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Quantum geometry has been identified as an important ingredient for the physics of quantum
materials and especially of flat-band systems, such as moiré materials. On the other hand, the
coupling between light and matter is of key importance across disciplines and especially for Flo-
quet and cavity engineering of solids. Here we present fundamental relations between light-matter
coupling and quantum geometry of Bloch wave functions, with a particular focus on flat-band and
moiré materials, in which the quenching of the electronic kinetic energy could allow one to reach
the limit of strong light-matter coupling more easily than in highly dispersive systems. We show
that, despite the fact that flat bands have vanishing band velocities and curvatures, light couples
to them via geometric contributions. Specifically, the intra-band quantum metric allows diamag-
netic coupling inside a flat band; the inter-band Berry connection governs dipole matrix elements
between flat and dispersive bands. We illustrate these effects in two representative model systems:
(i) a sawtooth quantum chain with a single flat band, and (ii) a tight-binding model for twisted
bilayer graphene. For (i) we highlight the importance of quantum geometry by demonstrating a
nonvanishing diamagnetic light-matter coupling inside the flat band. For (ii) we explore the twist-
angle dependence of various light-matter coupling matrix elements. Furthermore, at the magic angle
corresponding to almost flat bands, we show a Floquet-topological gap opening under irradiation
with circularly polarized light despite the nearly vanishing Fermi velocity. We discuss how these
findings provide fundamental design principles and tools for light-matter-coupling-based control of
emergent electronic properties in flat-band and moiré materials.

I. INTRODUCTION

It has become increasingly clear that not only the band
structure but also the properties of the Bloch functions
are of key importance in understanding and designing
the physical properties of periodic structures. Prominent
examples are the quantum Hall effect and topological in-
sulators [1–9], which are governed by quantum geometric
concepts such the Chern number (the Berry curvature
integrated over the Brillouin zone) or other topological
invariants. Recently, the set of quantum geometric quan-
tities known to bear significance to physical observables
has broadened further. For instance the quantum met-
ric (Fubini-Study metric), which describes the distance
between quantum states in a submanifold of the Hilbert
space, has been predicted to influence diverse phenom-
ena ranging from superconductivity [10–12], orbital mag-
netic susceptibility [13–16], exchange constants [17] and
exciton Lamb shift [18] to the nonadiabatic anomalous
Hall effect [13, 19]. The quantum metric has recently
been measured experimentally [20–23]. The Berry curva-
ture and the quantum metric are the imaginary and real
parts of the quantum geometric tensor, respectively [24].
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Therefore, the distance between quantum states and the
topology of the system are intimately connected. This
provides, for instance, a fundamental lower bound of
the superfluid weight (superfluid density) in terms of the
Chern number and Berry curvature of the band [10, 25].

It is intuitive to expect that the effects from the quan-
tum geometric properties of the Bloch states outsize
those of the band structure if the latter is featureless.
Indeed, the geometric contribution to the supercurrent
of a superconductor is maximized in so-called flat (dis-
persionless) bands. The importance of quantum geomet-
ric concepts is therefore amplified by the recent break-
through results on flat-band-related superconducting and
correlated phases in twisted bilayer graphene (TBG) [26–
40]. The precise mechanism of superconductivity in
TBG is heavily debated [39, 41–72]. However, for this
nearly flat-band system the superfluid weight has also
been proposed to contain a significant geometric contri-
bution [73, 74] and to be governed by the topological
C2zT Wilson loop winding number [75]. Although much
research has focused on TBG, for which flat bands ap-
pear only for certain narrow ranges around specific twist
angles (so-called magic angles, the largest of which is
1.1 ± 0.1o [28, 31, 32]), the general concept of flat-band
engineering is much more broadly applicable [40]. For
example, recent advances into multilayered and/or elec-
trostatically gated graphitic systems [76–84], twisted bi-
layer boron nitride [85], twisted homo- or heterobilayers
of semiconducting transition metal dichalcogenides [86–
93], monochalcogenides [94] or twisted bilayers of mag-
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trivial quantum geometry non-trivial quantum geometry

FIG. 1. Illustration of the main concept of this paper. Moiré
engineering has been demonstrated as a flexible route towards
two-dimensional flat-band engineering (top row). From the
band structure one might näıvely expect that the coupling to
light in flat bands vanishes. However, a geometric contribu-
tion (present, e.g., in TBG), can contribute to light-matter
coupling and dominates in flat band systems (bottom row).

netic MnBi2Te4 [95], have been made. These studies
demonstrate that, in the absence of semi-metallic behav-
ior typical for graphene, the bandwidth (kinetic energy
scales) can be reduced continuously and smoothly with
the twist angle by the moiré superpotential induced by
the interference pattern between layers, which in turn
allows increasing the relative importance of interactions.

In this article, we show how quantum geometry affects
one more important physical phenomenon, namely the
light-matter coupling (LMC) between electromagnetic
fields and Bloch electrons. The LMC of quantum mate-
rials is of critical importance, for their potential integra-
tion into optoelectronic devices [96, 97], for their ability
to host polaritonic excitations with strongly hybridized
light and matter contributions [98–103], as well as for the
fundamental possibility to engineer new states of matter
in them through LMC. The light-matter engineering con-
cept is particularly intriguing. In the regime of classical
light, Floquet matter [104, 105] – matter driven peri-
odically in time – has brought about key ideas for the
so-called Floquet engineering of topology [106–108] and
other emergent properties of quantum materials [109].
Going from classical to quantum light, is has been no-
ticed how strong LMC in the quantum-electrodynamical
regime is potentially useful to engineer cavity quantum
materials [110–128].

In flat-band and moiré systems, LMC would be of even
greater impact. The quenching of the kinetic energy of
flat-band electrons might allow one to reach the regime
of strong LMC more easily than in strongly dispersive
materials [40]. Specifically for TBG and other moiré
systems, there have been first theoretical explorations of

Floquet engineering [129–137] and nonlinear optical re-
sponses [138]. Recently a measured strong mid-infrared
photoresponse in bilayer graphene at small twist angles
was reported [139]. Specifically in Ref. 129 the band gap
that opens at the Dirac points under laser driving with
circularly polarized light was found to be significantly
larger than the value that is näıvely expected as one ap-
proaches the flat-band regime at the magic angle in TBG.
It is these observations that prompt two key questions:
Where does the LMC in flat-band systems come from?
How is it influenced by the twist angle as a control pa-
rameter of band flatness? Both of these questions will be
addressed in this paper.

The role of quantum geometry for the LMC in moiré
materials such as TBG has not been studied, although
connections between quantum geometry and coupling of
electrons to electromagnetic fields have been found in
other contexts. Following earlier work for first-principles
computations of magnetic susceptibilities in insulators
[140–142], it has been discussed how the quantum geom-
etry of Bloch wave functions affects the orbital magnetic
susceptibility [14–16], nonlinear optical responses [143–
145], and spin susceptibility of spin-orbit coupled super-
fluids [146], and enables Higgs spectroscopy in flat-band
superconductors [147].

In this article, we demonstrate the key importance
of quantum geometry for LMC in flat-band materials
(Fig. 1). We first derive fundamental relations between
the LMC and quantum geometric quantities in a gen-
eral multi-band system in Sec. II. We consider separately
the linear and quadratic LMC (the para- and diamag-
netic terms), and the intra- and inter-band contributions
in each. In Sec. III we illustrate these general results
within a simple model, namely the sawtooth quantum
chain. Sec. IV explores the LMC and its geometric prop-
erties in a tight-binding model system that captures the
salient features of TBG and similar moiré materials. Fi-
nally, we conclude in Sec. V.

II. LIGHT-MATTER COUPLING IN
MULTI-BAND SYSTEMS

To set the stage, we briefly recall LMC of free and
band electrons in single-band settings. In a free elec-
tron gas, the coupling to an electromagnetic vector po-
tential A(r, t) is given by the gauge-invariant minimal
coupling prescription p→ p− eA, leading to the kinetic
energy (p−eA)2/2m. This implies the usual linear para-
magnetic (j ·A) LMC proportional to the electronic cur-

rent density j, and the quadratic diamagnetic (ne
2

2mA2)
LMC proportional to the electronic density n and in-
versely proportional to the mass m of the electrons. For
band electrons with energy dispersion ε(k), the paramag-
netic light-matter coupling is then dictated by the band
velocity v(k) = ∂ε(k)/∂k, whereas the diamagnetic cou-
pling features the effective mass related to the inverse of
the band curvature ∂2ε(k)/∂k2. Specifically, the näıve
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Linear (Aµ) Quadratic (AµAν)

Intra-band (n) ∂µεn ∂µ∂νεn −
∑
n6=n′(εn−εn′) (〈∂µn |n′〉 〈n′ |∂νn〉+ h.c.)

Inter-band (n, m) (εn − εm)〈m |∂µn〉
[

1

2
(∂µεn − ∂µεm)〈m |∂νn〉+

1

2
εm〈∂µ∂νm |n〉

+
1

2
εn〈m |∂µ∂νn〉+

∑
n′

εn′
(
〈∂µm

∣∣n′〉 〈n′ |∂νn〉)]+ (µ↔ ν)

TABLE I. Linear and quadratic intra- and inter-band light-matter couplings. The dependence on the quasi-momentum k is
not marked explicitly, it should be kept in mind that all the couplings are k-local. The light-matter couplings are determined
not only by the bandstructure but also by the quantum geometric properties of the wavefunctions.

expectation for the LMC in flat-band systems is that
LMC should vanish since both the band velocity and the
band curvature are zero in a strictly flat band. Obvi-
ously this is the case in single flat bands corresponding
to the atomic limit, and may happen also in multi-band
systems. However, we will show in the following that
in multi-band systems with specific geometric properties
the LMC actually does not vanish.

We now proceed to calculate the light-matter couplings
(LMCs) for generic multi-orbital tight-binding models
with the Hamiltonian

H0 =
∑
i,j

∑
a,b

ta,b(i, j)c
†
i,acj,b . (1)

Here i, j are sites on a Bravais-lattice and a, b are orbital
indices. Furthermore, c(†) are annihilation (creation) op-
erators of electrons and t denotes the hopping integral.
Throughout the paper we omit the spin of the electrons.
We couple this system to light via the Peierls substitution
adding a phase to the hopping integral

H =
∑
i,j

∑
a,b

ta,b(i, j)e
i
∫ Ri
Rj

dr′µAµ(r′,t)
c†i,acj,b, (2)

where Aµ(r, t) is the component in µ direction of the elec-
tromagnetic vector potential in the Coulomb gauge. We
use natural units setting e = ~ = c = 1 and throughout
the paper employ Einstein’s summation convention. One
can expand the exponential in Eq. (2) which yields

H = H0+
∑
i,j

∑
a,b

ta,b(i, j)[
LAµAµ +

1

2
LAAµν AµAν + . . .

]
c†i,acj,b ,

(3)

where we have defined the light-matter couplings as

LAµ =
(
∂Aµ(r,t)H

)
|A=0,

LAAµν =
(
∂Aµ(r,t)∂Aν(r′,t′)H

)
|A=0.

(4)

We denote these terms as linear and quadratic LMC, re-
spectively.

In this work we are mainly interested in the long-
wavelength limit and thus set Aµ(r, t) = Aµ(t) in
what follows. In this part we also suppress the time-
dependence of the vector potential denoting it as Aµ as
it is irrelevant to the derivations.

We now diagonalize the Hamiltonian H0 to

H0 =

∫
dk ψ†k h(k)ψk , (5)

where ψ
(†)
k is an annihilation (creation) operators in the

orbital basis and h(k) is a matrix in orbital space that
depends continuously on the quasi-momentum parameter
k. Performing a Fourier transform of the light-matter
coupled Peierls Hamiltonian H and assuming a spatially
constant vector potential one obtains

H =

∫
dk ψ†k h(k + A)ψk . (6)

In this manner we may interpret the Hamiltonian and the
LMCs as matrices that continuously depend on the quasi-
momentum k as a parameter. We can thus calculate the
matrix elements of the LMCs in a convenient way as

LAµ,ab(k) = 〈a|
(
∂AµH(k)

)
|A=0 |b〉

= 〈a|
(
∂kµH0(k)

)
|b〉 ,

LAAµν,ab(k) = 〈a|
(
∂Aµ∂AνH(k)

)
|A=0 |b〉

= 〈a|
(
∂kµ∂kνH0(k)

)
|b〉 ,

(7)

where |a〉 and |b〉 are again vectors in the orbital basis.
Through a standard basis transform the above equation
can be written in any basis and not only the orbital one.
However, in order for Eq. (7) to hold one must only dif-
ferentiate the k-dependence of the LMC with respect to
the quasi-momentum k and not a possible k-dependence
of the basis vectors.

In what follows we will be particularly interested in
the matrix elements of the LMCs in the band basis – i.e.
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the eigenbasis of h(k) of the non-light-matter coupled
system. We thus define

LAµ,nm(k) = 〈n(k)|
(
∂kµH0(k)

)
|m(k)〉

LAAµν,nm(k) = 〈n(k)|
(
∂kµ∂kνH0(k)

)
|m(k)〉 ,

(8)

where |n(k)〉 and |m(k)〉 are vectors in the band ba-
sis. In general, they will naturally depend on k. For
n = m we call the coupling intra-band and for n 6= m
inter -band. Next, we calculate the general expressions
for the linear and quadratic intra-band and inter-band
couplings. We abbreviate derivatives with respect to the
quasi-momentum kµ as ∂kµ → ∂µ.

A. Linear intra-band coupling

The linear intra-band coupling

LAn,µ(k) = 〈n(k)| (∂µH0(k)) |n(k)〉 (9)

can be calculated by utilizing the Schrödinger equation

H0(k) |n(k)〉 = εn(k) |n(k)〉 , (10)

where εn(k) is the eigenvalue of H0(k) corresponding to
the eigenvector |n(k)〉 at a specific k-point, i.e., the k-
dependent dispersion of band n. By performing a deriva-
tive of the equation with respect to kµ and acting from
the left with 〈n(k)| one obtains

LAn,µ(k) = ∂µεn(k) (11)

Thus the linear intra-band LMC of band n is simply given
by its band velocity – which is a well known result.

B. Linear inter-band coupling

In an analogous way we derive the linear inter-band
coupling

LAmn,µ(k)m 6=n = 〈m(k)| (∂µH0(k)) |n(k)〉 . (12)

We use the Schrödinger equation, Eq. (10), and perform
a derivative with respect to kµ, but this time act with
〈m(k)| 6= 〈n(k)| from the left. This yields

LAmn,µ(k)|m 6=n = (εn(k)− εm(k))〈m(k) |∂µn(k)〉 (13)

The mathematical form of this result is known from cal-
culations of other physical quantities: The superfluid
weight of a multi-band system can be calculated by per-
forming the Peierls substitution and expanding the vec-
tor potential to second order (including the paramag-
netic and diamagnetic terms), and then evaluating the
current-current response in its static and long-wavelength
limit [25]. In such calculation, Eq. (13) appears as the
inter-band part of the paramagnetic current. However,
the superfluid weight is distinct from this as it involves
the current-current commutator, and also the diamag-
netic term, as will be discussed below.

C. Quadratic intra-band coupling

We continue with the quadratic intra-band coupling

LAAn,µν(k) = 〈n(k)| (∂µ∂νH0(k)) |n(k)〉 . (14)

Following analogous steps to the derivation of the linear
case we find

LAAn,µν(k) = ∂µ∂νεn(k)−
∑

n′,n′ 6=n

(εn(k)−εn′(k))×

× (〈∂µn(k) |n′(k)〉 〈n′(k) |∂νn(k)〉+ h.c.)

(15)

Details of the derivation are given in App. A.
The quadratic inter-band coupling in band n is thus

given by two terms. The first is the curvature of the
band as in case of a single band. The second term is
a manifestly multi-band contribution and, interestingly,
contains terms from the quantum metric

gnµν(k) = 〈∂µn(k)| (1− |n(k)〉 〈n(k)|) |∂νn(k)〉+ h.c.

=
∑

n′,n′ 6=n

〈∂µn(k) |n′(k)〉 〈n′(k) |∂νn(k)〉+ h.c.

(16)
within the summation. Thus finite quantum metric may
enable finite LMC even in a flat band where the effective
mass is infinite (i.e. the first term is zero). The quan-
tum metric generates a ”geometric” effective mass that
can be finite. This has been previously noticed in dif-
ferent physical contexts. First, the two-body problem of
two attractively interacting fermions in a flat band gives
quantum-metric-dependent pair effective mass in certain
limits [12]. In [148, 149], an effective band mass was also
calculated and the result is mathematically equivalent to
Eq. (15) although the physical context of the result is
different.

It is of interest to compare the result (15) to the
geometric contribution of multi-band superfluid weight
Ds

geom,µν [25]:

Ds
geom,µν =

∑
k,m,n

[
tanh(βEm/2)

Em
− tanh(βEn/2)

En

]
×

× ∆2(εn − εm)

εn + εm − 2µ
(〈∂µm |n〉 〈n |∂νm〉+ h.c.) .

(17)
Here En and ∆ are the Bogoliubov eigenenergies and
the order parameter of a superconducting system, re-
spectively, β the inverse temperature, and µ the chemical
potential. Terms from the quantum metric multiplied by
the band energy difference appear here too, but otherwise
the form differs from Eq. (15). Physically, the two results
describe distinct processes. The LMC in Eq. (15) corre-
sponds solely to the diamagnetic term, while Eq. (17)
contains the diamagnetic term and the product of two
paramagnetic terms (the current-current commutator);
for a band-integrated quantity, it is possible to combine
these utilizing integration by parts. Furthermore, the
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superfluid weight depends on the properties of the su-
perconducting ground state such as the order parameter
∆.

1. Quadratic intra-band coupling in special cases: two-band
systems, and lowest/highest flat bands

For a two band system the second term in Eq. (15)
becomes directly proportional to the metric. To see this
let Eg(k) = ε1(k) − ε2(k) be the band-gap between the
two bands. Then the quadratic LMC into band 1 is (the
coupling into band 2 follows in the same manner)

LAA1,µν(k) = ∂µ∂νε1(k)− Eg(k)g1
µν(k). (18)

Another interesting case is the intra-band coupling into
an exactly flat band. In that case the linear intra-band
coupling vanishes identically as seen in Sec. II A. The cur-
vature term in Eq. (15) does not contribute either. Thus,
to quadratic order in A the LMC (superscript A,AA de-
noting that linear and quadratic order is included) will
be given as

LA,AAn,µν (k) = −
∑

n′,n′ 6=n

(εn(k)−εn′(k))×

× (〈∂µn(k) |n′(k)〉 〈n′(k) |∂νn(k)〉+ h.c.)

(19)

If the flat band is the one with the lowest or highest
energy we can define a lower bound to the magnitude of
the light-matter coupling:

|LA,AA1/N,µµ| ≥ Ẽg(k)g1/N
µµ (k). (20)

Here Ẽg(k) denotes the separation between the consid-
ered flat band one (N) and the next higher (lower) lying

band at each k-point. g
1(N)
µµ (k) denotes the diagonal ele-

ments of the quantum metric in band one (N), which are
always positive. Although finite quantum metric suggests
the possibility of finite LMC also in the off-diagonal case,
a relation similar to Eq. (20) cannot be derived. The
bound Eq. (20) is meaningful nevertheless, since often,
for instance in our TBG LMC study below, the diagonal
light-matter couplings are the relevant ones.

D. Quadratic inter-band coupling

Last, we calculate the quadratic inter-band coupling

LAAmn,µν |m 6=n(k) = 〈m(k)| (∂µ∂νH0(k)) |n(k)〉 (21)

By a similar approach as above, we find

LAAmn,µν |m6=n(k) =

1

2
(∂µεn(k)− ∂µεm(k)) 〈m(k) |∂νn(k)〉

1

2
εm(k)〈∂µ∂νm(k) |n(k)〉+

1

2
εn(k)〈m(k) |∂µ∂νn(k)〉

+
∑
n′

εn′(k) (〈∂µm(k) |n′(k)〉 〈n′(k) |∂νn(k)〉)

+ µ↔ ν.
(22)

Here the first term contains the inter-band Berry con-
nection, defined as Amn(k) = i〈m(k) |∂kn(k)〉. Prod-
ucts of components of the inter- and intra-band Berry
connection also appear under the sum in the last term.
The Berry connection is not a gauge-independent quan-
tity, which implies that the quadratic inter-band LMC
depends on gauge, too, which in fact is the case.

We summarize our findings on the LMC in Tab. I.

III. SAW-TOOTH CHAIN

Particle localization in a periodic system due to strong
confinement, so-called atomic limit, leads to a trivial flat
band. Non-trivial flat bands can emerge in multi-orbital
lattices, without strong confinement, due to interference
effects [150]. Suitable unit cells containing several sites
can be provided, for instance, by geometry as in the case
of the famous Lieb [151] and kagome lattices. Another
possibility is to use magnetic fields or artificial gauge po-
tentials which create unit cells determined by the mag-
netic flux; an obvious example are Landau levels. Quasi-
one-dimensional ladder systems exhibit flat bands as well.
The essence of all such systems is that it is possible to
have eigenstates which are located at some sites of the
lattice with suitable wavefunction phases so that hopping
to neighboring sites is prevented by destructive interfer-
ence.

One of the simplest models offering a flat band is the
sawtooth ladder or quantum chain [152, 153], which we
use here to illustrate our findings on LMC. The Hamil-
tonian of the sawtooth chain, depicted in Fig. 2(a), is

H0 =−
∑
i

t c†i,Bci,A + h.c.−
∑
i

t c†i+1,Aci,B + h.c.

−
∑
i

t√
2
c†i+1,Aci,A + h.c..

(23)
The dispersion of the resulting two bands reads

ε1(k) = −
√

2t(cos(ka) + 1)

ε2(k) =
√

2t,
(24)

This bandstructure is shown in Fig. 2(b). The bands are
separated by the k-dependent gap

Eg(k) =
√

2t(cos(ka) + 2) (25)
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(a)

(b)

(c)

(d)

(e)

(f)

FIG. 2. The sawtooth chain exhibiting a flat and a dispersive band, and its light-matter couplings. (a) Sketch of the model. We
illustrate the destructive interference that causes the flat band by plotting its Bloch wavefunction on three adjacent sites. The
amplitude is denoted by the radius of the colored circle (The amplitude on the full black dot is

√
2-times that of the amplitude

on the empty circle). The sign is determined by the color: red for positive and blue for negative. (b) The bare bandstructure
exhibiting a completely flat and a dispersive band separated by a gap. (c) Linear intra-band coupling. This quantity vanishes
identically in the completely flat band. (d) Linear inter-band coupling. Note that this is a gauge dependent quantity. We have
chosen the same gauge for the plot as in the text, Eq. (29). (e) Quadratic intra-band coupling. Importantly, this is non-zero
even in the completely flat band. (f) Quadratic inter-band coupling. We have again chosen the same gauge as in the text
Eq. (35).

We also explicitly state the metric for later comparison
to the LMCs. It is equal for both bands and reads

g1/2(k) =
sin(k a2 )2

2(cos(ka) + 2)2
. (26)

We next calculate the linear intra- and inter-band LMCs
which read

LA1 (k) =
√

2t sin(ka), (27)

LA2 (k) = 0, (28)

LA12(k) = −t sin

(
ka

2

)
. (29)

As expected, the linear LMC inside the second band,
Eq. (27), vanishes due to the vanishing band velocity.
At the same time, the linear LMC inside the dispersive
band, Eq. (28), can easily be read off as the derivative
of the band dispersion, Eq. (24). Note that the linear
inter-band coupling is not gauge-invariant; we have fixed
the gauge for the shown result Eq. (29). The linear intra-
band and inter-band LMCs are plotted in Fig. 2 (c) and
(d), respectively.

We continue by calculating the quadratic LMCs and

obtain

LAA1 (k) =
√

2t cos(ka) +
√

2t(cos(ka) + 2)× (30)

× sin(ka2 )2

2(cos(ka) + 2)2
, (31)

=
√

2t cos(ka) + Eg(k)g1/2(k) (32)

LAA2 (k) = −
√

2t(cos(ka) + 2)× sin(ka2 )2

2(cos(ka) + 2)2
, (33)

= −Eg(k)g1/2(k) (34)

LAA12 (k) =
1

2
t cos

(
ka

2

)
5− 2 cos(k a2 )

1 + 2 cos(k a2 )
. (35)

Indeed the quadratic LMC inside the flat band, Eq. (33),
is given by the negative energy gap Eq. (25) multiplied by
the metric of the band Eq. (26). The quadratic LMC in-
side the dispersive band, on the other hand, has the same
contribution with a flipped sign. In addition, the band
curvature contributes to the quadratic LMC Eq. (33).
Again, the inter-band coupling, Eq. (35), is not gauge-
invariant and we fixed the gauge for the form shown here.
We illustrate the quadratic intra- and inter-band LMCs
in Fig. 2 (e) and (f), respectively.

IV. TWISTED BILAYER GRAPHENE

We analyze LMCs in magic-angle (ΘM = 1.05◦)
twisted bilayer graphene (MATBG) as a prototypical flat
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FIG. 3. Low-energy electronic bandstructure of the magic-
angle twisted bilayer graphene (MATBG) model (ΘM =
1.05◦) along the two Dirac points of the mini Brilluoin zone.
Black dashed lines show the monolayer Graphene (MG) Dirac
bands. The red and turquoise dotted lines indicate the two
different momenta considered in Sec. IV B.

band moiré material, utilizing our analytical results from
Sec. II. In the first part, after introducing the full-unit cell
tight-binding Hamiltonian, we explore the static light-
matter coupled Hamiltonian. In the second part we em-
ploy Floquet theory to investigate dynamical LMC effects
in the high-frequency driving regime.

A. Full unit-cell tight-binding model

The TBG tight-binding Hamiltonian has the general
form

H0 =
∑
i,j

∑
a,b

ta,b(i, j)c
†
i,acj,b, (36)

where the indices i, j denote the Bravais lattice and the
indices a, b refer to the pz-orbitals of the carbon atoms
within both layers. We assume Slater-Koster hopping
matrix elements of the general form:

ta,b(i, j) =t0 exp

[
−β r − b

b

]
x2 + y2

r2

+ t1 exp

[
−β r − c0

b

]
z2

r2
, (37)

where r = ||(x, y, z)T || denotes the distance between sites
ria and rjb. We choose our model parameters according

to [73]. The parameters b = a0/
√

3, a0 = 2.46 Å, and
c0 = 3.35 Å denote the nearest-neighbour distance of the
carbon atoms, the monolayer lattice constant, and the
interlayer distance, respectively. For our model calcula-
tions we assume an intralayer hopping t0 = −2.7 eV, an
interlayer hopping t1 = 0.297 eV, and β = 7.2 as fit-
ting parameter for the exponential decay of the hopping
matrix elements.

Fig. 3 shows the electronic bandstructure of the TBG
model Hamiltonian at the first magic angle ΘM = 1.05◦.

The reference monolayer graphene Dirac bands (black
dashed lines) illustrate the strong band-flattening ef-
fect that originates from the interlayer-coupling-induced
back-folding to the mini Brilluoin zone corresponding to
a moiré super cell of N = 11908 lattice sites. The red
(turquoise) dotted line indicates a quasi-momentum cut
in close proximity to the Dirac point (at Γ) for which we
investigate the LMC in the following section.

B. Light-matter coupling

We explore electronic LMC of the nearly-flat band
manifold in MATBG. In accordance with our analytic
model investigations of Secs. II and III, we couple a
spatially homogeneous external vector potential A via
Peierls substitution. This introduces gauge phase factors
ta,b(i, j)→ ta,b(i, j) exp [igA(ri,a − rj,b)] to the hopping
elements of Eq. (37). Expanding the field-dependent hop-
ping elements up to second order, we define the LMC
elements of the Fourier transformed Hamiltonian in the
original band basis H0(k) |n(k)〉 = εn(k) |n(k)〉 accord-
ing to Eqns. (8) as

LAmn,µ(k) = 〈m(k)| (∂µH0(k)) |n(k)〉 ,
LAAmn,µν(k) = 〈m(k)| (∂µ∂νH0(k)) |n(k)〉 .

(38)

We characterize the LMC of the nearly flat electronic
bands by introducing the three quantities

LMCm=n
A (k) =

1

4

∑
m

√∑
µ

|LAµ,mm(k)|2,

LMCm 6=nA (k) =
1

4

∑
mn,m 6=n

√∑
µ

|LAµ,mn(k)|2,

LMCm=n
AA (k) =

1

4

∑
m

√
1

2

∑
µν

|LAµν,mm(k)|2.

(39)

The first expression LMCm=n
A defines a quantitative mea-

sure of the linear-field intra-band coupling. The index
m ∈ {−2,−1, 0,+1} runs over the four flat bands (we
choose a counting where the first conduction band has
band index m = 0). As we only consider fields within
the x-y-plane we have two spatial indices µ, ν ∈ {x, y}.
The second quantity LMCm6=nA provides a measure for
the linear-field inter-band coupling. The indices m 6=
n ∈ {−4,−3,−2,−1, 0,+1,+2,+3} run over the four
flat bands and the two higher and lower lying disper-
sive bands. For computational simplicity, we neglect
the coupling to higher and lower lying bands at this
point; the limited number of bands however is sufficient
for making the important qualitative points, discussed
below. The last expression, LMCm=n

AA , quantifies the
quadratic-field intra-band coupling. Again, the band in-
dex m ∈ {−2,−1, 0,+1} runs over the four flat bands.
We do not consider the quadratic inter-band coupling
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explicitly, as it shows, for the chosen driving regime, no
impact on our results presented in Sec. IV C.

The numerical results for these quantities for the field-
coupled Hamiltonian are presented in Fig. 4. The upper
row, Fig. 4(a-c), shows the LMCs at a momentum K̃1

within the linear region close to the first Dirac point. We
avoid the exact Dirac point as the band degeneracy im-
poses a vanishing inter-band coupling between the flat
bands (see Tab. I). Moreover, the second k-derivatives
vanish at the Dirac point (see App. B). The lower row il-
lustrates the same couplings at the Brilluoin zone center
Γ. Colored arrows indicate reference values of two un-
coupled graphene sheets, which can easily be accessed
by switching off the interlayer coupling in our model.
Within the Dirac cone, the decrease of the band velocity
(interlayer coupling) with twist angle reflects the well-
known quenching of the bandwidth when approaching
the magic angle from above. For increasing twist angles
the band velocity approaches that of monolayer graphene
(Fig. 4(a)). At the Γ-point, the band velocity vanishes
for all twist angles as it does for graphene (Fig. 4(d)).

To investigate the linear-field inter-band coupling, we
consider the coupling within the flat bands and the cou-
pling between the flat bands and the two higher and the
two lower lying dispersive bands separately. At the Dirac
cone, the coupling within the flat bands shows the same
angle-dependency as the intra-band coupling, which is
a direct consequence of the form of the Dirac Hamilto-
nian (see App. B). However, while the inter-band cou-
pling within the flat bands becomes very small at the
magic angel, we find an increasingly pronounced coupling
to the higher and lower lying dispersive bands for small
twist angles (Fig. 4(b)). This significant inter-band cou-
pling between the four flat bands and the other bands
is the central result of this section as it provides, at first
glance counter-intuitively, a strong light-matter engineer-
ing channel at the Dirac points despite vanishingly small
Fermi velocities. Importantly, the true inter-band cou-
pling could be even higher, as we restrict the summation
to the four nearest lying dispersive bands. The qualita-
tive behaviour of the linear-field inter-band coupling at
the Brillouin zone center is similar (Fig. 4(e)). Again the
coupling between the flat bands is very small while the
coupling to the dispersive bands becomes very strong to-
wards approaching the magic angle. Interestingly, the
coupling within the flat bands seems to reach a local
maximum for an intermediate twist angle at the Γ-point.
These results highlight the limited applicability of the
four-band models often used for describing TBG. This
general coupling mechanism between flat bands could
play an important role within measured strong midin-
frared light-matter responses in small angle TBG [139].

The quadratic intra-band coupling increases monoton-
ically with the twist angle both close to the Dirac point
and at the Brillouin zone center. Note that since we look
not exactly at the Dirac point, the second derivatives in
k can have finite values in contrast to the Dirac Hamilto-
nian itself (see App. B). At the magic angle the quadratic

intra-band coupling is finite but small.

C. Floquet engineering

Exploiting the significant LMC of the quasi-flat
MATBG bands shown in the previous section, we now
investigate the effect of a time-periodic external field on
the MATBG electronic bandstructure via the Floquet
formalism. In particular, we explore two different ef-
fects of a circularly polarized laser field. The first ef-
fect is the opening of a topological band gap ∆K at the
Dirac points, that is a direct consequence of broken time-
reversal symmetry [129, 154–159]. The second effect is a
bandwidth renormalization of the low-energy manifold
at the Brilluoin zone center ∆Γ, usually referred to as
dynamical localization. We quantify these effects as a
function of the field strength and trace back their ori-
gin to different parts of the LMC Hamiltonian. By cou-
pling a time-periodic laser field, the Hamiltonian itself
becomes time dependent H(t) = H(t+ T ) with time pe-
riod T . Expanding up to 2nd order in the driving field,
the matrix elements of the time-dependent Hamiltonian
in the original band basis take the general form

〈m|H(t) |n〉 = εnδmn +
∑
µ

LAµ,mnAµ(t)

+
1

2

∑
µν

LAAµν,mnAµ(t)Aν(t).
(40)

Note that for simplicity we drop the explicit k-
dependency from here on. By mapping the periodic time-
evolution to a quasi-static eigenvalue problem via a dis-
crete Fourier transform in time, the eigenspectrum of the
driven system can be described by a Floquet matrix

Hαβ =
1

T

T∫
0

dH(t)ei(α−β)Ωt + δαβαΩ, (41)

where the indices α and β span a multi-photon Hilbert
space with single-photon energy Ω = 2π

T . For the en-
visioned high frequency regime (Ω = 10 eV) and mod-
erate field strengths, we find converged Floquet results
by keeping contributions up to the linear photon order
(see Fig. 6 in App. C). However, even in the single-photon
limit the huge size of the full moiré supercell yields a Flo-
quet matrix of leading order 3 × 11908, which is utterly
challenging to treat numerically. To effectively reduce
the dimension of the problem, we introduce a band cut-
off Nc to the full time-dependent Hamiltonian (40) in the
original band basis. Instead of all 11908 bands, we con-
sider only a number of Nc bands with band indices m,n
running from [−Nc/2, Nc/2− 1]. As shown in Fig. 7 of
App. C, a band cutoff Nc = 512 yields converged results.

In order to disentangle distinct LMC contributions to
the light-induced Floquet gap at K and the band renor-
malization at Γ, we employ an effective downfolded Flo-
quet Hamiltonian [160] via a high-frequency expansion in
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FIG. 4. LMCs of the Peierls-substituted MATBG Hamiltonian. (a)-(c) show the LMCs at K̃1 in the linear regime of the first
Dirac cone around K1. (d)-(f) show the LMCs at the Γ-point. Coloured dots indicate the magic-angle values that are presented
on a finer grid in the insets. Coloured arrows indicate the monolayer graphene reference values. (a),(d) provides a measure of
the linear-field intra-band coupling (band velocity) summed over the four flat bands. (b),(e) show the linear-field inter-band
couplings. The red and turquoise lines indicate the coupling between the four flat bands. The orange and black line provide a
measure of the coupling of the four flat bands to the two higher and two lower lying dispersive bands. (c),(f) measure of the
quadaratic-field intra-band coupling.

Ω. Up to order Ω−1 this yields

Heff = H00 +
1

Ω

∞∑
l=1

1

l

[
H0−l,H0+l

]
. (42)

As a great advantage of the above expression, the zero-
photon sector of the Floquet Hamiltonian now decou-
ples from the higher photon orders, recovering the origi-
nal Hilbert space of the unperturbed Hamiltonian. This
allows to straightforwardly track down these parts of
the effective Hamiltonian that dominantly contribute to
light-induced effects exhibited by the Floquet bandstruc-
ture. We keep terms up to l ≤ 2 and assume circu-
lar field polarization within the x-y plane of the form
A(t) = A0(sin Ωt, cos Ωt, 0).

In the following, we investigate different contribu-
tions to the effective Floquet Hamiltonian Eq. (42)
from distinct LMC orders up to second order. Again,
H0 |m〉 = εm |m〉 indicates the eigenbasis of the field-free
Hamiltonian.

a. Zeroth order The zeroth order contribution cor-
responds to the field-free Hamiltonian

H00
0 = H0. (43)

b. Linear coupling LAµ,nm Taking only linear-field
LMC into account the expressions appearing in Eq. (42)

can be read off as

H00
A = 0,

H0−1
A =

A0

2
(∂yH0 + i∂xH0) ,

H0+1
A =

A0

2
(∂yH0 − i∂xH0) ,

H0−2
A = H0+2

A = 0.

(44)

Plugging Eqns. (44) into Eq. (42) and employing the def-
initions of Eqns. (38) yields

〈m|HA
eff |n〉 =

iA2
0

2Ω

[∑
l

LAx,mlL
A
y,ln − LAy,mlLAx,ln

]
(45)

for the matrix elements of the effective Floquet Hamilto-
nian.
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c. Quadratic coupling LAAµν,nm Considering solely
quadratic-field LMC yields

H00
AA =

A2
0

4

[
∂2
xH0 + ∂2

yH0

]
,

H0−1
AA = H0+1

AA = 0,

H0−2
AA =

A2
0

8

[
−∂2

xH0 + 2i∂x∂yH0 + ∂2
yH0

]
,

H0+2
AA =

A2
0

8

[
−∂2

xH0 − 2i∂x∂yH0 + ∂2
yH0

]
.

(46)

Inserting Eqns. (46) into Eq. (42) we obtain

〈m|HAA
eff |n〉 =

A2
0

4

[
LAAxx,mn + LAAyy,mn

]
+O(A4

0) (47)

for the quadratic-field contribution to the matrix ele-
ments of the effective Floquet Hamiltonian.

In Fig. 5 we explore the Floquet bandstructure effects
as a function of the driving amplitude A0. As a reference,
we first calculate the values of the Floquet gap at K1 and
the electronic low-energy bandwidth at Γ via Eq. (41)
with a truncated band basis according to the band cut-
off (see black dashed lines in Fig. 5(a),(b)). In a next
step, we use the effective Floquet Hamiltonian, Eq. (42)
to calculate the different contributions of distinct LMC
orders to the gap and bandwidth renormalization, re-
spectively. As in Sec. IV B we consider intra-band and
inter-band contributions separately. Moreover, we dis-
tinguish the inter-band coupling between flat bands and
the coupling between flat and dispersive bands. We do
this by first calculating the Floquet eigenbasis of the full
effective Floquet Hamiltonian. Afterwards we set all ma-
trix elements that are not of current interest to zero and
transform the resulting matrix to the Floquet eigenbasis.
We then calculate the quantity of interest from the di-
agonal elements, which for the full matrix correspond to
the Floquet eigenvalues of the effective Hamiltonian. We
only plot the dominant contribution.

For the light-induced band gap at the Dirac point K1,
Fig. 5(a), the linear-field inter-band coupling between the
flat bands (see Eq. (45), m 6= n ∈ {−2,−1, 0,+1}) is by
far the dominant contribution. This agrees with the very
small Fermi velocity and vanishing second k-derivatives
∂2
µH0 = 0 at K1. The quadratic plot trajectory agrees

with the quadratic field-dependency. At first glance, this
result is counter-intuitive, since the dipole coupling ma-
trix elements between the flat bands become very small
at the magic angle (see Fig. 4(b)). However, as Eq. (45)
illustrates, the dynamical transition matrix elements of
the effective Floquet Hamiltonian depend via the index
l on the dipole matrix elements to all higher and lower
lying bands, which we have shown to be significant (note
that l now runs over all bands within the chosen band cut-
off.) Due to its importance, we want to rephrase this key
result: The MATBG Floquet Dirac gap is predominantly
opened via Floquet-induced coupling between the flat
bands that is mediated via strong dipole coupling of the
flat bands to the higher and lower lying dispersive bands.

This result is in stark contrast to monolayer graphene,
where the band gap in the high-frequency regime is solely

governed by the Fermi velocity ∆MG
K ≈ 2(vFA0)2

Ω [154] as
demonstrated experimentally for the surface Dirac cone
in Bi2Se3 [106]. For reference we plot the näıve expec-
tation for the gap using the renormalized Fermi veloc-
ity of MATBG (black line) to highlight the difference
between both gap opening mechanisms. In agreement
with the weak intra-band coupling (vF ≈ 0.23 eV/Å)
(see Fig. 4(a)), it is vanishingly small at the magic an-
gle. The importance of the other bands beyond the four
flat bands, via mediated couplings, resembles at an over-
all level the finding that the higher bands are important
for the superfluid weight even when superfluid pairing
mainly takes place in the four flat bands [73] — also due
to virtual processes to the higher bands.

The band renormalization at Γ (Fig. 5(b)) shows a
more complex behaviour as a function of the driving am-
plitude A0 than at the Dirac point. For small driving

amplitudes A0 ≤ 0.010 Å
−1

the significant contribution
to the renormalization stems from the quadratic intra-
band coupling (green curve, see Eq. (47)). As the va-
lence (conduction) bands show a pronounced positive
(negative) band curvature at the Brilluoin zone center,
we suppose that a considerable part of the renormaliza-
tion might have its origin in the finite band mass (see
the first term on the upper right-hand side in table I).
However, quantifying the geometric contribution (sec-
ond term on the upper right-hand side in table I) to
the renormalization effect and exploring possible ways
to enhance it are interesting questions to tackle. As the
sign of the geometric part is not fixed, this term could
potentially either reinforce or counteract the curvature
induced renormalization, depending on the mass sign of
the surrounding dispersive bands. For stronger driving

(A0 > 0.010 Å
−1

) the linear-field inter-band coupling be-
tween the flat bands (red curve, see Eq. (45)) dominates
the Floquet bandwidth leading to an overall bandwidth
increase at Γ towards higher driving amplitudes. This
increase is partly counteracted by zero-field contribution
from the unperturbed Hamiltonian Eq. (43). Notice that
we found the gap opening mechanism at the Dirac point
to be qualitatively stable as function of the driving fre-
quency whereas it has a strong impact on the bandwith
at Γ.

V. DISCUSSION

Reducing the kinetic energy scale is a promising route
for stabilizing quantum many-body effects that emerge
from interactions and/or coupling to external perturba-
tions. The extreme example of making the interaction or
coupling energy scales dominant are so-called flat bands
where the energy dispersion is constant. For instance, en-
hancement of ferromagnetism [161, 162], superconductiv-
ity [163], and light-matter coupling (LMC) [40] have been
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FIG. 5. Floquet band effects as function of the driving amplitude A0 at a driving frequency of Ω = 10 eV. The coloured curves
illustrate the amplitude dependency of the dominant contribution to the gap renormalization within the effective Floquet
Hamiltonian Heff. The dashed black lines indicate the reference values obtained from the full Floquet matrix Hαβ up to
linear photon order. (a) shows a quadratic gap opening at the Dirac point K1 as function of the driving amplitude. The
dominant contribution clearly stems from the linear-field inter-band matrix elements between the flat bands of the effective
Floquet Hamiltonian (lin-inter, see Eq. (45) with m 6= n ∈ {−2, 1, 0, 1}). The black solid line indicates the gap value obtained
from a näıve 2-band approximation with the Moire renormalized Fermi velocity of vF = 0.23 eV/Å. (b) shows the bandwidth

renormalization of the flat band manifold at the Γ-point. For small driving amplitudes A0 ≤ 0.010 Å
−1

the bandwidth is
dominated by the quadratic intra-band coupling (quad-intra, see Eq. (47) with m = n ∈ {−2, 1, 0, 1}), which leads to a
reduction of the bandwidth. For higher driving amplitudes the bandwidth is dominated by the linear-field inter-band coupling
between the flat bands (lin-inter, see Eq. (45) with m 6= n ∈ {−2, 1, 0, 1}), which induces a trend towards an increasing
bandwidth. The yellow curve shows the bandwidth contribution from the unperturbed Hamiltonian (zero, see Eq. (43)). As
reference, we also show the sum of all three contributions from Heff (purple curve), which nicely reproduces the trajectory of
the full Floquet matrix Hαβ .

predicted for (nearly) flat band systems. However, many
important physical observables and responses, especially
when related to displacement of the particles, depend
on the effective mass and the Fermi velocity, which in a
flat band diverge and vanish, respectively. This apparent
problem has recently been pointed out to be refutable in
multi-band systems of suitable quantum geometry; for in-
stance, in the context of superconductivity the quantum
metric, Berry curvature and Chern number of the band
guarantee stable supercurrent [10, 25]. Here, we have
shown that large light-matter couplings are possible in
flat bands of suitable quantum geometry, and that this
has remarkable ramifications in the case of a multi-band
model describing twisted bilayer graphene (TBG).

We calculated the LMC to second order in the field am-
plitude in a generic multi-band system and distinguished
the intra- and inter-band contributions. For the linear
in amplitude case (the paramagnetic term), the intra-
band coupling is given by the group velocity as is well
known, while the inter-band coupling depends on the
properties of the Bloch functions. The quadratic (dia-
magnetic) intra-band term contains the inverse effective
mass, which would be present also in a single-band case,
but also a multi-band term that relates to the quantum
metric of the band. In two limits, namely the two-band
case and a system with exactly flat band either as the

highest or the lowest one, we showed that the LMC is
bounded from below by the quantum metric of the band.
This highlights that the quadratic intra-band coupling,
usually given by the inverse effective mass, can be finite
also in a flat band of diverging effective mass, provided
that it has a finite quantum metric. As the quantum
metric is bounded from below by the Berry curvature and
the Chern number of the band, topologically non-trivial
(nearly) flat bands are thus favorable for large quadratic
LMCs. Finally, we showed that the quadratic inter-band
coupling depends on the inter-band Berry connection and
can be non-zero also for flat bands. To illustrate these
findings within a simple flat-band model, we presented
the LMCs dependence on quantum geometry and how it
varies over the Brillouin zone in the case of a sawtooth
quantum chain.

Recent advances in moiré materials, where the band
curvature can be tuned by a twist angle between atomic
layers, motivated us to explore the LMC within a generic
tight-binding model that describes the basic features of
twisted bilayer graphene. We performed the analysis
both for static and dynamic (Floquet engineering) LMC
effects, which is challenging due to the extremely large
size of the moiré unit cell at the magic angle. In the static
case, we found a strong dependence of the LMC on the
twist angle. Obviously the band flattening tuned by the
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twist angle modifies the Fermi velocity and the effective
mass. We found that the intra-band linear LMC sim-
ply reflects these quantities, as would be expected by a
näıve approach. In contrast, the linear inter-band LMC
shows intriguing behavior: it becomes very large at the
magic angle. We found this to be due to the couplings be-
tween the flat and the dispersive bands while the terms
involving two different flat bands were negligible. The
quadratic (diamagnetic) LMC inside the flat bands was
found to decrease but remain finite as the magic angle in
TBG is approached.

Understanding the dynamic case was strongly moti-
vated by the potential of Floquet engineering in moiré
materials. For instance, topological gaps have been pre-
dicted to open at the K point of the MATBG disper-
sion, but since the gap was much larger than expected by
näıve rescaling of a Dirac-fermion-only model, its origin
remained a puzzle [129]. Here we showed that the pos-
sibility of large Floquet gaps at the K-point arises from
inter-band coupling between the four flat bands. The
mechanism was revealed to be quite subtle and intrigu-
ing. In the static case, the matrix elements between the
flat bands would be vanishing; however, in the dynamic
one they actually contain virtual transitions to the higher
(and lower) dispersive bands, which facilitates a sizeable
effective coupling between two flat bands. We further
considered the Γ-point and showed that band-flattening
can be engineered there via quadratic intra-band terms.

Intuitive physical understanding of the connection be-
tween quantum geometry and various responses such as
supercurrent and LMC is provided by the connection be-
tween Wannier function overlaps and topology. In a band
with non-zero Chern number, Wannier functions cannot
be exponentially localized [164]. The significant overlap
of Wannier functions of nearby lattice sites facilitates par-
ticle displacement and transport driven by inter-particle
interactions or an external perturbation — this effect be-
comes dominant in a flat band where non-interacting, un-
coupled particles localize due to destructive interference
of the wavefunctions [165].

Our results provide general guidelines for designing
strong light-matter interaction phenomena in multi-band
systems. Quenching the kinetic energy is indeed a fea-
sible strategy, since inter-band LMCs as well as the
quadratic intra-band one can remain large provided the
bands have non-trivial quantum geometric properties, in
particular finite quantum metric and/or inter-band Berry
connection. The quantum metric can be non-zero in
a topologically trivial system, however, it is bounded
from below by the Chern number, thus topologically
non-trivial systems with nearly flat bands are excellent
candidates to host large LMCs. In case of TBG and
other moiré materials, this points to the potential im-
portance of the so-called fragile topology associated with
these systems [166–168]. Our findings on TBG empha-
size that inter-band processes involving the higher and
lower dispersive bands, either directly (static) or indi-
rectly (Floquet), generate large LMC effects even when

the näıve theory based on the energy dispersions would
indicate otherwise. This is definitely good news for Flo-
quet or cavity engineering and LMC in moiré materials.
It emphasizes, however, that models that take into ac-
count only a few (in case of TBG, four) flat bands can
drastically miss important effects. The need to consider
more than four bands, due to geometric contributions,
was pointed out also in the context of superconductivity
in TBG [73].

An obvious future task is to explore how including
more bands than in this work influences LMCs in TBG:
what will be the maximum value achievable? To over-
come limitations related to the large size of the unit
cell, renormalized models [169, 170] could be applied,
but there one needs to carefully investigate whether the
renormalization still works in the context of LMC, and
dynamic processes in particular. To provide direct pre-
dictions for Floquet engineering experiments, simulations
with smaller frequencies need to be performed. Our re-
sults should also inspire and guide the way for searching
large LMCs and efficient Floquet engineering in other
moiré materials beyond TBG, where vast possibilities
for different parameter regimes and quantum geometric
properties can be found.

ACKNOWLEDGEMENT

We acknowledge discussions with J. W. McIver.
G.T. and P.T. acknowledge support by the Academy
of Finland under project numbers 303351, 307419
and 327293. M.A.S. acknowledges financial support
through the DFG Emmy Noether program (SE 2558/2).
D.M.K. acknowledges the support of the Deutsche
Forschungsgemeinschaft (DFG, German Research Foun-
dation) through RTG 1995, within the Priority Pro-
gram SPP 2244 “2DMP” and under Germany’s Excel-
lence Strategy-Cluster of Excellence Matter and Light for
Quantum Computing (ML4Q) EXC2004/1 - 390534769.
We acknowledge support from the Max Planck-New York
City Center for Non-Equilibrium Quantum Phenomena.

VI. BIBLIOGRAPHY

[1] K. v. Klitzing, G. Dorda, and M. Pepper, New Method
for High-Accuracy Determination of the Fine-Structure
Constant Based on Quantized Hall Resistance, Phys.
Rev. Lett. 45, 494 (1980).

[2] D. J. Thouless, M. Kohmoto, M. P. Nightingale, and
M. Den Nijs, Quantized Hall Conductance in a Two-
Dimensional Periodic Potential, Phys. Rev. Lett. 49,
405 (1982).

[3] F. D. M. Haldane, Model for a Quantum Hall Effect
without Landau Levels: Condensed-Matter Realization
of the ”Parity Anomaly”, Phys. Rev. Lett. 61, 2015
(1988).

[4] C. L. Kane and E. J. Mele, Quantum Spin Hall Effect
in Graphene, Phys. Rev. Lett. 95, 226801 (2005).

https://doi.org/10.1103/PhysRevLett.45.494
https://doi.org/10.1103/PhysRevLett.45.494
https://doi.org/10.1103/PhysRevLett.49.405
https://doi.org/10.1103/PhysRevLett.49.405
https://doi.org/10.1103/PhysRevLett.61.2015
https://doi.org/10.1103/PhysRevLett.61.2015
https://doi.org/10.1103/PhysRevLett.95.226801


13

[5] B. A. Bernevig, T. L. Hughes, and S.-C. Zhang, Quan-
tum Spin Hall Effect and Topological Phase Transition
in HgTe Quantum Wells, Science 314, 1757 (2006).

[6] M. König, S. Wiedmann, C. Brüne, A. Roth, H. Buh-
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and P. Törmä, Band geometry, Berry curvature, and
superfluid weight, Physical Review B 95, 024515 (2017).

[26] J. M. B. Lopes dos Santos, N. M. R. Peres, and A. H.
Castro Neto, Graphene bilayer with a twist: Electronic
structure, Phys. Rev. Lett. 99, 256802 (2007).
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Rev. B 100, 085136 (2019).

[63] M. Claassen, D. M. Kennes, M. Zingl, M. A. Sentef, and
A. Rubio, Universal optical control of chiral supercon-
ductors and Majorana modes, Nature Physics 15, 766
(2019).

[64] W. Chen, Y. Chu, T. Huang, and T. Ma, Metal-
insulator transition and dominant d + id pairing sym-
metry in twisted bilayer graphene, Phys. Rev. B 101,
155413 (2020).

[65] A. Fischer, L. Klebl, C. Honerkamp, and D. M.
Kennes, Spin-fluctuation-induced pairing in twisted bi-
layer graphene, Phys. Rev. B 103, L041103 (2021).

[66] Y. Wang, J. Kang, and R. M. Fernandes, Topological
and nematic superconductivity mediated by ferro-SU(4)
fluctuations in twisted bilayer graphene, Phys. Rev. B
103, 024506 (2021).

[67] Y. Cao, D. Rodan-Legrain, J. M. Park, F. N.
Yuan, K. Watanabe, T. Taniguchi, R. M. Fernandes,
L. Fu, and P. Jarillo-Herrero, Nematicity and compet-
ing orders in superconducting magic-angle graphene,
arXiv:2004.04148 (2020).

[68] R. M. Fernandes and L. Fu, Charge-4e superconductiv-
ity from multi-component nematic pairing: Application
to twisted bilayer graphene, arXiv:2101.07943 (2021).

[69] T. Yu, D. M. Kennes, A. Rubio, and M. A. Sentef, Ne-
maticity arising from a chiral superconducting ground
state in magic-angle twisted bilayer graphene under in-
plane magnetic fields, arXiv:2101.01426 (2021).

[70] W. Qin, B. Zou, and A. H. MacDonald, Critical mag-
netic fields and electron-pairing in magic-angle twisted
bilayer graphene, arXiv:2102.10504 (2021).
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Appendix A: Quadratic intra-band coupling

Here we present the calculation for the quadratic intra-
band coupling

LAAn,µν(k) = 〈n(k)| (∂µ∂νH0) |n(k)〉 . (A1)

From now, we leave out the explicit k-dependence of the
quantities for brevity. From the Schrödinger equation we
obtain

〈n| (∂µ∂νH) |n〉+ 〈n| (∂µH) |∂νn〉+ 〈n| (∂νH) |∂µn〉
= ∂µ∂νεn + (∂µεn) 〈n |∂νn〉+ (∂νεn) 〈n |∂µn〉 .

(A2)
We next simplify the second and third term on the LHS,
as exemplified here for the second term:

〈n| (∂µH) |∂νn〉
=
∑
n′

〈n| (∂µH) |n′〉 〈n′ |∂νn〉

=
∑
n′ 6=n

〈n| (∂µH) |n′〉︸ ︷︷ ︸
Sec. II B

= (εn−ε′n)〈∂µn|n′〉

〈n′ |∂νn〉

+ 〈n| (∂µH) |n〉︸ ︷︷ ︸
Sec. II A

= ∂µεn

〈n |∂νn〉

= 2
∑
n′ 6=n

(εn−εn′)〈∂µn |n′〉 〈n′ |∂νn〉+ (∂µεn) 〈n |∂νn〉 .

(A3)
Inserting this and the analogous term, with µ and ν ex-
changed, back into Eq. (A2) we arrive at the final result

LAAn,µν(k) = ∂µ∂νεn(k)−
∑
n 6=n′

(εn(k)−εn′(k))×

× (〈∂µn(k) |n′(k)〉 〈n′(k) |∂νn(k)〉+ h.c.) ,

(A4)

where we have restored the explicit k dependence. This
is the result quoted in Sec. II C Eq. (15). The above
calculation is analogous to that of Ref. 148.

Appendix B: Light-matter coupling in Dirac
Hamiltonian

The Dirac Hamiltonian to describe a single Dirac point
can generally written as

HD = vF (σxkx + σyky), (B1)

where vF denotes the band velocity, k = (kx, ky) the
two-dimensional lattice momentum, and σx,y the corre-
sponding Pauli matrices. The orthonormal eigenvectors
are

v1 =
1√
2

(−kx + iky
|k| , 1)T , v2 =

1√
2

(
kx + iky
|k| , 1)T ,

(B2)
with corresponding eigenvalues

ε1 = −vF |k|, ε2 = vF |k|. (B3)

The momentum derivatives of the Dirac Hamiltonian are

∂xHD = vFσx, ∂yHD = vFσy. (B4)

In the eigenbasis, Eq. (B2), these take the form

S∂xHDS
−1 =

vF
|k| (−σzkx − σyky),

S∂yHDS
−1 =

vF
|k| (−σzky + σykx).

(B5)

The second momentum derivatives vanish since the Dirac
Hamiltonian only contains terms that are linear in mo-
mentum.

Appendix C: Floquet convergence

In Fig. 7 we show the convergence of the Floquet gap
at K1 and the electronic bandwidth renormalization of
the low-energy band manifold at Γ as a function of the
number max(α) of considered photon sectors. For the
laser parameters used in this paper, we find good conver-
gence when we retain only contributions up to first order
α = ±1. In Fig. 7 we plot the convergence of the Floquet
gap at K1 and the electronic bandwidth renormalization
of the low-energy band manifold at Γ as a function of the
band cutoff Nc. We find good convergence for a band
cutoff of Nc = 512 bands.
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FIG. 6. Convergence of Floquet effects as function of considered photon sectors for a driving frequency Ω = 10 eV and a driving

amplitude A0 = 0.025 Å
−1

. Black solid lines indicate the values computed with the full Floquet Hamiltonian Hαβ . For both
quantities, the Floquet gap at K1 (a) and the bandwidth renormalization at Γ (b), we find good convergence at linear photon
order |max(α)| = 1.
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FIG. 7. Convergence of Floquet effects as function of band cutoff Nc for a driving frequency Ω = 10 eV and a driving amplitude

A0 = 0.025 Å
−1

. Black solid lines indicate the values computed with the full Floquet Hamiltonian Hαβ . Red dashed lines
indicate the values computed via the downfolded Floquet Hamiltonian Heff. The results from both Hamiltonians agree very
well. For both quantities, the Floquet gap at K1 (a) and the bandwidth renormalization at Γ (b), we find good convergence
for a band cutoff Nc = 512. We use this cutoff for all numerical Floquet calculations presented in Sec. IV C.


	Light-matter coupling and quantum geometry in moiré materials
	Abstract
	I Introduction
	II Light-matter coupling in multi-band systems
	A Linear intra-band coupling
	B Linear inter-band coupling
	C Quadratic intra-band coupling
	1 Quadratic intra-band coupling in special cases: two-band systems, and lowest/highest flat bands

	D Quadratic inter-band coupling

	III Saw-tooth chain
	IV Twisted bilayer graphene
	A Full unit-cell tight-binding model
	B Light-matter coupling
	C Floquet engineering

	V DISCUSSION
	 ACKNOWLEDGEMENT
	VI Bibliography
	A Quadratic intra-band coupling
	B Light-matter coupling in Dirac Hamiltonian
	C Floquet convergence


