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When applied to dynamical systems, both classical and quantum, time periodic modulations can produce complex non-
equilibrium states which are often termed ’chaotic‘. Being well understood within the unitary Hamiltonian framework,
this phenomenon is less explored in open quantum systems. Here we consider quantum chaotic state emerging in a leaky
cavity, when an intracavity photonic mode is coherently pumped with the intensity varying periodically in time. We
show that a single spin, when placed inside the cavity and coupled to the mode, can moderate transitions between regular
and chaotic regimes – that are identified by using quantum Lyapunov exponents – and thus can be used to control the
degree of chaos. In an experiment, these transitions can be detected by analyzing photon emission statistics.

A passage connecting Chaos Theory1 and many-body
quantum physics is provided by the mean-field ideology2–4

and different semiclassical approximations5,6. They de-
clare that, when the number N of quantum degrees of free-
doms is systematically increased, the exponentially com-
plex evolution of a quantum model can be approximated
with a fixed size system of classical non-linear differential
equations. These equations model the dynamics of the ex-
pectation values of relevant observables and the model be-
comes exact in the thermodynamic limit N→ ∞. A degree
of chaos in the original quantum system can be quantified
by calculating standard classical quantifiers (usually max-
imal Lyapunov exponents6,7) for the corresponding classi-
cal system. In the case of an open quantum system, the
mean-field approach can be realized on the level of den-
sity matrices8. Alternatively, the adjoint form of a Marko-
vian master equation, governing the evolution of the sys-
tem density matrix4, can be employed9–11. What if we
are dealing with an open model and do not want (or sim-
ply do not have a possibility) to go into the (semi)classical
limit or resort to a mean-field description? When the evo-
lution of the system is modeled with a master equations
of the Gorini-Kossakowski-Sudarshan-Lindblad (GKSL)
form4, a recently proposed idea of quantum Lyapunov
exponents12 provides a possibility to quantify the degree
of chaos in a straightforward manner. Here we implement
this idea and demonstrate how chaotic regimes of a system
with N� 1 states (a photonic mode in an open cavity) can
be controlled by coupling it to a single spin.

I. INTRODUCTION

Solid state cavity QED systems13,14 are an appealing choice
– both as a theoretical framework and experimental test-beds
– to investigate Quantum Chaos in open systems. Recent ad-
vances in the field of solid-state technologies allow, e.g., to
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fabricate a single semiconductor quantum dot and embed it
into a microcavity14. The corresponding quantum dot can have
from two to four energy levels, with transition frequencies rang-
ing from the infrared to ultraviolet ends of the electromagnetic
spectrum. Interaction between cavity modes and dot excitons
can also be tuned15,16. Small number of energy levels makes
quantum dots good candidates to realize qubits (or qudits),
while interaction between different qubits can be mediated by
the cavity mode. A basic cavity QED model typically includes
a two-level system, a ’spin’, placed inside a cavity and coupled
to the photonic mode.

In our recent work17 we showed that a photonic mode of
an open and periodically modulated Kerr-nonlinear cavity can
exhibit transitions from regular dynamics to chaos. A degree of
chaos is quantified with quantum Lyapunov exponent12. These
transitions are also associated with modification of the prob-
ability distribution of photon emission waiting times, which
changes its intermediate asymptotic from the exponential (reg-
ular dynamics) to a power-law (chaos) decay.

In this paper we consider spin-photonic states, emerging
in a single-spin cavity QED model. We demonstrate that,
by tuning spin-photon coupling, we can modify the photonic
mode dynamics and induce transitions from regular to chaotic
regimes.

II. MODEL

We consider a photonic mode in a leaky Kerr-nonlinear
cavity which is periodically pumped by an external coher-
ent electromagnetic field18,19. The model is described by the
Hamiltonian

H(t) = Hs +Hph(t)+Hint, (1)

where Hamiltonians

Hs =
δ

2
Jz,

Hph(t) =
1
2

χa†a†aa+ iF(t)
(
a†−a

)
,

Hint =
g
2
(
a†J−+ J+a

)
.

(2)
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describe the dynamics of the spin, of the mode, and the in-
teraction between them, respectively. Here χ is the photon
interaction strength (an effective non-linearity parameter), â†

and â are photon creation and annihilation operators, and
n̂ = â†â is the photon number operator. Modulation func-
tion F(t) = F(t +T ) models a bi-valued quench-like driving
of period T ; more specifically, F(t) = A within 0 < t ≤ T/2
and F(t) = 0 for the second half period T/2 < t ≤ T . Finally,
Jz, J+, J− are spin operators, δ is detuning of the resonant
frequency of spins from the frequency of the optical mode, and
g is the strength of the spin-photon coupling.

The evolution of the total system is modeled with the Lind-
blad master equation (henceforth we set h̄ = 1)4,20:

ρ̇ = L (ρ) =−i[H(t),ρ]+D(ρ), (3)

where the first term on the r.h.s. captures the unitary evolu-
tion of the system, determined by Hamiltonian (1, 2), while
the second term describes a dissipative interaction with the
environment.

There are two dissipative channels. First, photons can be
emitted from the cavity and the rate of this process is specified
by constant γ . Second, there is spontaneous spin relaxation to
the ground state; the rate of this process is determined by the
constant w.

Accordingly, dissipation is modeled with two Liouville op-
erators,

D(ρ) = Lph(ρ)+Ls(ρ),

Lph(ρ) = γ

(
aρa†− 1

2
a†aρ− 1

2
ρa†a

)
,

Ls(ρ) = ω

(
σ
−

ρσ
+− 1

2
σ
+

σ
−

ρ− 1
2

ρσ
+

σ
−
)
.

(4)

In numerical simulations, we limit the number of photons in
the cavity mode by integer N so that the Hilbert space of the
total system has dimension 2(N+1). Parameter N is chosen to
be large enough so that the average number of photons in the
cavity, 〈Nph〉, is substantially smaller than N. 〈Nph〉 depends
on parameters of Hamiltonian; yet the main control parameter,
which determines the mean number of photons, is coupling
strength χ18,19. Throughout the paper we set χ = 0.008, γ =
0.1. It corresponds to 〈Nph〉 ∼ 50 and we set N = 300.

III. METHODS

In simulations, we use quantum Monte-Carlo wave func-
tion method to unravel deterministic equation (3) into an en-
semble of quantum trajectories21–24. It allows for describ-
ing the evolution of the model system in terms of ensemble
of pure states, ψ(t), governed by an effective non-Hermitian
Hamiltonian18,19,

ψ̇ = H(t)ψ− i
2 ∑

k=s,ph
V †

k Vkψ, (5)

where Vs = wσ− and Vs = γa. The norm of the wave function
decays according to

d
dt
||ψ||=− ∑

k=s,ph
ψ
∗V †

k Vkψ, (6)

and as it reaches a threshold η , repeatedly drawn as i.i.d. ran-
dom number from the unit interval [0,1], a random jump is
performed22, and the norm is reset to ||ψ(t)|| = 1. Then a
round of the continuous non-unitary evolution, Eq. (6), is re-
peated again, until the next quantum jump occurs, etc. For
the model given by Eqs.(1,3,4), a quantum jump that corre-
sponds to an emission of a single photon can be detected with
a photodetector25.

The density matrix can then be sampled from a set of Mr real-
izations as ρ(tp;Mr) =

1
Mr

∑
Mr
j=1 |ψ j(tp)〉〈ψ j(tp)|, which, given

an initial pure state ψ init for Eq. (5), converges towards the
solution of Eq. (3) at time tp for the initial density matrix
ρ init = |ψ init〉〈ψ init|.

Following Refs.18,19, we make use of the complex-valued
observable of the non-Hermitian photon annihilation operator:

θ(t) = 〈ψ†(t)|a|ψ(t)〉. (7)

Additionally, we calculate the following observables for the
spin subsystem:

ν(t) = 〈ψ†(t)|J+|ψ(t)〉,
η(t) = 〈ψ†(t)|Jz|ψ(t)〉.

(8)

To calculate the largest Lyapunov exponent (LE), we use
the recently developed method based on a parallel evolution
of fiducial and auxiliary trajectories, ψ f (t) and ψa(t), under
Eq. (5)12, in the spirit of the classical LE ideology26. The
distance between the trajectories is calculated as the abso-
lute difference between the two corresponding observables θ .
We implement a high-performance realization of the quantum
jumps method27 to generate Mr = 102 different trajectories for
every considered set of model parameters. We first integrate
each trajectory up to time t0 = 10T in order to propagate the
model system into the asymptotic regime, and then we follow
the dynamics of fiducial and auxiliary trajectories up to time
t = 10T .

IV. RESULTS

The dynamics of the photonic mode in the periodically mod-
ulated in time Kerr-nonlinear cavity17 serves us a reference
case and a background to project our results on. Equations
(1)-(4) reproduce this case when we set δ = 0, g = 0, ω = 0.
In this case, the spin is decoupled from the photonic subsys-
tem and has no influence on the dynamics of the latter. The
only relevant dissipative channel is the spontaneous photon
emission.

Figure 1 shows largest Lyapunov exponent17 λ as a function
of amplitude A and period T . For the relatively small values of
the modulation period and amplitude, the system remains in
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FIG. 1. (Color online) Largest Lyapunov exponent as a function of
the modulation amplitude A and period T in the limit when the spin is
absent. The parameters are γ = 0, δ = 0, g = 0, and ω = 0.

the regular regime characterized by negative LE. By Increasing
each of the control parameters, we can drive the system into a
broad chaotic zone interlaced with narrow tongue-like zones
of regular (non-chaotic) dynamics.

Now we switch on coupling between the spin and photonic
subsystems, g 6= 0, and explore systematically the LE phase
diagrams fro different value of teh coupling constant. We start
from a regime of moderate, g = 1, spin-photonic interaction.
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FIG. 2. Largest Lyapunov exponent as a function of the modulation
amplitude A and period T for different value of the spin-photonic
coupling g. On panels (a-b) the dependencies for g = 1 (a) and g = 10
(b) are presented. The blue line on panel (a) corresponds to T = 20
and the green line to T = 40. On panels (c-d), the largest Lyapunov
exponent is presented as a function of A and g for two different values
of the modulation period T , T = 20 (c) and T = 40 (d). The blue
and green lines mark g = 1, cyan and magenta on (d) correspond to
A = 0.5 and A = 2.75, respectively (see also Fig.3).
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FIG. 3. Observables (θ ,ν ,η) and the largest Lyapunov as a function
of spin-photonic coupling g for (a) A = 0.5 and (b) A = 2.75 [cyan
and magenta lines on Fig.2(d)] respectively. Here T = 40.

Figure 2(a) shows the largest LE as a function of amplitude A
and period T (henceforth we set δ = 1 and ω = 0.05). While
the structure of regular and chaotic zones remains essentially
intact, the value of the LE increases.

In other words, by coupling the cavity photonic mode to
the spin degree of freedom, we increase the degree of chaos
in the dynamics of of the former. For strong spin-photon
coupling, g = 10, we observe two new trends. Namely, in
the strong modulation limit, A > 1, larger values of g still
result in larger LEs. At the same time, in the case of weak
modulations, A < 1, the increase of the spin-photon coupling
leads to ’regularization’ of dynamics as it manifested by the
negative LE.

Next, we fix two values of the modulation period, T = 20
and T = 40, and systematically vary the spin-photon coupling
g. Figures 2(b) and 2(c) show the largest LE as a function of
amplitude A and coupling g for T = 20 and T = 40 respectively.
The already noted scenarios for weak and strong modulation
amplitudes are emerging again.

To get an additional insight, we plot the histograms for
observables (θ ,ν ,η) for individual quantum trajectories, along
with the largest LE versus, fro different values of the spin-
photonic coupling g; see Fig. 3. For the modulation amplitude
A = 0.5 we observe that the Lyapunov exponent decreases



4

and eventually becomes negative at g ∼ 6 . . .7. Figure 3(a)
illustrates the corresponding change in the dynamics of the
observable, which reduces from the complex evolution to a
fixed point.

In contrast, for A= 2.75, we observe that the initially regular
regime (which starts from g = 0), becomes chaotic with the
increase of the coupling strength so that the LE first becomes
positive and then gradually increases; see Fig. 3(b).

Analysis of a single-trajectory dynamics of the expectation
values of spin Jz and photon n̂ operators (see Fig. 4) allows
to understand the observations. For small modulation ampli-
tude, A = 0.5, it is noteworthy that the transition from a highly
chaotic dynamics at g = 1, to an almost periodic behavior at
g = 10, is characterized by a fast escape of photons from the
cavity; see Fig. 4(a,b). An increase of the expectation num-
ber of photons almost immediately leads to an excitation of
the spin, which then quickly relaxes back to the groundstate.
Stronger modulation amplitudes are needed in order to com-
pensate losses through this dissipation channel; see panels
(c,d).

The chaotic and regular dynamics of the system has been
demonstrated by using the idea of maximal Lyapunov ex-
ponents for individual trajectories17. Measurement of these
exponents in an experiment is hardly possible. Instead we
can use the statistics of the delay (waiting time) between the
two consecutive photon emission (which is accessible in an
experiment25) and try to use the corresponding probability den-
sity function (pdf) PDF(∆t) as an indicator of chaos in the
intra-cavity dynamics.

In our prior work17, we found that the transitions to chaotic
photonic regimes in an open Kerr-nonlinear cavity are as-
sociated with appearance of power-law intermediate asymp-
totics, PDF(∆t) ∼ ∆t−α , in the corresponding waiting time
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FIG. 4. (Color online) Dynamics of spin operator Jz and photon
number n expectation values for individual quantum trajectories. Tran-
sition from chaos to regular dynamics due to spin-induced photon
leaking for weak modulation A = 0.5 and different coupling strength,
(a) g = 1 and (b) g = 10. Increasing irregularity following the growth
of spin-photon coupling from g= 1 (c) to g= 10, in the limit of strong
modulation, A = 3. Here T = 40.
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FIG. 5. (Color online) LE and the power-law fit exponent α for the
probability distribution of time intervals between cavity photon emis-
sions (a), PDF(∆t)∼ t−α in dependence on modulation amplitude,
A (b). Here g = 1.

pdf (which otherwise decays exponentially)17. We expect that
this effect is generic and will emerge also in the considered
spin-photonic model. Indeed, the power-law exponent α esti-
mated by using the procedure described in Ref.17, is in a nice
agreement with the LE chaos quantifier; see Fig. 5(b).

V. CONCLUSIONS

We considered an experimentally relevant quantum model,
in which complex dynamics appears as a result of the interplay
between periodic modulations, different dissipative mecha-
nisms, and interaction between two sub-systems, large (pho-
tons) and small (spin) ones. Previously, it has been demon-
strated that non-equilibrium photonic dynamics, emerging in
an open and periodically pumped Kerr-nonlinear cavity, can
exhibit dissipative chaotic regimes characterized by positive
quantum Lyapunov exponents17. Here we demonstrated that
a spin-photon interaction can significantly modify the intra-
cavity dynamics. In the weak modulation limit, the collective
spin-photonic states become less chaotic due to an additional
dissipative channel (spin relaxation) which facilitates the pho-
ton leakage. In contrast, strong modulations can counterbal-
ance these losses so that the degree of chaos in the intra-cavity
dynamics increases. Remarkably that, similar to a simple set-
up considered before17, the degree of chaos can be estimated
in an experiment by analyzing statistics of the photon emission
waiting times.

Further generalization to a model with several interacting
spins, could provide a possibility to introduce new factors such
as synchronization9.
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S. Fält, E. L. Hu, and A. Imamoğlu, “Quantum nature of a strongly coupled
single quantum dot–cavity system,” Nature 445, 896 (2007).

17I. I. Yusipov, O. S. Vershinina, S. V. Denisov, and M. V. Ivanchenko,
“Photon waiting-time distributions: A keyhole into dissipative quantum
chaos,” Chaos: An Interdisciplinary Journal of Nonlinear Science 30, 023107
(2020).

18T. Spiller and J. Ralph, “The emergence of chaos in an open quantum system,”
Physics Letters A 194, 235 (1994).

19T. A. Brun, I. C. Percival, and R. Schack, “Quantum chaos in open systems:
a quantum state diffusion analysis,” Journal of Physics A: Mathematical and
General 29, 2077 (1996).

20R. Alicki and K. Lendi, Quantum Dynamical Semigroups and Applications
(Springer Berlin Heidelberg, 2007).

21R. Dum, A. S. Parkins, P. Zoller, and C. W. Gardiner, “Monte carlo sim-
ulation of master equations in quantum optics for vacuum, thermal, and
squeezed reservoirs,” Physical Review A 46, 4382 (1992).

22K. Mølmer, Y. Castin, and J. Dalibard, “Monte carlo wave-function method
in quantum optics,” Journal of the Optical Society of America B 10, 524
(1993).

23M. Plenio and P. Knight, “The quantum-jump approach to dissipative dy-
namics in quantum optics,” Reviews of Modern Physics 70, 101 (1998).

24A. J. Daley, “Quantum trajectories and open many-body quantum systems,”
Advances in Physics 63, 77 (2014).

25H. Carmichael, “An open systems approach to quantum optics,” Lecture
Notes in Physics Monographs (1993).

26G. Benettin, L. Galgani, and J.-M. Strelcyn, “Kolmogorov entropy and
numerical experiments,” Physical Review A 14, 2338 (1976).

27V. Volokitin, A. Liniov, I. Meyerov, M. Hartmann, M. Ivanchenko, P. Hänggi,
and S. Denisov, “Computation of the asymptotic states of modulated open
quantum systems with a numerically exact realization of the quantum trajec-
tory method,” Physical Review E 96, 053313 (2017).


	Chaotic spin-photonic quantum states in an open periodically modulated cavity
	Abstract
	I Introduction
	II Model
	III Methods
	IV Results
	V Conclusions
	 Acknowledgments


