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We systematically perform numerical-relativity simulations for low-mass black hole-neutron star
mergers for the models with seven mass ratios Q = MBH/MNS ranging from 1.5 to 4.4, and three
neutron-star equations of state, focusing on properties of matter remaining outside the black hole
and ejected dynamically during the merger. We pay particular attention to the dependence on the
mass ratio of the binaries. It is found that the rest mass remaining outside the apparent horizon
after the merger depends only weakly on the mass ratio for the models with low mass ratios. It
is also clarified that the rest mass of the ejecta has a peak at Q ∼ 3, and decreases steeply as
the mass ratio decreases for the low mass-ratio case. We present a novel analysis method for the
behavior of matter during the merger, focusing on the matter distribution in the phase space of
specific energy and specific angular momentum. Then we model the matter distribution during and
after the merger. Using the result of the analysis, we discuss the properties of the ejecta.

I. INTRODUCTION

The era of the gravitational-wave astronomy was
opened by the first detection of a binary black hole
merger GW150914 [1]. For the event GW170817 [2], the
electromagnetic counterpart signals were successfully de-
tected [3, 4]. It is widely believed that the source of
GW170817 is the merger of binary neutron stars. How-
ever, the fact that became clear about the source of
GW170817 is limited as follows. The observation of grav-
itational waves indicates that the component masses are
1.36–1.89M� and 1.00–1.36M� [5]. The observations
of a short gamma-ray burst GRB 170817A and a kilo-
nova/macronova AT 2017gfo by electromagnetic waves
indicate that matter is involved in the merger process
and at least one of the compact objects consisting of the
binary is a neutron star. On the basis of these observa-
tional facts, however, the possibility of the source being
a black hole-neutron star merger is not completely ex-
cluded [6, 7]. In addition, GW190425, an event detected
in 2019, is analyzed to be the gravitational wave radiated
from the merger of binary compact objects, the compo-
nent masses of which are 1.61–2.52M� and 1.12–1.68M�
[8]. It has not been determined whether the source is
a black hole-neutron star merger or a binary neutron
star merger for this event either [9]. Including these
two events, there are increasing numbers of gravitational-
wave event candidates and some of them are thought to
include neutron stars, but the source objects of these
events are not strongly constrained.

In order to determine the properties of the sources, it
is crucial to understand the behavior of the system the-
oretically. High-accuracy gravitational-wave templates
are needed for the parameter estimation after the detec-

tion of gravitational waves, and models for electromag-
netic emissions are essential tools for analyzing electro-
magnetic counterpart signals. The key quantities for de-
termining electromagnetic emissions include the remnant
disk mass, the ejecta mass, and the ejecta velocity. Here,
the ejecta is the matter which becomes unbound from
the system. R-process nucleosynthesis in the neutron-
rich matter such as the matter outflowed from the rem-
nant accretion disk and the dynamically ejected matter
is expected to power an electromagnetic transient kilo-
nova/macronova [10, 11]. Also, the compact object sur-
rounded by an accretion disk has been proposed as a
likely candidate for the central engine of short gamma-
ray bursts (see Refs. [12, 13] for reviews).

A variety of numerical-relativity simulations have been
performed for black hole-neutron star binaries [6, 7, 14–
41], and quantitative dependence of the merger behav-
ior on binary parameters has been extensively stud-
ied. Some work took into account magnetic fields
[25, 29, 30, 35, 37, 40], nuclear-theory-based equations
of state (EOSs) [6, 7, 16, 17, 26, 33, 34, 36–39, 41],
neutrino cooling [6, 7, 33, 34, 38, 39], neutrino heating
[39], and misalignment of the black-hole spin with re-
spect to the orbital angular momentum [27, 31, 36, 38].
However, previous studies on the black hole-neutron star
mergers which took nuclear-theory-based EOSs into ac-
count focused primarily on the system with a black-hole
mass larger than 5M�. There are only a small number
of studies carried out for low-mass black hole-neutron
star mergers with black-hole mass of 2–3M� [41]. This
is because the black-hole mass observed in our galaxy
was in the range of 5–20M� [42], and a black hole with
a mass lower than ∼ 3M� was not highly expected to
exist. However, recent electromagnetic observations are
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indicating the existence of a compact object with mass
∼ 3.3M� [43]. Also, some gravitational-wave event can-
didates indicate the existence of a compact object with
mass in the range of the mass gap of 2–5M� [44, 45]. In
this situation, extensive theoretical studies on low-mass
black hole-neutron star mergers are urgently needed.

In the present study, we perform numerical relativity
simulations of low-mass black hole-neutron star merg-
ers. The simulations were performed systematically in
order to study the parameter dependence of the merger
remnant of the system. Specifically, the simulations
are performed for seven initial black-hole mass MBH =
2.0, 2.5, 3.0, 3.5, 4.0, 5.0, and 6.0M� and three neutron-
star EOSs. We pay particular attention to the rest mass
remaining outside the apparent horizon after the merger,
the ejecta mass, and the ejecta velocity.

This paper is organized as follows. In Sec. II, we briefly
summarize the method for the numerical simulation and
the diagnostics. In Sec. III, we present the numerical
results from the simulations focusing on the dependence
of the rest mass remaining outside the apparent horizon
after the merger, the ejecta mass, and the ejecta velocity
on the mass ratio and the neutron-star EOS. Finally, a
conclusion of this work is presented in Sec. IV. Through-
out this paper, we adopt the geometrical units in which
G = c = 1, where G and c are the gravitational con-
stant and the speed of light, respectively. Our conven-
tion of notation is summarized in Table I. The compact-
ness of the neutron star, the total mass of the system
at infinite separation, and the mass ratio of the binary
are defined as C := MNS/RNS, m0 := MBH + MNS, and
Q := MBH/MNS, respectively. Latin and Greek indices
denote spatial and spacetime components, respectively.

II. METHODS

In this section, we present methods for the numerical
simulation. The details of the formulation, the gauge
conditions, the numerical scheme, and the initial data
computation are described in Refs. [14, 15, 17, 36].

A. Dynamical simulation

Numerical simulations are carried out by using the
SACRA-MPI code [46]. This code employs an adaptive-
mesh-refinement (AMR) method to save the computa-
tional cost [47] and MPI/OpenMP hybrid parallelization
to speed up the computation [46]. SACRA solves the Ein-
stein equation in a moving puncture version [48–50] of the
Baumgarte-Shapiro-Shibata-Nakamura (BSSN) formula-
tion [51, 52], incorporating a Z4c consrtraint-propagation
prescription locally [53]. Together with the Einstein
equation, we solve pure hydrodynamics equations in this
paper. Magnetohydrodynamics or neutrino effects are
not taken into account because we focus on the dynam-
ics of the system up to ∼ 15 ms after the merger.

TABLE I. Our convention of notation for physically impor-
tant quantities, geometric variables, and hydrodynamic vari-
ables.

Symbol

MBH Gravitational mass of the black hole in isolation

aBH Kerr parameter of the black hole

χBH Dimensionless spin parameter of the black hole

MNS Gravitational mass of the neutron star in isolation

RNS Circumferential radius of the neutron star in isolation

C Compactness parameter of the neutron star: MNS/RNS

m0 Total mass of the system at infinite separation

Q Mass ratio of the binary: MBH/MNS

γij Induced metric on a t = const. hypersurface

α Lapse function

βi Shift vector

γ Determinant of γij

ρ Baryon rest-mass density

uµ Four velocity of the fluid

P Pressure

ε Specific internal energy

h Specific enthalpy: 1 + ε+ P/ρ

ρ∗ Conserved baryon rest-mass density: ρα
√
γut

ê Specific energy: hαut − P/ραut

In this work, we prepare ten refinement levels for the
AMR computational domain. Specifically, two sets of
four finer domains comoving with either the black hole
or the neutron star cover the region of their vicinity. The
other six coarser domains cover both the black hole and
the neutron star by a wider domain with their origins
fixed at the center of the mass of the binary system.

B. Zero-temperature EOS

The temperature of the neutron star, except for the
newly born ones and the massive neutron star produced
after the merger of binary neutron stars, can be approxi-
mated as zero because the cooling time scale of a neutron
star is much shorter than the lifetime of typical compact
binaries [54]. With a zero-temperature EOS, thermody-
namical quantities such as pressure P , specific internal
energy ε, and specific enthalpy h are written as a func-
tion of rest-mass density ρ. In this study we employ a
piecewise polytropic EOS with two pieces as [55–57]

Pcold(ρ) = Kiρ
Γi (ρi−1 < ρ < ρi, i = 1, 2) (1)

where ρ0 = 0, ρ1 is of order 1014 g cm−3 (see below),
and ρ2 = ∞. Below ρ1, we adopt K1 = 3.5966 × 1013

in cgs unit, Γ1 = 1.3569, and for ρ ≥ ρ1, we adopt
Γ2 = 3.0. The remaining free parameters are K2 and
ρ1. These are determined by choosing pressure Pfid at
certain fiducial density ρfid = 1014.7 g cm−3 as K2 =
Pfid/ρfid

Γ2 and by requiring the continuity of the pres-
sure as ρ1 = (K2/K1)1/(Γ1−Γ2). We choose three EOSs
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TABLE II. The EOS parameter adopted in this study. Mmax

is the maximum gravitational mass of the spherical neutron
star for each EOS. R1.35 and C1.35 are the radius and the
compactness for a neutron star with the gravitational mass
1.35M�, respectively.

EOS log10 Pfid[dyne/cm2] Mmax[M�] R1.35[km] C1.35

1.25H 34.6 2.383 13.0 0.154

H 34.5 2.249 12.3 0.162

HB 34.4 2.122 11.6 0.172

shown in Table II in order to investigate the EOS de-
pendence of the merger outcome of the binary systems.
These selected EOSs satisfy the constraints Λ1.4 . 800
imposed by the observation of GW170817 [2]. Here, Λ1.4

is the dimensionless tidal deformability for an isolated
neutron star with the gravitational mass 1.4M�. Also
with these EOSs, the maximum mass for the spherical
neutron stars, Mmax is higher than 2.1M�, which is con-
sistent with the latest discoveries of a high-mass neutron
star [58]. In the numerical simulation, we add the ther-
mal part of the EOS to the zero-temperature part de-
scribed above. Our implementation for this is the same
as that in our previous work (see, e.g., Ref. [36]).

C. Model

The neutron-star mass is set to be 1.35M� with
the vanishing black-hole spin for all the models. In
order to investigate the mass-ratio dependence of the
system evolution, we choose seven mass ratios Q ≈
1.5, 1.9, 2.2, 2.6, 3.0, 3.7, and 4.4, that is, we choose the
black-hole mass MBH,0 = 2.0, 2.5, 3.0, 3.5, 4.0, 5.0, and
6.0M�. As mentioned above, we also choose three EOSs
1.25H, H, and HB. The 19 physical models used in this
study are listed in Table III. Strictly speaking, the neu-
tron star EOS with Mmax > 2.1M� and MBH = 2M�
are astrophysically inconsistent. However, we adopt this
value because the main focus of this paper is to under-
stand the physics of the low-mass black hole-neutron star
merger process.

Initial data for our numerical simulations are obtained
by computing a quasi-equilibrium state of an orbiting
black hole-neutron star binaries following Ref. [59]. Here,
we assume that the neutron star is irrotational [60, 61]
and is modeled by zero-temperature EOSs (see Ref. [54]
for reviews).

In order to confirm the reliability of the numerical re-
sults, we perform three simulations for every model listed
above with different grid resolutions N70, N90, and N110.
They resolve the neutron-star radius by about 50, 65, and
80 grid points on the finest AMR domain, respectively.
The grid spacing for the highest-resolution model N110 is
∆x ≈ 110–130 m on the finest AMR domain. Unless oth-
erwise stated, the numerical results from the simulations
of N110 are presented for each model.

D. Diagnostics

1. Remnant disk and ejecta

The fate of the neutron-star matter after merger is di-
vided into three types. The matter that falls immediately
into the black hole, the matter that forms an accretion
disk, and the matter that becomes unbound from the
system, i.e., ejecta. Here, we describe our method to
evaluate the properties of the disk and the ejecta, which
are the key quantities for the electromagnetic emissions
from black hole-neutron star mergers. At each time slice,
the rest mass outside the apparent horizon is evaluated
by the integral

M>AH :=

∫
r>rAH

ρ∗d
3x, (2)

where rAH = rAH(θ, ϕ) is the coordinate radius of the
apparent horizon with θ and ϕ being the polar angles de-
fined in a black-hole centered frame. Here, we define the
time at the onset of merger tmerger as the time at which
10−2M� of neutron-star matter falls into the apparent
horizon. M>AH is evaluated at 12 ms after the onset of
merger.

The ejecta, which is the matter unbound from the sys-
tem, is defined as the matter with −ut > 1.1 The mass
of the ejecta is defined by integrating the conserved rest-
mass density of the matter with −ut > 1 as

Meje :=

∫
−ut>1,r>rAH

ρ∗d
3x. (3)

The average velocity of the ejecta is defined by consider-
ing the kinetic energy of the ejecta. First, a sum of the
rest-mass, internal and kinetic energies of the ejecta is
defined by

Eeje :=

∫
−ut>1,r>rAH

ρ∗êd
3x, (4)

where ê is defined in Table I. Next, the internal energy
of the ejecta is defined by

Ueje :=

∫
−ut>1,r>rAH

ρ∗εd
3x. (5)

Then, the kinetic energy of the ejecta is defined by sub-
tracting the rest mass energy and internal energy from
Eeje as

Teje := Eeje − Ueje −Meje. (6)

1 If we consider the thermal effect, the criterion for the unbound
matter should be expressed as −hut > 1. For the dynamical
ejecta produced in the merger of black hole-neutron star binaries,
matter is ejected mainly due to the tidal force and it does not
experience the shock heating. Therefore, numerical results in
this paper depend only weakly on the choice of the criterion.
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TABLE III. Key parameters and quantities for the initial conditions adopted in our numerical simulations. The adopted EOS,
the compactness of the neutron star C, and the initial black-hole mass MBH,0 are shown. Note that MNS = 1.35M� and the
initial black-hole spin is zero. m0Ω0, MADM,0 , and JADM,0 are the initial dimensionless orbital angular velocity, Arnowitt-
Deser-Misner (ADM) mass, and ADM angular momentum of the system, respectively. ∆x is the grid spacing for the highest
resolution model N110 and L is the size of the computational domain.

Model EOS C MBH,0[M�] m0Ω0 MADM,0[M�] JADM,0[M2
�] ∆x[m] L[km]

125H Q15 1.25H 0.154 2.0 0.024 3.33 10.63 127 7206

125H Q19 1.25H 0.154 2.5 0.024 3.83 13.27 124 7006

125H Q22 1.25H 0.154 3.0 0.024 4.33 15.90 124 7006

125H Q26 1.25H 0.154 3.5 0.024 4.83 18.53 124 7006

125H Q30 1.25H 0.154 4.0 0.024 5.34 21.15 124 7006

125H Q37 1.25H 0.154 5.0 0.026 6.34 25.88 122 6906

125H Q44 1.25H 0.154 6.0 0.026 7.35 30.97 122 6906

H Q15 H 0.162 2.0 0.024 3.33 10.63 117 6606

H Q19 H 0.162 2.5 0.024 3.83 13.27 117 6606

H Q22 H 0.162 3.0 0.024 4.33 15.91 117 6606

H Q26 H 0.162 3.5 0.024 4.83 18.53 117 6606

H Q30 H 0.162 4.0 0.024 5.34 21.15 117 6606

H Q37 H 0.162 5.0 0.026 6.34 25.88 113 6406

H Q44 H 0.162 6.0 0.026 7.35 30.97 122 6406

HB Q15 HB 0.172 2.0 0.024 3.33 10.63 109 6139

HB Q19 HB 0.172 2.5 0.024 3.83 13.27 109 6139

HB Q22 HB 0.172 3.0 0.024 4.33 15.91 109 6139

HB Q26 HB 0.172 3.5 0.024 4.83 18.53 109 6139

HB Q30 HB 0.172 4.0 0.024 5.34 21.15 109 6139
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Subsequently, by assuming the Newtonian dynamics, av-
erage velocity of the ejecta may be evaluated from its
kinetic energy and the mass as

veje :=

√
2Teje

Meje
. (7)

However, the values of Eeje and Ueje are evaluated for a
computational domain of radius < 6000–7000 km. Then,
in Eeje (and thus Teje), the influence on the gravitational
potential energy remains. We must subtract the effect of
this gravitational potential energy. Assuming the New-
tonian gravity, we thus approximately estimate the ex-
trapolated velocity as

veje,extrap :=

√
veje

2 − 2
m0

veje(t− tmerger)
, (8)

where veje is evaluated at t. Meje and veje are also eval-
uated at 12 ms after the onset of merger.

2. Black hole

Parameters of black holes are estimated by integrals on
apparent horizons. By assuming that the spacetime is ap-
proximately stationary and the effect of matter would be
negligible near the black hole, the equatorial circumferen-
tial radius Ce and the area AAH of the apparent horizon
approximately satisfy [23]

Ce = 4πMBH, (9)

AAH = 8πMBH

(
MBH +

√
M2

BH − a2
BH

)
. (10)

Therefore, the black-hole mass MBH and the dimension-
less spin parameter χBH are approximately evaluated as

MBH =
Ce

4π
, (11)

χBH =
1

MBH

√
M2

BH −
(

AAH

8πMBH
−MBH

)2

. (12)

Comparisons among different estimates of the spin pa-
rameter suggest that the systematic error associated with
this method is smaller than 0.01 [14, 15, 23], and we con-
firmed that this also holds for simulations presented in
this work. As in the case of the remnant disk and ejecta,
the mass and dimensionless spin of the black hole are
estimated at 12 ms after the onset of merger.

3. Orbital angular velocity

Here, we summarize the method for computing the
orbital angular velocity from gravitational waves. We
extract a Weyl scalar Ψ4 at the coordinate radius of
D = 400M� from the coordinate origin by projecting
onto spin-weighted spherical harmonics, and extrapolate

them to null infinity by a method based on the black-hole
perturbation theory [62]. The gravitational waveforms
hgw are obtained from time integration of l = 2,m = ±2
modes of Ψ4 [63]. The angular velocity of gravitational
waves is derived by

Ωgw = − 1

|hgw|2
Im
[
h∗gwḣgw

]
, (13)

where h∗gw and ḣgw denotes the complex conjugate and
the time derivative of hgw, respectively. The orbital an-
gular velocity of the binary Ω is estimated as Ω = Ωgw/2
in a gauge-invariant manner. The retarded time is ap-
proximately defined by

tret := t−D − 2m0 ln(D/m0). (14)

Then we define the orbital angular velocity at the onset
of merger as Ωmerger := Ω(tret = tmerger).

III. RESULTS

In this section, we present the results obtained from
our numerical simulations. Key characteristic quantities
are shown in Table IV.

TABLE IV. Characteristic physical quantities of the rem-
nant disk and the ejecta measured at 12 ms after the onset of
merger for models with the highest resolution N110. M>AH

is the rest mass outside the apparent horizon. Meje is the
rest mass of the ejecta. veje,extrap is the average velocity
of the ejecta extrapolated to r → ∞. For low ejecta mass
< 10−5M�, we do not estimate the ejecta velocity.

Model M>AH[M�] Meje[M�] veje,extrap[c]

125H Q15 1.0×10−1 3.7×10−4 0.10

125H Q19 1.0×10−1 1.5×10−3 0.12

125H Q22 1.0×10−1 2.9×10−3 0.14

125H Q26 9.1×10−2 2.9×10−3 0.14

125H Q30 6.7×10−2 3.8×10−3 0.16

125H Q37 1.4×10−2 3.5×10−3 0.18

125H Q44 3.5×10−4 6 ×10−5 0.14

H Q15 7.0×10−2 3 ×10−5 0.11

H Q19 7.3×10−2 3.9×10−4 0.12

H Q22 6.6×10−2 8.8×10−4 0.14

H Q26 4.4×10−2 9.0×10−4 0.13

H Q30 2.3×10−2 2.0×10−3 0.15

H Q37 1.3×10−3 2.3×10−4 0.15

H Q44 < 10−5 < 10−5 -

HB Q15 3.7×10−2 < 10−5 -

HB Q19 3.9×10−2 6 ×10−5 0.16

HB Q22 2.5×10−2 9 ×10−5 0.11

HB Q26 1.6×10−2 8.4×10−4 0.14

HB Q30 5.0×10−3 5.2×10−4 0.14
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A. Overview of the merger process

Here, we overview merger processes (see Ref. [64]
for reviews). Gravitational radiation dissipates energy
and angular momentum from black hole-neutron star bi-
naries, and the orbital separation decreases leading to
merger. The fate of the system is divided broadly into
two cases. One is that the neutron star is disrupted by
the tidal force of the black hole. If this is the case, the
remnant black hole is expected to be surrounded by an
accretion disk, and a portion of the disrupted matter is
ejected dynamically. This is the case which we are inter-
ested in, and most of our models result in this type. The
other is that the neutron star is not tidally disrupted,
and is simply swallowed by the black hole. We do not
pay particular attention to such models, but this is the
case for models with mass ratios Q & 4–5. The condition
which discriminates these two cases is approximately ob-
tained by comparing the orbital separation at which tidal
disruption occurs and the radius of the innermost stable
circular orbit of the system.

Figure 1 plots the snapshots of the rest-mass density
profiles, unbound components, and the location of the
apparent horizon on the equatorial plane for the model
H Q22. At t − tmerger ≈ −1.5 ms, the binary is in the
inspiral stage, and the neutron star is not deformed ap-
preciably. At t − tmerger ≈ 0.0 ms, the binary is in the
merger stage, and the neutron star is highly deformed by
the tidal force of the black hole. At t− tmerger ≈ 1.5 ms,
we observe a one-armed spiral structure of the matter as
a result of tidal disruption. A large portion of the arm is
kept bound to the remnant black hole, and hence, they
will experience fallback and result in the formation of an
accretion disk around the remnant black hole. On the
other hand, a small portion of the arm at the front side
acquires specific energy that satisfies −ut ≥ 1 and be-
comes ejecta. At t− tmerger ≈ 15.0 ms, the accretion disk
with the maximum density of ∼ 1012 g cm−3 is formed
around the remnant black hole. A large portion of the
disrupted matter is in a circular motion and the system
relaxes to a quasi-steady state.

B. Rest mass remaining outside the apparent
horizon after the merger

Figure 2 shows the dependence of the rest mass re-
maining outside the apparent horizon after the merger
M>AH on the binary parameters. First, we pay atten-
tion to the dependence of M>AH on the EOS. As we find
from Fig. 2 and Table IV, the rest mass remaining out-
side the apparent horizon after the merger increases as
the compactness of the neutron star decreases. This de-
pendence is already shown by previous simulations [14].
This dependence reflects the fact that the neutron star
with a larger radius is tidally disrupted at a more distant
orbit.

Next, we pay attention to the dependence of M>AH on

the mass ratio of binary. Figure 2 shows that for high
mass ratios (Q & 3), M>AH increases as the mass ratio
decreases. This dependence was also already shown in
previous simulations for a higher mass-ratio regime [23].
However, for a low mass ratio (Q . 3), the dependence
of M>AH on the mass ratio disappears. This behavior
was not expected from the mass-ratio dependence for the
higher mass-ratio regime. It was already pointed out
by Foucart et al. [6] that for a low-mass-ratio regime
M>AH tends to be smaller than previously predicted in
Ref. [65]. Our work systematically shows that M>AH

becomes approximately constant irrespective of the mass
ratio.

In Appendix A, we also reanalyze the results of our
previous numerical simulations for models with higher
mass ratios and spinning black holes [15, 17]. It is shown
that the tendency similar to that shown in Fig. 2 is found
for these previous results.

C. Ejecta properties

One of the important quantities that characterize
ejecta is its mass. Figure 3 shows the dependence of
the ejecta mass Meje on the mass ratio and neutron-star
EOS. It is found that as in the case of the rest mass re-
maining outside the apparent horizon after the merger,
Meje increases as the compactness of the neutron star de-
creases. This dependence is consistent with the results
in the previous work for higher mass ratios [17].

For the models with the mass ratio higher than ∼ 3,
Meje decreases as the mass ratio increases. This depen-
dence is in agreement with the rapid drop of the rest mass
remaining outside the apparent horizon after the merger
at the higher mass-ratio regime. This is also consistent
with the results in the previous work [17]. However, for
the models with the mass ratio lower than ∼ 3, the situa-
tion changes. Meje decreases as the mass ratio decreases
in the parameter regime of our simulation. This behavior
is consistent with the numerical results in Ref. [6], which
show that there is little unbound matter produced by a
merger in the near-equal-mass regime. Overall, we sys-
tematically show that Meje exhibits a peak at the mass
ratio ∼ 3. However, it is not evident that the peak always
exists for the cases which are not explored in this work.
The peak mass ratio could depend on the neutron-star
EOS and the black-hole spin. Further study is needed to
reveal whether the peak always exists or not.

Ejecta velocity is another important quantity that
characterizes the ejecta. Figure 4 shows the extrapo-
lated ejecta velocity veje,extrap as a function of Q for three
EOSs. We also show veje,extrap for the models simulated
in previous studies (see the small open circles, for which
the data are taken from Table 2 of Ref. [66]). This fig-
ure shows that veje,extrap tends to decrease as the mass
ratio of binary decreases. By contrast, the dependence
on neutron-star EOSs is likely to be weak. This result
is consistent with the results obtained in the merger of



7

t-tmerger  = -1.47 ms log10[ ρ (g cm-3)]

-150 -100 -50  0  50  100  150
x (km)

-150

-100

-50

 0

 50

 100

 150
y 

(k
m

)

 9

 10

 11

 12

 13

 14

 15
log10[ ρ (g cm-3)]

0.5c 0.5c 

t-tmerger  = 0.03 ms log10[ ρ (g cm-3)]

-150 -100 -50  0  50  100  150
x (km)

-150

-100

-50

 0

 50

 100

 150

y 
(k

m
)

 9

 10

 11

 12

 13

 14

 15
log10[ ρ (g cm-3)]

0.5c 0.5c 

t-tmerger  = 1.53 ms log10[ ρ (g cm-3)]

-150 -100 -50  0  50  100  150
x (km)

-150

-100

-50

 0

 50

 100

 150

y 
(k

m
)

 9

 10

 11

 12

 13

 14

 15
log10[ ρ (g cm-3)]

0.5c 0.5c 

t-tmerger  = 15.04 ms log10[ ρ (g cm-3)]

-150 -100 -50  0  50  100  150
x (km)

-150

-100

-50

 0

 50

 100

 150

y 
(k

m
)

 9

 10

 11

 12

 13

 14

 15
log10[ ρ (g cm-3)]

0.5c 0.5c 

FIG. 1. Time evolution of the rest-mass density profile at t− tmerger ≈ −1.5 (top-left), 0.0 (top-right), 1.5 (bottom-left), and
15.0 ms (bottom-right) for the model H Q22. The black filled circles indicate the interior of the apparent horizons. Unbound
components that satisfy −ut ≥ 1 are enclosed by the black curves (see the bottom-left panel). The black arrows show the
three-velocity, vi := ui/ut.

binaries consisting of spinning black holes [17, 66].

D. Considerations on the mass ejection

In Sec. III C we have shown the main results of our
simulations focusing on the rest mass and the velocity
of the ejecta. The mass-ratio dependence of the ejecta
properties is summarized as follows.

• The ejecta mass increases as the mass ratio de-
creases for a high mass-ratio regime, while it de-
creases as the mass ratio decreases for a low mass-
ratio regime. The peak of the ejecta mass is found
at Q ∼ 3.

• The ejecta velocity decreases as the mass ratio de-
creases.

In this section, we consider the mechanism of mass
ejection and give our interpretation for the mass-ratio
dependence of the properties of the ejecta.

1. Matter distribution in the energy-angular momentum
phase space

In order to take a close look at the dynamics of the
merger and explain the mass-ratio dependence of the
ejecta mass, we analyze the matter distribution in the
phase space of specific energy and specific angular mo-
mentum. Figure 5 shows the time evolution of the dis-
tribution in the phase space of specific energy Ẽ := −ut
and specific angular momentum J̃ := uϕ = uy(x−xBH)−
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FIG. 2. Rest mass remaining outside the apparent horizon
after the merger M>AH as a function of the mass ratio Q
for three EOSs. Data are evaluated at 12 ms after the onset
of merger. Data points with different sizes represent results
obtained with different grid resolutions. Specifically, large,
medium, and small points show the results of N110, N90, and
N70, respectively.
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FIG. 3. The same as Fig. 2 but for the rest mass of unbound
material Meje as a function of the mas ratio Q.

ux(y−yBH) for the models with EOS H.2 The matter dis-
tribution is obtained by the following integral:

dM

dẼdĴ
(Ẽ, Ĵ) := lim

∆1,∆2→0

1

∆1∆2

∫
|Ẽ−Ẽ′|<0.5∆1

|Ĵ−Ĵ′|<0.5∆2

ρ∗(Ẽ
′, Ĵ ′)d3x,

(15)

where Ĵ := J̃/MBH,f . Here, MBH,f is the mass of the
remnant black hole. From each panel of Fig. 5, we can

2 Ẽ and J̃ can be understood as the Killing energy and the Killing
angular momentum, respectively, if we assume the stationary,
axisymmetric spacetime.
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FIG. 4. The same as Fig. 2 but for the average velocity of
the ejecta extrapolated to r →∞, veje,extrap, as a function of
the mass ratio Q. The results for the model with the ejecta
mass larger than 10−4M� are plotted. Data are evaluated at
12 ms after the onset of merger. Results from Ref. [66] are
also shown (small open circles). Note that data in Ref. [66]
are evaluated at 10 ms after the onset of merger.

extract the following information for the inspiral, merger,
and post-merger stages:

1. Inspiral stage:
The first panel of Fig. 5 shows the matter distribu-
tion in the phase space for the late inspiral stage
just prior to the merger. The upper limit of the
specific energy for each specific angular momentum
can be described approximately by Ẽ = ΩJ̃ + C,
where Ω is an orbital angular velocity and C is
a constant (at each time slice) in the presence of
a helical symmetry.3 The figure shows that most
components have values of Ĵ smaller than ĴISCO

and will fall into the black hole after the merger.

2. The onset of merger:
The second panel of Fig. 5 shows the matter distri-
bution in the phase space at the onset of merger.
This shows that the matter acquires a wide range
of specific angular momentum and a fraction of the
matter has the specific angular momentum satisfy-
ing Ĵ ≥ ĴISCO. This can be understood as a result
of the angular momentum transport caused by the
tidal deformation of the neutron star. The asso-
ciated increase and decrease of the specific energy
can also be observed. Note that the upper limit of
the distribution approximately follows Ẽ = ΩJ̃+C

3 hẼ = ΩhJ̃+C is satisfied if we assume the helical symmetry and
irrotational fluid [59]. Here, the helical Killing vector is written
as ξµ := (∂t)µ + Ω(∂ϕ)µ. Therefore, Ẽ = ΩJ̃ + C/h ≤ ΩJ̃ + C
holds.
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as with the case of the inspiral stage but with dif-
ferent values of Ω and C.

3. 1.5 ms after the onset of merger:
The third panel of Fig. 5 shows the matter distri-
bution in the phase space after the onset of tidal
disruption of the neutron star. Compared with the
second panel, the matter with Ĵ < ĴISCO falls into
the black hole and disappears from the drawing
range. The specific energy of matter that remains
outside the black hole increases, while the specific
angular momentum does not change significantly
from the onset of merger. Therefore, the major
effect in this stage is the change in the specific
energy by the radial force acting on the matter.
The matter acquires energy when the large por-
tion of neutron-star matter falls into the black hole
and the black hole parameters change significantly.
The time duration for the matter to acquire energy
is 0.5–1 ms. We speculate that the instantaneous
change in the structure of the spacetime increased
the specific energy of a portion of the matter.

4. Quasi-steady state after merger:
The last panel of Fig. 5 shows the matter distri-
bution in the phase space for a quasi-steady state
established after the merger. There are two com-
ponents observed in this figure. One is the compo-
nent that has non-circular orbits around the black
hole (i.e., E has large values for a given value of

Ĵ). The phase-space distribution of this component
does not change significantly from ≈ 1.5 ms after
the onset of merger. The other is the component
that has a circular or nearly circular orbit around
the black hole (the components along the magenta
dashed curve). This constitutes the disk surround-
ing the black hole. Due to fallback and matter in-

teraction in the disk, the angular momentum dis-
tribution of the latter component is changed signif-
icantly from ≈ 1.5 ms after the onset of merger.

2. Model for matter distribution in the specific
energy-angular momentum phase space

In order to deeply understand the numerical results in
this paper, we here develop a model for the phase-space
distribution of the matter after merger using the effective
potential of the remnant black hole, and compare it with
the results of numerical simulations in Fig. 5. We first
consider the phase-space distribution of the matter at
≈ 1.5 ms after the onset of merger. For the analysis, we
assume the following:

• The matter motion after merger is determined only
by the gravitational effects of the remnant black
hole. The mass and the dimensionless spin of the
remnant black holes are denoted by MBH,f and
χBH,f , respectively, and they are listed in Table V.

• All the fluid elements follow the geodesic in the
Kerr spacetime starting from the radial position
rmerger/MBH,f = ((ΩmergerMBH,f)

−1 − χBH,f)
2/3 in

Boyer-Lindquist coordinates, with the zero radial
velocity, dr/dτ = 0, where Ωmerger is the orbital
angular velocity at the onset of merger and τ is
the proper time of the fluid elements. Ωmerger and
r̂merger := rmerger/MBH,f are also listed in Table V.
This table shows that the value of Ωmerger is pri-
marily determined by the EOS and depends only
weakly on the mass ratio.

Under these assumptions, the relation between the spe-
cific energy and the specific angular momentum is given
by

Ẽ = Veff(Ĵ) = V+(r̂merger, Ĵ),

V±(r̂, Ĵ) :=
2χBH,f Ĵ ±

(
r̂2 + χBH,f

2 − 2r̂
) 1

2

[
Ĵ2r̂2 + r̂

(
r̂3 + χBH,f

2r̂ + 2χBH,f
2
)] 1

2

r̂3 + χBH,f
2(r̂ + 2)

, (16)

where r̂ := r/MBH,f . We note that V±(r̂, Ĵ) is obtained from an effective potential of the geodesic motion around
a Kerr black hole [67]

(
dr

dτ

)2

+ V (r̂, Ẽ, J̃) = 0,

V (r̂, Ẽ, J̃) :=
1

r̂3

[{
r̂3 + χBH,f

2(r̂ + 2)
}
Ẽ2 + (2− r̂)Ĵ2 − 4χBH,fẼĴ − r̂2(r̂ − 2)− χBH,f

2r̂
]

=

{
1 +

χBH,f
2

r̂3
(r̂ + 2)

}
{Ẽ − V+(r̂, Ĵ)}{Ẽ − V−(r̂, Ĵ)}. (17)
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Equation (16) is described by the cyan dashed curve in
Fig. 5. Comparing the curve describing Eq. (16) and the
phase-space distribution of the matter at ≈ 1.5 ms after
the onset of merger obtained by the simulation, we find
a reasonable agreement between them in Fig. 5. Thus we
consider that the model (assumption) given here is con-
sistent with the result of the simulation. This can also be
found in other models: In Figs. 6 and 7 we show the same
quantity as Fig. 5 but for the models H Q15 and H Q37
at ≈ 1.5 ms and ≈ 15.0 ms after the onset of merger. For
all the models shown in these figures, the curve describ-
ing Eq. (16) is consistent with the matter distribution at
≈ 1.5 ms after the onset of merger obtained by simula-
tions. All these results validate our model in terms of
the effective potential for understanding the post-merger
phase-space distribution of the matter.

The specific energy-angular momentum distribution of
the matter with Ẽ > 1 at ≈ 15.0 ms after the onset of
merger approximately agrees with the model given by
Eq. (16). This implies that the ejecta component moves
along the geodesic without any significant matter inter-
action, and the conservation of the specific energy and
specific angular momentum is approximately satisfied.

We also consider the phase-space distribution of the
bound matter in a quasi-steady state after merger. As
found from the velocity distribution of the disk in the
fourth panel of Fig. 1, a large portion of the disk matter
is in a circular motion. The relation between specific
energy and specific angular momentum for particles at
stable circular orbits is given by [68]

Ẽsco(r̂) =
r̂3/2 − 2r̂1/2 + χBH,f

r̂3/4
(
r̂3/2 − 3r̂1/2 + 2χBH,f

)1/2
(r̂ > r̂ISCO),

Ĵsco(r̂) =
+
(
r̂2 − 2χBH,f r̂

1/2 + χBH,f
2
)

r̂3/4
(
r̂3/2 − 3r̂1/2 + 2χBH,f

)1/2
(r̂ > r̂ISCO),

(18)

where we assumed co-rotating orbits. Equation (18) is
described by the magenta dashed curve in Figs. 5–7. The
fourth panel of Fig. 5 shows that the curve describing
Eq. (18) is consistent with the phase-space distribution of
the disk matter for which the specific energy and specific
angular momentum are Ẽ ∼ 0.9–0.95 and Ĵ ∼ 2.5–3.5,
respectively. It shows that the inner region of the disk is
supported dominantly by rotation. However, there also
exists matter with the specific angular momentum ap-
preciably smaller than Ĵsco for the specific energy range
Ẽ ∼ 0.95–1.0. We consider that the matter in the outer
part of the disk has significant pressure support in ad-
dition to rotational support. These disk structures are
consistent with that shown in Ref. [34]. For other mod-
els shown in Figs. 6 and 7, we also find the rotation-
supported component and the component supported by
both rotation and pressure at ≈ 15.0 ms after the onset
of merger. Note that for the models H Q15 (Fig. 6) and
H Q22 (Fig. 5), the former component is the majority,
while for the model H Q37 (Fig. 7), the latter compo-

TABLE V. Quantities used in the model given by Eq. (16).
MBH,f and χBH,f are the mass and the dimensionless spin of
the remnant black hole, respectively. Ωmerger is the orbital an-
gular velocity at the onset of merger, and r̂merger is the radial
position of matter in Boyer-Lindquist coordinates obtained
from Ωmerger.

Model MBH,f [M�] χBH,f Ωmerger[M�
−1] r̂merger

125H Q15 3.20 0.75 2.24× 10−2 5.59

125H Q19 3.68 0.69 2.27× 10−2 5.02

125H Q22 4.17 0.64 2.27× 10−2 4.62

125H Q26 4.67 0.59 2.30× 10−2 4.24

125H Q30 5.18 0.56 2.29× 10−2 3.95

125H Q37 6.21 0.50 2.24× 10−2 3.55

125H Q44 7.21 0.45 2.12× 10−2 3.34

H Q15 3.22 0.75 2.55× 10−2 5.08

H Q19 3.70 0.69 2.55× 10−2 4.60

H Q22 4.20 0.64 2.55× 10−2 4.23

H Q26 4.70 0.60 2.55× 10−2 3.91

H Q30 5.21 0.56 2.53× 10−2 3.67

H Q37 6.21 0.50 2.40× 10−2 3.37

H Q44 7.21 0.45 2.22× 10−2 3.22

HB Q15 3.25 0.75 2.88× 10−2 4.62

HB Q19 3.73 0.69 2.89× 10−2 4.19

HB Q22 4.22 0.64 2.87× 10−2 3.87

HB Q26 4.72 0.60 2.83× 10−2 3.62

HB Q30 5.22 0.56 2.77× 10−2 3.43

nent is the majority.

3. Dependence of the ejecta mass on the mass ratio

We describe our interpretation for the dependence of
the ejecta mass on the mass ratio using the model for
the matter distribution in the phase space and the dis-
tribution of matter with respect to the specific angu-
lar momentum normalized by the mass of the remnant
black hole. Specifically, we compare the results of H Q15,
H Q22, and H Q37.

The top panel of Fig. 8 shows the mass-ratio depen-
dence of the specific energy as a function of the specific
angular momentum given by Eq. (16). This panel shows
that as the mass ratio decreases, the specific angular mo-
mentum normalized by the remnant black-hole mass re-
quired for the matter to become ejecta (i.e., to achieve

Ẽ ≥ 1) increases. Here, the required specific angular

momentum Ĵcrit is defined as

Veff(Ĵcrit) = 1. (19)

Ĵcrit is also described in Fig. 8 by the vertical dashed
lines. Here, the mass-ratio dependence of r̂merger is con-
sidered to be the main reason for the mass-ratio depen-
dence of Ĵcrit (see Table V). The bottom panel of Fig. 8
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dĴ
M

sun
]

1 1.5 2 2.5 3 3.5 4 4.5 5

Ĵ
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Ĵ I
S

C
O

unbound
bound
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FIG. 5. Time evolution of the matter distribution in the phase space of specific energy Ẽ = −ut and specific angular
momentum normalized by the remnant black-hole mass Ĵ = uϕ/MBH,f at t − tmerger ≈ −1.5, 0.0, 1.5, and 15.0 ms for the

model H Q22. The contours are obtained by using Eq. (15). The cyan dashed curve describes Ẽ = Veff(Ĵ) [Eq. (16)]. This
curve shows the effective potential of Kerr spacetime at the orbital angular velocity Ωmerger. The values of the black-hole
mass MBH and the black-hole spin χBH used to evaluate Eq. (16) are given in Table V. The magenta dashed curve describes

(Ẽ, Ĵ) = (Ẽsco, Ĵsco) [Eq. (18)]. This curve shows the relation of the specific energy and the specific angular momentum at

stable circular orbits in the Kerr spacetime. ĴISCO is the specific angular momentum at the innermost stable circular orbit
around the remnant black hole normalized by its mass. The matter with Ĵ < ĴISCO falls into the black hole during the merger
phase, while the matter with Ĵ > ĴISCO remains outside the black hole and forms a remnant disk or ejecta. The horizontal line
of Ẽ = 1 is the boundary of the bound and unbound matter. The matter with Ẽ > 1 is unbound from the system and becomes
ejecta. In each figure, the snapshot of the rest-mass density profile at the corresponding time slice is embedded. See Fig. 1 for
the details of the snapshots.
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Ĵ I
SC

O

unbound 

bound 
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FIG. 6. The same as Fig. 5 but for model H Q15 at t− tmerger ≈ 1.5, and 15.0 ms.
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Ĵ I
SC

O

unbound 

bound 
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shows the distribution of matter with respect to the spe-
cific angular momentum normalized by the mass of the
remnant black hole M(> Ĵ) at ≈ 1.5 ms after the on-
set of merger. Here, the distribution is obtained by the
following integral:

M(> Ĵ) :=

∫
Ĵ′>Ĵ

ρ∗(Ĵ
′)d3x. (20)

By comparing M(> Ĵ) for H Q15 and H Q22, we find
that the distribution does not differ significantly. On
the other hand, the values of M(> Ĵ) for H Q37 is en-
tirely smaller than that for other two models. The reason
for this is the absence of appreciable tidal disruption for
H Q37.

The matter with specific angular momentum larger
than Ĵcrit is expected to become ejecta, and thus the
ejecta mass is estimated by M(> Ĵcrit). M(> Ĵcrit) is
shown by the horizontal arrows in the bottom panel of
Fig. 8. By comparing the curves of H Q15 and H Q22
we find that the ejecta mass should decrease as the mass
ratio decreases. Here, the mass-ratio dependence of Ĵcrit

is considered to be the main reason for the mass-ratio
dependence of the ejecta mass for the low-mass-ratio
regime. On the other hand, by comparing H Q22 and
H Q37 we find that the ejecta mass should increase as
the mass ratio decreases. In this case, the absence of ap-
preciable tidal disruption for the high-mass-ratio models
is the main reason for the mass-ratio dependence of the
ejecta mass. This mass-ratio dependence of the ejecta
mass is consistent with the results presented in Sec. III C.
Quantitatively, the ejecta mass obtained from the analy-
sis in Fig. 8 agrees with the actual results, Meje, within
a factor of 2.

IV. CONCLUSION

We performed numerical relativity simulations for non-
spinning low-mass black hole-neutron star mergers with
seven black-hole masses (or mass ratios of the binary)
and three neutron-star EOSs. We considered the cases in
which the neutron-star mass is 1.35M�. We paid particu-
lar attention to the properties of the matter that remains
outside the black hole including ejecta. We found that
the rest mass of such matter is ∼ 0.005–0.1M� for the
case of Q . 3. Previous work [23] showed that the rest
mass remaining outside the apparent horizon after the
merger increases as the mass ratio decreases for Q & 3.
However, we found that it depends only weakly on the
mass ratio for Q . 3.

Previous work [17] also showed that the ejecta mass
increases as the mass ratio decreases for Q & 3 with
spinning black holes. In this work, we showed that the
ejecta mass rapidly decreases as the mass ratio decreases
for Q . 3. Because it is negligible for Q & 5 with non-
spinning black holes, the ejecta mass shows a peak at the
mass ratio Q ∼ 3. The peak value of the ejecta mass for
models focused on in this work was ∼ 10−3–5× 10−3M�
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FIG. 8. The model for the matter distribution in the spe-
cific energy-angular momentum phase space given by Eq. (16)
(top panel), and the specific angular momentum distribution
obtained by applying Eq. (20) to numerical results of simu-
lations at ≈ 1.5 ms after the onset of merger (bottom panel).
The specific angular momentum is always normalized by the
mass of the remnant black hole. We compare the results for
H Q15, H Q22, and H Q37. The horizontal line of Ẽ = 1 in
the top panel is the boundary of bound and unbound matter.
The specific angular momentum required for the matter to
become ejecta Ĵcrit is described by the vertical dashed lines.
As the mass ratio decreases, Ĵcrit increases. The horizontal
arrows in the bottom panel show M(> Ĵcrit) for each model.

The mass-ratio dependence of M(> Ĵcrit) is consistent with
the mass-ratio dependence of the ejecta mass.

depending on the neutron-star EOS. The average velocity
of the ejecta evaluated at r → ∞ is found to be ∼ 0.1–
0.2c. It decreases as the mass ratio decreases, but the
dependence on the neutron-star EOSs is weak.

In order to take a close look at the dynamics of the
matter in the post-merger stage, we analyzed the mat-
ter distribution in the phase space of the specific energy
and the specific angular momentum. We found that the
merger stage can be divided mainly into two stages. In
the first stage, the matter acquires both energy and an-
gular momentum as a result of angular momentum trans-
port caused by the tidal deformation of the neutron star.
In the second stage, the matter acquires energy, while
there is only a small change in the specific angular mo-
mentum. We do not still understand the physical mech-
anism for the second stage yet, but we speculate that the
matter acquires energy due to the instantaneous change
in the structure of the spacetime caused by the infall of
the neutron-star matter into the black hole. As a result
of these two stages, a portion of the matter that remains
outside the black hole acquires sufficient energy to be-
come ejecta.
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The model for the matter distribution in the phase
space suggests that the specific angular momentum nor-
malized by the remnant black-hole mass required for the
matter to become ejecta increases as the mass ratio of
the binary decreases. In addition, we find that the dis-
tribution of matter with respect to the specific angular
momentum normalized by the mass of the remnant black
hole does not depend significantly on the mass ratio for
a low-mass-ratio regime. Combining these two facts, we
conclude that the ejecta mass decreases as the mass ratio
decreases for the low mass-ratio binaries.

Finally, we list several issues to be explored in the fu-
ture. In this paper, we studied the models only with
non-spinning black holes to focus on the dependence on
the mass ratio and the EOS of the neutron star. How-
ever, it is a well-known fact that the black-hole spin influ-
ences the merger process significantly [15, 24]. We need
further studies in order to clarify the parameter depen-
dence of remnant disk and ejecta properties for low-mass
black hole-neutron star mergers with a spinning black
hole. Also, we plan to update the fitting formula for the
rest mass remaining outside the apparent horizon after
the merger and the ejecta mass by taking into account
the results of this work.
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Appendix A: Rest mass remaining outside the
apparent horizon after the merger for the case of

higher mass ratio and spinning black hole

Though it was not pointed out clearly, the weak mass-
ratio dependence of the rest mass remaining outside the
apparent horizon after the merger in a low mass-ratio
regime can be seen for the merger of binaries consist-
ing of spinning black holes from the results of previ-
ous simulations [15, 17]. We reanalyzed the results of
Refs. [15, 17] focusing on the mass-ratio dependence. Fig-
ure 9 shows that the mass-ratio dependence of the rest
mass located outside the apparent horizon tends to be
weaker as the mass ratio decreases for models with higher
black-hole spins and stiffer neutron-star EOSs. It should
not be off base to expect the same tendency for mod-
els with lower black-hole spins and softer neutron-star
EOSs in the mass-ratio regime lower than the scope of
Refs. [15, 17]. We expect that this is a universal behav-
ior irrespective of the black-hole spin. It should also be
noted that the mass ratio at which the rest mass remain-
ing outside the apparent horizon after the merger starts
leveling off depends on the compactness of the neutron
star (or neutron-star EOS) and the black-hole spin.
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FIG. 9. Dependence of the rest mass remaining outside
the apparent horizon after the merger on the mass ratio for
binaries with spinning black holes. In each panel, EOSs
and spin parameters are aligned. The data are taken from
Ref. [15] (top panel) and Ref. [17] (middle and bottom panels).
The compactness of the neutron star with a mass 1.35M� is
0.138, 0.147, 0.161, and 0.180 for EOSs MS1, H4, ALF2, and
APR4, respectively.
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