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Output-based controllers are known to be fragile with respect to model uncertainties. The
standard Ho-control theory provides a general approach to robust controller design based
on the solution of the H,.-Riccati equations. In view of stabilizing incompressible flows
in simulations, two major challenges have to be addressed: the high-dimensional nature
of the spatially discretized model and the differential-algebraic structure that comes with
the incompressibility constraint. This work demonstrates the synthesis of low-dimensional
robust controllers with guaranteed robustness margins for the stabilization of incompress-
ible flow problems. The performance and the robustness of the reduced-order controller
with respect to linearization and model reduction errors are investigated and illustrated in
numerical examples.
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1 Introduction

We consider the incompressible Navier-Stokes equations with inputs and outputs

1
v=—(v-V)v+ R—eAU—Vp-I—Bu, (la)
0 = v . ’U, (]‘b)
y =Co, (IC)

and the question when a linear output-feedback controller : y +— u can stabilize this nonlinear system
around a possibly unstable steady state in the presence of system uncertainties. Here, the variables v
and p describe the evolution of the velocity and pressure fields in a given flow setup that is parametrized
through the Reynolds number Re. The operator B models the actuation through the controls, and C
is the output operator.
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We will approach this question through a semi-discrete and linearized approximation to (1), model
order reduction to cope with the high dimensionality of the controller design problem, and the design
of controllers that can compensate for a large class of system uncertainties. Basically, our argument
is that discretization and model reduction errors are of the same nature so that a proven robustness
margin can possibly overcome unmodeled uncertainties, too.

Anyways, in order to potentially work in physical setups, any model-based controller needs a certain
robustness against inevitable model errors. This rules out the standard LQG-design that has no
guaranteed stability margin [21]. A general remedy is provided by H..-controllers that, provably, can
compensate for linearization errors [8, 28], discretization errors [9, 18], and truncation errors [36].

The Hoo-theory roots in the 1980s [45]; see also [22,23] for the historical background. In view of its
application in simulations, the development of state space formulations [20,23] meant a breakthrough
since it came with general formulas for the controller design based on the solutions of indefinite Riccati
equations. Nonetheless, the computational effort for solving these Riccati equations is significant so
that, up to now, this design approach has rarely been considered in large-scale simulations let alone
the case where algebraic constraints are present, that is for differential-algebraic equations (DAES) or
descriptor systems.

If one leaves aside the offline effort for designing the controller, the theory seems well suited for large-
scale problems since the controllers allow for a low-dimensional approximation with a-priori estimates
on performance and robustness [36]. The involved reduction is based on balanced truncation and has
been investigated for descriptor systems in [35].

Thus, with flow control in mind, the solution of large-scale Riccati equations related to DAEs enables
the use of the general H.-theory.

It has been acknowledged that for general DAE systems, the standard symmetric Riccati equations
are only suitable under very restrictive conditions [6]. A nonsymmetric version has been shown to
provide a true generalization for the H.-controller [11] to the indez-1 case and is widely applicable
for LQG-design for impulse controllable descriptor systems [30,42].

In this work, we consider the incompressible Navier-Stokes equations with control inputs in the
momentum equation and velocity measurements only, so that the input-to-output behavior can be
equivalently realized as an ODE. Still, we keep the DAE structure since the corresponding transfor-
mation will not be available in practice. Then, the challenge is to realize what is suggested by the
ODE theory without explicitly resorting to transformations and projections. For that, we adapt the
established technique [2, 27,31, 43] of realizing the projections through the solution of saddle-point
systems, so that structure and sparsity preserved during all operations.

The Hoo-feedback control for the 2D incompressible Navier-Stokes equations has been treated in [19]
from a theoretical perspective. There, unmodeled boundary inputs are considered and existence of
optimal feedback solutions is shown with the help of Riccati equations. The general H..-control
problem is discussed in [3, Ch. 5]. Here, summing up the relevant research, the established state space
theory is adapted to the infinite-dimensional incompressible Navier-Stokes equations.

In this paper, we explore the Riccati-based Ho-controller design for spatially discretized two-
dimensional incompressible flows. To this end,

e we adapt the theory for the implicit treatment of the incompressibility constraint to the Ho-
optimization problem,

e we leverage H..-balanced truncation to reduce the dimension of the controller design problem,

e we provide numerically accessible formulas for a-priori estimation of the robustness of the con-
troller with respect to the H.-balanced truncation model reduction error as well as linearization
errors, and

e illustrate the performance in two challenging numerical examples.

As a result, we provide a complete numerical approach that makes H..-controller design feasible
for large-scale Navier-Stokes systems and provides computable bounds on the robustness of the per-
formance with respect to both linearization errors [12] and model reduction errors [36]. The situation
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that the controller is based on inexact linearizations is relevant in applications and fits well into the
presented framework; cp. [9,12,28].

The presented numerical studies are based on the popular setup of the two-dimensional wake behind
a cylinder; see [16,25,26,37,44] for examples.

This paper is organized as follows: In Section 2, we introduce the concepts of H,-controller design
and truncation via the solution of Riccati equations and how the theory extends to semi-discretized in-
compressible Navier-Stokes equations. In Section 3, we derive the low-rank iteration for the solution of
the Riccati equation that implicitly respects the incompressibility constraint and provide the formulas
for the order-reduced robust controller. By means of two flow setups, we report on the performance
both of the solution approach and the resulting controller in Section 4.

2 Mathematical basics

In this section, we introduce the basic concept and state-space approach of robust H.-controller design
and how the relevant formulas are realized for incompressible flow control setups.

2.1 Riccati-based ., controller design

For practical applications, the design of controllers that provide a certain robustness against distur-
bances is essential, as neither models nor numerical computations are fully able to match reality. The
Hoo-controller theory provides the design of such controllers. In general, linear time-invariant systems
of the form

Ei(t) = Az(t) + Brw(t) + Bau(t), (2a)
Z(t) = Oll‘(t) + an(t) + D12u(t), (Qb)
y(t) = ng(t) + Dglw(t) + DQQU(f), (2C)

with £, A € R, By € R"*™ By, € R"*™2 () € RP*" Oy € RP2X" Dy € RPX™ Dy €
RPrxm2 - Doy € RP2X™1 - and Dgs € RP2*™2 are considered. In (2), the internal states = are influ-
enced by the control inputs u and disturbances w, and the user can observe the measurements y and
performance outputs z of the system. The basic aim is to find a feedback controller K : y — u that
internally stabilizes (2). Considering (2) in frequency domain allows the formulation of the system’s
input-to-output relation in terms of its (partitioned with respect to the different inputs and outputs)
transfer function

B T o e

Let also K (s) denote the transfer function of the controller K, the disturbance-to-performance behavior
of the system can be formulated as

Z(s) = (Gui(s) + Gra(s) K (s)(I — Gaa(s)K (5)) 7' Goa(5)) W (s) =: F(G, K)W (s), (3)

where Z, W are the Laplace transforms of the performances and disturbances, and I denotes the
identity matrix of appropriate size. F is a lower linear fractional transformation. With (3), the
optimal H o -control problem is to find a controller K that solves
i F(G, K =: , 4
o minF(G ) e =5 o (®)
where |||, is the Hoo-norm. In general, this optimization problem (4) is too difficult to solve. Instead,
one can consider a relaxation in terms of the sub-optimal Hoo-control problem: Find a stabilizing
controller K such that

(G, K) [ <3 (5)
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which is then solved successively for decreasing robustness margins v — Yopt.
A state-space theory has been developed that provides formulas for such suboptimal controllers. For
ease of notation and theoretical derivations, we use the following set of (classical) assumptions:

1. E is invertible,

2. D11,D92 =0,

3. (sE — A, By) is stabilizable and (sE — A, C}) is detectable,
4. (sE — A, By) is stabilizable and (sE — A, C2) is detectable,

ot

. D, [C1 Dio) = [0 I, and {5211} Dl = m

Given a v > 7opt, there exists an admissible controller K if and only if there exist unique stabilizing
solutions X4y_, Y3, to the regulator and filter Ho-Riccati equations

ATXE+E'XA—- E"X(ByBY —v2BiB))XE +C]C, =0, (6a)
AYE" + EYA" - EY(C}Cy — v 2C{C,)YE" + B B] = 0; (6b)

and, additionally,
Y2 > Mnax (Y ET Xy E) (7)

holds; see, e.g., [20,46]. Then a stabilizing controller solving (5) is known in the literature as the
central or minimum entropy controller, given via

. {Ef(t) = Ai(t) + By(t),

where the system matrices can be computed as

E=E,
A=A+ EYy (v 2CTC, — CYCy) — BoBY Xy _EZy_, -
B = EYy_ (7,

C=-B}Xy _EZy_,

with Zy = (I, — v 2Yy  E" X3 _E)~%; cp. [20, Sec. II1.C] for the general case and also [36, Eqns.
(16) and (17)] for the normalized case described in the following chapter.

2.2 The normalized H,, problem and low-rank robust controllers

The target application of this work is output-based feedback control of a nonlinear system that is
robust against system uncertainties stemming from linearization and reduction errors. As a general
model for the linearization uncertainty, we will assume that the system matrix A is subjected to an
additive perturbation. In this case, in a feedback arrangement, disturbance inputs will be induced by
the measurements of the perturbed state and enter the system as a perturbation of the control input.
Accordingly, in (2), one can consider By = By =: B and C; = Cy =: C which leads to the so-called
normalized Hoo-control problem.

A H_.-robust controller based on the normalized problem then applies in our context as follows.
First, its robustness margin v can be weighed up against the system error that arises from truncating
certain states of the controller. Since a full-order controller would be of the same size as the system,
such a truncation significantly supports the efficient evaluation of the feedback law during a simulation.
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Second, the robustness can cover the system error that comes from an inaccurate linearization. In this
section, we discuss both application scenarios and provide relevant a-priori and a-posteriori estimates.

As for controller truncation we consider the H.o-balanced truncation approach as it has been re-
ported in [36]. For that we introduce another special case of (2), namely the so-called normalized
linear-quadratic Gaussian system

Ei(t) = Az(t) + Bwi(t) + Bu(t),

(9)

Apart from assuming By = By =: B and C; = Cy =: C, system (9) differs from (2) in so far as it defines
disturbance inputs and performance outputs in a way that satisfies the fundamental assumptions on
the feed-through terms listed in Section 2.1. In general, the assumptions on the structure of (9) are
either needed for well-posedness of the control problem or readily achieved by state and control space
transformations; c¢p. [46, Ch. 17.3]. For our intended application these assumptions pose no restriction
at all.

With these assumptions on (9), it has been shown (see, e.g., [46, Thm. 16.4]) that the existence
of an admissable controller that solves the Hoo-control problem for the suboptimal gain « (cp. (5)),

implies the existence of positive semi-definite matrices X¢_ and Yy __ that solve

AYy E"+ EYy AT — (1 =~y 2)EYy _C'CYy E" + BB" =0, (10a)
ATXy E+E' Xy A—(1-~")E"Xy_BB'Xy E+C'C =0, (10b)

such that the the spectrum condition (7) holds and such that the matrix pencils sE — (A — (1 —
v"2)EYy CTC) and sE — (A — (1 —y~2)BBT Xy, __E) are stable.

By means of the two matrices X4 and Y3__, a so-called Ho-balanced transformation of the system
can be computed [36, Prop. 4.10] that enables a truncation systems or controller states with an a-priori
control on the approximation error.

A practical implementation of this H..-Balanced Truncation (HINFBT) for large-scale systems is
laid in Algorithm 1 that uses square root balancing approach on approximating low-rank factorizations
of X3 and Yy . An implementation of Algorithm 1 for the dense system case can also be found
in [15].

An error bound is given in terms of a normalized coprime factorization of the system: Let G(s) =
M(s)"IN(s) and @(s) = J/\J\(s)*lﬁ(s) be a normalized left coprime factorizations of the original
system G and the reduced-order model G obtained by HINFBT, then

N-N Mfﬂw 11
|[sv - &) Z+ T = (11)
holds, with 8 = 4/1 —v~2 and oy, the characteristic H,.-values, which are given as the positive square
roots of the eigenvalues of Yy, E" Xy _E.

More importantly, the robustness margin + can be put in context with the truncation error in the
controller so that one can estimate how large the reduced-order controller needs to be to still stabilize
the original system. R e R

Let again G(s) = M(s)"'N(s) and G(s) = M(s)"1N(s) be the normalized left coprime factoriza-
tions of the original system and the reduced-order approximation computed by HINFBT, and

e:= oo -y o3|,
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Algorithm 1: (Approximate) Hoo-balanced truncation square root method.

Input: A, B,C, E from (9), robustness margin v > 0.
Output: Matrices of the reduced-order system g, B , é, E.

1 Compute low-rank approximations Y3, ~ RRT and X#_ ~ LL" to the unique stabilizing
solutions of (10).

2 Compute the singular value decomposition

1 1A
L"ER= (U1 U, { 22] [VH

with ¥; = diag(o1,...,0,) containing the r largest characteristic Ho-values.
3 Construct the truncation matrices

W=LUx;? and T =RV,S;>
4 Compute the reduced-order model by

E=W'ET=1,, A=W'AT, B=W'B, C=CT.

to be the scaled coprime factor error, with 3 = 1/1 —y~2. Then, a sufficient condition for the reduced-
order central controller K associated with G to stabilize the original system G is

éB+79) <1, (12)

where 4 = ||.7-'(§,I?)||Hw, see [36, Cor. 5.5]. As a practical alternative to (12) which can only be

evaluated after the computation of the reduced-order model, an a-priori estimate can be derived based
on the HINFBT error bound (11)

or more precisely

€=2

With 4 < ~, where v was used as robustness margin in HINFBT, and é < ¢, a sufficient a-priori
condition for stabilization of the full-order system by the reduced-order central controller is

B+ <1l (13)

Note that, if the above estimates are fulfilled, the truncation preserves the stability but increases the
disturbance to performance output gain. In fact, while the full-order central controller (8) for fulfills
IF(G, K)||n., <7, for the reduced order controller it only holds that

ALY )45+,

(14)

cp. [36].
As said, a second purpose of a robustness margin 7y is to ensure stability in the closed-loop system
in the presence of system uncertainties. Generally, for any stabilizing controller K that solves the
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sub-optimal H.-controller problem (5) for the system G(s) = M(s)"!N(s) and robustness margin
7, it holds that (see, e.g., [34, Cor. 3.7]), that K to stabilizes also the disturbed system Ga(s) =
MA(S)_lNA(S) if

I[N = Na- M= Ma]fl,, <7 (15)

In view of stabilizing incompressible Navier-Stokes equations by linear feedback controllers, the
following considerations are relevant with respect to the estimate (15). It has been shown that an
error in the linearization used for controller design, smoothly transfers to a coprime factor perturbation
in the transfer function; see [8,28]. Accordingly, with increasing accuracy in the computation of the
linearization, the difference becomes arbitrarily small so that, eventually, a robust controller based on
a numerically computed linearization will be able to stabilize the system.

2.3 Semi-discretization and linearization of NSE

Next, we briefly illustrate how a linear finite dimensional ODE system can be derived as a base
for the controller design for the nonlinear incompressible Navier-Stokes equations. Details of the
discretization and the modeling of boundary control will be discussed together with the numerical
examples in Section 4.

A Finite Elements discretization of the incompressible Navier-Stokes equations (1) leads to the
semi-discrete system:

Eio = Asv+ F(v) + J'p+ Bu+ f, (16a)
0=Jv+g, (16b)
y = Ch, (16¢)

where As is the discrete approximation of éA, F models the convection, J and JT represent the
discrete divergence and gradient, B and C are the discretized input and output operators, and where
f and g are the inhomogeneities that arise from the inclusion of the inflow boundary condition in strong
form. Let vo be the steady state with u = 0 so that with vs = v — vs and A(®) := Ag + (0uF)(vo),

Evs = A®ys + JTp + Bu, (17a)
0= Jus, (17b)
ys = Cus, (17¢)

provides a linearization that can be used for regulating the deviation vs and, thus, for designing a
controller for stabilizing v,,. With the assumption that the chosen Finite Elements scheme is LBB
stable, one can define a discrete realization of the Leray projector

n.=1-g'JUE ) (18)

that maps v(t) into the kernel of J along the orthogonal complement (in the inner product induced by
the mass matrix E) of JT. Making use of IT and the identities IIE = ETI" — which holds for symmetric
E — and II"vs = vs, we can eliminate the discrete pressure p and the algebraic constraint 0 = Jvs and
rewrite (17) as an ODE

Evs = TAI T v; + IBu (19a)
ys = CT" v, (19b)

For such a realization in terms of an ODE, an H,.-robust controller can be defined via the solutions
to the projected Hoo-Riccati equations

MATTI' XE + ETXTAIT" — (1 -+ 3)E'XIIBB'I' XE + ICTCI' =0, (20a)
DAY E" + EYHA'IT' — (1 — 4 ) EYTICTCTT'YE" + IBB'II' = 0; (20b)
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Here, we have ignored the symmetry of E in (19) in order to be in line with the general formulas (6).
In the context of nonlinear flow control problems, the problem of linearization errors and compen-
sation by reduced-order controllers was considered in [12]. There it was mentioned that linearization
errors in (17) from (16) result in additive disturbances on the transfer function, which can be handled
as disturbances in the coprime factorization.
In view of numerical realizations, we note the left coprime factorizations for linear flow problems of
the form (17) can be constructed as

[N(s) M(s)]=C(s€—-A)"[B —L]+[0 L],
where
E 0 A — (1 —~"EYy CTC JT
o I

c—jc o, B- {ﬂ = {(1 —7_2)0EY7-[OOCT:| |

and with Yy, the stabilizing solution of (20); cp. [12], This representation makes the explicit compu-
tation of disturbances on the coprime factorizations, e.g., for the evaluation of the necessary robustness
as in (15), accessible to numerical simulations.

3 Numerical methods

3.1 Projector-free realization for incompressible flows

In theory, the projected Riccati equations (20) can be treated with by iterative low-rank solvers [7,
14,33,40,41,43). In practice, however, the use of the projector II as defined in (18) is not feasible,
since its computation is time and memory consuming, and since an inaccurate version will introduce a
systematic error. Therefore, like in many similar applications (see, e.g., [2,24,27]), we derive a suitable
implicit realization of the projection as it was proposed initially in [31].

For that, we note that only the projected parts Xy := II' XII and Yy = II'YII of the Riccati
solutions X and Y contribute to the controller (cp. (8) and [10]) and that Xy and Ypr solve the
equations

AT XpE' + EXpIAI — (1 — 4 ) EXuBB'XpE' +TICTCTI = 0, (21a)

AT YR E + E"YplIA™TI — (1 — 4 2)E"YpC"CYnE + IBB'II' =0 (21b)

that are derived from (20) by pre- and postmultiplication by IT and II", respectively, and by means of
the identities II? = IT and I1E = FII".

In computational methods for large-scale Riccati equations, low-rank factors Zj, for X =~ Zng are
computed by repeated solves of shifted linear systems that for X read like

(MATL" + piE) Zy 1 = Z,
which with the requirement that Z;, = II' Z;, can be equivalently formulated as

A+pE J [Zip]  [ETZ,
J 0 Z. | 0 ’

Here, the complex scalar p; is a shift parameter that usually occurs in ADI or Krylov subspace based
solvers and Z, is an auxiliary variable.
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L'y

; 3 i
: 1—‘in Fw C ) Pw 3 Fout
| T,

L

Figure 1: Computational domain of the cylinder wake.

3.2 Computation of low-rank controllers

The practical construction of a reduced-order controller for (16) follows, in principle, the different steps
mentioned in this paper so far with some additional numerical tricks. For simplicity, we give a final
summary of the performed steps in the following;:

Step 1. Computation of a suitable robustness margin: So far, the margin v was assumed to be given,
but in fact it can be computed utilizing the necessary and sufficient conditions for the existence of a
stabilizing controller K that solves (5). In practice, one solves repeatedly (20) for different instances
of the robustness margin and uses (7) to determine the next iterate. Thereby, a sufficient v can be
computed.

Step 2. Construction of the reduced-order model: Now, the original system (16) needs to be reduced
by Algorithm 1. Therefore, we use the final solution factors to the projected algebraic Riccati equa-
tions (21) Z}, and Z,fC from the previous computation of the robustness margin, and set the robustness
margin to be v = ;. Algorithm 1 is then used on the system matrices E, A(®), B, C by setting in
Step 1 the low-rank factors to be R = Z{ and L = Z§. The rest follows exactly Algorithm 1. The
order r of the reduced-order model can be determined by using the criteria for stabilization (13) and
the robustness bound (14). This gives the reduced-order system matrices E= I, A B and C.

Step 3. Construction of the reduced-order controller: The system matrices of the reduced-order
central controller K can then be computed adapting the formulas in (8). First, an approximation to
the solutions of the Ho-Riccati equations (6) is directly given by

Y. =WTEZL(ZDTE™W, and Xy =T E'Z,(Z})ET,
with the low-rank factors Z,i and Zj, from the computation of the robustness margin, and W, T the

truncation matrices from the HINFBT in Algorithm 1. Then, the system matrices of the reduced-order
controller are given by

GTC — BB Ry Zn. | T O
. (22)

—sE+A| B sl A (17 2T
BT Xy

¢ |
where ZHW = — Wz?ﬁm)?ﬂm)*l.

4 Numerical examples

4.1 Example setups

We consider the two dimensional flows through a channel with circular obstacles as exemplarily depicted
in Figure 1, with controls acting on the boundary of the obstacles, and with observation of locally
spatially averaged velocities in a domain of observation downstream of the obstacles.
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The generic model then reads

() + (v(t) - V)olt) — %Av(t) + V() =0, in Q, (23a)
V- u(t) =0, in Q, (23b)

Re gav(t) —np(t) =0, on Loy, (23c)

v(t) =0, on I'y, (23d)

v(t) = ngGin, on Iy, (23e)

v(t) = ng;u;(t), onT;, i=1,2. (23f)

Here, n denotes the inward normal of the boundaries, g;, models the inflow boundary condition via a
parabola that takes the value 0 at the edges and 2/3 at the center of the inflow boundary, respectively,
and g¢; and wu; are control shape functions and scalar control value functions. The condition (23c)
for the outflow is the standard do-nothing condition. The geometrical extensions, the choice of the
parameters wu;, and Re, and the definition of the output operator C, and of the shape functions are
given in the description of the test cases below.

Test Case 1: cylinder wake

As a first example, we consider the cylinder as it has been described in the benchmark work [39],
however in an enlarged domain to reduce the stabilizing effects of the channel walls. To readily include
the boundary controls in the Finites Elements discretization, we relax the Dirichlet control conditions
(23e) towards Neumann conditions via

v(t) = ngju;(t) — a(Rieg—Z(t) —np(t))on Ty, i=1,2 (24)

with a parameter a that is supposed to be small, cf., e.g., [32] for convergence properties of this
relaxation in optimal control of stationary flows. The assembling of the associated control operator is
explained in [5, Section 9.3].

Test Case 2: double cylinder

As the second example, we borrow the numerical setup of [17] of the wake of two cylinders in two di-
mensions; see Figure 3. The actuation of the flow happens through controlled rotation of the individual
cylinders. This means we prescribe the control boundary conditions as

U’I‘i Ztri’l“iui, 1= 1,2, (25)
where the I'; are the two boundaries of the cylinders, tr, denote the tangential vectors at the boundaries
and the r; the radii, and the u; are the two scalar input functions, ¢ = 1,2. Although these boundary
conditions have no normal component, e.g., v-n = 0 at [';, ¢ = 1,2, and, thus, can be included in
a weak formulation with a bounded input operator B (cp. [4, Sec. 3.1]), we use the same Robin
relaxation (24) that is defined to relax controls with normal components.

The spatial discretization is done with P, — Py Taylor-Hood finite elements. The input operators
are assembled as described in [5, Sec. 9.3] with the penalization parameter a set to 107°. Since the
output operator C is of distributed type, its assembling with finite elements is straight forward.

We assemble the coefficients of the corresponding linearized system (17) and follow the procedure
laid out in Section 3.2 to compute a v and corresponding low-rank approximations to the Gramians
defined via (20) and synthesize the (reduced) central dynamical output-based feedback controller via
its coefficients

121\, E, and C
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Figure 2: Example simulation of the cylinder wake with no control input at Re = 60. The plots show
the steady state solution (left) and a snapshot of the fully developed time-dependent flow
(right) and the measured output signal y = C'v over time ¢t. The red lines depict the signal
of the lateral averaged velocities, whereas the blue lines depict the measurements of the
longitudinal velocities.

= . AR "‘y‘ ‘r ) \‘,T \
2 0* '300‘1' v“\‘
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0 50 100 150 200 250 300 350 400 450 500 550 600
time ¢
Figure 3: Example simulation of the double cylinder example with no control input at Re = 50.

The plots show the steady state solution (left) and a snapshot of the fully developed time-
dependent flow (right) and the measured output signal y = Cv over time ¢t. The red lines
depict the signal of the lateral averaged velocities, whereas the blue lines depict the mea-
surements of the longitudinal velocities.
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Table 1: Simulation setups. For the computation of the Reynolds number, o = 1 is the average inflow
velocity and the dynamic viscosity v is chosen accordingly.

cylinder wake double cylinder
Domain [0,5] x [0,1] [—20, —20] x [70,20]
Obstacles Circle of radius r9 = 0.05 Two circles of radius ri,79 = 0.5
located at (0.5,0.67) located at (0,1) and (0, —1)
Controls Outlets at the cylinder periphery | Independent rotation of both cylin-
at =% of arc length & ders
Observation domain | [2,2.1]x[0.3,0.7] horizontally split | [5,6]x[—2, 2] horizontally split into
into 3 equally sized subdomains 4 equally sized subdomains
Reynolds number | 60 = ;‘1%953 = Lo 60 = éi(')l,z = @'(“VM?)
6
Table 2: Simulation parameters.
cylinder wake double cylinder
Time interval [0, 30] [0, 300]
Time step size h = 0.00075 h = 0.00390625
Relaxation parameter a=10"° a=10"°
Dimension of (v(t),p(t)) | (41718,5418) (45528, 5809)

as defined in (22). Thus, with v denoting the target state and linearization point, the closed loop
system reads

Mé = Asv+ F(v) + J p+ BCZ + , (26a)
0=Jv+g, (26b)
%:A\%—i—EC(v—vm). (26¢)

For the time discretization, we use a uniform grid of size h and employ backward differencing of
second order in the linear part including the controller and the extrapolation

N(v(t + h)) ~ 2N (v(t)) — N(v(t — h))

for the nonlinearity. With the initialization of one step of the Method of Heun, this results in a time
integration scheme of order two.

As the initial value, we use the corresponding steady state v.,. To trigger the instabilities, we add
an input perturbation that acts at the beginning of the simulation like

10~ sin(27t), te0,1]
us =
*7 Yo, t>1.

All parameters that define the simulations for both test cases cylinder wake and double cylinder are
listed in Table 2.
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4.2 Numerical results

The experiments reported here have been executed on a machine with 2 Intel(R) Xeon(R) Silver 4110
CPU processors running at 2.10GHz and equipped with 192 GB total main memory. The computer is
run on CentOS Linux release 7.5.1804 (Core).

The solutions to the large-scale Riccati equations (21) were computed using the routines from the
M-M.E.S.S. library version 2.0.1 [13,38]. Also, the errors in coprime factorizations have been computed
in MATLAB 9.7.0.1190202 (R2019b).

For the spatial discretization, we employ the FEniCS [1] Finite Elements toolbox and the python
module dolfin_navier_scipy [29] to extract the discrete operators for the computation of the feedback
gains and for the time integration which is done in SciPy.

The code and the raw data of the presented numerical results are available as noted in Figure 4.

Figure 4: Code and Data Availability.

The source code of the implementations used to compute the presented results is available
from

doi:10.5281/zenodo.4507759

under the MIT license and is authored by Jan Heiland and Steffen W. R. Werner.

4.2.1 Flow stabilization

We investigate the computed controllers in terms of robustness against controller reduction and ro-
bustness against linearization errors via the following criteria:

e Does the robustness margin v cover the linearization error, i.e.,
I[N =Na M= Mal,, <77

as in (15)7

e Does the robustness margin cover the a-priori estimate for the truncation error, i.e., e(8+7) < 1
as in (13)7 (For reference, we also check the less conservative a-posteriori estimate é(8 +4) < 1
as in (12))

e Does the controller work in the numerical experiment, i.e. does it stabilize the steady state by
completely suppressing the oscillations that can be observed in the uncontrolled cases reported
in Figure 2 and Figure 37

To examine the linearization error, we proceed as follows: For the cylinder wake, we consider the
linearization error that stems from an incomplete iteration for the steady state computation. That is,
in (19), instead of the ezact linearization A(>) = Ag 4 (9,F)(vs) based on the ezact steady state
Voo, we consider A®) := Ag + (0, F)(v¢), where vy is the approximation to vs, that is obtained after £
Picard iterations started from the steady state solution for Re = 40.

For the double cylinder, we found that at Re = 60, the steady state is so unstable that the Picard
iteration did not converge. The computation can be done by a Newton iteration that, however, does
not provide a smooth parametrization of the approximation in the relevant region because of its fast
convergence. Therefore, we parametrize the perturbed coefficient A = Ag + (9,F)(v?)) with v as
the steady state solution to the problem with the Reynolds number perturbed by ¢ thousandths, i.e.
Rel”) = (1 + 145) - 60.
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Table 3: Coprime factor error of different linearizations for the cylinder wake (left) and different
Reynolds numbers for the double cylinder (right).

¢ IAY s, o AD
12 1.1113 —96 0.3022
24 0.0861 —48 0.1540
46 0.0034 25 0.0807
47 0.0029 < ~~? —24 0.0775 <~71
48 0.0029 —12 0.0389
96 0.0007 —6 0.0194

We parametrize the truncation error via the truncation threshhold tol that defines tol > 0,11 >
Ory2 > ..., i.e, the size of those characteristic Hoo-values that are discarded in Algorithm 1.

We checked the performance in the simulations by examining the empirical variances in the time
series of the output signal in the fourth quarter and in the third quarter of the time interval. If the
difference between the fourth and third segment was negative, we concluded that the oscillations were
on the decline. If the difference was positive but in the order of 107!, we concluded that the signals
were dominated by numerical errors. In both cases, the corresponding setup was reported as stablizing
in the simulation.

In Table 3 we have tabulated the computed error in linearizations and identified the threshhold
where ||Ag|| <L

In Figure 5 we have illustrated the search of the parameter ranges for successful controller setups.
For the cylinder wake, the estimate precisely confines the range where the controllers are functional.
The a-priori estimate (13) turns out to be off the observed failures by a factor of 8, and the estimate
on the linearization error by a factor of 21/2. Successful stabilization has been observed further outside
of the region predicted by the bound with respect to the linearization error and slightly outside the
limit defined by the truncation error.

For the double cylinder, the picture is less compliant with the predictions. The empirical bound
for the truncation error suggested a tol of 0.002, which is an underestimate of the stability region by
a factor of at least 16 and outside the region that is plotted in Figure 5. The direct computation of the
truncation error captured the region much better but was not conservative enough to rule out setups
that did not perform. We note that these bounds are designed for the underlying linear system so that
such a failure does not contradict the theory. On the other hand, the estimate for the linearization was
too conservative by a factor of 23/2. Curiously the Hoo-controller did still perform with a perturbation
of the Re number of about 14%. As for the cylinder wake, this shows that successful stabilization can
be observed outside the region predicted by the linearization error estimates while the error estimates
for the truncation error do not leave a margin.

5 Conclusions

As illustrated by the numerical examples, the use of the general Riccati-based low-order H..-controller
design is well feasible for incompressible flows in simulations. The provided estimates on the guaranteed
robustness has been proven reliable though, in some cases, conservative. Together with the theoretical
results of earlier works that H..-controller can compensate various model errors, the availability of
efficient general purpose numerical methods is key for the applicability of these model-based controllers
in simulations and even experiments.
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Figure 5: Performance of the controller for different truncation tolerances tol and different perturba-
tions levels £ of the linearization. The symbol ® marks the setups for which the controller
worked in the experiment and the symbold o marks those that failed. The horizontal dashed
lines confine the hatched regions in which the stability criterion with respect to the truncation
error holds. The vertical lines confines the hatched regions for which the linearization error
is within the robustness margin. The intersection of both hatched regions contains those
controller setups (marked with red marks) that are predicted as stable by both criteria.
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