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We construct a pseudo-Lagrangian that is invariant under rigid £1; and transforms
as a density under F1; generalised diffeomorphisms. The gauge-invariance requires
the use of a section condition studied in previous work on F7; exceptional field the-
ory and the inclusion of constrained fields that transform in an indecomposable F1i-
representation together with the F1; coset fields. We show that, in combination with
gauge-invariant and FE7i-invariant duality equations, this pseudo-Lagrangian reduces
to the bosonic sector of non-linear eleven-dimensional supergravity for one choice of
solution to the section condition. For another choice, we reobtain the Eg exceptional
field theory and conjecture that our pseudo-Lagrangian and duality equations pro-
duce all exceptional field theories with maximal supersymmetry in any dimension.
We also describe how the theory entails non-linear equations for higher dual fields,
including the dual graviton in eleven dimensions. Furthermore, we speculate on the
relation to the Fjg sigma model.
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1 Introduction

It has been proposed by West [1-3] that it should be possible to write (the bosonic part of)
D = 11 supergravity in a way that utilises the infinite-dimensional Kac-Moody symmetry Fy;.!
The proposed construction involves a non-linear realisation of Ey1/K(E7;1) where K(Eq1) C Enq
denotes a subgroup that generalises the eleven-dimensional Lorentz group SO(1,10) and will

be defined in more detail below.?

The fields of the non-linear realisation depend on space-
time coordinates z™ that also transform under Fj; in an infinite-dimensional highest weight
representation [2] that we shall call R(A1) in this paper. The Maurer-Cartan derivatives 9y, VY1
of the Ey11/K(FE11) coset field V are invariant under rigid right multiplication of V by FEj; and
only transform under the K(Fj;) subgroup.® In [3] a set of first-order ‘modulo equations’ were
proposed for the coset field V. These were constructed out of the Maurer—-Cartan derivatives
that transform into each other under K (E;;) and are generated from the matter duality equation
F, = xF7. The terminology of modulo equation means a (first-order) equation that is not gauge-
invariant (for gauge parameters depending on eleven coordinates) but only holds up to certain
gauge transformations that can be eliminated by passing to a higher-order equation [3,14,15].
For the graviton the gauge-invariant equations are second order, and for more complicated fields
gauge-invariance requires differential equations of arbitrarily high order [3,14,15]. The gauge
transformations and the intrinsic multiplet structure of the whole K (F1;)-multiplet of first-order
modulo equations are not known to the best of our knowledge. Another interesting feature of
this proposal is that it involves infinite dualisations of the physical fields [16], a bit in the spirit
of unfolding of equations of motion [17-19]. A similar infinite dualisation appears for the Eqg
symmetry of D = 11 supergravity reduced to two space-time dimensions [20] and also plays a
role in the Fjg proposal via the gradient conjecture [6].

In a different, but not unrelated, strand of research, field theories with extended space-time
symmetries and exceptional symmetry groups have been constructed. These so-called excep-
tional field theories (ExFT) [21-29] possess fields in a non-linear realisation of E, (for n < 9)
and these fields depend on extended (internal) coordinates Y involving representations of E,,
see also [30-32]. Exceptional field theories have proved to be very powerful tools in analysing
Kaluza—Klein reductions in supergravity [30,33-45|. Their (pseudo-)actions are uniquely fixed
by the symmetries of the ExFT and these symmetries importantly include a generalised gauge
symmetry called the generalised Lie derivative or generalised diffeomorphisms [46-48].* Closure
of this gauge symmetry and consistency of the whole procedure crucially depends on the section
constraint (stated in (2.18)) that restricts the dependence of all objects on the extended coordi-
nates. Choosing a particular solution to this section constraint renders ExFT fully equivalent to
unreduced D = 11 supergravity or type IIB supergravity [55]. However, while the formulation
has F,, symmetry, picking a solution to the section constraint breaks the E,, symmetry and one

1See [4,5] for early discussions of Kac-Moody symmetries in supergravity and [6] for a different proposal
involving F19. See also Appendix E for a discussion on the relation of our model to Eio.

%It is (a spin cover of) this group that is relevant for the fermionic fields as has been discussed for E1¢ in [7-9]
and for F1 in [10-13]. This subgroup is called I.(F11) in [1-3].

3This transformation includes an inhomogeneous connection piece.

4This generalised similar structures in double field theory and generalised geometry [49-54].



is left with the known symmetries of the supergravity theory in question. Besides the gener-
alised diffeomorphism invariance and the section constraint, another crucial feature of ExFT is
the occurrence of constrained fields that go beyond the K(FE,)/E, coset fields and the usual
supergravity tensor hierarchy [56] but are central to the invariance of the theory [23,24]. The
fields are constrained in the sense of the section constraint and do not carry additional degrees
of freedom.

In an effort to define an exceptional field theory for F1; we have recently proposed a non-linear
set of first-order duality equations [13] that can be written as

MpsFL =QpF7 (1.1)

where F'I denotes an infinite collection of non-linear field strengths that transform under Ej;
in a representation that is defined by its tensor hierarchy algebra [57]. This representation is
neither highest nor lowest weight but can be shown to carry a symplectic form that we write as
Q77 and that generalises at the same time the usual Levi—Civita symbol that appears in duality
equations and the symplectic form familiar from electric-magnetic duality relations in D = 4.
The generalised metric My on the left-hand side is the one constructed from the Eyq/K(F11)
coset acting in the representation of the field strengths and a non-degenerate K (FE1)-invariant
bilinear form 77;.> The definition of the field strengths F! crucially involves an infinite set
of constrained fields that go beyond the Fq; coset fields. These fields are necessary from the
construction of the tensor hierarchy algebra and sit in an indecomposable representation with
the Eqq coset fields [57]. A similar feature was also observed in the context of F9 ExFT [58].
We emphasise that the Eqj-covariance of F and the mere existence proof of the representation
labelled by I depends on the tensor hierarchy algebra 7 (e11) introduced in [57]. Besides the use
of the tensor hierarchy algebra our approach differs from West’s original E7; proposal in other
aspects, such as the section constraint, as discussed in more detail in [57,13].

We showed in [13] that the duality equation (1.1) is invariant under Ej; generalised diffeo-
morphisms if an appropriate section constraint is obeyed. The argument in [13] depended on
a certain F71; group-theoretic identity that was checked partially there, but turns out to lack a
term beyond the level it was checked. In this paper we give a modified version of this identity
and provide strong evidence for its validity.

The duality equation (1.1) by itself is not sufficient to fully determine the dynamics of F1;
ExFT since one also requires equations of motion for the constrained fields, as explained in [13].
In the present paper we shall provide these equations, thereby completing the construction of
the 11 exceptional field theory.

We shall arrive at these equations of motion by constructing a pseudo-Lagrangian whose
variation provides all equations for the constrained fields as well as a projection (mediated by
the constrained fields) of the duality equations (1.1). This situation is completely analogous to
what happens for ExFTs in other dimensions as is the structure of the pseudo-Lagrangian [23,29].

5Since we are working in a metric formulation the local K(F11) invariance is automatic and all equations are
FEhi1-covariant. We note, however, that in order to properly define M;; we have to construct it from a vielbein in
a parabolic K(F11) gauge for the coset E11/K(FE11). This will be discussed in more detail in Section 7.



The pseudo-Lagrangian takes the schematic form
L= Epotl + EpotQ + £kin + £top . (12)

The terms occurring in this pseudo-Lagrangian are summarised in (3.17). For the purposes of
this introduction we shall only describe these individual pieces qualitatively.

e The (first) potential term Ly, is the standard one that appears in all ExF'Ts and takes a
universal form that is given for example in [59]. It depends only on the F7; coset fields.

e The (second) potential term Lo, generalises a similar term for Eg [24] and Ey ExFT [58]
and is related to the non-closure of the algebra of generalised Lie derivatives in the absence
of ancillary parameters. It was generalised to any simply laced finite-dimensional group
G in [60]. For Kac-Moody groups Ly, depends on both the Ey; coset fields and the
constrained field transforming indecomposably with the e;; current.

e The kinetic term Ly, generalises the usual field strength squared terms and involves both
the Eq; coset fields and the constrained fields.®

e The topological term Ly, generalises the topological term of other ExF'Ts that does not
depend on the external metric. It depends on the Fj; coset fields only through the eqq
current, without the explicit appearance of the generalised metric M. It is defined as a
rigid Fqi-invariant completion of the total derivative of a constrained field transforming
in an indecomposable representation together with the e¢;; current, as does the topological
term in Eg ExFT [29].

Each of the individual terms is invariant under rigid Fq; but only a specific combination of
the four terms is invariant under F7; generalised diffeomorphisms. All objects in this pseudo-
Lagrangian depend on generalised space-time coordinates z™ in the R(A;) representation of
Fq1 and the construction crucially requires the associated section constraint. However, when
decomposing Ej; into GL(D) x Ej1_p to make contact with exceptional field theory in D
dimensions, the actual kinetic, topological and potential terms will generically get contributions
from all the different parts of (1.2).

The construction of the pseudo-Lagrangian (1.2) will be one of the central results of this
paper. Its gauge-invariance will depend on several new FE7q1 identities that have not been known
to the best of our knowledge. We can prove many of them and provide supporting partial checks
that cover complete E1; representations for the others.

The pseudo-Lagrangian (1.2) and the duality equation (1.1) are fairly formal objects since F1;
is an infinite-dimensional algebra whose exact structure is not known. The infinite-dimensionality
in particular means that one has to be sure that the pseudo-Lagrangian (1.2) is well-defined as it
involves infinite, potentially ill-defined sums. We shall address this issue in level decomposition
of Eq1 where a finite-dimensional subgroup of Ej; is used as an organising principle [6, 61—

S5Strictly speaking, the sign of the kinetic term is the opposite of the usual sign. In Section 3.4, we give an
alternative form of the pseudo-Lagrangian where we combine the terms differently to bring out the standard sign.



63|. By employing an associated ‘semi-flat’ formulation and partial gauge-fixing of the local
K (FE71)-invariance, we can show that the pseudo-Lagrangian becomes a well-defined object. It
is important to stress that our results do not rely on a truncated level decomposition of the
pseudo-Lagrangian, but hold to all levels.

To underline this point, we analyse in detail two cases. In the first, the finite-dimensional
subgroup is GL(11) C Ej, corresponding to diffeomorphisms in eleven dimensions. The pseudo-
Lagrangian (1.2) in that case will be shown to describe eleven-dimensional supergravity and in
particular its Euler-Lagrange equations include the non-linear Einstein equation. Of course,
this also requires choosing the corresponding solution to the 11 section constraint. The pseudo-
Lagrangian (1.2) can moreover be used to obtain an infinite class of Lagrangians that describe the
infinite set of dual fields in the theory. We shall exhibit in particular the non-linear Lagrangian
for the dual graviton and the three-form potential gradient dual.”

The second case we analyse is for the finite-dimensional subgroup GL(3) x Es, associated to
Es exceptional field theory. We will show in this case that the pseudo-Lagrangian reproduces
the Lagrangian derived in [24]. Because the individual pseudo-Lagrangians in (1.2) are not
invariant under generalised diffeomorphisms, the reconstruction of the covariant derivative and
field strengths requires to recombine all contributions.

In general we expect the same to be true for any Levi subgroup Lp associated to the funda-

mental weight Ap in the convention of Figure 1, with®

Lp =GL(D) x Ey1—p, for3<D<8, E11_p ExFT
Ly = GL(10) x SL(2), type I1B
L1y = GL(1) x Spin4(10,10) , double field theory ,
Ly =GL(11) D=11 supergravity . (1.3)

Choosing a Levi subgroup of this type singles out a GL(1) C GL(D) factor that can be used
to define a Z-grading on Fq; that we shall refer to as the ‘level’. For Lp, the dynamical fields
appear in general at level k € Z in the range 0 < k < —(A1,Ap) in terms of the canonically
normalised inner product between weights. For instance, for L;; one has —(Aj, Ajp) = % and
thus only levels k = 0,1 appear and they correspond to the usual propagating fields, namely the
metric and the three-form. The other propagating fields are dual to the dynamical fields with
a duality equation & = 0 between fields of level k and fields of level —2(A1,Ap) — k. Solving
partly the section constraint in the Lp level decomposition, the pseudo-Lagrangian decomposes
as

L=Lr,—1Y. |&P, (1.4)

k>—(A1,AD)

"Gradient duals generalise the (D—2)-form dual to scalar fields to arbitrary p-form potentials. E11 exceptional
field theory as the F theory of [16] includes an infinite tower of successive gradient duals to the three-form, its
dual six-form and the dual graviton field.

8We here restrict to the standard GL(D)x Eq11—p subgroups that are obtained by deleting node D from
the Dynkin diagram. Choosing an Ej;1 conjugate of such a subgroup can lead to theories with multiple time
directions [64,65].



up to total derivative terms, such that the corresponding Euler—Lagrange equations subject to
the duality equation & = 0 are equivalent to the Euler-Lagrange equations of the (pseudo-)
Lagrangian Lr,,. Although £ depends on the infinitely many fields of the Ey;/K(FE1;1) coset,
Ly, only depends on the fields of level & < —(A1,Ap), which are the standard fields in the
corresponding theory. For GL(3) x Eg we compute that L, is the exceptional field theory
Lagrangian [24] and we expect that Lr,,, is the exceptional field theory Lagrangian for odd D
between 2 and 8, and the pseudo-Lagrangian for even D. Similarly Lz, is expected to be the
type IIB pseudo-Lagrangian and Lr,,, the double field theory pseudo-Lagrangian [66].

In the list (1.3), we have not included cases where the Levi subgroup is infinite-dimensional.
One of those cases is Ly = SL(2) x Eg whose ExFT version has been constructed recently [29]
and has served as an inspiration for the present paper. The other Kac—Moody group is L1 =
GL(1) x Ey1p and we find that the same decomposition (1.4) of our model applies to D =1 for
FEyg, although the content of the field strength representation is more conjectural. We describe
this in Appendix E and also discuss a possible relation to the Fjy sigma model that arises in
the analysis of the cosmological billiard [6]. The proposed relation constrains the sigma model
conserved charge to lie in the Eg-orbit of its positive Borel subalgebra.”

The structure of the article is as follows. We first introduce the necessary group-theoretic
facts and notation for 1, its irreducible representations and the indecomposable representation
extending the adjoint eq; that is part of the tensor hierarchy algebra in Section 2. This section
also contains the definition of the E1; coset and constrained fields as well as their transformations
under generalised diffeomorphisms. In Section 3, we review the duality equation (1.1) in more
detail and construct the pseudo-Lagrangian (1.2). We verify that the pseudo-Lagrangian is
consistent with the duality equation (1.1) in Section 3.3, postponing the derivation of the equation
for the constrained fields to Section 5. In Section 4, we prove gauge invariance of the pseudo-
Lagrangian under generalised diffeomorphisms. In order to analyse the pseudo-Lagrangian for a
given solution of the section condition one has to choose a level decomposition and the necessary
steps for performing such an analysis are given in Section 6. In Section 7, we then study the
pseudo-Lagrangian in level decomposition under GL(11) and show that it gives exactly non-
linear D = 11 supergravity. Section 8 is devoted to studying the consequences of our model for
the higher level fields and how they relate to dual formulations of the theory. In Section 9, we
perform the level decomposition for GL(3) x Eg and reproduce Eg ExFT. Appendix A contains
the many proofs and supporting evidence for the group-theoretic identities that are used in
the construction of the theory. In Appendix B, we formalise some aspects of indecomposable
representations in the language of Lie algebra cohomology. Appendices C and D collect details on
the GL(11) and GL(3) x Eg level decompositions of the various fields and tensors, respectively.
Appendix E contains details of the GL(1) x Ejp decomposition and remarks on the relation to
the E1g sigma model.

9We did not include D = 9 supergravity [67] in the list (1.3), because it is associated to a non-maximal
parabolic with Levi Lg11 = GL(9) x GL(2). But we expect the same result with k& > —(A1, Ag+A11) in (1.4).
Another case that is not included in the list is that of massive type IIA which requires a background that does
not satisfy the section constraint, or alternatively, a deformation of the gauge structure [68]. Massive IIA in the
context of F11 was also discussed in [69, 70].
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o—0 0 0 0 0 ¢ o—0
1 2 3 4 5) 6 7 8 9 10
Figure 1: Dynkin diagram of Fy1; with labelling of nodes used in the text.

Since this is a rather long paper, readers primarily interested in seeing how eleven-dimensional
supergravity emerges from the proposed master exceptional field theory may focus on Sections 2,

3, 6 and 7.

2 Preliminaries

In this section, we introduce the basic group-theoretic building blocks, fields and transformations
laws that will be essential for constructing the pseudo-Lagrangian of E1; exceptional field theory.
The derivation of the group theoretical identities is relegated to Appendix A.

2.1 Building blocks from FE;; and its tensor hierarchy algebra

The Lie algebra ¢17 is a Kac-Moody algebra defined from its Dynkin diagram depicted in Figure 1
and we consider its split real form, see [71]. This means in particular that the subalgebra
corresponding to nodes 1 to 10 of the diagram is the s[(11) (over R) that can be extended to
gl(11) by taking the Cartan generator associated with node 11.

For the development of the general formalism we shall denote the generators of Fy; as t®
with commutation relations

[t ¢7] = foP 7. (2.1)

There is a non-degenerate Fqi-invariant bilinear form on e¢;; that we shall denote by Kk and
that can be used to raise and lower indices on E7i-tensors such as faﬁw. As usual f*7 is totally
antisymmetric.

One can define a ‘temporal involution’ on ¢1; that generalises the ‘minus-transpose’ operation
on matrices [71,72]. We shall denote the fixed-point algebra of this involution by K(e11) C e1;.
Its intersection with gl(11) discussed above is so(1,10) and therefore K(e;;) should be thought
of as an infinite generalisation of the Lorentz algebra.'® %/_\ihall denote the corresponding group
by K(E11) and it is known that it has a two-fold cover K (E11) [73], generalising the spin groups
and that has finite-dimensional spinor representations [10,13]. We shall not consider fermions in

this paper.

10The split real Lie algebra ei; has a ‘maximal compact’ subalgebra that is fixed by the standard Chevalley
involution and whose intersection with gl(11) is so(11) rather than so(1,10). We write K (e11) for the subalgebra
fixed by the temporal involution. For example, for the split real e7, the corresponding subalgebras are su(8) as
the maximal compact and su*(8) as the fixed point algebra of a temporal involution.



Associated with the Lie algebra ;7 is a tensor hierarchy super-algebra 7 (e11) that was defined
in [57], following earlier work in [74], see also Appendix A and [75] for more details. It is a super-
algebra with a Z-grading that is consistent with the Grassmann Zs-grading

T(en) =P, (2.2)

PEZ

and e is the maximal simple subalgebra of 79. The Eq; modules 7, play a prominent role in
the construction of the theory and we will now discuss some of their properties.

Let us first introduce further notation. We use the symbol € to represent an indecomposable
representation sum M @ Ms, meaning that My C My @ My is a proper submodule while My =2
M\ (My @ M,) is only a quotient module, but not a submodule. Throughout the paper we shall
use the notation that R()) is the irreducible highest weight module of ¢1; with highest weight
A= leil k;A;, with A; the ith fundamental weight in the numbering convention of Figure 1. We
shall use instead L(\) for a completely reducible bounded weight module of e11 with highest weight
A, which is generally a specific countable direct sum of irreducible highest weight modules R()\)
with weights A’ < X including R()\).!! As we do not know the full structure of the individual 7,
as I11-representations, we shall sometimes just list the first low-lying irreducible representations
and use the notation L()\) to include all the lower weight modules that are not known.'?

In particular 7o, 7+1 and 715 play a special role in the construction of the theory. The algebra
¢11 is a proper subalgebra of 7y. As an E1; representation, 7y decomposes as a direct sum of Fqq
representations as

To = adj @ L(Ag) @ Dy (2.3)

where z;(Tj is an indecomposable representation that is built on the adjoint of ¢;; and that we
write as

af&j = €11 D L(Ag) s (2.4)

whereas L(A1g) @ Dy is completely reducible. In (2.4), L(A2) = R(A2) @ ... is a direct sum of
highest weight modules of E1; that form an indecomposable Lie algebra extension of e1;. Which
representations occur exactly is fixed by the tensor hierarchy algebra. To the extent that it
has been analysed, the only known representation in L(Ag) at present is the irreducible module
R(A2). The reader is invited to think of L(A2) as just R(Az2) everywhere in this paper. Our
results do not depend on the exact knowledge of additional representations in L(As).'> The
remaining pieces in (2.3) are completely decomposed as Fqp representations. The representation
L(A1p) is defined as the symmetric tensor square (V) of R(A1) with the single irreducible R(2A1)
removed:

L(Alo) = R(Al)\/R(Al) S, R(2A1) . (2.5)

1With X < X we mean that A — )’ is a non-negative linear combination of simple roots. In addition, A’ < A
denotes the stronger two conditions A’ < X and A # \.

12These can be ordered by the height of the highest weight A, where height refers to the sum of the coefficients
of A in a simple root basis.

3The next potential candidate that we identified and that we could not rule out on cohomological grounds is
R(2A10).



Since R(A1) is the representation of the derivatives [2|, L(Ajg) is recognised as the symmetric
section condition [57|. This will be discussed in more detail in Section 2.2. Finally, with Dy
in (2.3) we mean a direct sum of further possible highest weights F1; representations R(\) that
form a direct sum with a/ch. This last representation Dg plays no réle in the theory and there is
no field associated with Dy. To the extent that we have checked, Dy in (2.3) is trivial.

The eq7 representation 77 is a bounded weight module of highest weight Ay given by

Ti=R(A1) @ R(A1 + A1o) ® R(A11) @ R(A1 +2A3) D ..., (2.6)

where we recognise the irreducible module that was already mentioned in the introduction for the
space-time coordinates [2]. In the theory we shall only consider the generators P in R(A;) C T1.

Since T is a super-algebra, the level T3 is obtained by anticommutators {PM , PN } and thus
is contained in the symmetric product of 7; with itself. It is a bounded weight module of highest
weight A1g with

T2 = L(A1o) & Dy, (2.7)

where importantly R(2A1) is not part of 73 by definition of L(A1g) in (2.5) due to the defining
properties of the tensor hierarchy algebra 7. As we shall see in Section 3.1, it will be important in
the construction of the theory that L(A1p) is a common submodule of T3 and 7p. In Appendix A.2,
we prove L(A1p) C T2 and provide supporting evidence for the conjecture that L(Ajg) C 7p in
Appendices A4 and A.5. Any weight A that can appear in Dy an D has to satisfy either
A< Ay + Ay or A < 2A3. The theory we construct does not include any fields valued in Dy or
Dj), nor any tensors carrying their indices.

We now discuss in more detail the indecomposable representation z;aj in (2.4) and introduce
notation for its basis elements to be used throughout the paper. We write the generators in z;aj

as
& = (t*,1%), (2.8)

which besides the Fj; generators t®, include the basis elements ¢t in L(A9) that satisfy
[t9,15] = —Te% 57 — K419, (2.9)

where T j are representation matrices of ¢q; and K¢ F is a Lie-algebra cocycle. It represents
the fact that the t® are in an indecomposable representation with the adjoint of ej; since the
action of ej; on t% gives back ej; generators. We give some more information on Lie algebra
cocycles in Appendix B.

The action of Ei; on the generators t* leads via a Jacobi identity in 7y to the two identities

TeOST 5 = TPOTY 5 = fPyT%, (2.10a)
Kad_yfﬁ“/é _ Kﬁd,yfaﬁ/(; _ Tad:YKB’Y& 4 Tﬁd:yKa’yé _ _faﬁ_nyydé . (2.10b)

The first identity expresses the fact that the 7¢¢ j are representation matrices of ¢11 and thus
transform as (invariant) tensors under E7;. The second identity is the cocycle identity and shows



that Ko 3 is not a tensor under E1; when & is viewed as an index of the representation L(As).
The cocycle is defined modulo a redefinition of the generator t& = t* + K &Btﬁ such that K O‘&B
and K'*%g satisfying

K5 = K% + T K95 4 f5K%, (2.11)
are equivalent cocycles. We shall encounter several Ej; invariant tensors with one index a in
the representation a/\dj, as for example the structure constants faﬁg for two generators in a/&j.
Because of the indecomposable representation, their components written with & = («, &) are
not Ejp-invariant tensors for the indices « in the adjoint and & in L(Ag), like faéy = -K O‘BV
for example. It will be convenient to define the failure to transform under Ey; according to the
direct sum representation e;; @ L(Ag) as a ‘non-covariant’ variation A®. The notation we employ
for an object O is

A®O = (transformation of O under t*) - (naive transformation suggested by the indices).
(2.12)

Equation (2.10b) can be written in this notation as
ACKPOy = o0 fPrs — PO (2.13)

while (2.10a) is A*TP* 5 =0. The naive transformation is simply given by the action of the
corresponding representation matrix; for the adjoint, the matrix representation of ¢ is TQB,Y =
— focﬁﬁ/‘

It is important to note that due to the indecomposable structure of z;aj there is no invariant
tensor £ that can be used for raising and lowering indices on E;(Tj. The dual module is instead

adj = e, ®L(Ay) C Too.

The piece L(Ajp) in (2.5) represents an infinite sum of representations of Fp; that are not
entangled with Fj; in an indecomposable fashion. We shall denote the generators of L(Ajp)
collectively as t*. They transform under Fj; with representation matrices as

[t 1] = —T*Mst™ (2.14)

and there is no non-covariance associated with this action of E11, thus ACTPA — 0.

The first negative level T_1 of the tensor hierarchy algebra 7 (e11) was identified in [57] to
be the one relevant for defining field strengths. For n < 9, 7_4(e,) is the so-called embedding
tensor representation [76,56| in supergravity in 11 — n dimensions [74]. 7T_; is therefore the
natural representation for the generalised fluxes in exceptional geometry [77-79]. We shall label
the generators of 7_1 by t; and they transform as

[t tr) = T 1t (2.15)

under Fj; with proper tensors 7% ;. As generators of the Lie super-algebra 7 (e11), the t; are
Zg-odd.



As arepresentation of F11, the space T_1 is neither a highest nor lowest weight representation,
but rather is expected to decompose as a vector space sum as

T1=Rao@PRNao@PRN . (2.16)
A A

where R_; is the piece that does not admit a highest or lowest weight and R(A) and R(\) denote
a (possibly infinite) sequence of highest and lowest weight representations, respectively. R_j is
the quotient of 7_; by the maximal proper submodule given by the sum of highest and lowest
weight representations. Our construction crucially requires the existence of a non-degenerate
K (Eq)-invariant bilinear form 777, for instance for writing My in the duality equation (1.1).
If 7_1 were completely reducible, in which case R_; would be an FEji-submodule of 7_1, the
existence of a K (FE11)-invariant bilinear form 7n7; on 7_1 would be guaranteed. However, there
are also examples where such a form exists without the requirement of complete reducibility.'*
In the following we shall assume that ;s exists. Our investigations to date have not unveiled
any submodule R()) so that 7_; might be irreducible.

Irrespective of the precise structure of (2.16) it was shown in [57] that 7_; admits a non-
degenerate antisymmetric tensor €275 that we shall refer to as the symplectic form. It satisfies
Qryn? E Q™ = 8/, which allows for the definition of a twisted self-duality equation. The
tensor 77 is invariant under Eq; (and 7p) and is the restriction of the Zg-symmetric invariant
bilinear form of degree p = —2 that implies 7_2_, = 7,* [57].

2.2 Space-time, fields, currents and field strengths

In this section, we introduce the generalised space-time of Fj; exceptional field theory, define
the fields of the theory and a set of currents and field strengths.

2.2.1 Space-time and section constraint

In order to define the fields and the pseudo-Lagrangian, we need to introduce a generalised space-
time on which they live. As West [2] we take this to be given by coordinates z transforming in
the highest weight representation R(A1) of Ey;. This is also the natural coordinate representation
obtained by extrapolating the pattern of coordinate representations for other exceptional field
theories [32,47] or equivalently the vector fields of maximal supergravity theories [56]. The
representation also occurs in the tensor hierarchy algebra component 77 as described in (2.6) [57].
We recall that 77 is completely reducible, and the index M will always refer to the first direct
summand R(A;) only.

The action of Fq; in the R(A;) representation is through invariant tensors TM o that satisfy

TM PP — TPM ool = pob M (2.17)

4By analysing examples in the branching of 7_1 under ¢g or e1o (see (E.12)), we have checked that it is possible
to have indecomposable representations of e, within (2.16) that still admit a K (e )-invariant bilinear form.
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Partial derivatives with respect to the coordinates z™ will be written as dy;. Either by
considering a complex of functions from the tensor hierarchy algebra or by using the general
form of the section constraint of other exceptional field theories one is led to requiring that

1
/iaﬁTaPMTBQNap ® g = —§3M QR ON + On ® O (2.18)

when the partial derivatives act on any pair of fields or parameters in the theory. The equation
above is the section constraint of E1; exceptional field theory and follows very naturally as a
Jacobi identity when considering the tensor hierarchy algebra 7 (e11) [57]. It will play a central
role in our construction. Some of the group-theoretic identities we write will only be valid ‘on
section” and we shall make this manifest by contracting the corresponding indices with dummy
derivatives as in (2.18).

In terms of representation theory, the section constraint (2.18) picks out specific pieces of the
symmetric (V) and antisymmetric (A) second powers of R(A;). As Eq; representations these are
given by [57,13]1°

L(A1o)
R(A1)VR(A1) = R(2A1) @ (R(A10) ® R(Az + Aso) @ ..., (2.19a)
R(A1)AR(A1) = R(A2) @ (R(Ag) @ ...) . (2.19b)
—_—

L(A4)

The section constraint (2.18) is the statement that the components along the representations
L(A19) @ L(A4) have to vanish. Note that although L(Ajp) and L(A4) are infinitely reducible,
they should intuitively be thought of as being ‘small” compare to R(2A;) and R(A3). For example
one can find two linearly independent X, and Yjs such that XYy vanishes in L(A19) @ L(A4),
but one cannot find non-trivial vectors such that X ;Y vanishes in R(2A;) and its vanishing in
R(As) implies that they are linearly dependent.

The action of the algebra 7y in the representation 7; (2.9) moreover implies that TAM v =0
TaM

and ~ satisfies the following identity°

TOM pTPP A el o = A% My PG M (2.20)

that will be used when checking gauge-invariance of the pseudo-Lagrangian.

2.2.2 Fields

The fields of exceptional field theory will come from ej; ® L(Ag) & L(A1p) C T_2, the dual rep-

resentation of 7o D e17. The fields of the theory are locally functions on the module R(A7), and

15 Tensor products of highest weight representations of Ei; are completely reducible [71] but yield an infinite
sum of highest weight modules. These can be partially ordered by the height of the highest weight A, where height
refers to the sum of the coefficients of A in a simple root basis. When writing the result of the tensor product,
we only show the first few F11 representations in this order. Branching to subalgebras gl(D) @ ¢11—p introduces
a level that shall be used to organise the corresponding representations. This will be explained in more detail
starting from Section 7. For many computations the SimpLie software [80] was very useful.

16Note that it makes sense to restrict the indices to R(A1) because e11 acts on R(A1). Therefore if all the
uncontracted 77 indices are in R(A1), all the contracted 7; indices are also in R(A1).
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the generalised space-times is locally isomorphic to the module R(A;). They include the repre-
sentative V(z) € Eqp of the coset F11/K(E11), which is associated with a non-linear realisation
of Eq;. It transforms under rigid Ey; and local K(E;;) as

V(z) = k(2)V(g12)g, (2.21)

M according to the R(A1) representation.'” One

where the rigid g € F11 acts on the coordinates z
can consider V(z) in any representation of Fj; and we shall typically suppress the space-time
dependence in the equations. For example, writing V in the R(A;) representation leads to V4,
where A is a flat tangent space index transforming under K (Fj1) and V is to be thought of as
the vielbein on the generalised space-time with local coordinates z™.'® We also note that at
the level of the coordinates z™ there is no meaning to the usual distinction between ‘external’
and ‘internal’ coordinates. This distinction arises only when considering a level decomposition
GL(D) x E11—p C Eq; of the type we consider starting from Section 7.

Besides the vielbein V we will make ample use of the ‘generalised metric’
M=Vipy, (2.22)

where 7 is a K(FE7;)-invariant symmetric tensor on the representation in which one wants to
evaluate M. For instance, the R(Al) representation possesses such an invariant tensor nasn
(as do all highest or lowest weight representations [71]) and this leads to the generalised metric
My that is symmetric in its indices and transform only under rigid F17 but is inert under
local K(E11). As we have explained above in Section 2.1, we assume a similar K (E;)-invariant
metric nyy also exists on the field strength representation 7_1 and we can define Mj;. We
should stress that the generalised metrics M and Mj; are at the moment formal objects and
plagued with infinite sums and questions of being well-defined. We shall explain in Section 6
how to define properly the theory using the vielbein formulation in a (parabolic) gauge for the
coset F11/K(F11). The use of Mjsn is nonetheless very useful to simplify the equations, and
FE4q representation theory ensures that all the identities formally derived using M;n imply
well-defined identities in a parabolic gauge. All the expressions we shall write in the following
are formal in the same sense but can be made meaningful in level decomposition.'?

Starting from the generalised metric M function of the fields in the coset E11/K(E11), we
define the current

M‘lé)MM = Jprat® — MPNaMMNQ = JMQTQPQ, (2.23)

that takes values in the e1; Lie algebra. We have also given its expression in the fundamental
representation R(Aj). Since the generalised metric My is symmetric in its indices we note

"n [2], this is expressed by saying that one considers a non-linear realisation of the semi-direct product
E11 X R(Al)

18We stress that this is only a local concept and, moreover, the generalised space-time dependence is always
restricted by the section constraint (2.18).

191f one restricts all elements to the so-called minimal Kac-Moody group, defined in Section 6.4, the expressions
are meaningful as they stand. We shall argue in Section 6.4 that, for physical reasons, we need to work with a
completion of the minimal group and explain how the model remains well-defined.
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that the definition implies the identity
Tt TP N MY = J Ty MNP (2.24)
The current also satisfies the usual Maurer—Cartan equation
20 INje + P admpIny =0 (2.25)

Since the current is valued in e1; we can use the Killing-Cartan metric ko4 to raise and lower

«

the adjoint index and Jp;* are the components of an element in the co-adjoint representation

e]-

Besides the fields in the coset Eq1/K(E11), E11 exceptional field theory also includes ad-
ditional constrained fields. A constrained one-form wjs is a field with an index M in R(A;)
that satisfies the section constraint with any derivative of any field ® or any other constrained

one-form [23,24], i.e.
aP  AQ _ 1
KagT™" M T7% Ny wp 8@@ = —§w7\4 OND +wy Oy . (2.26)

Together with the current Jy®, the constrained fields y /¢ and ¢y parametrise a constrained
1-form in the 7y co-adjoint representation 7_9 = 7

dz™ (Ja%Te + xu®ta + Cua) € e1n ® L(Ag) @ L(A1g) € Toa . (2.27)
The constrained field x3,% does not belong to a representation of e1; by itself, but the components
Tn® = (Tu® xu®) (2.28)

transform together in the representation R(A1) ® au/&j.20 It will be convenient to think of x/% as

transforming in the representation R(A;) ® L(Ag) with the non-covariant transformation

A%x P = KB gy (2.29)

The constrained field ¢ ™ instead transforms as an Fjp tensor in the representation R(A;) ®
L(Alo). N

As will be justified in what follows, we also need to introduce another constrained field, ¢y,
which takes value in L(A4) and does not belong to 7. This field was overlooked in [13], but we
shall find that it is necessary for the duality equation to be gauge invariant.”! So we have

xm®  constrained fields in L(Ag) such that (dz™ Jy%, dzxn®) € E;(Tj )
Cu?  constrained fields in L(Ajg) = R(A)VR(A) © R(2A,) , (2.30)

¢ constrained fields in L(A4) = R(A1) A R(A1) © R(Ay) .

29Note that the field components are in the dual representation of the fields themselves.
21The representation L(A4) is beyond the level truncation that has been considered in the literature, but the
all-level considerations in Appendix A.2 show that it is needed.
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We will use the combined notation ¢ MK for the constrained field
(™ = (™ Q™) (2.31)

which is valued in the section constraint representation L(A1g) @ L(A4), and can schematically
be thought of as 3% with ¢ F90p ® Jg = 0. The semi-colon here is used to denote a tensor
product R(A1) ® R(A1).

2.2.3 Field strengths

As explained in [57], the tensor hierarchy algebra implies the existence of an Fqj-invariant tensor
defining a map from 77 ® 7_o — T_1 which allows us to define a field strength in 7_;. It is
defined as the commutator of PM € 77 with the derivative of the fields in T_o (2.27)

Fojt[ = [PM, (JMafa + CMAEA)] = (CIMa JMa + CIMA CMA)t[ . (2.32)

However, as we shall see in the next section when discussing the duality equation, the appropriate
field strength is defined as

F[ — CIMaJMa+CIMKCMA

= O™, Jn® + C™M g xn® + ™My ™ + M5 ™ (2.33)

and depends on an additional field ¢ e (compared to [57]), where the index A labels L(A4). The
first two terms in the last line of (2.33) denote the parts of the indecomposable representation.
This field strength still carries the representation 7_;, but while C'™5 and C'M, arise as
structure constants in 7 (e11) as in (2.32), the tensor C7* 5 does not. This tensor will be defined
in Section 3.1 to ensure gauge-invariance of the duality equation and is discussed in detail in
Appendix A.2.

Turning to the structure constants above that do arise in the 7 (e11) algebra, since the index &
of the indecomposable representation is downstairs, we are dealing with the dual representation

¢j1 ®R(A2) and thus the component CT™ . is an F;;-tensor while C'M  is not. Its non-covariant
variation is given by

AYCM = g ,0TM (2.34)

The field strength (2.33) transforms covariantly under rigid E7; in the 7_1 representation, using
(2.29).

The tensors defined above satisfy a number of important identities when their generalised
space-time indices are on section. In particular, 7 = @®,7, defines a graded complex of functions
satisfying the section with a nilpotent exterior differential defined by d = ad(P)d,, [13]. The
first identity comes from d?¢ = 0 when acting on a gauge parameter £ € T_3 = T;*

CTM TN b 9y = 0. (2.35)
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We have written dummy partial derivatives to emphasise the fact that the identity only holds
when the indices M and N are projected onto the irreducible representation R(2A1) associated
to the section constraint (2.18) on a symmetric tensor.

The same derivation from d?® = 0 for a field ® € 7_5 gives

Q; chMaoJNB OvOn =0, Q0™ N,y ooy =0, Q0™ C'Nz0y 08 =0.
(2.36)
But Q; ;0™ ,C/N 7 OmON is not constrained to vanish, because Cc/N 3 is not a tensor hierarchy

algebra structure coefficient.
These identities extend to the antisymmetric component when none of the indices are along

the adjoint representation:?
QrCMCN s @ on =0, (2.37a)
QrC™MCN Oy @ O =0, (2.37b)
Q[JCJMECJNA Oy ®0y =0. (2.37¢)

This can be checked by standard methods for E1; tensor products [71].%

It is proved in Appendix A.3 that one has also the following generalisation of these identities
when one or two indices are along the adjoint representation:

Q[JCJMQCJNB Oy ® 0Oy = —ZHdMNK(a&B) Opm ® ON (2.38a)
Q[JC'IMQCJNgaM Q0N = —HBMNTgé,;ﬁM ® ON (2.38b)
where TIzM% is the intertwiner for the injection R(Az) C R(A1)AR(A1). The left-hand side
of (2.38a) does not need to be symmetrised in « and f since it is automatically antisymmetric

in M and N.
The following identities also hold as can be deduced from the Fq; weights

Q0™ L0y @ On =0, (2.39a)
Q[JC'IMACINK Oy ®Iny =0, (2.39b)
QM0N0 ® O =0 (2.39¢)

2.3 Generalised diffeomorphisms

Besides the rigid Fy; transformations of the fields we shall also require local gauge transforma-
tions provided by the generalised diffeomorphisms. These were defined in [57,13] following the

22Using the notation AMN9y; ® Oy = 0 means that the projection of MN in AMY to the representations
R(2A1) and R(A2) vanishes, see (2.19). In particular, if the solution to the section constraint is realised by a
linear subspace and the indices M and N belong to this linear subspace, the corresponding components of AMY
vanish.

23These standard methods rely on analysing the weight diagrams of highest weight modules and this is the only
methods we are aware of for general indefinite Kac—Moody algebras. For the case of affine algebras, one could
also use the Virasoro algebra that can be constructed in the universal enveloping algebra and make its coset form
act on tensor products [81-84]. A similar structure for E11 or other indefinite Kac-Moody algebras is not known.
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general pattern of any generalised Lie derivative for arbitrary groups and representations [85] on
a vector VM in R(A;) by

LV = NNV — ko gTF Qope QT M N VN + woneN VY (2.40)

The subscript €M represents the gauge parameter in the R(A,) representation of Ey;. The vector
representation R(A;) of Ey; implies that the gauge parameter ¢ has weight w = —% [85].

Closure of the algebra of generalised diffeomorphisms only holds when the section con-
straint (2.18) is fulfilled [47] and only modulo ancillary transformations that arise for the first
time for Eg [24,86,59]. Computing the closure of the algebra here leads to the relation

1
[£§1 ) Eﬁz] VM - £[€17§2]VM = 5 (faﬁ'yTﬂYPRTBQS - 25[(,};TQQ)5])ff%aPanégTaMNVN - (51952) )
(2.41)

where the section condition was already used and [£1, &2 = %E& &y — %E& &1. In order to absorb
this failure of closure one requires ancillary transformations. Extrapolating the structure of the
ancillary transformations from Fg and Fg [24, 85, 58] one expects that there is a first gauge
parameter in the representation m ® R(A3), i.e., with the index structure X,,/"V2V3  where
the upper R(A1) indices are completely antisymmetric and the lower index is section constrained.
One needs in fact a more general ancillary gauge parameter 2 Mj with an index I that labels the

completely reducible bounded weight representation
L(As) = R(A1) ® L(A2) © R(Ay + As) = R(As) @ R(Ay + Arg) & ... (2.42)
We also impose the tracelessness condition
mMas,, T =0, (2.43)

where HfM& is an FEj; intertwiner tensor that projects out the R(A; + Ag) from the tensor
product

R(A) ® L(Ag) =R(A1+A2)® R(Ag) @ R(A + A1) ® R(Al + A4) @ R(Al + 2A3) D...
(2.44)

to the representation L(A3) in (2.42). There must be an extension of the theory for which the

scalar fields V(z) are defined in a bigger coset associated to (the conjugate e;; @ L(A2) under
the Cartan involution of) a/&j C 7o and the constraint (2.43) is relaxed since it can be contracted
with a generator T5™ y in L(As). This is important in the construction of the supersymmetric
theory including the fermions [13], but we shall not attempt to define it in this paper.?*

Here, we take II I~M6‘ to be the direct sum of the canonically normalised projectors to the
individual representations in (2.42). We define its conjugate tensor by

Clya =1 UMNU@BHjNgy (2.45)

24For Fy this is equivalent to the formulation extending Eo by the generator L_; and the associated field j in
(bosonic) exceptional field theory [58,29]. At the level of supergravity, the field g transforms non-trivially under

supersymmetry [87,88] and p is necessary for K(FEy) to commute with the supersymmetry transformations.
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where, due to the reducibility of the I (and potentially &) indices there is some freedom in the
normalisation of the K (Ej;)-invariant tensors '/ (and 7 53)- We will fix this freedom below.

We prove in Appendix A that the tensor cl Ma is part of a larger structure constant cl Ma =
(C I Mas ol wa) in L(A3) ® R(A) ® adJ , whose component ol Ma transforms non-covariantly as

ACT g = —K %30T 5. (2.46)
We use this tensor to define an extended generalised Lie derivative
LiesyVM = LVM — " n P07 o3 p T N VY (2.47)

Even though only the non-tensorial part c/ Qa appears in the extension of the generalised Lie
derivative, this expression is Fjj-covariant due to (2.43). One computes that the algebra of
generalised diffeomorphisms (2.47)

[ﬁ(&,ﬁl)’ £(§2722)] VM= £([§17§2L212)VM ) (2.48)

indeed closes with the parameter

- =1 s R 1 = - _ -
Siom! = LeTan’ + §C'INaTaPQ£fV@M5P£§2 + §T51JE1MJﬁkznPQUBVCKPvaL —(1¢2).

(2.49)
The Lie derivative of the weightless constrained parameter 3 MI~ is
LSyl =Nonsy! — T o T 0p€95 07 + T G TN 1 0pe@3yT
= NonmuT — TP LT 098 + e8! — Jowe DT (2.50)

where we have written the second line by using the section constraint (2.18) to make it manifest
that the result is again section constrained on the index M. Moreover, one checks by FEji-
invariance of HfMa‘ that HI~M5‘£52 MI~ = 0, i.e., the Lie derivative preserves the tracelessness
cond1t1on (2. 43) To obtain the last term in (2.49) and show that it satisfies (2.43), we use that
Y !l and X947 do and the identity

CloaT g yEN oy @ Oy = 0 (2.51)

which follows from the property that neither R(2A;) not R(A2) are contained in R(A;) ® L(A3).
The structure on the upper indices is that of the tensor product L(A3) ® R(A1) C R(A1) ®
R(A2) ® R(A1) and we need to check that this does not contain the representations R(2A;) and
R(A2) that are non-trivial when the section constraint is fulfilled, see (2.19).

To show that the failure (2.41) of the generalised Lie derivative to form a closed gauge algebra
is indeed reabsorbed by the ancillary transformation of parameter 201 naT?P o&i 8M8p§2Q in
(2.49), we use the identity

CfpgTB(MQUN)RWjWMCjRW oM ® 0N = (faByT’Y(MPTBN)Q - 25[(13 7o) }>5M ® On
(2.52)
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which we demonstrate in Appendix A. To moreover show that this second term in 35 satisfies
the traceless condition (2.43), we use the additional identity
nd’anJUNPCIPZ/CJMB _ HiMdCJNE , (2.53)

where we recall that B = (B,/3), which implies, together with (2.35), that Y1, indeed satisfies
the tracelessness condition. Identity (2.53) links the representation L(A3) with index I to the
representation 7_; with index I. It is proved in Appendix A.1 and fixes the freedom in the
definition of 7; ;.

As we shall see the tensor C1 PB also plays a role in the construction of the pseudo-Lagrangian
of Eq; exceptional field theory as it enters what was called the second potential term in (1.2).
This is not surprising since also for Eg the gauge algebra only closes when an additional ancillary
gauge transformation X, is introduced and also the potential acquires a new term compared to
E,, with n < 7 [24]. The same identity also appears in the definition of the potential for Ey [58].
More generally is was shown in [60] that the identity (2.52) appears in the closure of the algebra
and the definition of the potential for all simply laced finite-dimensional Lie groups G and any
highest weight coordinate module R(\).

Having discussed the general Lie derivative and its closure we shall now describe how the
fields of E1; exceptional field theory transform under generalised diffeomorphisms. In this we
shall focus on the parameter €M only.?> We write the generalised Lie derivative of any object O
as

£c0 = My 0 — TN pdne"t°0 +wdn M0, (2:54)

where t“O is the action of the E1; generator t* on O and w represents the weight of the object.
The generalised diffeomorphism will be written as 6O and need not coincide with the gen-

eralised Lie derivative as there can be non-covariant terms when additional derivatives or con-

strained indices are involved. We shall write this non-covariant gauge transformation as

Ae =8¢ — Le. (2.55)

The non-covariant gauge transformation defined above should not be confused with the ‘non-
covariant’ rigid ej; transformation A® in (2.29) associated to the indecomposable structure. In
particular ESXMd takes into account the indecomposable representation and includes the term
—T.,N pOnEP A according to (2.54).

For instance, the generalised metric transforms under generalised diffeomorphisms as always
in exceptional field theory

SeM = LeM = MOy M + kg TM NOpEN (MEP 4 tPT M) (2.56)

%The gauge transformations of parameter ¥ MI~ for the generalised metric M and the current Ju® follow from
the definition, but the gauge transformations of the constrained fields (x e, C ™) are not straightforward to get.
It is expected that the closure of the algebra of generalised diffeomorphisms on the constrained fields requires
introducing additional gauge transformations with two constrained indices and under which all the covariant
objects M, £ (where £T = 0 is the duality equation for F7) are strictly invariant.

18



and this coincides with its Lie derivative as it is a fully covariant object. Therefore, AcM =0
in any F7; representation admitting a K (FE1q)-invariant bilinear form.

By contrast, the gauge transformation of the current Jy® follows from (2.56) and using its
definition (2.23) as [13, Eq. (3.18)]

1
55JMa = ch‘)NJMa + TngaNSPfB%JM’Y + TgPQaprTBNMJNa + §8N§NJMQ

+ TaNp (6M8N£P + MNQMPRﬁMﬁRgQ) . (2.57)

The first line coincides with the Lie derivative of a weight w = 1/2 object (since the derivative
index is downstairs) but the second line is a non-covariant gauge transformation

Aedy® = TN p (OmOnE" + MnoMPEON05E9) | (2.58)

proportional to second derivatives of the parameter £ that appear in all exceptional field theo-

ries.26

The gauge transformation of the constrained fields was established in [13, Eq. (3.20)]. Since
the constrained fields are in some sense completions of the currents according to (2.33), their
transformation is very similar. However, they have an additional non-covariant piece due to the
existence of additional invariant tensors. Their transformation under generalised diffeomorphisms

iSZ7

Sexm® = ENonxm® — To poner (TaagXMﬁ + K% 300" — TO‘QMXQO‘> + §8N§NXMQ

+ T p (O ONE" + MygMPEONORE?) + T p MOy 0nET (2.59a)
—~ —~ —~ ~ —~ 1 —~
o™ = eNon ™ — TN poner <TO‘A§CMZ - TO‘QMCQA> + §8N£NCMA
+ HKQPMNQﬁMﬁng , (2.59b)

where compared to [13] we have used the section constraint (2.18). Moreover, we have addi-
tionally used the fact that there is no tensor 7"V p representing an action of L(A1g) on R(A;)
in the tensor hierarchy algebra as can be checked by Ep; representation theory. This simplifies
the gauge transformation of (y* compared to that of y3/®. It is important to note that the
algebra of diffeomorphisms generated by (M) % MI~ ) does not close on the constrained fields y&
and ¢, but involves instead higher gauge transformations starting with a parameter involv-
ing two constrained indices. In particular, in the commutation rules one finds terms involving
OpERDONER + ONERONOpER which cannot be interpreted as a ZMf variation. The precise
form of these higher gauge transformations remains to be determined. Nonetheless, they are not
needed to demonstrate the gauge invariance of the dynamics under generalised diffeomorphisms

with parameter ¢V only.

26This is similar to the fact that Christoffel symbols transform non-covariantly under diffeomorphism whereas
the metric is covariant.

2"The invariant tensors T%" p and T*N p appearing in the equations below correspond to the action of 7g in
the tensor hierarchy algebra on its level one representation 731 [13].
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Turning to the &-transformations in (2.59a), the first lines of these transformations are again
the Lie derivatives so that we can read off the non-covariant gauge transformation as

Aexu® =T p (0mONE" + MugMPEONORE?) + T p MV 0nET (2.60a)
AcCu™ = T o p MYy 05T (2.60b)

The extra FEjj-invariant tensors that occur in these transformations are II% sy, HKMN and
I )sn. They correspond to the projections of the antisymmetric and symmetric product of two
R(A1) representations, see (2.19), onto the corresponding representations R(As) C L(Ag), L(A4)
and L(Aqg), respectively. Thus they have the symmetry properties

D%y =%y,  Tunv=0%Nn, Ty =T 0. (2.61)

Using the generalised metric in the various representations, we can also define dual tensors
to the projector 1%, x by

"N = MMM MVCTY pg = ™ PV @11 pg (2.62)

where n™V and 775‘5 are uniquely defined for the irreducible representation R(A;) and R(A2),
respectively. We also note that we have the following identities involving the FEjj-invariant
projectors

MMNToB, = —onl PIMTeN - 118 T 5 = 211 ppy o7y (2.63)

2.4 Summary of notation

Since we have introduced a fair number of Fj; objects, we briefly summarise the most relevant
notation for the convenience of the reader in Tables 1 and 2. The identities for the various
tensors mentioned in this section are summarised in Appendix A. Here we call tensors the in-
variant tensors in the fully reducible modules only, so the component of the tensors involving
the indecomposable representation a/ch or its conjugate are not called E7; tensors when they are
not invariant tensors for the fully reducible representation e1; & L(Ag) or its conjugate.

3 Dynamics

Equipped with the preliminaries regarding all fields and their rigid and gauge transformations,
we construct the pseudo-Lagrangian of Fy; exceptional field theory in this section. It will be a
pseudo-Lagrangian in the sense that its Euler-Lagrange equations have to be supplemented by
duality equations. These duality equations were already constructed in our last work [13] and
we review them first to set the scene.
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Index ‘ F1 representation ‘ Object

a_lo ot e11 (adjoint) goa_ Ju® (current (2.23))
- la ) L(A2) M xm& (constr. field (2.30))
e { A { L(A1p) = R(A1)VR(A1) © R(2A4) ¢ i { CMi\ (constr. field (2.30))
T LA | L L(Ag) = R(Ay) A R(A1) © R(Ay) MU car? (constr. field (2.30))
M R(Ay) Oy (space-time derivative (2.18))
I T_1 (2.16) F!  (field strength (2.33))
I L(A3) = R(A1) ® L(A2) © R(A1+A2) Sl (anc. parameter (2.43))

Table 1: Summary of the Eji-representations that occur (up to conjugation) in the construction of F1y
exceptional field theory with some associated objects and where they were defined.

Object ‘ occurs where ‘ FE17 tensor?
fo8, e11 structure constant (2.1) yes
Koo, cocycle for indecomposable representation (2.9) no (2.13)
TaM o

{ ~MN action of generators of adj on coord. module R(A;) (2.20) { yes
T N no
ciM no (2.34)
ciM, yes

it 2.3¢
LN definition of field strength (2.33) ves
C’IMA yes
Qry symplectic form on 74 yes
C{Ma no
Clya anc. gauge transformation (2.47), (2.52) yes

0% N intertwiner R(A1)AR(A1) — R(A2) (2.19), (2.61) yes
A intertwiner R(A1)AR(A1) — L(A4) (2.19), (2.61) yes
I v intertwiner R(A1)VR(A1) — L(A1o) (2.19), (2.61) yes

Table 2: Summary of some E1; objects that occur (up to conjugation) in the construction of Ej; excep-
tional field theory and whether they are covariant under rigid Ey; for the fully reducible representation.
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3.1 Duality equation

The duality equation was already given in (1.1) in the introduction and we repeat it here for
convenience:

M[JFJ:Q[JFJ, (3.1)

where the field strength F'! with values in 7_1 was defined in (2.33), the symplectic form Q;; at
the end of Section 2.1 and Mj; = (VTUV)U is obtained by using nr; defined also in Section 2.1
and evaluating the F4; vielbein V in the representation 7_i. Its inverse is M7 Note that we
have QM7 EQr M = 5.

Following [13], where the gauge invariance of (3.1), albeit for the field strength Fy/ in (2.32),
was studied, we now compute the transformation of the field strength F! to be

oL = Moy FT — TN yioneMT 7 + %OMSMFI
+ <(CJMaTaRQ + CJMdeRQ)MQNMRP
+ O p MO 4 CTV TR p MOV YO OnET, (32)
such that the non-covariant gauge transformation is
AR = (™M TR g + CT™M T3 ) MON Mp
+ O p MO 4 CTV TR o p MOV YOy 0ne” . (33)

The gauge-invariance of the duality equation (3.1) requires the non-trivial equality of the non-
covariant gauge transformations of its two sides

M[JAgF‘] = Q[JAgFJ (3.4)
and this equality is equivalent to the tensorial identity
M]JCJMaTaQRMQPMRN = Q]JCJNdeQpMQM + Q]JCJNKHAQPMQM ,
& QCTMET 0 MopMEN = M C7N 1% 0 p MOM + M CTN T g p MOM L (3.5)

In the above equation, we recall that C/V 5 and HdQ p are Fy; invariant tensors and that TAY p =
0. These equations can also be written without explicit reference to the scalar matrix M, since
they are tensorial, as follows

Q]JCJMaTaNQ = 61Q6HBMN + U[QAHAMN + GIQAHKMN , (3.6)

where the conjugate tensors are defined as

Crp® = nmpen™C79 5 = MigMpoM*PC7%5 (3.7a)
Crp™ = nrmpen=C7% = MyMpoM"=C79 | (3.7b)
Crp™ = nmpn*=C7% = MpyMpoM =079z . (3.7¢)
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We shall refer to the key identity (3.6) as the master identity. In Appendix A.2 we prove that
this identity is satisfied for some invariant tensor C7 p?\, such that C;p?® is defined as (3.7a) and
C1p™ is defined by (3.7b) when A is restricted to the representation R(A19) @ R(2A3) C L(Aqp).
We moreover argue in Appendix A.2 that (3.7b) is valid on the whole module L(A1g) using the
To-homomorphism from 75 to Ty defined in Appendix A.4. Equations (3.2), (3.3) and (3.5), differ
from those given in [13] by extending the sum over the index A to the one over A and by the
property that HBM N'is the intertwiner in the irreducible representation R(Az) only. Thus, the

last term in (3.6) is new, and we prove in Appendix A.2 that C IQT\ are not structure coeflicients
of T(ell).

Thus, even though the tensor hierarchy algebra 7 (e11) is a very useful and comprehensive tool
for encoding the structure of Fq1 exceptional field theory, it does not provide all the ingredients
needed. We shall comment further on this in the conclusions.

3.2 The pseudo-Lagrangian of E;; exceptional field theory

In this section, we define the individual pieces of the schematic pseudo-Lagrangian
L= ﬁpotl + ﬁpotz + ﬁkin + ﬁtop (38)

stated in (1.2) of the introduction. We shall only show the rigid F4i-invariance of the individual
pieces in this section but already put the correct relative coefficients for the combination to
be invariant under generalised diffeomorphisms. This invariance will be checked in detail in
Section 4.

The first potential term

All exceptional field theories possess a contribution to the potential term that takes the form

1 1
‘CPOtl = —ZHQBMMNJMQJNB + §JMQTBMPMPQTQNQJN5 . (3.9)
It only uses the Fy; current (2.23) and depends solely on the FEj; fields, but not on any of the
constrained fields. It is manifestly Eji-invariant as it is only constructed from Fq; tensors. We
have taken the canonical coefficients for this generic term [59].?® They are canonical in that they
produce the Ricci scalar with unit coefficient, see Section 7.

The second potential term

The second potential term is the generalisation of a similar term in the FEg exceptional field
theory [24], that has been generalised to any finite-dimensional simply laced Lie group in [60].
Its presence is closely tied to the fact that there are ancillary gauge transformations whose

28This potential term is more commonly written as ﬁMMNaMMPQaNMpQ — %/\/lMpaMMNQE)NMpQ for
finite-dimensional groups E, [21], with ¢ defined such that To¥ Ts%p = ckag. However ¢ diverges for Kac—
Moody groups.
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parameter we called X MI~ in Section 2.3, with an associated tensor ol Ma, see (2.52). Using this
we can write the expression

1 ~ - . ~
Lpot, = —5M; 7O paC” o gMOM MPN 13 % TN (3.10)

where we recall that I labels the reducible representation L(As) defined in (2.42). Since a-
indices range over the a/ch part of 7o only, this potential term depends only of the Fy; fields via
the current Jy,* and of the constrained fields x 7% but not on of the other constrained fields (2.
The second potential term is manifestly E1i-invariant. The tensor cl pg was already conjectured
to exist in [57] in the analysis of the linearised equations. We prove its existence and the relevant
algebraic identities it satisfies in Appendix A.1.

The Ejj-representation L(As) D R(As) is a bounded weight module of highest weight As.
When this representation is branched to GL(3)x Eg C F11, its first element in level decomposition
is a singlet and the first component of the tensor cl Pq 1s the Eg Cartan—Killing form, such that
(3.10) produces the new term that appears in the Eg ExFT compared to E,, ExXFT with n < 7. We
shall see this correspondence in much more detail when we consider the Eg level decomposition
in Section 9.

Kinetic term

The kinetic term resembles a generalisation of the covariant field strength-squared terms in other
ExFTs. It uses the Ej; tensors appearing in the covariant field strengths F! defined in (2.33),
but combines them in a slightly different way.

The kinetic term is given by

11y

1 ~_ 7 1 ~ o~ 1 ~
Lyin = ZMIJC'IMaCJNgJMaJNﬁ—§M1JC'IMaC'JN7\JM°‘CNA—ZMIJCIMKC'JNgCMACN ;
(3.11)

where we have fixed the overall coefficients knowing the result of the gauge invariance of the full
pseudo-Lagrangian that will be studied in Section 4. The kinetic term depends on the constrained
fields yar%, Car® and CMK.

Note that one might have expected to get the opposite sign for the first term in (3.11) such
that one would have obtained the expected kinetic term Zkin = —%./\/l 17FTF7 in the democratic
formulation of the theory, in which all fields and their duals appear at the same time. In fact
we shall see in Section 3.4 below that there exists an alternative decomposition of the pseudo-
Lagrangian in which the kinetic term is Zkin, but the potential term instead does not take the
expected form. This is a consequence of the fact that there is no natural split of the E1; pseudo-
Lagrangian into a kinetic term and a potential term given that the coordinates do not split into
internal and external ones.

Topological term

The topological term in exceptional field theory for finite-dimensional groups is the term that
neither depends on the external nor the internal metric. There is no such term for E7; exceptional
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field theory, but we call the topological term a term in the pseudo-Lagrangian that does not
depend explicitly on the generalised metric M sy, but only implicitly through the current Jy <.
We shall first explain how to obtain such a term that is invariant under rigid Ey; transformations.

For this we take inspiration from Eg exceptional field theory [29] and look for an F1;-invariant
completion of the derivative of the constrained field y /%, i.e., we start from

I MY o e . (3.12)

Recall that Iz is antisymmetric in M and N, see (2.61), and that only the component in
R(A2) C L(A2) is non-vanishing because of the section constraint. The term above is not Fyi-
invariant because x3/® transforms indecomposably under E; according to (2.29). Since I MN
is an Ej;-tensor, we only have to parametrise the completion of 9 x N}‘S‘. Making an ansatz in
terms of the tensors at our disposal and requiring it to be Ejj-covariant leads uniquely to the

combination
Onn® = 20w + I Ta gxw)” + T Ko g In" (3.13)

where adjoint E7; indices are raised and lowered freely using the Killing-Cartan form x,g. Let
us briefly check that this is indeed E11-covariant by computing its non-covariant transformation

A0 = 2000 TN K 7% + T “To® 5K 53)% — T (K 7P (5T0% 5 — K% fas®) In® = 0
(3.14)

using (2.29), (2.13) and finally the Maurer—Cartan equation (2.25). Thus, ©yn® is the Fy;-
covariantisation of 8[MXN]d that defines a two-form field strength. Projecting it with IIzM%N
turns it into an Fqi-invariant density.

Another term is required in the topological term for gauge-invariance of the total pseudo-
Lagrangian. This term involves the constrained fields ¢y and will be needed in order to use
the master identity (3.5). The total topological term we shall consider is

1 | ~ 2
Liop = §HdMN®MNa — §QUC’IMaC’JNKJMa§NA. (3.15)

We chose the form (3.15) to make Fj; invariance manifest, but note that if we write explicitly
the dependence in the current J3;* and the constrained field y ;% of the second term

QrCMGCIN L Ty ¥t = Q0T OV L Ty vt + QraCTM O Ot

= QC™M o CIN N Tt + QuC™ GOV 3Tt (3.16)

one obtains that the field x5, drops out because this contraction of C-tensors vanishes on section
according to (2.37b) and (2.39a), while the symmetric part of the first term in the second line
vanishes due to (2.36).

The topological term (3.15) does not depend on the generalised metric My explicitly
and we have fixed the coefficients by anticipating the gauge invariance that will be verified in
Section 4.
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Summary

To summarise, the proposed pseudo-Lagrangian is given by the sum (3.8) of the four terms

1 1
Lpot, = _Z”aBMMNJMaJNﬁ + §JMaTBMpMPQT°‘NQJNB ;

1 ~ ~ . ~
Lpot;= —5M; 7O paC” (aMOM MPN Iy * N7

1 ~ 5 1 o~ 1 ~ =
Lyin = ZMIJCIMaCJNEJMaJNB - §MIJCIMaCJN]\JMaCNA - ZMIJCIMKCJNgCMACN“ ;
1 = 1 ~ R
Liop = §HdMN@MNa - §QIJC'IMaCJNKJMaCNA ) (3.17)

Oun® = 20X + I “Ta® sxv)” + T Ko ® g1 In" (3.18)

This decomposition of the pseudo-Lagrangian gives the expected potential term Lyot, +Lpot, [60]
but Ly, is not the expected kinetic term Lyjn. An alternative form of this pseudo-Lagrangian
will be given below in (3.27) with the expected kinetic term (3.28a), but an alternative potential
term Epot in (3.28b). We first present (3.8) because it is more natural from the point of view
of exceptional field theory and because we shall use it to prove the invariance under generalised
diffeomorphisms in the next section. The alternative pseudo-Lagrangian (3.27) involves fewer
terms and we will use it when we vary the pseudo-Lagrangian with respect to the E11/K(E11)
coset fields in Section 5.

3.3 Consistency with the duality equation

The way we arrived at the pseudo-Lagrangian (3.8) was by considering F1; building pieces such
that the constrained fields’ Euler-Lagrange equations are compatible with the duality equations
that we described in (3.1), so that both can be imposed consistently. This crucially requires
to have both a topological term and a ‘kinetic term’. For obtaining generalised diffeomorphism
invariance one also has to consider terms that are independent of the constrained fields, such as
Lpot,, which is a universal ExF'T term. We postpone the proof of gauge invariance to Section 4
and first investigate the consistency with the duality equation. This will also provide a first
confirmation of the choice of coefficients in the terms of the pseudo-Lagrangian. We shall discuss
the Euler-Lagrange equations obtained by varying with respect to the Ey; generalised metric M
in Section 5.

Varying with respect to y

There is x-dependence in three of the four terms of the pseudo-Lagrangian, namely the second
potential term (3.10), the kinetic term (3.11) and the topological term (3.15), in the former two
cases via the component Ju® = XM‘S‘.
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Varying x /¢ in the kinetic term leads to
0Lyin = %MIJCIM(& (CJNEJNE - CJNKCNK> Sxm® (3.19)
The y-variation of the second potential term (3.10) is
6Lpot, = ~M;CT paC? s MOMMPN Ty P65y
= M CT™M O SN Sx® (3.20)
Using equation (2.53), that can be written as
MiCTpaC? (MO MPN = My, CTM 507N o (3.21)

(3.20) combines with the first term in (3.19) to produce a variation proportional to the field
strength F.
The x-variation of the topological term (3.15) is, up to a total derivative,

1 _ -
5£top = _§HdMNTaa “JNa5XMB
1

— §QUCIMBCJNQJN‘15XMB

1 5 ~ _
= 30O (CTN 3T 4+ TN o (3.22)
where we have first used (2.38b) since both Jy® and dx* are constrained objects. In the last
step we have added many terms that vanish by virtue of (2.37a) and (2.37b), similar to what we
also discussed in (3.16).

Putting the variations (3.19), (3.20) and (3.22) together leads to the y-variation of the full

pseudo-Lagrangian, up to a total derivative,
1 -
5£:—§C’IM(1(MU—QU)FJ5XM“. (3.23)

So the Euler-Lagrange equations for the constrained field y /% are a subset of the duality equa-
tion (3.1).

Varying with respect to (

The constrained fields ¢ MK appear in two places, namely in the kinetic term (3.11) and the
topological term (3.15). We immediately write the full variation

1 _ - " A
oL = —3 (MUCIMaJMO‘ + Mg C™ 0= + Q0™ 5Ty )cJNxagNA
_ 1 J JM 1 @\~IN s+ A
=5 (MIJF QrC " adm )C' A0CN
1 —~
= —§CINK(M[J—Q[J)FJ5CNA . (3.24)

In the last step we have added a term —QUCJMgﬁMé that vanishes due to (2.37¢), (2.39b) and
(2.39¢), in order to complete the second field strength F/. Therefore, all equations obtained by
varying £ with respect to the constrained fields are a subset of the duality equation (3.1).
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3.4 Alternative form of the pseudo-Lagrangian

In varying the pseudo-Lagrangian (3.8) with respect to the Ey1/K(E11) fields, it will be conve-
nient to use an alternative decomposition that will exhibit the expected kinetic term. For this
purpose we first combine the kinetic term (3.11) and the second potential term (3.10) into

ﬁkin + ﬁpotz (325)
1 1 a5 1 P S
=M JFIF7 + §M1JC’IM@C’JN§JM“JN6 - gM; 7O paC? (g MO MPN 13O TN
1 1 1 7 i
— —ZMUFIFJ + 5J\/lUCfMaO’NﬁJMC“JN/3 - gMi 7O paC? Qg MM MPN Ty >IN

In obtaining (3.25), we have split the index & = («, @) in the last step and used identity (3.21)
to cancel the terms containing summation over the index &. The first term is the expected
kinetic term Zkin in a democratic formulation of the theory with the standard sign. Since the
two remaining terms in (3.25) do not depend on the constrained fields, it is natural to combine
them with the first potential term to obtain an alternative potential term Zpot. The resulting

Lot simplifies remarkably upon using (A.22), which can also be expressed as

MijCIPaCJQBMQMMPN _ MUCIMQCJNB
= MMPTBRPMRsTaSQMQN + TOCMPMPQTBNQ — MMNMaﬁ . (3.26)

Using this identity, (2.24) and the fact that HaBJNB = MagJNB , we find that the pseudo-
Lagrangian (3.8) takes the alternative form

L= Ekin + Epot + Etop 5 (327)
where
~ 1
Lyin = —ZMIJFIFJ ) (3.28a)
~ 1 1
Lpor = JhapM NIy INT = S I T M pMPCT N N (3.28b)

with F! is defined in (2.33) and Lyp as in (3.17). Note that the potential term Zpot differs from
—Lpot, in the contraction of the derivative indices.

4 Gauge invariance of the pseudo-Lagrangian

We now show that the E7; exceptional field theory pseudo-Lagrangian given in (3.8) is gauge-
invariant. For this we calculate the variation of each term in the pseudo-Lagrangian (3.8) under
generalised diffeomorphisms and then demonstrate that the combination of these variations van-
ishes. As always in these checks in exceptional field theory it is sufficient to show that the
non-covariant gauge variation A¢ defined in (2.55) vanishes up to total derivatives. The expres-
sions for the non-covariant gauge transformations of the fields were given in (2.58) and (2.60).

28



Our proof proceeds in two steps. In order to underline the necessity of including the fields
¢ MK, we first consider the pseudo-Lagrangian for MK = 0 and computes its non-covariant gauge
variation. As we shall see there are already many cancellations but some terms are left over.
Then we shall show that these terms are exactly cancelled by the ¢3;*-dependent terms in (3.8).

4.1 Gauge variation at ( =0

As explained above, we compute first the non-covariant gauge variation of all the pieces of £ at
¢ =0.

First potential term

The first potential term (3.9), does not depend on ¢ MK and we can immediately calculate the
full non-covariant gauge variation. A standard exceptional field theory calculation involving the
definition of the current Jy/“ and the section constraint gives the first step [59]

Ag [ﬁpotl} = [ — TBRQMMN + TBMp(ngPR + fga-yTﬁ/MpTaRQMNP:| 8MOR£QJNB

In the second step we have used the identity (2.52) and simplified the terms with a single
representation matrix T and a single inverse MMN into a total derivative.

It is worthwhile to remark that the Eqj-representation with index I has as lowest component
R(A3) according to (2.42). When decomposing Eq; with respect to GL(11 — n) x E, the first
time this representation enters the scalar sector is for Eg which is in agreement with the fact
that this is the first time the potential term (3.9) is not gauge-invariant and also the first time
ancillary transformations are needed. We shall show next how the failure of gauge-invariance of
the first potential term involving the index I is accounted for by the second potential term.

Second potential term

The second potential term (3.10) does not depend on CMK either. Calculating the full non-
covariant gauge transformation yields

A¢ [ﬁp%] = _MiijPaCngMQMMPNTaRS <8M8R£S + MRUMST6M8T£U> In?
— ijCiPdCJQEMQMMPNH&RSMTRaManSJNB
= —M;;CT paC? T R g MOMMPN 031 O In°
— MIJCIMdCJNBH&QPMQRaMaRgPJNB’ (4.2)

where we have first written out the non-covariant variation AgJy® using (2.58) and (2.60a). In
the next step we have distributed the parenthesis on the first line and used the identity (2.51)
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to cancel the second contribution
<ijCiPaTaRs MPNMSTMRU) c’ AMQMOMOTgUJNE
(nIJCIQATaP WQMURNWPS> c’ AMTUaUaNSSJM (4.3)

where we split the 3 index on the first contribution and used the identities (3.21) and (2.35) to
remove the x Nﬁ component. For the second term we have simply used (3.21) to convert the c!
tensor sum into a C! tensor sum.

The first term we obtain in (4.1) cancels precisely the contribution from the first potential
term. This cancelation is the same one that ensures the invariance of the potential for any
finite-dimensional simply laced groups [60]. Consistently, the identity (2.52) that was used in
this cancelation is proved in Appendix A.l using a construction that generalises the one of [60]
to the Kac—-Moody algebra e1;. Here, we obtain the combined non-covariant gauge variation

A | Lpot,Lyot, | = ~M1sCTM 7N ST p MOy 0" I ~ 2010 (03 0pe MNP ) . (4.4)

Thus, compared to [60] where no I1%,;y appears, the combination for E; is not gauge-invariant
and we shall invoke an additional ingredient to arrive at a gauge-invariant pseudo-Lagrangian.

Kinetic term at ( =0

In order to determine the non-covariant gauge variation of the kinetic term (3.11) we break it up
into the parts that contain the constrained fields ¢3/* (before variation) and those that do not,
beginning with the latter:

1 Py _ .
= My, (CTMET™S g Msp MO+ CTM 11 G p MOR) TN S0Py 0re”  (45)

where we have used the identity (2.35) to cancel the term in TGN pOMONED from the non-
covariant gauge variations (2.58) and (2.60a).

Topological term at ( =0

We first compute the non-covariant gauge transformation of (3.15) at (3/* = 0. An important
first observation is that the total derivative Iz MV Ourxn® is not invariant under its non-covariant
&

gauge transformation up to a total derivative. To compute A¢ = ¢ — L¢ of MYy N we

need to determine the Lie derivative of the combined object 937 xn® which is given by

Le (3MXNd) =¢Pop (aMXNd) + 0P Opx N + OnEF A p®
— Ta" Q0pe? (T 300 xn” + K300 IN") . (4.6)

30



This not a total derivative. Therefore the non-covariant gauge variation is
Ag [HaMNaMXN&] = ;"N [aM (Gex) — Le (aMXNd)]
="V [ - TaRPTadgaMaRSPXNB
(= TR K — ToU qT s My p MR + TV T, s My p MO™
+ I QpTy s M5F) aMaRgl’JNﬁ} (4.7)

where we used the section constraint (2.18) on L¢xa* defined from (2.59a). The three last terms
come from 9y (Agx%;) and therefore do combine into a total derivative, but it will be convenient
to distribute the derivative as above.

The remaining terms in © ;% defined in (3.13) just pick up their non-covariant variations
defined in (2.58) and (2.60a). We organise the calculation by looking first at all terms varying
into x and then at terms varying into the current J. The sum of terms varying into x give

1 - -
Ag |:£top|C:0:| ‘Xazg = §HdMN |: — 2TaRPTaaBaMaR£PXNB

+ T Ta  pOr R\, + T 105 o Msp MO 0 0RE" X"
= —I"M TN T, 5 o MspMOBON 0rE XN (4.8)

where we used the identity (2.63) on all terms and the fact that the first two vanish using the
section constraint.
The terms whose non-covariant gauge variation contains a current J are

A [ﬁtop&:o} ‘

1 3 _ _
— —HdMN |: _ ZTOCRPKO{QB _ ZTBUQTQQSMUPMSR + 2TaUQTBQSMUPMSR

Jo2¢

2
+ 2% p T s MST — Tg® ;TR p — Ty® - TP5 g Msp MOF — T 5117 o p MOF

+ 2Ko ) (TR + TQSQMSPMQR)} OrORE" In®
- %H&MN [ — 2K, T p — Tg® TR p 1 (2K, %) TS g + T 5775 0) Msp MOT
— 2T5° QII% py s MO | 00 ORET TN, (4.9)
= —%QIJCIMaCJNﬁTaSQMSPMQRaMaRﬁpJNB — MV T® (oI py s MORON 0RET TNT

where in the first step we have used the commutation relation (2.20) and (2.63), in the last step
we have used the identities (2.38a) and (2.38b) to write the first line in terms of the C-tensors
and combined the o and & components into an @ index. We finally used the identity (2.35) to
cancel the M independent term.
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Combined non-covariant gauge variation at ( =0

Collecting all the terms from above we therefore find

A [q CZO} + 20 (aN] angMNP) (4.10)
1 =R 5 ~
_ §MIJCJNB(CIMaTaSQMSPMQR _ CIMdHaQPMQR) O ORer InP
— YN T, 5 0 Map MOE 0RED N E
1 - -

— 5QIJCIMaCJNgT“SQMgpMQRE?MGRSPJNB — MV T5° (oI p s MO ROy 0RET TN
where the first line combines (4.5) and (4.4) while the remaining lines come from the variation
of the topological term given in (4.8) and (4.9).

So far we have avoided using any identity that mixes adj and L(A1g) @& L(A4). The only

equation that does this is the master identity (3.5) and we shall apply it now to the first line
above. Continuing from (4.10) we then obtain

A [.q CZO} + 20, (aN] angMPN)
= %QUCJNE<CIMaTaSQM3pMQR — CTM 1% G p MOR) 93 OR€ " I
+ %(MU + Q1) CTN CM IR o p MOR D) ORET TP
— VM TN TS o Mg p MOE 0T N
- %Q 1 CTMGCIN T35 o Mg p M@RDN OReT TnP — TN T (oI py g MOBDy ORET TN

(MIJ + Q[J)CINB‘CJMKHAQPMQRaMaRé.PJNﬁ

DO =

1 ; 5, 1 51
= MM N T 5T g Msp M@0y 0pE v + SN T 6T g p MO0 €T T
— TVMTN T, 5 g Mg p MOROy 0rET XN — TTaM N TS oT1% p g MO0y ORET TN

(Mig +917)C75 (A TN 5P — Oy (TN p MPQ0),00¢7) (4.11)

N =

where we have used the identities (2.37a) and (2.38b) to remove most 277 terms when going
to the second equality. In the final step we have used the identity (2.63) to cancel two terms
and have brought out a total derivative. Moreover we can use the identity (A.33) to obtain that
the derivative terms cancel. The remaining term can be written as the non-covariant variation
(2.60b) of Cpr* as shown. This result strongly suggests that one might be able to obtain a pseudo-
Lagrangian invariant under generalised diffeomorphisms by adding the relevant ¢3;* dependent
terms. This is indeed what we will show next.

4.2 Gauge invariance

In order to demonstrate gauge-invariance of £, we now consider the ¢ MK dependent terms. These
appear in the kinetic term (3.11) and in the topological term (3.15). Their non-covariant gauge
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variation is given by
B[~ £lea] = ~ 5 (Mg + Q1) CTVECIN LT A
- %(MIJ +Qrs) <CIMaTaSQMSP + ™M % p + C'IMKHKQP)MQR@MaRéchNKCNK
= _%(MIJ +Q)CMs (AgCMK)CJNgJNB (4.12)

where in the first step we have written out the non-covariant variations of Jy;%, cancelled one
term using the identity (2.35), and used the identities (2.37c), (2.39b) and (2.39¢) to add one
vanishing term and group terms together into the non-covariant variation of F!. In the second
step we have then applied the master identity (3.5) twice to cancel the middle line.

Now we can collect all terms contributing to the variation of the pseudo-Lagrangian (3.8)
and obtain from (4.11) and (4.12)

Sel = Oy (gMc) (4.13)

where we used moreover that the total derivative terms in (4.11) cancel using Equation (A.33).
We have therefore proved that the pseudo-Lagrangian is gauge-invariant up to a total derivative
as claimed. Note moreover that it transforms under generalised diffeomorphisms as a density,
whereas the non-covariant variation usually only vanishes up to a total derivative.

5 Equations of motion for constrained fields

In Section 3.3, we have already demonstrated that our pseudo-Lagrangian (3.8) is consistent with
the duality equation

Er =M —Q)F? =0 (5.1)

that we impose on top of the Euler—Lagrange equations derived from £. These are the equations
of motion that the Fy; fields have to satisfy and they are obtained by varying with respect to
the constrained scalar fields. The main virtue of the pseudo-Lagrangian is that it also provides
equations of motion for the constrained scalar fields and these are obtained by varying with
respect to the Fqq fields in the pseudo-Lagrangian. This is what we shall present in detail in this
section, explaining first the procedure and then analysing the result.

5.1 Covariance of the field equations for indecomposable representations

The first question we address is what implications the indecomposable structure of the repre-
sentation (2.4) involving the Eq; coset fields has. To this end it suffices to consider the general
variation of the pseudo-Lagrangian with respect to M and x®. We first define the equations
of motion following from varying the pseudo-Lagrangian by

6L = £,0¢0% + EMox®, (5.2)
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where §¢% denotes the left-invariant infinitesimal variation of the E1; coset fields:
MM =6t = 5Iu® = 0d9® + fo, TP 3¢ . (5.3)

From the dressing by M, d¢, is not just the infinitesimal variation of the coset fields but
includes an infinite sequence of Baker-Campbell-Hausdorff-like terms. Note that because y/*
is a constrained field, Eé\/[ is only defined modulo a term that vanishes when contracted with a
constrained vector. However, since we have obtained in Section 3.3 that Sé‘l/[ is proportional to
the duality equation, we know this equation has to be satisfied and we can neglect this subtlety.

The indecomposable representation is such that under an ey transformation with parameter

Ag, one has
OadxX = Ag [TP% 33 0s” + K5O (00180° + Fo5™ Tar"86%) — TN yoxn®] (5.4a)
OA0p% = AgfP 57 . (5.4b)

Here, the definition of ¢ from (5.3) implies that it transforms as above consistently with the
condition 6o M1t M = 5 t*.

As the pseudo-Lagrangian (3.8) is invariant under such rigid e;; transformations, 4L = 0,
we get

SAOL = 6 [5,9/ Sxar® + 5a5¢a]
— Ay [(Tﬁd 36xar” + K734 (00160% + £ Tar766%) — TBNM5XN&)€£4
+ fa%awea} O O OAEM 4 5¢%5pE,
=0. (5.5)
This determines the F7i-transformations of the equations of motion 5A5£/[ and 0r &, as
SAEM = —A4 [Tﬁdgéé‘[[ - TBMNggY} , (5.6a)
OnEa = —Ag| = [P0y = KP00uEM + K7 £ T3, EX] (5.6b)

from which we see that the equation &, obtained by varying the F1; coset fields transforms with
a cocycle under Fj;. This is to be expected as the Euler-Lagrange equations are in the dual
representation to that of the fields and thus the indecomposability is in the other direction.

As we saw in Section 3.3 we have

&Y = _%CIMdEI (5.7)

in terms of the duality equation (5.1) and this is consistent with being an Fji-covariant object

as the component C'M 5 is a tensor under Eq;. By contrast, C'M, is not a tensor and to obtain
a covariant equation for the J¢p® variation we have to combine the non-covariant equation &,

from (5.6b) with an appropriate projection of the duality equation. The correct choice is

= 1 1
Ea=En— §chaaM51 +5 Fra I CM 8 (5.8)
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and it transforms covariantly under eq1: 5A§a = ABfBVagﬁ.
In order to prove this, we use the notation of non-covariant F; transformations introduced
in (2.12). First, (5.6b) can be rewritten as

Agga = KﬁdaaMgoé\/[ - Kﬁd'yféapyJM(sgy’ (59)
while the other parts of (5.8) transform as
sl _ L Lo s, yoIm
N SCM a0 Er + 5 Fra" T C 51|
1 s 1 5
= §KﬁaaCIMaaM51 - §fwaéKﬁa501M&JM751
= K% 0mEY + K% f507 Ta €Y (5.10)

where we used (2.34) and (5.7). Combining this equation with the previous one shows that (5.8)

-~

is E11-covariant and &, is the equation we shall now determine from the pseudo-Lagrangian (3.8).

5.2 Varying with respect to the F,;/K(F;;) fields

We consider the variation defined in (5.3) that implies in the various Ej; representations

SMMN — oM, MPNGg, 5 Tata = Onrdba + F¥aTnip0,
oMy :TQK[MJK5¢Q, 5M1~j :Taf{f./\/ljf{(s(ﬁa. (5.11)
We start with the pseudo-Lagrangian (3.27), and we first look at the combined variation of
Lyin and Lyop as these are the only parts of the pseudo-Lagrangian where the indecomposable
structure enters and for which the considerations from Section 5.1 have to be taken into account.

The variation of Zkin from (3.28a) with respect to the Ej; fields, up to a total derivative terms
which we discard, gives

6 Lin| = 80 BOIMaaM (MisF7) + %MUFJCIM,Y i Int? — i W Mg FTRY
= §¢” BOIMaaM& + % fap?CT™M I P8 — iTaKIMJKFIFJ
J&QU <2FJ CMI f,87In® — C™™M CIN g £.68 a7V IN° + 201, TN Ba[MXN}B
+2CIMQCJNKOM§N7\>] , (5.12)
where we have used the Bianchi identity from [13, Eq. (3.42)]:

1 ~
Qr,C™ oy F! = —§QIJC'IMaCJNﬁf»y56JM7JN6 + QIJCIMﬁCJNBa[MXN]B
+ QO™ OV o (5.13)

The first two terms in (5.12) are the appropriate covariantisation terms in accordance with (5.8).
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The variation of Liop from (3.15), up to total derivative terms which we discard, is given by

1 4 ;1 5 ;1 5
0Liop = 69 [H&MN< - §TaaBaMXNB + —fvaBTBagJMVXNB + §K[aa6]fﬁw5JM7JN6

—K[ﬁdy]féaBJM”JN6> + 3 QIJCIMBCJN (56 O — fra” It )} , (5.14)
Combining the variations 5£~kin and 0Liop leads to

~ 1 1 1
5|:£kin + Etop] = 6p“ [50”‘40{81\451 + §fa5’yCIM«,JJ€[5[ — ZTQK[MJKFIFJ (5.15)

1
—§H&MNT @MN +QIJCIM Cc/N4 <5ﬁ aMCN - _f'yaBJMﬁ/CN >

1 - - . -
Jr§1T&J‘MITVO‘BJJ\47 <TaB&JMVXN7 + KQB5JN6) + §QIJFJCIMﬁfBa7JMV} ,

where (2.10a), (2.10b), (2.38a) and (2.38b) have been used.
There remains the variation of Lo defined in (3.28b). Adding its variation to (5.15) gives
the field equation £> = 0 for the constrained fields, where

o 1 1 < 5 ~ 1 -
& =3 <Maﬁ+/€a5> [— §H&MNT6(1§®MNB + Q0™ eIV (f% OnCn™ - §f56VJM5CNA>
1 - - B _
§H&MNTVQBJMV (TﬁBaXNV + K555JN6>
1 1
—50u (kpog, MPCINT) — Z@PQM;TB sMO5Q — 2kl s MPQ wa)JMVJN } . (5.16)

1 1
—ZTQKIMJKFIFJ + §Q]JFJCIM7f755JM6 +

and for brevity in notation we have defined the E1; invariant tensor
’{gé)vaﬁ = /{Ocﬁ 5%5&2\[ - ZTQMPTBNQ s (5.17)
and the projector is required because d¢“ satisfies

Magdd? = kapde’ . (5.18)
The equation of motion (5.16) is indeed an F1; tensor. To see this we note that QUC’IMBC'JNK
is an invariant tensor and one checks that

NG IO £+ ST T s (Tl + KoPaa?)] =0, (5.19)

using the identities (2.37a) and (2.38b).
To understand the implications of Equation (5.16), it is useful to look at its linearised ap-
proximation. At linearised order one gets with Jy/* = dpr¢® that (5.16) simplifies to

<77aﬁ+ﬂaﬁ) Q0™ g <CJN 3[MXN] — N ouCn" >

1
= (0™ 4+ £*7) <§?7MNHW - T pT Vg nPQ> dong” . (5.20)
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where the index « is explicitly projected to e1; © K(e11). This equation, together with the
linearised duality equation

(1 — Q) (C7N gong? + C N axn® + Vvt =0, (5.21)

define the linearised equations of F1; exceptional field theory. One can anticipate that the right-
hand side of (5.20) looks like a propagating equation for the F1; coset fields, whereas its left-hand
side takes the form of an integrability condition for the constrained fields. One may have hoped
that the linearised duality equation (5.21) allowed setting both sides of (5.20) to zero, but the
structure of these equations is more complicated than this. To extract the propagating degrees
of freedom of the theory one needs to consider a particular solution to the section constraint and
analyse these equations in an appropriate level decomposition. We will carry out this analysis
for the GL(11) level decomposition in Section 8.

6 Analysing the pseudo-Lagrangian in level decomposition

The definition of a Kac—Moody Lie group from a Kac—-Moody algebra is subtle because the
formal exponential of generic Lie algebra elements diverges. In particular, the current Jy; =
M~193 M defining the theory is not well-defined for M = V)V and V a product of exponentials
of generators in the positive Borel subgroup. Likewise, the naive duality equation (3.1) is ill-
defined since the matrix My is the product of an infinite lower- and an infinite upper-triangular
matrix, leading to infinite sums that do not converge. We will see that the theory is nonetheless
well-defined in the unendlichbein formulation, modulo mathematical subtleties related to the
definition of the Kac-Moody group that we discuss below. Since we want to recover (exceptional)
field theory in D dimensions it will be more convenient to use a hybrid formulation that was
introduced in [13] and that we shall refer to as the ‘semi-flat formulation’ here. In this section, we
review this formulation and write the F1; pseudo-Lagrangian (3.8) in a way that is appropriate
for level decomposition.

6.1 The semi-flat formulation

For any Cartan generator of e;; with integer eigenvalues we can decompose the algebra eq; into
eigenspaces of fixed (adjoint action) eigenvalue k € Z that we call level

-1 00
ey = @ TGN (ONEN @uw) 7 (6.1)
k=1

k=—o00

where 1) is a reductive Levi subalgebra and u = @7, u®™ a ‘nilpotent’ subalgebra including all
strictly positive levels k.2 The typical example we have in mind is when the Cartan generator
is Hp,, for the fundamental weight associated with some node D of the Dynkin diagram and
then (6.1) is the level decomposition of the type studied in [61,62].

29The algebra Dot u® is not strictly nilpotent as the level goes to infinity. However, this terminology for the
algebra is convenient and suggestive, as is ‘unipotent’ for its exponential image.
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We work in an Iwasawa patch®’ where any element of the Kac-Moody group can be decom-
posed as

g = hlu, forhe K(Ey), leL, uwelU, (6.2)

with L the Levi subgroup with Lie algebra [ = [(©) (that we assume finite-dimensional in this
section, for example GL(11) or GL(3) x Eg) and U the unipotent subgroup associated to u. We
write V in this gauge as

V=ovlU (6.3)

with v € L the coset representative of the finite-dimensional symmetric space K(L)/L and
U € U. From the Levi element v we define

m=vinv, mtoym =v~! (anv_l + n_l(ﬁMvv_l)Tn)v. (6.4)
Recalling that M = VinY = Utmi, the E1; current Jy; introduced in (2.23) then becomes
Iy = MToyM = U (m ™ oym + o UUT + mTH O UUTIm) U (6.5)
and is still ill-defined. Conjugating with U, however, produces the well-defined object
I =UTyuU?t :m_laMm+/\/'M—|—m_l./\/Lm (6.6)

with Ny = Oy U U™, This is well-defined since AVj; can be expanded to any order in the level
associated to L using only polynomials and m acts on each level component as a finite-dimensional
L matrix. All the F1; modules we consider in this paper are integrable, and the components of
N on an integrable module vanish at some finite order by definition. In components we write

Ju® = U_langﬁ . (6.7)

The corresponding field redefinition of the constrained fields is

X = U_lngMB +uwi(UNI ot = U™, et = U, (69)
with the indecomposable structure under the action of (the unipotent subgroup) of E1; entering
for x through the group cocycle w whose infinitesimal version is K% introduced in (2.9) (see [13,
Eq. (2.4)]). Note, in particular, that one can write Jy;& = L{_langﬁ with Jy® = xu® The
semi-flat field strength, defined by FI = y=;F7  is

Flm U™ Ny (€™M0 + OO (6.9)

30Since the subalgebra K(e11) is fixed by the temporal involution, there is no global Iwasawa decomposition.
In particular, time-like U-dualities, mediated by Weyl reflections associated to compact coset elements, do not
preserve the Iwasawa patch connected to the identity. The resulting group element under such an action has to be
decomposed in a different patch which can also correspond to a different signature of space-time [65]. An analogy
with pure gravity is to write the metric in ADM form everywhere which is possible only for globally hyperbolic
space-times.
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The point of all these redefinitions is that the duality equation (3.1) becomes
mpy ! =QF’ (6.10)

and the bilinear form my; now acts as a well-defined block diagonal matrix level-by-level on the
level decomposition of the field strength representation 7_;. Recall that m = U~ 1T MU~ =
vinv can be simply computed level by level using the bilinear form 7 and we have used invariance
of the symplectic form UQUT = Q here.

6.2 The pseudo-Lagrangian

The redefinition applied to the pseudo-Lagrangian (3.8) also gives a well-defined pseudo-Lagran-
gian for m, U, X% and 5 . For most terms of the pseudo-Lagrangian, F1; invariance allows
us to simply substitute the tilde fields for the original ones, but some more care is needed to
obtain the topological term because its Ep; invariance is not manifest (see (3.14)). The main
part (3.13) of the topological term involves the field strength

Oun™ = 20m (U1 g’ + wGUTHINT) + U 5T Lo (U g + (U INT)

—I—jM’YU_laﬁfK[adm U_w(;jjvé, (6.11)

where the right-hand side is to be anti-symmetrised in [M N]. To simplify this we note that the
indecomposable action of Fy; implies from the non-tensorial nature of the cocycle that

U U UK s = KO% 4w (U U 5T+ Wl (U U505
= UTKRY = U KUY U T s (U oS (U . (6.12)

This follows from exponentiation of (2.13).%!
One can also check that this is the identity that is needed for © ;% to transform covariantly
when acting on the & index, using

Yo+ gl T =g

XM& -9 _MQJMB (6.13)

and the Maurer—Cartan equation, similar to the infinitesimal calculation in (3.14).
Using (6.12) in the topological term (6.11) leads to

@MNd [M:N} ZOM(Z/[_M{B)ZNB) + 28M(w§(L{‘1)L{5A,) Z/[_lfy(;jNé

+ U 5T (TP 5X8T + Ko pIN") - (6.14)
This can be further simplified by computing the derivative of the group cocycle as follows

Oar (W (U)) = S (U exp(—Nn)

— %[wg‘(u—l)e}(p(—t/\/’MﬁB + L{—ldgwg(exp(—tNM))} . (6.15)

SIWe recall that the action of the group Ei; on e @ R(Az2) is defined by ¢ 't%g = g%st°, ¢ 'i%
gagfﬂ + aug‘(g)tﬁ7 such that g?gggn, = (g192)%y and where wg‘(g) is a group 1l-cocycle satisfying wg(glgg) =
w5 (91)g5 5 + g7 5w} (g2)-
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Using My = Oy UU~" in the first term, and that wg (exp(—tN)) = —tA K% + O(A?) in the
second term, it follows that

Om (wg‘(Z/I‘l)L{B,y) U_lﬂy(; = —U_ldéK«/B(s./\/’M’Y . (6.16)
Substituting this into (6.14) leads to

@MNd [M:N] 28M(U_1&B)~(NB) + U_ldﬁ* [jMaTaB:Y)ZN:Y + (jMa - QNMQ)KangNB] . (6.17)

The similar analysis for the other constrained fields CMK is simpler since they are not in
an indecomposable representation. Including their semi-flat version (6.8) leads to the following
semi-flat topological term

1 - - 7 am & _~ B 7 « «a & g
EtongndPQu WMou=, |:jM o BXNB+(7M — 2N ) K, BJNB]

1 - - = a7 A & - f
—§QIJCIPaCJQKU 1MPU 1NQjM CNA+HdMNaM(u 1 BXNB)7 (6.18)

where we have used the E; invariance of the tensors appearing in the pseudo-Lagrangian. Note
that we could drop the last total derivative and the resulting pseudo-Lagrangian would still be
gauge invariant up to a total derivative.?” We shall nonetheless keep this term such that the
pseudo-Lagrangian transforms as a density under generalised diffeomorphisms. Because

jM — 2N :m_laMm—NM —I—m_l./\/'}(/[m (6.19)

compared to (6.6), the sign of the positive level components changes and in this way the cocycle
Kaa‘g appears symmetrised in the adjoint indices for high enough levels, rather than antisym-
metrised as in (3.13).

The rewriting of all other terms in the pseudo-Lagrangian is straightforward and similar to
what we just saw for the fields (p/2.

We note that there is still an action of the unipotent matrix U/ on the constrained space-
time indices of the current and the constrained fields. U~V ,;0n gives infinite sums for an
arbitrary unconstrained derivative, but we shall always consider the class of solutions to the
section constraint associated to a finite-dimensional Levi subgroup L, such that only finitely
many components of 9y of bounded level are non-zero and U~V 3,0y is well-defined.®® This
matrix action is important when considering the embedding of GL(D) x Ey1_p exceptional field
theory in Fj; exceptional field theory as we shall see in more detail in Section 9. For GL(11)
and the D = 11 solution of the section constraint for which the fields only depend on the eleven
coordinates ™, it has no effect since U does not contain any GL(11) component and so leaves

O, invariant and we have in this case

U IS =00 Tm® . U yxn® = 00xm® . U ™ = oG (6.20)

32If one instead drops 20 x N]&, gauge invariance is only true up to a more complicated total derivative mixing

linear and non-linear terms.
330ne can define the subgroup Uy C U associated to the Lie algebra u>y = @;‘;k ug, and for some finite k = ks
we will have that U~ 10N only depends on the finite-dimensional equivalence class of U in U/Uj_41.
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6.3 Gauge transformations and compensators

The action of the generalised diffeomorphisms on the fields m and U requires a compensat-
ing K (ej1) rotation as in [13], such that it preserves the parabolic gauge condition (6.3). The
general formula can be given in level decomposition (6.1) of e;;. We write the generators ap-
pearing at level k£ as t*® and similarly for the associated structure constants. The generalised
diffeomorphism acting on V with a K (e11) compensator to restore the parabolic gauge (6.3) is
then

0V = MoV + TM noye™ vt =3 To MavTP VN gopeQ (e — T leentn)y (6.21)
k=1

[e.e] o
= Moy + Uy UM Gope? (Z T M nvt®® + > T Mmoot m> u.
k=0 k=1

For k > 1, both t*® € w;, and n~ %%y € u;. For a choice of section adapted to the Levi
subgroup L, T*®N 3,0x = 0 for k > kg for some finite ks, and the compensating K (ey;) transfor-
mation in the first line is a finite sum with k < k. For GL(11), ks = 0 and for GL(D) x E11_p,
ks = 1.

This gives the gauge transformations

dem = EMoym + Tam)MN Uy uN gope? (mt*o + to‘(“ﬁm) , (6.22a)

b = EMOn U+ U UN QOpE? Y (T Mt + T Mym™ e tm) U (6.22D)
k=1

One obtains as well for the current and the constrained fields
(5§jMa = fNaNjMa + aMfNjNa + Z/{_lQN Z/{PRaQfRT-y(ﬂ)NPf'y(”)aﬁjMﬁ (6.23&)

ks
+ Z U N UP RDGER (Tw—kfv P10 —mN mpy T, s f10% > In?

k=1
+ TR U U p (00 ONEY +mugmTV Oy 0pE?) |
Sexm® = VO™ + OV XN — U N U ROGE T NPT 5X0s” (6.23b)

ks _ o
= > U N U p0QE R T N p (T g + K075 00
k=1
—mNmpyTo, s (TQ"“)&B)ZMB + Ka“")dﬁjMﬁﬂ
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Here, we assumed that the sum over k& can be bounded by some kg associated to a choice of
section, but the same formula holds generally if one takes ks — oco. We also used that one
can always choose K®©%; = 0 for a finite-dimensional L.>* One obtains in this way that the
transformations of the fields &~ 3, 7% and U~V 3¢ A that appear in the pseudo-Lagrangian are
finite and well-defined. The proof of the gauge invariance of the pseudo-Lagrangian in Section 4
is not affected by the similarity transformation with respect to U, so the formal manipulations
carried out there apply to the well-defined pseudo-Lagrangian in the semi-flat formulation.

6.4 Mathematical subtleties

The Lie algebra e is an infinite-dimensional (Lorentzian) Kac—Moody algebra that is defined
from its Chevalley—Serre presentation in terms of simple root generators and Cartan generators
satisfying a set of relations [71]. It is not known how to obtain a closed list of all the infinitely
generators with their multiplicities and structure constants from this implicit definition. There
are calculational methods to probe the structure of ¢1; at low levels in a level decomposition and
the most comprehensive results were obtained in [61,62]. In the same way that the algebra is
defined, the existence and uniqueness of irreducible lowest and highest modules can be proved
from the implicit definition of e¢;;. For our purposes we typically only require existence and
uniqueness of the modules and certain associated invariant tensors.

In order to properly define the theory we need to be more precise about the Kac-Moody group
Fq1 and its modules. There are two natural Kac—-Moody groups associated to the Kac—-Moody
algebra ej;: the minimal group E7] and its maximal positive completion Eff [89, §7, §8].%°
Any element g € ET] of the minimal group can be written as a finite product of one-parameter
subgroup elements associated to real roots g = [[,, jea €XP(2at®) (with z, € R) acting on an
integrable module. By contrast, elements g°* € Ejf of the (positive Borel) maximal group ES}
are defined as products of one-parameter group elements associated to roots ¢°* =[], exp(zqt®)
in an integrable module, such that the product involves finitely many negative real roots a €
A_ N ARe, but possibly infinitely many positive (real or imaginary) roots o € A.%% Similar to
the different notions of the Kac—-Moody group we can also consider different types of modules.
Any integrable module of the Kac-Moody Lie algebra e¢;; has a weight space decomposition into
finite-dimensional weight spaces. The two different types of ‘modules’ now differ by allowing
only finite or also specific infinite linear combinations of vectors from these weight spaces. To
be more precise, we define a minimal integrable module, such as ¢!} or R(A)™, as the set of
elements in these vector spaces that have only finitely many non-zero components in a weight
space decomposition. This means that, grading the weights by height, any element of a minimal
module has a bounded height. Equivalently, grading the weights by the level associated to a

34This would not be the case for L = SL(2) x Eg or GL(1) x E1o, where the indecomposability already occurs
at level zero [58].

351n fact, there are different definitions of each of these groups but they are equivalent in our split real form [89)].

36 An analogy to keep in mind for the definition of these groups is the affine case. The minimal loop group
@?’ is defined as the group of Laurent polynomials in the spectral parameter w valued in the group G, whereas
its maximal positive extension @f is defined as the group of formal Laurent series Y ~. _ cpw™ in the spectral
parameter w valued in the group G.
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finite-dimensional Levi subgroup as in (6.1), any element of a minimal module has a bounded
level. When one talks about the Kac-Moody algebra e;; one often means e} and this vector
space carries the Lie bracket defined in [71]. In particular, all elements of the Lie algebra e} act
finitely on minimal modules.?” One can define the exponential map for the real root generators
and the group generated by these one-parameter group elements acting on all minimal modules,
such as ef] or R(A\)™ for any dominant weight A, defines the minimal group EJ}. The minimal
group ET; therefore acts on minimal modules. The minimal lowest-weight module Wm is
defined in the same way as a module of the minimal group ETj.

Let us consider on which minimal modules one can act with the maximal group Efi" Since
the imaginary root generators are not locally nilpotent, an exponential of a positive imaginary
root generator can and will take a finite linear combination in e} to an infinite linear combination,
going infinitely far in the direction of positive height. Therefore, Eﬁ' does not act (finitely) on
the (minimal) Lie algebra ¢f3. In the same way, Ef{ does not act (finitely) on minimal lowest
weight modules Wm since it can produce infinite combinations of weight vectors (for positive
weight) from exponentials of imaginary roots. However, it does act on highest weight modules
R(M\)™ since the heights of the weights in R(A)™ are bounded above and therefore all exponential
of positive (imaginary or real) root generators evaluate to finite sums.

In order to define an action of the completed group Eff on more modules one can consider
positively completed modules where infinite linear combinations of weight vectors of positive
weights are allowed. We shall write these modules as e'ﬂ" and mm— and now the group Efi"
can act on them formally, since in order to compute the result of the action of an exponential
of a positive imaginary root generator on an element of WCJF is a finite calculation for each
fixed weight space. The group Eﬁ' cannot act on completed highest weight modules R(A)~
(including infinite linear combinations of weight vectors of negative weights) since there would

be infinitely many contributions to a fixed weight space.*® The module R()\)C+ is the (algebraic)
dual of R(\)™ and the pairing is invariant under EY} .

With this more refined notion of group and modules, we can now be more precise as to where
the fields live and what the symmetry group of our model is.

If one defines the fields and the coordinates of the theory in minimal modules, and V € ETj,
all the algebraic identities used in this paper are well-defined. However, including all supergravity
fields in a given Iwasawa gauge for the coset E11/K (E11) requires to consider also the exponential
of imaginary (or null) roots generators. This is the case for example for the dual graviton field
with all GL(11) indices different in eleven dimensions [61,62,90]. The physical fields must

therefore be defined in the (positive Borel) completed group Efy.%

37¢Acting finitely on a module’ here means that any weight vector in the representation is mapped to a finite
linear combination of weight vectors in the representation. We assume a basis for the module adapted to the
weights with finite-dimensional weight spaces.

38In the analogy of Footnote 36, the action of ESF on T)\)C+ is like multiplying two formal Laurent series
around zero which is well-defined, whereas the action of E{} on R(A\)°~ would be like multiplying a Laurent series
around zero with one around infinity which is not well-defined.

39When using the affine symmetry to study solutions, one also requires elements of a completed group to describe
black hole solutions [91], so physically the minimal group appears too small. But there are more completions
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We thus define the fields of the theory such that

VEES, xeRM)™®L(A)", CeRM)™©L(An) , (eRA)™ LA

(6.24)

and the derivative d = P™0,, € R(A1)™ in general. With this definition, the field components can
be non-zero to arbitrarily large height (or level in a level decomposition), whereas the coordinate
dependence, prior to a choice of section, must be such that there is always a maximal height
for which all the derivative components vanish, and as well for the constrained indices M of
the constrained fields. This definition ensures that V acts on the fields of the theory and their
derivatives. It also ensures that the action of generalised diffeomorphisms is well-defined in the
semi-flat formulation, because for any field configuration there exists a finite maximal level kg in
(6.23).

However, the Cartan involution is not defined on e'ﬂ', because it maps an element of eﬁ'
to an element of ¢{], the Lie algebra extended along the negative Borel. For V € Eﬁr, we
have by construction that dVV~! € R(A;)™ ® eI, but according to (6.6), Jus takes values

in the doubly extended vector space eﬁr_, in which elements can have infinitely many non-

zero components for both positive and negative roots. This vector space e‘i'f_ is not a Lie
algebra, because commutators are not well-defined, and it is not a module of the completed
group Efi" either. Considering the minimal Kac-Moody group ETj, it is nevertheless well-defined
as the co-adjoint E-module ¢{]~ = ¢[3*, and there is a well-defined E-homomorphism from
R(A)™®¢eST™ — R(A;)°". The field strength F belongs to the doubly extended module 7]~
of EYj.

The coset representative V transforms under (2.21) under the constant g € E{; on the right,
and the compensating k(z) € K(E11) C Ef C Ef] on the left, so by construction the coset
projection of dVV~! transforms under K (E11) C Ef. It follows that Eff is a symmetry of Fq;

exceptional field theory.

With the definitions (6.24), the pseudo-Lagrangian (3.8) remains a formal object. If we
consider for example the first term in (3.9), it involves the Killing-Cartan contraction of two
currents Jy®, which generally produces infinitely many terms for an element Jy® € e(ﬂ"_. In
the same way, the second term in (3.9) involves the scalar product of an element in R(A;)°” with
an element in mc , which is again a formal infinite sum. Nevertheless, this is not a problem
for the definition of the theory. The pseudo-Lagrangian (3.8) is an infinite sum of terms that
depend on infinitely many fields and is well-defined as a formal pseudo-Lagrangian that generates
well-defined Euler-Lagrange equations.’’ In the next section, we shall show explicitly how to
use the pseudo-Lagrangian and the duality equations to obtain well-defined equations in a level

available in the affine case, and what appears relevant for black hole solutions is the group of meromorphic
functions of the spectral parameter on a Riemann surface valued in the group G and not the full group of formal
Laurent series.

40Ty give an illustrative example, this is the same infinity of terms that would occur in the Lagrangian of
infinitely many free fields, which have well-defined equations of motion. For the F11 ExFT pseudo-Lagrangian as
well, the Euler—Lagrange equations are well-defined but it does not make sense a priori to evaluate the pseudo-
Lagrangian (3.8) for a particular solution of the equations of motion.
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upper index ‘ GL(11) level ‘ fields and representations

o k adjoint of Fj1, labelling the current

o k L(A2) module for constrained field x

/AX(U k constrained field ¢ in L(A1o) @ L(Ay4)

m % only non-trivial part d,, of derivatives dy;y on D = 11 section
Iy, —% +k field strength components in 7

Ly S+k L(As3) representation

Table 3: Index assignments for the indices of the various representations in GL(11) level decomposition.
See also Appendix C for details on the level decomposition.

decomposition when a solution to the section constraint is chosen. The level decompositions in
Sections 7 and 9 use finite-dimensional Levi subgroups. The analysis for infinite-dimensional
Levi subgroups, such as F1g C E11, is yet more subtle and we consider this in Appendix E.

To avoid unnecessary complications in the notation we chose to never specify in which precise
module or group the various objects used in the paper lie in. The reader can refer to this section
to obtain this information, but we shall ignore these precisions elsewhere in this paper.

7 Recovering eleven-dimensional supergravity

In this section, we study the abstract pseudo-Lagrangian (3.8) of Ej; exceptional field theory in
a level decomposition appropriate to the bosonic part of D = 11 supergravity. This means that
we branch all representations of Ej; with respect to the subgroup GL(11) [61,62,2,63,92] and
also consider the solution of the section constraint (2.18) that corresponds to D = 11 space-time,
so that we only retain derivatives 0y, with m = 0,...,10 out of the infinitely may 0p;. We have
collected results on Fy; in GL(11) decomposition in Appendix C. The main result of this section
is that the metric and the three-form gauge potential, that appear at level 0 and 1, satisfy the
eleven-dimensional supergravity equations of motion [93].

7.1 Taming the infinity of fields on section

Before working out the individual terms in the pseudo-Lagrangian explicitly, we first discuss the
general structure of all terms in the level decomposition. As we shall see there are (infinitely)
many simplifications which make the explicit form amenable to study.

The pseudo-Lagrangian contains an infinite sum of terms, involving both the Ey; coset fields
through the generalised metric M as well as the constrained fields y ;¢ and (p/*. In the GL(11)
level decomposition this infinite sum is ordered by the GL(11) level and we shall use a notation
similar to the one in Section 6.3, where we append a subscript to (most) indices to keep track
of their GL(11) level, sometimes with a shift to ease notation. The level assignments we use are
displayed in Table 3.

We recall that the GL(11) level is the eigenvalue of the action of the Cartan subalgebra
element Hp,, where Aj; is the fundamental weight of node 11 in Figure 1. The level for an
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index upstairs or downstairs are opposite and we have indicated the counting for upper indices
only. All Ej;-invariant tensors preserve the GL(11) level, so that for instance C’Immam is only
non-zero for k = ¢. The cocycle K,“3 is not Eqj-invariant but GL(11)-invariant and therefore
also preserves the GL(11) level.

With this notation, the kinetic term (3.11) expands as

1 s i 1 i
I IM_~JN A IM_~JN_, R- 2
Liin = TMuFF* = My G750 AN — MG RO 2Cu O
1 -
— Toy 0
=3 Mgy g0 0 F0 (7.1)
keZ
o N 1 o e N
_ Imym_ cdwn. 7 QwE e _ = Z Iym_ cdwn. ¢ Aw e Em
k=4 k=4

where in the last line we have used that the A index starts at GL(11) level four, see (7.19) below.
To write the topological term (6.18), we first observe that the last term in (6.17) expands
according to

H&(q)mn Z (jma(ik) - 2Nm06(—k) )Ka(—k) O‘(?) B(3+ k) jn6(2+k)

keZ
o0 —0oQ
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o0
_ mn 7ok a3 7 Ba+k) _ T Qs a3 7 Bk
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k=0
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k=0

using that N,,%®» = TIm®® for k > 1 and zero otherwise. Moreover, we have used Fj;-invariance
of TIz™Y and the D = 11 solution to the section constraint to simplify the unipotent matrices U,
see the discussion below (6.18). Using this one obtains for the complete topological term (6.18)
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where in the second step we used (2.38a) and (2.38b), and the property that the constrained
fields only contribute to F7® for k > 3.
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It turns out that computing the pseudo-Lagrangian in level decomposition produces an infinite
number of terms that are quadratic in the duality equations at level k

_ ~J . ~Ji3 k)
5[(k) = m[(k)J(k)f ®) — Qj(k)wak_)]: G-k =0 (7.4)

For k > 2, we define Oy, as the square of the duality equation in the form

1
_ Ty J i
O = —Zm *) ()5](k)5J(k)
1

L 1 3 3 1 _ _
_ _ - Ty TJ il Iy TJa-n _ — I3 TIk
— 4mI(k)J(k)‘F()‘F ()+4m1(3,k>J(3,k)]:( ) Fs-n 291(3%)‘1(@-7:( ) Flu (7.5)

For explicit expressions for Oy and O3 see (7.43) and (8.6) below. Varying Oy in a pseudo-
Lagrangian will not change the field equations since their variation is proportional to the duality
equations that are imposed in addition to the Euler-Lagrange equations. The contribution of
these terms for all k& > 3 will be seen to contain the full dependence on the auxiliary fields
Xm®, Cn™. o

The Euler-Lagrange equations for the fields ¥,n%, (n? give (at least a subset of) the du-
ality equations (7.4) for all k& > 3 and k£ < 0, see Section 3.3. Because the section condition
is completely solved in eleven dimensions, the components of the constrained fields ¥m®, Cn®
are independent and appear algebraically, hence we can integrate them out by applying their
equations of motion, which should be equivalent to subtracting the pseudo-Lagrangian ;.4 O
from the pseudo-Lagrangian £. Combining the first term in Ly, from (7.1) with the last term
in Liop from (7.3) gives
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The second term cancels precisely the dependence in CNmK in Lyin, and one gets in total

2
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Note that the first line contains only the field strengths and currents of levels 1 and 2. The first
term in the second line can be combined with L., and identity (A.22) to give

(e}
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where we used the highest weight property T’ W‘)Qp =0="Tp,™q for all k> 1 in the last step.
Similarly, one obtains
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where we have used m_lj,;%m = JIm to get the factor of 2 for the second term, and the Fji-
invariance of the structure constants to convert m*@ in mP™. We see that there will be cancel-
lations when combining these terms with those from (7.8).

Combining all the terms together we obtain eventually that the Fq1 exceptional field theory
pseudo-Lagrangian reduces to
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We stress that the terms Oj are not Ejj-invariant since we have chosen the GL(11)-invariant
solution to the section constraint. Note also that the Oy, being proportional to squares of
the duality equations, do not modify the dynamics implied by the pseudo-Lagrangian, since
by construction the Euler-Lagrange equations for the pseudo-Lagrangians Oy are integrability
conditions for the duality equations (7.4). It follows that there is no loss of information in
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integrating out the fields ¥, Emﬁ’ as long as we keep the duality equations. In particular, the
Euler-Lagrange equations of the F1; coset fields ¢®® for k > 3 are integrability conditions for
the duality equations, and are consequences of the constrained fields’ Euler-Lagrange equations.
In what follows, we shall next show that £ — "7, O on section is the (bosonic part of the)
eleven-dimensional supergravity Lagrangian [93]. We shall also analyse the duality equations at
the linearised level, their integrability conditions, and the role of the constrained fields. To this
end, in Section 7.2 below, we shall begin with some preliminaries on the GL(11) decomposition.

We conclude this section by expressing the result (7.10) in an alternative form which will be
useful in the following. To do so, we define the restrictions of the pseudo-Lagrangian components
of (3.8) to level k as follows
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It follows that

oo oo oo
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Using this notation, one can now resume the computation carried out in this section to the
property that for k > 3 we have

Ekin‘g_k + £k1n|k + ﬁpotl |k + ﬁpotz ‘k + £t0p|k
= Luinl;, = Lrin|3_y + Lop|,, = O, (7.13)
such that (7.10) can be written as

o
L= Z ﬁkin‘k + Z Lpot, ‘k + £t0p|2 + Hdmmn mi"dm + Z O - (7.14)
k=1,2 k=0,1,2 k=3

It is remarkable that the infinite number of terms in the total pseudo-Lagrangian needed for
the Fy; symmetry boils down to the infinite sum over the ‘squares’ of the duality equations,
see (7.5), and only a finite number of terms remains outside this sum. The emergence of the
duality-equations squared terms is due to the relation (7.13). Since this relation is central to the
result (7.14), we illustrate how it works for k£ = 3 in detail in Appendix C.5, as an example.
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7.2 GL(11) decomposition

For the GL(11) level decomposition we parametrise the unipotent element as
U= €xp (%ArunzngEnlnym) exp (éAnL..nsEnlmnG) exp (éhnL..ns,mEnlmn&m) U (7'15)

This is the usual GL(11) level decomposition of Fq; up to level three involving the three-form,
its dual six-form and the dual graviton [61,62,2,63,92].4!

The metric m on the Levi factor GL(11) is nothing but the eleven-dimensional space-time
metric gm,. From the way the semi-flat formulation was set up, the duality equation (6.10)
contains the my; which is block diagonal in GL(11) level decomposition. Therefore it acts
just like the GL(11) metric on a given GL(11) field strength component by raising/lowering its
indices, with an additional factor of \/—g because the GL(11) components of F! are GL(11)
tensor densities of weight one-half. The duality equation (6.10), however, becomes a set of
GL(11) tensorial equations precisely because of this factor.

In the parametrisation (7.15) we obtain

Ny =0y UU™ = %8MAn1n2n3Enln2n3 + é(aMAm,,,nﬁ + 10A[n1n2n38MAn4n5n6})Enl“'nﬁ
+ % (90171 g+ 564 1y s Ot A (7.16)
+ 140A<n1n2n3An4n5n58MAn7n8,m>>En1"'n8’m .,
where ¢ -+ ,-» denotes the projection on the (8,1) Young symmetry:

A<n1n2n3 An4n5nsaMAn7n8,m> = A[annsAnwEmﬁaMAmns}m - A[nlmnsAmnmﬁaMAnMSm]‘
(7.17)
The R(A;) index M is not included in the anti-symmetrisation in this equation.
Besides the E; fields v and U we also require the constrained fields (2.30). The L(A2) index
& on the field x ¢ decomposes as [13]

@
XM~ — (XM;nl...ngn XM;ni..n10,p1p2° XM;ni..n11,ps - - > s (7-18)

where we use the same notation as in [57,13] that a comma separates different columns of an
irreducible GL(11) tableau, while a semi-colon separates different columns of a reducible tensor
product.

The L(Ajp) index of the constrained field ¢ ™ decomposes as

CMA — <CM;n1...n11,pa CM;n1-..n117p1---p47 s ) . (719)

The L(A4) index of the constrained field ¢ MK decomposes as

A
Cm™ — <CM;n1~~~n11,p1~~p7’ CM;n1...n117p1~~~p8;II1¢I2’ s > . (7'20)

“'The GL(11) level equals the difference between the number of upper and lower GL(11) indices divided by

three, for the adjoint representation, and this number plus % in the R(A1) representation of E1;. For more

details, see [61,62,2,57]. This rule is only applicable if one keeps sets of 11 antisymmetric indices.
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We also choose the D = 11 solution of the section constraint (2.18) and therefore only keep
the ordinary space-time derivatives dp,. Since the fields in (7.18) and (7.19) are also constrained,

we also keep only their first component ¥,,%, (n?, e.g.

Xmini..ng » (7.21)

where we recall that the semi-colon indicates that this is a reducible representation of GL(11)
obtained as a tensor product of a one-form with the components of a nine-form and therefore
has the irreducible pieces with Young symmetries (10) and (9,1).

Currents, field strengths and tensors

As a preparation to the evaluation of the pseudo-Lagrangian, we first describe how to obtain its
various ingredients in GL(11) level decomposition. We shall from now on leave out all tildes on
the components of the redefined fields, currents and field strengths for readability. However, we
shall denote the components in level decomposition with calligraphic latin letters.

Working out the components of the Levi current (6.4) and the semi-flat current (6.6) us-
ing (7.16), we find (at non-negative GL(11) levels a )

k=0: jp;nm — gmsapgns 3
k=1: Tpininans = OpAningns »
k=2: jp;nl...ng = apAnl...ns + 10A[n1n2n38|p|14n4n5n6] ) (722)
56
k=3: jp;nl...ng,m = aphnl...ng,m + ? (A[n1n2n36|p|An4...ns}m - Am[n1n26|p|An3---n8})
280

TAm[m na Ananans a\p\ Ansnms} :

All the indices occurring here are curved with respect to the Levi factor GL(11) which is why
we call the formulation semi-flat. We shall use the GL(11) metric gy, to raise and lower indices
on these and similar GL(11) tensor (densities).

The components of the semi-flat field strength can be obtained from the current compo-
nents (7.22) and the structure constants C'M4 given in (C.12) as

fnlnzm = 2\7[n1;n2}m7
]:nl...n4 = 4t7[n1;n2n3n4} )
-Fnl...n7 = 7\7[n1;n2...n7} ) (723)

Fny..ngm = Y nisna..ngl;m + Xmina..ng »
where in the last equation we have defined the GL(11) reducible field strength
For..mgim = Fny..ng,m — Fni..ngm - (7.24)
Separating its relation (7.23) to the current components into irreducible constituents yields
Fry.ngm = 9‘7[n1;n2-~-n9},m + Xmina..ng — X[miny..ng] »

Jtnl...nm = X[nl;nz...nlo} . (725)
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These field strengths components take the explicit form

Frina" = 29" O, Inolp »
Frrng = 40, Anpngnal » (7.26)
Foremr = 10y Ay na) + T0A 11 nams Ona Ans mgna] »
Foromoim = 99 Prngmsnolm + 840 A0 no Angnans Ong Anrngno]
+ 168 (A nzns Ona Ansngnansnolm + AmfninsOns Ansnsngnynsne]) + Xmini..mg -

As we have seen in the previous section, the pseudo-Lagrangian (7.10) only involves the three
first field strengths above.

The FE7; representation matrices are most easily determined by reading them off from the
rigid e;; transformations of the fields and derivatives. These transformations are displayed in
Appendix C.1 in the conventions of [57]. In particular the components of the matrices T y
can be obtained from (C.6).

The components of II5M% can be determined from the explicit gauge transformation of y &
as given in [13, Eq. (4.17¢)]. The relevant lowest component of TI5 ™% is fixed by comparing [13]*?

O Xminy..ng = 240m0)n; Angy..mg] — ﬁgmm <o Onope Grg€lt PP 0 0,7 (7.27)
to (2.59a). This implies that the relevant component TIgM¥ is TI"1-79P1P2 = _gn1--19P1P2 and we

take the summation over this & component to include the canonical combinatorial factor &.43

For the components of the cocycle K adﬁ we need to extend the results on the rigid eq;
transformation given in [57, Eq. (4.33h)] to a few more components. We write this here in terms
of the commutator (2.9) in the form

1 1 1 ~
n m ninans ni...ng ni...ng,m
— | hy" K™ + _enlnzngE + _enl...ngE + genl...ng,mE ’ 7Fn1...n9

3! 6!

= Qh[nlpFn p— 28€[n1n2n3Fn4___n9] — 56e[n1...n6Fn7nsng] + ge[nl...ng,|p|hpng] , (7.28)

2...19]

where we recall that the lowest component t% in R(As) C To is a nine-form Fy, see (7.18).
The tensors C! p5 can be determined conveniently from the auxiliary field strength

Gl — CiMaMMNjNa _ CfMaMMNjNa + CfM&MMNXNd (7.29)

that was defined in [57]. Expanding it out to lowest orders in the GL(11) level decomposition
leads to [57, Eq. (5.26)]

Gny..ns = gpq(jp;m---n&q + Xp;m---nsq) (7.30)

“20ur convention is that %' '® = 41 is the Levi-Civita symbol (with constant components) and its indices
[n1 | 6”11]
4 [m1 miy ]’

In general, the combinatorial factors are those in the K (F11) invariant bilinear form on the R(A2) represen-

are lowered with the metric, so that ™™gy, .m,, = 11ldet(g)d

tation.
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where we have given only the components that are non-zero when choosing the D = 11 solution
to the section constraint. From this we find the following components of C! p5

Cnl...nsmqlmqs’r = 8' <51qu1[11’1,885; - 5%11325;}> 9 C’nl...nsmql.“qg = 9' 51(’{11%88(1;3 : (731)
Note that we will not need the components of [Tz, K& g and ol pg defined above in Section 7.3
below, because all the corresponding contributions are already canceled in (7.14). Nevertheless,

they are important when considering the dual graviton field and they will be used in Section 8.2
and in Appendices C.4 and C.5.

Expansion of the duality equation

Before considering the pseudo-Lagrangian (3.8) in level decomposition, let us briefly comment
on the expansion of the duality equations as this underscores the role of the constrained fields.
The duality equations (6.10) become for the first two instances [13, Eq. (4.14)]

1
Fry.nr = W—_ggnlpl e Gnapr €Ty ggsga (7.32a)
1

m
‘7:”1“2

= W_—ggmtngnzngqlqulmpggmq}-m...pg;q : (7.32b)
The first equation does not contain the constrained fields and is recognised as the usual mat-
ter duality equation of D = 11 supergravity. An integrability condition of this equation is
am(\/—_gfmnmns) = ﬁa”ln?n?’pl"'psfpl___p4.7-"p5___p8, where the familiar non-linear term [93] is
due to the Bianchi identity O, Fp,. ng] = %f[nl...m;fns...ng} of the seven-form field strength
that is implied by (7.26). The second equation is akin to the first-order dual gravity rela-
tion [94,95,61,96,97]. It contains the additional field Xpmm,..ne that plays the same role as the
Stiickelberg gauge field in the vielbein formulation [61,96]|. Equation (7.32) can be seen as simply
determining the field Xn:n,...no in terms of the other fields and therefore imposes no condition on
the gravitational dynamics. This is remedied by the pseudo-Lagrangian (3.8) that we have put
forward in this paper: It implies additional equations for the constrained fields that we derived
in Section 5. As we shall see in this section, we can alternatively use the pseudo-Lagrangian to-
gether with a choice of section condition to integrate out the constrained fields, thereby solving
their equations of motion. The remaining dynamics for the E7; coset fields will then be seen to
be equivalent to the bosonic sector of D = 11 supergravity.

7.3 D =11 supergravity from the GL(11) expanded pseudo-Lagrangian

We shall now explicitly write out the various terms in (7.10), using the notation introduced
in (7.14). The resulting pseudo-Lagrangian £ — > 72, Oy is the (bosonic part of the) eleven-
dimensional supergravity Lagrangian [93], where we recall from (7.5) that Op=—m!®7w &y £ .

Evaluating the first term in (7.14) requires knowledge of the representation-theoretic con-
traction that can be extracted from the linearised analysis in [57, Eq. (5.39)]. From this we can
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immediately write down the resulting expression in GL(11) level decomposition for the compo-
nents of the field strengths deduced above using (C.18)

1 o
Z ﬁkin‘k = - m](k)J(k)fI(k)fJ(k) (7.33)

k=1,2 k=1

=:—v ( Forgoms F7 4 VEHWMIMWM).

The /=g comes from the weight of the R(A;) coordinate module (C.7). This contains all
the contributions to the kinetic term that remain after integrating out all the constrained fields.
Indices are raised and lowered with the GL(11) metric g,,,. In particular the matrix components

my, J,, and my, j, are given respectively by
MIN2NENAPIP2PIPL [ /—_gg[m \plg\nz Ing|n3 Ipaglm}m

M TPLPT 7!\/__99[711 \plg\nzL’Dz o g\n7]p7 ] (7.34)

Next, we compute the terms from Ly, . For the first line of (7.9) we get

1 - -
1 Mo m™" Ion® -5 Zma " T TP (7.35)

1 2
= —Z\/—_ggmn (jm;qun;qp - gjm;ppjmqq + g~7m;puvngjn;plmp3 + @jm;m---pejn;plmm) )

where we used m™" = /—gg"™" and the bilinear form My B, 1 the same normalisation as
in [57, App. A.1], see also (C.16). For the second line of (7.9) we use (C.6) and (C.7) with the
rule

AgTPC 00 = 6A0m ,  ATT™Q0m = 0000 , (7.36)

so that for any parameters &, Gm, %, ¢°
ma(k)’Y(k)T“/(k)nQTﬁ(k)mepmfmwa(k') C,ﬂﬁﬁ(k‘) = mpmgmém*1¢7m5¢gp s (737)

where 64 and 6, -1, act only on (, as d5 in (C.6) and (C.7). Performing these steps for all
terms, we find the following expression

2
Z Mayye T Q Ty, @y Ty 0 0 (7.38)

1 1 1
= /—g9™" (jq;npjm;pq - jp;qum;np+1t7m;pp~7n;qq+§~7q;mp1p2~7n;qplp2+§~7q;mp1...p5t7n;qp1 p5)

where we used Jp.q" ¢"?grn = Tm:n. To combine these terms we use moreover the expansion of
the Einstein—Hilbert Lagrangian

V—gR =20, [\/ —99™" ¢ (OmGng — aqgmn)]
1 1 1
+ \/_gmn< Tpim? Tnsg” — ij;qun;qp + ij;ppjmqq - §~7p;qq~7m;np) (7.39)
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that can be checked by expanding everything out in the metric and its derivative. Combining
(7.35) with (7.38), and using (7.39) we find

Z ﬁpot1 ‘k = \/—_g<R — ﬁfnln_mlf"l-..mi _ L-Fnl___wanlmyw)

|
k=0,1,2 2-7!
9p / g_gmngpq(amgnq — qgmn)] . (740)

where we have used the relation (7.23) for expressing the current components via field strength
components.
Finally, we use (7.28) to write (6.18)

1
Etop‘Q = mgnlmnll‘}—n1...n4]:n5...n11 . (741)

Summing up the results for (7.33), (7.40) and (7.41), we get

ni...ni1
3 ]:nl...n4]:n5...n11

1 n1..n 1 n1..n
L= \/__9<R_ ]:m...n4]: Pt — ]:m...n7]: b 7) + 5.0l

4 -4 4.7

1 o0
—0p [x/—ggm”g”q(amgnq = 049mn) + ga””l"'”wxm;nz...nm] +> Ok (7.42)
) k=3

The first line describes the bosonic sector of eleven-dimensional supergravity in the democratic
formulation in which both three-form and six-form potentials occur.** In order to compare with
the standard formulation of eleven-dimensional supergravity it is convenient to exhibit that the
terms involving the six-form potential also combine in a term proportional to the square of its
defining duality equation (7.32a)

=3 1 L
Oy = 4.7 (‘Fm...n? o r\/__gsm___mpl p4fp1"'p4> (]—"”1 T 4!7\/—95

nl...n7q1...q4fq . >
1.-.q4 | -

(7.43)
Although Oy cannot be canceled by integrating out an auxiliary field, it does not affect the
equations of motion that include the duality equations. We obtain finally

L = Longra+ U +VP)+ ) Oy, (7.44)
k=2
where
1 n n n
Lo = V=0 (R = g™ ) = e AP o P+ (1452)
up =V _ggmngpq(amgnq - 8qgmn) ) (7-45b)
1
YP = _ __gPninio (4An1n2n3]:n4...mo + Xm;...nm) , (7.45¢)

9!

4“Though we are not aware of a worked out democratic formulation of D = 11 supergravity, it is similar in

spirit to the democratic formulation of supergravities in D =10 [98].
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and we recall that Oy represents the square of the duality equations, as defined in (7.5). This
result shows that £ — >~ , Oy is the bosonic part of the eleven-dimensional supergravity La-
grangian, up to total derivative terms, as claimed at the beginning of this section. We have
denoted this Lagrangian by Lgygra, even though it represents only the bosonic sector, for brevity
in notation. Given that Y2, Oy does not affect the equations of motion, as a sum of squares of
the duality equations, we proved that Fq; exceptional field theory reproduces eleven-dimensional
supergravity dynamics on section.

Moreover, this result implies that the whole dynamics of E71; exceptional field theory on
the eleven-dimensional section is described by the duality equation (3.1) and the supergravity
Einstein equation deriving from Lgugra. We shall now describe the dynamics of the higher-level

fields.

8 Higher level dualities and the constrained fields

In this section, we describe how the Euler-Lagrange equations of the pseudo-Lagrangian provide
integrability conditions for the constrained fields, such that the higher-level components of the
duality equation (3.1) are dynamical and describe the propagation of an infinite sequence of
dual fields, providing a rather explicit realisation of the proposal of [16]. As explained in the
last section, this is equivalent to considering the duality equation (3.1) together with the eleven-
dimensional Einstein equation from (7.45a), nevertheless it will sometimes be more convenient
to consider other pseudo-Lagrangians that are equivalent to the Fy; exceptional field theory
pseudo-Lagrangian (3.8).

8.1 Preliminaries

The Einstein equation that follows from the full pseudo-Lagrangian £ includes by construction
an energy-momentum tensor with an infinite sum of contributions from all positive level fields.
Using all the infinitely many duality equations (3.1) these infinitely many contributions reduce
to a finite expression. If one wants to obtain a finite energy-momentum for a specific finite set of
fields without using the duality equations, one has to consider pseudo-Lagrangians of the form
Lsugra + e ckOk, where [ is a finite set of integers k£ > 2. By construction, any such pseudo-
Lagrangian produces an equivalent set of Euler-Lagrange equations together with the duality
equation (3.1). For some specific choice of ¢ € {0,1,2} for k € I, one can moreover obtain an
actual Lagrangian for a subset of the fields, as Lqygra for the metric and the three-form potential.
Although these pseudo-Lagrangians are not invariant under generalised diffeomorphisms (up to a
total derivative), the set of equations of motion they produce transform into themselves and into
the duality equations under generalised diffeomorphisms. The reason for this is that they define
the same set of equations as the Euler-Lagrange equations of the invariant pseudo-Lagrangian
L and the duality equations (3.1).

The field content of the F4; coset representative was analysed to all GL(11) levels in [16]
with the result that all generators fall into one of the following four classes of GL(11) Young

o6



tableaux™®®

longest column has length < 8: generators that are part of Eg
longest column has length 9: generators that are part of Ey but not of Eg
longest column has length 10: generators that are part of F1g but not of Eqg (8.1)

longest column has length 11: generators that are part of Fq; but not of Eqg

The fields that include at least one column of either eleven or ten antisymmetrised indices, i.e.
belong to Ejy or Fj1, appear in exponentially growing number in the GL(11) decomposition,
but they are non-propagating. The fields with one single column of ten antisymmetrised indices
correspond for example to non-geometric deformations of the theory, such as massive type IIA
[80,70]. All the propagating fields instead appear with (outer) multiplicity one at each level and
stem from Ey. These are the metric g, at level 0, the tensor of Young symmetry (9", 3) at level
143n, of Young symmetry (9", 6) at level 24+3n and (9", 8,1) at level 3+ 3n, for all n € IN. Here
we use the notation that (9", p,q) is the partition of 9n + p + ¢ whose Young tableau includes
n columns of 9 antisymmetrised indices. The fields with n = 0 are the standard three-form, the
six-form and the dual graviton field.

It was shown in [99] that the fields with n > 1 cannot be described in the general framework
of [100, 101] for unitary representations of the Lorentz group, in which the field equations are
in the same SO(1,10) representation as the gauge field. This difficulty was circumvented in
[19], in which it was shown that there are consistent duality equations for the fields of Young
symmetry (9",3), such that they propagate the same degrees of freedom as the three-form gauge
field. The field strength Gion a4 ~ dn+1A9n,3 for the potential of Young symmetry (9",3) is
defined to be in the irreducible GL(11) representation of Young symmetry (10™,4) [102]. This
representation decomposes under the Lorentz group SO(1, 10) into a tensor with Young symmetry
(4,1™) (i.e. of Bs weight nA; + A4 in Bourbaki numbering conventions) plus all possible traces.
The next-largest representation in the branching has Young symmetry (5,1"73) (Bs highest
weight (n — 1)A; + 2A5) and corresponds to taking four traces.*® The field equation in [19]
for the (9", 3) potential is that all SO(1,10) components that are not in the largest SO(1,10)
representation (4,1™) have to vanish and this is the appropriate alternative generalisation of
the usual ‘Riemann equal Weyl’ equation for mixed symmetry fields. However, it is important
that this requires taking several traces and not only a single trace, so that the Weyl tensor
is not defined by the property that any possible trace vanishes. Therefore the field equation
in [19] differs from that in [100,101,99]. Similarly, for the potentials (9",6) and (9",8,1) the

45Gince all generators are in representations of GL(11), any tensor necessarily will involve root spaces that only
exist for ¢1; and not for its e, subalgebra with n = 8,9,10. In the table, we refer to the lowest weight element of
any GL(11) tensor generator, which is then a root of ¢,. Equivalently one can think of the GL(11) tensor with
indices restricted to run from 1 to n.

46That this is the first non-trivial trace can be seen for example for Gio,4 from the identity

1

_ dy...dy ejegesc 1 dy...dgc e1...eq
Ga14.4a10,b14.4b4 — _ﬁsay“alocsblmbél Gd1.4.d7616263, - Gd1.4.d6614.464,

mfal.uachblmbd‘

which implies that one does not project out any component of a (10,4) tensor of GL(11) by contracting up to
three pairs of indices.
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field equation requires keeping only the largest SO(1,10) component of the corresponding field
strengths. The fact that the propagating degrees of freedom can be described alternatively
using these higher potentials is also in agreement with the fact that the Egy linear system for
D = 2 supergravity provides an infinite cascade of fields dual to the propagating ones using Ey
generators [4,20].
The linearised duality equation (5.21) was recognised in [57] to relate fields of level shifted
by 3,
J(k)]:-JUC) = Ql(k)J(gfk-)]:-J(gik) (8'2)

such that a field of Young symmetry (97!, 3) is indeed dual to the one of Young symmetry
(97,3)
J n
(C (s Q4+ 3n)
(OJ 1—3n)M 3
+CJ(—1—377)7”&(7173”)de(—1—377) + CJ(’I’;‘")mK CmA(717377)) , (8.3)

(—=1—3n)

Q4430 Ji4 4 3mym Qs+ 30 Ji4 4 3mym
Jm (4+3)_|_C (4+ 3n) &(4+3n)xm (4 + 3n) _|_C (4+3n)MM__

K(4 +3n)
A(4 +3n) Cm )
Jma(] +3n)

@+3m)J4 1 3n)

mﬁ(fl —3n)Y(~1 - 3n) Ka

—1—3n) (=1—3n) (1+3n)Y(~1 - 3n)

and similarly for (9", 6) and (9", 8,1). Moreover, assuming the constrained fields are total deriva-
tives, the duality equations reduce to

O X0l4+2n _|_CJ4+37; 8mYA(4+3n))

Ja 1 3mm QU4 + 3n) Ju13mm
T,I(4+3n) (44 3n) (C Q4+ 3n) m¢ +C 4+3n A(Hgn)

J 1-3n)M
(C B( 1-3n)
+CJ(—1 —3n)M

_ B1-30)Y(-1 - 3n) 1+ 3n)
QI4+371 —1-3n) ,’7 " I/{a(l+3n)ﬁ/(flf3n) mgb "

O XA O g YR (8.4)
and the fields X% and YA provide the correct set of fields to write gauge-invariant linearised
duality equations [13] consistently with [19]. In this section we shall describe how the use of
the pseudo-Lagrangian (3.8) allows us to define integrability conditions for the constrained fields
xm® and Gp,? to obtain the non-linear duality equations.

We shall find in particular that Lgugra+ O3 defines a Lagrangian for the metric, the three-form
potential, the dual graviton and the associated constrained field x1,9, which describes dual gravity
at the non-linear level. The Euler—Lagrange equation for the metric can then be interpreted as an
integrability condition for the constrained field x1.9, while the constrained field Euler-Lagrange
equation is the duality equation (7.32b) for the metric that is algebraic in x1,9. Injecting the
algebraic solution of the latter equation into the former gives back the Einstein equation, while
solving first the integrability condition for the constrained field produces a dynamical duality
equation for the dual graviton. This duality equation reproduces the expected dual graviton
propagation in the linearised approximation. As an aside, we shall show the relation between
this dual graviton action and that of [1,61,96] which gives an equivalent description of the dual
graviton in the vielbein formulation.

After this, we shall examine Lgygra + 204, which provides a Lagrangian for the metric, the
three-form potential, the level 4 potential Ag3 and the associated constrained field x1,10,2. As
for the dual graviton, the Euler-Lagrange equation of the three-form potential gives an inte-
grability condition for the constrained field x1.10.2, while the Euler-Lagrange equation of x1,10;2
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gives the level 4 duality equation. Solving first the duality equation for x1.10.2 one recovers the
eleven-dimensional supergravity equation for the three-form, while solving first the integrability
condition for x1.10;2 gives a dynamical duality equation for the gradient dual Ag 3.

We expect that this procedure can be generalised to all levels to give the infinite chains of
gradient dual fields as described originally in [19], along the lines of Section 4.3 in [13]. The
missing step for showing this equivalence to the chain of linearised duality equations in [19] is to
prove that the constrained fields y,,® that appear in the propagating duality equations must be
total derivatives 0,, X% in the linearised approximation, up to terms that do not contribute to
the duality equations. The generalisation to the GL(11) level 5 field Ag ¢ is straightforward, but
things are more subtle starting from GL(11) level 6. We shall only describe schematically the
generalisation to higher levels, and explain in particular that one must take additional curls of
the gauge-invariant Euler-Lagrange equations as their integrability conditions to deduce x,,* =
Om X%, In [3,70,103] additional derivatives were required to get gauge-invariant higher-order
duality equations, whereas here the higher derivatives are rather a technical tool for proving from
the duality equations and the integrability conditions that the constrained fields are effectively
total derivatives in the way they appear in the field strengths to all levels. For the analysis of our
system the equivalence to the chain of linearised duality equations [19] is not a necessary property
since we already proved that our model propagates the correct degrees of freedom non-linearly.

8.2 The dual graviton

We will first analyse the dual graviton. We shall write down the full nonlinear Lagrangian, the
resulting equations of motion and relation to the vielbein formulation. In this section we show
that the Eqq-invariant pseudo-Lagrangian entails a Lagrangian for the (non-linear) dual graviton
in the metric formulation, which we will show, upon truncation to the gravitational sector, to
agree with the Lagrangian derived in [1,61,96] in the vielbein formulation.

The Lagrangian

As explained above, we shall now compute the Lagrangian

Laualgr = L — VP = Oy = Y O = Lougra + O U" + O3, (8.5)
k=4

that is appropriate for the description of the dual graviton. The explicit expression of O3 is

— 1 e 1
(8.6)
Using the identity
1 1
\/—g<R + gfnlngpfnlnzp - anppfnqq) — O (V —99™" 9" (OmGnqg — 8q9mn))
1
= -3 /= gg"™ g™ G750, G O Ggs » (8.7)
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we can now write the Lagrangian

1 1 1 .

£dual—gr =V _g< - §gp[mgn]qgrs mngaTLQIIs - mfnl...n4fnl"'n4 — mfnl...ngp;qfnl"'nsq’p>
1 1

_ Ve ght--ni1 An1n2n3fn4...n7fng...n11 _ 5 8'5"1"'”11gpqanlgnzpfqn&--nlomll . (8.8)

This Lagrangian depends only on the metric gy, the three-form potential A, y,n, and the field
strength F,,  ng:m. Although the explicit expression of the field strength (7.26) depends on both
the three-form and the six-form potential through the current Jp.n,. ngp, all these terms can
be absorbed in the constrained field X:n,..ny by a field redefinition. So we can indeed consider
that (8.8) is a Lagrangian for gmmn, Aningns and Xm:n,..ne-

Equations of motion

The Euler-Lagrange equation for the constrained field Xym:n,..ny is algebraic and gives

1 [n1..n85me] gqrgzm[ni.ng r - nol

1
28! 4-81\/=g naeo

which is equivalent to the duality equation (7.32b), as has to be the case on the basis of our

(8.9)

general analysis in Section 3.3. Integrating out the constrained field is by construction equivalent
to removing the term in Oz, and so gives back the bosonic component of the eleven-dimensional
supergravity Lagrangian (7.45a).

The Euler-Lagrange equation for the metric field gives

1
2- 8!\/ —nglmpll (g(m‘pl apzf_]")m“'plo?pll ~ 9(mlpy 8p2g\”)qfqp3---p10?1711 - 8plgp2(mfn)103mp10;p11>

1 1
= _F F.\P1P2p3
12

p1p2p3(m n) - %gmn]:plpzmm
1 . 1
+4 71 Fmlpr.prgrFim)" P+ 5. 8!fp1---psq;

f’Plpzpapzx

. 1 -
(mFnyPL P — S 8'gmn]:p1...p8q;r]:p1 P8T3q

1 r _qs rs
1 (291) g7 — g"g ) (8(m|g7“sapg|n)q - 8p.grsa(mgn)q)
L, s 1 r s tu
_59 [pgq} apgr(m\aqgm)s - Z.gmng [pgq] gt a;z).grtaqgsu . (8-10)

Note that because (8.7) is a total derivative in the linearised approximation, this equation does
not depend on the metric in the linearised approximation and should be interpreted instead as
an integrability condition for the dual graviton field strength Fg.;.

If one uses the Euler-Lagrange equation (8.9) for the constrained field to solve the field
strength Fy,,  ngim = —2—\/1_—g€n1___n9p1p2 ImgFpip,? in the Euler-Lagrange equation for the metric
field, one can combine all the terms involving the derivative of the metric on the left-hand side
to obtain the Einstein equation

1 1 1

Bin = §gm"R - ﬁfP1P2P3(mfn)plp2p3 - %an}-plpzpsmfplmmm : (8.11)
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This can be seen more easily in the linearised approximation starting from the left-hand side of
(8.10) and substituting (8.9)

1 ; 1 .
(lin.) _ in.
2- 8!6p1 pnn(m”"l8”2]:”)173-.@10;1)11 T 4. 8!€T(mp2 PN L ) g 10 Op2 T iy
1 in. 1 in. 1 in
- _§nqrarft;l(m)pnn)l’ o 58(mf:)p ” + §nmnnrq(9rf-;;; P
. 1 :
= Ry = 5 R (8.12)

To analyse the dual graviton we must first solve the integrability condition (8.10) for the
constrained field. This is a non-linear equation that one cannot solve in general, but one may
solve it perturbatively starting from a background metric solution to Einstein equation. Here, we
shall only consider the linearised approximation around Minkowski space-time. In the linearised
approximation, (8.10) reduces to the curl-free equation

a[nlf(lin.) 4 56m[n1 (anzf(liu) P _ 8pf(lin.) ) —-0. (813)

|m|nz...ng;n10] n3...n10]p; p|na...ng;nqg)

Using moreover the trace and the divergence of (8.9) one obtains that

1
gpq]:m...nsp;q - _ﬁ6”1~~~n8p1p2p38p19p2p3 =0,
8pf(““'>f”["1---"8;”9] — _%Empng[nl...nsaplfl()l;;-g)nﬂ =0, (8.14)

by symmetry of the metric and the Bianchi identity for F,,,,,”. We have therefore the integra-
bility condition

(lin.) _ (lin.) _
6["1]:|m|n2...n9;n10} - a["lx\m\nz...ng;nlo} - 0 : (815)
According to the generalised Poincaré lemma [102],47 X,(qlql,”n)lng must be of the form

ngi,?ﬁ)l...ng = aanl...ng + 98[n1|2m;|n2...ng} ) (816)
and checking the first-order constraint (8.15) one finds that
8[n1 Enz;n:’,mmo] =0 = Em;nlnﬂs = Emynl---nS + am)\nl---nS . (8'17)

But A, ..ns can be absorbed in a gauge transformation of X,,, g, and ¥, », . ng can be cancelled
by a shift of Ay, . ngm — Ani..mg,m — 2mony..ng 50 We get the linearised field strength

./T"(Hn‘) = ga[nlhng...ng],m + 8an1--.n9 ) (8'18)

ni...ng;m

as in [57]. The trivial solution X g can be traced back to the ancillary gauge transformation
(2.47) of parameter ¥,7, and condition (8.17) is the first component of (2.43). The field Xy is

4TFor this we split x1,0 = X10 + X1,0 into irreducible components. One can take an additional curl on (8.15) to
obtain (09x)10,2 = 0 in which x10 drops out and the generalised Poincaré lemma implies that x1,9 takes the form
(8.16) projected to the irreducible component. The component (9x)11 implies that x10 is also a total derivative,
so that we get (8.16).
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then interpreted as the exact derivative that appears in integrating the standard second-order
duality equation for the linearised Riemann tensor [94,95]

) i 1 )
lin.)n1n: _ n (lin.)n _ mi...m n lin. n
R( m 2171172 - —3[ 1~’rp1;72 d - _ggplpz ! 98[ 1f7(n1..).mg; d
1
- _ggplpzmliihmga[nlaM1hmz---mg;nz] ’ (8-19)

which follows from (8.9), and does not depend on the field X,,, n,. If one uses the Bianchi
identity R7[, 5,5, = 0, one gets

— pP1p2p3 (lin.)g _ g (in.) _ (lin.) qp
0= €ny..ng nq{m@m]}—mm =0 ]:m.--nsq;m 8m]:n1...nsq;p77

= 8p8phm,,,n87m + 88p6[n1hn2...n8}p,m — 88m6[n1 th.__nS]pgnpq - 8m8phn1mn8,p , (8.20)

which is the propagating equation for the dual graviton. One can in principle solve the non-
linear equations (8.10) and (8.9) iteratively oder by order in the number of fields. Because (8.10)
depends on both the metric and the dual graviton, the dual graviton propagating equation is
highly non-local, and there is therefore no contradiction with the no-go theorem of [104] that
assumes locality. Note that although a natural guess for the non-linear duality equation would
have been to replace the left-hand side of (8.19) by the non-linear Riemann tensor, this is not
what shows up in this non-linear equation in which the dual graviton field strength is not a
tensor. Its gauge transformation includes the non-covariant variation (C.13e)

1
AcFpy nom = _ﬁ%___ngpquramargq , (8.21)

that compensates the non-tensoriality of the gravitational flux F,,™ = 29" 0, gno)p-

Relation to the vielbein formalism

The non-linear metric formulation of dual gravity, following from the Lagrangian (8.8), is very
similar to the vielbein formulation of dual gravity [1,61,105,96]. The precise relation is obtained
via the change of variable

10
fnl...ng;m - emanl...ng;b - Ee[manl...ng];b - gebpgm[nl Yng...ng]p;b

T ﬁgn1p1 < Gnopo€”t PP (€ “Opeqa — €4" Opema) ,  (8.22)

where Yy, ng.p is the field strength defined in [1,61,105,96|, that satisfies the duality equation

1
Qab;c - ZQc[a;b] + 4nc[aQb}d;d = ggabdlmdgydy..dg;c (823)

with the anholonomy coefficients

Qab;c = eamebn(amenc - anemc) . (8.24)
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The second line in the redefinition (8.22) is linear in the composite Maurer—Cartan so(1,10)
connection
Q™ = —e™99,,e, | (8.25)

of the GL(11)/S0(1,10) symmetric space, and compensates for the property that Y,,, .5 does
not transform homogeneously under SO(1,10) gauge transformations. We have

eq ey emc./."nlnzm =2Qu,° + 4Q[a;b}c . (8.26)

Note that the change of variables (8.22) is a redefinition of the field Xm.n,..no. We find therefore
that Xm:n,..ny can be identified with the Stiickelberg gauge field constituting Yy, n,. in [96].

Substituting (8.22) into the gravitational part of (8.8) one obtains after a tedious but straight-
forward computation

1 1 I
\% _g< - §gp[mgn]qgrs mgprangqs - mfnl...ngp;qfnl ngq,p)

ni...ni1 ,Pq
€ .g 81’111 gngp]:qng...nlo;nu

- 2.8
— _L §Y Ya1...a9;b —9Y, bycu...asc; 1Y, Yal...agc;b (8 27)
- 4 9[ 9 ar...ag;b ai...agb; c a1...agb;c .
1
2. 9'Enlmnllinn2bYTb3mn11;b - 28m(eeameannab)
€

- 2—8' (Yal...agb;b + %Eal...asblebSlebz;bg) (Yal...agc;c + %Eal..ﬂSClCQCSchcg;c;;) ’

which we recognise as the Lagrangian of [96] plus a total derivative and the last line that is
quadratic in the 3-form component of the duality equation (8.23). This last term does not
modify the equations of motion.*® By construction integrating out the Stiickelberg gauge field
gives back Einstein—Hilbert Lagrangian, just as in [1,61,96]. The equation of motion of the
vielbein e,,* gives the same integrability condition as in [96], up to a term proportional to the
3-form component of the duality equation (8.23).

We conclude that F7; exceptional field theory includes a non-linear dual graviton with the
expected dynamics. The Lagrangian (8.8) is not completely obvious to derive from the Einstein—
Hilbert Lagrangian by dualisation, because of its non-trivial dependence on the metric. It is not
possible to obtain the vielbein formulation [1] of the dual graviton from the coset component
of the Maurer—Cartan form, since the vielbein form requires the anholonomy coefficients that
involve the full Maurer—Cartan form with its inhomogeneous K (E1;) transformation [3]. Using
the coset component of the Maurer—Cartan form makes it clear how to write E1; invariant
equations and we have shown in this section how to obtain the dual gravity Lagrangian (8.8)
from FE71 exceptional field theory.

“80One may think that the last term in the Lagrangian can be reabsorbed by a redefinition of the Stiickel-
berg gauge field constituting Yi,..ng;s, however, this is only possible for a complex coefficient. Still the La-
grangian (8.27) is fully equivalent to the one in [96].
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8.3 The gradient dual of the three-form

Similarly as for the dual graviton, one can derive a Lagrangian for the gradient dual Ay, . ng:pipops
of the 3-form gauge potential that has the same equations of motion as the E; exceptional field
theory pseudo-Lagrangian using the duality equation.

In this case one considers the Lagrangian

Lsugra + 204
= \/—_g<R + %QQ[mgn]pg'f‘lslg’f‘2328mAprlrzanAq8152 + %fnl...ngplpng;qlqzqgfnl“'"9‘“‘12‘13?5”1”21”3
_ﬁgnlmnnA”1”2"3f”4"'”7f"8'~~”11 - %enlmnnanlAp1p2p3]:p1p2p3n2...nggngnlonll , (8.28)

where the field strengths with 13 indices above and their duals F™" and F,,,""2"? are defined
at the linearised level in (C.12). The Lagrangian (8.28) only depends on the metric gy, the
three-form potential Ay, pn,n, and the field strengths Fo,  nio:pipeps @a0d Fp . pii,mn- Although
the definition of these field strengths involves the six-form potential and the dual graviton field
through the level 4 component of the current Jy;%, these terms can be eliminated by a field
redefinition of the constrained fields Xm:n, ..n10,p1ps @A Ximini...n11,ps 5O (8.28) defines a Lagrangian
for the metric, the three-form potential and these constrained fields.

The Euler-Lagrange equations for the constrained fields Xm:n,..n10.p1ps @04 Xming...n1q,p are
the duality equations

1 1

F,, 19243 —

\/—_—ggnl---nlomgpllh Ip2q29p3q3 \/__g

1
Foremim = 5=z Fnp =0 (8.20b)

m
‘Fnlnﬁlo;plpzps - Eni...n10 8mAp1p2p3 5 (8.29&)

where we used the property that the field strength F™" = 0 on section.”” As the fields ap-
pear algebraically in the Lagrangian they can be integrated out to give the eleven-dimensional
supergravity Lagrangian. In particular, the field strength F,, .., mn decouples and can be

eliminated by integrating out the constrained field x( The three-form gauge field

m|;p1...p11,|n)-
Euler-Lagrange equation

1

118[n1fplmpsnz...ns;ngmonn} = —ﬁenl.“ml@mt /—ggP* [mgn]q1gp2q29p3q$)anAqqu
1155
4 ﬁ:ﬁfﬁs n4n5n6n7-/tn8n9n10n11} s (8.30)

is not propagating and should rather be interpreted as an integrability condition for the con-
strained fields.

490ne can consider F™™ # 0 in a non-geometric background that gives rise to massive type IIA similarly as
in [106,68]. This requires however to use the semi-flat formulation associated to L = GL(1) x GL(10) C GL(11),
and checking the consistency of this mild violation of the section constraint is beyond the scope of this paper.
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As for the dual graviton, substituting the solution to (8.29a) into the integrability condition
(8.30) gives

119),,, FPip2p: (8.31)

1

— %emmnu 6m (\/__ggmngplmgpzngp3q3anAqlq2q3 _ 3\/__ggnq1gp1q2gp2Q3gp3manAqlq2q3> ,

n2...n8;M9N10M11]

for the left-hand side and one obtains the three-form potential equation of motion of eleven-
dimensional supergravity.

To solve the integrability condition for the constrained fields first, we must analyse the
linearised approximation. The field strengths then reduce to

(lin.) _ (lin.) 3 (. (in) (lin.)

fnl---n10§p1p2p3 - 108[”1 Anz---n10]7p1172173 +3X[p1|;n1...n10,|p2p3} + 2 (X[pl\;nl...n10|p2,p3] +C[p1|;n1...n10\p2 ,pg})
(lin.) _ 5. (lin.) 1 (lin.)

fm...nu;mm_ 118["1 B"2---"11}vmyp + 28(7”‘0"1---71117‘17) + 2X(m|;n1...n11,|p) + 2C(m\;n1...n11,\p) . (832)

They satisfy the duality equations (8.29a) and (8.29b). The second equation (8.29b) is a flat
curvature equation and implies that all the fields appearing in F,,  n,,:m,p are pure gauge. As
expected, the Eyq/K(E1) fields By, nyg.m,p a0d Cp, _ny, m do not propagate degrees of freedom.
We shall therefore concentrate on the first duality equation (8.29a).

To simplify the discussion we recombine the x and ( fields in Fig;3 in the reducible field

_ 3 3
Xmini..niopipz = Xmini..niopipz T 5 Xming...niolp1,p2] T igm;m---mo[phpz] : (8'33)

and we note that the field strength

in _ (lin.)
‘F;L1mn10;p1p2p3 - 106["1An2mn10},p1p2p3 + 3x (8.34)

[p1l;sm1...n105|p2p3]

does not depend on the component of xi.10,2 with (10,2,1) Young symmetry. Therefore this
component x10;2,1 in

1

Xmini..nio;pips = 3Xni..nioimpipe T Xni..nio;pip2,m (8.35)

is pure gauge and we can write the integrability condition for X, . .nig:mpip.- The integrability

condition gives in the linearised approximation

110y, ™) = 110, X[ =0. (8.36)

|[p1p2p3|na...ng;monioni] |p1p2ps|na...ng;nonioni]

Taking the curl of this equation in the (11,4) Young tableau representation one obtains from the
generalised Poincaré lemma [102] that

(lin.)

Xn1..n103p1p2ps — 108[”1 annﬂlo];plpzps + 38[[’1 Xn1~~~n10;|p2p3] ) (8'37)

which reinserted in (8.36) implies that Yg.5 is the sum of an arbitrary X9 3 and the curl of a (9;2)
form. But the second can be absorbed in X19,2 so we get

(lin.)

Xni..n103p1p2ps — 108[n1 Enz---n10]7p1p2p3] + 3a[p1Xn1...mo;|pzp3} ) (8.38)
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and the linearised field strength reduces to

‘Fr(;ir.‘:.)nlo;pwzpa = 108[711(An2---n10},p1p2p3 + Enz...mo]mwzm) + 38[171Xn1...n1o;\p2p3] : (8'39)

The Y 3 is reabsorbed in Ag 3 and we get the expected linearised field strength in which

(lin.) —
Xmiriy..noiprpe = OmXna..naopipa (8.40)

is a total derivative.
Using (C.13f), (C.13g) and (C.13h) in (8.32), one obtains the gauge transformation

AeFI™) = 3¢n;..110q070p, A (8.41)

n1...m10;P1P2P3 p17\p2p3] >

that can be ascribed to the gauge transformation of X2 and which ensures gauge invariance
of the first order duality equation (8.29a). The dependence in the field Xj9.2 drops out in the
second-order duality equation

(lin.) _ —
48[171\‘7:n1___n10;|p2p3p4] - 4€"1~~~”10maﬂ”b a[PlApzpsm] - 6nln.momaﬂ”L ‘7:171102103104 ) (8'42)

which reproduces the duality equation introduced in [19], and Xjp.2 can be interpreted as a
constant of integration in integrating this second-order equation to (8.29a).

The Bianchi identity for the gradient of the gauge field gives the wave equation for the (9, 3)
form

— A4 m — A4 r(in.)
0 - 8 5n1...n9q 87”/4171102103 - 8 ]:nl...ngq;plpgpg

= —aqc‘)qu,,,ng,plpng + 98q8[n1An2___n9]q7p1p2p3 + 38q8[p1‘Xm___n9q;|p2p3] , (8.43)

which depends on Xjg.2 because the second-order Bianchi identity is not manifestly gauge in-
variant. One can write a propagating equation for the field Ag 3 that does not depend on X2,
but it is then third order in derivatives

48[Pll (aqanm---ng,\pzpapd - gaqa[m Anz---ng}q,\pzpapzx]) =0. (8.44)

We find therefore that the Fy; exceptional field theory reproduces the expected equations for
Ag 3.

)

8.4 Higher levels

According to the analysis of Section 4.3 in [13], we expect that the higher level dual fields can
be described in the linearised approximation by the field strength

FOmT = 01 gy 60 4 0T 9, X8 4 TV, gy YA 1 0TV oY (8.45)

and the gauge transformations

5e¢® = TN p (OnE" + nvon"HoRe?) | (8.462)
5 X =T p (OnE" + nngn”"OrE%) + 1% ey Yone", (8.46b)
5™ = opnN9one” (8.46¢)
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that leave the linearised duality equation
QIJF(lin.)J — nIJF(lirL)J (847)

invariant, according to the analysis of Section 3.1. To get these linearised equations from the non-
linear duality equations, we need to show that the pseudo-Lagrangian Euler—Lagrange equations
imply through the generalised Poincaré lemma that

XM = O XY, Cu ~ oY, CMK ~ 3MY7\ ; (8.48)

up to terms that do not contribute to the components of the field strengths F)! corresponding
to propagating degrees of freedom. We know that the linearised Fy; exceptional field theory
equations do not impose directly that the constrained fields are total derivatives, but we expect
that this should be true up to X MI~ gauge transformations and possibly higher level shift sym-
metries that leave FU™)! invariant. We have indeed found in (8.18) and (8.40) that F®")! takes
this form (8.45) at levels & = 3 and 4.

To derive this result for all k, we could in principle analyse the pseudo-Lagrangians associated
to the higher level fields in the same way, with for any n > 0

n
fOI‘ A9n73 . £17n — ﬁsugra + 2 Z Ol+3] Y
j=1
n
for Agnﬁ : ﬁg,n = ﬁsugra + 2 Z 02+3j R (8.49)
=0
n
for hgn,&l : £3,n = £sugra + Z O3+3j .
=0

These pseudo-Lagrangians are not invariant under generalised diffeomorphisms, but since they
only differ from the invariant Lagrangian £ by a total derivative and terms quadratic in the
duality equation, their Euler-Lagrange equations together with the duality equation transform
into each other under generalised diffeomorphisms. They are defined such that for the fields Agn 3,
Agn g or hgn g1 of level k = i 4 3n, the pseudo-Lagrangians £;,, with i = 1,2, 3, respectively,
only depend on the fields of level £ between 0 and k. Moreover, in the linearised approximation,
L1 only depends on the metric and the fields of level £ = 1 + 35 (as the propagating fields
Agi ), L2, on the metric and the fields of level & = 2 + 35 (as the propagating fields Ag; ¢)
and L3, on the three-form potential and the fields of level k = 3+ 3; (as the propagating fields
hgi 1)

Using (7.5) and (3.26) one obtains that the bilinear terms in the Ei; fields of level £ almost
cancel in Op+ Oy, 3, and one is left with a term in —%m T clo pa(é,)C’j(z)qE([)mqmmpn T T P
for £ > 3. The computation follows the one below in (8.54). Schematically, this remaining term
is quadratic in the divergence of the level £ fields rather than their curl, so that the corresponding

50The property that one needs more and more fields to obtain parent actions for the infinite sequence of gradient
duals was already observed in [107].
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equations of motion are not propagating. This is because for a fields ¢ of level £ that carry 3¢
GL(11) indices, the components of C’I(“maw Jm®0 have 3¢ + 1 free GL(11) indices, as expected
for a field strength, whereas the components of Ci@nam m™" 7, %0 have only 3¢ — 1 free GL(11)
indices, corresponding to a divergence with the explicit inverse metric m™" = /—gg"™". The
sums in (8.49) eliminate in this way the dependence on the propagating components®! of all fields
of intermediate level in the linearised approximation, and £, only depends on the propagating
degrees of freedom of the metric and Agn 3, L2, on the propagating degrees of freedom of the
metric and Agn g, and L3, on the propagating degrees of freedom of Az and hgn g ;.

At the non-linear level these pseudo-Lagrangians still depend on all lower level fields through
the non-abelian terms in the current jma. Nonetheless, the pseudo-Lagrangians £; ,, are defined
such that their equations of motion are by construction linear combinations of eleven-dimensional
supergravity equations of motions and the duality equations &, . It follows that the Euler—
Lagrange equations for the lower level fields give a projection of the Euler-Lagrange equations
for the constrained fields, and therefore contain no new information. In this way L£;, can be
considered as Lagrangians for the metric, and all the fields at level £ = 14 35 for 0 < j < n,
and L3, as Lagrangians for the metric, the three-form gauge field, and all the fields at level
£=34+3jfor0<j5<n.

The pseudo-Lagrangians L ,, associated to Agn ¢ instead are not Lagrangians for a subset of
the fields. In particular for the six-form potential already, Lgugra + 202 does not determine the
dynamics of the three-form potential and one must keep the duality equation (7.32a) as given.
But this is not a major difficulty since we know how to describe the dual six-form and we expect
that the same analysis as in the preceding subsection would allow us to prove (8.48) at level 5
and to get the correct non-linear equations for the gradient dual field Agg.

However, a more striking difficulty occurs starting from level 6 and above, for dual poten-
tials with a Young tableau with more than three columns. For a dual field at level k, with a
Young tableau of K=1+|k/3] columns, the standard field strength is obtained by taking K
derivatives [102]. The expected duality equation for this field strength will then have K deriva-
tives. The associated integrability conditions can either be a projection, therefore involving K
derivatives in total, or a divergence, therefore involving K + 1 derivatives. On the contrary, the
Euler-Lagrange equations of the fields at level k—3 will only be first order in derivatives. So we
expect that one needs to take K—1 or K derivatives of the Euler—Lagrange equations projected
to the appropriate representations to obtain the relevant integrability conditions. We shall now
describe succinctly how we anticipate this to work.

In this discussion we shall work directly with the duality equation in the linearised approxima-
tion, including the linearised Einstein equation. The equations we derive are also Euler—Lagrange
equations for the pseudo-Lagrangians (8.49). We drop the *™) superscript to simplify the no-
tation, but all the equations below are understood to be in the linearised approximation. The
starting point is to use

QrCT™ O F! =0 CT™ 0 F! (8.50)

51Here, ‘propagating’ generalises the notion of transverse traceless degrees of freedom. See also the beginning
of Section 8 and [19] for a related discussion.
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as an integrability condition. From level 6 and higher, the field MT\ contributes a term on the
left-hand side that is not a curl

QIJCImaamﬁJ = QIJCIma (CJnBa[an]B + CJnAa[an}A + CJnK anA) . (851)

Moreover, the right-hand side of (8.50) is not an equation of motion for level higher than 6. To
see this, let us analyse the right-hand side of (8.50) for different k. Because the field strength
Flir does not involve constrained fields for level k < 3, we have that for k > 0

nI(k)J(k)CI(k)moc(k)amﬁJ(k) = Qf(k)J(gfk)CI(k)moc(k)am-/.:.J(sfk)
- QI(k)Jw—k)CI(k)ma(k-)CJ“7“”5(371«)67'18”‘;55(37“ =0. (8.52)
The last equality is due to d? = 0 as implied by the tensor hierarchy algebra, and the property that
FJo-n is the total derivative of the E11/K(E1) coset fields for 3 — k < 3 in eleven dimensions.
For k = 0 we need the Euler-Lagrange equation to get the linearised Einstein equation (8.12),
which gives (8.52) for k =0, i.e.
M7 CTO ™ 6 O F0 = 0. (8.53)

For k < 0, F/6-» does depend on the constrained field y,,® and (8.52) does not vanish.
One can nonetheless use (A.23) to show that

Iym Jon . _ o - o Joy . pamppn) 7 Bu
(nl(k)J(k-)C a(k)C B n[(k)J(k,)C pa(k-)c qg(k)n ") In (8.54)

- (na(mﬁ(m = Moy Tﬁ/(k)mQT@k) Qpnpn) Tn™"
7 Bk

S .
= Nag <175<—k>5<—k>77mn = 8y Lo QT k)Qpnpn) "

= Nagy " (771<—k>JH-,>Cj(fkm%mCJ(fk)mB(fk) - i ,C H")p%k)CJ(fk)qg(fkﬂ]qnnpm) TnPen |
where we introduced
Mo = 1ask’ (8.55)
and used naﬁjnﬁ = Hagjng in the third step. For k& > 0 one has CiH?m(f

dimensions (the non-zero components are C’f(’f)na(k) for k > 3), so one can use the curl of (8.54)

» = 0 in eleven

to get

I,km NJ,;,-, _ I,km J,kn B*k
M1y 7y C T g O = nr 00 O O g OO @Y

_ I pyn Jewm_ . . L “k Jiwy qn pm 7 Bx
- <771(—k->=7<—k>0( Moy OV By — M O pay O )qﬁ(—k)n N ) Om In™ 0
— V) clom_ clwon _p. - clw  odw ampen) g 7, B

= Moy 7\ M o Vo) Buy — "y PYw T gBy ! mJn

— Yk Ikm Jk’I’LA K ~ ~ ik Jk - qm ’I’L~Bk
= ~Nacy " Om (771<k>=7<k)0 B0 CT RG5O o 7 g, 1T T ()) , (8.56)

where we used (8.52) in the last step. Therefore, the integrability condition for the field strength

1

of level k£ > 0 gives
Q[ )CI("’)ma

: Jiak A
e . B(Hk)a[mxn}ﬁ(um +C (3+k)nA(3+k)a[m<n] (3+k)) (8.57)

(C’J(3+k)n _
f(

_ Yk oo : Juy . qm n~§‘ Iym J‘nAK
=~ (%Hv(k)nl 10 @0 €7 g M I 0 OO O R G

I_pym Jaemn
7.0 C oy C7TR

GMon)

(B+k)
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where the last line vanishes for £ = 0,1,2 but does not for k£ > 3. Note that for k£ = 0 we used
the linearised Einstein equation. At this stage it is not yet clear that the solution to equation
(8.57) will be (8.48) as we would like. We shall now argue that we must take additional curls to
get an integrability condition for the constrained field ¢, s+,

Let us look at the first non-trivial example. At level 6 we get for £ = 3 that this last line

gives
8771 (Enl---nllaq(hpl---p&q + Xpl---psq) + 8C[(Il;1n\';)n1...n11,|p2...p8}> ! (858)
projected to the irreducible (8, 1) representation. Using nm[anr(Ll;:;;}m = 0 one gets that
an’Flglli.r‘.liygq;r =0 ) (859)
so that this term can be rewritten as
(lin.)
8 O (—Ennis 1" O s _pslar + ol i) (8.60)

This suggests that one must take an additional curl in Jp, to get an integrability condition for
the field (1.11,7 above. We conclude that rather than taking the component of Young symmetry
(8,1) from (8.57) as a first-order Bianchi identity at level 6, one must take a second-order Bianchi
identity of Young symmetry (9, 1) to derive that the constrained fields are total derivatives as in
(8.57). This is something that one may expect because the gauge-invariant duality equation for
the Fq1/K(F11) fields are third order at level &k = 6,7,8. We have for example for k = 6

(lin.) _ (lin.) — q
‘Fm...mo;mmp&m - 106[“1hn2~~~n10]7P1~~~P8,m + Xni..ni103p1...p8;m — En1..n10 8f1 hpl---PS]vm ’ (8'61)

where X10.8,1 combines all the constrained fields that contribute to this field strength. Using
(8.20) one obtains the integrability condition for Fjo.g1

8[11 f(lirL) + Sa[pl ‘f(liu)

1Y ng..n11];p1...ps,m [n1...n10;n11]|p2-.-p8],m

+ 81hfr Oy Flns i — O Fio 0. (8.62)

nz...n11l;|p2...pslg,r [n1...n10];p1...p8; |111]
However, this integrability condition still depends on hg g1 so in order to eliminate it, one needs
to take a second-order integrability condition by taking an additional curl

Oy | Oy Frs)

n2...n11};‘p2~~~p9}7m

— OmOppy | Fi) 0. (8.63)

1Y [ny.miolp2..pol,nii] —

This gives indeed an integrability condition of Young symmetry (11,9,1) as for the curl of (8.60).

We expect similarly that the fields at level k& will generally involve order |k/3| Bianchi iden-
tities for their field strengths. Further analysis is required to understand how these higher order
integrability conditions can systematically be constructed at all levels and how one can prove
(8.45) from the pseudo-Lagrangian Euler-Lagrange equations in the linearised approximation.
Note that since the Bianchi identity (8.63) is not the lowest weight component of a lowest weight
Fq1 representation, these higher-order integrability conditions cannot be organised in lowest
weight representations of Fq1. As we discussed in Section 8.1, the need for these higher order
equations appears to be unrelated to the approach in (3,14, 15].
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F1 object

rep. | (=—3 | (=—1| (=-1 (=0 (=1 | (=1 |(=3 (=2

e11 G, Map Al BAB. B, b,
R(A1) | 04 Oy — —
L(A2) — — Xy Xia

T-1 e Fus Fua Frisws Fiy,

Table 4: The lowest level components of the various objects of E11 exceptional field theory in GL(3) x Eg
decomposition. Dashes indicate that there is no GL(3) x Es representation at that level (since these are
parts of highest/lowest weight e11 representations), while ellipses indicate that there are representations
but they play no réle in our discussion.

9 Relation to Eg exceptional field theory

In this section, we shall show how FEjg exceptional field theory [24] can be recovered from the
Eqq pseudo-Lagrangian (3.8) and the self-duality equation (3.1). To this end we will consider
the level decomposition of all E1; objects under GL(3) x Eg in Section 9.1 and in Section 9.2
demonstrate a simplification pattern similar to the one exhibited in 7.1.

9.1 GL(3) x Eg level decomposition

The GL(3) x Eg level decompositions of the adjoint representation of Fi; and its R(A;) rep-
resentation were deduced originally in [108,80,109]. The tensor hierarchy algebra 7 (e11) and
the duality equations (3.1) in GL(3) x Eg basis were studied in [13] and we briefly recall the
salient points to fix the notation. A short summary of objects is in Table 4, for more details see
Appendix D and [13].

In this section, we use the indices p, v, ... to denote (2 4 1)-dimensional external space-time
indices and indices A, B, ... to denote internal coordinate indices that are valued in the adjoint
of Eg and thus take 248 different values. The corresponding derivatives 04 satisfy the usual Eg
section constraints [24]

kB9 20 =0, fPU0520c=0, PP, pdc®dp=0, (9.1)

A

where k48 is Fg Killing-Cartan form and f48¢ the Eg structure constants. The Fg-invariant

tensor (see [110] for conventions)

1 1 1
A A B A A
PABop = ;5(0 o) — =" Brep + v Eofoye® (9.2)
is the projector onto the 3875 representation in the symmetric tensor product of two adjoint
248. One finds indeed that if the fields are not constant in the (2 + 1)-dimensional external
space-time, the Eq; section condition (2.18) implies that their derivatives of levels ¢ < —g vanish
identically while their level ¢ = —% derivative 04 satisfy the section constraint (9.1). Throughout
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this section, we shall adopt this GL(3) x Eg partial solution to the E1; section constraint (2.18),
so we shall only consider the derivatives d,, and 04, where 04 still needs to satisfy (9.1).

The Ejg scalar matrix is written as Mg and the external space-time metric g,,, parametrises
the GL(3) subgroup. The (-form fields at level 1 < ¢ < 3 in the decomposition of the adjoint
of F11 appear also in the usual tensor hierarchy algebra of D = 3 maximal supergravity [56,74].
The one-form field Aﬁ are dual to the scalar field Eg currents. The two-form field B;?f at level
¢ =2 is in the 3875 representation and sometimes we will combine it with the singlet B,,, into

the reducible field B;‘VB = Bﬁ‘VB + k4B B,,,. We note that in D = 3 there is no dual graviton

A
2214

the adjoint is symmetric in g and v and is a gradient dual to the vector field A/‘:‘ similar to the

since the metric does not propagate degrees of freedom. The field h?, sitting at level £ = 2 in
eleven-dimensional field discussed in Section 8.3.

We shall use the semi-flat formulation introduced in Section 6.1 with m(Map, gu) € GL(3) x
FEs and U (Aﬁ,B;fVB ,h/’iw ...) in the positive level components. As alluded to in that section,
the formalism involves derivatives in the form U~',;;0y, where U is the unipotent matrix
associated with the positive level fields in the level decomposition under consideration, see (6.3).
While for the GL(11) level decomposition, where the section constraint was fully solved, the
effect of U could be ignored since U~ V,,0n = O,,, we here have to take it into account which

means that the external space-time derivatives will typically appear in the combination
UMW 0N =0,—Aloa, U TN 0nv=0a. (9.3)

We shall use the same convention as in Section 7 that the components of the semi-flat currents
and field strengths are written with calligraphic letters and we omit the tilde on the semi-flat
components of the constrained fields

u_lNMjNa = ( .- 7\7u;uga jA;Vay ju;Aa jA;B7 ju;;/qa jA;§7 s ) (9'4)

where we also use the convention that these components include the factor U~V ;0n on the
derivatives. In particular

Tu® =97 Ou — A0V gup . Tuaf*Pe=—-MPP (0, — Afop)Mcp . (9.5)

The current J,;4 should not be confused with the external Eg current j,4 of [24] that we shall
define below.

The constrained fields x/® are described in the table using the elements X® € L(As), which
is also used in Appendices C.2 and D. According to the partial solution to the section constraint,

@ can be either p at level —% or A at level —32, which leads to

the constrained index M of x s 2

the constrained field components
—1IN ~ @& A B
ut MXN® = (Xu;u? XAsps Xpzvps X Ao -+ e (9.6)

We shall not display the level decomposition of the constrained fields ¢ MK, because their com-
ponents only appear at higher level.
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The field strengths given in Table 4 at ¢ = —% were worked out in [13] and take the form

o o o A o A o A
‘7:#1/ - 2‘7[%1’} + 25[u‘7A;V} =29 p(a[ﬂ o A[uaA)gV}P + 25[M8AAV} ’
Fua = Tua+ fac”OpAS + xay - (9.7)
Similarly, the field strengths at ¢ = +% are
Fiw = 20 = Toi’ = I P oxmga,
= ZO[MAII?] - ZAﬁaBAf} — OBB;‘;B + (14PABCD + %/QAB/QCD)A[CILOBAI% - fAchB;gy,
]:,u;z/ = _jA;ﬁy + Xpsv + XA;Z‘V = _aAhﬁy - %fBCAA(BLaAAS) + Xpsv + XA;Z‘V . (98)
The duality equation (3.1) implies now that [13]
! €
——9uc v
\/_—g K P

1
Jtu;u = _ﬁgungu)\g

]:fu = PMABFp (9.92)

ATOF (9.9D)

Let us first discuss how the duality relation (9.9a) between scalars and vectors relates to the
one given in 24, Eq. (3.26)]. In order to do this we need to first identify our constrained field
with the ones that appear in [24] according to"?

XA;p = BuAy (9.10&)

1
XB;Z‘V = CMVBA + %fACDAﬁagAﬁ + \/—__ggwg,,pa"p’\(?BAf . (910b)

Identifying moreover the external Fg current covariant under internal Fg diffeormorphisms de-
fined in [24] as

juA == MAB.FMB + HAB (fBCDaDAg + XB;LL)
=P Jp + (5P + MAP)(facPOp A + Byup) | (9.11)

and the Eg two-form field strength as”

1
F;ﬁ/ = ffu - fABC\/—_—gg;wgupEopAaBAg (9.12)
= 20, A} — ADOBAL + for” PP DAL 0B AL + A0 AT — 08B — fAP0CR.S, |

we see that (9.9a) can be written as

1
\/—_—gguagupg

52Note that B, has the opposite sign as in [24].
53Note that we use Flf‘u for the Fg field strength including 2-form components, which was written calligraphic

F;‘V = 7PN (j\A — k4B Byp) . (9.13)

F in [24], whereas here ffu refers to the component of the E1; field strength.
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This equation is consistent with the Euler-Lagrange equation of the constrained field B4 in
Eg exceptional field theory [24, Eq. (3.26)], and is satisfied without further projection in Fj;
exceptional field theory. The results of Section 7 imply that it is also consistent with eleven-
dimensional supergravity.®*

The other duality equation (9.9b) can be identified with the dual graviton equation, even
though there is no dual graviton field. Similar to the GL(11) decomposition, this equation is not
dynamical by itself and only determines the field x,., algebraically. As we saw in Section 8.2
there are two ways of looking at this. Either the integrability condition for the Einstein equation
of [24] to be satisfied determines the first-order equation for x,.,. Or one can derive the first-
order equation for x,, from the pseudo-Lagrangian of Eq; exceptional field theory derived in
this paper.

The only other duality equation that cannot be solved algebraically for the constrained fields
is

1
Five = \/—_—ggupguxgmffp’\'iMAcMBD]:cD ; (9.14)
where
Fap = (14P4°P + 1k46°P) Joip (9.15)
and ffﬁ is the field strength of the two-form field B/‘fVB that involves the three-form potential

in the 248 ® 3875 ® 147250 and the constrained fields in the 1 & 248 @ 3875 @ 30380.

9.2 From infinitely many to finitely many fields

Before analysing the pseudo-Lagrangian in GL(3) x Eg level decomposition in detail, we first
repeat the general consideration of Section 7.1 to show that one only has to consider a finite
number of terms on the chosen solution of the section condition. In particular, this illustrates
how to treat the infinitely many constrained fields in the GL(3) x Eg decomposition of Eq;. In
this section we choose to use the alternative form of the Lagrangian (3.27). This turns out to
slightly simplify the computation.

We must now treat the two derivatives 0, and 04 of GL(3) x Eg level —% and —%, separately
(see Table 4). We first introduce a convenient index k on Ej; indices referring to the GL(3) x Eg
level. We shall use o) to refer to an index of a/ch at level k, as does K(k) for L(A19) @ L(Ay).

The lowest level for a constrained field x3,% is k = 1 on the & index while for (/2 it is k = 3 on
the A index. The (upper) index I labelling the L(A3) components (see (2.42)) will be written
as f(k) when referring to a component at level % + k with & > 1. An (upper) field strength
index I(;) denotes a field strength component at level —% + k. These two one-half shifts are

defined such that the non-vanishing invariant tensors components are C’I(k)“a(k) and CTw pag, for

an external derivative index. The non-vanishing components with an internal derivative index

are instead CTmA, , and clw AG. - Note that although K, g is not an F1y invariant tensor

(k+1

541f one further breaks Es covariance to a Levi subgroup one can show that this additional term in B, 4 can be
reabsorbed by an additional redefinition of C),, p* such that one gets F* = xj4.
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alone (only faag is) its components under level decomposition are GL(3) x Eg invariant tensors
and in particular it preserves the level.

According to the convention of Section 6 we shall also absorb the I/ matrix in the definition
of J7,® and x,*" according to

o
UTN L INta =Y T e, s UV N e = D X (9.16)
keZ k=1

and identically for ¢, *®.

Because the Lagrangian is second order in derivatives, there are three classes of terms ac-
cording to the derivative (or constrained indices) M N taking the values uv, pA and AB. The
topological term (6.18) involving the projector 115" expands accordingly into three blocks with
Oy with £ =1,2,3. We write first the term involving Kadg in the topological term (6.17) and
expand it using (6.19)

(jMa _ ZNMQ) UM, u—lNQHdPQKadBjNB

_ 72 N e e TR A Qe & 7 B
- ZHO‘(U (‘7“ 2N H)) Ko™ gy T

kez
T Z Hd(2)MA <jﬂa(7k) B 2'/\/'#&(4‘)) Ka(—m&(z)ﬁ(uk) jAB(“k)
kez
+ Z H&(2)Au <jAa(—k-) — 2/\[Aa(—k-)> Ka(,k)d(2)5(2+k)jVﬁ(2+k)
keZz
+ Z 4, AB (jAm—k) — 2,/\/'Aa<—k>> Ka(%dw)6(3+k)jB5(3+k>
keZ
A 7 (o i AB ~ ~ ~
= =204, " T, Ko, * g T a0 = 2 AP TA 0K %, T 57 (9.17)

oo o0
E : 7 ack 2 7 : A F acy

+2 Hd(l)“”jua( ”K(a(,k)a(”ﬁ(lH.))jyﬁ“*” +9 E :Ha(z)“ T I K (o,
k=0 k=0

o0 o0
. Av 7 ary ap 7 B+ Z . AB 7 oy a Ba+k
+2ZH0¢<2> TA" K oy i) T +2 ) Mag) ™" Ta™ P Koy ") TB™ Y -
k=0 k=0

We find therefore that for all but finitely many levels, the tensor Kadg appears symmetrised
on its adjoint indices o and 3, such that we will be able to use (2.38a). Using this equation
and (2.38b) and the fact that F/» does not depend on the constrained field (y;* for k > 0, one
obtains eventually that the total topological term can then be written as

_ 7. MA T« a 7 Ba) _11. AB 7 « a: B
Liop = " T Koy @ g T 4™ — gy "7 T Ko " 5, T 57
+ Q1)) CI(U)A&u) Xa®0 (CJ(l)VB(I)JI/B(l) + CJoB

1 - - 1 - -
IpnA @ Joyw B T vy TI
+ §QI<0>J<1>C 0y AT CT g TS — 5 § :QR—I«)J(/«H)]:( WFe
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_ AFa a Z AB 7 a aw . 7
= s, " T, "0 Kpg,, <2>a(1)jA5<1> — Mgy, P T4 Ka,, m)ijBﬁm (9.18)

R g o e - B
+ QI(U)J(l)CI(U)A‘S‘(UXAOC(D‘FI(D B 5 Z Ql(fk-)J(m1)‘7:1(4")}#(“1) + HdMNaM(u 1()lB)(NB) >
k=0

where we used (2.38a) and (2.38b). The total derivative evaluates explicitly to
I 0 (U 538") = 8M<U_IMM(H&(1>W>~@6“) + H&@>“B>~<Bﬂ<2>))
+8A<H~ AP T, XB%), (9.19)

showing that it evaluates to a finite number of terms on section that can be discarded safely.
We define now the square of the duality equation at GL(3) x Eg level k > 1 as (cf. (7.5))

1 el / ~ ~ ’ ~
- _ = Ty _ oy I K, K1 Ty _ oy J Ly L1
Ok = 4m1(k)J(k') <]: m ()QK(,k-)K(lfk')]: 7 m UQL{k)L(Lk)]:
= —l Flwy FIm + l Flo-n FJa-n _ 13’2 Fla-n 7w (9 20)
o 4m1(k)J(k') 4ml(lfk)J(l—k) 2 I —wyJw . .

With this notation we can combine the last term of the topological term (9.18) with the alter-
native kinetic term Ly, of (3.28a) as

1 g 1 & L ) o0
4 Z Mg, 0, F O F0 2 Z Qg FIOFI0 = —2 Zml G FlenFlen 4 Z O .
keZ k=0 P
Zkin
(9.21)

The field strengths F/-» simplify for k£ > 0 as follows. From the general formula restricted to
the Eg solution of the section condition we have

Flowy _ odenp 7 I A Ak +1) Icwn F Rew InA F Ak
f — C Q(_) \7/1, + C (—k+1) jA + C A(,;\.) CM + C A(*k#»l) CA
C'I(*"‘)“a(fmju )+ CI a gy JAMEED , for k>0,
_ (9.22)
C’I“’)”a(o) T + CI“”Aau)jAa“) + C'I“’)Adu)f(Aa“) , for k=0.

Thus, there is only the single component ¥ 4% of all the constrained fields remaining in the
infinite sum over field strengths squared. We can rewrite this sum using (3.26), where I only
contributes for £ <1 in one of the following three combinations

Tnp Jeny —ms = (k) Ji—r ov, pu
Mg C ey O g =m0, C P oay 70 ppym?7m™ (9.23)
lnp Ji-wB - - T Jeren CB )y, pr
M i “C O‘(*“C Biek+1) I ki H+1)C CO‘(*MC pPBkrnyt TV,
I pA JnB B B T o) T kv CB, DA
mi k)J(—k>C 06(7“1)0 B-k+1) Tk (7“2)(7 'Ca i C Dﬁ 0
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as

1 o0
ynd (8 J_
2 M1y Tyt TF
k=0
o0
= —lm Flo Flo — 1 m Clenp CJenr j a(—l;)j Bi-k)
— gl 5 Iewdin i BewJu v
k=1

I pyp JmA 7 o@r) 7, Bk I A JnB 7 Qi 7 Bk+t1
_|_20( ) a(,k)c( ) 5(4-,“)'-7# ( )jA( +1)_|_C( ) 04(—k+1)0( ) 5(4-,“)*7/4 ( +1)jB( +1)

1 ~ 3 ~ -
Iy TJ In J CB, DA
= —omyg g, OF0 — -mjf s C 'Cayy C7M Dgyym~"m TA%0 TpPo

AB
+ Tp " om™ 7 mum"? TaH) Bju n J4P0

+ 2T5m) DmBCmEFmADT )chAo‘(O)jB 0+ TB DmBCme T 0) cJA“ jBﬁfl)
1 1 ~ =
-5 Z [ma( oM T TP Bw 4 Moy o8 ABj - T ] — §ma(0)5(0)jAa<o> T4Po

1 & ) )
" 2 Z [TB(k)VQmPQT Pj NI+ 2T50 4 QmPQTa(—k)MPjuaH)jA

+TB(1—I«)BQm Q Q1 k) PJA - ij - k:|7 (924)

where we used that TQH,) p=0for k>1and Ty, Q4 =0for k> 2, as well as (3.26).
The final term to be added to this is the alternatlve potential term ﬁpot of (3.28b) that

evaluates in Fg decomposition to

~ 1 ~ ~ ) )

ﬁpot = — Z [ma(k)g(k) m/“/jua(k) jyﬁ(k) + ma(k)ﬁ(k) mABjAOc(k) jBB(k):|

_Z [Ta(k)“RmRQTB qu j M4 2T RmRQTB(k+1)AQjMa(k) jABW*l)
keZ

+ Ta<k+1>ARmRQTB<k+1>BQJAa(k*”JBBW”}

7 7 1 AB 7 Z
B
0By MM T J.Bo + 1Mew0Bo™ T JgPo

[mo‘(’f)ﬁ(k) m 7, i T, + Moy, By mABJ4%0 J Bﬁuc)]
[Ta(k)quPQTB(k)Vqua(k) J.5en 4 2Ta(,k>”meQTg(l7A,)AQjM°‘<*k> FaBon

+ TauA~>APmPQT5<1k)BQjA““‘”JNBB““} , (9.25)

where we again used the highest weight property of the module R(A1).
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Combining all the terms therefore leads to

L= ﬁtop + ﬁkin + ﬁpot
1. pA A o & 5 By _11. AB F a & 5 B I = Jo
= Iay, " T O Ky “O o T AP0 = ey 7 Ta™ Ko "9 g, T 87 4 5, OO o4 Qg XS0 F

1 1 ~
- §m1 fI ) Flo 4 4ma ’“’j j,,ﬁw)
1 7 7 ~ ~ 1 ~ ~
- §mf(1)j(1)cl(1) CO‘(O)CJ(D Dﬂ(o)mCBmDAjAam) jBB(O) - Zma(o)ﬁ(o)mABjAa(O) jBB(n)
1 . . . .
3 [TB DmADTa(mBEjAa(U) T + 2Tﬁ<o>p0Tau>Aﬁmwjua“)jAB(o)

A B 7 ag 4
+ g At Ty By Ta®0 TpP0

1
—§[T wo o Ty Y o Ty PO + 2T o T A 0 T, %0 T4

+ Z O, + H&MNaM(U_ldB)ZNB) (9.26)
k=1

where we used E7; invariance of the structure constants and m_lj tm = j which amounts to
magjﬁ = RQBJB.
Anticipating the comparison with Eg exceptional field theory, we now group the terms ac-

cording to
© ~
L= L0+ L0, + L5+ Ok + TN oy (U9 5387) (9.27)
k=1
with
: 1 AB 7 7 1 E__ AD B 7 -
pot = 1M o™ Ta%0 JgPo 4 §T5(0) pm™ Ty " T JgPo
1 7 7 - -
- §mj(1)j(1)cl(l)ca(0)CJ(l)DB(ﬂ)mCBmDAjAa(O) jBB(U) ) (928&)
ﬁigp = Hd(‘z) MAj“Ocu) Kﬁa) Q) a(l)jAB(l) _ Hd(3) ABjAa(l)Ka(l)d(g) - jBﬁ(Q)

+ QI(U)J(l)CI(O)A&(U)ZA&“)}ZJ“) ) (9.28b)

1 S 1 S
3D T 224 o701 B _ 12 po v (o B
kin — 4m06(0)5(n)m '-7# ©J,0 + 2T6 o P Ta(o) 0‘7# RV

Toyp JoyB > Bu InA_ oJoB_ 7.6 7. Bu
mf(n)J(n)C Ol(n)C Ba )‘7 VI8 Yoo J(U)C B(DC 5(1)‘7‘4 Ib
p A o po 7 _ B 0 PO A 7 ag 7B
+T5(n) UTa(l) p™ j# (l)jA o a(o) p™ TB(l) 0*7# (0)*7A W
1. 4 S S
B
+ 5780 " wm Tay, AT T — Jp1 TaP0) (9.28¢)

where we expanded 2m1 .7-" o FJo and used (3.26) on the terms jua@)j,,ﬁ(“). The first
term L? Dt contains the terms in j 440 ie. internal derivatives of either the Fg scalar fields or

the external metric. The second term L£¥P

top contains all terms involving the Levi-Civita symbol

78



(signalled by either II or §2) and do not depend on the Fg scalar fields and the external metric.

The last term includes all terms involving the external derivatives of the Eg scalar fields or the

external metric, as well as the internal derivative of the vector field and the constrained field
» through J4%0. Varying with respect to y4%® leads to the equation of motion

IpA J J —
co Q) [QI(n)J(D‘F Y- mI(n)J(m‘F v =0, (9.29)

which is a projection of the duality equation (9.9), consistently with the general consideration in
Section 3.3.

9.3 Recovering Fs exceptional field theory

We now give the various parts of (9.28) in an explicit parametrisation. Many steps parallel those
in Section 7.3, so we shall be rather brief. Expressions for the various tensors can be found in
Appendix D. Starting with the kinetic term L3} , the first line of (9.28¢) becomes

1 ~ ~ 1 ~ ~
14 (07 lo} 14 «
o Zma(n)ﬁ(n)mﬂ Ju (0)~7vﬁ(0) + §T5(n)uﬁmp Ta(o) oI (O)uZ/ﬁ(o)

1 1 1 1
=V _g<_zgwjt7u;0pju;pg + §gout7u;pyju;ap + Zguyju;aoju;pp - §gypt7u;agt7u;pu
1
- ZQMVHABJM;AJV;B> ’ (930)

using (9.5), see Table 4 for the fields on different levels.
The second line is more conveniently combined with the last term above to give
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where we introduced the Eg current (9.11) and the Eg section constraint (9.1). Note also that

<——/€ABQMVJH Jv (QMJJM;UV_QMVJM;UJ)jA;f"i'

J A;E = 8AA5 for the level one current component along the adjoint o,
The last two lines of (9.28¢) give
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such that in total

8= V(e
B ig“”ju;gpju;pg + %g"“jmp”jy;ap + %guuj“?aaj’/%ﬂp o %gupjmoajumu
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= H(—ERABQMVJMAJVB + ﬁ)
~ Du(V=99" (6 (Dogp — Dugop) = Tal) ) = 0a(V=99" T,) (9.33)

where R defines the covariant Einstein-Hilbert Lagrangian as

V _gR =V _g<_%guuggpgn)\DuganDugp)\ + %guggupg’i)\Duganugo)\
+ 39" 9°° 9" D ugopDygior — %g“"g””g“ADungy%p)

+ D, (x/—gg"”g“” (Dogov — Dugap)) , (9.34)

and Dy g = 00w — A?@Agw, — 2g,w8AA?. The kinetic term L£}? therefore matches the kinetic

terms in [24, Eqs. (3.2) and (3.5)] up to the last line of (9.33) which is a total derivative.
The topological term (9.28b) gives using (D.4)

Liop = QI(O)JU)CJ(“)A%)XAdU)J}J(” + Haw“Aj“a(”Kgmd(z)a(l)jAg(” — 15 ABjaxa“)Kamd“)ﬁ@ T 5"

&)
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= —%€“W<Fﬁ,BoA + faB® (047 — ADOp A0 AD + %fGEFfEAchBDAfa[AAgaB]A?)
— L7 fopl Ao (BEC o AL — A ADop ALY, (9.35)

which reproduces the Chern—Simons term of [24, Eq. (3.8)] up to a total derivative using [24, Eq.

(A.1)]. i
The potential term (9.28a) produces immediately [24, Eq. (3.18)]: The component of J4%©

along eg is the Fg internal current J2 and the one along gl(3) the internal derivative of the

external metric J4,” = ¢"°0aguc, while CIU)Aﬁ reduces to C' 4p = Kap since 1:(1) = 1 belongs

(0)

to a singlet under Eg from (D.19a). Consequently, the potential term (9.28a) takes the form

1 1
e =v—g (ZM AB g1 0UP (D4 9508 Gup — OAGuaOBGpp) + 5M AB g 94 g, FCP 8 TC0
1

1 1
4MABRCDJA;CJB;D + §MEFfADEfBCFJA;CJB;D - §~7A;BJB;A) - (9.36)

In summary, our Fy1 exceptional field theory pseudo-Lagrangian and duality equations pro-
duce exactly the Lagrangian of Eg exceptional field theory [24]. In addition to the Eg exceptional

Tt follows from the weight 2 of the metric and the weight 0 of daA; that D,(v/—gX") = 9.(v/—gX") —
d4(Aft\/=gX") in the last lines of (9.33) and (9.34).
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field theory Euler—Lagrange equations, Fq1 exceptional field theory includes an infinite series of
duality equations, starting with (9.9b), (9.13) and (9.14), whose role is to determine redundant
or non-propagating higher-form fields.

10 Conclusions

In this paper, we have constructed a pseudo-Lagrangian (3.8), consisting of the terms displayed
in (3.17), that is invariant under rigid Fy; transformation and that complements a set of Fji-
invariant first-order duality equations that were given in a previous publication [13|. A summary
of all the fields and the relevant FEj; representations is given in Table 1. Imposing the Fji-
covariant section condition (2.18), makes the pseudo-Lagrangian transform as a density under Fy
generalised diffeomorphisms such that the Euler—Lagrange equations derived from the pseudo-
Lagrangian are gauge-invariant, as are the first-order duality equations. This theory therefore
deserves to be called Fq1 exceptional field theory.

We stress that, while our pseudo-Lagrangian, the duality equation and the section constraint
have rigid F1; symmetry, choosing a particular solution of the section constraint breaks the
Fq1 symmetry to a subgroup, so that there is no rigid F1; symmetry in D = 11 supergravity
for example. This is a property of all exceptional field theories, namely that E,, is only a rigid
symmetry for field configurations that do not depend on the internal coordinates and then agrees
with the Cremmer—Julia symmetry of ungauged maximal supergravity in 11 — n dimensions.

A crucial ingredient in our construction is the appearance of constrained fields that go beyond
the usual tensor hierarchy of fields that are predicted by F11. These constrained fields are familiar
from E, exceptional field theory for n <9 [24,58,29] and, importantly and in analogy with the
FEy case, some of them transform indecomposably with the tensor hierarchy fields under rigid
Eq [57], see (2.9). The construction of the topological term (3.15) in our pseudo-Lagrangian, as
the Fjq-invariant derivative of the constrained field /%, was in particular inspired by a similar
construction in Eg exceptional field theory [29].

To prove gauge-invariance of our theory, a number of group-theoretic identities are required
to hold, as summarised in Table 5 of Appendix A. Many of these identities can be deduced
either from Fp; representation theory or from using an enveloping tensor hierarchy algebra
structure 74,111, 60], based on ej; or even ej2. The tensor hierarchy algebra 7T (e11) provides
naturally the aforementioned indecomposable representation. Among the required identities
there is one, namely the master identity (3.6), that we have only been able to derive partially
for some of the Fq; representations involved. Its full proof remains an outstanding problem of
our derivation. However, our checks cover the infinitely many components of the sub-module
R(A10) ® R(2A3) C L(A1p) and in particular all possible checks for any GL(D) x Ej1_p level
decomposition up to the level of the D-form potentials for D > 3 (i.e. of fields with D external
indices in general, including in particular the dual graviton). Another conjecture that needs to
be proved is the existence of the non-degenerate K (F1i)-invariant bilinear form 777, which is
crucial for the definition of the duality equation and the pseudo-Lagrangian, see the discussion
after (2.16). We have not seen any sign of reducibility of the module 7_; to the levels we have
checked, which include all levels up to the level of D-form potentials in the tensor hierarchy in
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D > 3. It is worth noting that while we do expect that our pseudo-Lagrangian is the unique one
compatible with both F71 generalised diffeomorphism invariance and the duality equation, our
incomplete knowledge of E1; tensor calculus precludes a proof of uniqueness.

We have presented two main checks of Ey; exceptional field theory. The first one, described
in Section 7 is that, upon choosing the D = 11 solution of the section constraint and performing
the associated GL(11) level decomposition, we recover exactly the bosonic part of D = 11
supergravity at the non-linear level. No level truncations by hand are necessary for this analysis
as the higher level fields arrange themselves automatically as squares of duality equations in
the pseudo-Lagrangian so that their contribution to the equations of motion can be ignored
consistently. The second check is a similar analysis for the GL(3) x Eg decomposition that is
performed in Section 9 where we show that our theory also contains the well-known Fg exceptional
field theory of [24].

The pseudo-Lagrangian (3.8) can be considered as a master Lagrangian since it contains
all E, exceptional field theories (n < 8) for maximal supersymmetry upon choosing appro-
priate level decompositions and associated solutions to the section condition. We expect that
it also reproduces the (minimal) pseudo-Lagrangian of Ey exceptional field theory [29]. This
behaviour is well-known from Fj; level decompositions at the kinematic level from previous
investigations [112, 69, 108, 80| and, based on our examples, we expect this to hold dynami-
cally and non-linearly when using the semi-flat formulation of Section 6. Of particular interest
might be to see the relation to type IIB supergravity [112,57] or massive type ITA supergrav-
ity [69,70]. Massive type ITA supergravity will require a mild violation of the section constraint
along the lines of [68,106]. The mild violation will only occur in the construction of the semi-flat
pseudo-Lagrangian in intermediate steps and the final massive theory will not violate the section
constraint.

We also consider the decomposition of Ej; exceptional field theory to its GL(1) x Eyg subgroup
in Appendix E. This defines F1¢9 ExFT and we discuss how it relates to the Fyp sigma model
introduced in [6] that emerged from considerations of the Belinskii-Khalatnikov—Lifshitz limit
of D = 11 supergravity [113]. This one-dimensional sigma-model only depends on a worldline
parameter (to be thought of as time) and is conjectured to encode the spatial dependence of all
supergravity fields via ‘gradient representations’ [6] that are the Fjg-analogues of the Fq; dual
fields of type Agn 3, Agn ¢ and Agng1. The Ejg sigma model does not contain any constrained
fields. One may have naively thought that the restriction of Fig ExFT to fields that do not
depend on the FEjg internal coordinates would reproduce the FEjg sigma model. However, we
know already from Egq ExFT that it is necessary to keep the constrained field y»/® with the
constrained index in the Fg internal coordinate module in order to obtain ungauged maximal
supergravity [29].7° We argue in Appendix E that considering the D = 1 exceptional field
theory in which the Ej; ExFT fields only depend on the time coordinate, but with non-zero
constrained field x ;" subject to the E1q section constraint (with M and & = N in the coordinate
module R,,(Aq) of Eyp), one indeed reproduces the Eq( sigma model, with an additional algebraic

56There is a component BHAB of xa® that cannot be set to zero. In particular BMAA = 0 would imply that
the two-dimensional dilaton p is constant, whereas it is an arbitrary harmonic function.

82



constraint on the Fjg current. We suggest that this algebraic constraint may be useful for
resolving some of the puzzles in the Ejy sigma model conjecture [6].

As mentioned in the introduction, one can also perform a GL(1) x Spiny(10,10) C Eq;
level decomposition. This should produce the double field theory (DFT) formulation of type II
theories [66] and in particular includes the Ramond-Ramond fields in a spinor representation of
Spin(10,10) [114,66]. One can also envisage performing a construction similar to the one of the
present paper for theories without maximal supersymmetry. This would involve DFT itself, but
also cases such as pure general relativity in D = 4 space-time dimensions by replacing E1; by
other very-extended Kac-Moody algebras such as AT'H' [92,15]. For previous work on non-pure
supergravity theories see for example [115,116]. For subalgebras g of ¢11, one obtains a consistent
truncation of F1q exceptional field theory by restricting all fields and tensors to the singlets of
AFTt

a commuting subgroup, as e.g. Ey for g = or more generally Fg_, for g = AT with

n <35.

Besides reproducing the known exceptional field theories, our system also provides an explicit
form of the duality equations for the infinitely many higher level fields. This is discussed in detail
in Section 8. The constrained fields are again central for this mechanism and we have exemplified
this in detail for the dual graviton and the first gradient dual of the three-form gauge field in
eleven dimensions. We have in particular derived non-linear Lagrangians for these fields that
descend directly from the F1; pseudo-Lagrangian. Our analysis of the higher duality equations
in eleven dimensions remains nonetheless incomplete and we have only described schematically
the equations for all higher level fields that are dual to the propagating degrees of freedom. It
would be interesting to analyse the complete set of gauge transformations to solve systematically
the linearised duality equations. We have argued in particular that the > gauge parameters
mentioned in Section 2.3 generalise the Stiickelberg shift gauge parameters introduced in [96] for
the dual graviton to all higher dual fields. A complete analysis of the gauge transformations and
the propagating degrees of freedom in E7; exceptional field theory should permit us to derive
a completely explicit realisation of the proposal [16], with all duality equations for the higher
gradient duals described as in [19]. The precise relation to the modulo equation of e.g. [103]
remains open. Note nevertheless that all higher dual fields with more than one column can be
consistently eliminated as they are algebraic equations for the constrained fields components
that define Stiickelberg potentials similarly as in [1,61,96]. Only the tensor-hierarchy p-forms
in exceptional field theory satisfy equations that are not tautological in this sense. The higher
p-forms are not normally considered in exceptional field theories, but their duality equations
are by construction components of the Fy; duality equation. The simplest instances were given
in (9.13) and (9.14) for the GL(3) x Eg decomposition, as well as the equivalent of the dual
graviton equation in (9.9b). Although these higher forms do not need to be introduced in
exceptional field theory in order to write a (pseudo)-Lagrangian for the dynamical fields, they
are naturally defined as dual potentials. The three-form and four-form field strengths were for
example introduced in E7 exceptional field theory in [117], and it is clear from representation
theory that the corresponding duality equations would be part of the Fq1 exceptional field theory
duality equation in the GL(4) x E; decomposition.
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While the tensor hierarchy algebra 7 (e11) is an excellent tool for deriving results about the
algebraic structure of E71; exceptional field theory and in particular for demonstrating group-
theoretic identities, the symmetries of the theory are the usual rigid F1;, local K(F11) and Eqq
generalised diffeomorphisms. Thus, there are no symmetries associated with the tensor hierarchy
algebra itself. Understanding whether it can be made to play a more direct réle in the theory is
an interesting question. As was hinted at in [13] and commented on in Section 2.3, the extension
to a supersymmetric theory seems to require making more direct use of the tensor hierarchy
algebra.

The first steps for the inclusion of fermions into the duality eqtﬁigns were undertaken
in [13], building on the finite-dimensional spinor representations of K (F11), the double cover
of K(FE11) [73], that were found in [10,12]. While we have proposed a supersymmetric version of
the duality equation extended by fermion bilinears in [13], adding a Rarita—Schwinger-like term
to the pseudo-Lagrangian and employing E\I\Bether procedure appears to be an interesting chal-
lenge. As there does not appear to be a K (FE1;)-invariant quartic fermion term, the quartic term
in the fermions of eleven-dimensional supergravity would have to come from the infinite sum of
quadratic terms O,, in the duality equation in (7.44), as anticipated in [13]. However, because
the spinor is in a finite-dimensional representation, the sum of the quartic terms in the fermion
diverges and it is unclear to us whether a pseudo-Lagrangian with finite order fermionic terms
exists or can be defined unambiguously. The resulting theory should have local supersymmetry
on the extended space-time R(A;) modulo the section constraint and we hope to report on this
in the future. o

One main property of the K(Fq1) representation is that the bilinear in the superymmetry
parameter and the gravitino field is not in e¢1; © K(ey1) but in the quotient of the module
L(A2) @ e11 @ L(A2) by K(e11) [13].°7 To define the supersymmetry transformations one must
therefore extend the Eq1 coset fields to include a new field ¢® € L(A3) for the second L(As),
that may be consistently set to zero using field dependent (and traceful) ¥ MI~ ancillary gauge
transformations. One needs to analyse the extension of the theory including these fields to derive
the correct supersymmetry transformations.

This problem is also related to the definition of the general ancillary gauge transformation
of the constrained fields that we have not derived in this paper. By construction, the pseudo-
Lagrangian and the duality equation are invariant under the ancillary gauge transformations
generated by the commutator of two generalised diffeormorphisms. In particular it is invariant
under the ancillary gauge transformations of parameter X Mj =cl paTN QX(MN) (POl with M N
constrained, as in the second term of (2.49). But this does not cover the whole space of traceless
parameters 2 MI~ . The general ancillary gauge transformation of the constrained fields should be
defined such that it reproduces the known one when it is generated by the commutator of two
generalised diffeomorphisms and such that the duality equation is invariant. The commutator
of two generalised diffeomorphisms acting on the constrained fields does not only generate a
gauge transformation of parameter X MI~ , but also an additional ancillary gauge transformation

5"Note that the same doubly indecomposable (‘socle length 3’) representation of Fi1 also features in our
derivation of some E1; identities in (A.11), therefore proving its existence which was conjectured in [13].
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of parameter Y pnt R with two constrained indices M and N , which remains to be defined as a
symmetry of the duality equation. Note moreover that the algebra of generalised diffeomorphisms
is infinitely reducible, and only closes on itself up to trivial parameters. In D > 2 exceptional
field theory, these trivial parameters give rise to 1-form gauge transformations that act on the
gauge fields of the theory [24,29]. Since there is no external p-form in FEj; exceptional field
theory, the trivial parameters do not define gauge symmetries of the theory. It would only be
necessary to introduce them to determine the infinite chain of ghosts for ghosts of the BRST
algebra of F71 generalised diffeomorphisms.

FEy exceptional field theory admits a Virasoro-extended formulation, which involves all neg-
ative Virasoro generators L_,, that transform indecomposably with the adjoint of Egy [29]. This
formulation allows reproducing the Fg linear system of two-dimensional supergravity as a con-
sistent truncation of exceptional field theory, whereas the relation to the linear system remains
unclear in the non-extended (minimal) formulation. As mentioned above, the construction nec-
essary for the supersymmetric theory includes an additional field ¢* € L(Az). In the case of
FEy, this fields is commonly called g and is the one associated to the Virasoro generator L_; in
Ey exceptional field theory. The Virasoro-extended formulation of [29] has similar fields for all
L_,,. Whether a ‘Virasoro-extended form’ of Ej; exceptional field theory, including all fields
¢ ¢ [(nAg), exists, is not clear to us. We have verified in Appendix B using local algebra
techniques, see (B.13), that one can adjoin the representation @, L(nAz) to E11 in an inde-
composable manner, such that the algebra extension exists. If such a Virasoro-extended version
of F11 exceptional field theory existed, it might permit understanding more systematically the
infinite chain of dualities with higher level fields and possibly lead to new integrability structures.

Another approach to supersymmetrisation of the F; exceptional field theory may be a suit-
able extended superspace approach. This has been studied for the F7 exceptional field theory
in [117] where only the four-dimensional (external) geometry was elevated to (4|32)-dimensional
superspace, see also [118-120]. Should a suitable generalisation of this construction be found
for the E1;1 exceptional field theory, it could provide a framework for the construction of an
action for M-branes propagating in the resulting generalised target superspace. An additional
and very powerful method that could be utilised is based on the superembedding principle for
which superspace is essential [121].

The previous points addressed mainly the formal development of E1; exceptional field theory
and we now turn to some potential applications.

One interesting avenue is to explore the connection to exotic branes and non-geometric back-
grounds [122-135]. Depending on the co-dimension of the exotic brane, it couples to different
generators from the list (8.1), where we restrict to the GL(11) decomposition and an M-theory
discussion for concreteness. Ordinary branes correspond to the generators of Eg and are the
KK-momentum, the M2, the M5 and the KK-monopole solutions. Their co-dimension is greater
than two. Co-dimension two objects are associated with genuine Ey generators, co-dimension one
objects with genuine FEjg generators and space-filling objects with genuine Fq; generators. As
these are related by rigid Fq1 symmetries one can consider the transformation of the solutions.
But, as the rigid Fy; transformation typically changes the solution of the section constraint, the
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transformed solutions tend to be solutions of a different model. Exceptions to this statement
occur when the solution has isometries that are preserved by the rigid Fq; transformation and
this is the framework of U-duality as a solution generating technique [136]. The non-geometricity
of a transformed solution arises when higher-level fields and coordinates are formally turned on
in the solution. A famous example in the context of DFT is the twisted torus [137] and we refer
the reader to [138,131] for more examples and references. These non-geometric solutions can
in principle be thought of as coupling electrically to higher level dual fields [139], and it would
be interesting to see whether our model provides a means to constructing the corresponding
geometric theory. The considerations of Section 8.4 appear relevant for this.

DFT can be understood as a low-energy limit of the string field theory classical action [52].
One may therefore hope to get some hints on what should be the M-theory effective action from
FE4q exceptional field theory. Our construction is limited to the bosonic two-derivative sector.
The tree-level string theory effective action is expected to admit the continuous Spin,(10,10)
symmetry to all orders in o [140], so one can possibly construct higher-derivative couplings in
DFT [141-145], see however [146] for a recent puzzle in this context. On the contrary, U-duality
is a symmetry of the quantum theory [147], and there is no higher-derivative coupling with the
continuous symmetry Ej1(R). It was already understood in the original conjecture of [1]| that
only a discrete symmetry could remain at the quantum level. One may only expect to be able to
construct higher derivative couplings with the discrete symmetry [148], which would necessarily
involve E1;(Z)-invariant Kac-Moody automorphic forms [149]. Moreover, the M-theory low
energy effective actions strongly depends on the background. So an effective action with Ey1(7Z)
symmetry could only be viewed as a formal object, which upon reduction by taking various limits
would reproduce the effective action of string theory on different backgrounds. One may expect
for example the effective action of string theory on RMP~1 x T19=P (see e.g [150]) to be captured
by such a formal Ej;(Z)-invariant effective action. It seems unlikely that the requirement of
E11(Z) symmetry, together with supersymmetry, will determine such a formal effective action
uniquely to all orders in derivatives, but a more detailed study of these questions could provide
interesting insights. An alternative option would be to try to quantise directly the effective
theory. However it is not clear that one can bypass the problem of the strong section constraint.
Double field theory, for example, is not a consistent truncation of string field theory that can
be quantised independently. In exceptional field theory one has the same problem, there is no
integrated action because of the strong section constraint, and quantum effects allow two 1/2-
BPS excitations to produce 1/4-BPS and non-BPS states in string theory. The effective theory
quantum loops considered in [151] are in this spirit defined such that the internal space is a
generalised torus. For F;; one must necessarily consider a non-compact space-time, so a discrete
Fourier expansion on the module R(A;) is not a physically meaningful option.
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Table 5: Summary of identities satisfied by the various F11 objects. Identities that are only valid on
a solution to the section constraint (2.18) are shown contracted with partial derivatives. The identity
(3.6) plays a crucial role in gauge invariance of the duality equation, and we sometimes refer to it as the
master identity. It is the only identity for which we do not have a complete proof.
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A Identities for Ey; tensors

In this appendix, we summarise and prove the identities of the various E1; objects that appear
in the pseudo-Lagrangian and the check of gauge-invariance. These objects were summarised
in Table 2 and we collect the salient identities in Table 5. The only identity for which we do
not have a full proof is (3.6), although in Section A.2 we show it on an infinite-dimensional E1;
representation.

In the table, we have also indicated the method of proof that will be used for demonstrating

the identities and there are two principal methods

e THA techniques: This method relies on constructing a consistent (super-)algebra extend-

ing e;;. This can be either the tensor hierarchy algebra 7 (ej1) already encountered in
Section 2.1 or the tensor hierarchy algebra 7 (e12) based on ej2. The identity will then
be implied by Jacobi identities in the tensor hierarchy algebra. An important additional
identity that follows from 7T (e12) is (A.22).
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e [ representation theory: This means that one can analyse the identity either using high-

est weight methods for Fq1 or by constructing appropriate homomorphisms between FE1q
representations. Some of the explicit calculations for these proofs will be done in GL(11)
level decomposition which is reviewed in Appendix C.

Some proofs also combine both methods and in the table we have indicated the one that is
more prominent in the given proof.

A.1 T(e2) and the proof of (2.52)

An important ingredient in the second potential term (3.10) and the ancillary gauge transfor-
mations (2.47) is the tensor C & and its relation to the tensor C7M introduced in (2.33) and
that appears as structure constants of the tensor hierarchy algebra 7 (e11). In this section we
will find that C1 ma 1s defined as a structure constant of the tensor hierarchy algebra T (e12).
Using this observation, we prove identity (2.52) that we reproduce here for convenience

CIPBTB(MQUN)RWJUMCJMaMaN _ <fa/3,yTw(MPTBN)Q _ 25[(11;/1TaN)Q])3M3N . (A
We have written the partial derivatives without ® to emphasise that M and N are symmetric.
Our proof uses the tensor hierarchy algebra T (e12) extending the Kac—-Moody algebra e¢1o and
follows ideas developed in [60]. In [60], it was shown that for a finite-dimensional algebra g and
an irreducible coordinate representation R(\), one can construct a Lagrangian for the fields in
K(G)/G that is invariant under the generalised diffeomorphisms for coordinates in R(\). This
Lagrangian takes the form of (3.9) plus (3.10) and its invariance uses the equivalent of (A.1),
which is shown to be a Jacobi identity for the tensor hierarchy algebra 7 (gy) for the Kac-Moody
extension gy of g by the weight A\. In our context, the further Kac-Moody extension of e¢1; by
the weight A is e19 [63], in which an extra node is attached at node 1 in Figure 1.

Indeed by using the tensor hierarchy algebra 7 (e12) we can realise the ¢17 tensors appearing
in (A.1) as structure constants in a Lie super-algebra and use its Jacobi identities to deduce
new identities for the e1; tensors. We first note that the proof of the existence of the tensor
hierarchy algebra T (e,) in [57] applies to any n > 3, and therefore to 7 (e12). This proof is
based on a local super-algebra construction as defined in [152]. We can either use the local
super-algebra associated to the GL(12) decomposition introduced in [57], or the one associated
to the GL(4) x Eg decomposition introduced in [13] and further analysed in Section A.5 below."

The algebra 7 (e12) has e12 as a subalgebra and a grading analogous to (2.2). One finds that
To(e12) decomposes as

To(e12) = e12D L1, (Ag) & Ly (A1 + Aqq) (A.2)

with the bounded weight modules
L,(A3) = R,(A3) & ... (A.3a)
L,(A+ A1) = Ry(A1+ A1) @ Ru(A2) ® Ry(A1 +2M) & ... (A.3b)

%8The generalisation from 7 (e11) to T (e,) is simply obtained by considering superfields depending on n Grass-
mann variables instead of 11. One easily verifies that none of the computations depend on the number of
Grassmann variables.
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This decomposition is analogous to (2.3), (2.4) and we have written R, (resp. L,,) for all highest
weight (resp. bounded weights) representations to distinguish ejo-representations from the eq;-
representations. By the same mechanism as [57, Eq. (B.50)] we deduce that L,,(A3) D R,,(A3)
mixes under ejo with ejs in an indecomposable manner, while the other highest weight modules
in L,(A; + A1) are proper submodules that appear as a direct sum. This is also discussed
in (A.96) below. Similar to To(e11), it is plausible that L,,(As) = R,,(As).

Branching these ejo-representations in 7g(e12) under e1q, one has®”

YR

ep=-®RA) VD (gl(1) ®er))©DRAL) D...,
Ru(A3) = ... & (R(As) & R(A1+A10) ® R(A11) ® R(A1+A4) & R(As) & R(A+As+A1)
D 2><R(A3+A10) ) R(2A1+A11) D 2XR(A2+A11) D R(A1+2A3) D... )(71)

® R(A2)”,
Ruy(M+An) = ... & (R(A1+A10) & R(A1n) & R(As) & ...) " @ R(A1p)© (A4)
Ru(A1p) = ... ® (R(Ag) ®...) " @ R(A1) Y,
Ro(Mi+281) = ... @ (R(A1+2A3) & R(As+As) & R(Aa+As+A10) & ... ) 7V @ R(2A5)®.

The superscripts here refer to the eigenvalues under the adjoint action of gl(1) when branching
to gl(1) @ ey C e12 and we shall refer to this as the wi-degree. We recognise at degree w; = 1
only Ejs € R(A1) and at degree wy = 0 the generators 0 A e To(e11). At degree wy = —1 there
are the generators FM € R(A) as well as Fle L(A3) as given in (2.42) and realising these latter
in an algebra was one of the main reasons for going from 7 (e11) to T (e12). We define L(As3)

inside the module L,(A3), such that it transforms indecomposably together with ej;. This is
indeed possible because one finds from (A.4) that R(A1) ® R(A2) © R(A1 + Ag) is contained in
R,(A3) C Li,(A3). We call the decomposable part D1 C L,,(A1 + Aq1). Note that it includes the
representations in 7i(e1;) © R(A;) displayed in (2.6) and we shall therefore write M € D;. In
summary, we deduce from (A.4) that the branching of Tg(e12) under e; gives

Toer2) = - ® (R(A1) @ L(Ag) ® D1) 0 @ To(e11)© @ R(A) @ ... (A.5)

Note that the indecomposable structure induced from ejo @ R(As) is necessarily trivial in the
category O of Kac-Moody representations, such that R(A;) @ L(As) = R(A1) @ L(As) as follows
from [71].

Restricting to L(A3), the algebra of 7p(e12) can be written in BRST form as

Sho = 5 F%ahghy — K% ahghs — ToM iy fare™ + Clya fre™ |

Sha = —T%ahshy + CTnafreY , oha = —T"=\hghz + 1 gy frze |

seM = TBMNhB\eN , (A.6)
Sfu = =T"Nyhgfy , Sfy =T hst5

BJj
Sfp = =T thsf;

59We note that the complete reducibility of a representation of E12 implies the complete reducibility under E1;
as can be seen by fixing the GL(1) eigenvalue as we do here.
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where we have omitted the terms bilinear in hg,hy and f7, f7; and we write the structure
coefficients as C1 No anticipating that we have identified L(A3) such that it agrees with the
representation that appears in (A.1). The structure of the algebra is constrained by To(e11)
covariance and the branching of ¢;5 modules under ¢q1, such that all the structure constants are
fixed with C7 N& an invariant tensor under eq.

To see this we look at the Jacobi identity in 7g(e12) corresponding to the terms proportional
to haffeN in 62hq = 0. This gives

TP N O poy — T 0T o — £, CT vy + K770 s = 0 (A7)

From this identity we conclude that CI~ N& 1S an eqp-invariant tensor. In particular CI~ Na 1S
a non-zero intertwiner that can be computed explicitly and the relation then gives some non-
trivial components ol Na, leading to a non-trivial tensor ol Na- This reasoning applies to all
irreducible constituents of L(A3), giving in particular that o Na = cAHIA Na& on any irreducible
er1-representation R(A) inside L(As).

We now consider the branching of 77(e12) under e

7-1(612) = Rlz(Al) (&) RIQ(AQ + All) D RIQ(AQ + 2A4) D ng(Al + Alg) D... (A.S)

that further branch under ¢1; as

Ru(Ay) = (L(Alo) @ L(A))" @ R(A) TP 013
Ry(Ay + A1) = R(A1 + A1),
Ry(Ag +2My) = R(Aq +2A3)C%) (A.9)
R,(A1+ Ap2) = R(A; )(T) ,

which shows that that the ejj-representation R(A;) arises together with all other components
of Ti(e11) in Ti(e12) at wy = —%. It is possible that there is more than the module 77(e1)
at wy = —%, but this will not be relevant for the arguments of this appendix since we shall
only be interested in the identities one can derive from the algebra 7 (e12) for the submodule
R(A1) C Ti(eqq), iee. M restricted to M, where M refers to all of T1(e11).

Using the local super-algebra of 7 (e12) in [57] one deduces that the branching of 7_;(e12)

under ¢y gives®?

Tor(ern) = ® L(A3) "2 @ (adj @ L(A1o) ® L(A10)) D @ (To1(e11) @ R(A1)) P
® (L(A2) © L(A1w) ® LAAD))P @ ... (A.10)

50We assume here for simplicity that Do in (2.3) vanishes. It could easily be included. Our notation suggests
that all the category O modules L(Ag) for a given Ay are the same, but they could in principle be different
extensions of R(Ax). We know nonetheless that L(A1o) always includes R(A10) ® R(2A3). In some cases L(A10) =
R(A)VR(A1) & R(2A1) (for FA or Q™) and L(A4) = R(A1) A R(A1) & R(Az) (for Q% or E7 in the conjugate
representation).
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whereb!
adj = L(A2) @ e1n @ L(A») (A.11)

is a double extension of the adjoint representation eq; that includes both indecomposable struc-
tures. The decomposition (A.10) can be established by starting from the GL(12) version of the
local super-algebra of T (e12) and branching the GL(12) representations to GL(11) and then re-
assembling them into the structure of 7 (e11). In particular, there are two nine-forms of GL(11)
arising in the process from the field strength component F,,,P in the GL(12) decomposition of
T_1(e12). The defining relations of 7 (e12) then implies the double indecomposability (A.11).

The double extended module (A.11) is defined such that F&@ = (F% F* F%) e L(Ay)@e1 @
L(A2) admits the non-covariant transformation

AP = KoB Y 4 kOB T ACFS = g K TP BT ACEP =0, (A12)

Some of the generators of 7 (e12) in ¢1; language are summarised in Table 6, where we also
introduce names for the various elements of the representations discussed above.

wl—l—%:—l wl—i—%zo wl—l—%:l
P =1 QAaQA pM p
po=0 | FM FI pM | p & A Eu
po=—1| Fa FN FA try tm Es, Ep, E}

Table 6: Decomposition of T (e12) generators under ¢11, with p,, the level of T,,,(e12) and wy the GL(1)
weight under E11. They are related to the degrees p = % —wy and ¢ = =52 —w; of [60, Table 3|. @
is for zﬁj and A for L(A4). The involution for T (e12) is centred around p,, = —% and q = % but we shall

not use this.

We now use the 7 (e12) machinery and ingredients just introduced to prove (A.1), following
[60]. The starting point is the Jacobi identity involving the generators F a Ey and PM. Using
the known commutators of 7 (e11) and using 7g(e11) covariance, one determines the following
commutators within 7 (e12)

[h7p]:_%p7 [p7FM]:_PM7 {qua}:ta7 {p7Fd}:O7 {p7tM}:_EN7
]

[PM7EN = 5%p7 {PMvtN} = %5]]\\[4h+TaMNta )
[Eanr, FN] = 3630 — TN at™ [Ep, FN] =TIV pyat? |
{(PM t1} = —Qr(C™Mat" + CMptY), [By, FT = CT st (A.13)

51Tn this equation, we do not need to put parentheses since L(A2) De11 @ L(A2) = L(A2) © (eu D L(Ag)) =
(L(A2) @ e11) @ L(A2). This module was already conjectured to exist in [13], see footnote 16 there for its first
levels in the GL(3) x Eg decomposition.
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For {PM tx}, one can check using the G'L(12) local super-algebra that it does not produce
the generator t® C R(Ap). It follows by representation theory that this anti-commutator with
PM ¢ R(A1) cannot produce generators in L(Ag) @ L(Ajg). It is consistent with the Jacobi
identity

[FM {p,tn}) = {p, [FM, tn]} = {tn, [p, F]} (A.14)
provided we define
{FM iy} = 2T, My Fo — 25, 5T°P qn@Mppy FE (A.15)
that can be checked to be Ejj-covariant using
1asT"F qnMnpy =Ty . (A.16)

Even though the two terms on the right-hand side are not individually F4i-covariant due to
(A.12), their combination is.

We make now the following ansatz for the remaining (anti-)commutators of F@ that we need
for the Jacobi identity involving F@, Ej; and PM:

[EM, Fa] = QIJU[MatJ + 5%TENM75N , (A.l?a)
(PM Fa) = CMapT 4 5§T3MNFN +CGMARN (A.17D)

where we used that there is a unique homomorphism from e;; ® R(A;) — R(A1) to determine
the structure coefficients multiplying respectively ¢tx and FN 52 while C/?, 6I~M§’ and CﬁMa
are defined on ;\(ij. The latter satisfy the non-covariant transformations induced by the ones
of F& = (F% F* F&) € L(Ay) @ ey @ L(Ay), see (A.12). The way they have been introduced
above, Cp/@ and 61~M @ are a priori new objects and we shall argue in the final step of the proof
how they are related to the tensors in (A.1). The tensor C' 1\7M & =£ 0, but this will be irrelevant
for us. The components of these objects are denoted by

Cin® = (Crv®, Crn®, Cry®) and CM8 = (CMa, 0 Mo O Mey (A.18)

For the second terms (A.17) we note that the projection 52 is consistent with the non-covariant
transformation (A.12) because adj is the quotient of the module adJ by the submodule L(Ag).
We now consider the Jacobi identity

[Ep, {PM, F8)}] = {PY,[Ep, FOJ} + {FO, [Ep, PM]} (A.19)

52 The uniqueness of the homorphism can be proved in the GL(11) level decomposition by solving the highest

weight condition for the vector X,, = cohn™ Om + cohm™ On + clAnp1p28p1p2 + >, ct® Mes-n A, 1O i for

)
free coefficients ¢®™,,. One finds that ¢; = éco and cp = —500 and because the module R(Al) is generated

from the highest weight vector X, we conclude that all the coefficients c®M3-1  are determined as well as

M = coT*M,, and the homomorphism is unique. The proof applies to all e,.
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which reduces to the following expression along t* when we use the commutators above:?

UI“MECfPEtB— 5§TQMRTBRPtB = UIPEC’IMBtB—I—(ng?RPTgMRtB — 55\345%155. (A.20)

If one takes the Jacobi identity involving a @ one has 5% = 0 and this identity reduces to
CiMaC! 5 =CrptC™M g, (A.21)

which is already similar to (2.53). If one takes the Jacobi identity involving F'*, one gets
6I~Macipgt5 = 6IPQCIMBtB + TQMRTﬁRptB + TQRPTQMRtﬁ — 5;\)4ta . (A.22)

Replacing t? by the invariant tensors T4V ¢ and contracting with derivatives 0p7On to enforce
the section constraint one obtains

CMCT TN Qor0y = (£5, T p T g = 264 TN ) Das O (A.23)

with the canonically normalised intertwiners II I~M & where we have used (2.35) to eliminate the
first term on the right-hand side as well as (2.17) and the section condition (2.18) to simplify
the remaining terms into the form given. This consequence of the Jacobi identity is already very
close to the claimed identity (A.1), or equivalently (2.52).

As the final step in the argument we must identify the relevant components of the tensors
Crm® and C7M@ with the unbarred ones that appear in the actual identities (2.52) and (2.53).

This is only possible for the components in L(As) @ ey1 C a/ch and the identification is

oN

Cru® = (Crn®, Crn®, Crn®) = (61MdanaﬁnIJnMNCJNﬁyndﬁnIJnMNCJNB) ;
CMa = (CMa Mo, CMe) = (C Mo P TIfJTIMNCjNﬁaU&BUfJ”MNCjNB) ,  (A29)

leaving O/ and UfM @ untouched as they have no correspondence with the tensors that arise
in E11 exceptional field theory.

To show this identification, we start from the component of (A.21) along B. We replace
51M5‘ on the left-hand side, and identify the right-hand side as the Clebsch—Gordan series for
the tensor product R(A1) ® L(As2)

1 nLmpC?95C™ 5 = M np g TN (A.25)
with the canonically normalised intertwiners II;*% corresponding to the tensor product (2.42)
L(A3) = R(A1) ® L(A2) © R(A1 + Ag), (A.26)

and the K(Fi)-invariant tensors nfj and 1753 defined such that the equation holds. These
bilinear forms admit one free coefficient for each irreducible representation in L(A3) and L(Az2),

that can be chosen such that (A.25) holds, provided the left-hand side vanishes in the irreducible

53The component along t* gives C’K,MEHNPA = CrpaC'™ ,, that we will not use, but implies CNME #0.
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representation R(A; + Ag) not included in L(Ag). That this choice of normalisation is possible
can be verified explicitly for the first few FEj; representations in the tensor product by going
through GL(11) and GL(3) x Eg level decompositions, where we find explicitly that the left-
hand side vanishes upon projection to the irreducible representation R(A; + As), see (C.20) and
(D.26). This equation reproduces (A.21) along /3 provided we identify

CiMd _ HiMd : CJM& _ 77MN776{37711f1—[jz\73 ‘ (A.27)
With the identification above, (A.21) ensures that
CrptCt; =100 o (A.28)
Now taking (A.22) along B gives exactly the conjugate of (A.21), which implies that
Crn® =1 munC’™ g, CTHM = naﬁﬁijMNCjNﬁ : (A.29)

This concludes the proof that (A.24) is indeed the correct identification and we obtain therefore
that (A.23) is indeed Equation (A.1) that we wanted to prove. Moreover, we checked in Appen-
dices C.4 and D.4 below that at low levels the tensors (A.24) satisfy (2.52), which permits us to
identify the relevant identities following from (A.1) in eleven dimensions and in Eg exceptional
field theory. So we conclude that the claimed identities are satisfied in E7j; exceptional field

theory.

A.2 On the master identity

In this section, we shall investigate the central group-theoretic master identity (3.6) that we
recall here

QrCTMGTN g = T MY 4+ T Iy MN + Crotmz Y . (A.30)

It is needed for gauge-invariance of the duality equation [13] and of the Lagrangian (3.8). In this
equation C' JQB and C JQA are the conjugates of the tensor hierarchy algebra structure constants
C™ . and CT™™ ,  whereas C JQK is a new tensor defined such that (A.30) holds. The tensor
Iz MV is restricted to R(Asg), while the tensors HKM N and IIAM¥ include a normalisation con-
stant for each irreducible component contained in L(A4) and L(A1g), respectively, and so do nz=
and naz. These constants have to be fixed for each irreducible component such that (A.30) holds.
We show explicitly that this is possible for all choices of antisymmetric [M N] in R(A2) & L(A4),
but have only been able to demonstrate it for symmetric (M N) in the R(A19) C L(A1p) compo-
nent. The extension to all of L(Ajg) remains conjectural.
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We shall start by identifying the relevant representations. For this we can use the consistency
of (A.30) with (A.22), which gives
6fMaCfPBTBNQ(§P ® a°
_ <61PQCJMBTBNQ + TaMRTBRPTBNQ + TBMRTQRPTﬁNQ _ 5§\D/ITaNQ)5P ® 52
= —QIJUIPQ (6JQBH6~MN + UJQAHAMN + 5JQAH1~\MN)5P & )
+ (=BT pTN g + 200 TM ) — 200" TN )" @ 59
=0, (A.31)
because the first line vanishes according to (2.51). One can check the consistency of (A.31)
0T, pe (UJQﬁHBMN + 6JQAHAMN n 6'JQAH7\MN)5P ® 9
= (= fOP M TN g + 265 T0M o) — 26 TN )6 © 69 (A.32)
by projecting M N on both sides onto possible irreducible representations. One finds that when
projecting M N to R(2A1), both sides vanish consistently. The symmetric component of the
second line in M N is antisymmetric in PQ, consistently with the property that the symmetric
component in both MN and PQ@ of the first line vanishes according to the tensor hierarchy
algebra identity (2.36). Projecting M N to R(A3) one finds that the first line equals the second

using the identity
HdPQHdMNap ® aQ = —28[1\/] ® ON} . (A.33)

However, if one takes M N in another irreducible component R(A) of R(A1)AR(A1), one can
check that it satisfies
TMpTN o xIP9 = — (3 4 ny) X}V (A.34)

which corresponds to the ‘cross-term’ in the action of the quadratic Casimir on the tensor product
such that%

= =50 A) = (@A) + (A, A1) +2(A1, p) — 3 = —5(A ) — (2. A) — 30 (A.35)
and n) is a strictly positive integer for X iw N'in an irreducible submodule of
R(N\) € L(A4) = R(A1)AR(A1) © R(A2) . (A.36)

For example np, = 36. To prove the positivity of ny, one uses that A = n;A; is a dominant
weight with n; € IN and also A = Ay — o with a positive in the root lattice. Therefore one gets

Ny =nNay—a = (0, 3(A+A2) +0) > 0. (A.37)
If one takes [M N] in R(\) and PQ symmetric one obtains then

Q”UIPO@JQKAHKAMNéPéQ = —n)\Ta[Mp(Sg]AépéQ #0 (A.38)

S4With this we mean that rastv @ tPw = %/{a,gt“tﬁ(v ®w) — %[/‘iaﬁtatﬁv] Quw—1v® [Kapt*tPuw].
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where [M N], denotes the projection to R(\). It follows that for all R(\) € L(A4) the left-hand
side does not vanish and C JQT\A is not part of the 7 (e;1) structure constants. This is why we
have to introduce the additional constrained fields ¢ M/~X valued in L(A4), which were not found
to be necessary for gauge-invariance in [13] because it does not contribute at low-levels that were
analysed.

One can use the same argument to analyse the component symmetric in M N and antisym-

metric in PQ. One has in this case

TM pTPN o X (7@ — (L — ) X IV (A.39)

where
ny=—5AN) = (0, A) + (A, A1) +2(A,0) + 5 = —5(A0) — (0, A) — 28 (A.40)

and n) is a strictly positive integer for X2V in an irreducible submodule of R(\) C L(Ayo) =
R(A1)VR(A1) © R(2A1). One obtains then
QT poC oM Ip, MO © 89 = —na T M poy o @ 69 £ 0, (A.41)

from which we find that C ;o™ and Iy, ™" do not vanish for any R(\) C L(Ayp). This justifies
the definition of the constrained fields ¢y in L(Aqp).

We now return to studying (3.6) and begin with the symmetric component in M N
Q0T M TN 5 = TroMI MY (A.42)

This equation can be defined as a Jacobi identity for the tensor hierarchy algebra T (e11), see
also [13|. The commutator of a generator of degree 2 and a generator of degree —1 takes the

form
(P2 t] = 2C 0 PM (A.43)

for some FEhi-invariant tensor 51 v, The Jacobi identity

2[PM (PN 1)) = [{PM, PN}, 1] (A.44)
gives the identity for the structure constants

QpCTMET N G = Cro* MY (A.45)
just like in (A.42). Therefore all we need to prove is that

Crp =Crp™ = nrmpen*=C79%. (A.46)

Let us first consider the irreducible components R(A1g) of T3. The tensors éij and Cph
define E71-homomorphisms from R_; ® R(A1) — R(A1p) and are therefore uniquely determined
by the map to the lowest weight vector in R(Aj1p). We recall from (2.16) that R_; denotes
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the irreducible submodule of 7_;. Written in GL(11) level decomposition, this lowest weight
vector must be annihilated by the lowering operators d; with negative GL(11) level. By GL(11)
grading, the general ansatz for the lowest weight vector is

Y™ = 0, F™™ + o By ™ + 102 Fy ™ + I F? + . (A.47)

and it must satisfy the condition under GL(11) level —1

1 ¢ 1 ¢
Y™ = (1 - go)f””’manFm" + <Z +g €1 ) 7" Dy By, ™ 4 e = &) [P0 B+ ..

20. (A.48)
This implies by linear independence that
1 /
co=2, =y, =2, (A.49)

leading to
1
Y™ = 0p F™"™ 4 20, F,""P — 58"1"2Fn1n2m + 20" F,P 4. (A.50)

Just like the coefficients ¢; and ¢} are uniquely fixed by the coefficients ¢ and 1, all the coefficients
¢, associated to terms in the ansatz involving the derivative of weight —% — n are uniquely
determined by the equation d;Y™ = 0 because the module R(A;) is generated from the lowest
weight vector. We conclude that the homomorphism is unique (up to an overall factor) so that
we have indeed 51 p™ = Cp? for this irreducible component.

The same argument allows us to prove that there is a unique FEqi-homomorphisms from
R_1 ® R(A1) — R(2A3), as we show in (D.17). This extends the proof of (A.46) to the reducible
submodule R(A19) @& R(2A3) C L(Ap).

We shall now argue why it is plausible that they are indeed the same tensors on the whole
module L(Ajg). We argue in Appendix A.4 using a Casimir homomorphism that we have
L(A10) C To(e11), so that we can consistently identify the index A on both sides of (A.46).
Moreover we have seen from (A.32) that éij = Ciphis compatible with the Jacobi identity
(2.36). It is very unlikely that there exists and non-trivial additional homomorphism C pr—Crpt
from R_1 @ R(A1) — R(\) C L(A19) compatible with the Jacobi identity (2.36). However, unlike
the R(A10) ® R(2A3) component we do not have a full proof.

Let us now consider the antisymmetric component in M N of eq. (A.30)

Written in this form, the right-hand side is simply the Clebsch—Gordan series for the tensor
product R(A;)AR(A1) of the indices MN. The components Cjo* are defined by projection of
the left-hand side. For ease of notation we shall denote its conjugate by

C«IMK _ UIJUMNW\%@JNE ‘ (A.52)
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The only non-trivial equation that remains to check then is that C JQB is indeed the conjugate
of the tensor hierarchy structure constants C' 5 on R(As).

To show this we check that there is a unique homomorphism from R_; ® R(A1) — R(A2)
determined by the map to the lowest weight vector in R(Ag). This lowest weight vector must
be annihilated by 67 in the GL(11) decomposition, similar to above. Writing the ansatz for the

lowest weight vector as®®

C
Xoing = OpFrins? + 2¢00), Fop? + %amanmmm +..., (A.53)

the lowest weight condition is condition

1 1
5an1n2 = 5(61 - 1)fp1p2p38p1Fn1n2p2p3 + 5(60 - 1)8[n1Fn2}p1p2p3 +--=0 (A'54)

which can only vanish if ¢g = ¢; = 1, so that
1
Xning = amemp + 28["1FN2}pp + §8p1p2Fn1n2p1p2 +... (A'55)

Just like the coefficient ¢; is uniquely fixed by the coefficients ¢y and 1, all the coefficients ¢,
associated to the terms involving the derivative of weight —% — n are uniquely determined by
the equation §;X,, 5, = 0 because the module R(As2) is generated from the lowest weight vector.
We conclude that the homomorphism is unique so that

Crp® = nrmpen™C’9 (A.56)

on R(A2). This is of course also compatible with (A.32) as we checked above. We conclude that
(A.51) is indeed satisfied on the whole irreducible component R(As). Since the L(A4) components
work by construction due to (A.52) we thus have shown (A.51) on the whole antisymmetric part

in [MN].

A.3 Proof of QIJC’IMaCJNB identities

In this section, we prove the identities (2.37a), (2.37b), (2.37c), (2.38b) and (2.38a), see the
summary in Table 5. A first observation for all these identities is that by (2.36) it is sufficient
to consider the parts of these identities where M and N are antisymmetrised, which means we
only have to consider the antisymmetric part of the section constraint (2.18).

The first three identities are simple consequences of tensor products of E7; highest weight
representations when we look at their structure in the M and N indices. As the identities are
to be valid only on section, we have to make sure that the tensor products do not contain the
representation R(Ag) that is the only non-trivial one on the antisymmetric section according
to (2.19). For this we look at the structure of the lower indices.

For the first identity

Q]JCIM&CJNBaM ®oIy =0 (A.57)

5 Note that for the highest weight module R(A2), the set of components is generated from the lowest weight
component X, n,-
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we therefore need to consider the tensor product L(As) ® L(Az2). A quick check of the dominant
weights that can occur shows that it is sufficient to consider the part R(A2) ® R(A2) as all other
products can never contain the non-trivial section representations. The tensor product is®®

R(A2) ® R(A2) = R(2A2) @ R(A4) ® R(2A1 + A10) ® R(A1 + A3) @ R(Ay + Ayo) ® ... (A.58)

showing that it includes neither R(2A;) nor R(A2). From this we can conclude based on Ej;
representation theory that (A.57) holds.

A similar calculation of the tensor products R(A2) ® R(A1p) and R(A19) ® R(A1g) shows by
the same argument that (2.37b) and (2.37c¢) hold. Again the arguments can be extended from
R(A2) and R(A10) to L(A4) and L(Ayp), giving also (2.37b) and (2.37¢) as well as (2.39a), (2.39b)
and (2.39¢) in full generality.

We now turn to proving (2.38b). A first observation is that the combination

Q0™ 50N 50y @ On (A.59)

transforms covariantly under Ej; even though it contains the non-covariant object C/N g. Its
non-covariance (2.34) is indeed contracted in such a way as to yield (A.57) and thus disappears.

Since the symmetric part (M N) vanishes according to (2.36) , we can view (A.59) as an
¢11-homomorphism e1; ® R(Az) — R(A2), where the target R(A2) is the only non-trivial compo-
nent of [M N] on section. The representation matrices Tﬁgd are similarly the components of a
homomorphism from e;; ® R(A2) to R(A2) and we shall prove that this homomorphism is unique
(up to a multiplicative constant) which will then imply (2.38b) after fixing the constant on one
component.

Any homomorphism ¢;; ® R(A3) — R(Az) defines a highest weight representative in the
target for which we make the following ansatz in the GL(11) level decomposition

X, = Cogh[nlen

/1 D AP1P2P3
ni...ng 2...19]p + Cohp Xm---ng + A Xm---ngphpzm

/ ADP1P2P3
+ ClA an...ngplpzms +...

=3 (g, X)) (A.60)
k=0

To be highest weight, the . variation (C.3) must cancel X Checking the terms in

ni...ng"
App2ps X one finds

=0, 01:—%0 , dh=c. (A.61)

To show that it is the unique solution, one uses the general variation
o0

5eX| = <Ck(5e¢(7k)7 X))+ cppa (oY, 5eX(4+k))> =0 (A.62)

ni...ng
k=0

56Such tensor products can be computed using the character formulas for highest modules. Any product of two
integrable highest weight representations is completely reducible as an infinite sum of integrable highest weight
representations and the terms can be (partly) ordered by the height of their highest weights [71, §10.7].
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which implies by the GL(11) grading
k(0 XY 4 g (0F D, 0. XH) =0 (A.63)
for all k. But the module R(Asg) is generated from the highest weight, so
Cor1 (P 5. XY =0 (A.64)

for £ > 0 if and only if cxyq(p* Y, X@H) = 0. We conclude that there is no solution with
co = 0, and since the solution with ¢y # 0 is unique up to a multiplicative constant, the
homomorphism is unique up to a multiplicative constant. Fixing this constant by using the
explicit expressions for the lowest components of tensors in GL(11) decomposition proves (2.38b).

We now prove (2.38a). Since (2.38b) is true, we deduce that
5 1
<H&MNK(aaﬁ) I §QIJCIM(QCJNﬁ)>aM ® Oy (A.65)

is an invariant Fq; tensor despite appearances. The reason is that its non-covariant Fq; variation
is proportional to (2.38b) which was just shown to vanish. Therefore, (A.65) defines a homomor-
phism from (ej1 ® e11)sym to R(A2). We are now going to prove that there is no non-trivial such
homomorphism.

The existence of any such homomorphism would imply that one can define a highest weight
vector of R(As) for which we make the ansatz

/ — p AP1P2P3
an,,,ng = COA[nlngngAm;...ng} + Clh[nl hng...ng],p + C2A ATL1...TL9,p1p2p3 + ...

= cp(g" P, ) (A.66)
k=0
in GL(11) level decomposition. The Ej; variation of the ansatz is
6X" = 30 (ar(0:6%7, 65 + i1 (91, 6.64)) (A.67)
k=0
which implies by GL(11) grading that
cr(0e0" ™, ") + cpp1 (97, ) = 0 (A.68)

for all k > 0 and c(¢p™,5.¢0®) = 0. Once again, e17 is generated by the local subalgebra, and
therefore

ch1(07Y, 007 =0 = (TP, 0) =0 (A.69)

for all £ > 0, so ¢y must be different from zero, and then all the ¢; are uniquely determined by
co. In order to fix ¢y we look at the terms in eh;! Ag obtained by varying the ansatz

X' = _(300 + 5601)6p[n1n2 hn3pAn4...n9] + 2801h[nlp(§6n2n3n4An5...ng}p + %e\p\nzngAm;...ng]) +..
(A.70)

This expression can only vanish for zero coefficients which implies ¢g = 0. This concludes the
proof that there is no non-trivial homomorphism from (e11 ®e11)sym to R(A2), and therefore that
(2.38a) is true.
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A.4 Casimir and homomorphic image of L(Ay) in 7

Gauge invariance of the duality equation (3.1) relies on equation (3.6) that requires the fields CK
in L(A19) ® L(A4). We here explain why the L(Ajg) components ¢* can be thought of as being
in a common submodule of 7y and 72. This is used in Appendix A.2 to study (3.6).

We have seen in Appendix A.2 that (3.6) implies L(A19) = R(A1)VR(A1) S R(2A41). By con-
struction of the tensor hierarchy algebra, the submodule R(A1)VR(A1)© R(2A1) of T3 generated
by the anticommutators {PM, PN} with PM € 77 is indeed L(A19) C 7. However, we still need
to prove that L(Ajp) is also a submodule of 7y. One can check at low levels that the components
R(A1p) ® R(2A3) C L(Ay10) and the decomposable part of 7y are indeed the same. This is done
explicitly in GL(3) x Eg decomposition in Appendix A.5 below, see (A.90).

In this section, we define a Tp-homomorphism wy : 7o — Tg to argue that we have indeed
L(A19) C To. The induced ej;-homomorphism is invertible because Tz is completely reducible as
an ej;-module. We check explicitly that R(Ajp) C 72 is not in the kernel of wy. It is plausible
that the 7o module generated from R(A1g) @ R(2A3) is the whole L(Ajp), in which case we would
have that wy is non-zero on L(Aqg), establishing the homomorphism.

This homomorphism can be constructed from the quadratic Casimir operator w for 7 (e11) [57]
that acts on the category O of T (e11)-modules. We will not use such modules, but they could
be defined as highest weight modules for example. The quadratic Casimir w decomposes in the
sum of Top-invariant quadratic operators w;, according to (2.2). w, can also be defined on some
of the modules of the category O of Ty that are not inside modules of the category O of T (e11).
In particular, one can act with w, on 7, for p > q.

Recall the standard quadratic Casimir of e;; in the GL(11) decomposition

1 1 13 1
c=5KP K9 — g KV K+ S KP) + g Fppops BV + (A.71)
The second component wo can be defined in the same way by pairing 7y with its conjugate:

1 2 175 1 o 17 26
wy = g KV K + 3 KP K% — g KPp K9 — g KPp Ky + 3 KP)
+ %Fp1p2p3Ep1p2p3 + %Fp1p2p3Ep1p2p3 +.. (A72)

One defines similarly w; as

35 on 1 yninansnay 1,n1n iny m 1unp ¢
w1 = _ﬁK n+ ﬂt s 4tn1n2n3n4 - §t ! zmtnlng + §t pptnqq

1 m, 1 n 1 n
LT A L i o A SN 0. W &)

which is a normal-ordered form of %QI Jtrt; where all the positive GL(11) weight generators
are on the right.®” We have written them as t/ = Q!7t; to simplify the expressions. They are
defined such that the field strength as an element of 7_1 reads

— ... 1 _ni..ngpip2 r  m 1 __ni1..n7p1p2p3pa ny
F = + 59€ Foy . .ngymtpip, = + e Foy..n7tpipapspa

+ %anznamtmmnsm + %anzmtmnzm + %anmwgtmmmna + Fm’ntm,n +... (A-74)

5" The normal ordering is responsible for the term K",
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One can prove that w; and ws commute with e;; by showing that they commute with E™17273
and Fj, nyn, and we give the relevant commutators at the end of this section. All the terms in
the ellipses are determined by the invariant symplectic form on 7 (e11) and are automatically
invariant because their invariance does not require to modify the ordering of the generators.
For p > 2, 7_, admits a lowest weight and one can define the corresponding Casimir by the
pairing w, = P®~2 . PC»_ Its T invariance does not require reordering, so the linear terms in

K™, only appear in wy and wo. Note that for the total Casimir w = >_°° wp, these linear terms

_ p=1
sum up to —3K",.
One checks that w is indeed a Casimir of 7 (e11) by proving it commutes with 73 and 7_1.

We use GL(11) level decomposition to show

[P, w] = =3t™"p + §[Fninong, 172 + §[KPq, 7] — 1g[KPp, t™g] — §[K™y, P"] =0,
(A.75)

where we have only written the commutators that appear in putting all the generators with the
same ordering. Because [fp, pypsps, K ™n] = 0 we do not need to check the ordering ambiguity to
obtain that [y, popsps, w] = 0. Using commutation with 7y we generate the whole local algebra [57,
§B.3.1], 7 (e11), which concludes the proof that w is indeed a Casimir of 7 (e1).

Because w is invariant under 7 (e;;), it follows that w, are invariant under 7y and not only
under eq;. This is important because it means that w72 C Tp is an ideal of Tp, and so the
quotient Tp/wy 72 is an algebra. Since wiP,, = 356F,, € Ty in GL(11) level decomposition
(see (A.83)), R(A1p) is not in the kernel of w;. In particular, L(A1p) is a subalgebra 7y that
admits a highest weight A1g. It follows that its action on 7, for p > 1 and it own commutation
relations are consistent with highest weight representation theory of e11. So in particular it is a
solvable algebra and its representation matrices are e highest weight module intertwiners.

To prove the results of this section, we had to compute some commutation relations of 7 (e17)
that we now display. The representation 7_1 of eqy is defined through the commutators

(B2 b papapa] = [Z:;:;ztmm}ng] o 85&222’3 tl"ﬂq ’ (A.76a)
[Emn2ns ¢P1p2pspa] — grnInapLPAGLtaf (A.76b)
[Eranens pip2 ) — _3slmgnanalpipe (A.76¢)
(B2 17 ) = ;;;2 0 ) + 28 (A.76d)
[Emmens g )= 5["1tp2p3} n) s (A.76e)
[Frinangs toips ™) = [m_nzw}plpz ) (A.76f)
[Frinans tpipopsps] = 24’3"1“2713191 pagr.qit BN (A.T6g)
[Fpingns , tP1P2P3P4] = 65[321;2 tpapal = golppepspala (A.76h)
[Frinang, 7P m] = 65pnl1przzgtns]7m ™ 65[[21 tpﬂnzn?)]m N _6?5212’5(] slmq - (A.761)
The commutators of 7_; with itself are
{trmnanana pipapapa) — %€n1n2n3n4p1pzp3p4q1q2q3Fq1q2q3 (A.77a)
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_ _ 1 _
{tn1n2n3n4’ tplpzpsm} = _E‘SnlTL2n3n41>11>2173p4¢]1t]zqsEqmzq3 (A'77b)
(Faynangna, PP2PP4} = O68P1P2PS fgpal |\ ggpibapap [ (A.77c)

[nimans n1N2N3N4

These relations allows checking the invariance of wy under eqy.
We also need the commutators involving P, and P nongn, of R(A19) C T2

[Frvnangs Pn] = Prninang > [E™"", Poypapyp,| = =240, 75 2P,y (A.78)
[tn1n2n3n4 P ] 1 gN1n2n3NapI .. p7( Pp1..p7,m + 5Pp1 p7m) (A.78b)
[tn1n2n3n47 ] mnznsmm ) [fplpz ) ] 45[;: paln ‘mlpplm ’ (A'78C)
[Eplpzm Pn1n2n3n4] 45[n1 naN3N4)p1p2 + 45[]31 p2]ninangng s (A'78d)
[EP1P2P3 P,] = plpzpp:ﬂ [P P, = —65£LmP”) (A.78e)

and
(K7, Pa] = 480 Fry + .. (A.79)

where F), is the generator of 7y in R(Aj1p) and we omit the other terms. The commutators
with the 77 module are the ones written in [57] and we do not display them here. We have the
following anti-commutator of {7_1,71} C 7o

{Fmnomsns: P} = 407 Fopupy Al P} = — 401 K7, (A.80a)
{Eningnanss Poips} = — Fringnanapips » (A.80b)
{tpips™s Prans} = 25[n nalpipz 25[;01 p2lninz (A.80c)
(granznana pmy _ 1 ISP PO (A.80d)
A S 15%;1\ nananala By qs,lp2) T 1251[7?}7221?”3”4} ) (A.80¢)
R e e Y 36l prive] | (A.80f)

where ™72 is the highest weight generator in R(Ajz). After this level it becomes more difficult
to obtain all terms, but since we know that w; P,, if non-zero, must give F,, € R(A1p), we shall
only write the generators in R(Ajp). Obtaining other generators would be inconsistent with
the property that w; is a homomorphism. We determine these terms by consistency with the
property that L(Ajg) is an ej1-submodule of 7y, and in particular [e11, L(A19)] € L(A1p). We
use ellipses for the generator in a/(Ij with

{t" pipaps, P"'} = 6007, Fpg) + -+ (A.81a)
{tmps P"} = =560 Fp) + - (A.81b)
{tP1P2p3Pa P s} = 605@?552?241%5} +..., (A.81c)
{2 o, Poyny } = 0012 By 45p1[p2 na] (A.81d)
and
{2, Pyygs b = 105[212221:[13[14!15} 105nl[nqu2f13q4q5} T (A.82a)
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{tmmenst Py prm} = 2105[7;711.-.-.;11:‘1?51?61?7}"1 T 21052@1{}7&%1)31?1’41)51)6137] e (A-82b)
{tn1n2n3n4v Pp1..~p8} = _42057[;117?1:1:))”4}7’175176137]38] RIEEE (A'82C)

The latter are needed to compute [K™,, Py,]. With this, one has all the information to compute

wle = 280Fm + %{tmnznsm;, Pmp1p2p3p4} + %{tmnzm, Pmnz} + %{tnppa Pmn}
+ 3{tm,n7 Pn} - %{tqmnqa Pn}
= (280 + 105+ 5 — ) F,, = 356F,,, , (A.83)

which completes the proof that R(A1g) is not in the kernel of wy.

A.5 T(e11) under gl(3) @ es

The local super-algebra of 7 (e11) associated to gl(3) @ es has been defined in [13]|. Here we shall
compute the next level of superfields to obtain more information about the irreducible modules
that appear in 7,. For this we recall that 7 admits a Z? grading

Te) =Y Tp=>3 Tog=_ 5, (A.84)

PEZ pEZ qEZ qEZ

where ¢ — £p is the weight under GL(1) C GL(3) x Eg C Ei1. ¢ is not consistent with the Zj
grading of the super-algebra, but each component S, at fixed ¢ is finite-dimensional.

The algebra can be defined using a BRST complex, with superfields of fixed ¢ degree that
expand as superfields of Grassmann coordinates 1, of p-degree 1. The components of degree
q = 0 are parametrised by a bosonic vector superfield V,, (1) generating the reparametrisation in

three Grassmann variables ¥, and scalar fermionic superfield ®4(9) in es. We use * = a%.
The components of degree ¢ = 1 are parametrised by the fermionic superfield 1/1;? and the bosonic
superfield 748 in the 3875 @ 1. The components of degree ¢ = —1 are parametrised by the

bosonic superfield S4 and the fermionic superfield ©#. The BRST differential is then

0V =Vl Vi + 1S (A.85a)
504 = L fpct B0 + Vit + 1488y + fpet (wFiSY — Sl SC) +yler | (A.85h)
554 = V'S4 4 #V,84 + fpoaP e, (A.85¢)
SOF = Vi OF — MV, 0V + YV, 0 — 1DAS,, (A.85d)
it = Vot + PVl — Vol + feet @Byl (A.85¢)
STAB = V' TAB — 1V, TAB 1 28C fopATBID — 204 gB) _ pEA G £ B paCyl (A 85f)

One checks indeed that 62 = 0 on V,, and ®4 and vanishes up to terms quadratic in the degree
g = %1 on the components of degree ¢ = 41 respectively, showing that this defines a local
super-algebra in the sense of Kac [152]. The tensor hierarchy algebra is defined as the quotient
of the super-algebra freely generated from this local super-algebra by its maximal ideal. The
super-algebra associated to V,, is the Kac super-algebra W (3) of super-diffeormorphisms in three
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dimensions, while ¢4 is the super-algebra Gs(es) of functions of three Grassmann variables in

eg, and
1

So=Y_ Tpo=W(3)®Gales) . (A.86)
p=—3
Now we want to determine the superfields that appear at ¢ = 2. We know from eq; that at
level p = 0 we must have f}f in the 1 & 3875 and 1/1;?’,/ in the 248. Checking the generators
that they include at p = —2, one obtains wzll’féAB
form whereas wZ}ﬁA gives one symmetric (1,1,1) tensor and one (2,1)-form. Together Ty C
e11 D R(A2) ® R(Aqo) at level 3 include these representation and more®

that gives one (2,1)-form and one three-

611‘3 = (1, 1, l;Al) D (2, l;Al) D (3;A1) D (2, 1; A7) D (3;A7) D (2, 1; Ag) D (3;A8) D (2, 1; 0)
R(Ag)[3 = (2,15A1) @ (3; A1) @ (2,1;A7) @ (3;A7) @ (3; A2) @ (3;As) © (2,1;0) @ (3;0)
R(Avo)[z = (3;A7) (A.87)

so we need new superfields for the remaining components
(2,1;A1) @2 x (3;A1) B (2,1;A7) 82 x (3;A7) & (2,1; A2) @ (3; A2) & (3;A8) @ (2,1;0) (A.88)

To have a (2, 1) form one must either have a new superfield 7), at p = —1, or a new superfield \,”
at p = —2. One checks, however, that the second would lead to (2,2, 1) forms at level —3 that are
incompatible with the level decomposition of 7_3. We must therefore introduce the superfields
T;[LAB} in the antisymmetric tensor product of two 248 and TfB in 193875 at p = —1. However,
TfB includes one more Eg singlet and we conclude that 7y D e11 @ R(A2) ® R(A19) @ R(2A3). We
must moreover include the superfields A% in R(Ag) of Eg, A5 in the 3875 and A in the 248 at
p = —2 to get all the irreducible representations. To remove the R(2A3) representation one would
need to constrain the superfield 7), = ﬁ/ﬁ: ABT, fB to (#T), = 0. But the W (3) representation

8T}, = Vol Ty + "V, T — 2V, T, (A.89)

is incompatible with this constraint. (One would need weight +1 and not —2.) There cannot
be any other superfield starting at p = —3 because it would contribute to 74 D R(Ag) that only
starts at ¢ = 3. Together this set of superfields implies

To D e11 © R(A2) ® R(A19) & R(2A3)

T1 D R(Al) ) R(Al + Alo) ) R(All) D R(Al + 2A3)

T2 D R(Alo) ) R(2A3) D R(Ag + AlO) ) R(Al + All) D R(Ag + 2A3)

Ts O R(A11) © R(A3 + A1o) ® R(As + Ag) © R(A2 + Any) (A.90)
This consistency check shows that at least these representations are in 7 (e11), but one may in

principle have more already at ¢ = 2. We shall now check that there is no extra superfield. We
shall see moreover that the only indecomposable sum is the e1; @ R(A2) at this order.

68 Here we use the convention that A; of Es is the 248, A2 the 30380, A7 the 3875 and Ag the 147 250.
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At the next order one computes the following BRST variations

S =Vl it + Vs — Vil + feet @Byl
~THBSp + 40" + 3 fee vl 1V SO +viBi Sy
il = Vot =20V il =200V laP =20 fop AP 1 2000 + o FPE puC el
S, = Vot + 2V » — 2°Voih, + fec @500, + frpt ]
STHE = VT8 + VTP — 27V, TP + fop? TP + fopPocTiiP
+(Wp — AP ol ) Ve — i @8 — L fop® FPE pul i @ + fopiS 1 e
VB + S fep® FPE el — 20l + fop ATy (A.91)

where TP = TABl + TAB is in R(A1) ® R(A1) © R(2A1) of Eg. One can compute similarly
H H 0

the terms bilinear in (©#,54) and (Q/Jﬁf, f},y, T[fx B \AB i¥) in 6T4P by requiring nilpotency of

5. But the only terms involving A5 is of the form

STAB = _\ABCG, 4+ . (A.92)
and so all the remaining superfields must be included in A€, The general decomposition of
MBC g

. ) . 1 ~
)\AB,C — HASAB,C)\Ag + fC(AD)\B)D + 2PAB,CD)\C + Z/{ABAC , (A93)
where we used the property that there is no Fq; highest weight representation that would start
at ws = 3 with an FEg representation R(As) or R(A; + A7) to disregard these possibilities. We
have introduced two adjoint superfields to check allow a priori for the need of an extra superfield

A4, To check the variation of MBiC we shall only consider monomial in 745 wESD in 82745,
We use that

_ 125 1~ . ~
RpeNPC = ZE0 G DR kAP = 62RC (A.94)
to project in the same way the terms in 62745, after having removed all we could from the
variation of bilinear in Tf B8C One obtains
~ 1
A = —0AA = TAB g + 3—153&%3%3 . (A.95)

This is the only term that could require a new adjoint field and we conclude therefore that
A4 = — )4 and there is no more irreducible representation at degree q = 2.
Using (A.91) one moreover checks the Fy; variation of the scalar superfields and one obtains
that
EG (Y, +44T),) =0, (A.96)

so the module R(Ag + 2A3) C Tk do not mix with lower level module and one can write a direct
sum, which proves that one has only direct sum in (A.90).
This provides a non-trivial consistency check that L(A19) C Tp with

L(Alo) =R(A1p) ®R(2A2)® ... . (A.97)

We have also obtained that there is no R(A4) in 7Ty, consistently with the property that it belongs
to L(A4)
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B Representation extensions and cohomology

In this appendix, we have a slightly more formal look at the indecomposable structure of z;(Tj as
described in Section 2.1. In particular, we spell out the sense in which the cocycle K¢ i is an
element of degree one in the Chevalley—Eilenberg cohomology of e1; in a certain module. We
shall return to the conjecture that L(Ag) = R(A2) in this context at the end.

Generally, an extension of the adjoint of ¢;; by a module R to an indecomposable eq1-
representation e1; @ R is determined by a linear map®’ K : e;; — Hom(R,e11) such that the
action of t% € ¢17 on ¢11 @ R is defined by

o <¢5t6 + Xt7) = 60— K(17)(X5t7) - X705
= (Cbﬁfaﬁ'\/ - XBKQB-y)tW - XBTQB:Y{Y (B.1)
where we denote the basis elements of ¢;; by t7 and those of R by t7 and have used arbitrary
coefficients. The notation is motivated by FEp; exceptional field theory and (2.9). The matrix
components of the map K (t*) € Hom(R, ¢11) are written as K%, and these off-diagonal terms

go beyond the e; action on the direct sum of the two modules. For this action to define a
representation we must have

otle . 481 . (W’Y + X:,t’*) - [<¢ﬁ, 575 — X:J(ﬁi;)tfs - X@Tﬁfygtﬂ ~(a < B)
— (%fﬁngf“e — X5 f K5+ X;,TMSKO‘SE)tE
+ X5TPV T 4% — (a 5 f)
= (0 P57 = Xs fOU KT )t = X [N TV AT (B2)

for all ¢, and X5. After renaming dummy indices, this leads to the e¢1; Jacobi identity, the
representation property

f R R (B.3)
on the module R and the identity
—faé,\/KB&(; + fﬁ(snya&(S + TB&BKOCB’\/ _ TOC&BKBB’\/ — _faﬁéK&i’y (B4)

that was already given in (2.10b). The linear map K is only defined up to a choice of basis, such
that

K/adﬁ — Kadﬁ + TadBKBB + fa“/BKdﬁ{ ’ (B5)
in the basis /¢ = & — K&Btﬁ with

Gal® + Xat® = (pa + KPa X510 + X5 (1% — K%5t%) = ¢1% + X1 . (B.6)

89K is only a linear map, not an ¢;; homomorphism. The target Hom(R, e11) is the space of ¢11-homomorphisms
between the modules, however.
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This can be reformulated in the language of Lie algebra cohomology [153] as follows. Rewriting
Hom(R,e11) & R® e¢11, where R is the dual representation to R, gives us an interpretation of K
as a map from ej; to the ¢j;-module M = R ® ¢11 and therefore as an element of degree one in
the Chevalley—Eilenberg complex H(A®(e11), M). The nilpotent differential on this complex is
defined for an element f of degree n by (hat means omission of the corresponding argument)

n+1
df(a:l, e ,LZ',H_l) = Z(—l)l—i—lxi . f(xl, e ,fi, e ,a;n+1)
=1
3D f (@i g 2r, e B By Tst) s (BT

i<j

with - denoting the action on the module R ® ¢11. The cocycle condition for an element K of

degree one means therefore

!

dK(l‘l,l‘Q) =T K(l‘Q) — T2 K(l‘l) — K([l‘l,l‘Q]) =0. (B.8)
Writing this equation in a basis with K (%) = K*%st; ® t* leads to

Kﬁd(g (TQB&EB @t + f‘l%f& & tfy) — Kad(g (TBB&EB @t + fB(S-YEd & tfy) — faﬁgKédyfd Rt =0,
(B.9)

which is equivalent to (B.4).

An exact cocycle of degree one in the Chevalley—FEilenberg complex is the differential of a
degree zero element A\ € M, viewed as a linear map from the one-dimensional vector space
AO(QH) “RtoM=R® e11,

dA\(z) =z - \. (B.10)

Writing this element as A = K dgt_& ® t?, an exact cocycle expands in components as
AN(t™) =t K%tz @17 = K%T“Bdfg @tF + [P K%t @17, (B.11)
which means we have to identify
K5~ K05 1 T K 4 fo15K (B.12)

in agreement with (B.5).

The existence of the tensor hierarchy algebra 7 (e11) gives the existence of a non-trivial
cocycle for the case of R = R(A2). We see directly that condition (B.8) is satisfied. To check
that there is no trivialisation K%, one can resort to level decomposition: The structure constants
are invariant under the Levi subgroup L C FE7; associated to a level decomposition, and one finds
that the irreducible representations of L in R(Az2) do not all lie in e1;. Therefore no K & can
trivialise the cocycle, given that by Schur’s lemma there are no non-trivial homomorphisms
between non-isomorphic irreducible representations of L.

It would be interesting to investigate which representations can be added indecomposably
to the adjoint ej;. There is a non-trivial cocycle mixing ey; with R(nAs) for all n > 1. They
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are direct generalisations of the Virasoro extensions L, of affine Lie algebras. To prove the
existence of these cocycles, one defines an algebra U, (¢e11) D e11 @ R(nAs2) extending e1; for any
n > 1 using the local algebra construction [152]. The local algebra of 2, (e11) is defined in the
branching under eg @ sl(2) such that the grading is the eg central charge, with

Q]n(en) D) (2 ® R(AO)—E

) V@ (@ (Ly) ®51(2)” @ (20 R(Ag) 1 ©2® R(Ag), 3)", (B.13)

and
e11 D (2@ R(Ao)—3) " @ (e0 ®51(2))” @ (2@ R(Ag)-3)" .
R(nAs) O (L)) @ (2@ R(Ag), 3)", (B.14)
such that the subscripts w = —% or n — % are the eigenvalues of the eg derivation d = Lo + w

on the highest weight vector. One moreover checks that the commutation relations are uniquely
fixed by solving Jacobi identities.”’ Preliminary checks suggests that there might be many more
possibilities, and we have evidence for a non-trivial cocycle mixing e;; with R(2A1q)."

In the context of the tensor hierarchy algebra, our conjecture is that for a/ch we have L(Ag) =
R(As2). From the analysis of the tensor hierarchy algebra in GL(3) X Eg we can show that there is
no R(2A) inside a/ch, suggesting that there is no R(nAz). The structure of the Virasoro algebra
indeed requires that if R(nAs) is present, all R(mAs) for m > n must also be. It would be rather
disturbing to have such an infinite sequence with a gap between R(As) and the first occurring
R(nA3). Moreover, we have partly checked the local algebra construction of 7 (e11) based on the
degree zero component 1 (e11), which would prove that none of the R(nAs) with n > 2 appear
in 7. Nevertheless, the statement L(As) = R(A2) remains conjectural.

C GL(11) formulae

In this appendix we collect some relevant reference expressions for the GL(11) level decomposi-
tions of the various objects of Fq; exceptional field theory. The GL(11) level decomposition of
Eqq was originally studied in [61], see also [62,92]. The extension to the tensor hierarchy algebra
T (e11) and in particular the field strength representation was given in [57,13|. FE; is generated
by the level +1 generators E™""?"3 and Fj, nyn,, respectively.

C.1 FE;; transformations

In order to describe the adjoint of ej1, we introduce formal fields that are not projected to the
coset component, with a + superscript for positive or null GL(11) level and a — superscript for

""One can combine all modules with n > 1 to obtain an algebra U (e11) D e11 D (@n>1 R(nAg)). Performing
a level decomposition of the latter with respect to the grading element Ha,, the degree_zero subalgebra is eg @
(@m>O(Lm>) @ sl(2) where the Virasoro generators L, with m > 0 satisfy the Virasoro algebra [L,, L,] =
(m —n)Lpgn.

"'We have checked that it is consistent with the positive Borel subalgebra by C e¢11. For discussions of Lie
algebra cohomology for Kac-Moody algebras see [154,155].
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negative level. More specifically we need to describe the indecomposable representation a/ch, SO
we define this formal field in 7_9 as explained in [57, Eq. (4.30)]

~_ _ 1 _ 1 _ _
qbat’\ =...+t 5 Sl hT_Ll n&anl...ng,m + _AELHNGFnl...nS + 51421”2”3Fn1n2n3 + h:mKnm
+ A;Li-ln2n3En1n2n3 4 A:’L_l n6E’n1 ne + S'hil s Enl...ng,m (Cl)

+ anlmngEnL..ng + @anmnlmplpzEn1...n107;01p2 + anL..nn,mEnlmnll’m NI

Under the E7; generator

1
ninsns
A= —=ennons B +

1
3| fnannSFn1n2n3 ’ (02)

3!

these components transform in our conventions as [57]

AR = B <mnans TSy (C.3a)
SAATI T = 0 flnans gLy e, pnnomen (C.3D)
AT = %eplpzmAT"z"”’lmm + gfrimnzpfnal (C.3¢)

5Ah:zr "= ;enmpzAmplm - f mplpzAnplpg
18 521 (prpapg APP?PS — fPrP2ps gt Y (C.3d)
OAAY noms = fplpmAnmnSpms Bepmma g (C.3e)
OAAY, g = 20€(nmons AL g — ; SRR e (C.3f)
5Ah:{1 ng.m 566("1”2”3A:4mn87m> + ..., (C.3g)
O Xnymg = =57 Xy mopi,pams + S7P2 Xt mopipa,ps — 28€(mimams At yomg) F
(C.3h)

where ¢np...ng, m» denotes the projection to the irreducible representation of Young symmetry
(k,1).

The derivatives Jps belong to the R(A1) module, see Section 2.2. Their level decomposition
was first analysed in [2], see also [63]. At lowest GL(11) levels they are

Ong = (B 12, G115 G-I griems, |y (C.4)

Under the E7; generator

1 1 1
fr — genl...ng,TnEvnl...ngmfl, + genlmnﬁEvnl...nﬁ + 5en1n2nsEvnlngng

1

8|fn1 Ty nam (C.5)

1 1
3' fn1n2n3Fn1n2n3 afnlmnt;Fnl...ng +
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they transform in our conventions as [57|

510hm = Lemmma®™™ + Lemmr. s O 4 Lemmy nn p@ TP 4 B D
Sy ™M = fmnzpap + %emmmanmzplmp:’, + %emmpwanmzplmm,q + ﬁemmmanmzpl...pﬁ
Sy = 10f["1”2n36n4n5} _ fn1~~~n5p8p + %ep1p2qan1~~~n5p1p2,q + %ep1p2p36n1~~~n5p1p2p3
5T8n1...n7,m — 35f(n1n2n38n4...n7,m) - 7f(n1...n68n7,m> + fp<n1...n7,m)8p
5T8n1...n8 — _7f[n1n2n38n4...ng} + 7f[n1...n68n7n8} - %fnl...ng,pap 7 (06)

while they transform under gl(11) as tensors of density weight 5. For instance, one has the gl(11)
transformation with h - K = h,," K™,

1 1
On-icOm = h?Op = Shy"Om + ... O™ = 2h, M o2l — SO (CT)

and similarly for the lower level components. We need these components to write the potential
terms (3.9) and (3.28b) in GL(11) level decomposition, this is why we give them explicitly.

The E1; transformation rules of the components of the field strengths F'! in 7_; under (C.2)
are given by [57,13] (see for example [57, Table 3])"

SAF™" = % frpzmp m %eplmf"mmm(mv") , (C.8a)

SAT,,1n2ns — _3fp[n1n2meN3] + zfpwz [n1 5 ]—"plpzm} _ %eplpzpafmnmznampzpa
— empgF P 4 gé%‘leplpzqu"ﬂplpz’q , (C.8b)

AFnins " = €pipainiFng) T — %emmmé[”glfm]plpzm + epning FP

— %!)"””””1”2]:nmgpul,2 — éfplp?p?’élefm]plpng , (C.8¢)
OAFninangng = —6€pininaFrana’ — %‘)‘"”17"27"3]:,11n2,@3m“,1p2][,3 , (C.8d)
OAFny..nr = —35€[n 1 nong Frg..na] — %f”lm”?’fm___n?plpz;m , (C.8e)
5510 = Sefmsnans Fasmua) 15777 Folon. o malpaps (C.8f)
OAFny..ngm = —28€[n 1 nons Fra..nolm = 24€mininaFns...ngl (C.8g)

1 1
_ Z fpip2ps ¢ P1P2P3 T P1P2P3 T
2f n1...ngp1;p2p3m 18f n1...ngmipipaps + n1..N9P1P2;P3,M 3

135

5A‘Fn1mn10;p1p2p3 = 156171;02][nlfmmnlo};[p?, Tepﬂ[an‘FnsmnloﬂpQ;ps + fp1p2p3(‘ .- ) > (C'8h)
55 .
5A-Fn1...n11;p,q = ?ep)[nlngfng...nn};(q + fp1p2p3(. .. ) s (CSI)

where we use the notation that two sets of indices separated by a semi-column are in the tensor
product of the two respective antisymmetric tensor representations, while two sets of indices sepa-
rated by a comma are in the biggest irreducible component of the same tensor product, excluding

"The last two field strengths transformations were not given in eq. (4.37) of [13], and here we choose to
represent Fn,...ng;m = Fni...ng,m + Fmni...ng il the reducible representation.
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further antisymmetrisation. For example, F™" is a symmetric tensor while Fy,,  nq.m includes
both the hooked irreducible representation (9,1), written as Fy,. ng,m, and the antisymmetric
rank 10 tensor, written as Fp,. n,,-

We also need to describe the module L(A3), which we write with an auxiliary field strength
GI. The first components of GM: € R(As3) C L(A3) are

GM3 = (Gnl...ng;; Gnl...ng,p1p2§ cee ) 9 (Cg)

and they transform under (C.2) as

1
G — 101102103(; — G p1p2pP3
5 ni..ng — _Ef ni...ngp1;p2p3 5Gn1...n9;p1p2 - _geplpg[nl nz...ng} f ( . ) .

(C.10)

C.2 Field strengths and gauge transformations

An important role is played by the tensor C'* arising from the tensor hierarchy algebra since
it defines the field strengths out of the currents according to (2.33). To display the components

CTM it is convenient to write the linearised field strength

FI

(lin.)

— O™ 00 ¢” + O™ 50y X% 4+ CT™M \ oy Y™ + C™M o v (C.11)

in terms of the field ¢* = (¢*, X%) and YK, where we use /& = Oy X and CMK = (‘9MYK to
simplify notations. These linearised field strength F({m) are given by [57,13]"

%5)-7:(”“1.’.?2 — oalm hqm) + éaplpzpsmmps(m,nz)AplpzpampspG +. (C.12a)
(?)fmzilnﬁ)zns — g UPLRP2IPI G A 38["1"2hm"3] + %3H1NZn3p1pzAmmp2
i, O TRTIPAPEPP A popapag — %8mn2n3p1p2p3p4p5Amp1pzpsp4p5
+ §5[n1 <8"2“1h ns] _ lanzm}plpzpaA — ianzw]pl PoaA
5 0m q 6 PipP2ps T 5 P1.--P5q
+ 6i8"2”3}p1~~1’614p1,,,p6) +.o.., (C.12b)
]-"}ji‘;;m = 205, hpy)" + 0" Apyngp + 5 6[n P2 AL pipe T s (C.12¢)
COFE) 40 Amams] — %8"1"2Am1,,,m4mn2 L S
+ %am”'"sXml---mm...ns +o, (C.12d)
F = T0m Amy.ma) + 0" oy -y mg — %am"zxml,,,mmm
1 . 1

_— _AHni...ns _ _~ Ani..ns
12 0 Xml...m7n1n2n3,n4n5 246 Xml...m7n1...n4,n5

"The last two field strengths, the 8™"5 terms in (%).7:7(,131",1),7”7 and the 97 terms in 3]_.(11111 )ng ;m Were not given
in Eq. (4.36) of [57]. Note that there is a typo in Eq. (4.36g) of [57] where the correct coefficient of the last term

48
should be 3; instead 12 o1
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1
— ﬁﬁ’““'"5Ym1,,,mm1___n4,n5 +..., (C.12¢)

3 s 1
(5)‘/—_-(1111‘) = 98[n1 hnz-..ng]mv, + 8m)(ru.-.ng + §8p1p2An1---n9,mP1P2 (Cl2f)

n1...ng;m

9 1

+ 1_0 (8qupn1...n9,mq + aqupm[nL-.ns,ng]q) + 1_58qun1...n9m,pq
27 1

+ 2—0 (8qupqn1...n9,m + aqupqm[nl...ng,ng]) + %8qun1...ngmp,q

9 7
+ 2—0 (8pqy;)qn1...n9,m + 8pqy;)qm[n1...ng,n9}) + %apqynl...ngmp,q + ... 5
BF) = 108[7711 Amz---mm,nmzna + 36[n1|Xm1---m107|n2N3]

m1...M10;N1N2N3

3 3
+ 58[n1|Xm1---m10|n277l3] + §a[n1|Ym1...m10|n2,n3] + ... ) (C12g)
(%)f(lln) = 118[7’)’1,1 Bmz...mlﬂ,n,p + 28(m|cn1n117|p)

mi..mi1;n,p

5) 1
+ 58(n\Xm1...m11,|p) + §a(n|Ym1mm11"p) 4+ ... (C.l?h)

Note that compare to [57,13] we find convenient to use the reducible field strength (%)félil,’j,)ng;m =
<§>f§£§?j?n9,m + @).7:7(#3‘1),,,”9, instead of its irreducible components.

We now write out the linearised gauge transformations of the coset potentials using the coset
element (7.15) together with the linearised metric gmn = Mmn + Npmhn)?. We also present
the corresponding formulas for the lowest level constrained fields (7.18) and (7.19). According
to (2.59a), these gauge variations contain the tensors T"&B, %, n and T2 3w

Sehn™ = Op€™ — P Ny + 8, — Dp AP + éagnapqw T (C.13a)
O¢ Anynans = 30[n, Angng) T %3p1p2)\n1n2n3p1p2 + 30n1nabng) -0 (C.13b)
S Amyms = 601 Mngooma] — 0P P2Ems-meprps + O Ansmapups + (C.13¢)
Sehmy - m = 80, Engemalm + 240 Angems s+ (C.13d)
OeXMiny..ng = 2400 O, Apy.omg] — Eny..nopgOmOPE + ..., (C.13e)

Se X M;my.migning = Emy..aniopOM (0P Aning + %5fn13q>\n2}q — Onyno&F — %5fn13n2]q£q) +...,
(C.13f)
OeXM;my..mym = %Eml...m]laM(ap)\np — OnpéP) + ..., (C.13g)
O¢CM;my . myyn = —%aml___mn O (0P App + OnpéP) + ..., (C.13h)

where indices are lowered and raised with the Minkowski metric 7,,,, and we distinguished

&nv.omrm from Ay o at level %.
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We finally write the first components of GI appearing in (7.29) that defines the tensor ol Ma
through G{, = CTpan™™ Oné®.™ The components of GMs € R(A3) are given by [57]

Gglln)ng = éq(hnl..lhg,q + an___ngq) - 285[711712“4713...77/8] - 565[77/1”'”514”6”7”8] (0143)
+ 88[n1.._n7‘,qhn8}q — 248q[n1“_n7hn8]q
Ggilril?n9§p1p2 = aPlpZan---ng - 8an1...ngm7p1p2 + 2aan1...n9m[p17p2} +... (C14b)

while the highest weight components in R(A; + A1p) & R(A11) are combined in the reducible
tensor

é(lin.) == 105m[n1Xn2.“n10] - 5p)(nl...1’),10,1’)’Lp - 25an1...n10[P7m] + Tt (015)

ni...n10;m

where we only give the components cl waMNON XE at level 1—21

C.3 Bilinear forms

One defines the following invariant bilinear forms. The Killing—Cartan form expands as

1
ROPQTOR = h"hi ™ = ghit M S A, AT

2 2
i —A+ AT_Ll...TLs + _h+ hnl"'ng’m + ... (016)

6' ni...ne 8' ni...ng,m""—

One can also check that the K(FEj;) invariant bilinear forms on R(A;) and 7_; respectively
expand as

1 1 . .
ﬁMNaMaN — nmnaman + = nypr Tnaps grinzgpipz gnmm ... nn5p53n1...no HPL---P5

2
+ %nmm T 77n7p777mqan1mm’maplmp%q + %nmpl o nngpsam'""sapl"'ps T (0-17)
and
mJFIFJ L ﬁfm...n1o;p1p2p3]:n1"'mo;plpzm _ 2;9!]:”1mmomlmpgplﬂl---ng;nlopzpa
+ %fm,,,ml;m,pf"*""“?m’p + éfm...ng;mfm”“"%"f’ + %fm...mf”l“m
+ %fnl...m}‘"l”'"‘* + %fmmmf”mm = I F
+ %f”“ iinangFra] """+ Fopn F™ 4L (C.18)

We have the E7; invariant symplectic form

I rJ 1 ni..nip 1 m -/ 1 m / /
Qs = 4'—7'6 6‘7:”1”2 ‘an..ﬂll;m B §]:"1m ‘Fn2~~~n10;n11 o ‘7:"1"2”3”4‘7:”5---"11
_ 1 p1p2p3 T/ 1 pip2q ¢/ __1 pmprt
180‘7:”1 ‘Fn2~~~n11;p1p2p3 + 60]:‘1 fnl---n10§n11p1p2 165]: ]:nl~~~n11§m7p +... > ’ (C'lg)

"Recall that there is no direct use of this field strength Gl = _C'jMa/\/lMNJNa in the theory, but it is simply
convenient to use G{“n') to write the components of the tensor C¥ 5.
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where we included in the ellipses the terms with F and F’ exchanged that can be deduced by
antisymmetry of the symplectic form.
One compute that (A.28) is satisfied at this level provided the K (Eq;) invariant bilinear form
nf ;7 expands as
1

. 1 |
nijIGJ — anlmnsGm-..ns + 2_—9,Gm--.ng;plsznlmng’plpz
L~ 11 -

_1—0!Gn1...n10;mém...mo;m -+ 1. 10!G[N1...n10;m}

Gri-mom (C.20)

This exhibits in particular that the module L(As) must indeed include R(A; + Aio) & R(A11).
We note also that the coefficients of the irreducible components of the bilinear form 7; ; are not
all positive, it is positive for R(A3), negative for R(A; + A1g) and positive for R(A11).

C.4 Closure of gauge transformations on the dual graviton

Here, we shall verify the first non-trivial component of the identity (2.52) in GL(11) level decom-
position and show how it relates to the closure of gauge transformations on the dual graviton.
The first non-trivial component of this identity in the GL(11) decomposition is when I is at level
% and it corresponds to an eight-form. Let us write it as it appears in the closure of the algebra

of generalised diffeomorphisms
haCT 5T QO NP Dy OnER = ha ( FOB M N — 25%TQNQ}>§P3M0N§Q ,(C21)

in which case the level % component I of ¥ MI~ corresponds to the Stiickelberg gauge parameter
Ymni..ng that allows us to reabsorb the dual graviton field in a redefinition of the constrained

field Xm:ni...no-
For the left-hand side we observe that

CT 5T P 0069 = CT ot P61 1T | (C.22)
where we have introduced the notation
SF Y = TM yopeN (C.23)
so for the eight-form component one gets

968 (Py.ns,g + X nsa) = 28Nming0g Ansoms] = 56Ny .m0 Angnons]
+8§[n1mn7|7q5;hn8]q — 24)\q[m___n76;hn8]q
= 8(&%00m, (Eny.nglig + 3 s msla) = 21N n1n0 Ons Ay g] — 211 .5 Ong Anms
+(Ena..nrlig + 3Amr.nrlg) Ong) €7 - (C.24)

Using then the eight-form component of waN YONnhe,

Dy 118 (C.25)
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one obtains for the left-hand side of (C.21)

ni...n 1 7ni...ng,m
L™ = ﬁh s (gqama[m (gng...ng},q + 3>\n2...ng]q) + (g[n1...n7|,q + 3)\[n1...n7|q)8ng}am£q

— 211120 O s Arvgom] — 21>\n1,..n5‘aman6>\n7n8> . (C.26)

For the right-hand side of (C.21) one first identifies
FOOhaTM pePTEN G€Q = =64y, ey, (To)R)EM X 8¢y (TP)EN (C.27)

and we expand this component for M =m and N =n

6211 (5811 (Tﬁ)h)gm X 6211 (Tﬁ)gn
= 5211 (5211(qu)h)£m X 5211(qu)£n - %5211 (5211 (Kpp)h)gm X 5211(qu)£n

1
géeu(‘sm(FplpzpB)h)fm X Oeyy (Epypaps)E" + - -

1
= 0cyy (0, (K" )R)E™ x €7 + 55811(5e11(an1q2)h)§m X Agigz + -

1

- o <5211(an)ﬁmm"'m’r(fpy..pmr + 3Apy.prr) X &1

+

+ 215211 (an1q2)Amm---ps)\plmm X )‘41‘12 +.. >

1
-
+ Emmmp%n(fm---p?,r + 3Apy.prr) X & =3 X 2Ulmplmps[(11(127TL})‘171---JDs X Agigo + - ) (C.28)

<Bnp1mp77r(§p1---p7m + 3Apy.prr) X E" + 7Emnp2mp77r(€p1---p7m + 3Apy.prr) X

Then one uses that

hOCTaNQSQ = Oeyy (h)gN (C.29)
to write 1
5e11 (h)fn = _ﬁhnmmpmr(gpl---pmr + 3)\101---1077“) ) (C-SO)

for the second term. Combining the two terms in the right-hand side (C.21) one finds indeed the
left-hand side (C.26) as computed above.

This shows in particular from (C.26) that the 3-form and 6-form potential gauge transforma-
tions do not close on themselves on the dual graviton field at the non-linear level, but they close
up to a Stiickelberg gauge transformation of parameter

Sremsm = ~2 1 OmOns s ms] — 2101 s | OmOng Anrms (C.31)

that does not affects the dual graviton field strength. The same is true for the commutator of a
dual-graviton gauge transformation and a diffeomorphism, with

EnL..ns,m = gqama[m (fng...ng],q + 3)‘n2...ng]q) + (g[m...nﬂ,q + 3)‘[n1...n7\q)8ng}am§q ’ (C.32)

similarly as in the vielbein formulation [96].
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C.5 On the cancelations in the pseudo-Lagrangian

In this appendix we illustrate the general proof of Section 7.1 by showing explicitly how the
cancelation (7.13) occurs for k = 3. The case k = 3 is particularly relevant to construct the dual
graviton Lagrangian (8.8) in Section 8.2.

We expand the terms in (7.13) for k = 3, using (C.18). From the kinetic term we find

> Linl, = ( Frina"F"2, = Frun™F, - éfm___ngp;qfﬂmsq;ﬂ S (033)
k=0,3
The potential term (7.9) gives
Lot ‘k:?, = —%ma( m™ 7,00 7, Be 4+ ;ma( 26 T QTﬁ mpmjmam) AL
-~ 9. 81\/_9 " Tmipr..ps,aTni TP
2 8,\/_9 (jq;mpl...pwjn;qplmp” _jq;mpl...pmrjn;plmp?r’q)
= \/—_9<—2‘i8!«7[n1,n2 mgl,gd O 4 5 jq n1.ngpd D ”8’q> . (C.34)

Finally, using (C.20), (7.27) and (7.28) we compute

~y J q;n1...18,p p;ni...ng n1;n2...N9p
‘CPOtz‘kzi’» 2.8l (jpvm ng,qd T +2~7n1,n2 ng],pX + Xpiming X > ’

1
£top|k:0’3:—4—9'€nl ”11]_‘n1n2 (]:ng...nll,s+9]:n3...n113) . (035)

Combining the results for k = 3 given above allows us to check that
2Lxin | j,—g + Lpot, j—g T Lpota| g = 0, (C.36)
as proved for all £ > 3 in Section 7.1, such that the sum of all terms gives O3 as in (7.13)
ﬁkin‘k —ot Ekin‘k::& + Lpot, |k:3 + Lpot, |k:3 + ﬁtop‘kzo,?,

1 .
- \/_< n1n2m]:n1n2m - Z]:nmm]:npp - ]:n1...n8p§f1]:n1'n8q’p>
1

_ ni...nii p
€ ‘7:”1”2 ]:png...n1o;n11

18!
= 05 . (C.37)

1
48|

D GL(3) x Es formulae

Many details for the Fg decomposition and the tensors appearing in the tensor hierarchy can
be found in [13]. We recall the salient features here and refer to Table 4 for a summary of
the representations. We use the conventions and the explicit projectors onto Eg irreducible
representations of [110].7°

"5We here use capital latin letters A, B, C' for the adjoint instead of lower case.
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D.1 FEj; transformations

In order to describe the adjoint of ey; in this basis, we introduce formal fields that are not
projected to the coset component, with a 4+ superscript for positive or null level and a — super-
script for negative level. These transform under the adjoint action of the elementary level 41
¢11 element

= fAF} + el EY (D.1)
as
SaRSY = e ALY — fFRATA — (e AL — fRATY), (D.2a)
oA®} = fapen A — fapC fEALT, (D.2b)
SAASA = —eghf¥ + [ el — fEBEAR — fAPofpht (D.2c)
oaBP = 28P P opef, ALP + 3r4Pkepef, ALY + f2(...), (D.2d)
onhits = —fecel AL+ (). (D.2¢)

To write the relevant structure constant components of T%% 5 and K O‘dg we introduce a more
general element

1
Y = fAF} + kKM + kaKA + el B + o EBENL + 26, BM + ely B (D.3)

and the formal field X® in L(A3) with the indecomposable transformation

e X, = k"X, + fA(X 0, + 1) e ®a — 2el, ALY

e Xy, = _2k[uUXA — [“Bke X, - 2€[u — fBe eBAC} el — 2€5,h)”
BN+
01 X = 3k, Xua]p+2fc[ADkCXfy]g - 6 W] + feptA IC‘B —2fopHe B AD}
H e (26 Bur) + ﬂDEef’DAE) FIE) (D.4)

where X /‘fﬁ. is a reducible antisymmetric tensor in AB. It is not the only level 3 component (see
Eq. (A.87) for the exhaustive list), but the others structure coefficients do not appear in the
topological term.

The module R(A;) of derivatives transforms under 7 as

570 = €,,04 , (D.5a)
o704 = fLO, + efﬁjB + fABCeff@é, (D.5b)
0004 5 = 14P“P 45 fh0p + 2k aprCP fhop +€5(...), (D.5¢)
A0 = 3P ufhoc +el(...), (D.5d)

TaM

which determines the structure constants ~. More specifically, we need the transformation

Se0n = — P, TN 10N for the coset element ®,, in order to write the potential terms (3.9) and

118



(3.28b). One computes that

640, = ((h” — 365h,°) (he"” — $05h\Y) + AL AY + T;Bfféz% + 4B, B" + 21, )0,
+((h” = $05he") AL — LAY — [ABcASDp + BAPAY + A8, A)0a
5‘1?6A = (fCEAfDBE(I)C(I)D - fCBA(I)Ch,uu + ih,uuhuy (D'G)
+ALAD + AT AY + 6B AC AL — fPP o fap® AS A,
+ feal FEC (4 BOF B + WD BV + (5 BSP B, + 4B, B + 21 1Y)65) 0
H(fPa®c Al + AL (W = 580ho7) — shV A + AT BYL — fa ATRE ),

where we keep track of the ordering of the fields to recall on which term the derivative acts in
the potential terms. Here we used the notation that

AY = bapn™ Al . BNy = 0acoppn 0P BEY . BYY = dapnnhE, . (D.7)

The dual module of gauge parameters can be obtained by invariance of the bilinear form
Moy = €10, + N0a + AP 5 + AN 0" +2640) (D.8)

The transformations are simply obtained by using that the two modules induce the same K (F1;)
representations.
The field strength F! in the representation 7_; decomposes into components that transform

as
OAFua = e Fap + el fap“Futs — fapC fEFL, + fAFup (D.9a)
SAF° = —ZeﬁFy]j + 26;*5@FV}Q — f3FL, -2 fﬁé@Fjp, (D.9b)
ONF = =5 Fu’ +2f P oel Fyp+ f7(...), (D.9¢c)
OnFu = € Fua + f3(...), (D.9d)
ONFup = (14PCDAB + %/QAB/{CD)nguD + eg(. ) (D.9e)
OAFA = f3Fue” + PO a(fhFuc — 30515 Fac) +eB(...) (D.9f)

and the auxiliary field strength G in L(As3), have components in R(As3) transforming as

0AG=—fhGA,  6GH = —elG + fH(GEP + GiD) (D.10a)
OnGil = e\ Gl = 3e[,GI} — fer® AP pef, Gl + fE(...) (D.10b)
NG = 2€EﬁGf)) + fer® P pel,GD + fé(...) (D.10¢)

where Gf},;,B belongs to the 1 @ 3875 & 248 & 30380, with
GuP =GP + GLP + kPG (D.11)
while G2 belongs to the 1 & 3875 @ 248 with
Gl =GB + kPG, + FAPCGE, . (D.12)
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D.2 Gauge transformations and field strengths

In this section we give the linearised gauge transformations and field strengths. We introduce
the notation that bar fields or derivative are understood to be conjugated with the background

M matrix as
ot =n"vo,, 0=06"Pog, 918 =6"Pn,06p, Ou=nwd", (D.13)
and in particular the level g derivative 5# should not be confused with the level —% derivative
Oy
Using this notation, the linearised gauge transformations of the e fields read
el = 08" — LF4pALT — 407N, + 20465 + 201 (04X + 13 A7 + 807, )

,

+ 06, — 10U N g — 40N 42008 + .. (D.14a)

0e®a = (fap® = 0ap [P B) (—0cA” — FOLLATP + 20880 ) + ... (D.14b)
e At = 90+ opNIP — fABLoRpeC 4+ 9AE, + 02PN — FAPCICNE + ... (D.14c)
e By = 20,7 = 200PE,+ .., (D.14d)
Sehit, = 20,80 + 200,60 + - (D.14e)

whereas the ones of the constrained fields y /% = 0y X are defined by the variations of X¢ as
e Xy = 20aE0 + 20004 — e d’E + ...
6§XA = _28[;1611/4] + 25[/251/} - E;u/a(gp)\A — éAgp) +...,

v
S XiaB = —2,,,0 NPl + (D.15)
We define the linearised field strengths in the same way as
CF e =30, B (D.16a)
S e = 200 5 + 0o X[, (D.16b)
CFwt = 20,,A0 — 98 BY — [P 00X,
O = 0uXy + 04 X[, — 0ah), (D.16¢)

CF o’ = 204,h,)" + 4095 BAP + 407 By, + 205X, + 207, (04 A + 2045 B/JP + 80°B,),) ,
(771)‘7:“14 = a,uq)A + fABCaCAE + 8AX,u

+ 1 £ 0p B — Oap(hyl, + X1 = fas O (h, — X)) + ... (D-16d)

CFap = (14P“P op + 6P rap)0c®p = 2004 ) + FEC A fEB" 0Py |
FFG = 0uAY — 0ahy” — 04 Al — Fap O AL — 50,77 a0B®c + 505547 . (D.16e)

FIFI = 0, BHY + 20U hy") — 250 (14PCP 45 + LkCPrup) 0@ + fCD(Aég])chD) :

(D.16f)
(?)FZB _ (14PCDAB 4 iKCDKAB)(acAlB + 0D p) — 204 ph M — fCD(Aa’g)chD, (D.16g)
FIERY = 0, h1Y — 20 hy) + 641 (87587 + 400 4 + 3F5C 40 @) (D.16h)
<%5>sz — Qa[A[UELﬂ - 28[@@3] + fCD[Aé;}Cq)D — éfABCéqu)D + éfABCaucbc ; (D.16i)
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which determine the coefficients C'* 5. One obtains the coefficient C', up to a normalisation
constant using the same construction as in Appendix A.2, by proving that there is a unique
highest weight vector in the module R(A1g) and a unique highest weight vector in the module
R(2A3) of the form Y5 = Q7 ;C™ y 9 F7 given together by

Yap =0, ((?)fuin_(%ﬁ)FzB)+50((14PCDAB+1“CD“AB)@)}—M%_fCD(A(%}-B)D)+' - (D17)

Moreover, it follows from (A.91) that the coefficient CTM, for the irreducible representation
R(2A3) is non-zero. This allows us to extend the proof of (A.46) to the submodule R(A1g) &
R(2A3) C L(Aqo). i

In this paper we also need the structure coefficients C ;5 that are conveniently combined
on the auxiliary field strength in L(A3)

GI = Ty aMMN 738 o 012 0M &7 (D.18)

The R(A3) component GM of GI can be defined in the linearised approximation as

G=0"X,+0"®s— 200 A4 +... (D.19a)
G =0"(Xp, — hit,)+ 04X, + fpc 0P AS — 200 h,Y + 9P op — fAPcOCOp + ...
(D.19b)
GiiiP = 20X [P) — fpc0° BEP — 494 AL — 2fcn PE pdl AL + 2 fopl 4, AL
a{}ﬁx — [P0 X,,] (D.19¢)
Gl = 2005, + for” PP pd°hE, — 2fep' 0] AL . (D.19d)

At level 7 GI also includes components in R(A; + Ajg) starting with GW , components in
R(A + 2A3) starting with G w and components in R(Aq 4+ A4) starting with G ., that are given
by

GAP = 204XE) + fop PP p0CXE, — fop <AécBB>D 2fcp“a.) AD (D.20)
—48[( — 2o FPF poC A } 2005 X,
A AQBC 3 AB NA B AgQ C
G, = 00" XS, — 30 B — 30" B, —40(,X,) — 300" A p — 50, A0 — 2O Ay |

where we have combined GAB GAB + xAB G

D.3 Bilinear forms
One defines the following invariant bilinear forms. The Killing-Cartan form expands as
A - A
aB<I>+q)+ h-l—uh-l-u lh:”hju + K B(I)+<I>+ + 2A HA-i-
1413A*“’13+AB +4B7* B, + 2h Mt + .. (D.21)
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One can also check the K (FE11) invariant bilinear form on R(A;1) and 7_; respectively expand as

1 P
Ny On = 00,0, + P aadp + ﬁaAcaBanajBagD
+ 49, 01O + 2648, 040% + ... (D.22)

and

UIJFIFJ — %nup"?'»\"?onFuuUFp)\ﬁ _ nMVchraFupp + nuuéABFuAFuB
+ 30" PS5 apF i FE + 0 0P Fuy Fo

v:op

+ 504C6BP FupFop + AF? + 64B(F,MF) — FAFS) +..., (D.23)
with Fap = Fap + kapF and Fup in the 3875.
We have the E7; invariant symplectic form

It 1 pvo 1A / P A 1 7 “IAB 4 /
Qp FTFY = Len (—FUAFW + FufEL, — 2F,AF,A — (L FapElAB _ApF!

+FoFLy — Fy,F),P +2F, L F)

- SAF 4 L EABEL L AR P ) . (D.24)

3144 o

We have also

1 . 2 _ _
e, GG = G? + " 45GHGE + ﬁGf}f Ghp + 4G, G + 2G4 G
1 . 2 ~ 1 Bl & 1 Bl A
+ ﬁGﬁijg’;; + 4G, G + ZG,[;?;B]G%B] + 575 FaB fPRGEPGIE b+ (D25)

Here, we have used the indices M;, N, to denote the representation R(A3) C L(A3z). One checks
that (2.37b) is satisfied to this level for the bilinear form n; ;

4 7 : : 1 £ £z v ~ = v 9 ~ = v
n;7GTG7 = nag, N, GMGN — %Gﬁf‘GgB —2G 0 G + ﬂGf}VG;g : (D.26)

As in (C.20), we see that the irreducible components of 77 ; come with alternating sign, positive
for R(As3), negative for R(A1 + Ajo) and R(A; + 2A3) and positive for R(A; + A4). One also
consistently finds that both R(A3) and R(A; + A1p) appear with the canonical normalisation.

D.4 Consistency checks of the identities

In order to give a consistency check of various FE7; identities that we have introduced in this
paper, it is useful to check the results of Section 9 by doing an explicit level expansion of the
various terms up to level 2 fields.
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In particular, one can check identities (2.38a) and (2.38b) from the computation of the
topological term. The explicit expansion up to level 2 fields gives

HdMN@MNd = g9 (26“Xy;o - jﬂ;upXU;p + MAngAj,u;?(XVﬁ—p - jy;?,p) + ju;;j‘jcr;A
+ aMXA;fo - jlt;VpXA;?p - %ju;CfCABXA;zj/Bo — Jyu; 11/4XA o
+ 380 T TuS + 3Tid Tas + Tt Taso”
- aAX/J,;?/o- - jA;Mpr;jg-p + %jA;CfCABX“;yg - jA,y, XV o
+ 3t Il T, — JA,W Toi8 + Ty Tio”
18AXB nvo jA,y, XB,I/U ﬁfA CJC D]Aj )
— 9 (99 o A B A 16
=€ uXvio T OuX Ao AXM;I/O’ AXB,;WJ
- %(2~7u;vp + 25Z~7A;f)(><o;p + XB;crp - jB;a,p)
(MAng)\ju f — Ja; Mp - %5ZfBCAjB§C)(XV;3p - ju;ép)
(21.7“,;/4 jB,uy )(jo A — XA;O') - %fABCXB;Ey(jU;A + fADEjE;g + XA;O')
+ 37,08 Tas — 2 fas” TS0 T + >
— 6“”0 (28#,)(1/ (e + 8[LXA,1/0- aAX/J, vo + aAXB nro
— L Fuw Fop + ST Fon + FOTF e + 652 F i Fap + 2F e F + .
—f Mae — fas® N JCU 3fABDqu Ip; ) (D.27)

which indeed matches the results in (9.18) using (D.24). The explicit level expansion of the other
terms in the pseudo-Lagrangian is more complicated and we won’t display it in this paper. We
have computed them and we obtain indeed the same resulting Fg Lagrangian provided the Fg
tensor identity

1 , 2
(5040635 + 7050808 + faa® £ 00}y ) BYP Brr
3 2
= (—2fAchBEG<5§ — ThackPESH + §fACEfBFD) B“PBpr (D.28)

for BCD and éEF in the 3875 is satisfied. This identity must therefore be a consequence of

(A.22).

We can also check explicitly the first level component of Identity (A.1). The first non-trivial
component in the Es decomposition is when I is the highest weight singlet. At first-order one
can take all the indices to be in the adjoint of Eg, with C1ga — kga and (2.52) reduces to

_K;PBJ(‘BM NAa aN (fAB fCM fNQB+26[J%fANQ])8MaN (D29)

which is indeed equivalent to Equation (A.1) of [24]. This identity is necessary for the invariance
of the potential and the closure of the algebra in [24], so that it is satisfactory that it appears
exactly as the simplest component of the generalised identities required for Eq.
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E FE,) exceptional field theory and the F; sigma model

The GL(1) x Eqg level decomposition of Eq; exceptional field theory as put forward in this paper
should correspond to Ejy exceptional field theory in the same way that the GL(D) x E11_p
level decompositions correspond to 11— p exceptional field theory as we have shown for D = 11
(meaning usual D = 11 supergravity) in Section 7 and for D = 3 in Section 9. As such Fjq
exceptional field theory is expected to be able to describe D = 11 supergravity, but this requires
the internal coordinates and extra constrained fields. By contrast, the one-dimensional F1g sigma
model, proposed by Damour, Henneaux and Nicolai and studied in [6,156,157], has no internal
coordinates and no extra constrained fields but is also conjectured to describe full D = 11
supergravity [6]. In this appendix, we develop some initial ideas on the relationship between the
GL(1) x Eyp decomposition of our model and the one-dimensional Ejp sigma model. For the
comparison we have to make a number of assumptions that will be highlighted along the way.

E.1 Ej, exceptional field theory from Fi;

To obtain FEj¢ exceptional field theory from our model we must branch all the relevant FEqq
representations under GL(1) x Ejp. This branching is more involved because e is an indefinite
Kac-Moody algebra and generically all GL(1) levels will be infinite direct sums of irreducible
¢10 modules. We shall write irreducible modules of ¢19 as R,(\) and bounded weight modules
L, (), similar to e;;. The numbering conventions for the 19 fundamental weights are such that
A9 denotes the exceptional fundamental weight while Ay, ..., Ag are the fundamental weights
along the ‘gravity line’ gl(10) C ejo.
The branching of the adjoint of ej; under gl(1) @ e1p gives [158]

e = @ Ly(A3)2 @ Ry(A) 0 @ (gl(1) @ 910)(0) @mm D ... (E.1)
where superscripts are the gl(1)-grading and L,,(A3) is given by
Llo(Ag) = Rm(Al) VAN RIO(Al) © Rm(Ag) . (EQ)

This module is the representation in which antisymmetric derivatives 0 A9y B must vanish
according to the section constraint. We define similarly for the symmetric section constraint the

module
Llo(Ag) = Rm(Al)\/Rm(Al) &) R10(2A1) (E3)

such that s AONyB| L, (ae) = 0. The module R(Az) C L(Az) of the first rung of constrained
fields yas® branches similarly as

R(A2) = Ry(A1)@ @ (Riy(A2) @ Liy(A3) @ Lyy(Ag)) "V ... (E4)
and the constrained fields ¢y, and ¢ MK branch as

L(Awo) = Ly(Ag) V..., L(Ay) = Ly(A3) "V @ ... (E.5)
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The module for the coordinates branches as
R(Ay) =19 @ Ry(A) Y @ (Lu(Ao) ® Lin(Ag)) 2 .. (E.6)

The interpretation of this branching is that the singlet corresponds to the external time direction
t (that will be identified with that of the one-dimensional E19 model below) while R, (A1) is the
first set of internal coordinates subject to the section constraints that two derivatives vanish in
the representations (E.2) and (E.3).

The branching of the field strength module 7_1(e11) under e is more complicated to obtain.
Checking the representations that appear under the GL(10) and GL(2) x Eg decompositions
shows that

D (A oA

T-1(e11) D (Ri(A1) D e1o @ R10(A1))(7%) ® (Ri(A1) @ ¢fo @ Ryy(A1))

This is consistent with the property that the weight % component must include the dual of

To(e10) D e10 D Rig(A1) as T(e10) C T (e11). It is conjectured in [75] that To(e10) = e10 D Ri(A1).

In analogy with (A.11), we use the following notation for this doubly indecomposable module

ﬁim = Ry (A1) ©e10 D Ri(A1) - (E.8)

(E.7)

We do not have a proof that these representations exhaust the field strength representations at
levels —% and %, but we will assume in this section that if any other bounded weight represen-

tation L, (Ap) appears, it does as a direct sum, such that
= 1 = * —_ 1
T_1(211) =---D (adjw D Lm(/\D))( ) D (adjm D Lw(/\D))(i) D... . (EQ)

It follows that the duality equation for the hypothetical field strengths in the modules L,,(Ap) and
L,,(Ap) do not mix with the equations for a/ch and its conjugate. We assume that the duality
equation for L, (Ap) does not impose additional constraints on the FEjo fields, and we shall
therefore ignore the corresponding hypothetical field strengths. Using the results of Appendix
A.5 one obtains that (Ag, A\p) < —3 and so (A9, Ap) < —6.7°
We write the level % derivative 0y with a 0 index when convenient, and the weight —%
derivative dy; where M is now understood as an Fg index in Ry,(A1). The Ejg section constraint
can be written as
TOCPMTQQNap ® 8@ =N Q0N — Oy QON . (E.10)
We will ignore all the derivatives appearing at lower levels. The part of the level % field strength

in z;ajw decomposes as
F® = (FM  po FMy | (E.11)
where « is an adjoint e1g index. This field strength transforms indecomposably under an eq
transformation with parameter A, as
SAFM = AJTM N FN |
OAF® = Ay fo75FP 4 MK " FM |
SAFM = A TOMNFN + A KM Fo 4 A KM BN (E.12)

"6This excludes the module R, (2A1) and Ry (3A1) that define indecomposable extensions of e10 @ Ri(A1).

125



The indecomposable part au/&j10 = ¢10 D Ry (A1) of Tp(e1p) is the quotient submodule that can be
obtained by setting FM — 0 in these transformations. The acute - accent distinguishes FM in the
submodule R,,(A1) from FM in the quotient module R,,(A1) = E;(Ijm/z;&jm. The existence of the
invariant bilinear form 77y in 7_1(e11) implies that

K-yMa = ?’]75770{5?7MNK6N5 . (E.13)

From 7 (e19) we also have the To(e1o) representation matrices TP g = (TP, TMP ). We shall
use @ = («, M) as an index for z;ajm and @ = (M, a, M) for g\&jw, with F@ at gl(1) level 3 and
F; at level —%.

In order to derive the E1g exceptional field theory duality equations and pseudo-Lagrangian,
we use the semi-flat formulation as defined in Section 6. In this case the Levi subgroup GL(1) x
FEg is also infinite-dimensional, so the expressions we write below are only defined for the minimal
group E7j, and should be written in a specific level decomposition to be extended to the maximal
group Efar , as discussed in Section 6.4. We shall only briefly discuss this subtlety in the next
section.

At level —% we have the field strengths

FCY = (Fy , Fa, Fu) (E.14)

that we can parametrise explicitly using (E.1) with the help of an einbein e (a.k.a. lapse) for the
GL(1) component, a generalised metric My for the adjoint of F1o and a Kaluza—Klein vector
AM in R (Ay) for level +1. This leads to

e

Fa = AMEJMB + (%M (€2MMNatAN - 26_181\/[6) (E.15)
with explicit components
) — (C’MNEJNE, CaNBJNB\, CMNBJNE—I— €2MMN8tAN — 26_18]\/[6) . (E.16)

As for F@, we distinguish the element Fy, (respectively the tensor Cu™N 3) that transforms in

the submodule R, (A1) from the element Fj; that transforms indecomposably. The relative
coefficient in the last term is determined by linearised gauge invariance with””

8¢ Apr = Oure” 5fe =308, (E.17)

with the notation of (C.23). By representation theory it is consistent to include a vector of
Ry(Ay) as e2MynO; AN — 2e710)re in the definition of the field strength Fj;. By contrast,
trying to construct a linear combination of this field in R,,(A;) that transforms according to
(E.12), shows that there can be no such terms for Fy; and F,.

We now study the constraints on the remaining components C’EM 3 appearing in (E.16)

imposed by the doubly indecomposable structure. Firstly, Fyr is a tensor in the submodule

""The true gauge transformation is dece = 9;(£%) but the coefficient is halved when we do not consider the
conjugate non-covariant term.
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R, (A1), so C’MN p must be an invariant tensor. But there is no such invariant tensor since
R,(A1) ® Ry(A1) P Riy(A1), so we conclude that CuNp = 0. Then it follows that CN,, is
an invariant tensor because A“’CMN o = —KP aéMN p, and using that there is a unique ho-
momorphism from R,,(A1) ® e19p — Ry(A1) (see footnote 62), one obtains that up to an overall
coefficient

O™ 5In" = TN " . (E.18)

For simplicity we assume that the coefficient is 1. The indecomposable structure is then consistent
if one takes

Co® 5In" = 2K (N gy v’ + T war™ (E.19)
Indeed, as in (2.13) and (2.29)
AKM = oMo, — TPM KN Ay N = KN g (E.20)
so that

N(CoM 3 In) = 87 (2K 5y I + ToM ™)

B
= (2K"™ 5 fap)’ — 20N NN gy + T M N KN 5) T
= KM (TN wIn") = =K o (Cu™ 5In7) (E.21)

Using the same argument as in equation (A.66) and below one proves that there is no homomor-
phism from ejp ® e;p — R(A1), so the structure coefficients C,"Y 5 are uniquely fixed to (.19).
The structure coefficients Cp/N j are uniquely determined by the indecomposable representation
as well, up to a term in TﬁNM as we saw in (E.18). We will not attempt to write these last
coefficients in terms of other known coefficients as they will turn out to be irrelevant for the E1q
exceptional field theory.

In summary, we conclude that the level —% field strength (E.16) decomposes as

FC2) = (TﬁNMJNﬁ , 2K(QN5)JNB + TaNpXNP , CMNEJNB + 6_2MMN8tAN — 26_1(9]\/[6) .
(E.22)
We shall now determine the level 3 field strength (E.11). Because FM s a tensor in Ry, (A1),
it does not depend on J;* and 97 AN by representation theory. Therefore we conclude that

EM — N MN (E.23)

for the constrained field y p™*V, whose symmetric component in M N vanishes in R,(2A1). In
principle, we can write the same term for the (p™V field, but we assume that the field yp™V
has been redefined in order to absorb it. We can always do this because L,,(As) @ Ly (Ag) C
Ry (As) @ Lyy(A3) & Lyy(Ag) trivially. We define the fields such that the free coefficients in this

expression are all 1, i.e. that there is no relative coeflicient for each irreducible representation
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in Ry (A2) ® Liy(A3) @ Lyy(Ag).”™ Then the indecomposable structure implies that the remaining
component of the weight % field strength is

F& = 5+ TM oy AN+ C%F v p™N + 6§,¢e MY (E.24)
The coefficients C*F ;N are determined by the indecomposable structure such that

APYCQPM;N = /{M;K(;Maéjl\)/ - /476F5(Ma5§7) (E.25)

2A,
where one removes the component MN in m as indicated by the notation (M N)ay, .
The duality equation MEEFB = F» relating F2 and F-2) is therefore
Mypxn™N = TN prdn? (E.26a)
e (o + T W MNP Miydp A

+MosCPP arnxp™ N + MaMXNM;N) = 2K, gy In" + T.M vxu™  (E.26b)

Mya (Jta + T yop AN + CaPQ;NXPQ;N> + MuynCp™V P + My p™ P
= eCu™ 5In7 + ¢ Myn 0, AN — 20)¢ . (E.26¢)

This last equation determines XtM = Jta:M in terms of the other fields. Note that My,n is
identical to the same matrix for the module R(A;), and so is invertible, while M MmN only appears
through the indecomposable structure

Myn Myp Myn 0 0 &%
Qa§M§E — 0 Maﬁ M,n , Qaﬁ = 0 5g 0 . (E.27)
0 0 Muyn §% 0 0

So we can indeed invert My;n in Mynx:¥ to solve this last equation (E.26¢) by fixing M.
Therefore we define the Fjg exceptional field theory to only depend on the fields My, AM,
xu™ and xa,VP, which satisfy the duality equations (I.26a) and (E.26b).

We have checked that these equations in the GL(10) level decomposition are indeed compat-
ible with (C.12).

We shall now determine the Fyg exceptional field theory pseudo-Lagrangian. Using the same
procedure as in Section 9.2, one computes that, up to a total derivative, the E1; exceptional field
theory pseudo-Lagrangian (3.8) can be rewritten as a pseudo-Lagrangian for the F1q exceptional
field theory plus the infinite sum of the squares of the duality equations

L= Z Oy + H:YMN(?MXN:Y + ‘CEm (E.QS)
k=0

"®Representation theory only gives that it is the sum over irreducible representations > exxny MV but by
a choice of normalisation we can set ¢y = 1 for all irreducible representations, unless some of them vanish.
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with

— _ ON 7o o Bo 171A~ Qo J%
L, =15, VI o0 K, J0g I + QI(,%)J(%)C 5, xa%0 FI)
_ l MN [e70)) B[] l [e70) M PQ N 0
TRag Bo M Jy O IO+ 2JM ”Tg(o) pm Ta(o) QJNﬂ()
1y - ol 0de o PN @M g G g, B
2ml(l)J(%)C’ Y pa, C0 Q3, M SO JIN
l _ 0 0 00 [e700) B[] _ 0 00 N [ 70)) Bl
+ 4(/1(1(0)5(0) 2To 015, 0)m™ L0 T — Ty, Pom T, 0t ™0 INTY

— mOOTa(l)(MOTB(l)N)OJMa(l) JNB(D ) (E'29)

and where we use m™Y = eMMN and m% = —e~! to distinguish the GL(1) x Ej¢ matrices
in F1; from the Ejg matrix M™% and the lapse e. Note that o includes both the ¢j9 adjoint
index and the gl(1) index for the lapse. The pseudo-Lagrangian (E.29) only depends on the fields
N;P

Muyn, AM and /N, but not on x V¥, and can be written out in the explicit form

Ly, = J Ko™ g’ + TaMPXMP(Jta + TaNQaNAQ)
— %eﬁ:agMMNJMaJNB + %GJMQTQMPMPQTQNQJNH
— %erijpaCjQB\MPNMQMJMaJNB + 28M€8NMMN

— e g 0P — Be O AM + e to AMon AN L (E.30)
Here, we have dropped the subscript % on the I index, that is valued in R, (A1) ® Ry(A1) ©
R, (2A1) with Clyap =CT Mm;p the Eyg intertwiner and the bilinear form 7;; determined such
that i i
The non-invariant coefficients C1, are related to the field strength structure coefficients (E.25)

through i i
C'via = —apnunC N pon@intClp s . (E.32)

One recognises the second and the third line in (E.30) as the expected potential term for the
internal current and the internal derivative of the lapse e. The first line is a topological term
while the last line gives a kinetic term —%e‘lmaﬁJto‘Jtﬁ . Note, however, that it has the opposite
sign compared to a standard sigma model, but this is due to the mixing with the topological
term. The K(FE9)/E1o coset fields are the only ones that are dynamical, whereas the Euler—
Lagrange equations for the lapse e and the generalised shift AM can be interpreted respectively
as a Hamiltonian constraint and a generalised (spatial) momentum constraint. Although the
latter is a total internal derivative

Oy (8136_1 - 6_16NAN + XNN) — On (6_16MAN + XMN) =0, (E.33)

the fact that it transforms in R, (A1) is consistent with the proposed momentum constraint for
the Fjo sigma model [157].

Note that the duality equations (E.26) do not follow from the Euler—Lagrange equations, and
the pseudo-Lagrangian Lpg,, is not a bona fide Lagrangian, unlike the case of exceptional field

129



theories in odd dimensions greater than one. This difference can be understood as follows. The
Euler-Lagrange equations of exceptional field theory Lagrangians never determine the equations
for the non-propagating higher-form fields, so in this sense, could be considered as pseudo-
Lagrangians even in odd dimensions. In higher dimensions, one separates the equations for the
propagating and non-propagating fields and thus obtains a proper Lagrangian for the propagating
fields. For D = 1, however, the K(FE1g)/FE1o coset fields already include non-propagating fields
and there is no Fjg-covariant distinction between propagating fields and non-propagating ones,

so one cannot have a Lagrangian for the propagating fields alone.

E.2 Relation to the E;; sigma model

The Fyo exceptional field theory gives an Fjg-covariant formulation of maximal supergravity
theories, so it is natural to ask how it may relate to the Ejg sigma model [6] that is conjectured
to describe eleven-dimensional supergravity. Note that because of the section constraint, g
exceptional field theory does not provide an FEjg-invariant formulation of eleven-dimensional
supergravity, whereas the sigma model has E1¢ symmetry. In order to recover the sigma model,
it seems therefore necessary to remove the dependence on the internal coordinates for all the
fields. In the spirit of to the ‘gradient representation’ conjecture [6], it is natural to consider a
gradient expansion of all fields in E7g exceptional field theory.

The gradient expansion is valid in the limit in which the spatial gradients of the metric and
the three-form are much smaller than their time derivative. So the corresponding small gradient
approximation in F1g exceptional field theory is to consider

\Jial > [Tial s [Jial > [0 AN, (E.34)

and to take fields that only depend on the time-coordinate at zeroth order in the gradient
expansion. We remark that such a small gradient approximation is inconsistent with the duality
equation in eleven dimensions, because

Foiji > Fijri < Foiy..ig < Fiyir (E.35)

and similarly for higher level duality equations. Nevertheless, we shall assume in this section that
the approximation (E.34) makes sense prior to a choice of section thanks to the constrained fields.
Looking at (E.26b) one finds that it may indeed be consistent to have (E.34) as long as |x /"] is
of the same order as |Jyo|. To prove the sigma model conjecture [6] using Ejy exceptional field
theory, one would need to prove that such a gradient expansion can systematically be solved
iteratively as a formal power series such that the zeroth order fields Mysn|y=o determine the
full dynamics unambiguously, where y denotes the internal coordinates. The first order duality
equation (E.26) may be solvable iteratively in this way, but we leave this question for future
investigations. We shall only discuss here the zeroth order dynamics in the gradient expansion
as an Fqg sigma model in which M,y is a function of time only. To define this sigma model
we must determine at which order the constrained fields contribute, so in particular how |x/"|

and |xN3F| compare to |Jio| and |Jpzq| in the small gradient approximation.”™

"We recall that the components y; are simply fixed by the duality equation (E.26¢) and therefore x uY are
the lowest components to consider.
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If we considered that x| and |xar"N| were both of the same order as the E1o gradients
| Jpal, the duality equation (E.26b) would give e~ Jiq |y—o = 0 at the zeroth order in the gradient
expansion, and the corresponding sigma model would be trivial. To get a non-empty sigma model
we must therefore keep some constrained fields. To determine which ones, let us first consider
the truncation in which one sets all internal derivatives to zero and takes fields that only depend
on the time coordinate, while keeping both y /Y and x/V¥ as time-dependent fields satisfying
the section constraint. With this definition, the duality equations truncate to

MV Z 0 e (Jha + MagC®P aivxp ™M) = ToM par™ | (E.36)

where the first equation comes from (E.26a) and the second one from (E.26b), and we have set
to zero all dependence of the Ej; coset fields on the internal coordinates, i.e. Jy® = 9pAQ =
One = 0. The pseudo-Lagrangian (E.29) plus the square of (E.36) simplifies to®

Lgio = ‘CE10|8M:0 (E.37)
+ %6_1 (Jta +Ma'yC’YRM;NXRM;N - ETaMNXMN) (Jta“‘CaSP;QXSP;Q - EMQBTBPQXPQ)

1 _ _ . 1 _ . .
=4° Yo Jio g + e T Oy nx PMY + 3¢ "MosCp nx M CP%p. o xs™ 9
for fields that do not depend on the internal coordinates, but where we have kept the internal
M component of the constrained fields. Note that C* M;NX pMiN
M;N

is an E'1g tensor on-shell using
(E.25) since xn = 0 according to (E.36). The corresponding quadratic term in (E.26Db)
would not be Ejg invariant without the truncation Jy® = 9y AN = 0.

We now argue that this model cannot describe the full eleven-dimensional supergravity dy-
namics. After having shown this, we will neglect x/N*¥ at zeroth order and will only keep
xuY in the sigma model. We begin by solving the section condition for x™* and xa/Y in
the GL(10) level decomposition of Eyg. Then x,V¥ contributes to F& = J;* + CO‘PM;NXPMW

starting from level £ = 3 and above. This means that we can rewrite (E.37) as

2
1
o _ - —1 aw B
LElO 49 Z e kK Jto‘(k) Jtﬁ(k)
k=—2

N —

o
+ Z e_lMa(k)ﬁ(k-) (Jta(k) + Ca(k)RM;NXRM;N) (Jtﬁ(k) + CB(MSP;QXSP;Q) , (E.38)
k=3

where we also used the Cartan involution to double the Ma(k)ﬁ(k)Jta(’f) JP® terms for k > 3.
Because Ta(k)MNXMN only contributes to negative levels £ < 0in (E.36), the second line in (E.38)
is quadratic in the duality equation (E.36) and can be consistently disregarded in the pseudo-
Lagrangian. Moreover, one gets from (E.36) that J;*0 = J;*® = 0 and the only remaining field
is the metric, with

(0) Nl

Ly, ~ Ze_l(gikgjlatgijatgkl ~ 90,9:59" O ga) - (E.39)

80By construction the kinetic term for e vanishes with ho®ho® — %hoohoo — 2(h00 — %hoo)2 = 0, and the equation
1

4671no‘5JmJt5 in the duality equation

of motion of xu™ being the duality equation, one gets that the term
changes sign.
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We conclude that the constrained field x,™V* has the effect of truncating the sigma model
to the GL(10) subgroup, so if we want the sigma model to describe the full eleven-dimensional
dynamics we need to consider instead that |xp"¥'| < |Jia| in the gradient approximation and to
only keep x "V non-zero at zeroth order in the gradient expansion. By construction this simply
corresponds to set x 2V = 0 in the duality equation (E.36) and the pseudo-Lagrangian (I£.37).

Doing so, one obtains the standard E1g sigma model Lagrangian

1
L= Ze—lmaﬁ,]m,]w , (E.40)
in one (time) dimension, together with the duality equation
e o = To™M nxar™ (E.41)

This gives precisely the Lagrangian L of the sigma model of [6] with the additional constraint
(E.41). The sigma model Lagrangian and the duality equation (E.41) determine the dynamics
for the time-dependent fields My;n of Fig, the lapse e and the constrained fields V. Note
that the section constraint for the constrained fields "V is now algebraic, and therefore the
dynamics of this mechanical model is truly Eyg invariant. The quadratic constraint y Y satisfies
is an algebraic constraint similar to Berkovits’ pure spinor constraint in [159].

Solving explicitly the section constraint in the GL(10) decomposition one obtains that (E.41)
implies that e 'J,, = Qg is in the Ejy orbit of an element in the positive Borel subalgebra
by C eqg, i-e. there exists a time-independent g € Fg such that

g 'Qgechb, . (E.42)

This condition would be trivially satisfied for a finite-dimensional Lie algebra [160], but it is a
priori a non-trivial constraint for a hyperbolic Kac-Moody algebra. This problem depends on
the precise definition of the Kac—-Moody groups in which V and g are defined. Equation (E.42) is
well-defined for V and ¢ valued in the minimal group E7j and b the minimal module according
to the terminology introduced in Section 6.4, see [161] for some results. However, physically
interesting solutions require a priori to consider V in a non-trivial extension of the minimal
group. For V € Efar , the projection of the Maurer—Cartan form is valued in eiar_ and the charge
Q is generally not defined. It seems therefore that one may need an intermediate completion of
Efj that is yet to be discovered in order to properly define the model.

The analysis above made a number of assumptions whose validity and consistency would need
to be investigated further. First, keeping only the constrained fields that are independent of the
internal coordinates may be justifiable through a gauge-fixing of generalised diffeomorphisms
(including ancillary transformations) which would not break FEjg symmetry. The consistency
of the gradient expansion might require to introduce an additional momentum constraint as
proposed in [157], that could be a consequence of the generalised momentum constraint (E.33).
Second, the duality equation (E.41) restricts the E1o current through the surviving field ya/ .
This could be related to the analysis of additional constraints to be imposed on the Fj sigma
model according to [157] that are related to null (or potentially) imaginary roots of the Ej root
lattice. The first such constraint appears for the null root A; of Fjg, see also (E.33).
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