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Understanding the entanglement of radiation in quantum field theory has been a long-standing
challenge, with implications ranging from black hole thermodynamics to quantum information. We
demonstrate how the case of the free fermion in 1þ 1 dimensions reveals the details of the density matrix
of the radiation produced by a moving mirror. Using the resolvent method rather than standard conformal
field theory techniques we derive the Rényi entropies, modular Hamiltonian, and flow of the radiation and
determine when mirrors generate unitary transformations.
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Introduction.—It is well known that the physics of
moving mirrors in quantum field theory is intimately
connected—and in some cases equivalent—to the thermo-
dynamics of black holes. This relation has proven very
fruitful, as the former does not require involved geometric
considerations but rather only some fundamental notions
about quantum fields.
Two main strategies have been traditionally used in this

subject. The first one consists of studying the global
properties of the asymptotic state and resembles more
closelyHawking’s original calculation [1–8].More recently,
techniques coming from gauge-gravity duality, specifically
the Ryu-Takayanagi formula and its generalizations [9–11],
allow translation of the problem into gravitational physics in
a higher dimensional space [12–14]. This second approach
relies strongly on methods of conformal field theory. Yet
despite significant progress, some important questions
remain open.
Often the above approaches are restricted to studies of

entanglement entropy. However, a quantum state is not
determined only by its entanglement entropy. What one
would like to figure out is the structure of the density matrix
itself as the system evolves. This means that we seek to
understand the correlations between arbitrary subsystems
of the radiation, a property that is neither global nor fixed
by conformal symmetry. In this work we do precisely this
for a very simple system: the chiral fermion in 1þ 1
dimensions with a reflecting boundary. The advantage is
that here we have the luxury of using the method of the
resolvent [15].

Finding the Rényi entropies is particularly important in
connection with the information paradox. Indeed, unitarity
requires that not only the von Neumann entropy but all
Rényi entropies follow a Page curve. We will see under
which conditions this is true for moving mirrors and
quantify the correlations between the early and late
radiations. A key ingredient will be the entanglement
between the two chiralities created by the mirror.
We begin by specifying the physical system and stating

the questions we wish to address.
Fermions and mirrors.—We consider the standard mass-

less Dirac action over a patch M of 1þ 1-dimensional
Minkowski spacetime. As usual, using light cone coordi-
nates x� ¼ t� x this reads

I ¼ i
2

Z
M

dxdtðψ†
−∂þψ− þ ψ†

þ∂−ψþÞ: ð1Þ

We are interested in the case when M has a boundary
∂M along a worldline specified by a differentiable mono-
tonically increasing function

xþ ¼ gðx−Þ; ð2Þ

and we will demand g0 > 0 so that its trajectory is causal.
For definiteness, we choose the physical region to be that
on the right of the boundary, so that incoming (outgoing)
modes correspond to left (right) movers ψþ (ψ−).
For any equations of motion to follow from an action

principle, we must require that the action has an extremum.
On variation, the action gives δI ¼ R

M e:o:m:þ B. The
first term involves the equations of motion so it vanishes
whenever ∂�ψ∓ ¼ 0, while the second term is a total
derivative,

B ¼ i
2

Z
∂M

dx−ðψ†
−δψ− − g0ðx−Þψ†

þδψþÞ þ H:c: ð3Þ
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and must be required to vanish. A natural condition that
achieves B ¼ 0 is that ∂M acts as a “mirror” by imposing
reflecting boundary conditions,

ψ−ðx−Þ ¼ ϵ
ffiffiffiffiffiffiffiffiffiffiffiffi
g0ðx−Þ

p
ψþðgðx−ÞÞ: ð4Þ

Incoming modes reaching the boundary (mirror) are
reflected as outgoing modes, the choice ϵ ¼ �1 corre-
sponding to whether the wave flips orientation on
reflection.
We will not consider standard boundary conformal field

theory (BCFT) [16] because arbitrary mirror trajectories in
general break all conformal symmetries. In other words, the
boundary conditions (4) are not “conformal boundary
conditions”: although the stress tensor remains traceless
due to the equations of motion, its parallel-perpendicular
component—which measures the energy flowing away
at the boundary—does not vanish but is governed
by the anomaly. If the incoming state is the vacuum, this
gives

h∶Tk⊥∶ijmirror ¼
ðSgÞðzÞ
12πg0ðzÞ ; ð5Þ

where Sg stands for the Schwarzian derivative. Thus energy
will be injected or extracted to or from the system by the
moving mirror, similar to what the gravitational field does
to the quantum fields outside the horizon. As initial data,
we must provide the quantum state on some Cauchy
surface. For simplicity we focus on mirrors that were
asymptotically static in the past, so that the incoming state
is well defined along past null infinity I−

R; see Fig. 3.
In a free theory, the two-point function plays a major

role. Throughout the text we denote by

Gðx; yÞ≡ hψþðxÞψ†
þðyÞi ð6Þ

the incoming-incoming (left-left) correlation function, i.e.,
the initial data on I−

R. Here x, y are spatial coordinates
along a Cauchy slice as described below. Although our
analysis is valid for a larger class of Gaussian states, we
focus on incoming equilibrium states. This simplifies the
discussion and emphasizes the role of the mirror rather than
the initial data. An incoming state prepared on I−

R at inverse
temperature β is given by

Gðx; yÞ ¼ 1

2iβ sinh ½πðx − yÞ=β� : ð7Þ

Because both chiralities are involved, we must consider
the correlation matrix for the Dirac spinor Ψ ¼ ðψþ;ψ−Þ,

Gðx1; x2Þ ¼ hΨðx1ÞΨ†ðx2Þi ¼
�
Gþþ Gþ−

G−þ G−−

�
; ð8Þ

where Gij ≡ hψ iψ
†
ji with i; j ¼ �. Two-dimensional

spinor matrices are denoted in boldface. While Gþþ is
initial data, the boundary conditions (4) determine the
remaining entries of the correlator in terms of G:

Gij ¼ ϵ½ði−jÞ=2�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð−1Þ½ði−jÞ=2�q0iðxÞq0jðyÞ

q
G½qiðxÞ; qjðyÞ�;

ð9Þ

where we have defined qþðxÞ≡ xþ; q−ðxÞ≡ gðx−Þ.
We now choose an incoming state specified by (7) and a

mirror trajectory specified by gð·Þ. Together these deter-
mine a global state ρΣ on each Cauchy slice Σ; see Fig. 1.
We now choose a subregion V ⊂ Σ consisting of N disjoint
intervals V ¼∪l ðal; blÞ with l ¼ 1;…; N and wish to
compute the reduced density matrix

ρV ¼ TrVcðρΣÞ ð10Þ

obtained by tracing out the complement of V along Σ. For
simplicity we restrict to Cauchy slices of constant time, the
generalization being straightforward [17].
Here is where having a free theory comes in handy [18].

For free fermions, it is sufficient that ρV reproduces the
correlator Gðx; yÞ ¼ trV ½ρVΨðxÞΨ†ðyÞ� for x; y ∈ V. Now
any state can be written as ρV ¼ e−KV , whereK is called the
modular Hamiltonian. For Gaussian states this takes a
quadratic form,

K ¼
Z
V2

dxdyΨ†ðxÞkðx; yÞΨðyÞ ð11Þ

with kernel [18]

FIG. 1. Evolution of an entangling region V for a given mirror
trajectory. The Rényi entropies of V depend on the mirror only
through the position and velocity at the null projections of the
region’s boundary, as exemplified in (18). Thus if these return to
their original values, the mirror produces unitary transformations.
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k ¼ − log ðG−1 − 1Þ: ð12Þ

Here and below Gðx; yÞ is taken as a linear operator acting
on smooth functions supported on V via convolution.
This translates the problem of finding the reduced

density matrix into that of computing functions of G on
V, but with both chiralities simultaneously. This sets the
stage for the application of the resolvent method, a
technical tool that is reviewed in the Supplemental
Material [19]. The basic idea is that to compute functions
of an operator one can use Cauchy’s integral formula,

fðGÞ ¼ 1

2πi

I
γ
dλ

fðλÞ
λ −G

; ð13Þ

where γ encircles the spectrum of G. The operator
ðλ −GÞ−1 is called the resolvent of G.
The simplest application of this method is to compute the

entropies, to which we now turn.
Entropies.—The entanglement Rényi entropies are

defined as

SðnÞ ¼ 1

1 − n
log

TrðρnÞ
ðTrρÞn : ð14Þ

For the free fermion, it is easy to show that

log TrðρnÞ ¼ Tr log ½Gn þ ð1 −GÞn�: ð15Þ

In the Supplemental Material [19] we show how to use the
resolvent to compute these expressions. After the dust
settles, the final result for the Rényi entropies is

SðnÞ ¼ nþ 1

24n
log

ΩðxþÞ
Ω½gðx−Þ�

����∂Vδ

; ð16Þ

where

ΩðxÞ ¼ −
YN
l¼1

Gðx; bþl Þ
Gðx; aþl Þ

G½x; gða−l Þ�
G½x; gðb−l Þ�

ð17Þ

and we have introduced the region Vδ ¼∪l ðal þ δ; bl −
δÞ with a very small δ > 0 to regularize the UV divergen-
ces. Throughout the Letter all n dependence of Rényi
entropies appears as an overall factor.
Here it is illustrative to look at a specific example.

Consider the vacuum as an incoming state and a single
interval ða; bÞ at time t but leaving the mirror trajectory
arbitrary. The entropies (16) yield

SðnÞ ¼ nþ 1

12n
log

0
B@b − a

δ2

bþ−gðb−Þ
bþ−gða−Þ
aþ−gðb−Þ
aþ−gða−Þ

gða−Þ − gðb−Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g0ðb−Þg0ða−Þp

1
CA: ð18Þ

This result is remarkably simple. It depends on the mirror
position g and velocity g0 only at a−; b−, i.e., where the null
projections of ∂V intersect the mirror trajectory; see Fig. 1.
This gives rise to a unitarity criterion in the following

way. Consider a fixed interval ða; bÞ together with a mirror
trajectory gðtÞ. If the position and velocity of the mirror at
the null projections of ∂V are identical at t1 and t2, then all
entropies (18) at t1 are equal to those at t2, and the mirror
generates states related by a unitary transformation

UρV ½gðt1Þ�U† ¼ ρV ½gðt2Þ�: ð19Þ

The behavior of the mirror anywhere else is irrelevant. This
case is depicted in Fig. 1. Here it is crucial to observe that,
even if all the Rényi entropies coincide, the states
ρV ½gðt1;2Þ� can be very different. Indeed, Gaussian states
are determined by their correlation functions, and two
different mirrors with identical gða−Þ; gðb−Þ; g0ða−Þ; g0ðb−Þ
produce the same entropies but different correlators.
A useful tool to quantify unitarity questions is the mutual

information, as we show next.
Mutual information: Mutual information (MI) is defined

as IðV1jV2Þ ¼ Sð1ÞðV1Þ þ Sð1ÞðV2Þ − Sð1ÞðV1 ∪ V2Þ. It
measures the inherent correlations between V1 and V2

and is a better quantifier of correlations than entropy
because it is UV finite. From (16) we find that the
mutual information in the presence of a moving mirror
decomposes as

I ¼ Iplane þ
1

6
logω: ð20Þ

The first term is the usual mutual information of two
independent chiralities on the plane (no boundary), while
the second term is the new contribution due to the mirror.
To illustrate them, let us consider the simple case of the
vacuum as incoming state. Then, we have as usual
Iplane ¼ 1

6
logf½ða2 − a1Þðb2 − b1Þ�=½ðb2 − a1Þða2 − b1Þ�g.

The novel term due to the mirror is given by

ω ¼
ðbþ

2
−gða−

1
ÞÞðbþ

1
−gða−

2
ÞÞðgðb−

2
Þ−gðb−

1
ÞÞ

ðbþ
2
−gðb−

1
ÞÞðbþ

1
−gðb−

2
ÞÞðgðb−

2
Þ−gða−

1
ÞÞ

ðaþ
2
−gða−

1
ÞÞðaþ

1
−gða−

2
ÞÞðgða−

2
Þ−gðb−

1
ÞÞ

ðaþ
2
−gðb−

1
ÞÞðaþ

1
−gðb−

2
ÞÞðgða−

1
Þ−gða−

2
ÞÞ
; ð21Þ

It is noteworthy that although the individual entropies (18)
depend on the mirror velocity g0, mutual information is
independent of it. The velocity dependence arises via the
UV divergences, which mutual information is devoid of by
construction.
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For example, for the static mirror, (21) is given by

ωRHP ¼
sinh πða1þb2Þ

β sinh πða2þb1Þ
β

sinh πða1þa2Þ
β sinh πðb1þb2Þ

β

: ð22Þ

In the examples below, mutual information will prove
useful to quantify the violation of unitarity produced by
different mirrors. Having understood the entropies, we now
move on to another important aspect dealing with the action
of the density matrix itself.
Modular Hamiltonian and flow.—The modular

Hamiltonian (11) defines the modular flow, an automor-
phism of the algebra of observables supported on the causal
region associated to V. For any operator O, it is defined by
evolving with the modular Hamiltonian

στðOÞ≡ e−iτKOeiτK: ð23Þ

with τ the “modular time.” The simplest flow to study is
that of the fundamental field itself. Using the tools in [20],
we find that

στðψ iðxÞÞ ¼
Z
V
dyΣijðx; yÞψ jðyÞ ð24Þ

with the modular kernel Σ ¼ ðG−1 − 1Þ−iτ. And once more
the resolvent allows to compute this; the result is

Σij ¼ 2πi sinhðπτÞδðZ½qiðxÞ� − Z½qjðxÞ� − τÞGijðx; yÞ:
ð25Þ

To understand the locality properties of the flow, we
must examine the number and nature of the solutions to

Z½qiðxÞ� − Z½qjðyÞ� − τ ¼ 0: ð26Þ

For our purposes only one property of the function Zð·Þ
is relevant: ZðqiÞ for i ¼ � increases/decreases monoton-
ically from �∞ to ∓ ∞ in each interval of V. Therefore,
there exists a unique solution to (26) in each interval as
follows. For equal chiralities, i ¼ j, we call the solutions
ylðxÞ, where l labels the interval. These are similar to those
already encountered in [15,20–22], and include the local
solution y ¼ x. For opposite chiralities i ¼ −j, we have a
novel set of solutions that we call y−l to indicate that they
are associated with a change in chirality.
Introducing the kernel (25) into (24) yields the explicit

form of the modular flow:

στ½ψ iðxÞ� ¼ 2π sinhðπτÞ
X
l

�
Gii½x; ylðxÞ�ψ i½ylðxÞ�
j∂yZðyÞ∂yqiðyÞjy¼ylðxÞ

þ Gi;−i½x; y−lðxÞ�ψ−i½y−lðxÞ�
j∂yZðyÞ∂yq−iðyÞjy¼y−lðxÞ

�
: ð27Þ

Modular flow takes the field of chirality i at point x and
evolves it to two points on each interval: a contribution of
the same chirality located at ylðxÞ and another with
opposite chirality located at y−lðxÞ; see Fig. 2.
After these formal developments, we turn our attention to

some specific examples of mirror trajectories that are of
particular physical interest.
Examples of mirrors.—A static mirror: As our simplest

example, consider a single interval on the right half plane
(RHP), i.e., a static boundary at x ¼ 0. This does give rise
to a conformal boundary condition where (5) vanishes. For
the vacuum as incoming state, the Rényi entropies (16) give

SðnÞRHP ¼
nþ 1

12n

�
log

�
b − a
δ

�
2

þ log
4r

ðrþ 1Þ2
�
; ð28Þ

where r ¼ b=a. These agree with those reported in [23]
recently. The first term is simply twice the universal
entropy of a single chirality, while the second one is due
to the mirror. If the incoming state is thermal, the entropies
are instead

SðnÞRHP ¼
nþ 1

12n

�
log

�
β

πδ
sinh

πðb − aÞ
β

�
2

þ log
4r̃

ðr̃þ 1Þ2
�
;

ð29Þ

where r̃ ¼ tanh½ð2πaÞ=β�= tanh½ð2πbÞ=β�. Notice that the
second term in both (28) and (29) is always negative so the
mirror lowers the entropy of the system.

FIG. 2. Illustration of the modular evolution governed by (24),
for two disjoint intervals and a static mirror and incoming
vacuum. We plot (26) for equal and opposite chiralities (this is
not a spacetime diagram). The modular flow of ψ iðxÞ yields, at
each interval, contributions of both chiralities ψ�i located at the
points y�lðxÞ that are solutions to (26) (colored circles).
Evolution in modular time τ shifts the curves vertically, and
the roots evolve accordingly. The root at y2 is the local (geo-
metric) solution, with y2 → x as τ → 0. Here a1 ¼ 1, b1 ¼ 2,
a2 ¼ 3, b2 ¼ 5.3.
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Moving now to the modular flow, the case of two
intervals V ¼ ða1; b1Þ ∪ ða2; b2Þ is depicted in Fig. 2.
As we saw above, Eq. (26) determines which points are
coupled along the flow. In this case (26) is a quartic
equation yielding four real solutions y�1;2. For more
intervals, the situation is completely analogous, involving
two points per interval.
From vacuum to thermal and back: Next, we focus on

an accelerating trajectory that shares the characteristic
feature of Hawking radiation, namely that the outgoing
state measured at Iþ is thermal. In our moving mirror
setup, there is a unique mirror profile that takes an
incoming vacuum and renders the outgoing modes in a
thermal state. This is

gIðx−Þ ¼
β

π
tanh

�
π

β
x−

�
vacuum → thermal: ð30Þ

Because this trajectory becomes null also in the remote past
producing singularities, its early stage must be replaced by
a timelike one as we have mentioned above; see Fig. 3. As
is well known [2], this class of trajectories is closely related
to the exterior region of a black hole formed by collapse,
with the associated problem of information loss.
Interestingly, the converse effect is also possible:

given an incoming thermal state, any trajectory that
asymptotes to the inverse function, namely g̃Iðx−Þ ¼
ðβ=πÞarctanh½ðπ=βÞx−�, takes a thermal state and reflects
it as the vacuum.
Mirror with uniform acceleration: Our final example is

a mirror moving with constant proper acceleration. The
mirror stands static at x ¼ −R until t ¼ 0 when it begins to
accelerate at a constant rate away from the physical region,
following the Rindler trajectory t2 − x2 ¼ −R2 correspond-
ing to

gIIIðx−Þ ¼ −R2=x−: ð31Þ

Although qualitatively this profile is similar to gI, it
exhibits an important difference. The Rényi entropies for
t ≫ b − R read

SðnÞ ¼nþ1

12n

�
log

�
b−a
δ

�
2

þ2R2−ðaþbÞ2R2þ2ðabÞ2
t4

�
:

ð32Þ

This result displays an interesting feature. Notice the first
term is identical to the vacuum Rényi entropy of two
independent chiralities, as if the mirror was not present. In
the asymptotic future, the second term vanishes. Thus the
original entanglement between the two chiralities, created
by the static mirror, is “erased” exactly by the accelerating
mirror, leaving two unentangled chiralities. This is also
seen directly by looking back at the correlation matrix
itself, for in the limit t → ∞

G�∓ → 0 for gIII; ð33Þ

so that the correlations between left and right movers
vanish. Because opposite chiralities are not entangled with
each other any more on V, they become more entangled
with the complement, which has the effect of increasing the
entropy. This is a hallmark of nonunitarity: the entropy in
the distant future is larger than its counterpart in the
remote past.
Page curves from mutual information:()How can we

capture the correlations between the early and late radia-
tion? Consider again two fixed disjoint regions V ¼ V1 ∪
V2 as depicted in Fig. 3. We will compare two mirror
trajectories that remain static until t ¼ 0, when they begin
to move. The first is gI, already introduced, which scatters
the vacuum into a thermal outgoing state. The second, gII,
follows gI for some time but then deviates from it in order to
smoothly return to the static path. The precise functional
form of gII is irrelevant.
In principle one could simply track the entropies of these

regions of space as they evolve in time as done above.
However, this approach is not completely satisfactory. First,
Rényi entropies are not well defined in the UV. Moreover, if
we wish to keep track of all the radiation that has escaped to
infinity, we must consider an unbounded spatial subregion,
which introduces yet another divergence.

FIG. 3. Two different mirror trajectories with entangling region
V ¼ V1 ∪ V2. Although the incoming and outgoing states ρin=out
are very different, unitarity means that their Rényi entropies on
arbitrary V match. Illustrated are gI and gII from the main text: the
former starts to accelerate, becoming asymptotically null, de-
scribing a nonunitary process. The latter follows the former for
some time before returning to its original trajectory and respects
unitarity.
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These problems are remedied by considering mutual
information instead. MI is always finite: it is by construc-
tion free from UV divergences, and in addition we can
safely take the limit b2 → ∞ that stretches all the way to
spatial infinity. Furthermore, MI has the natural physical
interpretation that we seek: it measures the correlations
between the early radiation (collected in V2) and the late
radiation (contained in V1).
In Fig. 4 we plot the evolution of the MI between the

early and late radiation as a function of time. Clearly for
the trajectory gI, there is a loss of correlations between the
late and early radiation compared to trajectory gII, which
is unitary. The asymptotic difference in MI, ΔI ¼
limt→∞ limb2→∞ ½IgIIðV1jV2Þ − IgIðV1jV2Þ�, can be used to
quantify the violation of unitarity as a function of the
temperature of the outgoing radiation and reads

ΔI ¼ 1

3
log

ða2 − a1Þða2 þ b1Þ2ðe½ð2πa2Þ=β� − e½ð2πb1Þ=β�Þ
ða2 − b1Þða1 þ a2Þ2ðe½ð2πa2Þ=β� − e½ð2πa1Þ=β�Þ :

ð34Þ

It increases monotonically until saturating at high
temperature.
Conclusion.—In this Letter we have investigated the

entanglement in the radiation produced by a moving mirror
using analytic techniques. The main physical effect of
introducing a reflecting boundary is that of entangling the
two chiralities. This shows up as extra terms in the Rényi
entropies and in the modular flow as additional bilocal
couplings due to chirality exchange. We found that for a
static mirror, the entanglement among the chiralities always
decreases the entropies. It would be very interesting to

understand this in the context of monogamy of entangle-
ment in quantum field theory [24].
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