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Driven quantum systems may realize novel phenomena absent in static systems, but driving-
induced heating can limit the time-scale on which these persist. We study heating in interacting
quantum many-body systems driven by random sequences with n−multipolar correlations, corre-
sponding to a polynomially suppressed low frequency spectrum. For n ≥ 1, we find a prethermal
regime, the lifetime of which grows algebraically with the driving rate, with exponent 2n + 1. A sim-
ple theory based on Fermi’s golden rule accounts for this behaviour. The quasiperiodic Thue-Morse
sequence corresponds to the n → ∞ limit, and accordingly exhibits an exponentially long-lived
prethermal regime. Despite the absence of periodicity in the drive, and in spite of its eventual heat
death, the prethermal regime can host versatile non-equilibrium phases, which we illustrate with a
random multipolar discrete time crystal.

Introduction.– A closed quantum many-body sys-
tem with a time-independent (static) Hamiltonian, by
Noether’s theorem, exhibits energy conservation. In
thermodynamics, this underpins the notion of tempera-
ture, allowing for the distinction between high- and low-
temperature states, the former of which are typically dis-
ordered but the latter may display interesting correla-
tions from symmetry breaking or topological order.

By contrast, in systems with a time-dependent Hamil-
tonian, energy conservation is absent, as is the notion
of (high or low) temperatures. Equilibrium states of
driven systems are therefore entirely featureless [1–3],
often somewhat sloppily referred to as ‘infinite temper-
ature’ states. An initially ordered system, subject to a
drive, thus equilibrates by absorbing energy until such a
state with trivial correlations, i.e. described by a diago-
nal density matrix, is reached.

For periodically driven (‘Floquet’) systems, this heat
death can be avoided by leaving the realm of equilibrium
physics altogether: in disordered systems, a many-body
localised (MBL) state is a non-ergodic alternative [3, 4],
stable to generic perturbations. This may even host new
forms of non-equilibrium order [5] – such as spatiotempo-
ral time-crystalline one [6, 7], without any counterparts
in undriven systems.

The observation that even in a clean system, before
heating and equilibration take over, there may be a
long-lived but transient ‘prethermal’ regime has gener-
ated many interesting insights. For Floquet systems,
which retain a notion of discrete time-translation sym-
metry, the existence of a prethermal regime is by now
well-established. It is described by an effective Hamilto-
nian [8–16] derived in a high-frequency (Magnus) expan-
sion, in which the driving period acts as a small param-
eter. Similar prethermal regimes have also been found
in static systems with only weakly broken conservation
laws [17–20].
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FIG. 1: Left: schematic diagram for different driving
protocols. Unitaries U± = exp(−iTH±) can form two
types of dipoles, U+U− or U−U+. A Floquet drive is
given by a perfect sequence of a single type of dipole
whereas a random succession of both dipole types cor-
responds to a random dipolar drive. Right: Sketch of
entanglement entropy dynamics. For a random drive
(n = 0) the system heats rapidly to infinite tempera-
ture (inverse temperature β = 0) but for n−multipolar
(n ≥ 1) driving a prethermal plateau emerges. Quasiperi-
odic (n→∞) drives have an exponentially long (in driv-

ing rate) prethermal regime.

A natural question then is whether prethermalization
can appear in driven systems even in the absence of the
perfect periodicity of a Floquet system. With contin-
uous quasiperiodic driving, such a possibility has been
shown to exist, albeit under somewhat restrictive re-
quirements on the analyticity of the drive [21–23]. With
discrete Fibonacci driving, a glassy relaxation has been
identified [24], but it cannot be captured by a prether-
mal Hamiltonian. For special integrable systems the slow
down (or absence) of heating has also been reported in
Ref. [25–33].

Here we demonstrate that also random drives can
lead to prethermal regimes described by effective Hamil-
tonians for generic quantum many-body systems. To
this end, we introduce a family of aperiodic but corre-
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lated drives that interpolate between highly structured
quasiperiodic and fully random time dependence; the
non-random versions correspond to Floquet drives, see
Fig. 1. It is based on random sequences of unitaries U±,
generated by two Hamiltonians H± acting for a time pe-
riod T . An integer n parametrises the level of correlations
incorporated in the sequence such that n = 0 is a fully
random sequence of U±, while n = 1 is made up of a ran-
dom sequence of ‘dipoles’, i.e. of terms U+U− or U−U+;
and in turn n = 2, ‘quadrupolar’ sequences, are made
up of antialigned dipoles U−U+U+U− or U+U−U−U+;
and so on for higher n. The recursively defined limit
n → ∞ of such random multipolar drives (RMD) thus
corresponds to the Thue-Morse quasiperiodic drive.

The basic motivation for considering such RMD is the
observation that the bounds underpinning derivations of
Floquet perthermalisation can be generalised to such set-
tings, and do not per se require perfect Floquet periodic-
ity. Our central finding is that for RMD energy absorp-
tion slows down algebraically with n, with the prether-
mal lifetime growing as (1/T )2n+1. For the quasiperiodic
n→∞ limit, this leads to an exponentially long prether-
malisation scale.

The correlated drives represent a form of spectral engi-
neering as the Fourier transform of the random time se-
quence of multipoles vanishes as a power (1/T )n yielding
a gap in the limit n→∞. We find that this characteris-
tic low frequency behavior underpins an ultimatley sim-
ple Fermi golden rule argument [13, 19, 34] accounting for
the observed slow heating behavior and its n-dependence.

Finally, we show the existence of a prethermal random
multipolar time-crystal, where a regular (im)perfect spin
flip operation is sandwiched between random multipoles.
Since the driving completely breaks time translation sym-
metry, this presents an unprecedented spatiotemporal
phenomenon in many-body quantum systems [35].

The remainder of this account is organised as follows.
We first derive the rigorous bounds on heating for our
random drives. To verify it numerically, we then define a
generic model, a clean driven non-integrable Ising model,
Eq. 4, and present results of observables, counterposing
numerical and analytical results for the prethermal life-
time. Finally, the presentation of the random multipolar
time crystal precedes a concluding discussion.

Rigorous bound.– We start from the two elementary
time evolution operators as

U+ = exp(−iTH+), U− = exp(−iTH−), (1)

where H± is a time independent Hamiltonian and T de-
fines the characteristic time scale. For periodic driv-
ing, the dynamics is governed by the Floquet operator
U1 = U−U+, and the Floquet Hamiltonian HF is defined
as U1 = e−i2THF . It is well established how to construct
a perturbative Floquet-Magnus (FM) expansion in small
T (fast driving), HF =

∑∞
n=0(2T )nHn

F [8, 9].

Already the zeroth order term, H0
F = (H+ + H−)/2,

is useful because of the following rigorous bound for the
error accumulated over a single period [36]:∥∥∥U−U+ − e−iH

0
F 2T

∥∥∥ 6 V0

[
6 · 2−n0 + λT

]
2T, (2)

where V0 is proportional to the driving amplitude, λ cap-
tures the local typical energy scale of the system, and
n0 ∼ O(T−1) denotes the optimal order before the FM
expansion diverges [36, 37]. Note that Eq. 2 does not
depend on the order of U+ and U−, because the paired
operators U+U− and U−U+ have the same H0

F . Conse-
quently, using a triangle inequality, the error for the time
evolution up to t = 2mT can be estimated to be∥∥∥ (U−U+)(U+U−) . . .︸ ︷︷ ︸

m cells

−e−iH0
F t
∥∥∥ 6 V0

[
6 · 2−n0 + λT

]
t.

(3)
Crucially, the bound is indeed not limited to periodic
driving and the paired operators can appear in random
sequence. Despite the fact that the derived bound is not
tight, Eq. 25 indicates that in the fast driving regime the
error only becomes notable after a sufficiently long time
leading to a long-lived prethermal regime [36] whose dy-
namics can be approximated by the effective Hamiltonian
H0
F with a quasi-conserved energy [38].
In the following, we confirm via exact diagonalization

(ED) the possibility of prethermal regimes as indicated
by the bound, the lifetime of which will be further justi-
fied via a Fermi’s golden rule calculation.
Prethermalization.– We focus on a generic spin model

described by the Hamiltonian

H± =
∑
i

Jxσ
x
i σ

x
i+1 + Jzσ

z
i σ

z
i+1 + (B0 ±Bx)σxi +Bzσ

z
i ,

(4)
where Jx, Jz are the nearest-neighbor exchange interac-
tions, B0, Bz are static fields, and Bx denotes the driving
amplitude. We use periodic boundary conditions such
that translation invariance allows us to access the dy-
namics for larger system sizes.

To characterize the thermalization dynamics, we use
two different diagnostics. First, we calculate the mean
energy of the effective system 〈H0

F 〉, which should remain
constant in the prethermal regime but drop to zero once
the state heats up to infinite temperature. Second, we
study the growth of the half-chain entanglement entropy
in time SL(t) = −Tr

[
ρL/2 log ρL/2

]
with the half chain

reduced density matrix ρL/2 = Tr1≤i≤L/2 {|ψ(t)〉 〈ψ(t)|}.
We first consider the quasiperiodic Thue-Morse driv-

ing [25], the n → ∞ limit of n−RMD. Starting from
Eq. 1 we use U1 = U−U+ and Ũ1 = U+U− to recursively
construct the driving unit cells of time length 2nT as

Un+1 = ŨnUn, Ũn+1 = UnŨn (5)

Note, n−RMD random sequences are generated from
unit cells Un and Ũn. This recursive construction en-
ables us to simulate the dynamics for exponentially long
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FIG. 2: Evolution of (a) mean energy and (b) en-
tanglement entropy with Thue-Morse driving as a
function of characteristic time T , using parameters
{Jz, Jx, Bx, Bz, B0} = {1, 0.243, 0.809, 0.357, 0.21}, L =
18. Prethermalization appears with an entanglement
plateau and a lack of energy absorption. (c) Exponential

scaling of the thermalization time versus 1/T .

time only involving a linearly increasing number of ma-
trix multiplications, i.e. |ψ(2nT )〉 = Un |ψ(0)〉.

In Fig. 2 the dynamics of the mean energy density and
the entanglement entropy are shown for different driving
rates 1/T at stroboscopic time 2nT . The initial state is
taken with all spins pointing down. For sufficiently fast
driving 1/T ≥ 20, the entanglement entropy SL first sat-
urates to a prethermal plateau, which is well captured by
the zeroth-order effective Hamiltonian. Meanwhile, the
system heats only very slowly from the external drive,
hence, the mean energy remains constant over a large
time window. In between stroboscopic times, we also ver-
ify that the mean energy remains quasi-conserved. Only
after a large time scale τS , the entropy SL rapidly grows
to the final plateau with Sβ=0

L = [L ln(2) − 1]/2 [39],
which confirms that the system has eventually thermal-
ized to the infinite temperature state. Correspondingly,
the mean energy drops to zero after the time scale τE .

Next, we study the scaling of the thermalization times
as a function of frequency. τE,S can be extracted by set-
ting certain thresholds, e.g. SL/(L/2) ∼ 0.55 ± 0.05 or
〈H0

F 〉t/〈H0
F 〉0 ∼ 0.7 ± 0.1. In Fig. 2(c) we show that

both definitions of the thermalization have the same ex-
ponential growth with frequency. We have verified that
the scaling does not show qualitative dependence on the
initial states or precise values of the threshold values [37].

We verified that the prethermal regime also exists for
RMD with finite n and not only for the Thue-Morse limit.
The upper two panels of Fig. 3 depict the results for a
random quadrupolar drive. A similar prethermal plateau
can be identified from the entanglement entropy (Fig. 3
(b)) and the lack of energy absorption (Fig. 3 (a)). As be-
fore, we determine thermalization time by the thresholds
〈H0

F 〉t/〈H0
F 〉0 ∼ 0.96± 0.01.
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<latexit sha1_base64="tBfHT4LfsnHeV9jX/Pa5AoOEsa8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU91tBfUgFLx4rNAvaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL4g508Z1v53c2vrG5lZ+u7Czu7d/UDw8ammZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H47uZ336iSjMpGmYSUz/CQ8FCRrCxUsu7aNxW3H6x5JbdOdAq8TJSggz1fvGrN5AkiagwhGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKnBEtZ/Or52iM6sMUCiVLWHQXP09keJI60kU2M4Im5Fe9mbif143MeG1nzIRJ4YKslgUJhwZiWavowFTlBg+sQQTxeytiIywwsTYgAo2BG/55VXSqpS9arnycFmq3WRx5OEETuEcPLiCGtxDHZpA4BGe4RXeHOm8OO/Ox6I152Qzx/AHzucP7L2OBA==</latexit>

1/T = 25
<latexit sha1_base64="u6yhopMeJFPhOTpywRh1QLkR7MI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU92tinoQCl48VugXtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNLVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0d3Ubz1RpZkUdTOOqR/hgWAhI9hYqemd1W8rl71iyS27M6Bl4mWkBBlqveJXty9JElFhCMdadzw3Nn6KlWGE00mhm2gaYzLCA9qxVOCIaj+dXTtBJ1bpo1AqW8Kgmfp7IsWR1uMosJ0RNkO96E3F/7xOYsJrP2UiTgwVZL4oTDgyEk1fR32mKDF8bAkmitlbERlihYmxARVsCN7iy8ukWSl75+XKw0WpepPFkYcjOIZT8OAKqnAPNWgAgUd4hld4c6Tz4rw7H/PWnJPNHMIfOJ8/9FGOCQ==</latexit>

1/T = 30
<latexit sha1_base64="mQ5/R/kZZjIG+6R3gMgZrbFVEp4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU91tBfUgFLx4rNAvaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL4g508Z1v53c2vrG5lZ+u7Czu7d/UDw8ammZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H47uZ336iSjMpGmYSUz/CQ8FCRrCxUsu7aNxW3X6x5JbdOdAq8TJSggz1fvGrN5AkiagwhGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKnBEtZ/Or52iM6sMUCiVLWHQXP09keJI60kU2M4Im5Fe9mbif143MeG1nzIRJ4YKslgUJhwZiWavowFTlBg+sQQTxeytiIywwsTYgAo2BG/55VXSqpS9arnycFmq3WRx5OEETuEcPLiCGtxDHZpA4BGe4RXeHOm8OO/Ox6I152Qzx/AHzucP7kKOBQ==</latexit>

t(1/J)
<latexit sha1_base64="yS8GRylX0WCuvpEOpKiCUWqYoTc=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS02qoMeiF/FUwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3Jm0O2vpg4PHeDDPzvEgKg7b9ba2srq1vbBa2its7u3v7pYPDlgljzXiThTLUHY8aLoXiTRQoeSfSnAae5G1vfJv57SeujQjVI04i7gZ0qIQvGMVUamPFOb8/K/ZLZbtqz0CWiZOTMuRo9EtfvUHI4oArZJIa03XsCN2EahRM8mmxFxseUTamQ95NqaIBN24yO3dKTlNlQPxQp6WQzNTfEwkNjJkEXtoZUByZRS8T//O6MfrXbiJUFCNXbL7IjyXBkGS/k4HQnKGcpIQyLdJbCRtRTRmmCWUhOIsvL5NWrepcVGsPl+X6TR5HAY7hBCrgwBXU4Q4a0AQGY3iGV3izIuvFerc+5q0rVj5zBH9gff4AUDyOPQ==</latexit>

� = 0
<latexit sha1_base64="ft3BWmSYreFfaxJgLqYghmH2st4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfy0UwS9CM6lDzkjBortXsBGnrj9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+bnTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZr+TAVfIjJhYQpni9lbCRlRRZmxCJRuCt/zyKmnVqt5FtfZwWanf5nEU4QRO4Rw8uII63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w+4bo8p</latexit>

102
<latexit sha1_base64="zYzusRWwae9xW1SGpdjGFIkl51M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCHjxWsB/QxrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Cbzu09UaRbJBzOLqS/wWLKQEWwyyXMfG8Nqza27OdAq8QpSgwKtYfVrMIpIIqg0hGOt+54bGz/FyjDC6bwySDSNMZniMe1bKrGg2k/zW+fozCojFEbKljQoV39PpFhoPROB7RTYTPSyl4n/ef3EhNd+ymScGCrJYlGYcGQilD2ORkxRYvjMEkwUs7ciMsEKE2PjqdgQvOWXV0mnUfcu6o37y1rztoijDCdwCufgwRU04Q5a0AYCE3iGV3hzhPPivDsfi9aSU8wcwx84nz8Ppo2Z</latexit>

104
<latexit sha1_base64="9luTt0KoQGRSP03JnyQRFK5ZTTc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mthXos6MFjBfsB7VqyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G05vM7z5RpVkkH8wspr7AY8lCRrDJJM99rA/LFbfqLoDWiZeTCuRoDctfg1FEEkGlIRxr3ffc2PgpVoYRTuelQaJpjMkUj2nfUokF1X66uHWOLqwyQmGkbEmDFurviRQLrWcisJ0Cm4le9TLxP6+fmPDaT5mME0MlWS4KE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPCUbgrf68jrp1KreVbV2X680b/M4inAG53AJHjSgCXfQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fwBEq6Nmw==</latexit>

⌧ E <latexit sha1_base64="XO/4tYUW7vE5wdB2KH4m6TfbcFc=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FhQwWMF+wFtKJvtpl27yYbdiVBC/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ2V1bX1js7BV3N7Z3dsvHRw2jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8Hoeuq3nrg2QsUPOE64H9FBLELBKFqp2UWa9m57pbJbcWcgy8TLSRly1Hulr25fsTTiMTJJjel4boJ+RjUKJvmk2E0NTygb0QHvWBrTiBs/m107IadW6ZNQaVsxkpn6eyKjkTHjKLCdEcWhWfSm4n9eJ8Xwys9EnKTIYzZfFKaSoCLT10lfaM5Qji2hTAt7K2FDqilDG1DRhuAtvrxMmtWKd16p3l+Uazd5HAU4hhM4Aw8uoQZ3UIcGMHiEZ3iFN0c5L8678zFvXXHymSP4A+fzB2k1jwY=</latexit>
1/T

<latexit sha1_base64="m0CoD3daabI3Q0F2dAvU/s9f8k8=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4qkkV9FjQg8cK/YI2lM120y7d3YTdiVBK/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdgp7u7tHxyWjo5bNkoM400Wych0Amq5FJo3UaDkndhwqgLJ28H4LvPbT9xYEekGTmLuKzrUIhSMYiZ5l41iv1R2K+4cZJV4OSlDjnq/9NUbRCxRXCOT1Nqu58boT6lBwSSfFXuJ5TFlYzrk3ZRqqrj1p/NbZ+Q8VQYkjExaGslc/T0xpcraiQrSTkVxZJe9TPzP6yYY3vpToeMEuWaLRWEiCUYke5wMhOEM5SQllBmR3krYiBrKMI0nC8FbfnmVtKoV76pSfbwu1+7zOApwCmdwAR7cQA0eoA5NYDCCZ3iFN0c5L86787FoXXPymRP4A+fzB8I/jWY=</latexit>

20
<latexit sha1_base64="6FEqFnjMLBh8OsZV1RGP1pdc4Ns=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCHjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqEScJ9yM6VCIUjKKVHmpuv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0qpVvYtq7f6yUr/N4yjCCZzCOXhwBXW4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH+vfjPY=</latexit>

30
<latexit sha1_base64="DBxSnAn/x5oQQQK+8ewa10jiziI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0laQY8FPXisYmuhDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8sdgfD3zH5+4NiJWDzhJuB/RoRKhYBStdF93++WKW3XnIKvEy0kFcjT75a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOVnQiUpcsUWi8JUEozJ7G0yEJozlBNLKNPC3krYiGrK0IZTsiF4yy+vknat6tWrtbuLSuMmj6MIJ3AK5+DBJTTgFprQAgYhPMMrvDlj58V5dz4WrQUnnzmGP3A+fwDtZIz3</latexit>

40
<latexit sha1_base64="lLRr9A3WK589/rmPoFuW+QG6Hao=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LGgB49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKDzW3Xyq7FXcOskq8nJQhR6Nf+uoNYpZGXCGT1Jiu5yboZ1SjYJJPi73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3mWlel8r12/zOApwCmdwAR5cQR3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD+7pjPg=</latexit>

60
<latexit sha1_base64="eQrTSuELW9Kdq/RrvwXmCvHdyiI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9VjQg8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh0u3Vyq7FXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezSCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimG134mVJIiV2y+KEwlwZhM3yZ9oTlDObaEMi3srYQNqaYMbThFG4K3+PIyaVYr3nmlen9Rrt3mcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH/HzjPo=</latexit>

100
<latexit sha1_base64="QYLj9GXBpVT3BE7S4fNVMPcGA+M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCHjxWsB/QxrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Cbzu09UaRbJBzOLqS/wWLKQEWwyyXMf3WG15tbdHGiVeAWpQYHWsPo1GEUkEVQawrHWfc+NjZ9iZRjhdF4ZJJrGmEzxmPYtlVhQ7af5rXN0ZpURCiNlSxqUq78nUiy0nonAdgpsJnrZy8T/vH5iwms/ZTJODJVksShMODIRyh5HI6YoMXxmCSaK2VsRmWCFibHxVGwI3vLLq6TTqHsX9cb9Za15W8RRhhM4hXPw4AqacActaAOBCTzDK7w5wnlx3p2PRWvJKWaO4Q+czx8Mno2X</latexit>

20
<latexit sha1_base64="6FEqFnjMLBh8OsZV1RGP1pdc4Ns=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCHjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqEScJ9yM6VCIUjKKVHmpuv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0qpVvYtq7f6yUr/N4yjCCZzCOXhwBXW4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH+vfjPY=</latexit>

40
<latexit sha1_base64="lLRr9A3WK589/rmPoFuW+QG6Hao=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LGgB49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKDzW3Xyq7FXcOskq8nJQhR6Nf+uoNYpZGXCGT1Jiu5yboZ1SjYJJPi73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3mWlel8r12/zOApwCmdwAR5cQR3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD+7pjPg=</latexit>

60
<latexit sha1_base64="eQrTSuELW9Kdq/RrvwXmCvHdyiI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9VjQg8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh0u3Vyq7FXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezSCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimG134mVJIiV2y+KEwlwZhM3yZ9oTlDObaEMi3srYQNqaYMbThFG4K3+PIyaVYr3nmlen9Rrt3mcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH/HzjPo=</latexit>

1/T
<latexit sha1_base64="m0CoD3daabI3Q0F2dAvU/s9f8k8=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4qkkV9FjQg8cK/YI2lM120y7d3YTdiVBK/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdgp7u7tHxyWjo5bNkoM400Wych0Amq5FJo3UaDkndhwqgLJ28H4LvPbT9xYEekGTmLuKzrUIhSMYiZ5l41iv1R2K+4cZJV4OSlDjnq/9NUbRCxRXCOT1Nqu58boT6lBwSSfFXuJ5TFlYzrk3ZRqqrj1p/NbZ+Q8VQYkjExaGslc/T0xpcraiQrSTkVxZJe9TPzP6yYY3vpToeMEuWaLRWEiCUYke5wMhOEM5SQllBmR3krYiBrKMI0nC8FbfnmVtKoV76pSfbwu1+7zOApwCmdwAR7cQA0eoA5NYDCCZ3iFN0c5L86787FoXXPymRP4A+fzB8I/jWY=</latexit>

⌧E ⇠ (1/T )2n+1
<latexit sha1_base64="JF3BkRotZFCDp5Mi2UKblTHIFi0=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUBFqUgVdFkVwWaEvaGKYTCft0MkkzEyEErLxV9y4UMStn+HOv3HaZqGtBy4czrmXe+/xY0alsqxvo7C0vLK6VlwvbWxube+Yu3ttGSUCkxaOWCS6PpKEUU5aiipGurEgKPQZ6fijm4nfeSRC0og31TgmbogGnAYUI6UlzzxwFEq8W0fSEFbss+bJQ1rjp3bmmWWrak0BF4mdkzLI0fDML6cf4SQkXGGGpOzZVqzcFAlFMSNZyUkkiREeoQHpacpRSKSbTh/I4LFW+jCIhC6u4FT9PZGiUMpx6OvOEKmhnPcm4n9eL1HBlZtSHieKcDxbFCQMqghO0oB9KghWbKwJwoLqWyEeIoGw0pmVdAj2/MuLpF2r2ufV2v1FuX6dx1EEh+AIVIANLkEd3IEGaAEMMvAMXsGb8WS8GO/Gx6y1YOQz++APjM8fZaWU+w==</latexit>

n = 3, ↵ = 6.89
<latexit sha1_base64="NOPtVmXQbTLB3KhXszqmqtCimjo=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgEDxKSVrQeCkUvHivYD2hD2Ww37dLNJuxuhBr6S7x4UMSrP8Wb/8Ztm4O2Phh4vDfDzDw/ZlQqx/k2cmvrG5tb+e3Czu7eftE8OGzJKBGYNHHEItHxkSSMctJUVDHSiQVBoc9I2x/fzvz2IxGSRvxBTWLihWjIaUAxUlrqm0Veq5z3EItHqHZpV6/7ZsmxnTmsVeJmpAQZGn3zqzeIcBISrjBDUnZdJ1ZeioSimJFpoZdIEiM8RkPS1ZSjkEgvnR8+tU61MrCCSOjiypqrvydSFEo5CX3dGSI1ksveTPzP6yYqqHop5XGiCMeLRUHCLBVZsxSsARUEKzbRBGFB9a0WHiGBsNJZFXQI7vLLq6RVtt2KXb6/KNVvsjjycAwncAYuXEEd7qABTcCQwDO8wpvxZLwY78bHojVnZDNH8AfG5w+fXpHD</latexit>

n = 2, ↵ = 5.10
<latexit sha1_base64="XMQds8t4r1qPAYhGCuWTdQsbJZ8=">AAAB+HicbVBNS8NAEN34WetHox69LBbBg4SkKnopFL14rGA/oA1lst20SzebsLsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz84KEM6Vd99taWV1b39gsbBW3d3b3Svb+QVPFqSS0QWIey3YAinImaEMzzWk7kRSigNNWMLqd+q1HKhWLxYMeJ9SPYCBYyAhoI/XskqhWzrrAkyFULx3P7dll13FnwMvEy0kZ5aj37K9uPyZpRIUmHJTqeG6i/QykZoTTSbGbKpoAGcGAdgwVEFHlZ7PDJ/jEKH0cxtKU0Him/p7IIFJqHAWmMwI9VIveVPzP66Q6vPYzJpJUU0Hmi8KUYx3jaQq4zyQlmo8NASKZuRWTIUgg2mRVNCF4iy8vk2bF8c6dyv1FuXaTx1FAR+gYnSIPXaEaukN11EAEpegZvaI368l6sd6tj3nripXPHKI/sD5/AIQAkbE=</latexit>

n = 1, ↵ = 3.12
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FIG. 3: Evolution of (a) mean energy and (b) entangle-
ment entropy with quadrupolar random driving, with pa-
rameters {Jz, Jx, Bx, Bz, B0} = {1, 0.71, 3.2, 0.25, 0.21},
L = 16. Prethermal plateau of entanglement entropy
appears for 1/T ≥ 20. Thermalization time dependence
on 1/T in log-log (c) and log scale (d) for n−multipolar
drivings which confirms the algebraic dependence (1/T )α

with α ≈ 2n+ 1 for n ≥ 1

.

In Fig. 3 (c), we show the scaling of τE on a double
log plot for different RMD structures with n = 0, 1, 2, 3.
In contrast to the exponential scaling observed for the
Thue-Morse driving, we identify an algebraic dependence

τE ∝ (1/T )α with α ≈ 2n+ 1, (6)

for n ≥ 1. Interestingly, the fitted exponent strongly
depends on the multipolar correlations and is to a good
accuracy a simple function of n. We have verified that the
scaling exponent is robust to change of parameters. As
a comparison, we also plot the same result on a log scale
in Fig. 3 (d) which indicates a clear deviation from an
exponential fit towards larger 1/T , especially for n ≥ 2.

The thermalization time of the purely random drive
n = 0 is short (τE < 1) and independent on the driving
rate, which demonstrates a qualitative improvement for
heating suppression by the multipolar structure. Note,
we also identify that random drives n = 0 may follow
Eq.6 with exponent α = 1, see Supp. Mat. [37], but
the crucial difference to the case of n > 0 is that such
scaling is only observed in the perturbative regime for
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small driving amplitudes.
Fermi’s golden rule.– Although the bound in Eq. 25

indicates the existence of a prethermal regime, it is not
tight and insufficient to predict the scaling of the ther-
malization time. As an alternative, we show in the fol-
lowing that the characteristic scaling follows from a sim-
ple extension of Fermi’s golden rule (FGR) as applied to
Floquet systems [13, 34, 40–42].

Let us first follow Ref. [13] to recall the FGR for
periodically driven systems described by the Hamilto-
nian Ĥ(t) = Ĥ0 + g(t)K̂, where g(t)K̂ denotes the
weak periodic driving with g(t) =

∑
m gm sin(mΩt) with

Ω = 2π/T and gm the strength of the Fourier com-
ponents. The thermalization rate can be written as
Γ(t) =

∑
m Ėm(t)/ [E∞ − E(t)], where Ėm denotes the

average rate of energy absorption for mode m and E∞ is
the energy of the system at infinite temperature. In the
linear response regime, this rate remains almost constant
and its inverse enables one to estimate the thermalization
time scale [13]. For fast drivings, extensive numerical
evidence [13, 15] and theoretical analysis [8–10, 12, 43–
45] suggest that the thermalization rate is exponentially
suppressed as Γ =

∑
m g

2
mAe

−mΩ/ε, where A, ε are both
model dependent parameters. Accordingly, the prether-
mal regime is exponentially long-lived as τ ∝ eΩ for Flo-
quet systems.

Next, we can extend the FGR to the n−RMD with
a continuous frequency spectrum g(t) =

∫
dxgx sin(xΩt)

with an algebraically suppressed weight at low frequen-
cies gx ∝ xn as follows from the auto-correlation func-
tion of the multipolar sequence generated from Eq. 5, see
Supp. Mat. [37]. Again, in the linear response regime
it is assumed that the system absorbs energy from each
frequency mode independently such that

Γ ∝
∫ ∞

0

dxx2nAe−xΩ/ε ∝ Ω−(2n+1). (7)

Correspondingly, the thermalization time scales as
(1/T )2n+1 in accordance with the numerics, Fig. 3(c).

The Fourier spectrum of the quasiperiodic TMS driv-
ing vanishes as x(n→∞) for x→ 0, effectively generating
a gap proportional to Ω, see Supp. Mat. [37]. There-
fore, the most dominating heating rate is given by the
smallest allowed frequency and we can simply model
gx ∝ δ(x− x0) to obtain

ΓTMS ∝
∫ ∞

0

dxδ(x− x0)Ae−xΩ/ε ∝ e−x0Ω/ε, (8)

with x0Ω the gap size. The heating process hence be-
comes similar to that of Floquet systems: if the gap is
larger than the local band width J , multiple spin-flips in-
volving at least x0Ω/J spins are needed to absorb energy
from the drive [9, 43], but as theses collective processes
are rare, it leads to an exponential scaling of the thermal-
ization time O(e1/T ) in accordance with the numerical
results of Fig. 2.
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<latexit sha1_base64="btWuKJH9/rrCxCKL5tGKBdwWU5A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ipp16reRbXWvKzUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4XeM/A==</latexit>

hM
z
i

<latexit sha1_base64="gsf9/mlIsR2te3NIDBxlvg0Ty5Y=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1gEVyWpgi6LbtwIFewFmhAm05N26GQSZiZiLX0VNy4UceuLuPNtnKZZaOsPAx//OYdz5g9TzpR2nG9rZXVtfWOztFXe3tnd27cPKm2VZJJCiyY8kd2QKOBMQEszzaGbSiBxyKETjq5n9c4DSMUSca/HKfgxGQgWMUq0sQK74nEiBhzwbfDkyRwDu+rUnFx4GdwCqqhQM7C/vH5CsxiEppwo1XOdVPsTIjWjHKZlL1OQEjoiA+gZFCQG5U/y26f4xDh9HCXSPKFx7v6emJBYqXEcms6Y6KFarM3M/2q9TEeX/oSJNNMg6HxRlHGsEzwLAveZBKr52AChkplbMR0SSag2cZVNCO7il5ehXa+5Z7X63Xm1cVXEUUJH6BidIhddoAa6QU3UQhQ9omf0it6sqfVivVsf89YVq5g5RH9kff4A0zaUTQ==</latexit>

0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit>

100
<latexit sha1_base64="+XXCPMj9XkYeSWUdUUxOGntcENg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz04Lluv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBX1o0t</latexit>

200
<latexit sha1_base64="WWJt+VIMhxcwQwbGXpUmCi3dmiY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh5rr9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBZXI0u</latexit>

t
<latexit sha1_base64="btWuKJH9/rrCxCKL5tGKBdwWU5A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ipp16reRbXWvKzUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4XeM/A==</latexit>

0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit>

Odd
<latexit sha1_base64="+cJmlj+2Npzh8P8lexTU8cfdwAE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04s2K9gPaUDabSbt0swm7G6GU/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1EmmGDZYIhLVDqhGwSU2DDcC26lCGgcCW8HwZuq3nlBpnshHM0rRj2lf8ogzaqz0cBeGvVLZrbgzkGXi5aQMOeq90lc3TFgWozRMUK07npsaf0yV4UzgpNjNNKaUDWkfO5ZKGqP2x7NTJ+TUKiGJEmVLGjJTf0+Maaz1KA5sZ0zNQC96U/E/r5OZ6Mofc5lmBiWbL4oyQUxCpn+TkCtkRowsoUxxeythA6ooMzadog3BW3x5mTSrFe+8Ur2/KNeu8zgKcAwncAYeXEINbqEODWDQh2d4hTdHOC/Ou/Mxb11x8pkj+APn8wcjbY2z</latexit>

Even
<latexit sha1_base64="5cQe8OUH6LSI88iDA3W6Y+LU7hA=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FgUwWMF+wFtKJvtpF262YTdTaGU/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoLvNbY1Sax/LJTBL0IzqQPOSMmky6H6PslcpuxZ2DrBIvJ2XIUe+Vvrr9mKURSsME1brjuYnxp1QZzgTOit1UY0LZiA6wY6mkEWp/Or91Rs6t0idhrGxJQ+bq74kpjbSeRIHtjKgZ6mUvE//zOqkJb/wpl0lqULLFojAVxMQke5z0uUJmxMQSyhS3txI2pIoyY+Mp2hC85ZdXSbNa8S4r1cercu02j6MAp3AGF+DBNdTgAerQAAZDeIZXeHMi58V5dz4WrWtOPnMCf+B8/gD9z440</latexit>

Odd
<latexit sha1_base64="+cJmlj+2Npzh8P8lexTU8cfdwAE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04s2K9gPaUDabSbt0swm7G6GU/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1EmmGDZYIhLVDqhGwSU2DDcC26lCGgcCW8HwZuq3nlBpnshHM0rRj2lf8ogzaqz0cBeGvVLZrbgzkGXi5aQMOeq90lc3TFgWozRMUK07npsaf0yV4UzgpNjNNKaUDWkfO5ZKGqP2x7NTJ+TUKiGJEmVLGjJTf0+Maaz1KA5sZ0zNQC96U/E/r5OZ6Mofc5lmBiWbL4oyQUxCpn+TkCtkRowsoUxxeythA6ooMzadog3BW3x5mTSrFe+8Ur2/KNeu8zgKcAwncAYeXEINbqEODWDQh2d4hTdHOC/Ou/Mxb11x8pkj+APn8wcjbY2z</latexit>

Even
<latexit sha1_base64="5cQe8OUH6LSI88iDA3W6Y+LU7hA=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FgUwWMF+wFtKJvtpF262YTdTaGU/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoLvNbY1Sax/LJTBL0IzqQPOSMmky6H6PslcpuxZ2DrBIvJ2XIUe+Vvrr9mKURSsME1brjuYnxp1QZzgTOit1UY0LZiA6wY6mkEWp/Or91Rs6t0idhrGxJQ+bq74kpjbSeRIHtjKgZ6mUvE//zOqkJb/wpl0lqULLFojAVxMQke5z0uUJmxMQSyhS3txI2pIoyY+Mp2hC85ZdXSbNa8S4r1cercu02j6MAp3AGF+DBNdTgAerQAAZDeIZXeHMi58V5dz4WrWtOPnMCf+B8/gD9z440</latexit>

(a)
<latexit sha1_base64="sOjZUoNK33Nc8nqmGB8ygq4L+xA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEY0TwgWULvZDYZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TRVmDxiJW7QA1E1yyhuFGsHaiGEaBYK1gdDvzW09MaR7LRzNOmB/hQPKQUzRWeijjea9YcivuHGSVeBkpQYZ6r/jV7cc0jZg0VKDWHc9NjD9BZTgVbFroppolSEc4YB1LJUZM+5P5qVNyZpU+CWNlSxoyV39PTDDSehwFtjNCM9TL3kz8z+ukJrz2J1wmqWGSLhaFqSAmJrO/SZ8rRo0YW4JUcXsroUNUSI1Np2BD8JZfXiXNasW7qFTvL0u1myyOPJzAKZTBgyuowR3UoQEUBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AifmNTg==</latexit>

(b)
<latexit sha1_base64="7tVg+AhPeiaMnY5qvG8kDXGmdb0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEY0TwgWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVI44T7kd0oEQoGEUrPZSD816x5FbcOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDanwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqa1Yp3UaneX5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4Ai36NTw==</latexit>

n = 1
<latexit sha1_base64="V7K3Ngl+0r6b+x8Q7NkP416hAYo=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIUvXisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrRxwn3I/oQIlQMIpWelDXXq9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZqRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0ijYEb/HlZdKsVrzzSvX+oly7yeMowDGcwBl4cAk1uIM6NIDBAJ7hFd4c6bw4787HvHXFyWeO4A+czx/KCY14</latexit>

n = 0
<latexit sha1_base64="DBREWizOlyoNgl0ik0HV+qoalZI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIUvXisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrRxwn3I/oQIlQMIpWelDXbq9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZqRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0ijYEb/HlZdKsVrzzSvX+oly7yeMowDGcwBl4cAk1uIM6NIDBAJ7hFd4c6bw4787HvHXFyWeO4A+czx/IhY13</latexit>

1/T = 40
<latexit sha1_base64="IzN6Sk3psUPirqkrdTAoB3tPsYA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU92tBXsRCl48VugXtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uY3Nreye/W9jbPzg8Kh6ftLVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCyd3c7zxRpZkUTTONqR/hkWAhI9hYqe1dNW+r7qBYcsvuAmideBkpQYbGoPjVH0qSRFQYwrHWPc+NjZ9iZRjhdFboJ5rGmEzwiPYsFTii2k8X187QhVWGKJTKljBoof6eSHGk9TQKbGeEzVivenPxP6+XmLDmp0zEiaGCLBeFCUdGovnraMgUJYZPLcFEMXsrImOsMDE2oIINwVt9eZ20K2Xvulx5qJbqtSyOPJzBOVyCBzdQh3toQAsIPMIzvMKbI50X5935WLbmnGzmFP7A+fwB73qOBQ==</latexit>

1/T = 50
<latexit sha1_base64="kCEZH0gsSM4k5iCxghbZ4VoJNKs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU92tir0IBS8eK/QL2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+G7mt5+o0kyKhpnE1I/wULCQEWys1PIuGrfXbr9YcsvuHGiVeBkpQYZ6v/jVG0iSRFQYwrHWXc+NjZ9iZRjhdFroJZrGmIzxkHYtFTii2k/n107RmVUGKJTKljBorv6eSHGk9SQKbGeEzUgvezPxP6+bmLDqp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0KmXvslx5uCrVqlkceTiBUzgHD26gBvdQhyYQeIRneIU3RzovzrvzsWjNOdnMMfyB8/kD8P+OBg==</latexit>

1/T = 30
<latexit sha1_base64="H94Qd5EdVU96dR/WP8FEgruT1Yo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU91tBXsRCl48VugXtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uY3Nreye/W9jbPzg8Kh6ftLVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCyd3c7zxRpZkUTTONqR/hkWAhI9hYqe1dNW+r7qBYcsvuAmideBkpQYbGoPjVH0qSRFQYwrHWPc+NjZ9iZRjhdFboJ5rGmEzwiPYsFTii2k8X187QhVWGKJTKljBoof6eSHGk9TQKbGeEzVivenPxP6+XmLDmp0zEiaGCLBeFCUdGovnraMgUJYZPLcFEMXsrImOsMDE2oIINwVt9eZ20K2WvWq48XJfqtSyOPJzBOVyCBzdQh3toQAsIPMIzvMKbI50X5935WLbmnGzmFP7A+fwB7fWOBA==</latexit>

1/T = 20
<latexit sha1_base64="wn829SsA35z5RTnBzNjGAkvtc6U=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU91tBXsRCl48VugXtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uY3Nreye/W9jbPzg8Kh6ftLVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCyd3c7zxRpZkUTTONqR/hkWAhI9hYqe1dNW8r7qBYcsvuAmideBkpQYbGoPjVH0qSRFQYwrHWPc+NjZ9iZRjhdFboJ5rGmEzwiPYsFTii2k8X187QhVWGKJTKljBoof6eSHGk9TQKbGeEzVivenPxP6+XmLDmp0zEiaGCLBeFCUdGovnraMgUJYZPLcFEMXsrImOsMDE2oIINwVt9eZ20K2WvWq48XJfqtSyOPJzBOVyCBzdQh3toQAsIPMIzvMKbI50X5935WLbmnGzmFP7A+fwB7HCOAw==</latexit>

FIG. 4: Dynamics of the magnetization of the cen-
tral spin induced by a random dipolar drive with addi-
tional spin flips, using parameters {Jz, Jx, Bz, B0, Bx} =
{1, 0.315, 0.21,−0.05, 0.75}, L = 18. A long-lived
prethermal DTC exists with n = 1 RMD driving (a),
while heating is inevitably fast for the n = 0 random

case (b).

Overall, the agreement of the numerical results and the
FGR rate Eq. 7 leads to a surprisingly simple picture,
namely, that the dominant heating is induced by the ab-
sorption of single low energy modes even for the contin-
uos spectrum, whereas the inevitably present multi-mode
processes only contribute at later time scales when the
system has already thermalized.
Prethermal Random Multipolar DTC.– Finally, we pro-

vide a concrete example of a prethermal non-equilibrium
phase for our family of RMDs. We extend the idea of
Floquet DTCs [6, 7] to a situation where the drive con-
tains temporally random components between the spin
flips: for example, we add global spin flips in between
the dipolar time evolution operators as

U ′1 = e−iH−T e−iH+TX, Ũ ′1 = e−iH+T e−iH−TX, (9)

where X = exp
(
iπ2
∑
i σ

x
i

)
∼ ∏i σ

x
i . According to our

discussion above, both dipolar operators can be approx-
imated as

U ′1, Ũ
′
1 ≈ e−i(H++H−)TX, (10)

to lowest order in the Magnus expansion.
For the ideal case when the effective Hamiltonian,

H0
F = (H+ + H−)/2, preserves the Z2 Ising sym-

metry, products of U ′1, Ũ
′
1 can be approximated as

(e−iH
0
F 2TX)2 = e−iH

0
F 4T such that in the prethermal

regime the time evolution at stroboscopic times 4T is
well described by the effective Hamitonian H0

F . Conse-
quently, for a Z2 symmetry broken initial state, the lo-
cal magnetization will exhibit period-doubling behavior
with respect to the 2T periodic spin flips. Such a random
prethermal DTC should still persist if the Z2 symmetry
of H0

F is weakly broken, but the lifetime will decrease
depending on the perturbation.

In Fig. 4 (left panel), we have numerically verified the
existence of a prethermal DTC with random dipolar driv-
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ing. The lifetime notably increases for faster driving, in
particular for T−1 = 50 the amplitude of the period-
doubling magnetization does not decrease appreciatively
for numerically accessible times. We also verified the ro-
bustnes of the prethermal DTC for imperfect spin flip
operations [37]. Fig. 4 contrasts the prethermal nature
of RMD to the one of a purely random drive built from

U ′+ = e−iH+TX, U ′− = e−iH−TX. (11)

As U ′+, U
′
− also perform perfect spin flips, a period-

doubling pattern exists for short times t . 10, but heat-
ing is inevitably fast and no prethermal regime appears.

Conclusions and outlook.– We have introduced a fam-
ily of random drives with n-multipolar correlations in
time which give rise to prethermal regimes in interact-
ing many-body quantum systems. We found numerically,
and via a Fermi’s golden rule calculation, a characteristic
algebraic dependence of the heating time scale on n. The
quasiperiodic limit n → ∞ of the Thue-Morse sequence
displays an exponentially long-lived prethermal regime.

Random multipolar drives present an elementary and
controlled way to introduce randomness to a Floquet sys-
tem. The resulting tunable algebraic prethermalisation
adds a new aspect to our understanding of paths towards
thermalization. Beyond Fermi’s golden rule, it remains
intriguing how multi-photon processes [46] contribute to
the late-stage heating. With numerics limited to small
systems, as is often the case for generic interacting many-
body systems, more extensive numerical studies would
also be worthwhile.

Beyond Floquet DTCs [6, 7] or discrete time quasi-
crystals [22, 24], the random drives completely break
discrete time translation symmetry, and thus enrich the
growing zoo of non-equilibrium phases of matter.

RMD represents a simple form of spectral engineering
in driven systems. It would be interesting to study this
in relation to many-body localization and eigenstate or-
der [24, 47], or in the context of quantum information
processing. Finally, an obvious much broader question
concerns the scope of such spectral engineering in non-
equilibrium quantum many-body dynamics more gener-
ally.
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Proof of the bound Eq. 25

Here closely following Ref.[36] we derive the bound
for the time evolution operators of the random dipolar
drives, which is made up of random sequences of dipoles
U1 = U−U+ or Ũ1 = U+U− with

U+ = exp(−iTH+), U− = exp(−iTH−). (12)
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The time-dependent Hamiltonian for each dipole can be
written respectively as

HA(t) = H−(0 < t < T ), H+(T < t < 2T ), (13)

HB(t) = H+(0 < t < T ), H−(T < t < 2T ), (14)

which can also be rewritten as HA/B(t) = Hstatic +
V A/B(t), with Hstatic being the time-independent part.
We consider a general few body Hamiltonian involving
at most k-body interactions with finite k:

Hstatic =
∑
|X|≤k

hX , V A/B(t) =
∑
|X|≤k

v
A/B
X (t), (15)

where X labels the set of interacting sites and |X| is the
size of the set. Note, we also have the property

v
A/B
X (0 < t < T ) = v

B/A
X (T < t < 2T ), (16)

which will be used later.
We use the parameter JB/A to denote the local inter-

action strength (or single particle energy) of the system:∑
X:X3i

(
‖hX‖+ ‖vA/BX (t)‖

)
≤ JA/B , (17)

where || . . . || is the operator norm, and
∑
X:X3i denotes

the summation w.r.t. the supports containing the spin
i. Based on Eq. 16, we can easily see JA = JB := J
and define λ := 2kJ as the typical local energies of the
system. We introduce the average driving norm as

V
A/B
0 :=

∑
|X|≤k

1

2T

∫ 2T

0

∥∥∥vA/BX (t)
∥∥∥ dt, (18)

where 2T is used because each dipole takes time 2T .
Moreover by separating the time integral and using
Eq. 16, one arrives at

V
A/B
0 =

∑
|X|≤k

1

2T

[ ∫ T

0

∥∥∥vA/BX (t)
∥∥∥ dt+

∫ 2T

T

∥∥∥vA/BX (t)
∥∥∥ dt]

=
∑
|X|≤k

1

2T

∫ T

0

[ ∥∥∥vB/AX (t)
∥∥∥+

∥∥∥vA/BX (t)
∥∥∥ ]dt. (19)

One can realize that V A0 = V B0 , which will be denoted as
V0 in the following.

According to Ref.[36], both of the dipole operators, U1

and Ũ1, can be approximated by the same zeroth order
effective Hamiltonian H0

F = (H+ +H−)/2, and the error
is bounded as∥∥∥U1/Ũ1 − e−iH

0
F 2T

∥∥∥ 6 [6 · 2−n0 + λT ]V02T. (20)

The exponent

n0 :=

⌊
1

16λ(2T )

⌋
= O(T−1), (21)

with the floor function b.c, denotes the optimal order
of the Floquet-Magnus expansion before it diverges [36].
The error accumulates during the time evolution hence
the dynamics deviate from the one H0

F predicts. The
rigorous bound in Eq. 25 can be obtained by using Eq. 20
and the triangle inequality for arbitrary unitaries

‖W1W2 − V1V2‖ = ‖(W1 − V1)W2 + V1(W2 − V2)‖
≤ ‖(W1 − V1)W2‖+ ‖V1(W2 − V2)‖
= ‖W1 − V1‖+ ‖W2 − V2‖ ,

(22)

where we used that unitary operators do not change the
norm in the last equality.
Improvement of the bound for n ≥ 2 For n ≥ 2, one

can improve the bound for the time evolution operators

U2 = Ũ1U1 = U+U−U−U+,

Ũ2 = U1Ũ1 = U−U+U+U−,
(23)

by realizing the first order contribution O(T ) to the mag-
nus expansion for U2/Ũ2 vanishes due to the above sym-
metric construction of quadrupoles. Therefore, both the
operators can be well-approximated through the lowest
order effective Hamiltonian H0

F as [36]∥∥∥U2/Ũ2 − e−iH
0
F 4T

∥∥∥ 6

[
6 · 2−n′0 +

4

9
(4Tλ)2

]
V04T,

(24)
with the exponent n′0 := b1/16λ(4T )c = O(T−1). Hence,
the error for the time evolution up to t = 4mT can be
estimated to be∥∥∥ U2Ũ2 . . .︸ ︷︷ ︸

m quadrupoles

−e−iH0
F t
∥∥∥ 6 V0

[
6 · 2−n′0 +

4

9
(4Tλ)2

]
t.

(25)

Algebraic suppression of the frequency spectrum

In this section, we discuss the Fourier spectrum for
random multipolar sequences. We will first show numer-
ical results about the scaling of the suppression at low
frequency, then rationalize it analytically via the auto-
correlation function.

In contrast to the n−random multipolar drives con-
structed from unitaries U−, U+, here we replace unitaries
by integers −1,+1 for generating the random multipo-
lar sequence in time. For instance for n = 0, we have
the random sequence x(0)(t) = {1, 1,−1, 1,−1, . . . ,+1};
and the n = 1 sequence is made up of random dipolar
unit cells (−1,+1), (+1,−1); for n = 2, two anti-aligned
dipoles form quadrupolar unit cells as (−1,+1,+1,−1)
and (+1,−1,−1,+1). Note, these two unit cells differ by
a relative ‘-1’ sign, which will be used to determine the
recursive relation for the autocorrelation function.

We now can compare the real part of the discrete
Fourier transformation of sequences for different n. As



8

n = 1
<latexit sha1_base64="V7K3Ngl+0r6b+x8Q7NkP416hAYo=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIUvXisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrRxwn3I/oQIlQMIpWelDXXq9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZqRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0ijYEb/HlZdKsVrzzSvX+oly7yeMowDGcwBl4cAk1uIM6NIDBAJ7hFd4c6bw4787HvHXFyWeO4A+czx/KCY14</latexit>

n = 2
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n = 3
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FIG. 5: Left: Fourier spectrum of random multipolar se-
quences for different n. Right: Log-Log plot for the spec-
trum. Suppression at low frequencies scales algebraically

as ωn.

seen in the left panel of Fig. 5, for a random sequence
(blue, n = 0), the spectrum fluctuates randomly over
all frequencies with a flat envelop. Once imposing the
multipolar structure, several suppression of frequencies
appears at different positions, for example at ω = 0 for
n ≥ 1, and ar ω = π for n ≥ 2. By plotting the spec-
trum on a Log-Log scale in the right panel, we can fit
the envelope of the spectrum and identify the scaling of
suppression at low frequencies as ωn.

Gap
<latexit sha1_base64="yzQSk3sMmR9OTKyIu6S+FFsNIL4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0oMeK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh1ua9Eplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8vyrXrPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEk3o20</latexit>

FIG. 6: Frequency spectrum for the TMS.

The quasiperiodic Thue-Morse sequence (TMS) corre-
sponds to the random multipolar sequence in the n→∞
limit, and practically we use n = 18 to approximate it.
In this limit, the low frequency spectrum scales as ωn→∞

thus fast approaching zero for ω → 0. Hence, the alge-
braic scaling converts to a gap at low frequency as ob-
served in Fig. 6.

Analytical derivation of the low frequency behavior.–
The low frequency scaling can be rationalized by the

autocorrelation function of the sequence. The autocorre-
lation function for the n−multipolar sequence x(n)(t) is
defined as

R(n)(t, τ) = 〈x(n)(t)x(n)(t+ τ)〉, (26)

where 〈. . . 〉 denotes the average over both different ran-
dom realization and t. In this case, R(n)(t, τ) becomes
translation invariant in t. For the fully random se-
quence n = 0, one obtains the standard white noise
form R(0)(τ) = δτ,0; for the dipolar sequence n = 1,

R(1)(τ) = δτ,0 + δτ,0 − δτ,1 − δτ,−1 in each dipolar unit

cell; etc. The Fourier transformation R̂(n)(ω), which is
also known as the spectral density, can be defined as

R̂(n)(ω) =

∫ ∞
−∞

dτR(n)(τ)eiωτ . (27)

The dipolar sequence has R̂(1)(ω) = 2−2 cos(ω), exhibit-
ing the scaling ω2 at low frequencies.

For n > 1, one can derive the scaling in the follow-
ing way. First, we know the n−multipolar unit cells are
formed by two anti-aligned (n − 1)−multipoles of size
2n−1. Accordingly, each (n − 1)−multipole contributes
R(n−1)(τ) to the anticorrelation, and the interplay be-
tween different types of (n−1)−multipoles gives the neg-
ative contribution −R(n−1)(τ ± 2n−1), where ±2n−1 is
introduced due to the relative displacement of the two
(n− 1)−multipoles. Therefore we arrive at the following
iterative relation

R(n)(τ) = 2R(n−1)(τ)

−R(n−1)(τ − 2n−1)−R(n−1)(τ + 2n−1),
(28)

corresponding to the following relation for the spectral
density

R̂(n)(ω) = R̂(n−1)(ω)
[
2− 2 cos(2n−1ω)

]
, (29)

with the initial condition R̂(0)(ω) = 1. In the end, we
arrive at

R̂(n)(ω) = 2n
n∏
j=1

[
1− cos(2j−1ω)

]
, (30)

which has multiple zero points depending on the tunable
order n. In particular, one zero point locates at ω = 0,
and the nearby suppression scales as ω2n. The following
relation [48]

R̂(n)(ω) = lim
T→∞

〈
|x̂(n)(ω)|2

〉
, (31)

now helps us to identify the scaling behavior of the
Fourier transformation of x(n)(t) defined as

x̂(n)(ω) =
1√
T

∫ T

0

x(n)(t)e−iωtdt. (32)

From Cauchy-Schwarz inequality, we have〈
|x̂(n)(ω)|

〉
≤
√〈
|x̂(n)(ω)|2

〉
, (33)

suggesting that
〈
|x̂(n)(ω)|

〉
is upper bounded by√

R̂(n)(ω) ∝ ωn for a n−multipolar sequence given a long

enough time window of integration T → ∞. Although
Eq. 33 is valid for the average of the Fourier spectrum,
we also expect it to impose the same bound ωn for a sin-
gle sequence realization in accordance with the numerical
results of Fig. 5.
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Fermi’s golden rule(FGR)

Here we discuss FGR in detail. As introduced in the
main content, we consider the periodically driven system
described by the Hamiltonian

Ĥ(t) = Ĥ0 + g(t)K̂, (34)

where g(t)K̂ is a weak time-periodic perturbation and
can be decomposed as

g(t)K̂ =
∑
m>0

2gm sin(mΩt)K̂. (35)

After a short initial transient dynamics, in the linear re-
sponse regime, the system absorbs energy independently
from each Fourier mode m [13]. The average rate of en-
ergy absorption over a cycle is

Ė(t) =
∑
m>0

Ėm(t), (36)

where Ėm(t) is expected from Fermi’s golden rule as [13]

Ėm(t) = 2πg2
m

∑
i,f

∣∣∣〈E0
f |K̂|E0

i

〉∣∣∣2 (E0
f − E0

i

)
P 0
i (t)

×δ
(
E0
f − E0

i ±mΩ
)
,

(37)
where |E0

i 〉 are the eigenstates of the static Ĥ0, and
P 0
i (t) =

〈
E0
i |ρ̂(t)|E0

i

〉
, with the density matrix ρ̂(t). The

thermalization rate is defined as

Γ(t) =
∑
m>0

Γm(t), (38)

with Γm(t) = Ėm(t)/ [E∞ − E(t)] and E∞ is the energy
at infinite temperature, which turns to be zero in our
case. Γm(t) remains to be nearly constant [13], and the
inverse of the rate 1/Γ can be used to approximate the
thermalization time. Thus, the heating rate scales expo-
nentially with driving frequency in the fast driving regime
as [9, 43, 44]

Γm = g2
mAe

−mΩ/ε, (39)

consequently the thermalization time scales as emΩ for
Floquet systems. There are two undetermined system-
dependent parameters A, ε (the latter is interpreted as
the effective local band width [15]), and both of them are
independent of the frequency mΩ. Eq. 39 also implies the
scaling versus driving amplitude as g2

m, which is crucial
for our following discussion.

For n−multipolar driving, instead of the discrete
Fourier decomposition for periodic driving, the driving
has a continuous spectrum, and we use the following
ansatz to mimic the driving

g(τ)K̂ =

∫
dxgx sin(xΩτ)K̂, (40)
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FIG. 7: Dynamics of entanglement entropy(blue) and
energy (red) for different initial states, with the same

parameters as in Fig. 2.

where gx is the amplitude for a continuous variable x.
In particular, we are interested in the function gx = xn

depicting the envelope of the n−multipolar random se-
quence at low frequencies.

Again by assuming that the system absorbs energy
from each mode independently, the heating rate turns
into an integral as Γ =

∫∞
0
dxΓx, with Γx = g2

xAe
−xΩ/ε.

By inserting gx = xn and only focusing on the scaling
behavior of frequency, one can analytically solve the in-
tegral as

Γ ∝
∫ ∞

0

dxx2ne−xΩ =

∫ ∞
0

d(xΩ)(xΩ)2ne−xΩΩ−2n−1

= Ω−2n−1

∫ ∞
0

dyy2ne−y = Ω−2n−1(2n)!,

(41)

where we use the formula [49]∫
ynecydy = ecy

n∑
i=0

(−1)n−i
n!

i!cn−i+1
yi. (42)

The inverse of Γ gives the thermalization time scaling
(1/T )2n+1 in accordance with the numerical results pre-
sented in Fig. 3.

The TMS generates a gap around ω = 0 (Fig. 6). Sup-
pose the gap is larger than the local band width, one
can approximately define the function gx = δx,x0

where
x0Ω denotes the size of the gap. In this case, the heat-
ing rate reduces to that of the Floquet systems, hence
an exponential scaling of the thermalization time is ex-
pected. Energy absorption of single modes with energy
larger than x0Ω will be even more suppressed, resulting
in a thermalization time later than ex0Ω.

Initial state dependence of prethermalization

In the main content, the dynamics induced by Thue-
Morse drives use all spins pointing down as the initial
state. Here, we compare the dynamics for different ini-
tial states deviating from the fully polarized state with
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FIG. 8: Thermalization time scaling versus T−1. Note,
thresholds for entanglement and energy are chosen as
SL/(L/2) ∼ 0.58±0.02 and 〈H0

F 〉t/〈H0
F 〉0 ∼ 0.7±0.1 for

panel (a)(b), and 〈H0
F 〉t/〈H0

F 〉0 ∼ 0.85±0.1, SL/(L/2) ∼
0.63 for panel (c).

various numbers of domain walls. The results are plotted
in Fig. 7 where we confirm the lack of energy absorption
and a prethermal plateau as long as the initial state does
not deviate too much from the ferromagnetic state.

The thermalization time are plotted in Fig. 8 on a Log
scale, where the exponential dependence on 1/T can be
clearly seen. The slope of the exponential fitting is in-
sensitive to threshold values. As seen in the panel (c),
different thresholds are applied to estimate τS/E while
the slope of the fitting remain the same.

Finite size effect

Here we compare the dynamics obtained for different
system sizes. As seen in the right panel in Fig. 9 where
the time is plotted on a log scale, one can hardly tell the
differences between three results. In the left panel where
the energy is plotted on a log scale, for t < 1000, the
results show exponential decay and converge well for L ≥
16. In particular, at the mean energy used to determine
thermalization time scaling in Fig. 3, 〈H0

F 〉t/〈H0
F 〉0 ∼

0.95± 0.01, no finite size effect can be observed.
Finite size effect only becomes visible at late times t >

1500 not used for obtaining the scaling relation. There,
the mean energy decreases notably for increasing system
sizes, which is expected to be zero in the thermodynamic
limit.

Comparison between n = 0 and 1-RMD for weak
driving

In Fig. 10, we show that for weak driving amplitude
Bx = 0.5, the algebraic dependence τE ∼ T−2n−1 works
for both n = 0 and n = 1. A transition from τE ∼ T−1

hH
0 F
i t/

hH
0 F
i 0
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FIG. 9: Energy dynamics for different sys-
tem sizes induced by a random dipolar drives,
using parameters {Jz, Jx, Bx, Bz, B0, T

−1} =
{1, 0.243, 0.809, 0.357, 0.21, 16}. Finite size effect is
negligible for L ≥ 16 before the final relaxation, where
larger system size results in a lower energy value

approaching to zero.
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FIG. 10: Thermalization time scaling for n = 0 and 1-
RMD in the weak driving regime Bx = 0.5. The algebraic

scaling T−2n−1 is valid in both cases.

to τE ∼ const happens by increasing Bx. As shown in
Fig. 3 for large driving amplitudes Bx = 3.2, the alge-
braic scaling T−2n−1 of thermalization time is only valid
for n = 1.

Prethermal DTC with imperfect rotation

Here we discuss the stability of the DTC with respect
to imperfect spin flips X = exp

(
iπ+ε

2

∑
i σ

x
i

)
used in

Eq. 9 for a small ε. The magnetization dynamics for dif-
ferent perturbations ε are plotted in Fig. 11 (driving rate
is T−1 = 30). The prethermal DTC remains stable for
small perturbations, for instance ε = 0.02. For ε = 0.04,
the amplitude of the period-doubling oscillation exhibits
notable decay. For ε = 0.1, no time-crystalline order ex-
ists and the oscillations around zero magnetization are
induced by finite size effect. It is not very surprising to
see the phase is fragile to rotation imperfections as there
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FIG. 11: Dynamics of DTC with imperfect rotation.
{Jz, Jx, Bz, B0, Bx} = {1, 0.315, 0.21,−0.05, 0.25}, L =

18, T−1 = 30

is no mechanism to protect the system from thermal-
ization. It will be interesting to investigate if disorder,
long-range interactions or dissipation are capable of sta-
bilizing the prethermal DTC further.
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