that its product with the new formula
for L31 matches the NEO results of L34α . This approach
can be used, since the bootstrap current coefficients L34 and
L31 are almost identical. Eq. (10) from Ref.[4], which de-
fines the integral of L34, only differs by an additional factor
of B2/〈B2〉 from Eq. (8) in Ref.[4], which defines the inte-
gral of L31. At log10(ν

∗
e ) ≈ 0 the bootstrap current coeffi-

cients deviate by ≈ 6% at the most (according to the relation
L34,Sauter/L31,Sauter− 1). Furthermore, this approach allows
one to reduce the number of required analytic formulae.
To determine the neoclassical conductivity σneo the normal-
ized parallel inductive electric field 〈E‖B〉 is set to 1 and the
remaining gradients to 0, simplifiying Eq. (2) to the following
relation:

σneo = 〈 j‖B〉. (6)

With this approach, the sought σneo can be treated similarly to
the jBS-results.
However, this approach has a small disadvantage: L32 can
only be broken down and fitted as the sum of the individ-
ual contributions F32,ei and F32,ee (according to Eq. (15a) in
Ref.[4]), and not the individual contributions F32,ei and F32,ee,
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FIG. 4. Profiles of L 31 (a), L 32 (b) and α (c) in comparison with
NEO (blue line), the original Sauter model (orange line) and the
newly fitted model (green line) against ν∗e for suitably chosen values
of ftrap, for Zeff = 1.0 and Nξ = 69. An individual line and marker
style is used for the each value of ftrap.
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as realized in the original work. With these derived Eqs. (3-
6), the profiles of the respective bootstrap current coefficients
can now be determined from suitably prepared NEO results
and exploited as the numerical basis to improve the original
analytic formulae.

B. Determination of the bootstrap current coefficients in
the banana regime

In this subsection the determination of the bootstrap current
coefficients in the banana regime is discussed. In the next sub-
section the determination of the bootstrap current coefficients
for arbitrary collisionality is discussed. In the last subsection
the newly obtained analytic formulae are presented.
To determine the respective bootstrap current coefficients
the procedure of Ref.[4] is repeated. Firstly, the ana-
lytic expression of the bootstrap current coefficients are
fitted in the deep banana regime. In this limit the
expressions of the ’effective’ trapped particles equations
(Eqs. (13b), (14b), (15d), (15e), (16b) and (17b) in Ref.[4])
reduce to the unperturbed (collisionless) expression of f trap.
The analytic expression of bootstrap current coefficients
(Eqs. (13a), (14a), (15b), (15c) and (17a) in Ref.[4]) can be fit-
ted to the respectively prepared NEO profiles. An acceptable
agreement of the respective bootstrap coefficient is achieved,
when the new analytic formula matches the numerical results
for each coefficient within an error range of ±5%. This mod-
ification is obtained in the important ranges of the numerical
results and where the analytical structures allow the required
agreement. The Zeff-independent prefactors of the polynomial
terms are adjusted in the deep banana regime. An agreement
is achieved by modifying the numerical values in the related
numerators and denominators. The modified coefficients still
fulfill the same analytical limits as the original formulae at
f trap = 0 and f trap = 1. Subsequently, the numerical values
related to the Zeff in the denominators and numerators are
modified for a selection of Zeff = [1.0,1.4,1.8,2.5,3.5]. In
some cases, the analytical terms containing the parameter Zeff
have been modified. Since the analytic expression of Eq. (17a)
from Ref.[4] does not include the effects of multi-species, the
analytic epxression of α0 is modified by introducing the key
input parameter Zeff into the original analytic expressions.
To fit the analytic formulae, NEO input files are computed
with varying ftrap, with constant ν∗σ � 0.01 and circular
shaped plasma realised with a Miller-type equilibrium for the
selection of Zeff. To calculate cases with Zeff > 1.0, a sec-
ond ion species is implemented. In the presented cases carbon
is used as impurity. The inclusion of carbon represents the
impact of a low Z impurity, like typically B, C or N in the ex-
periments. The impact of different mixes of light impurities
is just captured by the dependence on Zeff and main ion, ne-
glecting the slightly different collisionalities of each light im-
purity. In this way, the input and the output of the new model
are the same as in the original Sauter model. In contrast, con-
tributions from high-Z impurities have not been specifically
calculated in this work, as these are usually present in trace
concentrations only in the experiments, with small to negli-
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FIG. 5. Profiles of L 31(a), L 32(b) and α(c) in comparison with
NEO (blue line), the original Sauter model (orange line) and the
newly fitted model (green line) against ν∗e for suitably chosen values
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gible impact on the value of Zeff. In the analytical model,
impurities are treated like ions. Therefore, the individual ion
contributions (for density, temperature, pressure, gradients in
density and temperature) in the respective equations must be
replaced by a sum ∑ions, impurities of the involved ion species:

pe + pi −→ pe + ∑
ions,

impurities

pσ , (7)

(
L 31 +L 34α

)
pi

∂ lnT i

∂ψ
−→
(

L 31 +L 34α

)(
∑
ions

pσ

)
∂ lnT i

∂ψ
.

(8)

Only the cases Zeff = 1.0 and Zeff = 1.8 are presented. In addi-
tion, only the analytic formulae of L31, L32 and α are shown.
In Fig. 2, the profiles of the numerical solver NEO (solid blue
line with squared markers), the original Sauter model (solid
orange line with circled markers) and the new model (solid
green line with diamond markers) are arranged for compar-
ing these bootstrap coefficients in the deep banana regime for
Zeff = 1.0. This colour code is kept for now on. The newly ob-
tained analytic formulae are well aligned to the NEO profiles
in the relevant range in ftrap.
It is noted that the grey highlighted areas represents the re-
gions, where the analytic expressions exhibit structural dis-
agreements from the NEO results, which cannot be overcome
or avoided. Thereby, the new formulae cannot follow the nu-
merical values over the full range, since in our approach the
new formulae must still follow the analytical limits of the orig-
inal model. Therefore, close to the boundaries of the value
range in ftrap the new model matches the old analytical pro-
files better than those from NEO. The first grey area con-
tains the values of ftrap / 0.15. This value of ftrap denotes
an r/a ≈ 0.035, which is very close to the magnetic axis. The
second gray area covers the values for ftrap ' 0.85. Exploiting
the large aspect ratio limit, one can use a simple expression
to determine the maximum ftrap in conventional tokamaks:
ftrap,max ≈ 0.75[20]. Within these two limits the important
regions of conventional tokamaks are covered. Both limit are
not fixed, but only a rough definition to be able to divide the
regions. These mentioned disagreements usually do not affect
the final results, since neither the core (located at low values
of ftrap) nor the plasma edge (located at high values of ftrap)
are located in the deep banana regime. Fig. 3 shows the final
analytic formulae for Zeff = 1.8. The newly obtained analytic
formulae are also well aligned to the NEO profiles in the rel-
evant range in ftrap. From Fig. 3 (c), it can be seen that the
usage of the parameter Zeff is a useful parameter to consider
multi-species effects in the ion flow coefficient α .

C. Determination of the bootstrap current coefficients for
arbitrary ν∗σ

With the newly obtained analytic formulae for the deep
banana regime the ’effective’ trapped particles equations
(Eqs. (13b), (14b), (15d), (15e), (16b) and (17b) from Ref.[4])

for arbitrary collisionality can now be fitted. The ’effective’
fraction of trapped particles are fitted over a large range in
collisionality ν∗σ and selected values of f trap. The agreements
between the analytic formulae and the numerical results for
Zeff = 1.0 are obtained by modifying the numerical values of
the related key parameters ftrap and ν∗e . The analytical terms
containing the key parameters ftrap and ν∗e considered in the
original ’effective’ trapped particles equations are modified,
if necessary. If needed, additional analytical terms containing
these two key parameters are introduced in the formulae. Af-
terwards, the ’effective’ fraction of trapped particles are fitted
for the selection of Zeff. In some cases, the analytical terms
containing the key parameter Zeff have been modified.
To fit the analytic formulae, NEO input files are computed
with varying ν∗σ , with a set of values of ftrap = [0.24, 0.45,
0.63] and circular shaped plasma realised with a Miller-type
equilibrium for the selection of Zeff. The other required pa-

1.0 1.5 2.0 2.5 3.0 3.5
Zeff

0.2

0.3

0.4

0.5

0.6

0.7

NEO, ftrap=0.24
Sauter
New model

NEO, ftrap=0.45
Sauter
New model

NEO, ftrap=0.63
Sauter
New model

FIG. 6. Profiles of L 31 in comparison with NEO (solid blue line with
circled markers), the original Sauter model (solid orange line with
squared markers) and the newly fitted model (solid green line with
diamond markers) against Zeff for suitably chosen values of ftrap.
The chosen value of ν∗e is located in the banana regime.

rameters are identical to those from the preparations of the
previous subchapter. Only the cases Zeff = 1.0 and Zeff = 1.8
are presented. In addition, only the newly obtained analytic
formulae of L31, L32 and α are presented as previously. In
Fig. 4, the profiles of the numerical solver NEO, the original
Sauter model and the new model are presented for compar-
ing these discussed bootstrap current coefficients for arbitrary
ν∗σ and for Zeff = 1.0. Fig. 5 shows the respective profiles for
Zeff = 1.8. The used colour code is the same as for the pre-
vious figures. For different values of ftrap different line styles
and markers are used: for ftrap = 0.24 a solid line with circled
markers is used, for ftrap = 0.45 a dashed line with squared
markers is used and for ftrap = 0.63 a dash-dotted line with di-
amond markers is used. The newly obtained analytic formulae
are well aligned to the NEO profiles over the total range in ν∗σ .
In case of the ion flow coefficient α a new limit has been intro-
duced. The original limit, which approaches 2.1, is obtained
for a reduced collision operator, which neglects ion-electron
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coupling. The consequences of including ion-electron cou-
pling on the overall behaviour of α has already been discussed
and explained in detail in Ref.[14]. The result from Fig. 8 (top
left) of Ref.[14] is used as the new limit value, which reaches
the value -0.5. Numerical results at very high collisionality,
which were inconsistent with this limit and affected from an
inadequate resolution, have been neglected in obtaining the fi-
nal formulae. Figs. 4 a) and 5 a) easily visualize the reason
for the structural overestimation of the bootstrap current by
the analytical Sauter model at high collisionality. The inaccu-
racy in the original numerical profiles can be attributed to the
difficulty of reliably running the code CQLP at high collision-
ality.
The behaviour of the bootstrap current coefficient L31 in the
low collisionality limit for a selection of Zeff is briefly dis-
cussed. The related plot for chosen values of ftrap and a cho-
sen value of ν∗e in the banana limit against Zeff can be seen in
Fig. 6. The same color code as in the previous plots is used.
One can see that in the region of low values of Zeff the revised
bootstrap current transport coefficient L31 is well aligned to
the numerically determined results. With increasing Zeff, the
agreement between the revised bootstrap current transport co-
efficient L31 and numerically determined one decreases. The
revised coefficient tends more and more to the profiles of the
original formula of L31. This problem can be led back to the
analytical expression of L31 (Eq. (10)). The Zeff-dependence
of the analytic expression of bootstrap current coefficient L31
is located in the denominator, in the limit Zeff−→∞ one obtains
the subsequent expression:

lim
Zeff→∞

L 31 −→ X31(= f trap), (9)

The increasing Zeff reduces the analytic formula of the boot-
strap current coefficient L 31 to a remaining Zeff-indepedent

linear contribution, which yields in the limit of low collision-
ality just f trap. Note that this is because it recovers the Lorentz
model (Eq. (15c) of Ref[21,22]. Consequently, these struc-
tural disagreements cannot be overcome or avoided. A similar
behaviour would be seen for Eq. (17), since the formula has a
similar analytic dependence on Zeff as L 31.
It should be noted that for a precise calculation of the boot-
strap current exact analytic formulae are required, even in the
high collisionality range (ν∗e > 5), since the highly interesting
plasma edge is an area of high collisionality. The aligned con-
tributions of the most important bootstrap current coefficient
L31 are very small in this high collisionality range. But due
to steep density and temperature gradients (d lnnσ/dψ and
dlnTσ/dψ > 10) occuring at the plasma edge, significant and
non-negligible current contributions can still be generated.

D. Newly obtained analytic formulae of the bootstrap
current coefficients

The following formulae are the results of the modifications
of the analytical Sauter formulae used so far. It should be
noted that the definitions of the key parameters fraction of
trapped particles ftrap, the collisionality ν∗σ and the effective
charge number Zeff (Eqs. (12), (18a)-(18e) in Ref.[4]) must be
used in order to calculate correctly and accurately the boot-
strap current density with this set of analytical formulae. The
analytical fits to the results of the numerical solver NEO, valid
for arbitrary ftrap, ν∗σ , and Zeff are given as follows:

L31(X31 = f eff
t,31) =

(
1+

0.15
Z1.2

eff −0.71

)
X31−

0.22
Z1.2

eff −0.71
X31

2 +
0.01

Z1.2
eff −0.71

X31
3 +

0.06
Z1.2

eff −0.71
X31

4 (10)

f eff
t,31 =

ftrap

1+
0.67(1−0.7 ftrap)

√
ν∗e

0.56+0.44Zeff
+

(0.52+0.086
√

ν∗e )(1+0.87 ftrap)ν∗e
1+1.13(Zeff−1)0.5

(11)

L32 = F32,ei +F32,ee (12)

F32,ee(X32,e = f eff
t,32,ee) =

0.1+0.6Zeff

Zeff(0.77+0.63(1+(Zeff−1)1.1))
(X32,e−X32,e

4)+

0.7
1+0.2Zeff

(X32,e
2−X32,e

4−1.2(X32,e
3−X32,e

4))+
1.3

1+0.5Zeff
X32,e

4 (13)

f eff
t,32,ee =

ftrap

1+
0.23(1−0.96 ftrap)

√
ν∗e

Zeff
0.5 +

0.13(1−0.38 ftrap)ν∗e
Zeff

2

(√
1+2(Zeff−1)0.5 + ftrap

2
√

(0.075+0.25(Zeff−1)2)ν∗e

) (14)

F32,ei(X32,ei = f eff
t,32,ei) =−

0.4+1.93Zeff

Zeff(0.8+0.6Zeff)
(X32,ei−X32,ei

4)+

5.5
1.5+2Zeff

(X32,ei
2−X32,ei

4−0.8(X32,ei
3−X32,ei

4))− 1.3
1+0.5Zeff

X32,ei
4 (15)
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f eff
t,32,ei =

ftrap

1+
0.87(1+0.39 ftrap)

√
ν∗e

1+2.95(Zeff−1)2 +1.53(1−0.37 ftrap)ν∗e (2+0.375(Zeff−1))
(16)

σneo

σSpitzer
(X33 = f eff

t,33) = 1−
(

1+
0.21
Zeff

)
X33 +

0.54
Zeff

X33
2− 0.33

Zeff
X33

3 (17)

f eff
t,33 =

ftrap

1+0.25(1−0.7 ftrap)
√

ν∗e (1+0.45(Zeff−1)0.5)+
0.61(1−0.41 ftrap)ν∗e

Zeff
0.5

(18)

L34 = L31 (19)

α0 =−
0.62+0.055(Zeff−1)
0.53+0.17(Zeff−1)

1− ftrap

1− (0.31−0.065(Zeff−1)) ftrap−0.25 ftrap
2 (20)

α =
(α0 +0.7Zeff ftrap

0.5√
ν∗i

1+0.18
√

ν∗i
−0.002ν

∗2
i ftrap

6
) 1

1+0.004ν∗2i ftrap
6 (21)

IV. APPLICATION OF THE MODELS TO A TYPICAL
ASDEX UPGRADE DISCHARGE

In order to present the improvements of the revised model
a typical discharge of ASDEX Upgrade is considered. AS-
DEX Upgrade discharge #33173 has been presented in a pre-
vious paper[23] to analyze the crucial role of the pedestal
pressure on the plasma edge stability in ASDEX Upgrade.
It is an H-mode plasma with IP = 1 MA, Btor = |2.5| T and
PHeat = 12 MW. In addition, rates of the gas puff are var-
ied. Fig. 2 in Ref.[23] summarizes the time traces of the
most important parameters. A time point at 4.75s is cho-
sen, where a medium gas fuelling rate is applied. Fig. 7 (a)
presents profiles of the numerical solver NEO, the original
Sauter model and the revised model. Since the deviations,
particularly for ρpol < 0.95, are very small, a second plot
(Fig. 7 (b)), where the relation (jBS,model/jBS,NEO− 1) is ex-
ploited, is used in order to visualize the respective differences
of the original Sauter model and the revised model from the
NEO results. The Fig. 7 (c) presents the profiles of ν∗e , ν∗i ,
−Eradial/(vth,i ·Bpol), R/Lne , R/LTi , ρθ ,i/Lne and ρθ ,i/LTi for
the ASDEX Upgrade discharge to gauge the potential signif-
icance of non-local effects at the plasma edge. Here ρθ ,i is
the poloidal Larmor radius, 1/LTi= - dln(Ti)/dr and 1/Lne=
- dln(ne)/dr. The code NEO is a local code and its solution
for the ion distribution might be not valid at the plasma edge,
since the perturbative formalism with the ordering parameter
ρ∗i could break down in this region[17]. As seen in Fig. 8 (Top
profile) the current contribution connected with the ion distri-
bution function delivers the smallest contribution to the total
current. But any corrections of the ion distribution through
the consideration of non-local effects might affect the total
results. Nevertheless, one can see that for ρpol < 0.95 the re-

vised model has a reliable agreement with the results of NEO
and the original Sauter model. The disagreement is � 5%.
For ρpol > 0.95, one sees a significant agreement of the re-
vised model with the NEO results. Except for the last value
(≈ 0.995 and 30% disagreement) all remaining points agree
within an error range of 10% from the NEO results, whereas
the original Sauter model disagrees up to 100% from the nu-
merical results. Two possible arrangements of the current
contributions are used to visualize the improvements of the
newly fitted model. The Fig. 8 (top) presents the bootstrap
current contributions associated to the bootstrap current coef-
ficients L31,L32,L34α (see Eq. (2)). The current contribu-
tions are calculated with the code NEO (dotted line), the orig-
inal Sauter model (dashed line) and the revised model (solid
line). The blue line denotes the bootstrap current contribu-
tion of the bootstrap current coefficient L31, the orange line
the one of the coefficient L32 and the green line the one of
the coefficient L34α . For the current contribution connected
with the coefficient L31, one can see a strongly lowered cur-
rent density calculated with the revised model for ρpol > 0.9.
The current contribution connected with the coefficient L32
calculated with both models matches each other almost per-
fectly. A slight difference between these two profiles can only
be observed around ρpol ≈ 0.97. Interesting changes can be
seen in the current density profiles of the coefficient L34α ,
where unexptected large disagreements between the analyti-
cal models can be observed for ρpol > 0.9, which can be led
back to the consideration of impurities in the revised formula
of α . In Fig. 8 (bottom), the respective current contributions
of the bootstrap current are arranged with the respect to the
driving gradients. The blue line denotes the contribution asso-
ciated with the electron density gradient, the orange one with
the ion density gradient, the green one with the electron tem-
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FIG. 7. Plot a): Profile of ASDEX Upgrade discharge #33173 at
time = 4.75s comparing NEO (solid blue line with circled markers),
the original Sauter model (solid orange line with squared markers)
and the newly fitted model (solid green line with diamond markers)
against 0.75 < ρpol < 1.00. Plot b): Profile of the same discharge
comparing the differences of the original Sauter model (solid orange
line with squared markers) and the newly fitted model (solid green
line with diamond markers) from the NEO results against 0.75 <
ρpol < 1.00. Plot c): Profiles of ν∗e , ν∗i , −Eradial/(vth,i ·Bpol), R/Lne ,
R/LTi , ρθ ,i/Lne and ρθ ,i/LTi for the ASDEX Upgrade discharge to
gauge the potential significance of non-local effects at the plasma
edge.
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FIG. 8. The presented profiles illustrate the improvements of the
newly fitted model (solid line) compared to the results of the code
NEO (dotted line) and the original Sauter model (dashed line) for
two possible arrangements of the current contributions of ASDEX
Upgrade discharge #33173 at time = 4.75s. Top: Profile of the boot-
strap current contributions associated to the respective bootstrap cur-
rent coefficients L31,L32,L34α (see Eq. (2)). Bottom: Profile of
the bootstrap current contributions associated to the respective gra-
dients. The contributions labelled as ’ion’ summarize the contribu-
tions of the main ion species and of additionally considered impurity
species.

perature gradient and the red one with the ion temperature
gradient. One can see an unexpected and significant increase
in the current contribution generated by the ion temperature
gradient. It must be mentioned, that the significance of this
term might make non-local effects important[13], which can-
not be considered in this study. The three remaining profiles
show slightly lowered maximum peaks in the respective pro-
file around ρpol ≈ 0.97. These promising improvements could
lead to interesting consequences on the stability analysis of
plasmas in ASDEX Upgrade.
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V. SUMMARY AND OUTLOOK

A revised model for calculating the bootstrap current and
the neoclassical conductivity has been derived and presented
following the analogous methodology (exploiting the same
analytical structure and key parameters ( ftrap, ν∗σ , Zeff)) of
Ref.[4], but applied to the numerical results of NEO. Start-
ing from Eq. (2), the respective bootstrap current coefficients
(Eqs. (3-5)) have been determined from prepared NEO results
and used to fit the analytic formulae within an error range of
±5%. The procedure to determine the bootstrap current co-
efficients in Ref.[4] is repeated with the more accurate and
reliable numerical code NEO in order to determine suitable
analytical formulae (Eqs. (13-17)) of Ref.[4], which do not
suffer on the structural disagreements discussed in Ref.[14].
For the presented results, the definitions of the mentioned key
parameters ftrap, νσ and Zeff, as given in Ref.[4], are used.
Additionally, exploiting the linearity of neoclassical transport
theory is a suitable approach to determine the neoclassical
transport coefficients from prepared numerical results. No fur-
ther fit parameters, without or even with physical sense, must
be introduced to fit the analytical formulae of the neoclassi-
cal bootstrap current coefficients. According to this, a new
set of analytic formulae of the bootstrap current coefficients
(Eqs. (10), (13), (15), (17) and (20)) and the related ’effec-
tive’ trapped particles equations (Eqs. (11), (14), (16), (18)
and (21)) have been derived.
Additionally, it would be useful to extend this model to in-
clude further physical effects[11, 12, 13], which cannot be
considered through the conventional neoclassical orderings
used in the code NEO.
It may now become interesting to apply this revised model
to further tokamak experiments. Next to this, it is added
that the bootstrap current coefficient L31 can also be ex-
ploited to determine the neutral beam drivent current effi-
ciency factor ηNBCD[24], which in particular is used in the
numerical code NUBEAM[25,26] and the real-time simula-
tion code RABBIT[27]. Furthermore, the results of Fig. 7
motivate us to consider the newly obtained set of analytic for-
mulae as a subroutine on the workflow on examining the sta-
bility analysis of the pedestal pressure at ASDEX Upgrade
discharges[23]. Finally, we recall that the coefficient L31 can
be used for the calculation of the Ware pinch, since conven-
tional neoclassical transport theory satisfies the Onsager sym-
metry (L31=L13)[21,22].
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