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We study transitions between topological phases featuring emergent fractionalized excitations in two-
dimensional models for Mott insulators with spin and orbital degrees of freedom. The models realize fermionic
quantum critical points in fractionalized Gross-Neveu* universality classes in (2+1) dimensions. They are char-
acterized by the same set of critical exponents as their ordinary Gross-Neveu counterparts, but feature a different
energy spectrum, reflecting the nontrivial topology of the adjacent phases. We exemplify this in a square-lattice
model, for which an exact mapping to a t-V model of spinless fermions allows us to make use of large-scale
numerical results, as well as in a honeycomb-lattice model, for which we employ ε-expansion and large-N meth-
ods to estimate the critical behavior. Our results are potentially relevant for Mott insulators with d1 electronic
configurations and strong spin-orbit coupling, or for twisted bilayer structures of Kitaev materials.

Topology has been established as an organizing principle
for states of matter beyond the Landau paradigm of symmetry-
breaking. Significant progress has been made in systemat-
ically understanding symmetry-protected topological (SPT)
phases [1, 2], in particular in one dimension [3–7], the study
of their phase transitions [8–10], and the nature of the respec-
tive critical points [11, 12]. In contrast to these short-range
entangled SPT states, universal properties of phases with in-
trinsic topological order are less well understood. Their long-
range entanglement structure leads to highly unconventional
features, such as emergent deconfined gauge fields and frac-
tionalized excitations [13].

While conventional phase transitions can be understood
by analyzing the fluctuations of a local order parameter in
a Landau-Ginzburg-Wilson framework, the absence of such
an order parameter in topological phases raises fundamen-
tal questions: What kind of (continuous) transitions involv-
ing topological phases are possible, and what are the univer-
sal properties of these unconventional quantum critical points
[14]? Typically, systems hosting topological order involve
strong interactions, so that only few controlled analytical stud-
ies and numerical results of the corresponding transitions are
available, and are mostly limited to toy models [15]. An im-
portant example is given by a model of hard-core bosons,
which has been shown to feature a fractionalized quantum
critical point in the (2+1)-dimensional XY* universality class
[16]. This unconventional universality class differs from the
ordinary XY universality as a consequence of the topological
degeneracy and the fact that only states with even numbers of
fractionalized particles are allowed in the spectrum. Similarly,
fractionalized counterparts of the ordinary Ising and O(N) uni-
versality classes have been discussed [17, 18]. An effective
model that realizes a related transition in the presence of gap-
less fermions has also been proposed [19]. However, although
a number of topological phases are characterized by emergent
fermionic excitations [20–24], a microscopic model that ex-
hibits a fractionalized version of a fermionic quantum critical
point appears as yet unknown.

In this Letter, we construct two such examples. Specifically,
we show that in spin-orbital models featuring emergent gap-
less Majorana excitations coupled to a Z2 gauge field, there are
continuous quantum phase transitions across which a global
Z2 or SO(3) spin rotation symmetry is spontaneously bro-
ken and (a subset of) the Majorana fermions become gapped
out. These fractionalized quantum critical points fall into
fermionic Gross-Neveu* universality classes in (2+1) dimen-
sions, the nontopological counterparts of which have arouse
significant interest lately in the context of interacting Dirac
fermion systems [25].

Model construction.—Our starting points are spin-orbital
implementations [26–30] of the bond-dependent Kitaev ex-
change interaction [21], which belong to a family of exactly
soluble generalized Kitaev models recently introduced [31].
These models have quantum spin-orbital-liquid ground states
with static gapped Z2-vortex excitations and νM itinerant gap-
less Majorana fermions hopping on the square (νM even) or
honeycomb (νM odd) lattices. Adding three-body interactions
induces chiral next-nearest-neighbor hopping of the Majorana
fermions and opens up a topologically non-trivial band gap
with Chern number C = νM, giving rise to the sixteen anyon
theories as classified in Kitaev’s sixteenfold way [21].

We exploit the fact that these spin-orbital Kitaev models
allow for simple antiferromagnetic Heisenberg (and Ising, re-
spectively) spin interactions, which leave the vortex excita-
tions static. Considering Mott insulators with orbital degen-
eracy and sizable bond-dependent exchanges, such perturba-
tions are expected to be present in the respective material-
specific Kugel-Khomskii [32, 33] models. Adding the per-
turbations spoils the exact solubility, but the Z2 fluxes carried
by the vortices remain good quantum numbers, such that re-
sulting transitions are driven purely by interactions among the
itinerant Majorana fermions. This allows us to find controlled
theoretical descriptions based on the fermionic parton con-
struction of the unperturbed model, and to use already avail-
able high-precision numerical results and established analyt-
ical techniques to study the resulting problems of interacting
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FIG. 1. (a) Adding a sufficiently strong antiferromagnetic Ising spin
interaction to the νM = 2 Kitaev spin-orbital liquid (SOL) on the
square lattice gives rise to Ising antiferromagnetic order in the spin
sector, with the remaining degrees of freedom described in terms of
a Z2 gauge theory. The continuous transition at Jz

c/K = 0.641(2)
is in the Gross-Neveu-Z2* universality class. (b) The honeycomb-
lattice model features a Gross-Neveu-SO(3)* quantum critical point
at Jc/K = 0.9(2) between the νM = 3 Kitaev SOL and a νM = 1
Kitaev SOL with Néel order in the spin sector.

Dirac fermions.
Gross-Neveu* transitions.—For the νM = 2 spin-orbital

model on the square lattice with an Ising perturbation, we
find an exact mapping to an interacting fermion-hopping prob-
lem on the π-flux lattice. This fermionic model has been
studied before using large-scale quantum Monte Carlo sim-
ulations [34–37], allowing us to determine the phase dia-
gram to high accuracy. Translating these results back to the
spin-orbital model reveals the existence of a fractionalized
fermionic quantum critical point in the Gross-Neveu-Z2* uni-
versality class, separating a gapless Z2-symmetric spin-orbital
liquid from a partially ordered and fully gapped phase with
Ising antiferromagnetic order in the spin sector, see Fig. 1(a).
We furthermore show that the νM = 3 spin-orbital model on
the honeycomb lattice with a Heisenberg perturbation in the
spin sector features a similar fermionic quantum critical point
between a gapless SO(3)-symmetric spin-orbital liquid and
a partially ordered and partially gapped phase, in which the
SO(3) symmetry is spontaneously broken, Fig. 1(b). The cor-
responding universality class, dubbed Gross-Neveu-SO(3)*,
is a fractionalized version of a new member of the Gross-
Neveu family, and we determine its critical behavior below.

Similar to the fractionalized bosonic transitions [18], the
Gross-Neveu* universality classes are characterized by a
spectrum that reflects the topological degeneracy of the ad-
jacent phases and the additional constraints on the physical

states [38(a)]. However, here the order parameters are com-
posite operators consisting of pairs of fractionalized particles
and are therefore gauge invariant, and numerically and experi-
mentally accessible. This means that not only the correlation-
length exponents ν, but also the order-parameter anomalous
dimensions ηφ in the Gross-Neveu and Gross-Neveu* uni-
versality classes coincide, in contrast to the bosonic situation
[16]. We emphasize that this is not the case for the fermionic
anomalous dimension ηψ, which has a physical meaning only
in the ordinary Gross-Neveu universality classes. Further, the
change of the number of gapless Majorana fermions at the
transition can be understood as a signature of distinct topolog-
ical orders in the two adjacent phases [39]. Lastly, at elevated
temperatures, additional nontrivial physics can be expected as
a consequence of thermal flux excitations [40].

Ising order on the square lattice.—The νM = 2 spin-orbital
liquid is described by a Hamiltonian on the square lattice with
a two-site unit cell and a biquadratic XY-spin and Kitaev-type-
orbital interaction,

H (2)
K = −K

∑

〈i j〉γ

(
σx

i σ
x
j + σ

y
iσ

y
j

)
⊗ τγi τγj , K > 0, (1)

where the Pauli matrices (σx, σy) [(τγ) = (τx, τy, τz,1)] act on
spin (orbital) degrees of freedom, and 〈i j〉γ, γ = 1, . . . , 4, de-
note the four inequivalent bonds in the unit cell. Representing
the spin-orbital degrees of freedom using Majorana fermions
[38(b)], Eq. (1) can be mapped to a problem of two dispers-
ing Majorana fermions cx, cy in the background of a Z2 gauge
field [21, 31], H (2)

K 7→ K
∑
〈i j〉 iui j(cx

i cx
j + cy

i cy
j), with i ∈ A,

j ∈ B sublattice. Importantly, Eq. (1) possesses an extensive
number of conserved quantities given by the two (symmetry-
inequivalent) plaquette operators W (2)

p = σz
kσ

z
n ⊗ τx

i τ
y
jτ

x
kτ

y
n and

W (2)
p′ = σz

kσ
z
n⊗τy

kτ
x
l τ

y
mτ

x
n, which correspond to elementary Wil-

son loop operators for the gauge field ui j and thus constrain
fluxes as excitations of the gauge field to be static. By Lieb’s
theorem [41], the ground-state flux configuration is given by
W (2)

p = W (2)
p′ = −1 for all p, p′.

We now add to H (2)
K an antiferromagnetic Ising spin inter-

action of the form

H (2)
Jz = Jz

∑

〈i j〉
σz

iσ
z
j ⊗ 1i1 j, Jz > 0. (2)

Importantly, from [H (2)
Jz ,W

(2)
p ] = [H (2)

Jz ,W
(2)
p′ ] = 0 it follows

that Z2 gauge fluxes remain static in the full system H (2) =

H (2)
K +H (2)

Jz . Note that the exact solubility is spoiled at finite Jz,
since upon mapping to Majorana fermions, the Ising term in-
troduces short-range interactions, H (2)

Jz 7→ −Jz ∑〈i j〉 cx
i cy

i cx
jc

y
j.

Using complex fermions f j = (cx
j + icy

j)/2, the problem maps
to

H (2) 7→
∑

〈i j〉

[
2Kui j

(
f †i f j + f †j fi

)
+ 4Jz

(
ni − 1

2

) (
n j − 1

2

)]
,

(3)
where n j = f †j f j is the fermion density operator and we have
further performed a gauge transformation f j 7→ −i f j for j ∈ B.



3

Note that the SO(2) spin rotation symmetry now corresponds
to a global U(1) phase rotation symmetry. Lieb’s theorem re-
mains applicable for finite Jz [41, 42], and thus the ground-
state flux sector of H (2) describes a tight-binding model of
spinless fermions on the π-flux lattice with hopping parameter
t ≡ 2K and nearest-neighbor repulsion V ≡ 4Jz at half filling.
In the noninteracting limit Jz � K, the spectrum features two
Dirac nodes at the Fermi level, describing a Dirac semimetal
phase in the fermionic model and a quantum paramagnet in
the original theory. In the strong-coupling limit Jz � K, the
system favors a charge-density-wave (CDW) state, in which
the Z2 order parameter ρ = (ni,A − n j,B)/2, where ni,A (n j,B)
refers to the fermion density on the A (B) sublattice, acquires
a finite expectation value. In the spin-orbital basis, the CDW
state corresponds to Ising antiferromagnetic order in the spin
sector, 〈ρ〉 = 1

4 〈σz
i,A − σz

j,B〉 , 0, while the orbital degrees of
freedom feature a Z2 gauge structure [38(c)]. Because Dirac
fermions are stable against weak perturbations, we expect the
order-disorder transition to occur at finite Jz/K. In fact, the
fermionic model on the π-flux lattice has been studied before
using large-scale quantum Monte Carlo simulations [34–36],
which show a single continuous transition at Jz

c = 0.641(2)K
[37], characterized by the critical exponents ηφ = 0.51(3),
1/ν = 1.12(1), and dynamical exponent z = 1. The quan-
tum critical point in the fermionic model falls into the (2+1)-
dimensional Gross-Neveu-Z2 universality, which has been ex-
cessively investigated in recent years [43–63]. Consequently,
the transition in the spin-orbital model falls into the Gross-
Neveu-Z2* universality class and is characterized by the same
universal exponents.

Néel antiferromagnet on the honeycomb lattice.—On the
honeycomb lattice, a spin-orbital liquid can be stabilized in a
model with a biquadratic Heisenberg-spin and Kitaev-orbital
interaction [27, 31],

H (3)
K = −K

∑

〈i j〉γ
~σi · ~σ j ⊗ τγi τγj , K > 0, (4)

where now 〈i j〉γ, γ = 1, 2, 3, refer to the three inequivalent
bonds in the two-site unit cell and ~σ = (σx, σy, σz). As be-
fore, the spin-orbital operators can be represented by Majo-
rana fermions, leading to a problem of three dispersing Majo-
rana fermions ci = (cx

i , c
y
i , c

z
i )
> coupled to a Z2 gauge field ui j,

H (3)
K 7→ K

∑
〈i j〉 iui jc>i c j. The gauge field is static as a result of

the conservation of the flux operators W (3)
p = 1⊗τx

i τ
y
jτ

z
kτ

x
l τ

y
mτ

z
n.

The ground state ofH (3)
K lies in the flux-free sector W (3)

p = +1
for all p [41], and the three Majorana fermions lead to a well-
defined spectrum on one half of the lattice’s Brillouin zone,
featuring one complex Dirac node per Majorana flavor. Note
thatH (3)

K possesses a global symmetry under SO(3) spin rota-
tions, which in the fermionic representation corresponds to a
flavor rotation.

We now add an antiferromagnetic Heisenberg interaction
among only the spin degrees of freedom of the form

H (3)
J = J

∑

〈i j〉
~σi · ~σ j ⊗ 1i1 j, J > 0. (5)

Crucially, the flux operators remain static since [H (3)
J ,W (3)

p ] =

0. Such a spin-only Heisenberg interaction occurs generically
in spin-orbital systems due to orbital-diagonal superexchange
interactions [33, 64]. MappingH (3)

J to the Majorana represen-
tation yields H (3)

J 7→ J
4
∑
〈i j〉(c>i ~Lci) · (c>j ~Lc j), with the SO(3)

generators Lαβγ = −iεαβγ in the fundamental representation,

revealing thatH (3)
J again maps to short-range interactions.

For J � K, the ground state of H (3) = H (3)
K + H (3)

J is a
semimetal with three flavors of gapless Dirac excitations, cor-
responding to the νM = 3 spin-orbital liquid. For J � K, we
expect the vector order parameter ~n = (c>i,A~Lci,A − c>j,B~Lc j,B)/4
to acquire a finite expectation value, e.g., 〈~n〉 ∝ ẑ without loss
of generality. This breaks the SO(3) symmetry to a residual
SO(2)×Z2 symmetry and gaps out two of the three Majoranas.
However, since Lz has a zero eigenvalue, the third Majorana
mode remains gapless in the ordered phase. In the spin-orbital
basis, we have 〈~n〉 = 〈~σi,A − ~σ j,B〉/2. The symmetry-broken
phase thus corresponds to Néel antiferromagnetic order in the
spin sector. This phase can also be understood within a simple
mean-field decoupling ~σi ' 〈~σi〉 in the spin-orbital formula-
tion of the model, yielding

H (3)
K +H (3)

J ' K|〈~n〉|2
∑

〈i j〉γ
τ
γ
i τ

γ
j −

3NucJ
2
|〈~n〉|2, (6)

where Nuc is the number of unit cells. For large J � K, the
spins order antiferromagnetically. The remaining orbital de-
grees of freedom are described by the νM = 1 Kitaev honey-
comb model with an effective antiferromagnetic Kitaev cou-
pling K|〈~n〉|2.

To investigate the model at finite J/K, we employ Majo-
rana mean-field theory. We decouple into onsite fields 〈~σi〉 =

〈c>i ~Lci〉/2, transforming as vectors under SO(3), and singlet
bond variables χi j = 〈ic>i c j〉/3. In the limiting cases for weak
and strong interactions, the ground state is flux free [41]. As-
suming that this property holds also at intermediate values
of J/K, and restricting ourselves to isotropic and translation-
invariant mean fields, we can solve the self-consistency equa-
tions iteratively [38(d)]. At Jc ≈ 0.6K, we find a direct con-
tinuous transition from the νM = 3 spin-orbital liquid to the
Néel-ordered phase with a single gapless itinerant Majorana
fermion, corresponding to νM = 1. We note that the true Jc/K
should be expected to be larger than the mean-field result, as
quantum fluctuations tend to destabilize the antiferromagnetic
order [65, 66].

To validate the qualitative mean-field picture more quan-
titatively, we perform infinite density renormalization group
(iDMRG) simulations [67–69] for the spin-orbital model
H (3). The results for the Néel spin-order parameter and the
ground-state expectation value of the plaquette operator W (3)

p
are shown in Fig. 2. For the full range of J/K, the ground
state stays in the zero-flux sector with W (3)

p = 1. Furthermore,
the Néel spin-order parameter shows a direct continuous tran-
sition from the paramagnetic νM = 3 spin-orbital liquid to the
Néel spin-ordered state at Jc ≈ 0.9K. The critical coupling is
larger than in the mean-field approximation, as expected.
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FIG. 2. The Néel spin-order parameter (black dots) and the ground-
state expectation value of the plaquette operator W (3)

p (blue triangles)
as a function of J/K in the spin-orbital model H (3) from iDMRG
calculations performed on an infinite cylinder with circumference
of Ly = 4 unit cells. The iDMRG uses two unit cells along the x-
direction as its translationally invariant building block and the bond
dimension is χ = 1000.

Gross-Neveu-SO(3)* criticality.—Using a gradient expan-
sion of the Majorana lattice model, we derive a continuum
field theory describing the quantum critical point in the low-
est flux sector. To this end, we fix the gauge ui j = +1
for i ∈ A, j ∈ B sublattice and introduce continuum com-
plex fermion fields ψαs (x) with sublattice index s = A, B
and flavor index α = x, y, z by expanding the lattice Majo-
rana fermions cαi,s = ψαs (x) eiK·x + h.c. about the single Dirac
point K. Upon a Hubbard-Stratonovich decoupling of the re-
sulting four-fermion term [ψ̄(12⊗~L)ψ]2 7→ 1

2~ϕ
2−~ϕ·ψ̄(12⊗~L)ψ,

with ψ ≡ (ψx
A, ψ

y
A, ψ

z
A, ψ

x
B, ψ

y
B, ψ

z
B)>, ψ̄ ≡ ψ†(σz ⊗ 13), and ~ϕ

the continuum Néel order parameter field, we obtain the Eu-
clidean action

S =

∫
d2x dτ

[
ψ̄γµ∂µψ + g~ϕ · ψ̄(12 ⊗ ~L)ψ

+
1
2
~ϕ
(
−∂2

µ + m2
)
~ϕ + λ

(
~ϕ · ~ϕ)2

]
. (7)

Here, (γµ) = (σz, σx, σy) ⊗ 13, µ = 0, 1, 2, corresponds to
a six-dimensional representation of the Clifford algebra, the
Pauli matrices ~σ [SO(3) generators ~L] act on the sublattice
(flavor) indices, and we have allowed for dynamics and the
symmetry-allowed quartic self-interaction of the order param-
eter. The theory describes three flavors of two-component
Dirac fermions coupled to a vector order parameter that trans-
forms in the fundamental representation of SO(3), corre-
sponding to spin 1. The boson mass m2 can be used to tune
through the SO(3)-symmetry-breaking transition. For m2 > 0,
the order parameter ~ϕ is gapped and can be integrated out,
corresponding to the paramagnetic spin-orbital-liquid phase
characterized by three gapless Dirac fermions. For m2 < 0,
the minimum of the potential occurs at finite ~ϕ, indicating
spontaneous SO(3) symmetry breaking and an interaction-

induced band gap for two out of the three fermions, with the
third one remaining gapless, corresponding to the Néel-spin-
ordered phase.

The existence of a quantum critical point at vanishing renor-
malized mass m2 = 0 can be shown using a standard ε ex-
pansion about the upper critical space-time dimension of four.
The flow equations admit an infrared stable fixed point at
g2
∗ > 0 and λ∗ > 0 that is characterized by a set of universal

exponents [38(e)]. Extrapolating the one-loop results to ε = 1,
we obtain the estimates ηφ ≈ 0.33 and 1/ν ≈ 1.1. The remain-
ing exponents α, β, γ, and δ can then be obtained by means
of the usual hyperscaling relations [70], and the dynamical
critical exponent is z = 1. For completeness, we also quote
the fermion anomalous dimension, which is accessible in the
ordinary Gross-Neveu-SO(3) universality class only, reading
ηψ ≈ 0.17. Note that this Gross-Neveu-SO(3) critical point
defines a new universality class different from those of the
Gross-Neveu-SU(2) (=chiral Heisenberg) model [44, 51, 71–
79], in which case the fermion mass term transforms in the
fundamental representation of SU(2), corresponding to spin
1/2, and the spectrum in the ordered phase is fully gapped.

Upon generalizing the theory to N flavors of Dirac fermions
coupled to an SO(3) vector order parameter, the critical prop-
erties can alternatively be computed within a 1/N expan-
sion in fixed dimension. Extrapolating the leading-order re-
sults [38(f)] to the physical N = 3, we obtain the estimates
ηφ ≈ 0.32, ηψ ≈ 0.14, and 1/ν ≈ 0.5. While the anomalous
dimensions agree with the ε-expansion results within ∼5% ac-
curacy, the agreement in the case of 1/ν is significantly less fa-
vorable. This may be due to a sizable 1/N2 correction to this
observable, similar to the situation in the Gross-Neveu-SU(2)
model [73].

Discussion.—We have studied novel transitions between
topological phases with concomitant symmetry breaking by
making use of unbiased numerical results and controlled an-
alytical approaches. The quantum critical points that we
have discovered feature gapless Majorana fermions coupled
to gapped Z2 gauge fields as well as gauge-invariant order-
parameter bosons, and fall into a previously unknown family
of fractionalized fermionic universality classes. They repre-
sent controlled instances of the larger class of unconventional
quantum phase transitions that are characterized by fractional-
ized excitations, which includes deconfined quantum critical
points between different conventionally-ordered phases [80–
84], between conventional and deconfined phases [19, 85–88],
as well as between different deconfined phases [89–91]. The
models studied in this work belong to the latter class, with the
deconfined modes at the critical point being in a one-to-one
correspondence with the deconfined elementary excitations of
the adjacent phases.

Our findings call for more detailed theoretical investiga-
tions of the Gross-Neveu* criticalities, in particular in the
SO(3) case, for which currently only leading-order estimates
are available. It would also be interesting to study the univer-
sal finite-size spectra, e.g., on the torus [17, 18, 62, 92].

Our results may be relevant for 4d1 or 5d1 Mott insula-
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tors [64, 93, 94]. For instance, α-ZrCl3 realizes strongly
bond-dependent interactions in analogy to the d5 Kitaev ma-
terials [95], and has been proposed as a candidate for an
SU(4)-symmetric spin-orbital liquid on the honeycomb lattice
[96]. Similarly, in double perovskite systems, strong spin-
orbit coupling can lead to jeff = 3/2 multiplets subject to
bond-dependent exchange interactions [97]. In particular, ab-
sence of ordering down to low temperatures has been observed
in Ba2YMoO6, and Kitaev-type spin-orbital liquids have been
proposed as candidate ground states [98]. In the above materi-
als, resonant inelastic X-ray scattering and neutron scattering
can separately probe spin and spin-orbital excitations, allow-
ing to resolve potential partial order that we find in our mod-
els. Kugel-Khomskii-type models with anisotropic exchange
interactions have also been proposed to describe correlated in-
sulating phases in twisted bilayers [64, 99–101]. In this re-
gard, it may be of interest to consider twisted bilayer configu-
rations of Kitaev materials, such as α-RuCl3 [102, 103].

In real materials, additional perturbations that generate fluc-
tuations of the gauge field are present. When their magnitudes
become of the order of the (unperturbed) flux gap, further
transitions that might lead to confinement of the fractionalized
particles can occur. The study of such transitions represents
another interesting direction for future research.
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I. PREDICTIONS FOR FINITE-SIZE SPECTRA IN THE GROSS-NEVEU* UNIVERSALITY CLASSES

A. Finite-size torus spectroscopy and fractionalized quantum criticality

The difference between a fractionalized universality class and its ordinary counterpart reveals itself most prominently in the
structure of the energy spectrum at the quantum critical point. This can be made explicit within a tower-of-states analysis, i.e.,
by computing the low-energy eigenstates and their quantum numbers of a finite system, in which the ground-state manifold splits
into distinct energy levels Ei, i = 1, . . . . At a quantum critical point with dynamical exponent z = 1, these energies scale for
large linear system size L as Ei = ξic/L with universal constants of proportionality ξi and a nonuniversal, but level-independent,
global velocity c. Within a radial-quantization geometry, the numbers ξi can be associated with the universal scaling dimensions
of the corresponding conformal field theory [1]. On torus geometries, which are more easily accessible to numerical simulations
above (1+1) dimensions, this operator-state correspondence is not known to hold anymore exactly; however, the numbers ξi are
still universal and in fact, at least for small energies, appear to resemble the spectrum of scaling dimensions quite closely [2, 3].
Moreover, these universal numbers provide a unique fingerprint of the corresponding universality classes and, in particular, allow
one to distinguish fractionalized quantum critical points from their ordinary counterparts [4].

To set the stage, let us review the situation for the case of the purely bosonic Ising and Ising* transitions on the torus. The
latter can be realized, for instance, in a toric code model perturbed by a longitudinal field [2, 5]. While states in the Ising
spectrum that are even under the Z2 symmetry also appear in the Ising* spectrum, and at the same energy (to leading order in
1/L), Z2-odd states are missing completely in the Ising* spectrum. This “selection rule” can be understood as a consequence of
the gauge invariance in the Ising* case, which forbids the Z2-odd sector in the physical spectrum. On the other hand, the Ising*
spectrum consists of additional states, in particular ones that are located at very low energies. They arise from the fact that for
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fixed periodic boundary conditions of the physical degrees of freedom (spins), four different boundary conditions of the parton
fields (spinons), periodic or antiperiodic along the two spatial directions, become simultaneously possible. These states, together
with the ground-state level, are distinguished by different eigenvalues ±1 of the Wilson loops winding around the torus and can
be associated with the topological degeneracy of the adjacent topological phase in the thermodynamic limit.

B. Gross-Neveu and Gross-Neveu* universality classes

The finite-size torus spectra in the ordinary Gross-Neveu-Z2 universality class have recently been studied within two mod-
els of interacting spinless fermions on honeycomb and π-flux lattices, which both feature a quantum critical point between a
semimetallic Dirac phase and a Z2-ordered massive phase [6]. For simplicity, let us assume in the following a finite-size mo-
mentum discretization that includes the Dirac points. At the critical point, the ground-state level in the finite-size spectra is then
twofold (quasi-)degenerate and consists of the vacuum level 1T and a level σT that can be associated with the “Semenoff” mass
generated by breaking the sublattice symmetry [7]. The first excited level is an eightfold degenerate multiplet associated with
single-fermion excitations ψT , whereas the next level consists of particle-hole excitations that can be associated with “Haldane”
and “Kekulé” instabilities, as well as the lowest-lying two-fermion excitations (2ψ)T [6].

In the Gross-Neveu-Z2* universality class, single-fermion excitations are not gauge invariant and the corresponding levels
therefore cannot occur in the spectrum. However, in contrast to the fractionalized bosonic transitions [2], the level σT is not
gauge forbidden and will occur in the Gross-Neveu-Z2* spectrum. Due to the topological character of the νM = 2 spin-orbital
liquid [8], we expect at very low energy additional twofold-degenerate and nondegenerate levels 1T ′ and 1T ′′ , respectively, which
are distinguished by different eigenvalues of the Wilson loop operators winding around the torus along the two spatial directions.
Similar copies σT ′ and σT ′′ of the σT level should also occur in the respective topological sectors.

For the Gross-Neveu-SO(3) universality classes, the finite-size torus spectra are not even known in the ordinary case. How-
ever, by analogy, we also expect low-lying single-fermion excitations occuring in the Gross-Neveu-SO(3) spectrum, which are
forbidden in the Gross-Neveu-SO(3)* spectrum. Moreover, the Gross-Neveu-SO(3)* spectrum should feature additional very-
low-lying states corresponding to insertions of nontrivial Z2 fluxes threading the torus. As the order parameter transforms as a
vector under SO(3), the corresponding σT level should exhibit, in analogy to the Wilson-Fisher O(3) criticality [3], a threefold
degeneracy already in the ordinary Gross-Neveu-SO(3) spectrum, and its fractionalized Gross-Neveu-SO(3)* counterpart should
feature additional topological copies.

II. SPIN-ORBITAL BASIS AND MAJORANA FERMION REPRESENTATION

The exactly solvable square- and honeycomb-lattice models considered here are the νM = 2 and νM = 3 members of the family
of generalized Kitaev models with νM flavors of itinerant fermions [8], given in terms of 2q+1-dimensional Gamma matrices with
q = bνM/2c. The four-dimensional Gamma matrices required for the definition of the νM = 2 and νM = 3 models can be
expressed in terms of two sets of Pauli matrices as

Γα = −σy ⊗ τα, Γ4 = σx ⊗ 12, and Γ5 = −σz ⊗ 12, (S1)

where the σα denote three Pauli matrices acting on a local spin-1/2 degree of freedom and the τα Pauli matrices correspond to
pseudospins acting on a twofold degenerate orbital. The exact solution [8] proceeds by introducing Majorana fermions c, bµ with
µ = 1, . . . , 5 to represent the Gamma matrices as

Γµ = ibµc and Γµν = ibµbν, (S2)

with Γµν = i[Γµ,Γν]/2. On the square (honeycomb) lattice, the Z2 gauge field on the four (three) distinct links is formed by
u〈i j〉γ = ibγi bγj with γ = 1, . . . , 3(4). The remaining Majoranas c, b5 (and b4 on the honeycomb lattice) disperse throughout the
lattice. It is convenient to relabel b5 → cx, c → cy and further on the honeycomb lattice b4 → cz such that the generator of
the SO(2) symmetry in the square lattice model is given by the z-component of the spin degree of freedom, σz = −icxcy, which
commutes withH (2)

K . In the SO(3)-symmetric model on the honeycomb lattice, the generators of the spin rotation symmetry are
given by the three spin Pauli matrices which in the above Majorana representation read after relabeling

σα ⊗ 12 7→ −iεαβγcβcγ/2 ≡ 1
2

c>Lαc, (S3)

where we have defined the 3 × 3 matrices (Lα)βγ = −iεαβγ, which are SO(3) generators in the fundamental representation, and
abbreviated c = (cx, cy, cz)>. This Majorana representation of spins, Eq. (S3), has been previsouly used to study pure spin
models, see e.g., Refs. [9, 10]. Note that SO(3) rotations of the Majorana three-vector cα 7→ Oασcσ induce spin rotations as

σα ⊗ 12 7→ −iεαβγOβκOγρcκcρ/2 = Oαλσλ ⊗ 12, (S4)
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where we have inserted δσα = OσλOαλ and subsequently used that OσλOβκOγρεσβγελργ = det O with det O = +1 for O ∈ SO(3).

III. SPIN-ORBITAL MODELS IN THE STRONG-COUPLING LIMIT

In this section, we discuss the strong-coupling limits of the square-lattice model H (2) = H(2)
K + H(2)

Jz for |Jz/K| → ∞ and the
honeycomb-lattice model H (3) = H(3)

K + H(3)
J for |J/K| → ∞. These can be understood within perturbative expansions in small

K/Jz and K/J, respectively. Note that both H(2)
Jz and H(3)

J commute with all operators that act only on the orbital degrees of
freedom. The ground state with long-range order in the spin sector in both model therefore features a macroscopic degeneracy
in the orbital sector for K = 0.

Switching on an infinitesimal K > 0 for antiferromagnetic Jz > 0 in the square-lattice model H(2), the orbital degeneracy
is lifted in fourth-order perturbation theory in K/Jz via a process that flips spins along a plaquette pairwise, giving rise to an
effective Z2 gauge theory in the orbital sector. This is in contrast to the situation for ferromagnetic Jz < 0, in which case the
spin-polarized ground state of H(2)

Jz is an eigenstate of H (2)
K with zero energy, so that the degeneracy is not lifted at any order

in perturbation theory. Below a certain finite critical Jz/K < 0, there is therefore an extended phase in which the orbital sector
features a macroscopic ground-state degeneracy, similar to the situation in a strong magnetic field for Jz = 0 [11]. In the
honeycomb-lattice model H(3), a small K/J lifts the orbital degeneracy already at first order in K/J, independent of the sign of J.

We therefore expect that the long-range-ordered phases in both models at Jz/K > (Jz/K)c > 0 and J/K > (J/K)c > 0 extend
all the way up to Jz → ∞ and J → ∞, without any additional phase transition at finite coupling.

IV. MAJORANA MEAN-FIELD THEORY FOR THE HONEYCOMB-LATTICE MODEL

A. Mean-field decoupling and solution

The Hamiltonian for the νM = 3 spin-orbital liquid with a spin-only Heisenberg interaction reads

H (3) = −K
∑

〈i j〉
~σi · ~σ j ⊗ ταi ταj + J

∑

〈i j〉
~σi · ~σ j ⊗ 1. (S5)

Proceeding with the Majorana representation, one obtains

H (3) 7→ K
∑

〈i j〉
iui jcαi cαj + J

∑

〈i j〉

(
1
2

c>i Lαci

) (
1
2

c>j Lαc j

)
(S6a)

= K
∑

〈i j〉
iui jcαi cαj + J

∑

〈i j〉

(
1
2

cβi cβjc
γ
i cγj +

3
2

)
(S6b)

We decouple the interaction in Eq. (S6a) into onsite mean fields σαi ' 〈σαi 〉 = 〈c>i Lαci/2〉 ∈ R and bond variables icαi cαj '
〈icαi cαj 〉 ≡ χαi j ∈ R (no summation convention),

(
1
2

c>i Lαci

) (
1
2

c>j Lαc j

)
' 〈σαi 〉

(
1
2

c>j Lαc j

)
+ 〈σαj 〉

(
1
2

c>j Lαc j

)
− 〈σαi 〉〈σαj 〉 −

∑

β,γ

|εαβγ|
(
χ
β
i jic

γ
i cγj −

1
2
χ
β
i jχ

γ
i j

)
. (S7)

While 〈σα〉 transforms as a vector (3 representation) under SO(3), the χαi j are the diagonal components of the rank-2 mean-
field tensor 〈icαcβ〉. As the interaction does not warrant decoupling into off-diagonal components, the bond variables can only
transform in the 0 irreducible representation, which is given by the trace of above tensor. We therefore in the following restrict
the mean-field parameter as χαi j ≡ χi j =

∑
β〈icβi cβj〉/3 for all α = x, y, z. This result is also straightforwardly obtained by directly

decoupling the second term in Eq. (S6b) in a manifestly SO(3)-invariant manner (i.e., by choosing a decoupling which respects
the summation convention).

Working in the flux-free sector, choosing the gauge ui j = +1 for i ∈ A and j ∈ B sublattices is convenient. The Majorana
hopping problem then possesses the translational and rotational symmetries of the honeycomb lattice, such that we assume
χi j ≡ χ to be homogeneous and 〈σαi 〉 to only depend on the sublattice for given J/K, totalling (1 + 3 × 2) mean field parameters.
We employ a Fourier decomposition of the Majorana fermions as

cαi,s =

√
2

Nuc

∑

k∈BZ/2

[
cαs,keik·ri +

(
cαs,k

)†
e−ik·ri

]
, (S8)
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FIG. S1. Spin mean fields φz
A and φz

B (red and blue lines, corresponding to the two sublattices A and B) and bond variable χαi j (green line) in
the honeycomb-lattice model H (3) from Majorana mean-field theory at temperature T = 0.05K, using a lattice with Nuc = 48 × 48 unit cells.
Here, we have assumed homogeneous and flavor-independent bond variables χαi j ≡ χ and the mean fields 〈σα

i 〉 ≡ φαA or φαB to only depend on
the sublattice for given J/K. The critical value of Jc/K ≈ 0.604 (vertical grey line) is obtained by a linear fit of φz

A as a function of J/K near
the critical point.

with Nuc denoting the number of unit cells, the sublattice index s = A, B, and the momentum summation is over half of the
Brillouin zone (BZ). The mean-field Hamiltonian then reads

H (3)
MFT =

∑

k∈BZ/2

c†k

[(
0 i(K − Jχ) f (k)

−i(K − Jχ) f ∗(k) 0

)
⊗ 13 +

(
6J〈~σB〉 0

0 6J〈~σA〉
)
· ~L

]
ck − 3JNuc

(
〈~σA〉 · 〈~σB〉 + χ2

)
, (S9)

where we have introduced the six-component spinor ck = (cx
k,A, c

y
k,A, . . . , c

z
k,B)> and f (q) = 1 + eiq·n1 + eiq·n2 , where n1,2 =

(±1,
√

3)/
√

2 denote the reciprocal lattice vectors. We then solve the self-consistency equations for the mean-field parameters
iteratively. A representative solution is depicted in Fig. S1, showing a continuous evolution of the Néel spin-order parameter
nz = (〈~σz

A〉 − 〈~σz
B〉)/2 = (φz

A − φz
B)/2 above the quantum critical point at Jc ≈ 0.604K.

B. Spectrum in the symmetry-broken phase

From Eq. (S9), it is apparent that one can straightforwardly diagonalizeH (3)
MFT in flavor space by some unitary U

(12 ⊗ U)†
[(−6J~n 0

0 6J~n

)
· ~L

]
(12 ⊗ U) = 6J|~n| Σz ⊗ diag(1, 0,−1), (S10)

where we have inserted the definition of the Néel order parameter ~n = (〈~σA〉 − 〈~σB〉)/2 and Σz denotes the third Pauli matrix
acting on sublattice degrees of freedom. Thus the Hamiltonian H (3)

MFT is block-diagonal with three 2 × 2 blocks. Since Σz

anticommutes with the first term in Eq. (S9), two of these blocks contain mass terms which gap out the respective Dirac nodes,
with the dispersion reading

ε(+1,−1)
± (q) = ±

√
(K′)2| f (q)|2 +

(
6J|~n|)2, with ε(+1,−1)

± ≷ 0 for all q ∈ BZ/2, (S11)

while the remaining block yields a gapless Dirac node with renormalized Kitaev coupling parameters K′ = K − Jχ

ε(0)
± (q) = ±|K′ f (q)|, with ε(0)

± = 0 for q = K ∈ BZ/2. (S12)

V. CRITICAL BEHAVIOR OF THE GROSS-NEVEU-SO(3) MODEL

A. 4 − ε expansion

The Gross-Neveu-SO(3) model defined in Eq. (7) of the main text admits a stable renormalization group fixed point in the
critical plane m2 = 0 that can be accessed within a standard ε expansion about the upper critical space-time dimension of four.



5

(a) (b) (c) (d) (e)

FIG. S2. Feynman diagrams that contribute to the flow equations of the Gross-Neveu-SO(3) model at leading order in the 4 − ε expansion,
showing the fermion (a) and boson (b) self energies, and the vertex corrections to the Yukawa coupling g (c) and the scalar coupling λ (d,e).
Solid (dashed) inner lines correspond to fermion (boson) propagators.

At one-loop order, this amounts to evaluating the Feynman diagrams displayed in Fig. S2. Integrating over the momentum shell
between Λ/b and Λ with b > 1 in D = 4 − ε space-time dimensions causes the coupling to flow as

dg2

d ln b
= εg2 − 2(N + 6)

3
g4, (S13)

dλ
d ln b

= ελ − 4N
3

gλ − 44λ2 +
N
3

g4, (S14)

where we have rescaled g2/(8π2Λε) 7→ g2 and λ/(8π2Λε) 7→ λ, and allowed for a general number N of two-component Dirac
fermions, with N = 3 in the case relevant for the spin-orbital model. The infrared stable fixed point is located at

g2
∗ =

3
2(N + 6)

ε + O(ε2), (S15)

λ∗ =
6 − N +

√
N2 + 120N + 36

88(N + 6)
ε + O(ε2), (S16)

and is characterized by the anomalous dimensions

ηφ =
N

N + 6
ε + O(ε2) and ηψ =

3
2(N + 6)

ε + O(ε2). (S17)

The correlation-length exponent can be computed from the flow of the tuning parameter in the vicinity of the critical point,

dm2

d ln b
= 2m2 − 2N

3
g2m2 + 20

λ

1 + m2 −
4N
3

g2, (S18)

from which we obtain

1/ν = 2 − 17N + 30 + 5
√

N2 + 120N + 36
22(N + 6)

ε + O(ε2). (S19)

Setting N = 3 and extrapolating to ε = 1, we obtain the estimates for ηφ, ηψ and 1/ν as quoted in the main text. For comparison
with the large-N calculation discussed below, it is also useful to consider the large-N limits of Eqs. (S17) and (S19), reading

ηφ = ε − 6ε
N

+
36ε
N2 + O(ε2, 1/N3), ηψ =

3ε
2N
− 9ε

N2 + O(ε2, 1/N3), 1/ν = 2 − ε − 9ε
N

+
459ε
N2 + O(ε2, 1/N3). (S20)

B. Large-N expansion

The critical properties of the Gross-Neveu-SO(3) model can alternatively be computed within a large-N expansion in fixed
space-time dimension D. We employ the critical-point formalism [12–14], which allows us to deduce the analytical continuation
of the critical exponents in fractional dimension 2 < D < 4 efficiently. This approach exploits the scale invariance of the
system at criticality, thereby providing a means to systematically solve the Schwinger-Dyson equations order by order in 1/N
algebraically. Specifically, we assume asymptotic scaling forms of the fermion and boson fields, reading in coordinate space

〈ψψ̄〉(x) ∼ A/x
(
x2)(D+ηψ)/2

[
1 + A′

(
x2

)1/(2ν)
]
, 〈~ϕ~ϕ>〉(x) ∼ B

(
x2)(D−2+ηφ)/2

[
1 + B′

(
x2

)1/(2ν)
]
13, (S21)
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FIG. S3. Skeleton Schwinger-Dyson equations used to determine the critical behavior of the Gross-Neveu-SO(3) model at leading order in the
large-N expansion. Double solid (dashed) inner lines correspond to the scaling forms of the fermion (boson) fields at criticality.

where /x ≡ γµxµ and A, B and A′, B′ are x-independent amplitudes for the dominant scaling forms and corrections to scaling,
respectively, as x→ 0 [15]. Here, (γµ) = (σz, σx, σy) ⊗ 1N , µ = 0, 1, . . . ,D − 1, corresponds to a 2N-dimensional representation
of the Clifford algebra, {γµ, γν} = 2δµν12N , with N being the number of two-component Dirac fermions, and we assume that N
is a multiple of three. The skeleton Schwinger-Dyson equations for the two-point functions used to compute all three exponents
ηφ, ηψ, and 1/ν at order O(1/N) are displayed diagrammatically in Fig. S3. The explicit evaluation follows closely the analogous
computation in the Gross-Neveu-SU(2) universality class [15], and will therefore not be repeated here. We find

ηφ = 4 − D +
3(4 − 3D)

D
CD

N
+ O(1/N2), ηψ =

3(D − 2)
D

CD

N
+ O(1/N2), 1/ν = (D − 2)

(
1 − 6(D − 1)

D
CD

N

)
+ O(1/N2),

(S22)

where C−1
D ≡ Γ(2−D/2)Γ(D/2)B(D/2,D/2− 1), with Γ( · ) and B( · , · ) denoting the gamma and beta functions, respectively. In

the physical case D = 3, we obtain

ηφ = 1 − 20
π2N

+ O(1/N2), ηψ =
4
π2N

+ O(1/N2), 1/ν = 1 − 16
π2N

+ O(1/N2). (S23)

We have explicitly verified Eqs. (S23) using a conventional large-N calculation analogous to Ref. [16]. The estimates for the
transition in the spin-orbital model on the honeycomb lattice are obtained by extrapolating to N = 3.

Upon expanding Eqs. (S22) in D = 4 − ε dimensions, we find

ηφ = ε − 6ε
N

+
15ε2

4N
+ O(ε3, 1/N2), ηψ =

3ε
2N
− 9ε2

8N
+ O(ε3, 1/N2), 1/ν = 2 − ε − 9ε

N
+

39ε2

4N
+ O(ε3, 1/N2), (S24)

which agrees precisely with Eqs. (S20) up to the respective orders calculated. This furnishes a nontrivial crosscheck of both the
ε-expansion and large-N calculations.
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[7] I. F. Herbut, V. Juričić, and B. Roy, Phys. Rev. B 79, 085116 (2009).
[8] S. Chulliparambil, U. F. P. Seifert, M. Vojta, L. Janssen, and H.-H. Tu, arXiv:2005.13683.
[9] A. M. Tsvelik, Phys. Rev. Lett. 69, 2142 (1992).

[10] B. S. Shastry and D. Sen, Phys. Rev. B 55, 2988 (1997).
[11] S. Chulliparambil, L. Janssen, M. Vojta, H.-H. Tu, and U. F. P. Seifert, arXiv:2010.14511.
[12] A. N. Vasil’ev, Y. M. Pis’mak, and Y. R. Khonkonen, Theor. Math. Phys. 46, 104 (1981).
[13] J. A. Gracey, Int. J. Mod. Phys. A 06, 395 (1991).
[14] J. A. Gracey, Int. J. Mod. Phys. A 33, 1830032 (2018).
[15] J. A. Gracey, Phys. Rev. D 97, 105009 (2018).
[16] R. Boyack, A. Rayyan, and J. Maciejko, Phys. Rev. B 99, 195135 (2019).


