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1 Introduction

Electric-magnetic duality for linearised gravity in Minkowski spacetime has received a re-
newed interest since the original works [1-5]. The dual graviton in space-time dimension
D is given by a gauge field

Car..ap_sb = Clay..ap_s]b (1.1)

of GL(D)-irreducible symmetry type [D—3, 1], that is, obeying the over-antisymmetrisation
constraint

Clay..ap_sb) =0 (1.2)

on top of (1.1). The Bianchi identities of the usual graviton are equivalent to the equations
of motion for the dual graviton field, and vice-versa [3]. We call this type of relation on-
shell duality. In the papers [4, 5], this was extended off-shell: covariant field equations for
the dual graviton around eleven-dimensional Minkowski spacetime were derived from the
Einstein-Hilbert action. The action principle for the [D — 3, 1]-type gauge field Cy, 4, b
obtained by the off-shell dualisation procedure of [4] was subsequently spelled out in [6].
Taken in flat spacetime of dimension D = 5, that action reproduces the one studied long
ago by Curtright in [7], and in general dimension D, it reproduces the action given in [8].

On-shell duality can be generalised in several different ways. Already for the gravi-
ton, since the Riemann tensor has two pairs of antisymmetric indices, one could consider
ai...ap_glbi..bp_3 with GL(D)_
irreducible symmetry type [D — 3, D — 3], called the double-dual graviton [3]. One could

dualising twice, once on each pair. This leads to a field D

also dualise on one or more empty set of indices; this leads to an infinite number of equiva-
lent descriptions of linearised gravity with extra sets of D — 2 antisymmetric indices which
were already mentioned by Siegel to the author of [3], in a private communication. Their



GL(D)-irreducible symmetry types are [D — 2,..., D — 2,1,1] for the higher duals of the
Fierz-Pauli field hgyp, [D —2,...,D — 2, D — 3, 1] for the higher duals of the dual graviton
Cay.ap_sp and [D —2,...,D —2,D —3,D — 3] for the higher duals of the double-dual

graviton D In terms of Young tableaux, the GL(D) symmetry types of

ai..ap—_glbi..bp_3-
these fields are obt|ained by sticking to the left of the Young tableaux of the three origi-
nal fields an arbitrary number of columns of height D — 2. Remarkably, it appears that
all the GL(11)-irreducible representations corresponding to the infinite tower of fields as-
sociated with the dual graviton C,, .., are present in the decomposition of the adjoint
representation of e1q [9].

More generally, consider mixed-symmetry gauge fields of arbitrary symmetry type.
(This includes in particular the case of higher-spin fields, for which each column has one
box). Then, one could dualise on any number of columns of height h;, replacing them with
columns of height D — 2 — h; [3, 10-12], or dualise on empty columns to add an arbitrary
number of columns of height D — 2 to the left of the Young diagram [3, 9, 13, 14].

In maximal supergravity theories, this collection of mixed symmetry fields arising from
higher dualisations, also called ezxotic dualisations, of the usual potentials plays a crucial
role and have been conjectured to couple to the various ‘exotic branes’ of string theory [15—
20]. Notice however that each successive dualisation exchanges the role of Bianchi identities
and equations of motion: therefore, an even number of dualisations does mot exchange
them. Indeed, at least at the linear and classical level there are only two types of sources,
electric and magnetic [3], and the potentials for an even number of dualisations are related
locally up to a gauge transformation, as has been recently pointed out in [21, 22] (see
however [23]). This is to be contrasted with the non-local relation between a p-form and
its dual D — p — 2-form, or between the Fierz-Pauli field hy, and the first dual C,
(more generally, between potentials related by an odd number of dualisations).

1...(1D_3|b

The above discussion concerned various aspects of on-shell duality; instead, this paper
deals with off-shell dualities. Difficulties in finding a manifestly Poincaré-covariant action
principle for the double dual graviton were mentioned already in [3], since the tensorial
structure of the left-hand side of the field equations does not coincide with the one of the
gauge field itself. For example, in dimension D = 5, the field equations for the double-dual
graviton Dy, .4 are the double-trace equations

[?ad = nbeanKabddef =0, (13)

where
Kabc‘def = 9 8[a8[dDbC”€ﬂ (14)

is the gauge-invariant field strength for the double-dual graviton.

Following these works and motivated by the ej; proposal of West, a manifestly
Poincaré-invariant action was proposed in the paper [13] for the double-dual graviton,
obtained by extending the off-shell dualisation procedure of [4, 6]. In fact, not only was an
algorithm proposed for the double dualisation of the Fierz-Pauli field, but also for all the
actions featuring a member of the three infinite towers of higher duals of the gravitons. A
general procedure to build the parent actions for arbitrary higher-dual fields was later given



in [24] and applied to several cases including double field theory in [14, 25-27]. For higher
duals, this procedure produces actions that contain some extra fields that are necessary to
reproduce the correct higher trace equations of motion and counting of degrees of freedom.
The main purpose of this paper is to clarify this latest point and the role of the extra fields.

Let also us mention that different actions for the double-dual graviton and other higher
duals have appeared recently in the note [21]. They exploit the local on-shell relation
mentioned above between potentials that arise from an even number of dualisations. In
the example of the double-dual graviton in D = 5, this on-shell relation reads

Dl = 1 1P gy + Py (3c§ab|d) ; (1.5)

where €%, is the 2, 1]-gauge parameter of the double-dual graviton and P, 5 denotes the
projector onto the [2,2] Young symmetry (so that the second term is just the usual gauge
transformation of Dgyjcq). This relation can be inverted to obtain hqy, = Hap(D,08) as a
function of D and £. Then, plugging this expression into the usual Fierz-Pauli Lagrangian
gives an action S[D, {] = Spp[H (D, 0¢)] which reproduces the correct double trace equation
of motion for D by construction. The traceless part of D does not appear in that action and
£ can be gauged away by a shift symmetry; doing so reproduces the Fierz-Pauli action in
its standard form. This is in sharp contrast from what happens in the actions considered
in [13] and the present paper: in particular, while they both contain some extra fields,
here these fields cannot be gauged away and the action for the double dual graviton is not
a rewriting of the Fierz-Pauli action. The mechanism leading to the propagation of the
correct degrees of freedom is different, as we clarify in the present paper.

This paper is organized as follows:

e In section 2, we first consider representative cases of gauge fields associated with
Young tableaux with at most two columns. The actions then only involve the higher
dual field and the original field, both with their usual gauge symmetries. There is no
other extra field off-shell. Both fields appear with the standard kinetic terms, one of
which carries the wrong sign, along with a gauge-invariant cross-term. The action
reproduces the duality relation between the two fields, which enforces the correct
counting of degrees of freedom and the higher trace equations of motion. This is
done through the following examples, which are sufficient to convince oneself of the
general case:

1. scalar — graviton in D = 3;
2. vector — Curtright in D = 4; and

3. graviton — ‘window’ in D = 5.

Here and in the rest of the paper, a Curtright (or ‘hook’) field refers to a [2,1] ~

mixed symmetry field and ‘window’ to a field of type [2,2] ~

e In section three, we consider two cases with three columns:

1. graviton — spin three in D = 3; and

2. vector — spin three in D = 3.



The first example studied is topological, while the second one leads to an interesting
action containing a spin three field propagating one degree of freedom. Here, the
result of the two-column case cannot hold: indeed, it is not possible to write down a
two-derivative, gauge-invariant cross-terms between those fields with the usual gauge
transformations. Instead, we find that the action also involves more fields with less
columns and their own gauge invariances. Furthermore, the gauge variations of the
various fields cannot be disentangled, i.e., every given field will also transform with the
gauge parameters of the other fields, whenever Lorentz covariance makes it possible.
As a consequence, when computing the Euler-Lagrange equations of motion we find
that the method of parent actions gives a version of the on-shell duality relations that
is invariant under these entangled gauge symmetries. These features are expected to
hold in more general cases.

Conventions. Square brackets denote complete antisymmetrisation and parentheses
complete symmetrisation, both with strength one. We are in flat Minkowski space through-
out, with mostly plus signature, and use Latin indices. Traces of tensors are denoted by
a bar except when no confusion can arise, in which case it is only indicated by the lower

number of indices.

2 The two column case

2.1 Scalar — graviton in D = 3

We first consider the simplest case of a massless scalar field ¢ in three dimensions. Seen as a
degenerate two-column Young tableau with empty columns, its double dual is a symmetric
field hgp -

On-shell dualisation and equations of motion. In this context, the ‘curvature’ of
the scalar field ¢ is the symmetric tensor

Kmn[d)] = amand) ~ [:I:] (2'1)

The equation of motion for ¢ is the Klein-Gordon equation 0,,0™¢ = 0, which in this
language is the tracelessness of the curvature,

K[g] = K",,[¢] = 0. (2.2)

Dualising twice (once on each column), we then define the tensor

b —_
By = e K = 400K — S ~ (2.3)
with inverse relation
1 _ 1 —
Kmn - Z Emabenccb%Gde - %mn - inmn% . (24)
On-shell, we have 0" K, = 0, which implies the Bianchi identity 0},,%Zpp)qr = 0. This

then guarantees the existence of a symmetric tensor hgp, such that Z is the (linearized)

Riemann tensor of hg,
%ab

0 = 40l ah" (2.5)

d]’



and where we stress that the equality only holds when the massless Klein-Gordon equation
is satisfied. The field hyp is the double dual of ¢ [3]. Its equation of motion is the double

trace equation

Zh] == R 4[h] =0, (2.6)

as follows from the duality relations (2.3). Notice that this is invariant under the usual
gauge transformations of linearised gravity,

Shap = 28(a6p) - (2.7)

Nevertheless, hy, propagates one degree of freedom and not zero in three dimensions, since
its equation of motion (2.6) is weaker than the (linearised) vacuum Einstein equations

Rap = 0.
On-shell, this duality relation becomes Zy, = Kqp = 0,0p¢ or, equivalently,

Qa, a b a b
g = 4000h" ) = 1010670, (2.8)

]

This implies that ¢ and h,, are related locally and algebraically (up to a gauge transfor-
mation) as

hmn = NImn d) +2 8(m§n) . (2'9)

This is a general phenomenon when there are an even number of dualisations [21, 22].

Action principle. The above relations follow from the action

S[d, hap] = / >z (.zpp + %am 0%¢ + ;%’[h]gb) (2.10)
_ / P [ng + % 0u6 96+ 006 (Oph aah)} , (2.11)

(with h = h%,) where Zp is the usual Fierz-Pauli Lagrangian for hg,
1 1
Lp = —5 Ol d*hbe + 5 0ah 0°h — Dah® Ayh 4 9,7 hey, . (2.12)

Note the wrong sign kinetic term for ¢. The action is invariant under the usual gauge
symmetries

5hab =2 8(aeb) 5¢ =0. (2.13)

This is the main result of this section; it is derived from the action principles of [13, 14]
after a few field redefinitions and extra dualisations that are explained below.
The equations of motions coming from this Lagrangian are

06 + %i[h} —0 (2.14)

_ 1 —



Taking the trace of the second one, we get +2[1¢ — %i [h] = 0; linear combinations of this
with the first equation gives

O¢ =0 (2.16)
A =0. (2.17)

In particular, the double trace equation for h,, comes naturally out of this Lagrangian.
Moreover, using these relations in the tensor equation (2.15) gives the duality relation

Rn|h] = OmOnd (2.18)

between h,,, and ¢, which ensures that there is no extra degree of freedom.
In order to obtain this action, we start from the action (2.3.5) of [14],

1

Yab‘ /D ( Yca| dY .
d 0Yaal 2(D — 1)

acycaaabybdd) (2.19)

that features the field Yab‘c antisymmetric in its two upper indices but with no extra
conditions otherwise. That action was obtained [14] by dualising Maxwell’s action, which
is itself the dual of a scalar in 3D, so this is indeed what we should look at if one wants
to double dualise the massless scalar. In order to be self-contained, let us recall from [14]
how this procedure works. Up to integration by parts, the Maxwell action can be written
in the form

S[AL] =+ 5 [ @7 (~oua,00a? + 0,40 0,4%) (2.20)

/ dPx (~PulAIP(A] + P, [AIP[A]) . PulA] := 0,4, (2.21)

where P,;[A] contains both a symmetric and an antisymmetric part, unlike the usual
Fap[A] = 20,4 Ay One then introduces the parent action

1

S[Pu Y] = [ dPa (—P P

PP+ P, 8YC“) (2.22)

The equation of motion for the Yab‘C field is 8[an] ¢ = 0, which implies (using the Poincaré
lemma) that Py, = 0,4y for some vector field A,. Plugging this solution back into (2.22) re-
produces the Maxwell action (2.20). On the other hand, P, is an auxiliary field in (2.22):
its equation of motion, which reads —Pyy + 0P, + 0°Y,,, = 0, can be solved alge-

braically as
cd|

1
ub = Yoy — m NabOcY (2.23)
Plugging this expression into (2.22) leads to the dual action (2.19).
The field Yablc is decomposed as
yol, = X 4 ogleztl | xab — 0, (2.24)



pair of antisymmetric indices for a single one: the field Y%!, then decomposes according to

where the three-index tensor X", is traceless [14]. In dimension D = 3, one can trade a

Yablc = Eabdhdc + 25?2[)} ; hab = hba ’ (225)
\

where hg, is symmetric so that the first piece in the decomposition of Yabc is traceless.
This decomposition gives the following action

Slhap, Za] = / e (—; Duline aahbw%aahbc abhac%gbcd O hay ch[Z]JriF"“b[Z]Fab[Z]) ,
(2.26)

where Fyp(Z) = 20,2y - This action is invariant under
Shab = 20(€p),  0Zq = Oa\ + Eqpe O . (2.27)

Notice the mixing of gauge symmetries: in particular, the pure h,,, part of the Lagrangian
is not Fierz-Pauli, but its non gauge invariance is compensated by the cross-term between
h and Z .

Crucially, because of the A\ gauge invariance, this action depends (up to boundary
terms) on Z, only through its field strength Fy, = 20,2y . This makes it possible to
dualise Z, to a scalar ¢ through the usual procedure, i.e., by adding the term —@gabca[anc]
to the Lagrangian (2.26) where F' = F[Z] is not imposed. Extremising the resulting action
with respect to ¢ reproduces F' = F[Z] and the previous Lagrangian, while eliminating the
auxiliary field F' produces the dual action

1
S, hay] = / @ [ = 5 Oule OB + D™ O T + 2000 (9% + O (2.28)
that is invariant under
Shap = 206y, Op = —0%,. (2.29)

This gauge transformation suggests the simple change of variable ¢ := 2¢0+1%hy;, in terms
of a gauge-invariant scalar field ¢. This gives the dual action S|[¢, hgp] introduced at the
start of the section:

1 1
S[}, hay) = / d%[ — 5 Oahbe O*hbe 4+ 5 Oah 0% — Oyh Oyh®™ + O,h OChy,e

+ % Dap 0% + 0 (Oph™® — O*h)| . (2.30)

2.2 Vector — hookin D =14

In a similar way, the double dual of a Maxwell field A, (seen as a two-column, [1, 0] tensor)
in four spacetime dimensions is a [2, 1] Curtright field T}, i.e. satisfying

Tab|c - _Tba\ca T[ab|c] =0. (231)

Equivalently, this can be seen as a single ‘exotic dualisation’, adding a column of height
D — 2 =2, of the field A, which is the conventional dual of A,.



The equations of motion and duality relations are obtained from the action

S[Tab|c>Aa] = /d4l‘ (fc + ian[A]an[A] - \}i AaKa[T]> . (232)

Here, ¢ is the Curtright Lagrangian [7] for the mixed symmetry field T,

1

Zc = 5

(Fabcld[T] Fabc|d[T] _ 3FabC|C[T} Fabd\d[T]) (2.33)
where
Fabc\d[T] =3 a[aTbC”d . (234)

The field strength of A, is the usual Fy,,[A] = 20}, 4y, the curvature of Tpy . is defined as
K [T) = 609y, 70, (2.35)

and its traces as K|, = Kabdlcd K = Kabc‘bc. All in all, the action (2.32) has the same

structure as the action (2.10) of the last section: it is the sum of the Curtright action,

a wrong-sign Maxwell action, and a gauge-invariant cross-term. The action is invariant
under the usual independent gauge symmetries of each field,

0A, = Og A\, (2.36)

0T ype = 2 a[aab]c + 2 a[asb}c — 20caqp (aab = —Qpg, Sab = Sba) . (2.37)

The cross-term is invariant by virtue of the contracted Bianchi identity
0. KT =0 (2.38)

and the invariance of K, [T] itself under the gauge symmetries of Tople- (Note that
Fabc|d[T] is by itself only invariant under the s, gauge symmetry; however, the combina-
tion (2.33) is also invariant under the a,, gauge symmetry [7].)

The equations of motion are then

1 =
WF™® + —K*=0 2.39
b ﬂ ( )
_ = 1 1
—Kablc — 5([:aKb] + ﬁ 6CF“b + E 5£“0de]d == 0 . (240)
Taking the trace of the second one and combining it with the first, one finds the required
equations of motion

D, F® =0 (2.41)
K*=0. (2.42)

Using these in (2.40), this yields the duality relation between the two fields,

_ 1
K%, = 7 D FP (2.43)



Indeed, the duality relation can be written as (with a choice of normalisation)

1 b 1 bed pepar]
ﬁamFa = g Empar € K"y (2.44)
= K% 4ol (2.45)

which reduces to (2.43) on-shell using (2.42).
This action is obtained from [14] using the same reasoning: we start from the ac-
tion (2.19) in D = 4. Here, the decomposition of Y? analogous to (2.25) reads

1
yol, = 7 e e + 201028 (2.46)

with the first term being traceless because of the symmetries of 7};;.. The resulting action
is invariant under the gauge symmetries

5Tab|c =2 8[aab]c + 2 8[a3b}c -2 &;aab y (SZQ = aaf — QﬂéabcdabaCd . (2.47)

Because of its £ gauge symmetry, Z, only appears in the action through its field strength
Fu[Z]. Tt can therefore be dualised in the usual way into another vector field B,, which
however still transforms with the gauge parameters of Ty,

6Bq = 09X — V20" (3ag, + sap) - (2.48)

The last step is to disentangle the gauge transformations by the field redefinition
Ay =B, —V2T,°. (2.49)
This gives the Lagrangian (2.32), with independent gauge transformations (2.36) and (2.37).

2.3 Double-dual graviton in D = 5

We finish this section with the example of the double dual graviton in five spacetime
dimensions. It is a [2,2] mixed symmetry field ‘window’ Cyp|cq; i-e.

Capjed = —Chraled = —Caplacs  Claplga =0 (2.50)
(algebraic symmetries of the Riemann tensor). Its gauge transformation law is
5CM g = 2019mg ¥ +209,m ™y, (2.51)
where M. is a [2, 1] ‘hook’ mixed symmetry tensor, obeying
Mable = —Mialc  Mab| = 0 (2.52)
The equation of motion of the double-dual graviton is the double-trace condition

Kun[C] =0 (2.53)



on its gauge-invariant curvature tensor

K, ,.,[C] = 981°8;,C")

C
np| *

(2.54)

This follows from the double-duality relation with the linearized Riemann tensor of the
usual graviton A,,,, which can be written as

K

%abcd[h] = —ﬁgabmlmm?’acdnmmelm2m3‘”1"2”3 [C] (2.55)
—ab| =
=K (K“ = 25[[3Kd]] + 353§K) (2.56)
up to a conventional factor k. From this equation, it then follows that Z,,[h] = 0 is

equivalent to K mn|C] = 0. Given the result of the previous examples, one can guess the
structure of an action giving these equations: the difference of the conventional Lagrangian
for the C-field and the Fierz-Pauli action, accompanied by a gauge-invariant cross-term,

S[Cab‘Cd’ hab] = /d51' {O‘ (9%2,2] - gFP) + ﬁo%:ross} (257)
with & = 1 and 8 # 0. The Lagrangian for the [2, 2] field reads [28]
1 ij m _abcde
L) = 16 0cCap ! 8dee\l gabed Eijklm (2.58)

and was first written down in this explicit form in [29] by generalising an observation done
in a topological case in [7]. The cross-term (with two derivatives) is uniquely determined
by the gauge transformations (2.51) and dhg, = 20(4€p) up to integration by parts, and can
be written as B 1 =

gcross = hab <Kab - 377abK> ’ (259)

where the quantity in parentheses is divergenceless because of the Bianchi identity satisfied
by K “bcmnp [C]. Indeed, this reproduces the required equations of motion and duality
relations

I:(ab[c] =0= @ab[h] ) ‘%abcd [h] = HIi{ab\cd[cq ) (260)

with x = a/f3, as long as B does not take the values 0 or +3/(41/2) (the sign a could in
principle be determined by a Hamiltonian analysis of (2.57)).

We show now that it is indeed this structure that comes out of the off-shell duality
procedure of [13] for the double-dual graviton, with the result a = —1 and 8 = —/3/2.

be|

It provides a dual action in terms of a gauge potential D 4o Which is antisymmetric in

both groups of indices, but satisfying no other condition. The action reads
1
S[DabC\de] _ 1 /d5$ ( _ aaDabc\de afobc\de + 8aDabc\de afode\bc . 28aDabc|de 8foda\ec
1
+38,0, 07D g — 0,0, 9,0, — 50aD" %D"), (2.61)

where the traces are defined as Dablc = Dabd‘ e DO = Dabc|bc. Let us review briefly how

this action arises by dualising the Curtright action [13] (which itself arises from dualising

~10 -



the Fierz-Pauli action in D = 5 [6], so this is indeed the case relevant for the double-dual
graviton). The first step is to rewrite the Curtright action (see (2.33)), up to integration
by parts, as

[Topc] / dx( Hoppeal TV H T+ H gy o[ TV HOPA T~ 3 H 0, [T H, [T] (2.62)

-H

aclb

VY, T+ H oy )y (1))

Hab\ ab|

alT1:=20,.T d - (2.63)
Here, the field Tj;. can be assumed to also contain a totally antisymmetric part which is
pure gauge; this action is then invariant under 075y = 0jq&p)c + %Aabc, where A is totally
antisymmetric and £ has no particular symmetry. Then, the parent action is

SiH™ D™ / % )= H" 0.0, (2.64)

where H ab‘cd is here an independent field with two groups of antisymmetric indices, and
Ly can be read from (2.62) but without imposing H = H[T]. As usual, one can then
choose which field to eliminate from this parent action. On the one hand, the equation of
motion for D gives the relation H = H[T] using the Poincaré lemma: this then gives back
the original Curtright action (2.62). On the other hand, the equations of motion for H can
be solved algebraically as

1 cae
Hyy =3 (9.0, 0D

a

cd ele d] 3 ele d] 1 e

fegd) .
' oy + 5 19.D

(2.65)
(we correct a typo in the last coefficient with respect to [13]). Plugging this back in the

abe| elal

parent action leads to the action (2.61). That action is invariant under
oD™ = 0pp™Il, — 3650 (2.66)

— 6 (301300¢" — 530", — 30507, + 20584076V — 2436h0% T )

where A and £ come from the invariances of the original action (2.62), and the new pa-

be|

rameter ¢ (antisymmetric in both groups of indices) arises because D" 4 only appears

through its divergence.

As in the previous sections, we now decompose Dl 4o into traceless and traceful parts,
abe| 1 bcij [a bc]|
D de — —5 g Cde|ij + 66[dZ e (267)

Here, Cyp|cq is the [2,2] double dual graviton field, and the gauge field Z° ‘C obeys Zab| =

-z ‘c but no other condition.! Using this decomposition in (2.61) yields an action

S[Cableas Z / & [L(C) + L(0Z) + LC, 7)) (2.68)

In the notation of [13], Capjca is the Hodge dual of Xijkcd on its first three indices, and Zab‘C is the
traceful combination ZM®, 4+ §le Z@)¢],

- 11 -



that contains all the components of Cppjeq- Without loss of generality, it is also useful to

write the gauge parameter z/Jade‘ ef 8

wabcd\ef _ 8abcdg (_2mef\g + Eefqij aij) (269)

in terms of a [2,1] gauge parameter mg. obeying (2.52), and an antisymmetric gauge
parameter a’/. The latter can be absorbed by a redefinition of A%°¢ and (the antisymmetric
part of) €% so that wadee 7 is fully replaced by mgp.. The resulting gauge transformations
can then be written as

6Caplcd = 20lq)Medjt] + 2 Oje/Mapq) » (2.70)

1 1
62%c = A%+ 91 — 2 6l 04" 4 2, 0P M7, (2.71)

In particular, one finds the expected gauge transformations (2.51) for the double dual
graviton field. However, since the gauge parameter m,;. also appears in the transformation
of Z%_, the term .Z(0C) appearing in (2.68) is not the usual Lagrangian (2.58) for a [2, 2]
mixed symmetry field. To make contact with (2.58), one must (following the logic of the

previous sections) first dualise the field Z ablc. To do this, we use the field variable
yol, .= zabl 4 gle 70 (2.72)
that transforms as
sy, = A, + ol (fb]c — ;6215%) + %sabpqrapmqﬂc : (2.73)

Indeed, the invariance under £, gauge transformations then implies that the Lagrangian
depends on Y only through the quantity Fel (V") := 39leydl,; .

1 1 3
Z(0C,0Y) = — 6 FY) Fpea(Y) — 1 FUY) Fpape(Y) + 1 F () Fopa (V)
1 1
+Z(9C) + 5 Emnpar orCel | Fmnalbyy - 3 Fabmincyy| (2.74)
Note that, using the A%, gauge transformation, the totally antisymmetric part of Yab|C

could be gauged away and Y. taken to be an irreducible [2,1] (Curtright) field. The first
line of (2.74) would then reduce to the Curtright Lagrangian (2.33).

Now, by the standard procedure one can trade the field yabl, —je., Z%l, — for the
Fierz-Pauli symmetric rank-two potential h,,, by introducing the parent Lagrangian

1 1 3
Z(0C,0f, F) = — 5 Fol g — 1 F E e + 1 F¥l, Fypg® + 2(90)
1 1
+ 5 Emnpar 8pcqr|ab (ana|b o 5 Fabm|n) + Eabepg apfqd Fabc|d ’ (275)
where Fobcld ig viewed as an independent field and where f,,,, contains also an antisymmet-

ric component. The equations of motion for f”" imply that F' = F(Y'), which correctly
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reproduces (2.74). On the other hand, the field F' is an auxiliary field inside the action
S[C, f,F] = [d®x £ (0C,0f, F). Its field equations can be solved algebraically to yield
Fabc|d = Eabemn (8mfnd + 8mfdn - adfmn) +2 Eabcdm(amfnn - anfmn)

1 1
+ 5 Sabemn (FpC™"P g = 20™C™ ) + 2 Eabeam (20,0 = I"C) . (2.76)

Upon substituting this expression for F),, |, inside the action S [C, f, F], we find the action

SIC.f) = [ 3 | Zuy(0F) - Zo200) ~ 5 1" Gogs(CY] . (277)

where
0y(0) = —5 (0o + 20y~ 40,407) | Qo= 20 Sy (278)
Z12,2(0C) = 1i6 0eCap/"? 0" C o™ ™% &1jk1m (2.79)
Gap) 7 [C] = €avede €M™ 0Oy, Oy = égabcde e K 1 “€1CT (2.80)

The antisymmetric part of f,; does not appear in this action, and .,?”[171](8 f) is the usual
Fierz-Pauli action up to a total derivative (and the rescaling fu,, = hay/2v/3 needed to
reproduce the normalisation of (2.12)). The Lagrangian .Zj; ) is indeed (2.58). Finally,
due to the trace identity

1 =
Gac\bc =2 (Kab - 377abK) ) (281)

we have indeed recovered the structure (2.57) with the special value = —/3/2.

3 Three-columns in three dimensions

3.1 Topological case: spin 2 — spin 3

In this section, we consider the dualisation of a spin two field hyp in three space-time
dimensions on an empty column, which leads to a spin three gauge field ¢qp.. The off-
shell dualisation procedure, starting from the topological linearised gravity action for hgp,
yields a novel topological action in D = 3 involving both fields. (This is to be contrasted
with the dualisation of hy, on a non-empty column, which gives the topological Lagrangian
Z =0 16].)

Relation between curvatures. Seen as a degenerate [1, 1, 0] field, the natural curvature
of hgp is the five-index object

Kapjedlelh] = 4 0c01a0ichap) = OcRap calh] ~ § (3.1)

where R is the linearized Riemann tensor of h. Taking the Hodge dual on its last index,
we obtain the duality relation with a spin three field ¢gp.,

Kapjedjerl@) = 8 0140c01cP 1) = Kavjedjp[h] €¥ep ~ , (3.2)
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where K[¢] is the natural higher-spin curvature of ¢qp.. This duality relation alone implies
the equations of motion for the fields. In the case of three dimensions, the fields are
topological: the equations of motion are equivalent to the vanishing of the curvatures
themselves, which then implies that the fields are pure gauge and carry no local degrees
of freedom.

Dual action and gauge invariances. We start from the Fierz-Pauli action, under
the form

1 1
Srplhap) = / d3x [—2 Dahpe 0P + 5 0ah 0"h — Dah® Oy + D,h® O°hey | (3.3)
Following [13], we define the parent action

1 1
Ga|bc Ga|bc+ 5 Ga|cc Ga|bb7 Ga|ab Gb‘cc+Ga|ab GC'cb

S[Ga|bcaDab|Cd] = /dgaj {2

d a C
+G%, "D, (3.4)

that contains the fields G ;. and Dab|Cd, with index symmetries

C;a|bc = +Ga|cb (35)
Dab|0d = _Dba|Cd = ""Dab|dC : (36)

This action is invariant under the gauge transformations

5G",, =209 e, (3.7)
cd __ D, ,cd cd (c d)
5Dab| = Eabp oPv™ +2n 8[a6b] +4 5[aab]€ , (3.8)
where v is symmetric and ¢, is a vector parameter.

Il

for some symmetric tensor hg,. Plugging this solution back into the parent action then

The equation of motion of D gives oleg? cqa = 0, which can be solved as GalbC = 0%y,

brings us back to the original Fierz-Pauli action. On the other hand, the equation of motion
for G ., which reads

d
- Ga|bc + ncha|dd - Tla(ch)|dd - ncha|bd + 277a(bG ‘c)d + 8dDda\bc =0 y (39)
can be solved algebraically for G as
d
Ga|bc = adDda|bc - nbcadDda|ee - 77(1z(b|8dl) E\C)e . (310)
Plugging this back into the parent action gives the dual action

1
S[Dab|cd] = 9 /dgx (8aDab\cd aeDeblaj - aaDab|cb8dDde|Ce - 8GLl)ab|ccaeDeb|dd) (3'11)

Since we are in three dimensions, the ¢ tensor can be used to trade a pair of anti-
symmetric indices for a single index; accordingly, we will also use the three-index tensor

SO 1 - . .
DW= —e®Dy 7 & Dy =ewe DN (3.12)

| abl
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instead of D . One also introduces
Doy = Xy + 40601, 27, XpP =0= 2,7,

with inverse formulas

g 4 . 4 1 .
ij _ ij (i i)k _ k
Xab| - Dab| + gé[a Db]k| ’ Zaz B _gDak|Z ’
In terms of the symmetric rank-3 field
~abc .__ _1 aij X be X iy ~ijc
¥ 9 € ij| g ab| = = €abe P,

one has

Dalis — Geii 4 9 abli z7,9) o @ = plalid) 1

The gauge transformation laws then read
55(1“2(: = OqUpe + 2 6a,p(bapec) — Tbe 5apq3peq R

) 1 ) ) ) )
024 =3 (8abc8bv“+2aael+alea—5é 3b€b) -

. ~ albi
) Zm] = ggabm Da‘ 7

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
(3.18)

Change of variables. We define a symmetric field ¢qpc, a traceless symmetric field fu

and a vector A, as follows:

Pabe = B(a“’C) - n(abﬁc)\ii = Pabe — N(ab QEC) —2 N(ab €c)ij zZ4 )
fab = qu(af)plqb) & fab=3Z(a)

~ - 3
A :=—D,p’ & A= 26" e = 56" + 36 2 .

The inverse formula, expressing D as a function of (babes faby Aa), is

1

~ 2 1
Da|bc = Qabe — g ga(bm fc)m + 5 Na(b (Zsc) - 5 Moe Pa — Na(b Ac) :

In terms of these fields, we get an action invariant under

0Pabe = a((1€b(:) )
dfar =3 a(aeb) — NapOc€” + 5mn(a8m§nb) )

1
0A, = ) W + 5apq8p€q )
where we redefined the gauge parameter vy, as

§ab = Vab — Nap U = E=-2v.

(3.19)
(3.20)

(3.21)

(3.26)

In the formulae (3.23), the transformation of ¢4 is the usual one for a spin three massless

field, except for the fact that the trace of the gauge parameter &, is not identically zero.
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The trace £ := &%, appears also in the transformation law of the vector field, in (3.25).
Upon changing variables from ¢gqp. to

2
Pabe = Pabe — 3 M(ab Ac) ) (327)

we have that this field transforms according to
~ 2
0Pabe = a(afbc) 3 8(apq lec)aqu ) (3.28)

where Eab =& — %nabé’ is the traceless part of &, . After trading ¢gpe for @gpe, the only
field that transforms with the trace of &, is the vector A, that must therefore appear in
the action only through its field strength Fy[A] = 20, Ay . We can then dualise the vector
A, into a scalar o . For this we add the term e, F**0° to the Lagrangian where F'® [A]
is replaced by the independent antisymmetric tensor field F% . Extremising with respect
to the auxiliary field F® enables one to eliminate it in terms of the other fields, giving an
action S[@ape, fap, o] that is invariant under

~ 2
590abc = 8(a£bc) - g 6(apq nbc)apeq ) (3'29)
5fab =3 a(aeb) - nabacfc + Emn(aamgnb) ) (330)
2
do = -3 Oa€” . (3.31)

One can then combine the two fields f,; and o into a traceful tensor hgp := % fab — Nap 0,
giving the following action:

1
S[‘Pabm hab] = 5 /de l: - aagpbcd aaﬁprd + 8a(,0b 8690abc + 8a(,0abc 8d90bcd

1 a, b 31 a qb
= utpp 0% 5g Ja¥ 0’ pp
+ L auhe 07hte + L a.nonh — 2 o0y, ot — L oon aunge
2 allbc 14 a 7 ab Uc 7 clla
1
- 70 Eapg Oy OPO1 — 2 €4y PR OP O, (3.32)
that is invariant under
~ 2
0Pabe = 3 9abbe) — 3 £(a" MbeyOpeq (3.33)
Ohagp = 2 8(aeb) + 2 5pq(ac‘)”§qb) . (3.34)

A general result from [30] states that the above action should be expressible in a Chern-
Simons form, although this is not straightforward from the entangled form of the gauge
transformations. We hope to report about this point in the near future [31].

Analysis of the degrees of freedom. In this subsection, we prove that the theory
described here is topological. Of course, this is a consequence of the construction since it
is equivalent off-shell to the Fierz-Pauli theory. However, it is not an obvious fact when
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looking only at the final form of the action and gauge transformations; for completeness, in
what follows we present an alternative proof of this fact. In order to understand the nature
of the physical degrees of freedom of a free theory, the strategy we will follow is to list
all the gauge-invariant quantities that do not vanish on shell and identify the differential
equations they satisfy. If it happens that all the gauge-invariant quantities vanish on shell,
the theory is topological: there is not propagating degree of freedom.

The classification of gauge-invariant quantities boils down to a purely algebraic problem
in the jet space of the fields, the gauge parameters and all their derivatives. From the
very structure of the gauge transformations at hand, (3.23)—(3.25), it appears that one
must decompose into so(3)-irreps the nth derivatives of the gauge fields and compare the
resulting set of irreps with the so(3)-irreducible decomposition of the space of (n + 1)th
derivatives of the gauge parametres.

If some irreps appear in the first list that have no equivalent in the second list, these
irreps indicate the existence of the gauge-invariant combinations built out of the nth deriva-
tives of the gauge fields. If some so(3)-irreps appear on the second list that have no
equivalent counterpart in the first one, these so(3)-irreps indicate the existence of linear
combinations of the (n + 1)th derivatives of the gauge parameters that cannot be written
as the gauge variation of a linear combination of the nth derivatives of the gauge fields.

Clearly, we already know that, at second order in the derivatives of the fields, some
gauge-invariant quantity will appear: these are the left-hand-side of the Euler-Lagrange
field equations. However, by definition these gauge invariant linear combinations of the
second derivatives of the fields vanish on shell. What we will show is that all the gauge-
invariant quantities in the theory at hand are of this type. They all vanish on shell, so
that the theory is topological indeed. In the proof that follows, we will denote by [s] the
spin-s irrep of so(3) (of dimension 2s + 1) and will systematically use the well-known rule
1@ ] ~ @gi‘jjl;j/l [s] for the addition of angular momenta in 3D.

e There are no linear combinations of the undifferentiated gauge parameters = =
{&ab, €} that can be written as the gauge variation of the fields, since the latter brings
one derivative of the gauge parameters. The collection 5’5(0) = {[2],[1],]0]} repre-
sents the gauge parameters, where the singlet [0] accounts for the trace & = n® &4,

o At zeroth order in the derivatives of the gauge fields ® = {@apc, fab, Aa} ~ {[3] ®
[1],[2],[1]} we have the collection of so(3)-irreps ngo) = {[3],[2], 2 x [1]}. As for
the decomposition of the first derivative 0 = of the gauge parameters = = {4, €4}
~ {[2] ® [0], [1]} , we find that the collection generated by the tensor product 9= ~
1] ([2]®[0]@[1]) , is given by 5”5(1) :={[3],2x[2],3x[1],[0]} . Comparing quo) with
YE(U we see that there are three linearly independent combinations of first derivatives
of the gauge parameters that cannot be written as the gauge variation of linear
combinations of the gauge fields. These three linear combinations transforms in the
so(3)-irreps in the collection {[2], [1], [0]} . Although they are not needed for our proof,

they can be taken to be {3 0,€p) — Map0c€° — 5mn(a8m§”b) 0% b + EamnO™e™ 0%} ;

« Computing the two collections of so(3)-irreps generated by O® and 92 Z, respectively,
we see that they coincide. This means (i) that there is no gauge-invariant quantity
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built out of the first derivatives of the gauge fields, and (ii) that there are no quantities
built out of the second derivatives of the gauge parameters that cannot be expressed
as the gauge variation of some linear combinations of first-order derivatives of the
gauge fields;

« Computing the two collections of so(3)-irreps generated by 9?® and 93 Z, respec-
tively, we see that the first one contains extra so(3)-irreps compared to the second
one, indicating the existence of gauge-invariant quantities at second order in the
derivatives of the gauge fields. These extra so(3)-irreps are given by {[3],[2],2 x [1]}

and represent the left-hand sides of the Euler-Lagrange field equations 5:;6 = % ,
éij; = é‘sffb and &4 = gﬁ . These gauge-invariant quantities vanish on shell, by

definition, so that they cannot account for propagating degrees of freedom;

o Computing the collection of so(3)-irreps generated by the third-order derivatives of
the fields, 9>® , we know for sure that there will be so(3)-irreps representing gauge-
invariant quantities given by the first-order derivatives 0& of the left-hand sides of
the Euler-Lagrange field equations, plus, perhaps, extra gauge-invariant quantities
that do not vanish on shell. A subtlety that appears at this order is that the left-
hand sides of the Euler-Lagrange field equations are not linearly independent, due to
the Noether identities. The latter ensures that there are three linear combinations of
the field equations that are identically zero, these linear combinations transforming
in the so(3)-irreps contained in the collection yl\(lglther ={[2],[1],[0]} = 5/5(0) . This
is simply the content of Noether’s second theorem. Then, if one uses the symbols @
and © for the addition and subtraction of collections of so(3)-irreps, respectively,?
direct computation yields 9°® = 0& + 9*=, or Yq(,?’) = 5’(1()1) e Ylgglther &) yE(‘*) =

qul) SR AN RS , where we used that the collection of so(3)-irreps appearing in

the decomposition of & can be obtained by taking & to be naively represented by
the collection yq()o) , provided one subtracts to the resulting collection the collection
of so(3)-irreps Y&%Lther = 7O The equality Y(IS3) = ,5’(1()1) @YE(O) o.2Y or equiva-

lently Yq(,g) .79 = 5”4()1) 3.7V shows that, at this (third) order in the derivatives

of the fields, all the gauge-invariant quantities vanish on shell.

In general, one can readily decompose the so(3)-irreps corresponding to the nth derivatives
0"& (n > 0) of the left-hand sides of the Euler-Lagrange field equations & by taking the
latter to be represented by the collection yq()o) provided one subtracts to the resulting

(n—1)

collection the collection of so(3)-irreps N e OPtained by computing the collection of

irreps generated by the n — 1th derivatives 0"~ 1 =.
In order to complete the proof that the theory at hand is topological, we only need to
show that the relation 9" T2® = 9"12& 4 9" 132 is true, or equivalently, that the following

2Note that a collection is not the same as a set, in the mathematical sense. The mathematical notion of
“set” does not account for repetitions of objects.
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relations between collections is true:

yq()n-‘ﬂ) e9L5ﬂ5(n—1) _ yq()n) Gaya(n-i-?))
& e g = gt g gl (3.35)

Indeed, that would imply that all the gauge-invariant quantities that the theory admits
vanish on shell. The left-hand side of (3.35) gives [n + 2] ® ([3] ® [2] ® 2 x [1]) while the
right-hand side of (3.35) produces ([n+3]®[n+1])® ([2]®[1]®[0]) . A direct decomposition
of both sides shows that they are identical, which finishes the proof.

3.2 Dynamical case: spin 1 — spin 3

In three dimensions, dualizing a vector field A, twice on empty columns gives a spin three
field ¢qpe. Equivalently, this field also arises by dualising a scalar three times on empty
columns. The difference with the previous section is that this field now carries one degree
of freedom.

Equations of motion and duality relations. We consider a free Maxwell field A,
in three spacetime dimensions, with the usual equation of motion 0“F,; = 0 and gauge
symmetry 0A, = d,A. Seen as a [1,0,0] mixed symmetry field with three columns (two of
which are empty), its curvature is the four-index tensor

KapjelalA] = 200005 Ay = 040:Fap A] ~ H-1, (3.36)

or K[A] = d®A = dad3F[A] in the index-free notation of [10, 32]. It is traceless on-shell.
Hodge duality on the last two columns produces the six-index tensor

(*2 *3 K[A})abkd\ef = Ecdp Eefq Kab|p‘q[A] ~ : (337)

This tensor satisfies the Bianchi identities implying the existence of a spin-3 field ¢gp.
such that

w2 %3 K[A] = K[g], (3.38)
where K[¢] = d3¢ = dydads¢ is the usual higher-spin curvature of ¢. In components,
Kab|cd\ef[¢] =38 0[aa[ca[e¢f]d]b] = Ecdp €efq apaqFab[A] . (339)

This is the double-duality equation defining the field ¢g.; notice that this relation is
invariant under the gauge transformations

5¢abc =3 8(afbc) ) 614(1 = 8(1)‘ ) (340)

with a symmetric and traceful parameter ;. Now, the Maxwell equations for A, imply
that the double trace of K[¢] vanishes, K[¢] ~ 0, in components

Kab|cd\6d[¢} =0. (341)
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This is why the field ¢4, propagates one degree of freedom instead of zero;? in fact, this
equation and the duality relation together imply that the fields are related algebraically
up to a gauge transformation by Gape = N(apAc) + 3 90 Zpe)-

All these relations are of third order in derivatives: we will show how they — or, rather,
an adapted version of them containing the extra fields — come out of a two-derivative
Lagragian, which is obtained below by dualising the Maxwell action twice.

Parent action. We start from the action of section 2.1 describing the off-shell duality
between a massless spin-2 field hy, and a massless scalar ¢, through the action (2.30).
Actually, we will use instead the dual action (2.26) that we recall here for convenience:

hap, A /d3 [ =0, hbcaahchr Oq h®o°h cb+4FabFab+ 6b0d(aa ab) ed | s (3.42)

where Fyp, = 20,4y, in which ¢ has been dualised to 4, (note that the Fierz-Pauli action
does not appear anymore). This action is invariant under the gauge transformations
Ohgp = 2 6(aeb) (3.43)
6A4 = Ou\ + Eqpe OV . (3.44)

We now dualize it once more to make a spin-3 appear. So, we define the parent action
S[Ga|bca ab\ 7 /d3 |: a|bc Ga\bc + G |ab Gclcb + - 4 FabFab + 3 Ga‘ dech
_ 5 EdeGb|aa e Gd'bc 6aDad\bc , (345)
with gauge invariances
6Aq = Du) + ape OV,
5Ga|bc = 28a8(b6c) )

0Dy = eabe 00 + 20Dy + 461 Opye? . (3.46)

As before, solving the equation of motion for Dab|Cd gives Ggjpe = Oalibe s and we recover
the original action (3.42). Note that we are therefore free to add the term — deGb|a
to the action, since this replacement then gives a total derivative.* On the other hand
solving the equation of motion of G will give an action depending on D and the vector A;
decomposing D following section 3.1 will make a spin-3 field appear.

The equation of motion for G coming from (3.45) is

d 1 1
0= _Ga|bc + na(ch)|dd - 8dDa ‘bc + 5 na(ba?c)qupq — 5 Nbe Eapq P (3.47)

3The equation of motion of a conventional spin-3 in three dimensions is the single-trace equation K¢ =
0, which was shown in [12] to be equivalent to the usual, second-order equations of motion of Fronsdal [33].
But in three dimensions, the full curvature is determined by its trace, so K[¢] = 0 is equivalent to K[¢] = 0
and does not propagate any degree of freedom.

4This term could of course come with an arbitrary coefficient. Here, we chose —% in order to simplify
some intermediary formulas below; however, we checked that keeping it arbitrary does not alter the final

dual action.
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and can be solved algebraically for G :

Galpe = —04D, %, + Na()0aD) e — %chfaqupq (3.48)
Substituting this in (3.45) yields the action
S[D,A] = / d%[ - iFabF“b - %a,,pbalcc Eapg FP1 + %8“Dab‘cd Dp DePled
— %abpba‘ca 0°Dg/ | (3.49)
which is invariant under
5Aq = O + eqpe O%€”
8Dy = eqpe 0V + 21010 464 + 461, Ope? (3.50)
as expected. We define the three-index tensor
Dol = —%5abcDbc|ij & Dop7 = eqpe D (3.51)
as before. Its gauge transformation is
6D = 9oy 420G el) — i e Gye, . (3.52)
Field redefinitions. We now perform the following field redefinitions:
e We first define the vector field U, such that
Uq := Dy + Aa
OUq = OqU + O\ v = n“b Vg - (3.53)
e We then define the totally symmetric tensor
- 1 - .92
Pabe =Diajpe) = 3 Mab Deyli* + 3 Mab Acy » (3.54)
It transforms according to
Sbase = OB + 3 e Do) (355)
where Uy 1= Ugp — %nabv is the traceless part of vy, . Note that the trace ¢, =

% A, — %INDa‘bb + %f)wab, together with U, and A, , gives access to the trace l~?b|ab,

while the other trace l~)a|bb is obtainable from U, and A, alone.

e One then defines the symmetric and traceless tensor

fab = Emn(a Dm|nb)
that transforms like

5f(lb = 3 a(aeb) - nab 8060 + qu((l ap’l/)\qb) .

~91 —

(3.56)

(3.57)



e Finally, in order to complete the field spectrum, we have to count the gauge field A,
that transforms like

6Aq = O\ + €qpe %€ . (3.58)
The inverse field redefinition is
~ 2 » 1 1 1
Da|bc = Pabe — g €a(b fc)p + g Moe Ua — 5 Mbe Pa + 5 Na(b Qsc) — Na(b Ac) . (359)

Dual action. Via the above decomposition (3.59), the action (3.49) can now be expressed
in terms of the fields {papc, fap, Aa, Ua}- In the gauge transformations, the only place where
the trace v%, appears is in the transformation law for U, , meaning that this field appears
in the action (modulo boundary terms) only through its field strength. Indeed, the action
depends on U, only through the following terms:

1 1 2
Ly =15 FU)F(U) — 1 FOU) | Fap(A) + 0athy) + 3 Cabe afa| - (3.60)

This enables us to dualise U, into a scalar o. So, we replace F'**(U) everywhere by an inde-
pendent field F® and add to the resulting Lagrangian the term eq. F®0¢0 . Variation of
the resulting parent Lagrangian with respect to o reproduces the original Lagrangian, while
F? is an auxiliary field. Substituting its on-shell expression in terms of the other fields,

9 2
Fp ~ 9¢e4p. 0% — 1 (Fab(A) + 8[a¢b] + 3 Eabe 8dde> (3.61)

into the parent Lagrangian gives a dual action S|¢ape, fab, Aa, o] invariant under the fol-
lowing gauge transformations

. 2
Oave = O(albe) + 3 Mab o)A » (3.62)
6 fab = 3 0(q€p) — Mab O°€c + Epg(a PV (3.63)
5 Ay = O\ + Eqpe 006, (3.64)
(3.65)

1
0o = gﬁaea .

As expected, since the only field transforming with the trace v%, was the vector U, that
we dualised into the scalar o, after dualisation no field transforms with the trace v%,.
Notice also that the quantity on the right-hand side of (3.61), made out of first derivative
of the various fields, is gauge invariant since the left-hand side is gauge invariant. Upon
defining &, := Ugp + %nab)\, hence A\ = %5, the gauge transformation laws (3.62)—(3.64)
are ezactly those for the topological gauge system in (3.23)—(3.25). The difference is that,
in the present case, we have the extra scalar field ¢ in the game, with its transformation
law (3.65).
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Analysis of the degrees of freedom. We now explicitly prove that the theory un-
der consideration correctly describes one degree of freedom per spacetime point, i.e., is
equivalent on-shell to the theory for a scalar field or its dual vector field in 3D.

For this, one starts from (the dual of) the gauge-invariant quantity obtainable
from (3.61),

1 1
I*:= 0~ =0 £+ 3 % [Fop(A) + Outhp] - (3.66)
It is easy to see that
0l, ~ 0, (3.67)

by virtue of the field equation for the scalar field o . The antisymmetrised derivatives 9,1
kills the scalar field and must therefore vanish on-shell, since it is a gauge-invariant quantity
independent of the scalar field. Indeed, the study of the topological system in section 3.1
showed that all the gauge-invariant quantities built out of the fields {@ape, fap, Us} vanish
on-shell (the appearance of o in their equations of motion does not upset the counting
argument). As a check, one readily verifies that, as expected,

1 2
5abc ab_[c = —§ ((0@(?4) + g é?;?b) ~ 0 y (368)

where <§"(‘f4) and é"(‘(’bb)c denote the left-hand sides of the field equations for A, and ¢gp. ,
respectively. Similarly, 5’(‘33’) and &4 denote the left-hand sides of the field equations for

fap and o . We then have the symmetrised derivative 9,1y, whose traceless part fab does
not vanish on shell and that constitutes part of the set of gauge invariant quantities that
are non-vanishing on shell. At the next order in the derivatives of I, , we decompose 0,01
into irreducible representations of so(3) and find that only the spin-3 representation, i.e.,
the traceless component Ipe of the symmetrised derivatives d(,0y1.) is not vanishing on
shell. In order to see this, we used that 9, ~ 0 ~ 9|, I and that 01, ~ 0. It is indeed
direct to see that
1

_ 1 boc 4 2 obeed
Ui, = _§Eabc (a é"(A) +§a g(d’)d) +E

From then on, it is straightforward to conclude that the only gauge-invariant quantities that

Bubo) = 0. (3.69)

are not vanishing on shell are the traceless parts fa of the symmetrised derivatives

8(a1 ...8anI ) :

An+41

1G2...an+1

~

T ={Iuy.ap,, » nEN}, I,=1,. (3.70)

This infinite set of gauge-invariant tensors that are not vanishing on shell indeed charac-
terises a theory for a propagating masseless scalar field, see e.g. the review [34].

Equations of motion and duality relations. From the expressions (3.63) and (3.65),
one observes that it is possible to absorb the traceless field f,; and the scalar field o into
a traceful field h,, via the redefinition

2 1
Rap := g fab +2Ngp 0, o = 6 haa . (371)
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The resulting action S[@ape, hap, Aa] is then invariant under

5¢abc = a(a{bc) ) (372)
2

Shay = 20(q€p) + 3 Srala PNy (3.73)

5A0 = 5 Out + 2 O (3.74)

where the traceless symmetric tensor U, and the scalar A have been combined into a traceful
symmetric parameter £,;. As in section 3.1 and unlike the two-column case, the gauge
transformations cannot be disentangled. If one wishes, upon redefining the spin-3 field ¢qp.
by adding pure-trace contributions involving the spin-1 field A, , one can make appear the
symmetric gradient 0, afbc) of the traceless parameter fab in the gauge transformation law
of the newly defined spin-3 field ¢ , thereby producing the correct gauge-transformation
law for a massless spin-3 gauge field. This, however, is done at the expense of extra terms
in the gauge transformation law, terms that depend on the spin-2 gauge parameter ¢, , as
in section 3.1.

Now, we show how we recover the equations of motion for the various fields. Notice
first that the spin-3 field strength

Kapledlef[P] = 8 0a 0101 b fap) (3.75)

is a gauge invariant quantity of the theory. Therefore, on-shell, it must either vanish or be
proportional to a derivative of the invariant I, defined in (3.66) that is not vanishing on
shell. It turns out that it is the second possibility that is actually realised:

%bc ~ —6 a(aabfc) (3.76)
where 1
P[] = gem“bemdsp@f Kopjedjer|] - (3.77)

Therefore, using the trace identity K ab = 2€ape X and the result — obtained above (3.69)
— that the trace of 9,0gl,) vanishes on shell, we find indeed the required double-trace
equation for the spin three field,

I?ab[(b] ~0. (378)
For the spin one field, from (3.68) we have

O F® ~ 0, (3.79)
i.e. the usual equations but where
Fup o= —4eanel® = Fu[A] + 0o + €ane (0ah°! = 0°h%) (3.80)

is the field strength Fi,[A], with correction terms involving the other fields in order to make
it gauge-invariant. Similarly for the spin 2 field, the gauge-invariant tensor that corrects
the linearised Riemann tensor is

ﬁab\Cd _ %ade[h] -9 (Eabma[cqld}m + ECdma[a\Ilb}m) 7 \I]ab — ab¢acc N 8C¢abc ) (381)
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On-shell, we have

- - 1 -
Gep = —7 a(afb) , Gy = Zgamnebqumn\pq. (3.82)
On account of 9%I, ~ 0 and the trace identity éaa = —%ﬁ““ab, this implies the correct

double-trace equation
R, ~ 0 (3.83)

for a propagating field hy, in D = 3 (as explained in section 2.1), suitably modified to
make it gauge-invariant.

We also recover the duality relations between those three fields: they are exactly
equations (3.76) and (3.82). Indeed, with some e-tensor manipulations, (3.76) can be
written as 9

Kab\cd|ef [(b] ~ _§ Ecdp Eefq apaqFab . (3.84)

This is the version of the duality equation (3.39) that is invariant under (3.62)—(3.74).
Similarly, equation (3.82) is the same as

~ 7 ~
R 4 ~ i EcdmO F. (3.85)

which is the invariant version of the duality relation between h, and A,, obtained by
dualising A, on an empty column. To close the loop, one can also use (3.85) in (3.84) to
get the expected duality relation between ¢qp. and hgp,

8 ~
Kab|cd\ef[¢] ~ _ﬁ €efq aqRab|cd . (3'86)

So, all the duality relations and equations of motion come out of the action. The price to
pay is that the gauge transformations are not the usual, independent ones for each field:
therefore, one actually gets a suitably gauge-invariant version of those equations.

4 Conclusions

In this paper, we have revisited the problem of writing down actions for higher (or exotic)
dual gauge fields, whose equations of motion take the form of multiple traces of the gauge-
invariant field strength. Examples of such fields include the double-dual graviton of [3],
or the exotic duals of supergravity p-form fields with extra sets of D — 2 antisymmetric
indices [9, 15-20]. Actions for those fields were first derived in [13, 14, 24] from those for
the original (non-dualised) fields using the method of parent actions, therefore realising the
duality off-shell and in manifestly covariant form. A common feature of these actions is that
they include a number of extra fields that cannot be eliminated from the action. We started
from those actions and performed some change of variables/dualisations of the additional
fields, clarifying their role and the counting of degrees of freedom. In particular, for the
higher spin case where the Young diagram of the field contains more than two columns,
these action produce a version of the duality relations corrected by the additional fields.
Of course, these considerations apply only to the linear theory; extending them to a
putative interacting theory is still an outstanding challenge. In this context, the coupling
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to external sources is of particular interest and could give some insight into the exotic
branes of string theory which are charged under the mixed symmetry potentials considered
here [17, 18]. A precise link between these branes and the additional fields that appear
from the off-shell dualisation is however still missing (see also [26] for comments on this
point in the context of Double Field Theory). Contact should also be made with the work
of [35], in which classical sources for mixed symmetry fields are defined using the idea of a
‘brane within a brane’.

In 3D, one can in principle keep going, performing more and more dualisations. In
the topological case, it is natural to conjecture that this off-shell dualisation procedure will
lead to an action with a spectrum of gauge fields given by {ha,as, Pajasass - - s Pay...as }»
while in the non-topological case, one will obtain an action featuring the gauge fields
{Aas hayass Pajasass - - - s Pas...as ;- In both cases, the gauge transformations of the all the
fields are intermingled in the sense that all the gauge parameters that can appear in a
transformation law of a field will effectively appear. In both cases, one may speculate
that the action could be presented in a Chern-Simons form, which would facilitate the
introduction of interactions [31]. Of course, it would also be very interesting to take the
limit where the highest spin of the spectrum goes to infinity.
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